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MATHEMATICS
UO’K 519 218 2

NOKRITIK IMMIGRATSIYALI GALTON-VATSON TARMOQLANUVCHI TASODIFIY
JARAYONLARINING ERGODIKLIK XOSSALARI VA INVARIANT O‘LCHOVLAR

Tuxtayev Erkin Egamberdiyevich,

Qarshi davlat universiteti

Algebra va geometriya kafedrasi tayanch doktoranti
tukhtaev_erkin@mail.ru

Annotatsiya. Magqolada tasodifiy jarayonlar nazariyasida muhim o ‘rin tutadigan va keng amaliy
tatbiglarga ega bo‘lgan Galton-Vatson immigratsiyali tarmoglanuvchi jarayonlarning muhim bir
xarakteristikasi bo‘lgan parchalanish parametri keltirilgan. Bunda jarayonning subkritik holi uchun
teoremalar olingan. Shuningdek, ishda jarayon subkritik bo‘lganda invariant o‘lchov hosil qiluvchi

funksiyasining yaqinlashishi va uning aniq ko ‘rinishini ifodalovchi muhim teorema isbotlangan. {uj ] € S}

sonlar subkritik immigratsiyali jarayonlari uchun invariant tagsimot tashkil etishi ko ‘rsatilgan.
Kalit so‘zlar: tarmoglanuvchi jarayon, hosil qiluvchi funksiya, o‘tish ehtimolligi, tasodifiy migdor,
invariant tagsimot, parchalanish parametri.

_ IPTOJUYHBIE CBOVICTBA U UHBAPUAHTHBIE MEPBI BETBSIIIUXCs1 .
CJIYYAUHBIX ITPOLUECCOB I'AJIBTOHA-BATCOHA C HEKPUTHYHOU UMMHUTI'PAITUEN

Annomauyusa. B cmamve npedcmagnen — napamemp — paznodfCenus, — AGIAIOWUICT — 8ANICHOI
Xapakxmepucmukou eemeauuxcs npoyeccog 1 anomona-Bamcona ¢ ummuzpayueri, usparowuti 6adcHyo poib
6 meopuu CAyYauHbIX NPOYeCco8 U UMEIWULl WupoKue npakmuieckue npunodicenus. Ilonyuensr meopemor
07151 OOKPUMUYECKO20 cOCmosanus npoyecca. Takace 6 pabome 00KA3AHA 8ANCHAS MEOPEMA, GbIPANCATOUIAS]
CXOOUMOCb UHBAPUAHMHOU MePbl NPOU3B00Auelt QYHKYul u eé moyHwll U0 6 ciyuae OOKPUMU4ecKo2o

npoyecca. [loxkasano, ymo yucia {u jJes } 00pasyom uneapuaHmHoe pacnpeoenenue 01 OOKPUMU4ecKux

UMMUSPAYUOHHBIX NPOYECCOB.
Knwouesvie cnoe: semeswuiics npoyecc, npouzsoosiyds (QYHKyus, GeposimHOCHb Nepexooaq,
CAYYQUHAs BEIUYUHA, UHBAPUAHMHOE PACHPEeOeieHUe, NaPAMemp PA3I0MHCEHUS.

ERGODIC PROPERTIES AND INVARIANT MEASURES OF GALTON-WATSON
BRANCHING RANDOM PROCESSES WITH NON-CRITICAL IMMIGRATION

Abstract. The article presents the expansion parameter, which is an important characteristic of
Galton-Watson branching processes with immigration, plays an important role in the theory of random
processes and has broad practical applications. Theorems for the subcritical state of the process are
obtained. The work also proves an important theorem expressing the convergence of the invariant measure
of the generating function and its exact form in the case of a subcritical process. It is shown that the numbers

{uj je S} form an invariant distribution for subcritical immigration processes.

Keywords: branching process, generating function, transition probability, random variable, invariant
distribution, expansion parameter.

Kirish. Markov tasodifiy jarayonlari sinfida tarmoglanuvchi tasodifiy jarayonlar modellari alohida
o‘rin tutadi. Bu maqolada biz Galton-Vatson immigratsiyali (GVI) tarmoglanuvchi jarayonlari deb
ataladigan tasodifiy jarayonlarni garaymiz. Zarrachalar populyatsiyasining evolyutsiyasi nazaridan GVI
jarayonining formal ta’rifini quyidagicha keltirish qulay. Dastlab tizimda i €N ta zarracha mavjud bo‘lsin.
Bu zarrachalarni aborigenlar deb ataymiz. Har bir aborigen birlik vaqt davomiyligida umr ko‘radi.
Hayotining so‘nggida u & tasodifiy sondagi avlodni mos ravishda P(& =Kk) =: p, tagsimot qonuni bilan hosil
giladi, bu yerda k € Nj. Shu bilan bir vaqtda, tizimga har birlik vaqt davomida biror tasodifiy gonunga ega
bo‘lgan tasodifiy sondagi immigrant zarrachalar kirib kelsin. Ular tizimga kirib, aborigenga aylanishadi.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/10 (115) 3

https://buxdu.uz


mailto:tukhtaev_erkin@mail.ru

MATHEMATICS

Kelgusida har bir zarracha boshga zarachalar kabi bir birlik umr ko‘radi va umrining oxirida boshga
zarrachalarga bog‘liq bo‘lmagan holda {p, } reproduktiv qonunga ko‘ra tasodifiy sondagi avlod qoldiradi.
Shunday qilib, vaqtning ixtiyoriy neN, momentida tizimdagi zarrachalar soni X, quyidagi
rekurrent munosabat orgali formal aniglanishi mumkin:
Xn+1:§n1+§n2+"'+§nxn+77n+11 neNy, 1)

bu yerda {&, } — bir xil tagsimlangan o‘zaro bog‘ligsiz tasodifiy miqdorlar ketma-ketligi bo‘lib, u

bevosita n-avlod k -zarrachasining avlodlari sifatida talqin gilinadi, 7, esa m-vaqtda Kirib keluvchi &,
d
dan bog‘ligsiz bo‘lgan bir xil tagsimlangan o‘zaro bog‘ligsiz tasodifiy miqdorlar. Bunda &, =& miqgdorlar

d
barcha n va k lar uchun umumiy p, =P(§=k) tagsimotga, 7,,=n miqdorlar esa barcha m lar uchun
P(n = j)=h; tagsimotga ega.

GVI jarayonining yuqoridagi ta’rifi birinchi marta 1965- yilda S.Xitkot [1] tomonidan berilgan
(shuningdek [2] ga qarang). Keyinchalik, hozirgi kunga qadar ma’lum bo‘lgan bir qator ishlar jarayonning
strukturaviy va asimptotik xususiyatlariga bag‘ishlangan. Shu munosabat bilan, xususan, A.Barbour va
A.Pakes [3], E.Seneta [4]-[7], A.Pakes [8], [9]-[12], S.Pommerenke [13] va boshga mualliflarning ishlarini
sanab o‘tish mumkin.

Superkritik jarayonning qaytmaslik xususiyatlari S.Xitkot va A.Pakesning ishlarida isbotlangan;
garang [1], [2], [11]. E.Senetaning qayd etilgan ishlarida {X,} Markov zanjirining ergodikligi shartlari,
xususan, jarayon subkritik bo‘lgan holda yagona invariant o‘lchov mavjudligi isbotlangan. Kritik jarayon
traektoriyasi ancha qizigrog. A.Pakesning [8], [14], [9]-[12] tadqgiqotlari shuni ko‘rsatdiki, agar a <o
bo‘lsa, bunday jarayonning S holati gaytmas, nol-qaytuvchi yoki ergodik bo‘lishi mumkin. O‘tish
ehtimolligining aniqroq shakldagi asimptotik ko‘rinishlari, shuningdek, zanjirning ergodiklik xossalari
A.Imomovning [15], [16], [17] ishlarida topildi.

Tadqiqot obyekti va qo‘llanilgan metodlar. Quyidagi ehtimoliy hosil giluvchi funksiyalarni
Kiritaylik:

h(s)= 2 h;s? va f(s)= 3 p;s’
jENO jENO

bunda s e[0,1). Tasodifiy jarayon {X,} mumkin bo‘lgan holatlari fazosi S <N, bilan berilgan bir
jinsli Markov zanjirini aniglaydi. Bu zanjirning i holatdan j holatga n gadamda o‘tish ehtimolliklarini har
ganday k uchun quyidagicha belgilaymiz:

P =P (Xyan = i| X =i)=P(X, = j|Xo =i).

Kelgusida biz agar {X,} zanjirning n gadam oldingi holati i €S bo‘lsa, zanjir holatining shartli
ehtimolligini  ifodalashda P, (¥) belgilashdan ~foydalanamiz. Masalan, p{"” o‘tish ehtimolligi
P.(X,=j)=p{" bilan belgilanadi. Mos ravishda hosil giluvchi funksiyani ushbu

RO (s)=Es*n = 3 p{Vs!
jeS

ko‘rinishda aniqlaymiz, bu yerda E; belgi P, ehtimollikka nisbatan matematik kutilmani ifodalaydi.
Yuqorida keltirilgan (1) rekurrent munosabatdan, to‘la ehtimolliklar formulasini qo‘llab, GVI jarayonining
bir jinsliligidan foydalanib, quyidagi tenglikka kelamiz:

P (s) =E;s*mt =h(s)RY (1 (s)). @)

Topilgan (2) rekurrent munosabatni takroriy qo‘llasak, biz quyidagi foydalanish uchun qulay
formulani olamiz:

i . n-1
RO (s)=[f,(5)] kH h(f(s)), 3)
=0

bu yerda f,(s) hosil giluvchi funksiya f(s) ning n-karrali iteratsiyasi, ya’ni ushbu
foa(s)=f,(f(s))=f(f,(s)) munosabat o‘rinli.
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{X,} Markov zanjiri m parametrning qiymatiga bog‘liq ravishda tasniflanadi. Agar m<1, m=1 va

m>1 bo‘lsa, jarayon mos ravishda subkritik, kritik va superkritik deb ataladi.
Ushbu ishda analitik usullardan hosil giluvchi funksiayalar usuli qo‘llanilgan.

Natijalar va muhokamalar. Mulohazalarimizni dastlab p(”) o‘tish ehtimolliklarining umumiy

asimptotik xususiyatlarini tekshirishdan boshlaymiz. Ushbu 7,(s) ::73,1(0)(3) belgilashni  kiritamiz.
Ma’lumki, barcha se[0,1) giymatlar uchun n—oo da f,(S)—>Qq ofrinli. U holda yuqoridagi (3)
formuladan, 7,(s) = R(o) (s) belgilash yordamida, barcha s <[0,1) uchun quyidagi tasdigni bevosita hosil
gilamiz:
(M) .
73”—(8)—>q', n—o0. (@)
Fa(s)

Bu munosabat, xususan, s=0 giymatda o‘rinli va (4) munosabatdan bevosita n — oo da nisbatlarning
monoton yaginlashishi hagidagi ushbu p(”)/p(”)—>qi tasdigni hosil gilamiz. Umumiy holda, barcha
i, j €S holatlar uchun mos tasdigni topishimiz uchun dastlab (3) formuladan quyidagi tengliklarni yozib
olamiz:

f(f(s)
BOE) =[] TT(1 () = LAGIC) h( ()R (s) .-
k=0 fn (S)

Bu tenglikdan ushbu 7,,;(s)=h(f,(s))7(s) munosabat kelib chigadi. Bu tenglikdan, s=0

bo‘lganda,
pio™ =h(f,(0)) P&y’ < PGy

munosabatni olamiz. Ikkinchi tomondan, ravshanki va p((,rl‘) =0F, (s)/as|5=0. U holda oxirgi
munosabatni s =0 nugtada bir marta differensiallab, topamiz:
Oxirgi topilgan tengsizliklardan quyldagl tengsullknl hosn qllamlz.
(n) (n+1)
Po1 < Po1

p(n) p(ﬂ+1)

Demak, { / p(”)} ketma-ketlik monoton o‘suvchi. Mulohazalarimizni davom ettira borib, barcha
jes holatlar uchun pf —aan(s)/asj‘ , ekanligidan, { (“)/p(”)} ketma-ketlikning monoton o‘suvchi
S=|

ekanligiga ishonch hosil gilamiz. Bundan tashqari, p(”)>0 bo‘lganligi sababli, ushbu ketma-ketlik

yugoridan chegaralangan. U holda, ketma-ketlik monoton o‘sgan holda chekli nomanfiy limit giymatga
yaginlashadi. Bu limit giymatni u; orqali belgilaymiz. Shunday gilib,

PG
L Tu <o, now. (5)
(ny ' Ui
Poo
Yuqoridagi mulohazalar yordamida barcha i, jeS holatlar uchun [18] ishda quyidagi teorema

isbotlangan.
Teorema 1 [18]. Barcha i, j € S holatlar uchun

(n)

nlggo o0 =q'u; (6)
bunda {u;} sonlar (5) tasdigda aniglangan. Mos hosil giluvchi funksiya 2/(s) =" ;_su;s’ ushbu

o-U(S)=h(s)U(f(s)) ()

fuksional tenglamani ganoatlantiradi, bu yerda esa o =h(q).
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Bu teoremada aniglangan 2/(s) funksiya darajali gator sifatida barcha se[0;r], r <1, giymatlarda
uzluksiz va yaginlashuvchi. Yuqoridagi (7) tenglamada f(s) funksiyaning iteratsiyasini takroriy qo‘llab,
ushbu

o - U(s) =R (U( F,(5)) (8)
tenglikni hosil gilamiz. Bundan esa, 2/(s) va 7,(s) funksiyalarning ta’rifiga ko‘ra, quyidagi
tengliklarni yozib olamiz:

"> usl= S Ui (£,(5)) Ba(s) = S u RO (s)

jeS ieS ieS
=>u > p(n)s Z[ZU p(n)}SJ
ieS jeS jeSlLieS
Oxirgi topilgan tenglikda 5] darajalar oldidagi mos koeffitsiyentlarni tenglasak, quyidagi tenglama
kelib chigadi:
o"u; =Y up".
ieS

Bu tenglama {u j,jeS} sonlarning {pij} o‘tish ehtimolliklariga nisbatan invariantlik xossasini
ifodalaydi. Xususan, ou; = sUi pjj bo‘lib, bu tenglikning ehtimoliy ma’nosi quyidagicha. Agar biror
meN gadam uchun P(X, = j)=u; bo‘lsa, Kolmogorov-Chepmen formulasiga ko‘ra

P(Xmu=1)=2P(Xy=i)P ( m+1:j|xm:i)

ieS

ieS
Shunday qilib, {Xn,neN} zanjrning biror j e S holatga tushish ehtimolligi yetarlicha katta ne N
gadamlar uchun o =h(q) son anigligida o‘zgarmaydi. Bu holda {uj,jeS} sonlar {pij} o‘tish

ehtimolliklariga nisbatan o -invariant o‘Ichov tashkil etadi deyiladi.

Shu o‘rinda Andersonning [19, §5.1] monografiyasida keltirilgan uzluksiz vaqtli {X(t),te7}
Markov zanjirlarining bir muhim xarakteristikasiga murojaat qilamiz. Bu monografiyada o‘tish ehtimolliklari
{pij (t)} eksponensial tartibda nolga kamayib boruvchi uzluksiz vaqtli yoyilmaydigan Markov zanjirlari

holatlari fazosining “parchalanish darajasi” ushbu A4=-lim._, In p; (t) /t son bilan tavsiflangan. Bu son
zanjirning parchalanish parametri deb nomlangan; garang [19, 164-bet]. Uzluksiz va diskret vaqtli zanjirlar
orasidagi o‘xshashliklar munosabati bilan biz quyidagi ta’rifni kiritamiz. Ushbu

A=A =—lim 9)
n—oo n

miqgdor {Xn,neN} zanjirning parchalanish parametri deb ataladi. Uzluksiz vaqgtli Markov zanjirlari

holatlar fazosining tasnifiga monand [19, 177 bet], {X,} zanjir Ag-gaytuvchi deyiladi, agarda
ZneNe p(”)—oo bo‘lsa. Aks holda u Ag-gaytmas deyiladi. Agar zanjir Ag-qaytuvchi bo‘lib,

lim,_,..e*"p{"” >0 bo‘lsa, u As-musbat deyiladi, agar lim,_,, e*"p{" =0 bo‘lsa, zanjir As-nol deyiladi.

n—>oo nN—o0

Biz quyida (9) formula bilan aniglangan {Xn} zanjirning parchalanish parametrini o‘rganamiz.

Ravshanki, barcha neN gadamlar uchun pc(,g) >0 va ta’rifga ko‘ra Uy =0. U holda (8) formuladan ushbu
o" =P, (0)U( f,(0)) tenglikni olamiz. Bundan esa, f,(0) —q yaginlashishga ko‘ra,
p(n) ~ LO' n— oo
U(q)
asimptotik munosabatni topamiz. Bu munosabatni (6) tasdiq bilan birgalikda garasak, barcha i, je S
holatlar uchun ushbu
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i
u .

p{" —q—Jko“ (1+0(), n—w. (10)

Ravshanki, (10) formulada &" oldidagi koeffitsiyent chekli son va GVI jarayoni superkritik bo‘lganda

0<o<1. Demak, m>1 bo‘lgan holda barcha i, jeS holatlar uchun o~ p(”) —const, n—»ow. U

holda ushbu
i
U
—In iV =Ino + EIRRAE
N U

tenglik o‘rinli bo‘ladi. Bu tenglikda n-—>oo deb limitga o‘tsak, superkritik GVI tarmoqlanuvchi
jarayoni holatlari fazosining A=Ag parchalanish parametri giymatini topamiz. Bundan tashaari

ZneNe "o =0 va lim,_,.e™" pi(in) >0 bo‘lishini tekshirib ko‘rishimiz mumkin. Yuqorida olingan
xulosalarni quyidagi teoremada jamlab ifodalaymiz.
Teorema 2. Agar {Xn,n eN} Markov zanjiri superkritik GVI tarmoglanuvchi jarayonini ifodalasa, u
holda bu zanjir holatlari fazosining parchalanish parametri
As =|Inol. (11)
Bundan tashqgari, bu zanjir A5 -musbat gaytuvchidir.
Endi m=1 bo‘lgan hol uchun, ya’ni nokritik GVI tarmoglanuvchi jarayon uchun U(s)=) . jesYjS

funksiyaning yaqinlashishi va uning aniq ko‘rinishini ifodalovchi quyidagi muhim teoremani isbotlaymiz.
Teorema 3. Nokritik GVI tarmoglanuvchi jarayonini garaymiz. Subkritik jarayon uchun f"(1-) <o

bo ‘Isin. U holda barcha s €[0,q)U(g,1) uchun z/(s) limit funksiya yaginlashuvchi va
Us)= 1 [1+Ha(s)8" ],

nENO
bunda H,(s) funksiya barcha ne N, nomerlar uchun s o ‘zgaruvchi bo ‘yicha chegaralangan hamda

h'(Q)

Hy(s)——>—2~ [IC A(s)] n— o,

Bunda A(s) funksiya (15) asimptotik formula bilan amqlangan va

Kq=A(0) = 1_q

son umumlashgan Kolmogorov doimiysi bo‘lib, y = £"(q)/2B8Q1- ), f=1'(q).
Isbot. Bizni qizigtirayotgan 2/(s) funksiya (5) tasdigda berilgan {u j} sonlar to‘plami bilan bir
giymatli aniglanishi tufayli quyidagi hosil giluvchi funksiyani qaraymiZ'

p(n) ' h(f(s))
Uu.(s)= sl = 12
=% 700 ITi.0) "

oxirgi tenglikda (3) formuladan foydalandik. O‘rta qiymat haqidagi teorema yordamida biz quyidagi
tenglikka ega bo‘lamiz:

h(£(9) _, M(6()
h(f,(0)) ~ h(f,(0)

(fa(s)—1,(0)) (13)

bu yerda f,(0) <d,(s)< f,(s).
Klassik adabiyotlardan ma’lumki, barcha m <o holatlar uchun 0<s <1 bo‘lganda (qarang. [21])
lim f,(s)=q, (14)
n—oo
o‘rinli bo‘ladi, bu yerda ¢ —avvalgidek, G-V jarayonining so‘nish ehtimolligidir. Shu sababdan
n—> oo bo‘lganda 6,(s) —q, bundan esa h'(6,(s)) - h'(q) va h(f,(0)) > o bolishi kelib chigadi. Hosil
gilingan (13) tenglikdagi R, (s) funksiya uchun
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Rn(s)=A(s)s" (1+0(1)) ,n >0, (15)
asimptotik formula o‘rinli, shu bilan birga bu formulaga ko‘ra
R,(0)=P(n<H<x)~I ", n—>ow, (16)
bu yerda
Kq=A(0) =
q

va y=f"(q)/2BQ1- B) qarang, [20]. Yuqoridagi xulosalarni (15) va (16) formulalar bilan birgalikda
garasak, n — oo da quyidagi asimptotik munosabatni olamiz:

O, 1 o1 O s
(f(O))[f() f,(0)]= (f(O))[R 2(0) =Ry ()]

6,
(f ((g)) [y —AS)] 5" = Hy (9",

(17)

bu yerda
h'(6,(5))
H.(s)= A(S)
n ( f (0)) [Kq :I
Endi, (12), (13) va (17) formulalarni birgalikda garab, n—>oc deb limitga o‘tish bilan, teorema
tasdig‘ini olamiz.
Teorema isbot bo‘ldi.
Izoh 1. Isbotlangan teoremada topilgan z/(s) funksiyaning ifodasini V(s):=lim,_ ), (s) limit
funksiya orgali ham ifodalash mumkin, bu yerda
fn(as) — f,(0) z
V(s)=—""——Z=E|s"n<H<o|.
" q- fn (O) [ | :|
Buning uchun dastlab quyidagi tenglikni yozib olamiz:
h( f,(as h'(&, (s
(fa(as)) _h'(&( ))Vn(s)Rn(o)’ (18)
h(f,(0)) h(f,(0))
bu yerda f,(0)<&,(s)< f,(as) va n—w da &,(s)— . O‘z navbatida, adabiyotlardan ma’lumki,
V(s)= Zjeijsj funksiya barcha s [0,1) giymatlarda yaginlashuvchi va u

q-s
A(S)=——> 19
(s) T @_9) (19)
funksiya orqali
_,_A(as)
V(s)=1 20) (20)

formula bilan aniglangan. Shunday qilib, (12), (16),(18) va (20) formulalarni birgalikda garasak,
guyidagi natijani olamiz:

U@s)= 1 [1+Hs)8" ],

neNo

bunda H/(s) funksiya barcha neN, nomerlar uchun s o‘zgaruvchi bo‘yicha chegaralangan hamda

HI(s)—— h(q)V(s) n—o0.
Izoh 2. Yuqoridagi (16) tenglikdan A(q) =0 ekanligi kelib chigadi. U holda V(s)=1- i(gJS)) (20)
munosabatga ko‘ra V(1) = Zjeij =1. Demak,
Hn(l)—>lcqm, n— .
o
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Bu yerdan esa 2/(q)<oo. Oxirgi tengsizlikdan shunday xulosaga kelamizki, {uj,jeS} sonlar

subkritik GVI jarayonlari uchun invariant tagsimot tashkil etadi.

Teorema isbot bo‘ldi.

Xulosa. Ushbu ishda superkritik Galton-Vatson immigratsiyali tarmoglanuvchi jarayonining
parchalanish parametrining giymati topildi. Subkritik hol uchun f"”(1-) <o bo‘lganda se[0,q)U(q,1)

uchun z4(s) limit funksiya yaginlashuvchi va H, (s) funksiya barcha ne N, nomerlar uchun s o‘zgaruvchi
bo‘yicha chegaralanganligi aniglandi. Shuningdek, {uj, J eS} sonlarning subkritik GVI jarayonlari uchun
invariant tagsimot tashkil etishi ko‘rsatildi.
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UOK 51

MAHSULOT SIFATIGA OMILLARNING TA’SIRINI IKKI FAKTORLI EKSPERIMENT
USULI ASOSIDA TADQIQ OLISH

Jumayev Jura,

Buxoro davlat universiteti dotsenti
j.jJumaev@buxdu.uz

Muxsinova Nodira Shuxratovna,
Buxoro davlat universiteti magistranti

Annotatsiya. Magolada harorat va inisiator migdori kabi asosiy omillarning sopolimerlar sifatiga
ta'siri samaradorligi to'liq ikki faktorli eksperiment usuli asosida tadqiq gilinadi va usul anigligi baholanadi.
Buning uchun faktorli eksperiment nazariyasiga asoslanib erkin o'zgaruvchilar kodlandi, eksperiment rejasi
matritsasi tuzildi, regressiya tenglamalari koeffitsiyentlari hisoblab chigildi, tenglamaning adekvatligi
tekshirildi va natijalar tahlil gilindi.

Kalit so'zlar: regressiya modellari, omillar, sopolimer ishlab chigarish, eng kichik kvadratlar usuli,
faktorli eksperiment usuli, omillarni kodlash, rejalashtirish matritsasi, dispersiya, standart og'ish.

NCCIEJOBAHUE BJIMSAHUA PAKTOPOB HA KAYECTBO ITPOAYKTA C
HUCITIOJIBb30OBAHUEM METOJA IBYX®AKTOPHOI'O DKCIHEPUMEHTA

Annomauusa. B cmamve npouseedena oyenka 3¢hhexmusHocmu IUAHUS OCHOGHBIX PAKMOPO8, KaK
memnepamypa, KOJIUYECNE0 UHUYUAMOPA HA NPOU3B00CHIBO CONOIUMEPOS C UCHONBL3OBAHUEM Memood
NOHO20 (DAKMOPHO20 3Kchepumenma. s 2mo2o 3aKoOuposamvl nepemeHHvle, Oblld COCMABIeHA
Mampuya nAAHUPOBAHUS IKCNEPUMEHMA, PACCUUMANBI YPABHEHUS pecpeccul, YpasHeHue Obl10 NPpO8epeHO
HA a0eK8amHoCmy, U NPOBEOEH anoCmMepUOPHbIIL AHATU3.

Knwouesvie cnosa: pecpeccuonnvie mooenu, @Haxkmopwvl, NpouU3800CmE0 COROIUMEPOS, Memoo
HAUMEHbWUX K8AOPAMO8, MemoO (HaKmopHo20 3dKCNepuMeHma, KOOUpogaHue axmopos, mampuya
NIAHUPOBANUS, OUCNepCUsl, CPeOHeK8AOPaAMUYECcKoe OMKIOHEHUe.

STUDY OF THE INFLUENCE OF FACTORS ON PRODUCT QUALITY USING THE
METHOD OF A TWO-FACTOR EXPERIMENT

Abstract. In the article, the effectiveness of the influence of main factors such as temperature and the
amount of copolymer on the performance of the copolymer was assessed using the method of a full
factorial experiment. To do this, variables were coded, an experimental design matrix was compiled,
regression equations were calculated, the equation was checked for adequacy, and post hoc analysis was
performed.

Keywords: regression models, factors, production of copolymers, least squares method, factor
experiment method, factor coding, planning matrix, variance, standard deviation.

Kirish. Amaliy ilovalarda regressiya modellari ko'pincha omillarning ularga bog'liq bo'lgan miqgdorlar
bilan bog'langan tenglamalarini topish uchun ishlatiladi. Buning uchun eng kichik kvadratlar usuli, to'liq
faktorili eksperiment usuli va boshgalar orgali modellashtirish vositalari mavjud [1-3]. So'nggi paytlarda
aniglik va ishonchlilik tufayli tadgiqotchilar ko'pincha to'liq faktorli eksperiment usuliga murojaat gilishadi.

[4] da asosiy omillarning quritishga ta’siri samaradorligi to‘liq faktorli eksperiment usuli yordamida
baholangan. Buning uchun erkli o'zgaruvchilar kodlangan, eksperimental reja matritsasi tuzilgan, regressiya
tenglamalari hisoblab chigilgan, tenglamaning adekvatligi tekshirilgan va aposterior tahlillari o'tkazildgan.

[5] da toshni maydalash jarayoni to‘liq faktorli eksperiment yordamida matematik modellashtirilgan.
Olingan tenglamadan foydalanib, jarayonni optimallashtirish uchun zarur bo'lgan har bir o'rganilayotgan
omilning yakuniy natijaga ta'sir gilish darajasi aniglangan.

Yuqoridagi tahlillar shuni ko'rsatadiki, omilli tahlildan foydalanish texnologik jarayonlarni
modellashtirish uchun magbul natijalar beradi.
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Metodologiya. Ba'zi texnologik omillarning uglerod moyi sopolimerining [6] ishlashiga ta'sirini
o'rganish uchun eksperimentlar ikki faktorli eksperiment rejasiga muvofiq amalga oshirildi va har bir
eksperiment uch marta takrorlandi (1-jadvalga garang). Sopolimerning ishlashiga ta'sir giluvchi quyidagi
omillar tanlandi:

z1 — harorat °C ;
z2 — inisiator migdori % ;

Faktorlarni kodlash.
Olingan eksperimental ma'lumotlarga asoslanib, uch marta o'tkazilgan faktorli eksperiment uchun
dastlabki rejalashtirish matritsasini tuzamiz. Har bir eksperiment uchun o'rtacha namuna natijalarini
hisoblaymiz [7-10]:

Vi = (Yai + Vi + V)
3

Biz barcha o'zaro ta'sirlarni va o'rtacha hisoblangan giymatlarini hisobga olgan holda rejalashtirish
matritsasini quramiz.

1-jadval.
Ne Boshlang’ich Kodlangan giymatlar Y tajriba natijalari Y
giymatlar
O’rtacha
°C % X1 X2 Y1 Y2 Y3
1 60 0,3 -1 -1 45,7 46,2 47,0 46,3
2 80 0,7 +1 +1 55,8 55,2 57,3 56,1
3 80 0,3 +1 -1 46,4 47,3 47,9 47,2
4 60 0,7 -1 +1 50,6 52,1 52,7 51,8
Nazariyaga asoslanib, faktorlarni kodlash quyidagicha bo’ladi (2-jadval):
2-jadval.
Yuqori Pastki daraja Variatsiya oralig’i Kodlangan
Faktorlar daraja -i Markaz A o’zgaruvchining natural
+i z?° o’zgaruvchiga bog’liqligi
Z -0
2 80 60 70 10 X, =—"—;
10
Z,-0,5
z 0,7 03 05 0.2 X, =—"2—"—,
i 20,2

Model koeffitsiyentlarini hisoblash. Quyidagi ifoda yordamida empirik munosabatni gidiramiz:

Yy = by + b1X; + by X; 1)
Model koeffitsiyentlari [4] formulasi yordamida hisoblanadi.
SN xiiy;
by = % YR=1Yk b1 = ézle;]zyji
b, = Z?’:lxzjyj_ e = Z?’:ixuxzjy]'_
2T 0 TR s
Ushbu formulalarga ma‘lumotlarni kiritish orgali koeffitsiyentlarni hisoblaymiz:
1
by = 1(46,3 + 56,1 + 47,2 +51,8) = 50,35
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1
by=7(~463+561+472-518) =13

1
by = (~463+56,1—472+518) = 3,6

Ushbu kattaliklarni (1) ga go’yganda bu tenglama quyidagicha ko'rinishni oladi:
y=5035+13-X; +3,6:X; 2
Model koeffitsiyentlarining ahamiyatliligini tekshirish. Buning uchun biz birlik o'lchov
dispersiyasini, natijaviy funksiyasi o'rtacha giymatining dispersiyasini va ularga mos keladigan standart
og'ishni quyidagi formula yordamida hisoblaymiz [12 15]:

1 < 2 1&Gee
Sf, = v 1)220/,. y) ——Z[m—_lg(yji—yj)jzﬁésj

=1 i=1
Qulaylik uchun quyidagilarni hisoblab olamiz: 3-jadval.

j Y1 Y2 Ys Vi (le_yj)2 (ij_yj)z (ij_yj)2 sz
1 45,7 | 46,2 47,0 46,3 0,6 0,1 0,7 1,4
2 55,8 | 55,2 57,3 56,1 0,3 0,9 1,2 2.4
3 46,4 | 47,3 47,9 47,2 0,8 0,1 0,7 1,6
4 50,6 | 52,1 52,7 51,8 1,2 0,3 0,9 2.4

N
1 1
52 = NZ = 2043+ 1,17+ 0,57 + 1,17) = 0,835
k=1

2
s2=2=225-0278 5, =0278=0528

Ushbu jadvaldan oxirgi ustun elementlarini qo’shgan holda topamiz:

D 87=14+2,4+1,6+24=7,8
j=1
Bundan S{Zy} ni hisoblab olamiz:

18, ., 1
=»8t==-.7,8=195
44570 4

Ushbudan foydalanib koeffitsiyentlarning o’rtacha kvadratik o’gishlarini hisoblaymiz:

2
S{y} 1,95
SKO3<D = = =012
n-m 4.2
Styudent jadvaliga muvofig n(m-1)=4-1=4 va «=0,05 ga muvofiq t,, =2,78. Bundan kelib chigadiki
t, Sy =2,78-0,12=0,37858 ~ 0,34
Topilgan giymatni regressiya tenglamasining koeffitsiyentlari bilan solishtiramiz. Ko’rinib turibdiki,
(2) tenglamadagi barcha koeffitsiyentlar 0,34 dan katta. Demak, (2) tenglamaning barcha koeffitsiyentlari
ishonchli va yakuniy tenglama oldingidek goladi:
y=5035+13-X; +3,6"X,
Endi ushbu tenglamani adekvatligini Fisher mezoni orqali tekshiramiz. Oldingi hisob-kitoblar orgali
topilgan giymatlar asosida Fisher kriteriyasi Firit ni hisoblash uchun S§o| ni aniglash kerak.

Buning uchun topilgan (2) regressiya tenglamasidan foydalanib X; parametrlar o’rniga +1 yoki -1
giymatlarni qo’yib funksiya qiymatini topib olamiz:
y, =50,35+1,3-(-1)+3,6-(-1) =45,45

y, =50,35+1,3-(1) +3,6- (1) =55,25
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Y, =50,35+1,3- (1) +3,6-(~1) = 48,05
y4=50,35+13-(~1) +3,6- (L) = 52,65

Qoldiq dispersiya S2., ni quyidagi formula orgali hisoblaymiz:
1 & —
2 & 2
S ==, (J;-¥;)" =1445
n-24<

Fisher mezoni bo’yicha Fy,.;; ni quyidagi formula orgali hisoblaymiz:
2

Feie = ZOI - Shal =173
S{y} 0,8350

Ushbu topilgan Fisher mezoni jadval giymati tegishli a=0,05 ahamiyatlilik darajasi va k,=n-r=8-
7=1 u k,= n(m-1)=8:2 =16 erkinlik darajalariga muvofiq Fisher tagsimotining kritik nugtalari jadvallaridan
topiladi [16-17]:

F 6. =449

F .. =1,83<F, ;.= 4,49, bo’lgani uchun (2) regressiya tenglamasi adekvat ekanini topamiz.

Ushbu olingan (2) regressiya tenglamasini tahlil gqilamiz. Tenglamadam ko’rinadiki, har ikki factor
ham natijaga ijobiy ta’sir etadi, ya’ni faktorlar o’ssa, natija oshadi va aksincha.

Endi topilgan (2) tenglamani natural o’zgaruvchilarda yozamiz, buning uchun x; kodlangan
o’zgaruvchilar o’rniga ularning z; orqali yozilgan ifodalarini (2) tenglamaga qo’yamiz:

y=5035+1,3 22 436.-2-2°

10 0,2
Shakl almashtirishlar bajarib topamiz:

y = 32,254+ 0,13z, + 18z, 3)
Ko’rinadiki, natural o’zgaruvchilarda yozilgan regressiya tenglamasi ham kodlangan
o’zgaruvchilarda yozilgan (2) tenglamaga o’xshash.
Olingan (3) tenglama xossalarini 1-chizmadan ko’rib olish mumkin. [18].

1-chizma. y = 32,25 + 0,13z, + 18z, funksiya grafigi.

Xulosa. Tajriba natijalaridan foydalanib to'la faktorli eksperiment usuli yordamida topilgan
regressiya tenglamasi faktorlarning o'zgarish oralig'ida yetarlicha aniqlikda natija bera olishi ko’rsatildi.
Bunday topilgan regressiya tenglamalari har bir faktorning chigish ko’rsatkichiga ta’sirini o’rganish va
shuning asosida jarayon optimizasiyasiga erishish mumkin.
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VJIK 517.946

®OPMYJIA KAPJIEMAHA JIUISI OBOBIEHHOM CUCTEMbBI KOILIU-PUMAHA
B MHOT'OMEPHOMW BECKOHEYHOM OBJIACTU

Ipmamamosa Pomuma Ipmamamosna,

dokmopanm 3-20 Kypca kageopwvl «{uppepenyuanvusie ypasHerusy
Camapranockozo eocyoapcmeeHHo2o yHugepcumema umenu Lllapaga Pawuoosa
fotimaermamatova817@gmail.com

Annomauyus. B pabome paccmampusaemcs 3a0a¥d 8OCCMAHOBNCHUS peuteHus 0000WEHHOU
cucmemvol Kowu-Pumana 6 MHO2OMEPHOU NPOCMPAHCMBEHHOU OECKOHEYHOU 00aaACmuU NO UX 3HAYeHUSIM HA
KycKe epanuybl smou obnacmu, m.e. 3a0ava Koww. Cmpoumcs npubaudicéHHoe peuteHue 3moil 3a0ayl,
OCHOBaHHOe Ha Memolde mampuywl Kapremana-Apmyxameoosa.

Knioueevie cnosa: ob6o6wénnas cucmema Kowu-Pumana, 3a0aua Kowu, HexoppexmHvle 3a0adu,
peayaapHoe peuieHue, npubaudxicénHoe peutenue, mampuya Kapremana-Apmyxameoosa.

CARLEMAN'S FORMULA FOR THE GENERALIZED CAUCHY-RIEMANN SYSTEM IN A
MULTIDIMENSIONAL IN UNBOUNDED DOMAIN

Abstract. The paper considers the problem of reconstructing the solution of a generalized Cauchy-
Riemann system in a multidimensional unbounded domain from their values on a piece of the boundary of
this domain, i.e. the Cauchy problem. An approximate solution to this problem is constructed, based on the
Carleman-Yarmukhamedov matrix method.

Key words: Generalized Cauchy-Riemann system, Cauchy problem, ill-posed problems, regular
solution, approximate solution, Carleman-Yarmukhamedov matrix.

KO‘P O‘'LCHOVLI CHEKSIZ SOHADA UMUMLASHGAN KOSHI-RIMAN SISTEMASI
UCHUN KARLEMAN FORMULASI

Annotatsiya. Ko’p o’lchovli cheksiz sohada umumlashgan Koshi-Riman sistemasi yechimining soha
chegarasini bir qismida berilgan giymati bo’yicha tiklash, ya'ni Koshi masalasi qaralgan. Karleman-
Yarmuhamedov matritsasi metodiga asoslangan taqribiy yechimi keltirilgan.

Kalit so‘zlar: umumlashgan Koshi-Riman sistemasi, Koshi masalasi, nokorrekt masala, regulyar
yechim, tagribiy yechim, Carleman-Yarmukhamedov matritsasi.

BBeaenme. Paccmorpum cuctemy ypasaenuit [1], [2]:
L[ ok oF; oF :
D —~+aF |=0, L -—*-aF +aF =0k j=12..n), @
1\ OX, 0%, OX;
kotopasi  sBisercs [ -mepHbiM ~ aHasiorom  0000miéHHOM  cuctembl  Komm-Pumana,  rie
F (X) = (Fl(X), F2 (X), ey Fn (X)) - HUCKOMas  BEKTOp-(pyHKIHA, A= (al, ay,eeny an) —3aJJaHHbII

MOCTOSIHHBIA BEKTOP.
BBeném cnenyromue 0003HaueHUS:

Ly (X1, Xy oo Xt AF =Ly (X, Xy, o, X5 A
:(xk_ak)Fj_(Xj_aj)Fk+5kj(X|+a|)F| : (k<))

L (X;A)F = (L, L, )F k1, j=12,---,n), )
rae 5k j - CUMBOII Kponekepa. Torma cucremy (1) MOKHO 3amucaTh B BUIE:
LK(Q;AJIE=O, k=1, ..., n), 3)
OX
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rac
0 0 0
—_— — y .. o’ ——
ox | OX OX,
Oﬁcymeﬂne " pe3yabTarThbl. I[J'ISI KaXXa0ro BEKTOPHOI'0 OIeparopa Lk onpeacisieM COHpH)KGHHLIf?I

*
BEKTOPHBII onepaTop Lk PaBEHCTBOM:

V.Lk(i; Ajmﬁ.u;(ﬁ; z\jv=divpk. @
OX OX
TOFHa JICTKO HOJ'Iy‘II/ITB, qTo
k
L(X; AV =L (X; AV, 5)
rac
k
X :(_Xll - XZ’ T _xk_ll Xk’ Yy Xn)v
Ak:(_al’_aZ"”’_ak—l’_ak’ak+1’“°’an)' (6)

Ecmn @, =0, 1o cucrema (1) sBusercs cucremoit Pucca [3]. A mpu N=2 oHa sBagercs

0000mEnHOM cuctemoit Komm-Prumana [4], koTopast CyIiecCTBEHHO pacHIMpsieT paMKH KIIACCHIECKOH TeopHun
aHamuTHdecknx (GyHKIUA U e€ mnpuMmeHeHui. B Hell paccmarpuBaercs kimacc (PyHKIWH, KOTOPBIH
00bEMHSACT CEMEWCTBA PEIICHUH BechbMa IIMPOKOTO Kiacca AUIMITHYECKUX CUCTeM TU(epeHInATbHBIX
YpaBHEHHUI MEPBOTO MOPSIKA C JBYMsI HE3aBUCHUMBIMHU MEPEMEHHBIMH. JT0 00001EHHas cucreMa Komu-
Pumana, nms permieHnii KOTOPOW COXpaHSETCS PsI OCHOBHBIX CBOWCTB aHATUTHYECKUX (YHKIHMHA OTHON
KOMIUIeKCHOH mepemeHHOl. [losTomy (1) siBisieTcs, ¢ omHOW CTOpOHBI, 0bo0IeHneM cucteMsl Pucca, ¢
JPYToii CTOPOHBI — MHOTOMEPHBIM aHaJIOroM 00001eHHOM cucTeMbl Komm-Pumana.

Kaxpie KOMIOHEHTHI Fk (y) BexTopa F (Y) SIBIISIIOTCS peIieHneM cucTeMbl (1) ¥ yZOoBIETBOPSIOT

YPaBHEHHMIO:
AF, —‘Ar F =0. @)

Ecmm F (y)— pemenue cuctemsl (3) B orpannuenHoii obnactu (), To crpaBenuBa 0600mEHHAS

uHTerpayibHas ¢popmyia Kommw [3], [4]:

1 B 0, xgQ
— | M.y, x; A)F dS, =< _ 8
a)n(.;!.2 O(y ) (¥)ds, F(x), xeQ, ©)

e Matprmia M 0 (X, Y, A) oIpeJiereHa paBEHCTBOM:

M, (v, % A) =L (o, 01y, 2 , )

n’

k
(), — momans noepxHoctd [ -MepHOro mapa eIMHHYHOTrO pajuyca, N :(

HUMEECT BU.

Nk(y,X): M—akdio(y,x;l) -sign(k —1) mpu i Kk,

k
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i [0)) .
N, (.0 = 22U g (y,%:2), (10)
OX;
D, (,x; A) -xnaccuueckoe dyHmamenTanbHOe pemreHne ypaBHeHus (7), F](Oll, Ay, an) -

2
BHELLHsIs1 HOpMaulb oBepxHoctn OCQ B Touke Y, AS = ‘A‘ .

B paGote [1] mo MaTpuyHOMY SIpy Mo(y,X; A) BBEIIEH aHAJIOr OOOOIIEHHOTO WHTErpalia THIIA

Kommm, nanel wssniHble (OpMYIbl CKauyKOB JJIsS TPEICIBHBIX 3HAYCHHN 000OMEHHOIO WHTETpajia THIa
Komm. Taxke momydena ¢opmyna BOCCTAHOBICHHSA (MHTETPAIbHOE MPEACTABICHHE) HCUE3aoNEro Ha

OCCKOHEUYHOCTH PeIICHUA CUCTEMbI YPABHCHHUA (3) B IPOCTPAHCTBC yn > 0 110 3HAYCHUAM €0 KOMIIOHCHTBI

-1
KJlacca L(Rn ) (abcomoTHO MHTErpupyeMas (yHKIHUS) Ha THIIEPILIOCKOCTH Y = 0.

N3 popmyinel 'aycca-Octporpaackoro cieayer, 4to dopmya (8) cOXpaHsSIEeTCs U B TOM ClIydae, eCliu
B paserctee (9) k@, ( VX, A) TpuGaBHTH NPOM3BONBHOE pETYJIAPHOE pEIIeHHEe ypaBHEHHS

IensMrossia. Beeném o003HayeHueE:

M (y,x; A) = L’;(al,az,---,an;O)\; , (11)
e V = (vl, Va, -, njonpeneﬂﬂ}OTCﬂ paBeHCTBaMH:
Vk(y X) = { @(g x4) —-a,D(y,x; /I)j sign(k —i) npu i #K,
Vi(y, X) = w +ad(y,x; 1), (12)
a @(y,x; 1) onpenensiercs u3 popmyisi [5] |
C, K(x,)®@(y,x;1) = :TI {K(W)l/%du, (13)

riue
"2 m=-2D)(n=2)zw., N=2m, m>2;
n
" (D)2 (M=) (N -2z, n=2m+1 m=1,
W= i\/ u 2 + 0!2 + yn , (U, - TUIOTA/Th eIUHUIHON Chephl B Rn ,
ul,(Au), n=2m, m=>1,
y(Au) =
cos(Au), n=2m+1 m=>1,
|0(/1U)-(1)yHI<uI/I51 Beccenst HyneBoro mopsinka; 37ech OepeTcs peryisipHas BETBb aHATUTHUYECKOM

dynkumn |,(AU), N =2m- sewecrsennas npu 4 > 0.
Torna cipaseuuBa hopmyna:
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- 0, xeQ,
M(y,x; A|F dS =< 14
a“; (y ) (v)ds, F(x), xeQ, (4

e matpuna M (y, X, A) B pa3BEPHYTOM BHUJIE UMEET BUJL!

M(y. % A)=

Gy e+ (G o (G ma)a, (g aa+ (o ae

Gy e e Gy~ @)+ (52 + (5 -~ a)es
S Gy ) (e

Gy e e, Gy 2= ae,

(15)

G (G aa s (ran - (A a
—(Wia—as)a2+(ayiz+a2)a3 (ayﬂ4—a4)a2—(ayiz+az)a4 (aylnl_a”)a”(ayifaz)a“
(8yil—a1)a1+...+(ayi3+a3)a3 —(6yi4—a4)a3+(ayis—a3)a4 (ayin—an)a3+(ayis—a3)an < (35 1).
—(ayi3—a3)an+(ayin+an)a3 (ayin+an)a4—(ayi4—a4)an--- (63/i1—a1)052+---+(8yin+an)o:n

ITycts () . KOHEYHOCBA3HAs HEOTrpaHMYEHHAs 00JacTb B R" (N>3), ¢ KycouHo-rIamKOM
rpammneii OCY, o60znaumv Q= Q) {X eR": |X| < R} ,Qr =Q\Q., R>0.0603naunm uepes
A(Q) — COBOKYITHOCTb PETYJISAPHBIX pelieHnit cuctemsl (1).

Iycrs F(Y) € A(C2) ,npu kasom duxcuposarrom X € ) yaI0BIETBOPSET YCIOBHIO POCTa

Lmasj;wM(y,x, A)F(y)ds, =0, (16)
R

Toraa crpaseaiuBa Gpopmysa (14).
PaccmotpuM uacTHble ciiydan (opmysisl (14). Tlycts HeorpanuuenHas obnacts () JeXUT BHYTpH

T
CIIOS HAMMEHbIICH WIMPHHBI, ONpeaensemoil HepasenctBom 0 < Y, < h, h=—, P> 0, npuuém

8Q MMpoOCTUPACTCA OO0 OCCKOHEUHOCTH. By,E[CM npeamnojararb, 4ro JisI HEKOTOPOI'o bO > O miomaab

YAOBIECTBOPACT YCIIOBUIO POCTA:
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I exp{-h, Chpo‘y’[}ds <, O0<p,<p. 17
oQ

3anaual. UsBecTHsl nanusie Koy permenus cuctemsl (3) Ha MOBEPXHOCTH S :
F(y)|s=T(y), yes, (18)

e S - wacte rpanmmpl obmactu €2, F(y) Z(fl(y), fz(y), ey fn(y)) - 3aJaHHas
HemnpepbiBHasA BeKTOp-(GyHKIUA. TpedyeTrcss BOCCTAaHOBUTH (DYHKITHIO F(X) B(), ucxons u3 3agaHHOM

f(y), T. €. pCHIUTH 3aJavdy AaHAJIUTHYCCKOTO MNPOANOJLKCHUSA PCIICHUA O606III€HHOI>'I cucrtembl Komu-

PumaHa B orpaHHUEHHON 06JaCTH 110 €€ 3HAYEHHAM Ha IJIaJKOM KyCKE S TDaHHUIbL

Hamo ormeruth, uto mpu pemeHun 3agaud Komm ans ypaBHeHust Jlammaca siBHas Qopmyna
MPOJIOJDKEHUS PEIICHHS B HEOTpaHUYCHHOM o0sacTu nmosydeHa 1. ApmyxamenoBeim [5] —[7], a pabote [8] —
[9] A.XacanoBeiM m @.TypCyHOBBIM YyCTaHOBIEHa siBHas ¢opMyia MPOAOIDKEHUS peleHus u e
MIPOM3BOJHOM, a TAKXKE PEeryJsipU3alvy B OrPaHUYEHHONW O0JIACTH.

Iycts E(y) € A(Q) yrosnersopser ycnosmio pocra
F(y)|<Cexp[expp, Y]] p,<p. yeQ.

IIpu o >0 B (12), (13) B cootercTBUE [6] — [7] mOMOKUM:

? =Y +yS 4+ Y2 (19)

yl

p
W— X, (W+x_ +2h)™

o,

K(w) = et P
sinE(W— X,) [sin'[;(w+ Xn)}

2

(20)

><exp[o-w2 —bchipl(w—g) —blchipo(w—g)] w=y +ivu?+a®,0<x <h,

h,_
rne b >0, bl > bo (COS o E) 1, P -uenoe neorpunarenshoe u K - HatypanbHoe umcra.

O6osnaunm D(y,x; A)=@_(y,x; 1), M (Y, X; A) =M_(y,X; A) :

Tak xak

cos p, (v, —g)zcos,olgzao >0,

h h
€08 Py (Y, = 2) 208 9,22 8,>0, 0 < py,pp <

10 pu ¢ukcuposanHom X €LY ny —>o0, ye ) UoQ nns @ G (x, V, A) u eé rpanmenta
CIpaBeIMBa aCUMITOTHUYECKAsI OLIEHKA!

|d36| + |grachG| = O(exp[—glchpl‘y" —b,chp, ‘y‘]) ,&>0.
Tak kax s M _ (X, Y; A) nmeer mecto HepaBeHcTBO:

‘Ma(y,x; A) SC(|®G(y,x, )| +|grad®, (v, x, 2,)|)
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TO BbIOEpEM Teneps O, ¢ ycnosueM PO, < p; < p. Toraa ycnosue (16) BBIIOIHEHO, W CHIPAaBENINBA

¢dopmyna (14), B koTopou K(W),(Da(y,x; i), Mg(y,X; A) onpexaensitorcs u3 (20), (13), (20)

COOTBETCTBEHHO.
Ycnosue (19) MoxkaO 0cmaduTh. OO03HAYNM:

A (@) ={F(y): F(y) € AQ), [F(y)| < explo(exp oy ]I

[ =ity ysmyenl

Teopema 1. IlycTs F (y)eA 5 (Q) ynonerBopsieT rpaHUUHOMY YCTOBHIO POCTA:

y!

‘If(y)‘sCexp[acos,ol(yn —g)expp1 } a=>0,yeoQ. (21

Ecmu 0 < p, < p, To ciipaseanmsa popmyna:

F(x)=[M(xy; AJF(y)ds,. xeQ, (22)
o0

B koropoii K (W) onpenensercs u3 (20), mpuuem D =a.

n
HyCTI) Q (- R €CTb HCOrpaHUYCHHAsA OJHOCBA3HAsA O6J'IaCTI), JiCKalada BHYTPU  CJIOA

T
0< Y, < h, h==—, P> 0,uee rpaHuIia COCTOUT U3 THIEPIUIOCKOCTH Y, = O u rnaznkoit moBepXHOCTH

S, 3ananHol ypaBHeHueM Y, = L(yl, Yoreens yn_l) U YIOBIIETBOPSIONIEN YCIOBHUIM
n-1
0<L(Yy-ees Yoa) <h, |gradL(y,,..., y,,)|Sconst <oo, (y,,...,¥,,)€R"™.
O603HaunM yepes Ap (Q) kiacc QyHKIUN U3 A(Q) , YIOBIIETBOPSIOUINX CJIEIYIOIIEMY YCIOBHUIO

pocra:

F(y) e AQ): [F(y)|<exp[o(exp ply)],

AP(Q): "2 2 2
V[ =yl +... 4y, y >

B (13) monoxum:
exp(ow?) exploXd) . . [ 2
Kw)=———"—, K(X)=—T—"=w=iWu"+a"+Y,,
w—X. +2h 2h
", BbIACIIAA MHUMYIO YaCTh IOJABIHTEIPAJIBHOTO BEIPAXKCHUA, HOJIy‘II/IM:

D\ g oy [ %(y,X,U) eﬂzl//(ﬂ,u)
ColPo i) =he”™ "[(uz +r2+4h(h+y, —x.))

0

m-1 —oa?
goa(y,x,u)z 0 { © (—Z(yn—xn+h)COS(r\/u2+a2)+

o™ | u? +r?

u? +a?

+(_ /u2 +a2 + (yn — Xn)(yn - Xn + 2h)j3|n(20yn /u2 +a2)]}’ = zayn . (23)
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(CxomuMoCTh HECOOCTBEHHOTO HWHTETpasia B MPaBBIX dacTsAx paBeHCTB (13) m (23) obecneumBaeTcs

*O'UZ

MPUCYTCTBHEM MHOXKUTES € ).

IIpenmonoxum, 9ro E(y) eA . (Q) orpannuena Ha OCQ:

‘E(y)sB, yeT =0Q\S (24)

rne B- 3amamnoe nonoxwmrensnoe wmcnmo. Ilpu 3TOM TIPEANONOKEHHH BepHA O00O0OIIEHHAS
uHTerpaibHas popmysaa Komm (14):

F(x) = j M, (y —x; A)F(y)dS, , xeQ. (25)
oQ

O003HaYNM:

Ea(x):J'Ma(y—x;,_A')E(y)dSy, XxeQ, (26)
S

aEa aMO_ __' —
~ (x):j ~ (=X AF(y)dS, xe0. @7)

j s Y7
Teopema 2. Ilycts F(Y) € Ap () na wactu T rpamuusr O ymosuersopsier ycnosuio (24).
Torzaa st moGoro X € QQ uo = 0, >0 cnpasennuso HepaseHcTBo:
OF(x) OF.(x
IF(x)—F,(x)|<C,(o, A)Be % | () _0F-(9)
OX; OX;

<C,(o,A)Be ™™ (28

U3 nemwmbl 1 criepyet yTBepKaeHUE TeopeMsl 1.

Caencrsue 1. Jlng mo6oro X € (2 cnpaseanBo paBeHCTBO:

OF+(x) OF(x)
OX. oX.

J J

lim F o (x) = F(x), lim
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Annotatsiya. Magolada kompleks ikki o'zgaruvchili funksiya haqigiy va mavhum gisimlariga ajralgan
holatida garaldi, analitik bo'lgan kompleks funksiyalarning hamda garmonik funksiyaning ta'rifi keltirildi,
ikki o'zgaruvchili analitik bo'lgan komplekis funksiya hamda Koshi-Riman shartidan foydalanib dekart
koordinatalar sistemasida Laplas tenglamasi keltirilib chigarildi.

Laplas tenglamasi n=3 o'lchamli fazoda, ya'ni sharda garaldi va Laplas tenglamasiga birinchi
chegaraviy masala, ya'ni Dirixle masalasi go'yildi, Laplas tenglamasi va Dirixle masalasi uchun dekart
koordinatalar sistemasidan sferik koordinatalar sistemasiga o'tildi va soddaroq ko'rinishdagi Laplas
tenglamasi va Dirixle masalasi topildi. Sferik koordinatalar sistemasidagi Laplas tenglamasi uchun xususiy
yechim k-tartilbli bir jinsli ko'phad ko'rinishida gidirildi hamda Laplas tenglamasi k-tartilbli sferik funksiya
bo'lishi uchun zaruriy bo'lgan shartlar keltirildi.  k-tartilbli sferik funksiyaning yechimi Laplas
tenglamasining xususiy yechimidan foydalanib ikki funksiyaning ko'paytmasi ko'rinishida izlandi va berilgan
Dirixle masalasidan foydalanib ba'zi noma'lumlar topildi va umumiy yechim Lejandr ko'phadlari yordamida
yozildi.

Kalit so'zlar: Laplas tenglamasi, Dirixle masalasi, sferik koordinatalar sistemasi, Lejandr ko'phadi.

3AJAYA IUPUXJIE [IUIs1 YPABHEHMUSA JIAIIVIACA B COEPUYECKHUX
KOOPIUHATAX

Aunomayus. B cmamve paccmampusanacb KOMHAEKCHASA (QYHKYUs ¢ O08YMs NepeMEeHHbIMU,
pazn0dceHHas HA GeweCmeHnylo U adCmpakmuylo wacmu, npue0ounOcy OnpedeneHue KOMNIEKCHbIX
QYHKYULL, AGTAIOWUXCS AHAIUMUYECKUMU, @ MAKdice 2apMOHUYecKOU (YHKYyuu, npus0o0unocs ypagHeHue
Jlannaca 6 Oexapm0gOu cucmeme KOOpouHam c¢ ucnOnb306aHUeM AHAIUMUYECKOU QYHKYUU ¢ 08yMs
nepemennviMu, & maxxce yca0eua Kowwu-Pumana. Ypasuenue Jlannaca paccmampusanOcs ¢ N=3-ueprOm
npOcmpancmee, m. e. 8 cpepe, u nepeds epanuunas 380aud OviId n0cmasiend na ypasHenue Jlannaca, m. e.
sa0ava [upuxne, Oviid nepeneceHd u3 OexdpmOgOU cucmemvl KOOpOUHAM 8 Ceputeckyro cucmemy
KOOpounam Ons ypaenenus Jlannaca u sadayu /Jupuxie, u Obin0 Hali0eHO 601ee npOcmOe ypasHenue
Jlannaca u 3a0aua Jqupuxae. YacmnOe pewenue ypasnenus Jlannaca 6 cghepuueckOii cucmeme KOOpOuHam
uwemcs 6 ude 00HOPOOHO20 MHO20cpaHHUKA K-nOpsaoxa, a makoice npugedeHul yci0sus, He0OX00umble Ol
mO020, umObbl ypaenenue Jlannaca 6wi10 cehepuueckOu Gynuryueti K-nOpsoka pewenue cpepureckOil
¢yuxyuu K-20 nOpsoka uckanu 6 sude npOusgedenus 08yx (yukyuii ¢ nOMOwblo 4acmH020 peuleHus
ypasuenus Jlannaca, a HexOmOpwvle Heuzgecmuvle HAX0O0UAU ¢ NOMOWbIO 380aHHOU 3a0auu Jupuxie, a
0buee pewerue 3anucvieady ¢ NOMOWbI0 MHO20U1eH08 Jlexcanopa.

Knioueevie cnoe: ypasnenue Jlannaca, zaoaua [upuxne, cgepuueckas cucmemd KOOpOunam,
MHO20uten Jlescanopa.

THE DIRICHLE PROBLEM FOR LAPLAC'S EQUATION IN A SPHERICAL
COORDINATE SYSTEM
Abstract. In the article, the complex two-variable function is divided into real and abstract parts, the
definition of analytic complex functions and harmonic function is given, the two-variable analytic complex
function and the Laplace equation in the Cartesian coordinate system using the Cauchy-Riemann condition
brought out.
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The Laplace equation was considered in n=3-dimensional space, i.e., a sphere, and the first boundary
value problem, the Dirichlet problem, was applied to the Laplace equation and the Dirichlet problem were
found. The particular solution for the Laplace equation in the spherical coordinate system is sought in the
form of a k-order homogeneous polynomial, and the necessary conditions for the Laplace equation to be a k-
order spherical function are given. The solution of the k-order spherical function was sought as a product of
two functions using the particular solution of Laplace's equation and some unknowns were found using the
given Dirichlet problem and the general solution was written using Legendre polynomials.

Keywords: Laplace's equation, Dirichlet's problem, spherical coordinate system, Legendre's
multiplication.

Kirish. Maqolada biz Laplas tenglamasiga qo’yilgan (n=3 o’lchamli fazoda) Dirixle masalasini
qaraymiz, ko’pgina misol va masalalarda Laplas tenglamasiga Dirixle masalasi qo’yiladi [13]. Lekin n=3 da
bu tenglamaning umumiy yechimi hagida yozilmagan fagatgina n=2 da turli natijalar olingan [13]. Laplas
tenglamasi yoki Laplas operatori haqida ko’pgina adabiyotlarda yozilgan [2]-[13], hatto p-Laplas operatori
uchun ham bir gancha natijalar olingan[1]. Laplas tenglamasi xususiy hosilali differensial tenglamalar
fanining eng asosiy eng asosiy elliptik tipdagi tenglamasi hisoblanadi va unga qo’yilgan Dirixle masalasi esa
ikkinchi chegaraviy masala hisoblanadi[1]-[13]. Elliptik tipdagi tenglamalar ya’ni Laplas tenglmasi fizik
jarayonlarda ishlatiladi, misol uchun p-Laplas tenglamasi Nyutonskiy bo’lmagan suyuqliklarni harakatini
o’rganishda foydalaniladi [1].

Metod. Laplas tenglamasiga qo’yilgan birinchi chegaraviy masalani yechishda asosan Fu’re
metodidan foydalanamiz, ya’ni noma’lum funksiyani ikkita ixtiyoriy bir o’zgaruvchili funksiyalarning
ko’paytmasi ko’rinishida izlaymiz va berilgan birinchi shartidan foydalanib noma’lumlarni topamiz, bu
metod haqgida ba’zi adabiyotlarda ma’lumotlar keltirilgan [13], qo’shimcha metod sifatida arifmetik
hisoblash ishlarini maktab kursidan ma’lumot bo’Igan metodlardan foydalamiz.

Natija va muhokamalar. Laplas tenglamasi uchun sharda (n=3) Dirixle maslasini garaymiz:

o’u ou o
=—+—+-—5=0
ox- oy® oz
u\aBR =f(x,y,2) 2
Bizga (1), (2) masala yechimini umumiy ko‘rinishi qiziq. Quyidagicha o‘zgaruvchi almashtirish qilsak

(X = psinycosp,0<p<2r

AU

1)

. /4 T
< y:pS|n¢COSl//,—E<l//<E

Z=pCcosp,0< p<oo

(1), (2) tenglama keying quyidagicha ko‘rinishyni oladi
10,,0u 1 o0

AU :—2—(r2— =

reoer or resing oo

U(R’Q’(D) =f (9’ (0)

Odatda (3) o‘zgaruvchi almashtirishga dekart koordinatalar sistemasidan sferik mkoordinatalar
sistemasiga o‘tish deyiladi.

Ta’rif 1. Agar f(z) =u(X,y)+1v(X,Y), funksiya z, nugtada va uning biror atrofidagi barcha
nuqtalarida differensiallanuvchi bo‘lsa, bu funksiya shu nuqtada analitik deyiladi .

Ta’rif 2. D sohaning barcha nuqtalarida analitiik bo‘lgan f(Z) funksiya , D sohada analitik
deyiladi.

2
sinoMyy 19U _g
00" r°sin“f op

va chegaraviy shart

Agar f(2)=u(X,y)+iv(X,y) D sohada analitiik funksiya bo‘lsa, u holda bu funksiya uchun
quyidagi tenglik o‘rinli ya’ni bu funksiya Koshi-Riman shartini ganotlantiradi
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ou _ov ou _ ov
X oy oy  oOx
(4) dagi birinchi tenglikni X bo‘yicha,ikkinchi tenglikni esa Y bo‘yicha differensiallasak va quyidagi
ayniyatdan foydalansak,

(4)

ov. oV
OXoy  Oyox:
Quyidagi tenglikga ega bo‘lamiz
o’u o

u(x, y) funksiya uchun (5) tenglama Laplas tenglamasi hisoblanadi va eng soda va eng asosiy
elliptik tipdagi xususiy hosillali differensial tenglama hisoblanadi

Ta’rif 3. Berilgan V C R* sohaning chegaralangan S bo‘lsin. Funksiya U(X, y,z) garmonik
deyiladi V sohada agar:

1)Funksiya u(x,y,z) birinchi tartibli hosilalari bilan uzluksiz \ ;
2) V sohaning ichidan ikkinchi tartibli uzluksiz xususiy hosilaga ega;
3) Laplas tenglamasini ganoatlantirsa:

2 2 2
ou(x,y,z) N ou(x,y,z) N ou(x,

,Z
pw o azzy ) =0 V(X,vy,2)eV.

Au(x,y,z) =

Sharda Laplas tenglamasini ganoatlantiruvchi U = u(r,@,(p) funksiyani toping r <R ;

2
=12£(r28—u + 21_ i(sin@a—u)+—2 _12 8UZ=O

ror or r°sin@oé 008" r°sin“@ o
va shar sirtida (I = R)da quyidagi giymatni gabul giluvchi:
u(R,0,0) = 1(0,9). @

(6) tenglamaning xususiy yechimini K -tartibli ko’phad ko’rinishida izlaymiz:

k
U (r,0,0) =r'Y (0,9),
(6) tenglamaga olib borib qo’yamiz, Y (9, (0) funksiya quyidagi tenglamani ganoatlantirishi kerak:

2

_Li(sineﬂ)jt _12 a—Y2+k(k +1)Y =0 (8)

sind 06 00" sin“0 o
(8) ikki marta uzluksiz differensiallanuvchi (8) tenglamaning xususiy yechimiga k-tartibli sferik funksiya
deyiladi. (8) tenglamaning yechimini topish uchun o’zgaruvchilari ajralgan metodidan foydalanamiz.
(8)tenglamani yechimini yechimini ikkita funksiyaning ko’paytmasi ko’rinishida izlaymiz ya’ni
Y, (60,9) =P(cos0)D(p) :

Y (0,0+27) =Y (0,9), tenglikdan quyidagi tenglikga bo’lamiz:

dd

2

Au

(6)

+ AD(p) =0

(9)
D(p +27) = D(p),

Buyerda A =n*n=0,12,... va (9) masalaning yechimi:
D, (p) = A,cosne + B, Sinng.
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P (cos 8) funksiya quyidagi tenglikdan topiladi:

1 d .
———[sing——=]+
sin@d dé@ do
(10) tenglamaga t =C0S#, deb almashtirish bajaramiz, P(C0S&),0 <6< 7, funksiya uchun

quyidagi tenglamani hosil gilamiz:

(10)

2

(11)
(11) tenglamaning yechimi LeJ andr ko’phadi hisoblanadi:
> d"P, (t)
P (t)=(1-t?)?
k n( ) ( ) d t
1 d*
Buyerda P, t)=—— el dt - [(t —1) ] —Lejandr ko’phadi, K =0,1,2,..

(10) tenglamaning yechimi quyidagicha:

n

R .(cos) =sin" 0 ——— d ~[P, (cosa)],
dcosé

P ,(cos®) =P (cosd),R, ,(cosd)=0 n>Kk laruchun:
Shunga ko’ra (8) tenglamaning yechimi birlik sferada chegaralangan va quyidagi ko’rinishda:
P, »(cos&)cosng, B, , (cosd)sinng.
Ularning ixtiyoriy koeffitsiyent bilan chizigli kombinatsiyasi:
Y, (0,0)=> (a,,cosnp+b,  sinnp)R,  (cosd) (12)

n=0
ham (8) tenglamaning yechimi hisoblanadi, (6) tenglamaning xususiy yechimi quyidagi formulani

beradi:
u(r,8,p) =rY, (0, 9).
Shar ichidan Dirixle masalasining yechimi(va boshga ichki masalaning yechimi) sferik funksiya
yordamida quyidagicha ko’rinishda yozish mumkin:

u(r,0.0)= (L) X, (6,9).

Ozod had bo’lgan f(@,gp) funksiya sferik funksiya yordamida quyidagi gator ko’rinishda yozish
mumkin:

[(6.9) =X X, (0.0)

va (7) chegaraviy shartdan foydalanib quyidagi tenglikka erishamiz. X, (€,@) =Y, (6, ®).

Shunga ko’ra sharda Laplas tenglamasiga qo’yilgan Dirixle masalasining yechimi quyidagi
ko’rinishda

umam=§¢anm) 13)

Natija. r=R radiusi shar sirtida uzluksiz bo’lgan (9,(0) funksiya berilgan bo’lsin. U holda (13)
qatorning yig’indisi (6)-(7) masalaning yechimi bo’ladi.
k= 0,1,2,... holatlarda Lejandr ko’phadining ko’rinishini yozamiz:
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R =L RO =t P, (0 = (3 -1, ) = (5"~ 30);
P, (cos®d) = R, (cosd) =1,P, ;(cosd) = P,(cos &) = cos &, P, (cos &) =sin 6.
P,,(cos@) = %(30052 0 -1),P,,(cos6) =3cosdsin 9, P, ,(cos 6) =3sin* &;

2 [—
Fo(C0s0) :%(5“’33 6 —3cos6),P,,(cosd) =sin QM,

P,,(cos@) =15sin’ §cos 9, P, ,(cos§) =15sin° o;

|
(szkk)l'sin" 6.

P (cosf) =

(12) formuladan foydalanib K =0,1, 2, ...1arda sferik funksiyaning ko’rinishini quyidagicha yozish
mumkin:
Yo (0,0) =2y,
Y.(0,p) =a,,c080 + (a,; cOsp + b, , sing)sing,

Y,(0,9) =a,,(3cos’ 0 —1) + (a,,COsp + b, sing)sin Ocos & +
+(a,,C0s2¢ +b, ,sin 2¢p)sin® 6,
Y,(0,9) = a,,(5c0s° 8 —3c0s ) + (a,, COS ¢ + b, Sin ) sin #(15cos” & — 3) +
+(a,,€052¢ +h, ,sin 2¢)sin® Hcos O + (a, ,c0s3¢ + b, ,5in3p)sin® 6.

Misol. Radiusi birga teng bo’lgan shar ichida garmonik va shar sirtida
u(d, @, ¢) =cosd(cose+coso)

Shartni ganoatlantiruvchi U =U(r, 8, ®) funksiyani toping.

Yechim: f = f(r, 8, ®) funksiyani quyidagi ko’rinishda yozib olamiz.
f (8,¢) =sinB(cos @ +sin p) =sin@cos e +sin dsin @

Yugoridagi (13) formulalardan foydalanib

(13)

o = =0

&, = 5 b1,1 =1
koeffitsiyentlarni topamiz.
U holda yechim quyidagi ko’rinishda bo’ladi:
f(0.9) =Y,(0,9)
u(r,8,¢) =rY,(6,p) =r(cose +sing)sin 6.

Xulosa. Maqolada Laplas tenglamasiga qo’yilgan Dirixle masalasi yechildi, ya’ni yechim sferik
funksiyalar yordamida yoki Lejandr ko’phadlari yordamida yozildi, xulosa sifatida shuni aytish mumkinki,
ba’zi tenglamalarni dekart koordinatalar sistemasiga o’tib osonroq yechish mumkin ekan. Maqolada olingan
natijadan asosan talabalar Laplas tenglamasiga qo’yilgan Dirixle masalasini yechishda foydalanish mumkin.
laplas tenglamasiga qo’yilgan ikkinchi, uchinchi chegaraviy masalalarni n=3 o’lchamli fazoda yechish

tavsiya gilinadi.
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VJIK 517.946

UHTETPAJIBHASI ®OPMYJIA KOIIH JJ1S H-PET'YJISIPHOM
®YHKIUU B OTPAHUUYEHHOM OBJACTH

Pycmamoe Coxubxncon Ymyp3zaxoeuu,

bazoewili doxmopanm kageopvl «Mamemamuray

Hasouiickoeo cocydapcmeenno2o nedazozuuecko2o UHCMumyma,
Sohibjon_17@mail.ru

Annomauusa. B dannoti pabome nonyuena unmezpanvhas gopmyna Kowu, m.e uzyuaemes sadaua
npoooiceHuss peuwieHuss 0606wénnol cucmemsl Kowu-Pumana c OeticmeumenvubiM KeamepHUOHHbIM
napamempom no 3a0AHHbIM 3HAYEHUSAM HA 2PAHUYbI OAHHOU 00Iacmu 6 MpEXMEPHOM NPOCMPAHCMEE.

Knwouesvie cnoeo: o0606wénnan cucmema Koww-Pumana, xeamepnuon c OeticmeumenvHvlmu
napamempamu, unmezpanvrasn opmyna Kowu, H- pecynapnasa ¢hynxyus.

H -PET'YJISIP ®YHKHUA YUYH UET'APAJIAHI'AH COXAJJA KOHIMHUHI' UHTEI'PAJI
OOPMYJIIACHU

Annomauua. Ywoby uwoa Xakuxuili KeamepHuon napamempnau ymymiawean Kowu-Puman
MEH2NAMANAP CUCMEMACU eYUMUHY VY YTYAMAU (ha300aH OTUH2AH Ye2apalaHean coxa yesapacuda bepunean
Kutimamu 6yuuya wy coxaza 0agom smmupuws macaiacu, avuu Kowunune unmezpan opmynacu xocun
KUTUHEAH.

Kanum cjp3nap. ymymnawean Kowwu-Puman cucmemacu, Xakukuii napamempiu KeAmMepHUOH,
Kowunune unmezpan popmynacu, W — peeynap ¢ynxyus.

CAUCHY INTEGRAL FORMULA FOR AN H-REGULAR FUNCTION IN A BOUNDED
DOMAIN

Abstract. In this paper, the integral Cauchy formula is obtained, i.e. the problem of continuing the
solution of the generalized Cauchy-Riemann system with a real quaternion parameter for given values to the
boundaries of a given region in three-dimensional space is studied.

Keywords: generalized Cauchy-Rimann system, quaternion with a real parameter, integral formula
Cauchy, H — regular function.

Beenenne. XopoIio U3BECTHO, YTO KIacCHUECKasi HHTerpaibHas ¢opmyna Ko sBiseTcs OCHOBHBIM
pabouuM amnmapaToM B TEOPUH (YHKIMH KOMILIEKCHOTO MEPEMEHHOT0. B CBS3M ¢ IpUMEHEHHEM ammapara
TeoprH (QYHKIMH KOMIUIEKCHOTO IMEPEMEHHOro ObLI JOCTUTHYT HamOoJiee CYIIECTBEHHBIH Mporpecc B
peLIeHNH IByMEPHBIX IPaHUYHBIX 3a/1a4 MareMaTndeckoil ¢pusuku. Cpeau BO3SMOXKHBIX ITPOCTPAaHCTBEHHBIX
00001eHnid TByMEpHOH Teopuu Bc€ Oojiee BHUIHOE MECTO B IIOCTIEIHEE BPEMsl 3aHMMAET KBATEPHHUOHHBIN
ananu3. KBarepHHOHHBIN aHaau3 OepéT CBOE HadalbHOE pa3sBUTHE B Kiacchueckoi pabore Hamiltona [1],
KOTOPBIN yKa3al OCHOBHBbIC CcBOiicTBa. BBenéuuniii B padorax Gr.C. Moisil, N. Theodoresco [2], H.M.
KpsutoBa [3] B cBsi3u ¢ TpeboBanneM (akropusauuu omneparopa Jlamnaca ananor ycnosuil Komm-Pumana
€CTECTBEHHBIM 00pa30oM MPHUBEN K TOHATHAM KBATEPHUOHHBIX aHAJIOrOB MHTerpaia Tuma Koim, orneparopa
CHUHTYJISIPHOTO MHTETprupoBaHus T —ormepaTopa, pacCMOTPEHHBIM BriepBbie B padote A.B. bumnamze [4], [5].
Jisi HUX OKa3aJHCh CIPaBEAJIMBBI TEOPEMbI, O0OOILIAIONINE H3BECTHBIE PE3yJbTAaThl TEOPUH (YHKLUH
KOMIUIEKCHOTO TiepeMeHHoro. B [4] ObuiM moKa3aHbl NepBbIe IMPUMEHEHUS WHTETPAIBHBIX TEOpEM
KBaTEPHUOHHOTO aHaJIN3a B IIPOCTPAHCTBEHHON TEOPHH YIIPYTOCTH.

3amaua  aHAIMTHYECKOTO TMPOJODKEHHMS PpELICHUS CHCTEMbl YPaBHEHHH, KOTOpas SBISIETCS
o6o6menueM [2], [6]-[7] cucremoii Mowucuna-Teonopecky, TpEXMepHBIM aHajorom ypaBHeHuil Kommu-
PruMaHa, Ba)KHOCTh KOTOPBIX B (DPU3NYECKUX MPUIOKEHHUAX IPHBEJA K JaJIeKO UAYIIMM 00oO0mieHusM [8]-
[10]. HdeiicTBuTesbHBIN KBATCPHUOHHBIN aHAIHN3 U €€ MPUMEHEHHUE B PEIICHUU JUTHIITHYSCKUX TPAHHIHBIX
3amaq orpaxkeHsl B MoHorpaduu K. Gurlebeck, W. Sprobig [7].
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1. Anre6pa aeiicTBUTeILHOro KBaTepuuoHa. ITycts R* — uersipéxmeproe EBKINIOBO BekTOpHOE
nmpocTpancTBo. BriOupaem optoHOopManbHbI Oazuc iy = (1,0,0,0), i; = (0,1,0,0), i, = (0,0,1,0), iz =

(0,0,0,1). Otcrona, Bextop a = (ag, Ay, dy, az) € R* MoxkHoO 3amucaTh B BUJE:
3

a=Zakik. @9

k=0
BBens cokpamienne 4@ = Z,?;=1 ay iy, TONYyYnM a = aylp + 4. BBenéHHoe 3THM MyTéM BEKTOPHOE
npoctpancteo R* ¢ anreGpandeckoil CTpyKTypoil KONbIa HA3bIBAETCS MHOMICECMEOM OeliChBUMEeNbHbIX
keamepnuonos u obo3naqaetcs yepe3 H(R):
H(R) = {a = ayip + asiy + ayi, + aziz|a; € R, j =0,1,2,3}
Tpaguunuonuslii BEIOOp 3amucu H B uecTs co3maTens kBarepunonos — W.R.Hamilton.
EnuHu4HBIA S7eMEHT i, M KBaTepHUOHHas MHUMas eaununa {ix|k € N3} kak cranmaprtHbli 0a3zuc
AIIEMEHTOB 00J1aJaf0T CIEAYIOMIMMHI CBOMCTBAMHU:

2 . 2
lop =l = 1,

1l = I3; lplz =1y; I3l =iz, (2)
ol = i, Gjig = —igi;, Vj # k=123,
sneck u Besze Nyt = {1,2, ..., p}, Np == N, U {0}.
Onementy a = (agiy + aqiy + azi; + aziz) € H(R) COOTBETCTBYET CONPSIKEHHBIH AIEMEHT a =
(aoio — a1i1 — aziz — a3i3) € ]H[(]R) " UX HOpMa

|a|=\/ad=\/a(2,+af+a§+a§.

KBaTepHHOHBI MOXKHO OINpPEAETUTh B BUJE CIICHHUATBLHON 4 X 4 NEHCTBUTEIBHONW MATPHUIILI, KOTOpas
nMeeT Gopmy:

ag —a; —a —as
a; ag —asz ap
a, as a, —a; |
a —a, a, Qo
3neck ai, k = 0,1,2,3 o3Hauaer nelictBurenbHoe umcio. Ilomobno mpexacraBiernto (1.1), Gazuchr
ig, i1, 12, i3 TOJy4YEHbl B MATPUUYHOM BBIUYUCICHUU:

1000 0 -1 0 0
i —[01 00} ,_(1 0 00
°=lo 0 1 0) ““{o 0o 0o -1/
000 1 0 0 10
0 0 -1 0 000 —1
(0 0 o1 (00 -1 0
2=11 0 o o0) BTlo1 0 o0
0 -1 0 0 10 00

KBaTepHUOHBI OIpeNenstoTcs Kak JIMHEWHbIe JACHCTBUTENbHbIE KOMOWHAIIMK €UHUIBI [ U UMEIOT
MHOTHE MPEACTABIEHUS B IPYTHX airedpax, MCHOIb3yeMBIX IS priokeHuid. Bo-nepsrix, ecinn a € H(R),
TOT/Ia MMeeT MECTO BEKTOPHOE MPEJCTaBIeHne a = ag + d, TJie d = Yo_, Ay ix, Ao = Sc(a), d == Vec(a),
Y UX COOTBETCTBEHHO HA3bIBAEM CKAIAPHOU U BEKMOPHOU YACMAMU K8ATNEPHUOHA Q.

H —perynsipuas pynkuust. [IycTs G — orpaHMueHHas OIHOCBsA3Has 00nacth B R3 ¢ rpanuueii G =
[' —rimagkoil moBepxHOCTHIO JIAMyHOBA.

Onpenenenne . Oynxums u(x) nassBarcst H —3HaYHOM, €ClTU €€ MOKHO MTPEIACTABUTH B BUJIE:
3

u(x) = Zui(x)ei, X €EG, 3
i=0
rae GyHKIuH U; (X) — BeIleCTBEHHEBIE.
BBeném TpéxmepHBIii oniepatop
, b d b d
=it m—+tizg—
! dxq z dx, 3 dx;

quist oTobpaxenuit F = Y3 _, Fy i: R3 - H.

\Y

Hus F = (F, F ) € kerV Tako#t, yto V- F = 0 unu F - V= 0 HeKOMMYTaTHBHEI, OyZIeM pacCMaTpUBaTh
JIEBBIC U TIPaBbIE ONEPATOPBI:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/10 (115) 29

https://buxdu.uz



MATHEMATICS

3
Di=i +i d +i d .0
=l —t iy —tiz=—= ) ij—
Yox,  Cox, Coxs Zuox;
=1
WM

S

I S oK
= a_xlll +a—x212 +a—x313 = jzla—x]l]

oboOmraromye aByMepHblie onepatopsl Komm-Pumana (cm. [7]);

1, iy, iy, i3 — KBATCPHUOHHKIC CIUHHUIIBI.

Omnpenenenn. H-3naunas ¢ynkuus U HaseiBaeTcs H-neBoii perynspHoli B G TOrJa W TOJBKO TOTJIA,
xorna u € Cj(G) u Du = 0B G. Ecrm H-3naunas ¢pynkmus u € Cfy(G) pemaer ypasrenue uD = 0, To oHa
HasbiBaeTcst H -mpaBoperynspHoii B G. H-neBoperynspHbie ¢pyHkimu 0yaem Ha3biBaTh H -pezynsapuvimu.

Ucnonw3ys (1.2), nerko BuaeTh, 4To DU MOXKHO 3aKcaTh B BUJC:

Du = (—divil)iy + gradugy + rotit, 4)
rae
gradug = (D1ug)i; + (Daug)iz + (D3ug)is,
divii = Dyuy + Douy + Dyug,

h I I3
rotli = det|D; D, Ds|.
U Uz Uz

[Tosromy H-3HauHas ¢yHKIM U HazbBaeTcs H-peryssipHOi, ecii U yIOBIETBOPSET TaK Ha3bIBAEMOM

cucreme Moucuna-Teonopecky:
divii = 0,
gradug + rotit = 0. (5)

B wactHOCTH, TAE Uy = const, 9Ta cucTeMa onuchiBaeT 0€3BUXPEBYIO JKUAKOCTH 0€3 HCTOYHHUKOB.

HNuTterpansnas gopmyna Komm A geficTBUTEIbLHONH KBATEPHUOHHO3HAYHOI (yHKumu. [Iycts
aly) =Y3_,ap(y)ix, THe @, —KOMIOHEHTH BHENIHel HopMann B Touke Yy, |a|=1. A=
(nq,ny,ng) —equEMYHAS BHEmHSS HOpMaibs W dS = ndl = dx,dx3iy + +dx dx3i, + dx;dx,i5, THE
dIl' —noBepXHOCTHBIH 351eMeHT JG.

Ecmmn
® 1 1
o) = (6)

dyHaMeHTalIbHOE PelIeHHe KIIacCHYeCKoro ypaBHeHus Jlamnaca, rae r = |y — x|, To cnpaBeminBa
dbopmyna:

p(,) = ~D(@g) = D (1=+7) =D (1= Iyixl) _

1 Jy—x] 1 1
4 |ly—x® 4n (y—x0)ly —x|’

— 1
Dp=Dp=A3<|y_x|>=0,

mpHy # X,y — X = X (Vi — Xk Ui

W3 pabotsr ([8], n.8.8) cnemyer:

Onpenenenne. Oyaxims p(y,x) Ha3BIBACTCA QyHOaMeHmMarbHbiM peutenuem TuddepeHITHaTEHOTO
oneparopa D.

B pab6ore [11] yka3zan cneunansabiil Bua Gpopmyisl Komu-Ilomneiis B TpEXMepHOM NPOCTPAHCTBE AT
nuddepeHIMpyeMbIX KBaTePHHOHHBIX (yHKIMit, To ecth mia F € C1(G,H(R)) N C(G, H(R)) nosnxoro
KBaTE€pHUOHA CIIpaBeuBa hopmyIa:

()

1 J 1 dv. =
E(J p(y,x) - F(y) - Sy—Efp(y,x)-DF(y)- vy =
G

G
_(F(x), x €4,
- {0, x € R3\G (®)
Teopema. (MuTerpanbuas ¢popmyaa Kommu [7; c. 29]). [Tycts F € A(G,H(R)) n C(G, H(R).
Torna cipaBeauBa uHTErpaibHas Gopmyna Komun
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F(x), x €G,

0, x¢G ©)

1
— ,x) F(y)-dS, = {
— | p0-F - as,
G 11
®opmyna (9) coxpaHsercs U B TOM cilydyae, eciii K pyHkuun @ = i nprOaBUTh TPOU3BOJIEHOE

peryisipHoe perieHue ypaBaenus Jlamaca. )
Teopema. (Muterpanbuas ¢opmyna Komm). [lycts u € A (G) N Cx(G). Torma crpaBenmuBa
uHTerpanbhas Gopmysa Komu:

1 F(x)! X € G;
wdach( ) PO -ds, =7 25 (10)
rae
h(}’»x) = _D(CD(}" X)) = D(CDO(y' X) + g(yrx))' (11)
@ (y, x) onpenensercs CIEAYIONM 00pa3oM:
1o, [K d
O(y,x) = [-2n2K(0)] " ;7 Im [<22] L (12)

w=ivu? +a?+y; —x3, K(W) — nenas QpyHKIusS KOMILIEKCHOTO MEPEMEHHOTO, BEIECTBEHHAS
IPU BEIECTBEHHOM W, W =U+iV, rae U, V — neiicrBurenshble uncia, 1 K(0) #0, nns Bcex R>0

cymecrsyer Cp >0
Sup  (K(W)|+[ImwK'(w)] +|tmwf* [K"(w)]) <oo. (13)

[Rew|<R, Imw<—Cg

Ipu BemecteennoM W u3 Bemecteennoctn K (W) nmeem K (W) = K (W) . Torza u3 (3.8) crenyer,

aro gaBcex R>0  Sup {K(w)|+(1+||mw|)|K'(w)|+(1+||mw|2)||<"(w)|}<oo. (14)
|[Rew|<R
K —X%,) ImK (w) du
@ 3.7 27 K(0)D(x,y) = (Y5 = %) —ReK _
opmyna (3.7) mmeer Bun 7°K(0)D(x, y) '(';{ m (w) o0

(15)
Ecmu K(W)=1, 1o ¢yukuus CD(x,y) SBIISIETCSl KJIACCUYeCKUM (YHIaMEHTaJIbHBIM pelleHHeM

ypaBHeHus Jlamaca.
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MOAEJINPOBAHUE BUBPAIIUU 3YBYATBIX IIEPEJJAY TIPUBOJA TOKOMOTHUBA

Axmeooe Onumcon Hlapunoeuu,

npenodasamens Kageopwvl OupepenyuanbHbix ypagHeHu

byxapcrozo eocyoapcmeennozo ynueepcumema,

couckamenvy Hayuonanvroeo uccredosamenbcko2o ynusepcumema

TawkeHmcKo2o UHCIMUNMYMa UHIICEHEPOs UPPULAYUU U MEXAHUZAYUU CETbCKO20 XO3AUCMEa
olimjon84@mail.ru, o.sh.axmedov@buxdu.uz

Annomayua. /lannas paboma noceésaweHa subpayuu 3youamoii nepedauu npu8ooa JOKOMOMUEA,
6030Y21C0AeMOU KUHEMAMUYeCKUMU NOSPeHOCAMY 3y0uamotl nepedadu. s co30aHuss MamemamuiecKoll
MoOenu 83auUMOCEA3AHHOU CUCTHEMbl NPUMEHEH Memo0 O0eKoMno3uyuu Ha noocucmemvl. bviia noryyena
mMampuya OUHAMUYECKOU JICECKOCIUY, KOMOpPAs NO36078em OYeHUmb KOMIJIEKCHble —AMNIUmMyobl
VCMAHOBUBUE20CS OMKAUKA CUCTeMbl. JJAHHAS MAmeMamuyeckas Mooeib UCHOIb308aHA Olsl paciéma
KOMALEKCHBIX AMAAUMYO Oehopmayuu 3ayenienus, 3a6UCIUUx om cKopoCcmu JTOKOMOMUBA.

Knwuesvie cnosa: xunemamuueckoe OmMKIOHeHUe, NOOBUIICHOU cocmaes, 3ybuamas nepedaud,
Odepopmayuu 3ayenieHust, BHympeHHee 8030yHcoeHuUe.

MODELLING VIBRATION OF GEAR DRIVE OF WHEELSET DRIVE OF LOCOMOTIVE

Abstract. This work is devoted to the vibration of the gear transmission of the locomotive drive,
excited by kinematic errors of the gear transmission. To create a mathematical model of the interconnected
system, the method of decomposition into subsystems was used. A matrix of dynamic rigidity was obtained,
which allows us to estimate the complex amplitudes of the steady-state response of the system. This
mathematic model is used to calculate the complex amplitudes of the deformation of the engagement,
depending on the speed of the locomotive.

Keywords: kinematic deviation, rolling stock, gear drive, engagement deformation, internal excitation.

LOKOMOTIV YURITMASI TISHLI UZATMASINING TEBRANISHINI
MODELLASHTIRISH

Annotatsiya. Ushbu magola lokomotiv yuritmasi tishli ilashmasi kinemak xatoligi natijasida tishli
uzatmaning tebranishiga bag’ishlangan. O’zaro bog’langan tizimning matematik modelini yaratish uchun
quyi tizimlarga bo’linish usuli qo’llanildi. Tizimning barqaror holatdagi javobining murakkab
amplitudalarini baholashga imkon beruvchi dinamik bikrlik keltirib chigarilgan. Ushbu matematik model
lokomotiv tezligiga bo’glig holda ilashma deformatsiyasining kompleks amplitudalarini hisoblash uchun
ishlatilgan.

Kalit so‘zlar: kinematik og’ish, harakatlanuvchi tarkib, tishli uzatma, ilashma deformatsiyasi, ichki
go'zg'alish.

BBenenue. B npuBogax »xene3HOJOPONKHOTO MOABMKHOTO COCTaBa MIUPOKO UCTIONB3YIOTCS 3y0UaThie
nepeaadyu. Nx Ha)lé)KHOCTB " JOJTOBEYHOCTHE BO MHOI'OM OIIPEACTIAOTCA TOYHOCTbIO U3TOTOBJICHUA J:[eTaneﬁ
U KavyecTBOM cOopku. JlonroBeuyHocTh H HaI&KHOCTh (YHKIIMOHUPOBAaHUS 3yOuaThIX Iepenady B
3HAYUTEILHOU CTEIICHH ONPEICIISIOTCS TOYHOCTHIO M3TOTOBJICHUS JAETalei U KauyecTBoM cOopku. Hammume
HOFpeIHHOCTeﬁ IIpU U3IroTOBJICHHUU U c60pKe IMPUBOAWUT K BOSBHUKHOBCHUIO JMHAMHWYCCKHUX HArpys3o0K, 1IyMma,
BUOpanuii, HarpeBa, a TaKke K KOHIEHTPaIMd HAaIpPHKEHUH Ha OTIENBbHBIX ydacTKax 3yobeB. Kpome Toro,
MOTPENTHOCTH MOT'YT BbI3BaTh HECOTIIACOBAHHOCTH YTJIOB IIOBOPOTA BEAYIIIETO U BEAOMOTO 3BCHBEB.

JlutepaTypHblii 0030p. B cratee [1] paspaborana wmaTemaTmdeckas MO [UIS  OIEHKH
JAMHAMHUYCCKUX XapaKTCPUCTHUK KOJICCHBLIX IIap C y‘IéTOM BA3SKOYIIPYTHUX CBOMWCTB Marepuajia CHUCTEMBI C
WCIOJIb30BaHUEM HACJIEJCTBEHHOI Teopun bombimana-Bonbrepa.

B pabote [2] pa3paboTaH METOJl MaTeMaTH4YE€CKOTO MOJICIIMPOBAHUS M JUHAMHYECKUX CBOWCTB
MPUBOJIA DJIEKTPOBO3a. A TaKKe PaCCMOTPEHO COEJWHEHHE TATOBOTO JIBUTATENS] MOCPEICTBOM POTOPHO-
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mecTepéHIaTON Mepeqadn ¢ 3yO0daThIM KOJIECHBIM TPHBOIOM. M3ydeHo BimsiHME My()T W yCIOBHH
SKCIUTyaTalliy Ha TWHAMHYECKHEe CBOWCTBA.

B pabore [3] paccMoTpeHa HAcTpoWKa MMHUTALIMOHHOW MOJENH, KOTOpas IMO3BOJHUT BBIIOIHATH
WMHUTAOHHOE IMPOTHO3MPOBAHUE MAaKCHUMAJbHBIX JHHAMHYECKUX KPYTWIBHBIX HANpPSHKCHUH KOJIECHOM
mapbl. JTa MOJENb YYHTHIBAeT, YTO BO30OYXKICHHE BHOpAIM{ MPOWCXOIANT M3 TOUKM KOHTAKTa Kolleca C
penbcoM, a BXOIHAS SHEPTUsl BUOpAIMK TOCTYMaeT OT BRICOKOYACTOTHOTO YIIpaBIeHHs MpuBOAoM. llepBrie
pe3yabTaThl TMOKA3bIBAIOT YCIEIIHOE MOJACIMPOBAHHE BO30YKICHUS BUOpalUU M KOPPEIALUH MEXKIY
M3MEHEHHUEM CIEIUICHHS U MAKCUMAITbHBIMA JHHAMUYECKIMHE HATIPSDKEHUSIMH.

B pabote [4] mpenmcraBieHBl pe3yabTaThl YHCIEHHOTO M OKCIEPUMEHTAIBHOTO OIMpPEIeICHUs
COOCTBEHHBIX YAaCTOT METAJUIMYECKHX KOKYXOB TATOBOWM 3yOuaTod mnepemauyn. s YHCICHHOTO
orpeneneHns COOCTBEHHBIX YacTOT KOXKYXOB BBITIOJHEH MOJAIBHBIA pPacdyéT TBEpAOTENBLHOW MOJENTH
KOXyXa B IporpamMmmHoii cpene Ansys Workbench.

B pabote [5] paccMoTpeH MeTo[ onpeAefeHns KPYTHIBHBIX KOleOaHni, BOSHUKAIOMINX B KOJIECHO-
MOTOpHOM Oioke TemioBo3oB UZTE16M. Pa3paboTtana quHaMudeckas MOJeNb KOJIECHO-MOTOPHOTO OJIOKa,
CO3/IaHHAasi C TIIENBI0 BBIBOJA MAaTEMaTHYECKON MOZENN KPYTHWIBHBIX KoyeOaHwii, ¢ Y4ETOM 3aKoHa
coxpaneHus 3Hepruy, B cpene MATHCAD 15.

B crathe [6] Obuia uccnenoBaHa 3((EKTHBHOCTh AJITOPUTMOB IOJABJICHUS B KOJECHBIX MMapax
KEJIE3HOJOPOKHOTO  TOABIDKHOTO coctaBa. KpoMe TOro, B KauecTBE MWJIOTHOTO HCCIIEAOBaHUS
MPOAHAIM3UPOBAHO, B KAKOH CTENEHH AJIEMEHTHI YIIPAaBIEHHUS TATON BIHSIIOT Ha BO30YXKICHHE KPYTHIIBHBIX
KoJieOaHui.

[IpuBenéHHbI 0030p MOKA3bIBAET HEMOJHOTY HMCCICIOBAHUI MOJCIMPOBAHMS BUOpAIUU MPHUBOJA
JIOKOMOTHBA, BBI3BAHHOW KMHEMAaTHYECKOW MOTPEIIHOCThIO 3yOuaroil mepenadu. [losromy manHas pabota
MOCBAII€EHAa MAaTCMAaTUYCCKOMY MOACIUPOBAHUIO BH6paHHI/I npuBoaa IIOABHUIXKHOI'O COCTaBa C y‘-IéTOM
KHHEMaTU4eCKOW MOTPEITHOCTHIO 3y0UaToil epeaayn, siBIseTcs akTyanbHOW MpoOIeMOi.

Mertoapl. PaccMoTpyM yHHBEpCANbHYIO TPHUBOAA TMOJABHKHOTO cocTaBa. UTOOBI CMOIENUpOBaTH
KoJe0aHus MPUBOIa, pa300bEéM pHUBO (PUCYHOK 1) HA TATH ITOJICUCTEM:

e Potop neurarenst (RM) ¢ mecrepreti B y3ie 16 0e3 MOIIIUITHAKOB.

o [llecrepns (K) ¢ nepxareneM u BeAylIeH 4acTbi0 MHOTOAMCKOBOTO cueruienus (LS).

Pucynok 1. Cxema MoJe/ 1 NPUBOAA U CHCTEMbI KOOPAMHAT
e Crarop TIroBoro auratelns (S) ¢ KpOHIITEHHOM, KOPIIYCOM PEIyKTOpa W TPy30M PEAyKTOpa C
JepKaTeseM, CKOHIICHTPUPOBAHHBIM B LIEHTPE IPy3a Ha OCU BpalllCHHUS.
o [loneiit Ban (H), oxBaThIBamIIMi OCh C BEJOMOM 4YacThbIO MHOI'OAMCKOBON My(ThI M BeAylIei
9acThIO 3y0uaToit MypTsI (ZS).
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e KostecHas rapa (D) ¢ Begomoii acThio 3y0uaToit My pThL.

OO6miee MONIOKEHUE TOACHUCTEM B CHCTEME KOOpIWHAT, ITOKa3aHHOW Ha puUCyHKe 1 crpasa,
OIUCHIBACTCA OOOOLIEHHBIMU KOOPAMHATAMU, NIPUBEACHHBIMU B TaOnuue 1. M3 naHHbBIX, NpUBENEHHBIX B
Tabnuue 1, Mbl BUANUM, YTO A7l IPUBOAHON YacTH npuBojaa (RM, S) MbI paccmaTprBaeM NpOCTPaHCTBEHHBIC
KoJieOaHusl, TO eCTh KX y3el uMeeT 6 creneHeil cBo0o b, AJsl MpuBOAHBIX dacTel npusoaa (K, H, D)
MBI paccMaTpUBaeM TOJIKO KpPYTWIbHbIE KOJe€OaHWS, T.e. KaXIblH Yy3€J HMMEET TOJIbKO KPYTHJIbHOE
otkioHeHne. Kpome Toro, marematnueckue MoOAend (MaTpHLbl Macchl, XKECTKOCTH M AeMII(UPOBAHUA)
B3aMMHO H30JIMPOBAaHHBIX IOACUCTEM OyOyT TMPEACTaBIeHbl B MX JIOKAJIbHBIX KOH(UIypamrOHHBIX
IIPOCTPAHCTBAX.

O0001éHHbIE KOOPIAMHATHI MOACHCTEM

Tao6auna 1.
IToncuctem Kommgectr [Topsmox O0600mENHBIE KOOPIHHATHI
o creneHe | 000OIEeHHBI
cBOOOJBI | X KOOpAWHAT
Porop nBurarens 108 1-108 Uy, V1, Wy, @1, 01, Y1, ., Urg, V1g, Wig, P18, V18 P1s
(RM)
3y6uaroe koineco (K) 1 109 P19
MoTopHslii cTatop (S) 6 110-115 Uz0, V20, W20, P20, V20, P20
[Monwrit Ban (H) 5 116-120 ©21, e, Pos
Konécnas napa (D) 7 121-127 P26, ) P32

CocraBisgeM MaTeMaTHYECKYyI0 MOJENb OTAEIBHOTO TMPHBOAA B HEBO30YKAEHHOM COCTOSIHUU B
0000IIEHHBIX KOOPIUHATAX, BBIPAYKAIOIIUX OTKJIOHEHHS IPUBOJIA OT TOJIOKEHHUS CTATHYECKOT'O paBHOBECHS,
OTIPEIETSIEMOTO JIBIKCHHEM TPAHCIIOPTHOTO CPEACTBA IO TPSMON, T€OMETPUYECKH HJeallbHOW Tpacce.
KoncepBaTtBHash MOJens TMONHOTO TMPHBOJA HE YYHTHIBAeT JeMII(pHpPOBAHWE, aare3WMOHHBIC CHIBI TPU
KOHTAaKTe KOJIEC ¢ peibcaMu WU Bo30yxzacHue. [loaromy oH umeeT ¢GopMmy, MONYYCHHYIO W3 MOJCINEH
B3aFIMHO H30JIMPOBAHHBIX MOACHCTEM M MATPHI] CBS3U JKECTKOCTH MEXIY MOICHCTEMaMH, U MOXET OBITh
OIHCaH B BHUJIE

Mq(t) + (K + Kpus + Kp i + Kspp + K5 + K75)q(t) = 0.

1)

Martpuubst M 1 K umeroT 6J109HYIO TMaroHajib U HMEIOT CIEAYIOUIYIO CTPYKTYPY

M = diag(Mgpy, Ior, Mg, My, Mp), K = diag(Kgy,0,0,Ky, Kp),

)

[Mopsinok matpuil noacucteM (2) ciemyet u3 Tadbmauis 1.

I'ne matpunst Kgy s, Kp g, Ks rp, K15, K75 coeTMHUTENBHBIE MAaTPHIBI MEXTY CyOcucTeMaMu. 31€Ch
nmoydeHa MaTpuibl (2) W CBA3BIBAIONINE BCEX JJIEMEHTOB, PAacCMOTPEeHHBIX B [7,8] u [2], koTopas
MpeJCTaBiIeHbl B CXKAaTOM BHJE C JIOKaIHM3allMed B TJI00aTbHOM KOH(QUTYpPAIlMOHHOM MPOCTPAHCTBE
usmepenus R27127,

[Mocnie OMOMHEHHsT KOHCEPBATHBHOM MoJenn 1) paccMOTpeHHBIMU 3P (EKTaMu CHIT CIEIUICHUS TIPH
KOHTaKTe KOJeca C pPelbCcaMH M JIMHEapHU30BAHHBIMHU XapaKTEPUCTUKAMU KPYTSIIEr0 MOMEHTa JBUTATEld,
BBIDAKCHHBIMH HallpaBJIeHHEM KacaTelnbHoW bp [Nm/s], m mocne 100aBiIeHUs MPONOPIHOHAIEHOTO
neMrn(upoBaHds KOHTHHYYMOB M COEAMHEHHMH IOJy4aeM CIOXKHYI0 MaTeMaTHYecKylo Mojaenb (0e3
BO30YX/IeHUs) B (hopMe:

Mq(t) + Bsym(so, v)q(t) + Ksumq(t) = 0. 3)

i€ MaTpULBl 00IIel KECTKOCTH U AEMITPUPOBAHUS

Ksym = K+ Kpys + Kpg + Kspp + K15 + Kgzs,

Bgym(s0,v) =B+ Bgys+ Bpg +Bsgrp + B+ Bzs + By + Byg(so,v), (4)

Jemndupopanue B HenpepbiBHOCTH poropa asurarens (RM), momoro Bana (H) u xonecHoii mapsi (D)
BBIpa@YKaeTcs MPOMOPIIMOHAIBHO COOTBETCTBYIOIIUM MAaTPHUIAM KECTKOCTH B BUJIE!

Bry = BrmKrm By = BuKu, Bp = BpKp, B = diag(Bgy, 0,0, By, Bp),
By = zdiag(.,bg.., b, .., bg,.., by, bg,.), (5)

rne Sry Ly ¥ Bp - KOOPPUIHUEHTHI TPONOPIUOHAIEHOTO JIEMIPHPOBAHHUSL.
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HemndupoBanue cBs3ell MEXKTy MNOIACHCTEMAMH MOXKET OBITH BBIPRKCHO MATpHUIAMU TOH IXKe
CTPYKTYpBI, YTO W COOTBETCTBYIOIINE MATPHIBI KECTKOCTH, €CIM MBI 3aMEHHM IapaMeTphl >KECTKOCTH
neMI(pupoBaHUEM.

Oddexr BpamaTenbHoro AemndupoBaHHus MHOTOIUCKOBOro cuemienus (LS) HesHauwTeneHn us-3a
HU3KOH k€cTkocT. Cnemyer:

Bru,s = Brm,sKru,s, Bpx = BrxKpx, Bgrp = Bs,rpKs rp)
Bs = BisKys, Bzs = BzsKzs, (6)
rae Bru,s:Bp ks Bsrpr BLs U Bzs ABIAOTCA KO3 PUIMEHTAMU IPOIOPLHOHATEHOTO AeMII(HPOBAHUS.

B monenu (3) BBesieHBI OJI0YHO-AMATOHATBHBIE MATPUIIBI 3P PEKTOB are3uH.

Boa(so,v) = diag|..., Bag, .., Baa, -1, ()

Marpuua B, 6bu1a momyyena B [1].

BokoBoii 3a30p B 3y0uaThiX mNepedadax NpEACTaBIsIET coOOM HaMMEHBIIEE PACCTOSHHE MEXKAY
MPO(HUIHPHBIMU TTOBEPXHOCTSIMH JIBYX COCEIHHX 3yOUYaTBHIX KOJIEC, KOTOpPOE IO3BOJISIET OJHOMY KOJEcy
cBOOO/IHO TTOBOPAYMBATHECSA, B TO BpPEMs KaK JAPYroe OCTAETCS HEMOABIKHBIM. JTOT 3a30p M3MepseTcs B
CeUeHHH, MEePIEeHANKYIIIPHOM HANpaBICHUIO 3yObeB, B MIIOCKOCTH, KacaTeJIbHOW K OCHOBHBIM IMJIMHIPAM.

[To3aTOMy BEKTOp BHYTPEHHETO BO30YXKACHHS B 3allCIUICHUU 3aIIMCHIBAEM B BHJIC:
z

£o(® = (key(®) + b8, () ®)

z=1

re C, - TIo0aNbHBIA BEKTOP T€OMETPHUYECKHX MapaMeTpoB 3yOuaTod mepemayd, K0d)GUIHEHTHI
k,nb, - cpennss xECTKOCTh M JeMI(pUPOBaHNE 3yObeB B 3alelUieHHHA. KuHemMaTwdeckoe OTKIOHEHWE
3ybuaroii mepemaun A,(t) B 3y0uaroM 3alleIUICHHH Z SIBISCTCS MMEPUOANYCCKON (YHKIHEH BPEMEHH U
MO3TOMY MOXET OBITh aNNPOKCUMHUPOBAHO psiioM Dypbe ¢ K 4wieHaMH TapMOHHYECKHM COCTABIISIOIINM B
BUJIC!

K
A (L) = Z (Agk cos(kw,t) + Aik sin(szt)). ()]
k=1

Kaxxias rapMoHHYecKasi COCTaBIISIOIIAs ¢ YaCTOTOU Kw, COOTBETCTBYET Mape KodpdunneHToB Oypre
Ag'k " Ag’k. B ocHOBHOM mpu 3ameryieHue 3yOOB Z KMHEMAaTHYeCKOe OTKJIOHEHHE 3y04aToil mepenauu
anMnpOKCUMHUPYETCSl TpeMs FapMOHHYECKUMH cocTaBisonnMu psia @ypee. B npuBone xonécHoil mapbl
UMEeTCsl TOJBKO OJHO 3yOuaToe 3amemieHne Z = 1, U B 3aBUCHUMOCTH OT TI'€OMETPHYECKHX Pa3MEpOB
3y6anbIX KOJIEC MBI YUUTBIBAEM aMIUIUTYAbl TOYHOCTHU U3rOTOBJICHUS .

Af, Af,
c _ .10—6 c _ ~1, c _ 71 S _AS _ AS _
Atq= 15-107°m, A7,= o 137 37 Ay 1= A71,=A73=0.
YacroTa 3y0beB w, MOXKET ObITh BRIPXKEHA OT YIJIOBOIO CKOPOCTa W, WK 000poTa N.
mn
W; = PzWo = Epz' (10)
rue
ZyW yAR0O]
_ ZpWpz _ ZgWkz
, = T B (11)
0 0

Ecmu Mbl pacumpuM (QYHKIHIO, ONPEIEINSIONIYI0 KHHEMAaTHYECKOEe OTKIOHEHHE, B KOMIUICKCHYIO
dopmy Tax, uto A, (t) = Re{A,(t)}, mbl nomyunm:
K

Ez(t) = Zﬁz,k etkwzt rre szk=Ag’k— i Ag_k. (12)
k=1
MaremaTtrueckue Monenu (3) s yCTAHOBHBINETOCS peXHMMa KoJeOaHuit OyayT OMHCHIBATHCS
CITEAYIOIMUMH cucTeMamu AuddepeHInaaIbHbIX YPaBHEHNH:
Mq(t) + Bsum(So, v)q(8) + Ksumq(t) = f(t) + f£(0) (13)
YCTONUUBBIA OTKJIMK CHCTEMBI C HECKOJbKHMH 3alCIUICHUSAMH 3yObeB Takke OyaeT HMeTh

KOMIUIEKCHYIO (hopMy:
Z K
GO =) Y Toue™or. (14)

z=1k=1
Ecmu TCIICPb MNOACTAaBUTH B JIMHCAPU30BAHHYKO MOJCIIb (13) npeablaymee COOTHOLICHUC,
MpeoOpa3oBaHHOE B KOMIUIEKCHYIO ()OpPMY W YUHTHIBAIOIIEE TOJIBKO BHYTPEHHEE BO30YKICHHE, TO IS
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Ka)KIO0r0 3alleIVICHUS 3yObEeB M Ka)kI0M rapMOHMYECKOM COCTABIIIONICH KOJCOaHUH TOIYIMM KOMIUICKCHBIC
aAMILIUTY bl

~ — 2 2 . _1 . X

‘Iz,k - [_Mk Wz + Bsum(SOr V)lsz + Ksum] cz(kz + lszbz)Az,k (15)

B 3aBuCMMOCTHM OT HCXOAHOM CKOPOCTH, MBI MOXKEM BBIPA3UTh HEU3BECTHHIC KOMIUICKCHBIC
aMIUTUTYBl YCTAHOBUBIIETOCS OTKJIMKA CUCTEMBI:

G, = Z7(Wf 1 (), (16)
B pe3yJIbTaTe YEro MaTpHIla JMHAMHUYECKON KECTKOCTH UMEET (hopMy:
Zz,k = [_Mkzwzz + Bsum(SOvv)isz + Ksum]i (17)
a KOMIUJICKCHAA aMIUIMTyda Hpeo6paBOBaHHOr0 BCKTOpAa BHYTPCHHETO BO36y)K,HeHI/Iﬂ O603Ha‘IaeTCﬂ B
BHIIC:

fz,k (n) = Cz(kz + iszbz)Az,k (18)

HeﬁCTBHTeHBHBIﬁ BCKTOp KOHe6aTeﬂBHI)IX COCTAaBJIAOINX HpOFI/I6OB paBeHZ

Z K
q(t) = Re{q(t)} = Z Z(Re{?jzlk}cos(szt) — Im{ﬁzlk}sin(szt)). (19
z=1k=1

[Ipu 3TOM menecooOpa3sHO BBECTH TaKkKe BEPXHIOIO 3((EKTUBHYIO OICHKY YCTaHOBHBIIEHCS
aAMIUTATYJIBI { - i 0000IIEHHBIC KOOPAMHATHI B BUJIE:

(20)

B (20) Ha mpaBoi CTOpPOHBI OTOOpPAXKAIOTCS KBajgpaThl a0OCONIOTHBIX 3HAYEHHH KOMIUIEKCHBIX
aMIUTATYJ] BBIOpaHHOW [ - OOOOIIEHHOW KOOPAHMHATHI, KOTOPHIE SBISIOTCA OTKIMKOM HAa OTAEIhHBIE
rapMOHUYECKHE COCTABIISIONINE BHYTPEHHETO BO30YKACHHS BO BCEX 3y0UaThIX 3allCTUICHUSX.

PesyabTaThl u odcyxaenue. Ha pucynkax 2-3 mpuBeACHO MONYyYEHHOE CpaBHEHHE aOCOIIOTHBIX
3HAUCHUH PA3TMYHBIX T'APMOHUYECKHX COCTABIIAIOMIMX KOMIUICKCHBIX aMIUIUTYX JedopManuu 3y0uaToit
nepefaun  (medopmanms 3yOuaToro 3aleluieHMs B HOPMajdbHOM HampapieHuu) dq;j, W BepxHeil

s dexTuBHON OlEHKH dq (M) MOCTOSHHOW aMIUIMTYIbl 3y04aToil mepeaavyd B 3aBHCHMOCTH OT CKOPOCTH
JIOKOMOTHBA.

(NN | /]

Jlepopmanns sanennenns [m]

B0 e 20 0 4a & BC 10 e e @ @ g 20 40 80 B0 W0 120 40 180 180 200

Cropocrhb JIoKOMOTHRA [KM/4]
a) [lepserit 0) Bropoit B) Tperuit
Pucynok 2. AMnuiuTyabl AeopManum 3auenieHus MpUBoIa JIOKOMOTHBA ¢ BbI3BaHHbIe 1-3
rapMOHUYECKOH COCTaBJIAIOLIEH KHHEeMaTHYecKHe OTKJIOHEHHS B 3alenjeHHH.
Ha pucynke 2 mokaszaHbl pe3oHaHCHbIE MHKH 1-M, 2-i1 W 3- TapMOHMYECKOH COCTaBIAIONIEH
KMHEMAaTHYECKOT0 OTKJIOHEHHS B 3alICIUICHUU. DTH PE30HAHCHBIE MTUKH 3aBUCST OT CKOPOCTH JIOKOMOTHBA U
YKa3bIBaIOT HAa aMIUIUTY 1y AeopMaluy 3alenyIeHus] Ha KaXI0M Pe30HaHCHOM ITHKE.
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18 T T T T T T T T T

16F

di11 (n) !
G s dia3 én . -
''''''''' 11,2

d;(n)

n !

08

0.6

Jledopmarus 3amerieHus [M|

0 . = b == L 3 I L 1 I ! L
0 20 40 60 80 100 120 140 160 180 200
CKOpOCTh JIOKOMOTHBA [KM/4]

Pucynok 3. leopmanun 3yduaroii nepenaun d 1 j u Bepxueii 3¢pdexruBnoii onenxu d, (n)
MOCTOSIHHOM AaMILTHTY/bI 3y0UaToii Meperavn B 3aBUCMMOCTH 0T CKOPOCTH JIOKOMOTHBA

B obmem ciaydyae ammuntyna nedhopManui MHOKECTBEHHBIX 3alleIUICHAN 3y0a B 3aleruieHnd i 3y0a,
BBI3BaHHAsl K- TapMOHMYECKOW COCTaBIISIOIICH KHHEMaTHYECKOTO OTKIOHEHHS B 3aleIUIeHHuH j 3yoa,
00bIHO 0003HauaeTcs Kak d; j i . [losTomy Ha pucynke 3 aMILIMTYIbI A€OpMAlK NPUBOJIA JTOKOMOTHBA C
OJIHMM 3alleNIeHueM 3yObeB 0003HaYeHbI uepe3 dq 1 k.

Ha pucynke 3 mokasansl aedopmanuu 3y6uaroil nepenauu dq 1, U BEpXHEH 3(Q(OEKTUBHON OLEHKH

d,(n) mocTosHHOM aMIUATYI6I  3yO4aTod Tmepemayd B 3aBHCHMOCTH OT CKOPOCTH JIOKOMOTHBA IIpH
ckonbxenun (kpumn) s = 0,003. C mOMOIIBIO TaHHON 3aBHCUMOCTH MOKHO OIPEICIMTh PE30HAHC C -if
FapMOHHMYECKOW COCTABIISAIONICH KUHEMAaTUYECKOrO OTKJIOHCHMs Iepeladyd ¢ COOCTBEHHOM YacCTOTOM.
Hanpumep, 1-ii rapMoHMYECKOW COCTaBISIIOLIEH KUHEMATHYECKOrO OTKJIOHEHUA mepenadun ¢ 9 u 16
COOCTBEHHOH YaCTOTOM.

k=9 [kM/4
fm ko, = Koo
2x1*3,6%Tg

= fiz a9 =37 [, fo = 1914 Tuy f;, = 191 T,
a9 =125 [5], fig = 644.2Tuy 1, = 644.76 Ty,

3akiaiouenne.

1. Pazpaborana wmareMaTu4eckas MOJENb  YCTAHOBHUBIIETOCS OTKIMKAa Ha  BHYTpPEHHeEe
KMHEMAaTH4eCKOe BO30Y)KICHHE MPHU OIIMOKE 3alleIJICHHs ISl OLCHKU Aedopmanuu 3aleruieHny 3y0yaToi
nepeaayy MpuBoia JOKOMOTHUBA.

2. llomyuena warpuma JUHAMAYECKOW JKECTKOCTH JUIS OIIGHKH KOMIUIEKCHBIE aMIUIHTYIbI
YCTAHOBUBIIIETOCS OTKJIMKA CUCTEMBI.

3. [ocTtpoeHa 3aBUCMMOCTh KOMILIEKCHOM aMIUTUTY/bI 3alleIJICH s 3y04YaToi repeaadyu OT CKOPOCTH
JIOKOMOTHBA.
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UO‘K 517.53
ANIQ INTEGRALLARNI CHEGIRMALAR YORDAMIDA HISOBLASH
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Annotatsiya. Ushbu magolada chegirmalar nazariyasining asosiy tushunchalari va ularni aniq
integrallarni, shu xususan, xosmas integrallarning ayrim turlarini hisoblashda qo ‘llanilishi ko ‘rsatilgan.

Kalit so“zlar: maxsus nugta, yakkalangan maxsus nugta, bartaraf gilinadigan maxsus nugta, qutb nugtasi,
funksiyaning chegirmasi, aniq integral, xosmas integral, yopiq kontur, Jordan lemmasi.

BBIUMCJEHUE ONPEJEJTEHHBIX THTETPAJIOB C IIOMOIIBIO BEIYETOB

Annomayusa. B oannou cmambe noxkasanvl 0OCHOGHblE NOHAMUA MEOPUU BbIYEMO8 U UX NPUMEHEHUE
npu  BLIYUCTEHUU ONPEOeNEHHbIX UHMeSPanos, 6 YACMHOCMU, HEeKOMOPbIX U008 HeCOOCTNEEHHBIX
UHME2Paios.

Knrouesvle cnosa: ocobas mouka, u30IUpOBaHHAs 0coOAs MOYKA, YCMPAHUMAA, NOJIOC, Gbluem
@dyukyuu, onpedenénnslii unmezpa, HecoOCMEEHHLI UHMESPAl, 3AMKHYmMblld KOHmyp, aemma [xrcopoana.

CALCULATING CERTAIN INTEGRALS USING DEDUCTIONS

Abstract. This article shows the basic concepts of the theory of deductions and their application in the
calculation of certain integrals, in particular, some types of improper integrals.

Keywords: singular point, isolated singular point, disposable, pole, function deduction, definite
integral, improper integral, closed contour, Jordan's lemma.

Kirish. Fizika va matematikaga oid ko‘plab masalalarni yechish integrallarni hisoblashni o‘z ichiga
oladi. Aksariyat hollarda bunday masalalarni yechishda chegirmalar hagidagi asosiy teoremalardan, har xil
turdagi integral ifodalarni hisoblash uchun foydalaniladi. Amaliyotda yopiq kontur bo‘yicha olingan
integrallarni hisoblashda Koshi teoremasidan, xosmas integrallarni hisoblashda esa Jordan lemmalaridan
foydalanish qulaydir.

Tadqiqot obyekti va qo‘llanilgan metodlar. Faraz qgilaylik, f(z) funksiya {0<|z—a|<5} da
golomorf bo‘lib, a nuqgta bu funksiyaning yakkalangan maxsus nuqtasi bo‘lsin.

1-Ta’rif [1-4, 7]. Ushbu

1

— f(z)dz (0<p<9)
27, 5,

integral f(z) funksiyaning a nugtadagi chegirmasi deyiladi va res f(z) kabi belgilanadi:

rest(=2 ¢ ().

l=al=p

Ravshanki, f(z) funksiya a nuqtada golomorf bo‘lsa, res f(z) =0 bo‘ladi.

Aytaylik, f(z) funksiya {r <|z| < oo} da golomorf bo‘lsin.
2-Ta’rif [1-4, 7]. Ushbu
1
- |

98 f(2)dz (p>r)
7=p

integral f(z) funksiyaning z=co nuqtadagi chegirmasi deyiladi va res f (z) kabi belgilanadi:
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1

7Z'i‘

res f(z) =—

gS f(2)dz .

2=p

Endi funksiya chegirmalarini hisoblashda foydalanadigan formulalarni keltiramiz [1-4].
1) Agar z=a nuqgta f(z) funksiyaning birinchi tartibli qutb nugtasi bo‘lsa,

res f(z)=lim(z—a)- f(2) @
bo‘ladi.
2) Agar f(Z)=% uchun  ¢(z) ea w(z) funksiyalar a nuqtaga golomorf bo‘lib,
v

w(@)=0, w'(d)=0 bo‘lsa, uholda

res f(z)=& 2
v'(a)
bo‘ladi.
3) Agar z=a nuqta f(z) funksiyaning n-tartibli qutb nugtasi bo‘lsa,
n-1 _ n
res f (2) = Jlim 41227 T(2)] 3)
z=a (n=1)! za dz"

bo‘ladi.

4) Agar z=o0 nuqtada f(z) funksiya golomorf bo‘lsa,
res f(z) =limz[ f (o) — f (2)] 4)

bo‘ladi.

5) Agar f(z)= ¢(%) bo‘lib, ¢#(z) funksiya z=0 nuqtada golomorf bo‘lsa,
res (2) =—4(0) ©)

bo‘ladi.

1. Integrallarni chegirmalar yordamida hisoblash.
Chegirmalar yordamida turli integrallarni hisoblash mumkin. Bunda quyidagi teorema muhim rol
o‘ynaydi.

Teorema (Koshi teoremasi) [1-4]. Faraz gilaylik ,

1) f(z) funksiya D\{a,a,,...a,} sohada golomorf (DcC, a,a,,...,a, € D),

2) f(z) funksiya sohaning chegarasigacha aniglangan va D \{a,,a,,...a,} da uzluksiz,

3) @D - to g ‘rilanuvchi yopiq kontur bo ‘Isin. U holda
[ f(@)dz=27i) res f(2) (6)
D k=L P~

formula o ‘rinlidir.
Izoh. (6)-formula coe D bo‘lgan hol uchun ham o‘rinlidir. Faqat bu holda z=o00 ni f(z) uchun

maxsus nuqta deb hisoblash hamda oD chiziq orientatsiyasini soat strelkasi yo‘nalishida olish kifoyadir.
Yugqorida keltirilgan Koshi teoremasidan amaliyotda yopiq kontur bo‘yicha olingan integrallarni
hisoblashda foydalaniladi.
2. Aniqg integrallarni chegirmalar yordamida hisoblash.

Aniq integrallarni ham chegirmalar yordamida hisoblash mumkin. Bunda aniq integral kompleks

o‘zgaruvchili funksiyaning kontur bo‘yicha olingan integraliga keltirilib hisoblanadi.
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2z
a) j R(cos x,sin x)dx ko ‘rinishdagi integrallarni hisoblash.
0

Ushbu

I =TR(cosx,sin x)dx @)

integral berilgan bo‘lib, uni hisoblash talab etilsin, bunda R(cosx,sinx)—cosx va sinx larning
ratsional funksiyasi va u [0,27] da uzluksiz.
Eyler formulasiga ko‘ra

COSX =

bo‘lishini e’tiborga olib, so‘ng

deb belgilash kiritsak, unda
xe[0,27r]=ze{zeC:|z|=13},

COSX =£(Z +1), sinx =l_(z —1), dx =_ldz
2 z 2 Z iz
bo‘lib, berilgan (7)-integral quyidagicha

2
| = .[ R(cos x,sin x)dx = 95 R(z)dz
0 |z]=1
bo‘ladi, bunda

1.1 1
z)'2i (2 z))'

Hosil bo‘lgan integral (6)-formula yordamida hisoblanadi.

b) Xosmas integrallarni hisoblash.

Chegirmalar nazariyasidan foydalanib xosmas integrallarni ham hisoblash mumkin. Bu quyidagi
teoremaga asoslangan.

Teorema [1-4]. f(z) funksiya {zeC:Imz >0} sohaning chekli sondagi maxsus nugtalaridan

tashqari barcha nuqtalarida golomorf bo ‘lib, uning chegarasida uzluksiz bo ‘Isin. Agar
lim [ f(2)dz=0 (7, ={|z| =, 0<argz<73}) 8)
7r

R(z) =%R(%(z +

bo ‘Isa, u holda I f (x)dx yaqinlashuvchi bo ‘lib,

—o0

T f()dx=27i ) res f(2) 9)

bo ‘ladi.
Bu teoremadagi (8)-shartning bajarilishini ko‘rsatishda quyidagi lemmalardan foydaniladi.
1-Lemma (Jordan lemmasi) [1-4]. Agar

limr max| f (z)] =0 (10)
r—oo ey,

bo‘Isa,

lim| f(z)dz=0 (12)
7r

bo ‘ladi.

2-Lemma (Jordan lemmasi) [1-4]. Agar
limmax| f ()| =0 (12)
r—w zZey,
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bo ‘Isa, u holda ¥ >0 uchun
lim | f(z)e**dz=0 (13)
Tr
bo ‘ladi.
Endi

Te‘“R(x)dx

ko‘rinishdagi xosmas integrallarni qaraylik.
Agar lim max|R(z)| =0 bo‘lsa, u holda bu integralga Jordanning 2-lemmasini va yuqoridagi teoremani

r—>ow zey
go‘llash natijasida quyidagi formulalarni hosil gilamiz:
J' R(x)cos Axdx = —27 - Im{ D" res[e* R(z)]} : (14)
e Imz, >0 =7
j R(x)sin Axdx =27 - Re{ z res[e'” - R(z)]} , (15)
e Imz, >0 =1y

Natijalar va ularning tahlili
Endi chegirmalarni va ular yordamida integrallarni hisoblash masalalarini ko‘rib chiqamiz [5-8].

1. f(2) = &223
(z-1)

< Funksiyaning z =1 maxsus nuqtasi 3-tartibli qutb nuqtasi bo‘lganligi uchun, (3) — formulaga ko‘ra
quyidagini hosil gilamiz:

1. d?( cos2z ) 1. , 1. . ,
resf (ZO):EIZIL?P[(Z_W (z-1) JZEIZ'LT}(COSZZ) _Elzlm(—ZSm 27) =

funksiya chegirmasini hisoblang.

:%Iin}(—4c0522) =-2C0s2. >

2 Quyidagi § 5 —az
el +2
integralni chegirmalar yordamida hisoblang.
< Integral ostidagi funksiya |z|<4 sohaning z, =0 va z, =-1 nuqtalaridan tashgari barcha gismida

analitik hisoblanadi. U holda, chegirmalar haqidagi teoremaga ko‘ra quyidagilarni yozamiz:

Sf) ¢ _1dz = 27i - (resf (0) + res(-1)).

a2+
2 .3 7 72
or 1 L | Z[1+2,+3,+---J
=1im 2t_3t =i — = -1
207(z41) 20 2(z+1) 250 2(z+1)

bo‘lganligi uchun z, =0 nuqta bartaraf etiladigan maxsus nuqta bo‘ladi. Shuning uchun resf (0)=0.
z, =—1 nuqta 1-tartibli qutb bo‘lganligi uchun chegirmani (2)-formula yordamida hisoblaymiz:
ee-1| e -1 4

f(—1) = = =1l-e".
rest (=1 (2* + z)’|zz_l 2z+1) ¢
Demak,
L
e+
3. Quyidagi
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VA

f cos’ X

——dx
2—sin’ x

0
aniq integralni chegirmalar yordamida hisoblang.
< Bu integralda e** =z almashtirishni bajarsak, x€[0,7]=>ze{zeC:|z|=1},

dx :—%dz,
2iz

1 1
cos? X=1+0032x =1+§(Z+§),
2 2

1 1

1-—(z+-=

sin2x=1_C052X= 2( z)
2 2

bo‘lib,
1+ 1(z + 1)
2 z

feosixdx 1 1 2
D s P
p2-sin“x 27z 1-ta+ b
2_ 2 YA
2
2
gl Gy
217,72 77 +62+1
tenglik o‘rinlidir.
Integral ostidagi
(z+1* (z+1)°

@)= 2(22+62+1)  z-[z-(=3+242)]-[z-(-3-22)]

funksiyaning z,=0, z, =-3+ 242, z, =-3-242 maxsus nuqtalari bo‘lib, ulardan z;,=0 va
7, =-3+ 242 lar {lz| <1} sohaga tegishli bo‘lgan qutb nuqtalaridir.
Koshi teoremasini ((6)-formulani) qo‘llab, topamiz:

2
4} f(z)dz =27i[res f (z) +res f (z)] = 27i[ 1 +£- (2, +1) 1=
|7=1 =0 = L, 4, L-1
. 2
Copipe 1 (B2l oL, 1
—3+242 42 J2
Demak,
T cos®x 1
=22 dx=r-1-—2). >
-([2 —sin®x 2
4. Quyidagi chegarasi cheksiz bo‘lgan
[ & ey
o (X +1)

integralni chegirmalar yordamida hisoblang.
< Awvvalo berilgan integralni

*jf dx :yj" dx
(X2+D)" 29 (x*+D)"

0

ko‘rinishda yozib olamiz.
Endi
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1 1
(224D (z+0) - (z-i)"

f(2)

desak, bu funksiya
{zeC:Imz>0}da z=i
maxsus nugtaga, n -tartibli qutbga ega.
Ravshanki,
!i_)rgr-myax f(2)=0 (y,={z|=r.0<argz<z}) =

Jordanning 1-lemmasiga ko‘ra IimJ. f(z)dz =0 bo‘ladi. Unda 2-punktdagi teoremaga ko‘ra
r

janzﬂi res f (2)

(¢ +))
bo‘ladi.
(3)-formuladan foydalanib topamiz:
. 1 d"t n
res f (z) =lim T [(z-1)"-f(z)=
1 d”’l[ 1 . (-3 1

S oD ey T anoon 2

Natijada

T dx__, .1 (2n-31_(@2n-3u
Sy T en—2n (2n-2)n

bo‘lib, berilgan integral uchun

T dx (-3 7
s OC+D" (2n-2)n 2
bo‘lishini topamiz. >
5. Quyidagi
+ji°(x+1)sin 2X
doxP+2x+2
integralni Jordan lemmalaridan foydalanib hisoblang.
< Bu masalani yechish uchun Jordanning 2-lemmasi va (15)-formuladan foydalanamiz. f(z)

funksiya deb

dx

f(2)= (z +1)e* _ (z+1)-e*
22422+2 [z2-(-1+D]-[z-(-1-0)]
funksiyani olamiz. Bu funksiyaning ikkita z, =—1+i va z, =-1—-i qutb nuqtalari bo‘lib, ulardan
z, =—1+ie{lmz >0} bo‘ladi.
+1

z
R(Z)= 12
2) 22+22+2

bajarilishi ta’minlanadi va lemmaga ko‘ra
lim [ R(z)e”*dz =lim [  (2)dz =0
7r Yr

funksiya uchun z—>o0 da R(z) = 1 bo‘lganidan Jordanning 2-lemmasi shartining
z

tenglik bajariladi, bunda y, ={/z|=r, O<argz<z}.
Unda (15)-formulaga ko‘ra
*J“-"(x+1)sin 2X
X +2x+2

bo‘ladi. (1)-formuladan foydalanib res f (z) ni hisoblaymiz:

=7

dx =27z -Ref[res f (z)]
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res t(z)=lm(z-2)f(z) = Iim[(z - zl)-ﬂ} -
=1 57 157 (z- Zl)(z — 22)

2iz, s 2-2i -2
(2( +1)e) _'92_ :%(COSZ—iSinZ).
[
1 2

Demak,
-2

I ( (x+1)sin2x dx = 277 Re[e?(c052—isin 2)]=re?cos2. >

X* +2x+2

Xulosa. Yuqoridagllardan shuni xulosa gilish mumkinki, integrallarni hisoblashda chegirmalar
nazariyasi muhim ahamiyatga ega bo‘lib, integrallar mavzusini o‘qitishda imkon qadar undan foydalanish bir
gancha qulayliklar yaratib, mavzuni o‘zlashtirishda samarali natija beradi.
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UO‘K 3054
AYRIM FUNKSIONAL TENGLAMALARNI YECHISH METODIKASI HAQIDA

Normurodov Sherzod Boymurodovich,
Anig va ijtimoiy fanlar universiteti magistranti
Normurodov_sherzod87@mail.ru

Annotatsiya. Hozirda jahonda olib borilayotgan ko ‘plab amaliy ishlar aksariyat hollarda bir
o ‘zgaruvchili va ko'p o ‘zgaruvchili funksional tenglamalarni yechishga olib kelinadi. Demak, agar biz
funksional tenglamalarning yechimini topish uchun ko ‘plab qulay usullarni aniqlasak qo ‘yilgan masalani
hal qilish osonlashadi. Funksional tenglamalarni yechishning o ‘rniga qo ‘yish usuli, o ‘zgaruvchilarni
almashtirish usuli, aniglanmagan koeffitsiyentlar usuli, giymatlarni o ‘zgaruvchilar bilan almashtirish usuli,
matematik induksiya usuli, rekkurent munosabatlar hosil gilish usuli, funksiyani almashtirish shu kabi
boshqa usullar mavjud bo ‘lib, biz ushbu maqolada yuqoridagi usullardan ba’zilarini keltirib o ‘tamiz. Shu
o ‘rinda aytish mumkinki, nostandart funksional tenglamalarni yechishning umumiy yo ‘li topilmagan. Ushbu
ishdan funksional tenglamalarni yechishda akademik litseylar, kasb-hunar maktabi va shu jumladan, oliy
o ‘quv yurtlari talabalari ham qo shimcha manba sifatida foydalanishlari mumkin.

Kalit so‘zlar: funksional tenglama, o ‘zgaruvchilarni almashtirish usuli, Koshi tenglamasi, nostandart,
matematik induksiya.

O METOJIAX PEHIEHHAA HEKOTOPBIX ®YHKIIMOHAJIbHBIX YPABHEHUI

Abcmpakm. B nacmoswee 6pems MHO2Ue HpAKMUYecKue pabomvl, HPOBOOUMbIE 8 Mupe, 8
bonvbuUHCMBe  CIyUae8 NPuGoOsm K pPeuleHul0 (YHKYUOHATbHLIX YPAGHEHUl ¢ OOHUM U MHOSUMU
nepemennviMy. HMmax, eciu Mbl OnpeoeruM MHONCECMBO YOOOHbIX Memo008 HOUCKA PeuleHUs.
@dyHKYuOHATLHBIX YpagHeHutl, 3adayy Oyoem aecue peuwtumsv. Cywecmeyiom u opyaue Memoovl peuieHusl
@DYHKYUOHATLHBIX YPAGHEHUIL: MemoO 3aMeHbl, Memoo 3aMeHbl NePeMEHHbLX, Memo0 HeONnpeoenéHHbIX
KO3 puyuenmos, memoo 3aMeHbl 3HAYEHUL NEePEMEHHbIX, MemoO MAmeMamuidecKol UHOYKYuu, Memoo
Gdopmuposanust  peKyppeHmHuIX  COOMHOWEHUl, HOOCmanoska @yukyuii u m.0. Hexomopvie u3
BIULENEPEYUCTIEHHBIX MEMO0008 Mbl YHOMAHEM Hudice 6 OaHHOU cmamve. 30ecb MONCHO CKA3amb, Ymo
obwezo nymu peweHuss HeCMAaHOAPMHLIX (QYHKYUOHANbHbIX VPABHEeHUll He HatoeHo. Yuawuecs
akademuyeckux Juyees, NPOPeCCUOHANbHbIX YUUTUW, 6 MOM HUCIe CEeMEUHbIX 00pPA306aMeNbHbIX
VUPENCOeHUIl MO2YM  UCHONb308AMb  OAHHYIO pabomy Kak OONOTHUMENbHbI pecypc OISl  PeuleHust
DYHKYUOHATLHBIX YPAGHEHULL.

Knwuesvie cnosa: ¢ynxyuonanvroe ypaenenue, Memoo 3aMeHbl Nepemennvlx, ypasHenue Kowu,
HeCmanoapmHoCms, MAMeMamuyeckas UHOYKYus.

ON METHODS OF SOLVING SOME FUNCTIONAL EQUATIONS

Abstract. Currently, many practical works carried out in the world in most cases lead to solving
functional equations with one and many variables. So, if we define many convenient methods for finding a
solution to functional equations, the problem will be easier to solve. There are also other methods for solving
functional equations: the replacement method, the variable replacement method, the method of undetermined
coefficients, the method of replacing variable values, the method of mathematical induction, the method of
forming recurrence relations, substitution of functions, etc. We will mention some of the above methods
below. In this article, here we can say that a general way to solve non-standard functional equations has not
been found. Students of academic lyceums, vocational schools, including family educational institutions can
use this work as an additional resource for solving functional equations.

Keywords: functional equation, variable replacement method, Cauchy equation, non-standard,
mathematical induction.

Kirish va muammo bayoni. Matematikada ba’zi masalalarni yechish, ba’zi funksiyalarning
xossalarini o‘rganishda funksional tenglamalarga duch kelamiz. Shu sababdan funksional tenglamalarni
yechish usullari va ularning yechimlarini o‘rganish muhim amaliy ahamiyatga ega. Funksional analiz hozirgi
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zamon matematikasining muhim sohalaridan biridir. Funksional analizning asosiy vazifalariga funksional
fazolarni bir necha o‘zaro uzviy bog’langan turli matematik strukturalar, masalan, algebraik amallar,
metrika, norma, skalyar ko‘paytma, qisman tartib kiritilgan holda o‘rganishdir.

Funksional tenglamalar bugungi kunda o‘zbek matematik olimlari tomonidan katta qiziqish bilan
o‘rganilayotgan matematikaning bo‘limlaridan biri hisoblaniladi.

Aqgliy hujum metodlar hagida tushuncha. [6] “Aqliy hujum”- g‘oyalarni generatsiya qilish usuli.
Qatnashchilar birlashgan holda giyin muammoni yechishga harakat giladilar: uni yechish uchun shaxsiy
g‘oyalarini ilgari suradilar (generatsiya kiradi). U ishtirokchilarni o‘z tasavvurlari va ijodlaridan
foydalanishga rag‘batlantiradi. “Aqliy hujum”ning vazifasi kichik guruhlar yordamida yangi- yangi
g‘oyalarni yaratishdir. Bu usul muammoni hal gilayotgan kishilarning ko‘proq aql bovar gilmaydigan va
hatto, fantastik g‘oyalarni yaratishga undaydi. Goyalar qancha ko‘p bo‘lsa. Ularning hech bo‘lmaganda
bittasi ayni muddao bo‘lishi mumkin.

“Aqliy hujum”ning qoidalari:

1. Fikr va g‘oyalar hech qanday cheklanmagan holda iloji boricha gattiqroq aytilishi lozim;

2. Bildirilgan fikr va g‘oyalar takliflar berish to‘xtatilmaguncha muhokama qilinmaydi, baholanmaydi;

3. Bildirilgan har qanday g‘oya va fikrlar hisobga olinadi;

4. Qancha ko‘p g‘oya va fikrlar bildirilsa shuncha yaxshi;

5. Bildirilgan g‘oya va fikrlarni to‘ldirish va yanada kengaytirish mumkin;

6. Barcha aytilgan takliflar yozib boriladi;

7. Takliflarni bildirish uchun vaqt aniq belgilanadi.

“Aqliy hujum” metodi. Ayrim mashhur funksional tenglamalar. Quyida biz ba’zi bir “mashhur”
funksional tenglamalardan ayrinlaini keltrib o‘tamiz:

f(x+y) = f(X)+ f(y)-bu funksional tenglamaga Koshi tenglamasi deyiladi:

f(x+y)+ f(x—=y)=2[f(X)+ f(y)]-bu funksional tenglamaga kvadratik tenglama yoki
parallelogramm qoidasi deyiladi;

f(xz yj _f (X); f(Y) _ bu funksional tenglamaga Yensen tenglamasi deyiladi;

f(x+y)- f(x—y) = f?(x)-bu funksional tenglamaga Lobachevskiy tenglamasi deyiladi;
f(x+y)+ f(x—y)=2f(X)f(y)- bu funksional tenglamaga Dalamber tenglamasi deyiladi.

Teorema (Koshi tenglamasi). Agar f uzluksiz funksiya barcha x,y € R uchun f(x +y) = f(x) +
f (y) ni ganoatlantirsa, u holda f (x) = cx, bu yerda ¢ — o‘zgarmas son.

Xulosa. Agar f uzluksiz funksiya va barcha x, y € R uchun,

(i) fx+y) =f@f)bo‘lsa,uholda f(x) = c*

(i) f(xy)=f(x)+ f(y)bo‘lsa, uholda f(x) = c Inx

(iii) f(xy) = f(x)f(y) bo‘lsa, uholda f(x) = x€

bu yerda ¢ — o‘zgarmas son.

Misol. Agar f:(1,+00) — R uzluksiz, barcha 1 < x,y € R uchun f(xy) = xf(y) + yf(x) bo‘lsa,
£ (x) ni toping.

Yechish. Berilgan tenglama

holda:

f%” =8, % ga ekvivalent. Agar g(x) =2 deb belgilab olsak, u
g(x) =clnxva f(x) = xg(x) = cx Inx ga ega bo‘lamiz.
Misol. Quyidagi funksional tenglamani f(x + a) = x? + 4x + 6 yeching.
Yechish. Aytaylik, t = x + 2 bo‘lsin, u holda x = t — 2, bundan
fO=(@—-2)>+4(t—-2)+6=t*+2
Demak, f(x) = x? + 2 ga teng ekan.
Misol. Agar 3f (x) + 2f G) = 4x bo‘lsa, u holda f(x) ni aniglang?

Yechish. Quyidagicha belgilash Kiritib olamiz t = ~, x = <. Natijada

1 4
Demak,
3 (3) +2f(0) =2, (1)
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Berilganidan f (i) ni topib olib (1) ga keltirib qo‘ysak
(1) _ 4x —3f(x)
4 x3 . : |
x — 3f(x
AN CIE
tenglamani ikkala gismini ham 2x ga ko‘paytiramiz natijada
12x% — 9xf(x) + 4xf(x) = 8
12x%2 —5xf(x) =8

12x2 —8 12 8

Demak, f(x) = -
Misol. Agar af(x -1+ bf(l - x) = cx bo‘lsa, bu yerda a,b,c —const, f(x) ni ko‘rinishini
aniglang?.

Yechish. Belgilash kiritib olamiz x — 1 =t deb

af(t) + bf(—t) =c(1+1)

af (x) + bf(—x) =c(1+x) 2
Agar - x = t deb belgilash olsak, natijada x = —t af (—t) + bf(t) = c(1 —t),

af (=x) + bf (x) = c¢(1 —x),

c(1—x)—bf(x
fo) = [0

Bu tenglikni (2) ga qo‘ysak natijada ¢

afG)+p LT @ gy
Oxirgi tenglikni ikkala gismini a ga ko‘paytlrsak natijada

a’f(x) + bc(1—x) — b%f(x) = ac(1 + x)
f)(a?—b?) =ac(1+x)+bc(1+x)
f)(a—=b)(a+b)=>0A+x)(b+a)
c(1+ x)
f(x) =

Misol. Quyidagi xf (x) + 2xf(—x) = -1 funk5|onal tenglamani ganoatlantiruvchi f(x) ni toping?
Yechish. Agar t = —x deb olsak u holda x = —t bo‘ladi. Natijada

—tf(—t) = 2tf(t) = —1.

—xf(=x) = 2xf(x) = -1 ®)

bo‘ladi.
Tenglamaning berilishidan f(—x) ni topib, (3) ga qo‘yamiz
2xf(=x) = =1 —xf(x),

-1 —xf(x)
f(=x) = — o
T _ 9xf (x) = —1, tenglamani ikkkala gismini 2 ga ko*paytiramiz

1+ xf (x) — 4xf (x) = —2. Natijada f (x) = - tenglik hosil bo‘lad.
O‘rniga qo‘yish usuli. Bu usulning mohiyati quyidagicha. Berilgan tenglamada X (yoki Yy) ga turli

almashtirishlarni qo‘llab hamda hosil bo‘lgan tenglamani dastlabki tenglama bilan tagqoslab, izlanayotgan
funksiyaga nisbatan algebrik tenglama hosil gilinadi.
Misol. Quyidagi funksional tenglamani yeching:

f(x+1j Zf(x 2)
X—2 X+1

i deb belgilab olsak, u holda x :ZL2 (z#1, z#0). Natijada

Yechish. Agar z = X

1 7+2
f +2f(z)=——
L)oot -2

munosabatlarni hosil gilamiz. Endi Z ni — ga almashtirib
z
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1) 1+2z
f(z)+2f| = |= 5
() o
Tenglikni hosil gilamiz. (4) va (5) tengliklardan f(z) ni topamiz:
f(2)= 47 +5 |
3(1-2)

ya’'ni
_ 4x+5

fx)= 3(1-x)

Misol. Tenglamani yeching:
2f(x+y)+ f(x-y)=f(x)(2e” +e7).
Yechish. Quyidagi:

x=0, y=t;
X=t, y=2t;
=t, y=-2t

almashtirishlarni olib ushbu
2f (t) + f (1) = f(0)2e" +e™);
2 (3) + f(=t) = f (t)(2e* +e);
2f (=) + f (3t) = f (t)(2e™ +€%)

tenglamalarni hosil gilamiz, bunda a = f (0).

Agar bu tenglamani f (—t) va f(3t) larga nishatan yechamiz. Buning uchun birinchi tenglikni —3 ga
ko‘paytirib ikkinchi tenglikni qo‘shib, hosil bo‘lgan tenglikdan uchinchi tenglikning ikkilanganini ayiramiz.
Natijada:

6f(t)=3a(2e' +e™)-3f (t)e?,
ya’'ni
t —t
f(t)=a- 2 +? =a-e".
2+e

2t

Bu tenglik dastlabki tenglamani ganoatlantirishini osongina tekshirish mumkin:
22" +ae"? =a-e" (2’ +e7).

Funksional tenglamalarni yechishning boshga usullariga misollar.

Misol. Barcha f: Q — Q funksiyalarni toping, bunda

f)=2vaf(xy) =f)f)—fx+y)+1.
Yechish. Bu matematik induksiya usulida yechish mumkin bo‘lgan qadimiy masalalardan biridir.
Agar berilgan tenglamada x =1 va y = n ni qo‘ysak, f(n+ 1) = f(n) + 1 ga ega bo‘lamiz va f(1) = 2
dan boshlab har bir n natural son uchun f(n) = n + 1 ga egamiz. Shunga o‘xshash x = 0 va y = n uchun
fOn=f(m)—1=n,f(0) ga ega bo‘lamiz. Hozir maqgsad har bir z € Z uchun f(z) ni topish shart.
Berilgan tenglamaga x = —1 vay = 1 o‘zgarish kiritsak, f(—1) = 0 bo‘ladi. Bu holatda x = —1vay = n.

f(—n) = —f(n—1) +1 = —n + 1 ni beradi. Bundan har bir z € Z uchun f(z) = z + 1. Hozir f(%)
ni topishimiz kerak. x =nvay = %ni go‘ysak quyidagiga ega bo‘lamiz:
fO=m+0f(3)-f(n+3)+1. (6)
x=1va y=m+1 dan foydalansak, f (m +1+ %) =f (m + %) + 1 ga ega bo‘lamiz. Bundan
matematik induksiya metodini qo‘llab f(m + %) =m+f (%) ni topamiz. (6) ga ko‘ra istalgan natural n son
f (%) = % + 1 bo‘ladi. Bundan tashqari x = mvay = % uchun f (%) = % +1gayoki f(r) =7+ 1 ga ega
bo‘lamiz. Istalgan r — musbat ratsional son uchun x = —1 va y = r holatda
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f(=r)=—f(r—1)+1=—r+1 bo‘ladi. Xuddi shunday har bir x € Q uchun f(x) = x + 1 kelib
chigadi.

Eslatma. xy+1=(x+1)(y+1)—(x+y+1)+1 dan boshlab barcha x,y € Q lar uchun
tenglamaning yechimi.

Misol. g(x +y) + gx)g(y) = g(xy) + g(x) + g(y). Tenglikni ganoatlantiruvchi barcha g: R - R
funksiyalarni toping, bu yerda x va y haqiqiy sonlar.

Yechish. Berilgan funksiyaning g(x) = 0 va g(x) = 2 qiymatlarida tenglik o‘rinli ekanligini ko‘rish
mumkin. Matematik induksiya metodidan foydalanib buni isbotlash oson, agar g funksiya bu ikki
funksiyadan biriga teng bo‘lmasa, u holda barcha x ning ratsional gqiymatlarida g(x) = x bo‘ladi,

Xuddi shu kabi g(r + x) =71+ g(x) va g(rx) = rg(x) oson ko‘rish mumkin, bunda r —ratsional
son va x —hagigiy son. Aynigsa ikkinchi tenglamadan r = —1 uchun g(—x) = —g(x) ga ega bo‘lamiz.
Bundan holatda y = —x ekanligidan g(x)? = g(x?) bo‘ladi. Aytaylik, g(x) < x deb faraz gilaylik. g(x) <
r < x bo‘ladigan x € Q ni tanlab olamiz. U holda

r>gx)=glx—r)+r=r,

garama-garshilikka duch kelamiz. Xuddi shunday g(x) > x dan boshga garama-garshilikka ega
bo‘lamiz. Shu tarzda har bir x € R uchun g(x) = x ga ega bo‘lishimiz shart. Bu uchta funksiyalar berilgan
funksional tenglamani ganoatlantiradi.

Misol. Ushbu

fx+y)=ff») (1)
tenglamani yeching.
Yechish. (7) tenglamadan y = x, 2x, 3x, ... deb olib, matematik induksiya bo‘yicha quyidagini hosil
gilamiz:
(f2x) = f*(x)
{ fG3x) = f3(x) ®)

U () = (0.
Agar hosil bo‘lgan tengliklarda x = 1 deb olinsa, u holda

f(n)=1"Q
tenglik hosil bo‘ladi. Agar f(1)=C, desak, u holda barcha X€ N lar uchun f(X)=C' ni hosil

gilamiz. Agar (8) tenglikda x = ™ deb olinsa u holda
n

f(m)= ") =cy

hosil bo‘ladi, bundan esa
m

m .
f(=)=C;
n
tenglik kelib chigadi.
Shunday qilib, X €Q lar uchun berilgan tenglamani yechimi f(X)=C" ga teng bo‘ladi. f(-) ni

uzluksiz funksiya deb faraz qilib barcha x € R, X >0 larda f(X)=C" ekanligini hosil gilamiz.

Agar (7) tenglikda X =0 deb olinsa, u holda

f(y)=£(0)-f(y)
tenglikni yani f(y) =0 yoki f(0)=1=C" hosil gilamiz.
Endi (7) tenglikda Y =—X deb olib,

£(0) = f(=x)- £ (), 1= f(=x)- F(X),
1 x
(N =r5=cr=C

munosabatlarni hosil gilamiz.
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Shunday qilib, ixtiyoriy X € R uchun f(X) =C”" berilgan tenglamani yechimi bo’ladi.

Xulosa. Ushbu magolada funksional tenglamalarni yechishning bir nechta usullari garab chigildi. Bu
ishdan umumiy o‘rta ta’lim maktablari o‘quvchilarini matematika fani bo‘yicha fan olimpidalariga
tayyorlashda foydalanish mumkin.
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PARAMETRLI CHIZIQLI TENGLAMALAR VA TENGLAMALAR SISTEMASIGA
KELTIRILADIGAN INTEGRAL TENGLAMALAR

Husenova Jasmina To‘lginovna,

Buxoro davlat universiteti tadgigotchisi

j.t.husenova@buxdu.uz

Maqolada keltirilgan tadgigot ishi BuxDU Matematik analiz kafedrasi mudiri, f.-m.f.f.d. (PhD),
dotsent E.B.Dilmurodov rahbarligida bajarilgan va nashrga tavsiya gilingan.

Annotatsiya. Ushbu maqolada funksional tenglamalarning muhim sinflaridan biri bo ‘Igan integral
tenglamalarni parametrli chizigli tenglamalar va tenglamalar sistemasiga keltirish orgali yechish usullari
bayon qilingan. Dastlab, parametrli chizigli tenglamaning va tenglamalar sistemasining yechimga ega
bo ‘Imaslik, yagona yechimga ega bo‘lish yoki cheksiz ko'p yechimga ega bo‘lish shartlari keltirilgan.
So ‘ngra ulardan foydalanib bir necha turdagi chizigli integral tenglamalar yechib ko rsatilgan.

Kalit so‘zlar: parametr, chizigli tenglama, tenglamalar sistemasi, funksional tenglama, integral
tenglama, yechim, usul.

UHTETPAJIBHBIE YPABHEHUSI, IPUBOJUMBIE K JUHEWHBIM YPABHEHUSM U
CUCTEMAM YPABHEHWI C TAPAMETPAMU

Abcmpakm. B oannoii cmamve onucanvl Memoovl peuienus UHMeSparbHblX YPAGHeHUl, A8IAI0UUXCSL
OOHUM U3 BAJICHBIX KIACCO8 (DYHKYUOHANbHBIX YPAGHEHUll, NYMEM C8e0eHUs Ux K NapamMempuyecKum
JUHEUHbIM  YpaHeHusiM U cucmemam ypaguenuu. CHauana npusoosmcs ycio8us, NpuU KOmMOpPbIX
napamempuieckoe JUHeluHoe YypasHeHue U CUCeMa YPAGHEHUI He UMEOm peuleH s, UMerom eOUHCMBEHHOe
peutenue Ui UmMeiom OeCcKOHeUHO MHO20 peuleHuli. 3amem C UX NOMOWbIO Peularomcs HeCKOAbKO MUnos
JIUHEUHBIX UHMESPANbHbIX YPAGHEHUIL.

Knrouesvle cnosa: napamemp, nuMelinoe YpaeHeHue, cucmema YpasHeHull, @OYHKYUOHAIbHOE
ypasHeHue, UnmezpaibHoe YpasHeHue, peuierue, Memoo.

INTEGRAL EQUATIONS REDUCED TO LINEAR EQUATIONS AND SYSTEM OF
EQUATIONS WITH PARAMETERS

Abstract. This article describes the methods of solving integral equations, which are one of the
important classes of functional equations, by reducing them to parametric linear equations and systems of
equations. At first, the conditions for the parametric linear equation and the system of equations not to have
a solution, to have an unique solution, or to have infinitely many solutions are presented. Then several types
of linear integral equations are solved using them.

Keywords: parameter, linear equation, system of equations, functional equation, integral equation,
solution, method.

Kirish. Funksiyalardan tashkil topgan to‘plamga funksional to‘plam deyiladi [1,2]. [a, b] kesmada
aniglangan barcha uzluksiz funksiyalar to‘plami, [a,b] kesmada aniglangan barcha chegaralangan
funksiyalar to‘plami, [a,b] kesmada aniqlangan barcha monoton funksiyalar to‘plami, [a, b] kesmada
aniqlangan barcha integrallanuvchi funksiyalar to‘plami funksional to‘plamlarga misol bo‘la oladi. Agar
funksional to‘plamda berilgan tenglamada noma’lum funksiyadan iborat bo‘lsa, bu tenglamaga funksional
tenglama deyiladi. Funksional tenglamalarni yechish umuman olganda juda qiyin bo‘lishi mumkin, lekin
bunday tenglamalarni yechishning ba’zi umumiy usullari mavjuddir. Xususan, amaliyotda keng
qo‘llaniladigan usullar sifatida o‘zgaruvchilarni almashtirish usuli, noma’lum koeffitsiyentlar usuli, Koshi
usuli, o‘rniga qo‘yish usullarini sanab o‘tish mumkin [3]. Funksional tenglamalarning muhim sinflaridan biri
bu integral tenglamadir. Agar funksional tenglamada noma’lum funksiya integral ostida bo‘lsa, u holda
bunday tenglamaga integral tenglama deyiladi [1,2]. Masalan, ushbu
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b

o(x) = f K(x, 0g((0), )dt

a

ko‘rinishdagi tenglamaga ¢ funksiyaga nisbatan integral tenglamadir, K(:,-) va g(-,-) — berilgan
funksiyalardir.

Ushbu maqolada parametrli chizigli tenglamalarga keltiriladigan integral tenglamalar hagida fikr va
mulohazalar yuritamiz. Ma’lumki, umumta’lim maktablari, akademik litsey va kasb-hunar maktablari
matematika kursida parametr gatnashgan ifodalar, parametr gatnashgan tenglamalar, parametr gathashgan
tenglamalar sistemasi, parametr qatnashgan tengsizliklar va parametr qatnashgan funksiyalar o‘rganiladi.

O‘quvchiga qulaylik uchun parametrli chizigli tenglamalar va ularning yechimga ega bo‘lish shartlari
haqida gisqacha ma’lumot beramiz.

ax = b ko‘rinishdagi tenglamaga parametrli chizigli tenglama deyiladi. Bunda a va b parametrlar
haqgiqiy sonlar, x esa no‘malum (izlanayotgan o‘zgaruvchi). Parametrli tenglamalarni yechish usullarini
tadgiq gilish algebraning ko‘p o‘rganilayotgan obyektlaridan biri hisoblanadi. Buyuk alloma yurtdoshimiz
Abu Abdulloh Muhammad ibn Muso al-Xorazmiyning “Al-jabr val-muqobala” asarida tenglamalarni
yechish usullari to‘liq bayon qilingan. “Algebra” so‘zi asar nomidagi “al-jabr” so‘zidan vujudga kelgan.
Chiziqli tenglamalar bilan bog‘liq giziqarli masalalar umumta’lim maktablarining 5-sinf [4] va 6-sinf [5]
darsliklarida ko‘p uchraydi. Parametrli chiziqli tenglamalarni yechish bilan bog‘liq masalalarni esa oliy
ta’lim muassasalariga kirish test sinovlarida uchratish mumkin.

Quyida parametrli chizigli tenglamaning yechimga ega yoki ega emasligini a va b parametrlarga
bog‘liq ravishda tahlil gilamiz.

1) Agar a = b = 0 shart bajarilsa, u holda ax = b tenglama cheksiz ko‘p yechimga ega.

2) Agar a # 0 bo‘lsa, u holda ax = b tenglama yagona yechimga ega bo‘lib, bu yechim x =§
ko‘rinishda bo‘ladi.

3) Agara = 0, b # 0 bo‘lsa, u holda ax = b tenglama yechimga ega bo‘lmaydi.

Ushbu

a;1x +apy = by
{a21x + azy = by @
ko‘rinishdagi sistemaga ikki noma’lumli parametrli tenglamalar sistemasi deyiladi. Bu yerda
a11,a12, 21,22, b1, b, sonlari hagiqqiy (kompleks) sonlar, x va y izlanayotgan noma’lumlar.
Endi (1) tenglamalar sistemasi yechimga ega bo‘lish shartlarini keltiramiz:

1) Agar % =du 4 % shart bajarilsa, u holda (1) tenglamalar sistemasi yechimga ega emas.
2

21 Qz2
2) Agar % = % = % shart bajarilsa, u holda (1) tenglamalar sistemasi cheksiz ko‘p yechimga ega.
21 22 2
Agar % * % shart bajarilsa, u holda (1) tenglamalar sistemasi yagona yechimga ega.
21 22

Parametrli chizigli tenglamalarga keltiriladigan integral tenglamalar. Endi parametrli chizigli
tenglama yechimining mavjudlik shartlardan foydalanishga oid masalalarga to‘xtalib o‘tamiz.
1-masala. Ushbu

1
p(x)—y(1+x) _[ to(t)dt =1 —x? (2)
0

integral tenglama y € C parametrning ganday giymatlarida yechimga ega, ganday giymatlariga
yechimga ega emas, qanday qiymatlarida yechim cheksiz ko‘p. Yechim mavjud bo‘lgan hollarda yechimni
toping.
Berilgan (2) integral tenglamani yechish magsadida
1

I = f to(t)dt 3
0
belgilash kiritamiz hamda ¢ (x) funksiya uchun
o(x) =y +x)]+1—x? (4)

ifodani hosil gilamiz. ¢ (x) funksiya uchun topilgan (4) ifodani (3) belgilashga qo‘yamiz:
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1
I = f tiy(1+ I +1—t>)dt;

0
1 1

1= f t(1+t)yde -1+ f t(1—t?)de;
0

0
1_(1+ 1)I+1 1
BAVARETARE I
3-2y 1
6 T4’
(3 2)1—3
Y =

y parametrga nisbatan hosil bo‘lgan oxirgi parametrli chiziqli tenglamani tahlil qilamiz.
Ko‘rinib turibdiki, agar y = g bo‘lsa, u holda berilgan (2) integral tenglama yechimga ega bo‘lmaydi.
Aksincha, agar y # %bo‘lsa, u holda I soni uchun

. 3
“2B@-21)
tenglik o‘rinli bo‘lib, berilgan (2) integral tenglama yagona yechimga ega hamda bu yechim
()_3}/(1+x)_|_1 )
P =B =2y x

ko‘rinishda bo‘ladi.

2-masala. Ushbu

/2
px) — ysinxf costp(t)dt =1 (5

0
integral tenglama y € C parametrning ganday giymatlarida yechimga ega, ganday giymatlariga
yechimga ega emas, qanday giymatlarida yechim cheksiz ko‘p. Yechim mavjud bo‘lgan hollarda yechimni
toping.
2-masalada berilgan (5) chizigli integral tenglamada
/2

I=f costop(t)dt (6)

0
kabi belgilash kiritamiz hamda izlanayotgan ¢ (x) funksiya (yechim) uchun
@(x) =ylsinx + 1 (7
ifodani hosil gilamiz. 1zlanayotgan ¢(x) funksiya yechimi uchun topilgan (7) ifodani (6) belgilashga
go‘yamiz hamda sodda hisoblashlarni amalga oshiramiz:
/2

I = f (yI cost sint + cost)dt;
0

/2 /2
I = y_[ cost sint dt-1+f costdt;
0 0
1
I=y- > I+1;
2-pnI =2 (8)

Hosil bo‘lgan y parametrga nisbatan (8) parametrli chizigli tenglamani tahlil gilamiz.
Ko‘rinib turibdiki, agar (8) tenglamada y = 2 bo‘lsa, u holda berilgan (5) integral tenglama yechimga
ega bo‘lmaydi.
Aksincha, agar (8) tenglamada y # 2 bo‘lsa, u holda I soni uchun
2

tenglik o‘rinli bo‘lib, berilgan (5) integral tenglama yagona yechimga ega hamda bu yechim
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2y sinx
> +1

px) =
ko‘rinishda bo‘ladi.

O‘quvchilar mustaqil yechishlari uchun quyidagi masalalarni tavsiya gilamiz.
3-masala. Ushbu

p(x)—y(1—x) f(l + e(t)dt =x% +1

0
integral tenglama y € C parametrning ganday giymatlarida yechimga ega, ganday giymatlariga
yechimga ega emas, ganday qiymatlarida yechim cheksiz ko‘p. Yechim mavjud bo‘lgan hollarda yechimni
toping.
4-masala. Ushbu

px) —y(x?-2) f(S +tHp(t)dt = x + 4

0

integral tenglama y € C parametrning ganday giymatlarida yechimga ega, ganday giymatlariga
yechimga ega emas, qanday qiymatlarida yechim cheksiz ko‘p. Yechim mavjud bo‘lgan hollarda yechimni
toping.

Parametrli chizigli tenglamalar sistemasiga keltiriladigan integral tenglamalar. Chizigli integral
tenglamaning xususiyatidan kelib chiqib uni parametrli tenglamalar sistemaning yechimga ega bo‘lish
shartlaridan foydalanib yechish mumkin [1,2].

5-masala.

1
x(s) — Af(s + st)x(t)dt = s?
0
berilgan integral tenglama AeC parametrning ganday giymatlarida yechmga ega, ganday giymatlarida

yechimga ega emas, qanday giymatlarida yechim cheksiz ko‘p bo‘ladi?
Dastavval, tenglamani qulay ko* rmlshga keltirib olamlz

x(s) — Afsx(t)dt —Afstx(t)dt =s?

A o‘zgarmas son bo‘lganligi uchun mtegral belgisi ostldan chigarish mumkin.
1 1

x(s) — s f x(t)dt — Asf tx(t)dt = s2. 9)
Quyidagi belgilashlarni kiritamiz: ’ ’
( 1
| a= | x(t)dt
/
l 1 (10)

Lb = Of tx(t)dt

(9) ko‘rinishdagi ifodani quyidagi ko‘rinishda yozib olamiz:
x(s) — Asa — Asb = s?
x(s) = Asa + Asb + s?
O‘zgaruvchilarni almashtirish orqgali quyidagini hosil gilamiz:
x(t) = Aat + Abt + t2.
x(t) ning bu ko‘rinishidan foydalanib, (10) tenglamalar sistemasini ko’rinishi quyidagicha bo‘ladi.
1

1 Aa Ab
=fx(t)dt:f(/lat+/1bt+t2)dt—§+7+7
0 0
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1 1
1 Aa Ab
b= f tx(t)dt = J t(Aat + Abt + t?)dt = yRECTREr
0 0
( A) Ab 1
“\T2)7 273
A b ¢ A) -
3 3) 4
Yechimga ega bo’lmasligi uchun quyidagi munosabat o‘rinli bo‘lishi kerak:
LA A1
T2_"2 .3
A AT
-3 173 1
Cheksiz ko‘p yechimga ega bo‘lishi uchun
14 4 1
~_2__ 2 _3
A 1
-3 1-3 17
tenglik o‘rinli bo‘lishi kerak.
14 2
2, 2
_A 4
3 3

bo‘lganda esa tenglama yechimga ega bo‘lmaydi. Bundan A ning g dan fargli barcha giymatlarida
tenglama yagona yechimga ega bo‘ladi.
6-masala.

1
x(s) — Af(s + s2)x(t)dt =s? + 1

0
berilgan integral tenglama AeC parametrning ganday giymatlarida yechmga ega, ganday giymatlarida
yechimga ega emas, qanday giymatlarida yechim cheksiz ko‘p bo‘ladi?

Bu integral tenglamani yechish uchun dastavval, tenglamani qulay ko‘rinishga keltirib olamiz:

1 1
x(s) — Afsx(t)dt - Afsztx(t)dt =s2+1
0 0
1 1

x(s) — As f x(t)dt — As? f tx(t)dt = s? + 1. 11

0 0
Quyidagi belgilashlarni kiritamiz:
1

l(a = fx(t)dt

| ° (12)

Lb = f tx(t)dt

0

(11) integral tenglama quyidagi ko‘rinishga ega bo‘ladi:
x(s) — Asa — As?b = s? + 1.

(12) tenglamalar sistemasidan foydalanib, (10) integral tenglama quyidagi ko‘rinishga ega bo‘lamiz:
x(s) =Asa+As?b +s%2 +1

x(t) = Aat + Abt? +t?> + 1
(12) tenglamalar sistemasini qulay ko‘rinishda yozib olamiz:
1 1

4 JAda Ab
a=jx(t)dtzj(lat+lbt2+t2+1)dt=§+7+?
0 0
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1 1

3 da b
b=Jtx(t)dt=-[t(/lat+/1bt2+t2+1)dt=z+?+7
0 0

2 3 3
Aa b(1 A 3
3 * ( 4) 4
Yechimga ega bo’lmasligi uchun quyidagi munosabat o‘rinli bo‘lishi kerak:
A A4
'"2_"3.3
1273
3 4 4
Cheksiz ko‘p yechimga ega bo‘lishi uchun
1 A A 4
2__3 _3
A 443
3 4 4
tenglik o‘rinli bo‘lishi kerak.
1 A A
2,3
AT
3 4

bo‘lganda esa tenglama yechimga ega bo‘lmaydi.
7-masala. Ushbu
21

x(s) — Af sin(3s + t)x(t)dt = cos s
0

Integral tenglamani yeching?

Yechish. Agar sin(3s + t) = sin3s - cost + cos3s - sint ayniyatni hisobga olsak, berilgan integral
tenglamani quyidagicha yozish mumkin:

2T 21
x(s) = Asin 35[ cost x(t)dt + Acos3s f sint x(t)dt + cos s

0 0
Bu yerda

2T 2T

a= f cost x(t)dt, b= f sint x(t)dt

0 0

belgilashlarni kiritsak,
x(s) = Aa sin3s + Ab cos 3s + cos s (13)

ifodani olamiz. Endi a vab o‘zgarmaslarni topish uchun (13) ni a va b tengliklarga qo’yib
tenglamalar sistemasini hosil gilamiz.

2T 2T 21

i a=lafsin3t-costdt+lbf cos3t-cost dt+f cos?t dt
0

0
2m 2m 2

0

|b=/’lafsin3t -sintdt+/1bf sint-cos3tdt+j sint - cost dt

0 0

{a=/1a -(())+/1b-0+1r
b=2da-0+Ab-0+0
bundan a=m va b =0 larni hosil gilamiz. Demak, tekshirilayotgan integral tenglama A
parametrning barcha nolmas giymatlari uchun yagona yechimga ega va bu yechim
x(s) = mAsin3s + coss
funksiyadan iborat bo‘ladi.
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[6-10] maqolalarda parametrli chizigli tenglamalar va tenglamalar sistemasini yechish usullaridan
foydalanib, Fridrixs modeli va ikki zarrachali diskret Shryodinger operatorining Fredgolm determinant
qurilgan hamda xos giymatlar soni va joylashuv o‘rni o‘rganilgan.

Xulosa. Ushbu maqolada umumta’lim maktablarida va oliy ta’limda ko‘p o‘rganiladigan funksional
tenglamalarning muhim sinflaridan biri bo‘lgan integral tenglamalarni parametrli chiziqli tenglamalar va
tenglamalar sistemasiga keltirish orqgali yechish usullari bayon gilingan. Dastlab, parametrli chizigli
tenglamaning va tenglamalar sistemasining yechimga ega bo‘lmaslik, yagona yechimga ega bo‘lish yoki
cheksiz ko‘p yechimga ega bo‘lish shartlari keltirilgan. So‘ngra ulardan foydalanib bir necha turdagi chizigli
integral tenglamalar yechib ko‘rsatilgan. Ta’kidlash lozimki, maqolada qo‘llanilgan usullar Fridrixs modeli
va ikki zarrachali diskret Shryodinger operatorining Fredgolm determinantini qurishda hamda xos giymatlar
soni va joylashuv o‘rnini o‘rganishda muhim ahamiyat kasb etadi.
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INVESTIGATION OF AN INITIAL BOUNDARY VALUE PROBLEM FOR A FRACTIONAL
ORDER EQUATION WITH THE RIEMANN-LIOUVILLE OPERATOR
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Abstract. The field of mathematical analysis, called fractional calculus and devoted to the study and
application of derivatives and integrals of arbitrary order, has a long history and rich content, due to
penetration into it and relationships with a wide variety of issues in the theory of functions, integral and
differential equations, etc. It is located in constant development, which feeds on the ideas and results of
various directions in mathematical analysis. The fractional calculus of functions of one and many variables
continues to develop intensively at the present time, as evidenced by both a large stream of publications and
international conferences especially devoted to questions of fractional calculus. It is possible that it is
precisely the constant development of the theory of fractional integro-differentiation, and in recent decades
its great branching, especially in the case of functions of many variables, that is the reason for the lack of
monographs on this theory. Meanwhile, this circumstance could not but serve as a brake on the development
of fractional calculus. A number of very significant and fundamental results have been published in original
papers, many of which are difficult to access and little known.

This article is devoted to the solution of the initial-boundary value problem for a differential equation
with fractional Riemann-Liouville derivatives. The work uses the spectral method and the integral Laplace
transform to find the solution of the direct problem in explicit form through an infinite series with a three-
parameter Mittag-Leffler function. Further, when sufficient conditions are met with respect to the given
functions, it is proved that the constructed solution is regular.

Keywords: Riemann-Liouville fractional derivative, Mittag-Leffler function, Laplace transform, initial

conditions, boundary conditions.

UCCJIEJJOBAHUE HAYAJIBHO-KPAEBOM 3AJTAYM IS YPABHEHUSI JPOBHOI'O
IHHOPAIKA C OIEPATOPOM PUMAHA-JINYBUWJLJIA

Annomayus. Obracmv MamemMamuyecko20 aHAIU3d, HA3b16AEMAsl OPOOHBIM UCUUCIEHUEM U
NOCBAWEHHASL U3VHEHUIO U NPUMEHEHUI0 NPOU3BOOHLIX U UHMEZPAlo8 HPOU3BONbHO20 NOPAOKA, UMeem
Onumenvuylo ucmopuio u 6ozamoe cooepiicanue, 00yClO81eHHOe NPOHUKHOBEHUEM 6 Heé U CEA3AMU C
CambiMU pA3HLIMU BONPOCAMU MeOPUU PYHKYULL, UHMEZPATbHbIX U OUPpepeHyuanbHblX ypagHeHuil u m.o.
Ona Haxooumcs 6 NOCMOAHHOM pPA36UMUU, KOMOPOEe NUMAEMCs UOeAMU U Pe3VIbMAaAmdamMi pasiuyHbix
Hanpaeienull 8 mamemamuyeckom aumanuse. [[pobnoe ucuucnenue ynkyuii 0OHOU U MHOSUX NePEeMEHHbIX
npooodicaem UHMEHCUGHO PA36UBAMbCS U 6 HACMOSAWee 6pemMs, 0 YEM ceuoemenbCcmeyem Kak 60abuion
NOMOK NYOAUKAYULL, MAK U MENCOYHAPOOHbBIE KOHPEPEHYUU, CReYUATbHO NOCEAWEHHbIE 8ONPOCAM OPOOHOZO
ucuucnenusi. Bosmoowcno, umo umenno nocmosmHoe passumue meopuu  OpoOOHO2O  UHMEZPO-
ougghepenyuposanus, a 6 nocieonue oecamuniemus u eé OONbULAA PA36EMBIEHHOCIb, 0COOEHHO 8 Cydae
@YHKYULL MHORUX NEePEeMEHHbIX, ABNAIOMCA NPULUHOU OMCYMCMBUs MoHozpaguil no smotl meopuu. Medxicoy
mem, Mo 0OCMOAMENbCMBO He MO2I0 He CAYICUMb MOPMO30M paszeumus OpobHoco ucyucienus. Pao
6ecoMa 3HAYUMBIX U PYHOAMEHMANLHBIX PE3YNbMAmos Obliu ONYOIUKOBAHBL 8 OPUSUHANLHBIX PAOOMAX,
MHO2UE U3 KOMOPBIX MPYOHOOOCHYNHbL U MALOU3GECHIHD.

Hacmoswas cmamvs noceswena peuwieHuio HA4anbHO-Kpaeou 3adayu 0 OupgepeHyuanvnozo
ypasHeHuss ¢ OpoOHbLIMU NPOU38OOHLIMU Pumana-Jluysunns. B pabome ucnonv3ylomess cnekmpanbHbulli
Memoo u uHmezpaibHoe npeobpazosanue Jlaniaca s HAX0HCOeHUs PeueHust NPIMOU 3a0a4U 8 I6HOM 8Ude
uepe3 beckoHeyHwlll pso ¢ mpéx napamempudeckoi ynkyuei Mummae-Jlegpprepa. anee, npu svinonnenuu
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00CMAmMOUHbIX YCI08UlL OMHOCUMENbHO 3A0AHHLIX (@QYHKYUL, OOKA3AHO, 4MO NOCMPOEHHOe peuieHue
ABTAEMCSL PECYNAPHBIM.

Kntouesvle cnosa: opobuas npoussoounas Pumana-Jluyeunns, ¢ynxkyus Mummae-Jlegpghrepa,
npeobpaszosanue Jlannaca, Ha4aIbHvle YCIOGUS, SPAHUYHBLE YCLOBUSL.

RIMAN-LIUVILL MA’NOSIDA KASR TARTIBLI HOSILA QATNASHGAN
TENGLAMAGA QO’YILGAN BOSHLANG‘ICH CHEGARAVIY MASALA TADQIQI

Annotatsiya. Kasr tartibli hisobi deb ataladigan va ixtiyoriy tartibli hosilalar va integrallarni
o ‘rganish va qo ‘llashga bag ‘ishlangan matematik tahlil sohasi unga kirib borishi va nazariyadagi turli
savollar bilan bog'ligligi tufayli uzoq tarixga va boy mazmunga ega. Kasr tartibli hisobi doimiy
rivojlanishda bo‘lib, matematik tahlilning turli yo ‘nalishlari g‘oyalari va natijalari bilan tavsiflanadi.
Hozirgi vaqtda bir va ko'p o ‘zgaruvchilarning funksiyalarining kasr hisobi jadal rivojlanishda davom
etmoqgda, buni ham katta nashrlar oqimi, ham kasr hisobi masalalariga bag ‘ishlangan xalgaro
konferensiyalar tasdiglaydi. Aynan kasr integro-differentsiatsiya nazariyasining doimiy rivojlanishi va
so‘nggi o'n yilliklarda uning katta ta’sirlari, aynigsa, ko ‘p o ‘zgaruvchilarning funksiyalari misolida, bu
nazariya bo ‘yicha monografiyalarning yetishmasligiga sabab bo ‘lishi mumkin. Shu bilan birga, bu holat
kasr hisobining rivojlanishiga to‘siq bo ‘lib xizmat gila olmadi. Bir qator juda muhim va fundamental
natijalar asl nashrlarda nashr etilgan, ularning ko ‘piga kirish qiyin va kam ma’lumdir.

Ushbu maqola kasr tartibli Riemann-Liouvil hosilasi qgatnashgan differensial tenglama uchun
qo yilgan boshlang ‘ich-chegaraviy masalasini yechishga bag ‘ishlangan. Ishda uch parametrli Mittag-1 effler
funksiyasi qatnashgan cheksiz qator orqali to ‘g ‘ri masalaning yechimini qurilgan. Buning uchun spektral
usul va integral Laplas almashtirishi qo ‘llaniladi. Bundan tashqari, agar berilgan funksiyalar bo ‘yicha
yetarli shartlar bajarilsa, tuzilgan yechim klassik ekanligi isbotlanadi.

Kalit so‘zlar. Riman-Liouvilning kasr hosilasi, Mittag-Leffler funksiyasi, Laplas konvertatsiyasi,
boshlang ‘ich shartlar, chegara shartlari

Introduction. Let us consider the initial boundary value problem for a differential equation with

fractional derivatives
m-—1

u; + Z Uk Dg‘f,tu - yngftuxx =f(xt), 0<x<l[,0<t<T, (1
k=1
the initial condition
u(x,0)=¢kx), 0<x<l|, (2)
the boundary conditions
u(0,t) =u(l,t) =0, 0<t<T, 3

where0<ap <1, a1 <a; <...< ap_ 1,yk6[u,u]0<u<u,k—12 mDOH fractional

derivative in the sense of Riemann-Liouville with respect to the variable t, defined by the equality ( page
69):
1 d (* g
D = | = 1
(P5:,69)(®) = dt lort9(8) = r(-yydtl, G- 0<r<i

Dy, 9 =g, v=1,
9() = Q)
Lo ryJ, @—otr

f(x,t), @(x) — given functions, [ > 0 and T > 0 — some fixed numbers.

In mathematical modeling of mass transfer processes in media with a fractal structure, the method of
fractional derivatives is used, the essence of which is to replace the integer derivative with a fractional
derivative [1], [2]. Various initial and initial-boundary value problems for such equations are studied in the
monograph [2]. In [3], a Cauchy-type problem for the fractional diffusion equation with a discretely
distributed differentiation operator was studied. The properties of the fundamental solution were studied
using the Wright function. In [4], using the Green’s function method, the Cauchy problem was solved for the
equation of anomalous diffusion-advection of radon in a fractal medium, which is represented using the
Caputo fractional derivative with respect to time and the Riesz-Weil fractional derivative with respect to the

dr, 0<y<],
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spatial coordinate. It is also shown that in the case when the exponents of fractional derivatives are equal to
1, the solution coincides with the previously known classical solution. In recent years, numerous studies [6]-
[8] have been carried out on inverse problems involving various corresponding fractional operators,
including the diffusion operator.

In [10-15], the unique solvability of nonlocal direct problems and problems with inverse sources for
various fractional differential equations with Caputo and Riemann—Liouville integrodifferential operators
was studied.

An equation of the form (1) with a,,, = 0 and m = 2 describes the processes of transfer of immobile
solute in highly inhomogeneous porous media [5]. Work [9] is devoted to constructing a fundamental
solution (1) and, with its help, solving the Cauchy problem for this equation when ,, = 0 and m = 2.

Equation (1) differs from the fractional diffusion equation and the fractional wave equation [2] in that
it contains both classical and fractional derivatives of the unknown function.

We will call the problem (1)-(2) a direct problem and by its regular solution we mean a function
u(x, t), defined in a closed domain 2 : = {(x, t): x € [0,1],0 < t < T}, satisfying the conditions

1) {tYue, tYDof u, tYDgT U} € C(R), v = max{ay, ap}, k=12, -1;

2) u(x, t) is twice contmuously differentiable with respect to x for each 0 < t < T;

3) for each x € (0,1) fractional integrals of the function u(x,t): Io; *ux,t), Ioy s e (x,t) -
continuously differentiable with respectto t € (0,T];

4) the equalities (1])—(3) are satisfied.

In this work, we use the following weighted function spaces (, pp. 4-5, 162- 163):

Cy[0,T]:={g:(0,T] —» R:t"g(t) € C[0,T],0 <y <1},

with the norms
I g Il,=It¥g(®) lc=Ilt¥g(®) II.
1. Preliminaries. The Mlttag Leffler function is an entire function defined by the series

E,(z) = z ,a € C, > 0.
(2) = F(a] D zZ,a R(a)
Also called the Mittag-Leffler functlon is the sum of a more general series
E,3(z) = Z'—' z,a,f €C, R(a) >0,
a,ﬁ j=01"(a] + ﬁ) B

thus Ey 1(2) = E4(2).
The three-parameter Mittag-Leffler function is defined as follows

EY .(2):= %i z,a,B,y €C, R(a)>0
@B _OF(ak+E) R ’ ’
here (y),, is the Pochhammer symbol:
'y +n)
W = T)’) and (¥)o =1 R(@y)>-n, neN; y¢{0,-1,-2,...}).

Next we need the following statements:
Proposition 1. The following Laplace transformations are correct ( p. 84):

L[(DY, .9(D]®) = p"LIg®OI®) — (Iy779)(0+), 0<y <1, (4)
L sav—=B
L [tﬁ‘lEZ;B(iwt“)] (s) = jo e Stth- lEyB(+wta)dt m, (5)
where |w/s%| < 1.
Definition 1: The H(z) — function, which is defined by means of a Mellin-Barnes type integral in the

following manner:
VA
H(z) = H™" [z|(ap »)
(g, By)

1
where i = (—1)z, z+# 0, and z~° = exp[—s{In|z| + iargz}], where In|z| represents the natural
logarithm of |z| and argz is not necessarily the principal value. Here

1
= —,f@ (s)z75ds,
2mi ),
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o(s) T, T (b +BS)H _ T (1—a;— 4;s)
S) = .
j= m+1F(1 BS)H] n+1r(aj+AjS)
An empty product is always interpreted as unlty, n,mp,q€ENyWith0<n<p,1<m<gq,4,B;€
R4, a;,b; € R(C), 1 =1.2,...,p,j = 1,2,...,q. L is asuitable contour separating the poles

b] +v .

(v=— ,j=12,....m;v=0,12,..
Bj

of the gamma function I'(b; + sB;) from the poles

l—a,+k
s = () A= 12 mk = 0,12 ©)
vl
of the gamma functions I'(1 — a; — sA,), that is
Ay(bj+v) #Bj(ay —k—1),j=1, 2 LomA=12,...,mv,k=123,... (7)
14
U= ZB ZA], 3)
.= =
n m q
a= ) 4~ Z 4 B- ) B )
j=1 j=n+1 j=1 j=m+1

Proposition 2. (see , p. 19). Let u and a be as given in (8) and (9), and let condition (7) be satisfied .

Then, if u=0o0or u<0, a >0, |argz| < 1na then the H-function has an asymptotic expansion at zero
Hy'(z) = 0(z°), |z| - 0, here, ¢ = min [m(b’) R(b;) — real part b;.
1sjsm
The three-parameter Mittag-Leffler function EZ’B(Z) has the following representation through the
H —Fox function, (see , p. 67):
1-y1
L@ = iy [0, 0 o] (10
Proposition 3. (cm. , ¢. 79 ): Let « € R and 0 < a < 1. Let also the functions f(x) and k(x) be
defined on [a, b] such that Let « € R and 0 < a < 1. Let also the functions f(x) and k(x) be defined on
[a, b] such that f(x) € C[a,b] and L(x)= foxr‘“k(x — 17)dt € C'[a, b]. Then for anyone x € [a, b],

DE: |f; k (6 = Df ()] () = J7 Dg [k(t = )@ (x + a = v + £ (o) lim 1357k (t ~ )] ().
Proposition 4. Let u, @, § > 0, a € R. Then the following formulas for the Riemann—Liouville and the
Liouville fractional integration and differentiation of the Prabhakar function are valid:

{ b [tﬁ 1EVB(at“)]} (x) = xP#1EY o (ax®). (11)

2. Existence and uniqueness results for direct problem solution.
Regarding the input data of the direct problem, we will assume that the following conditions are met:
(A1) p(x) € C2[0,1], " (x) € L,(0,1), ¢(0) = (1) = ¢"(0) = ¢"(1) = 0;
(A2) f(x,) € Cc[0,T] forall t € [0,T], f(-,t) € C2[0,1],

fFOC €L 0,D,£(0,8) = (L) = frx(0,1) = forx (L) = 0;
Theorem. Let0 < ap, <1,k =1,2,...,m and let conditions (A1) and (A2) be satisfied. Then the only
regular solution to the direct problem (1)—(3) is given by the formula

t
u(x,t) = ; <<pnGn(t) + J; Gp (t— T)fn(T)dT) Xn(x), (12)
where

[oe]

G”(t)zz Z kl'ki - “—_[(“V)kle

r=0 k1+k2++km 1=Tr
(=r,1)

r-ymla,k, g1l 1-am
e ot 1) by~ — a9

@, and £, (t) - Fourier coefficients of functions ¢(x) and f(x,t) by system of orthonormal functions
X, ().
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Proof. By applying the Fourier method, the solution u(x, t) of the problem (1)-(3) can be expanded in
a uniformly convergent series in term of eigenfunctions of the form

w50 = )Xo (un(®) (14)
n=1
where
2 m
X,(x) = Tsin/lnx, Ay = (T)z, n=123,.. (15)
Taking into account equality (14), we obtain from (1) following equation
m-—1
,(t) + Z ,uk 0+ tun(t) + .um/1 D0+ tun(t) = fn(t) (16)
k=1

where

l
fa(8) = f f (x, )X, (x)dx.
0

The initial condition (2) give:
l

l
1 (0) = f 1 (%, 0)X, (x)dx = f 0 DX ()dx = g (17)
0 0

Thus, we obtained ordinary fractional differential equations (16) for unknown functions u, (t) with
initial conditions (17). To solve them, we will formally apply the Laplace transform. Then, we get the
following expression:

m—1
SOn(S) = On+ Y e SH () + timAnsTTOn(5) = fu(s)  (18)

where =
L[un(t)] = wn(s)’ L[fn(t)] = ¢n(5)- (19)

Next we show that u,, (t) is continuous on [0, T]. Then the second term on the right side of (4) will be
equal to zero.
Solving equation (18) we get
Pn + Pn(s)
wy(s) = m—1 o o
S+ k=1 Hi ST+ Ay stm
Next, we calculate the inverse Laplace transform. First, we transform formula (19) for
m_—l Sak
| k=1 Hk <1
S+ UpA,s9m

as follows:
(pn + ¢n(s) _ Pn + ¢n(s) 1
S+ TR e ST A+ i AnSTm S + iy Ay e g 5
S + A, sem

1+

N D (0n + 60()
B S + UpAps%m

r=
_ Z (_1)T((Pn + ¢n(s)) z r! y
- am\r+1 T kol e 1
oy (s + tpA,s%m) itk t T o kilky! ... kpy_q!
m—1
8 [H(m"v] STV vy (20)
v=1
if we also take into account the following relation:

(x, + x2+...+xm1)r< Z )kll Tl N “_[(xv)"”] (21)
Kitko+ tkm_1=T -

— co _ r
ot g s r_ z (—1)r(¢’n + ¢n(5))( ot Sak) _
S + UmApSom (5 + pmApsOm)r+1

(
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where the summation is taken over all kq, ks, ..., ky,_1 € Ny such that ky + +k,+... k,,_q = 7 [See,
(,p.823)].
According to (5) and (10), for s € € and |, 4,5s%~1| > 0, we have
SZ,’,”:_ll ayky =ty (r+1)

= ve1 Qyky prtl _ 1-am\ | —
(sl=am + p, A,)7+1 - L{tr R El Apr+1-Y K, (—umAnt™™* )} =
(=, 1)

— L{tr > ‘kav [ A tl-am } 22
T 0,1, (2t ay ky — 71— @) ) P
Using the well-known theorem on the Laplace transform of the convolution of two functions, from

(18) taking into account the above calculations, we obtain the following formal solution to problems (16) and
@an:

Up(t) = PpGy(t) + fth (t —Dfp()dr, (23)
0

where

0 —

(-1’
GO=)C D e ]_[wv)"v
kl' k2 m 1
r=0 k1+k2+...+km_1=r
m— 1)

X tTIE “vkal'l[ Apti=am ( " . (24
12 [Fmnt T (0,1, (2t @y ey — 71— )] PP
Now we will prove that function u,, (t) is a classical solution to problem (16)- (17) using proposition 2

we obtain the following estimates for the H-function

(_TI 1)

m—1

Hy5 1-am < Cr.
1,2 ‘lel t (0’1)’<Z aka—T,l—a{m> _CT

v=1
And from this we have estimates for the function G,,(t)

[oe]

! it ] ea-aor
< - v =
|G"(t)|—CTZ Z Kylkyl Ky ! H(“V) 7!
V:

r=0 \ki+ky+..+tkpm_1=7
(o0}

t(l—a’ﬂr 1
=CT2MT 7! = CreM 7,

r=
where Y1 u, = M. Thus, the function u,, (t) is evaluated as follows:

lun (O < Cr(@nl + T Il fr DT (25)
For both sides of formula (23) we apply D0+ . and get the following
t
D0+tun(t) 0+ ¥ G (D) +D0+tf G, (t — 1) f,(7)dr.
Then appling the proposition 5 to the last equation and we have:
t
DR ta0) = 9uDEGn(®) + | D Gt D (26)

Using formula (10), we express the function (24) in terms of the Mlttag -Leffler function

[oe]

e
NOEDY e ]_[(uv)"v x
=0 \ky+ky+thmoq=r | L 27
b it Gl @

Next we calculate Dy .G, (t)

[oe]

PEGO=Y Y e [ﬂlwv)"v] x
1

r=0 \k1+ky+ +km 1_T

X t'™ L5 avk"_akEr+1 (- ,um/lntl_am)' (28)

1—am ="t ayk, —ay
Evaluate the function |Dg* .G, (1]
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[o0]

o

r!

Do 1 Ga (D] < Z( Z )W[H(M)k”] X
r=0 k1+k2+ +km_1='r 1eh2te tm-1t v=1

r=ymla,ky,—ap pr+1 1-am)| —
x It Y E1 A=YV avkv_ak( /lm}{ t )l

kv]
( T, 1)
— 1
X tT—va:11avkv_akH11 /’[ tl Om o <
| [P‘m |(0’1)’ Z av kv _ T',l _ am ]l —

v=1

oo

20 ) R

r=0 k1+k2+...+km_1:r

oo

20 2

r=0 k1+k2+...+km_1:r

- @ kv r=y avkv 4973
| | n t v=1 C
I 1| I 2 ( v) T

< Cr Z M7 t(A-a)r—ak,

r=0
From the last arguments we get the following:

|t Dy ,Gn(t)| < CreMt™ “er—ax,
Using the last estimate obtained for function D(‘,"J’:’tun(t), we obtain the following estimate:
|t" Do eun (D] < CrlenleME ™ V= £ TCp |l £ Il ME 07—, (29)

And finally, using equation (16) and estimates (29) for the function u’,,(t) we obtain the following
estimate:

tVun(t)|<ZluktyDS‘ftun(t)Hlum nt? Dot (O] +1 fu lly . (30)

Consider the convergence of the followmg serles

Zan (pnl +T 1 1) =

"o ! !

= 2A< 0 OXa (x| +7 ||| £ G OXa)dx ) 3D
n=1 0 0

Integrating the functions ¢ (x) and f(x, t) by parts, and taking into account conditions (Al) and (A2),
we obtain the following:

!
-[ f¢(x)51nﬂdx ~—f f¢(3)(x)cosﬂdx 1 — Pn
n3
f ff(x t)sm—dx ~ —f ffxxx(x t)cos—dx 3fn(t)

Let’s write the series [HIl_31] using the last equality and apply the Cauchy-Buniakovsky inequality to
this series, then we get

+T

zln(lq)nl +T I fu )~ Z%(Iénl +THf ) <
n=1 =

n=1
< C(" Q@ "LZ[Ol + T f "LZ([O 11,[o, T])) (32)
Next, we examine the continuity of functlons u(x,t), Do u(x, 1), and Do Uy (x, £):

Erutx,0)] = Z | VU (X ()] < Z | un(0)] < cTtVZ(kpnl AT fu e,

|67 D u(x, £)] < Z |67 DK 11, ()X ()| < CreME™ er- “kz(l(pnl AT

n=1 n=1
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124 D0+ tuxx(x )| < z |tyD0+ tun(t)X"n(x)l < CTeMtl_alty_am 2 AnUenl + TN £, 1D.

The convergence of the above series follows from formula (32), so functlon (12) is a classic solution
for problems with (1)-(3). The theorem is proven.
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UO‘K 517.55
UCHINCHI TIP KLASSIK SOHA AVTOMORFIZMLARINING BA’ZI TATBIQLARI

Erkinboyev Qutlimurot San’atbek o°‘g‘li,
Urganch davlat universiteti Matematik tahlil kafedrasi tayanch doktoranti
gerkinboyev@gmail.com

Annotatsiya. Matritsaviy sohalar birinchi bo lib E.Kartan va K.Zigel tomonidan chuqur o ‘rganilgan.
Jumladan, ular to ‘rtta klassik sohalar avtomorfizmlarining umumiy ko ‘rinishlarini tasvirlashgan.
Bu magolada Rudin [2] kitobidagi Teorema 2.2.5 ning Kartanning uchinchi tip klassik sohasidagi
analogi keltirilgan.
Kalit so‘zlar: kososimmetirik matritra, unitar matritsa, simmetrik soha, klassik soha, avtomorfizm.

HEKOTOPBIE IPUMEHEHHS ABTOMOP®HU3MOB KJIACCUYECKHX OBJACTEH
TPETBET'O TUITA

Annomayus. Mampuunvie oboracmu énepsvie OvLiu 2nyooxo uzyuenst 3. Kapmanom u K. 3ucenem. B
YACMHOCMU, OHU ONUCANU 0DWUe POPMbL ABMOMOPPUIMO8 YembIP X KIACCULECKUX 001ACTelL.

B smoii cmamve nonayuen ananoe Teopemvl 2.2.5 uz knueu Pyouna [2] Ons knaccuueckux obaacmetl
Kapmana mpemvezo muna.

Kntouegvle cnoea: rococummempuueckas Mampumya, VpPUMApHAs Mampuyd, CUMMempUdHds
obnacms, Kiaccuieckas 0o1acmy, asmomoppusm.

SOME APPLICATIONS OF THIRD-TYPE CLASSICAL DOMAIN AUTOMORPHISMS

Abstract. Matrix domains were first deeply studied by E. Kartan and K. Ziegel. In particular, they
described the general forms of automorphisms of four classical domains.
In this paper, we obtain an analog of Theorem 2.2.5 from Rudin’s [2] book for classical Cartan
domains of the third type
Key words: skew-symmetric matrix, unitary matrix, symmetric domain, classical domain,
automorphism.

Kirish. Ma’lumki, Riman teoremasiga asosan chegarasi bir nuqtadan ko‘p bo’lgan ixtiyoriy bir
bog‘lamli soha U = {Z eC Z|Z| < 1} birlik doiraga bigolomorf ekvivalent bo’ladi. Ammo C"(n>1) fazoda
bunday xossa (xususiyat) umuman olganda o‘rinli emas. Masalan shar va polidoira o‘zaro bigolomorf
ekvivalent emas. Shuning uchun, C" fazoda bigolomorf sohalar sinfi muhim hisoblanadi.

Ta’rif 1. Berilgan D C C" soha bir jinsli soha deyiladi, agar bu soha avtomorfizmlari gruppasi
Aut(D) tranzitiv bo’lsa. Ya’ni ixtiyoriy Z,,Z, € D nuqtalar uchun shunday ¢ € Aut(D) avtomorfizm

mavjud bo’lib (p(Zl) = Z, munosabat o’rinli bo’lsa.

Ta’rif 2. Bir jinsli D C C" soha simmetrik soha deyiladi, agar har ganday ¢ €D nugta uchun
shunday ¢ € Aut ( D) avtomorfizm mavjud bo’lib quyidagi munosabatlar o’rinli bo’lsa:

1) ¢(s)=¢, z#¢ nugtalar uchun ¢ (z)=z.

2) pop=e, buyerda e Aut(D) birlik akslantirish.

Ta’rif 3. Chegaralangan D C C" soha klassik soha deyiladi, agar bu sohaning golomorf
avtomorfizmlari to’la gruppasi klassik Li gruppasini tashkil gilsa va tranzitiv bo’lsa.

Bir jinsli, simmetrik, gavariq va chegaralangan kompleks sohalar turli nugtai nazardan katta gizigish
uyg’otadi. Buning sababi shundaki, ular yordamida C" sohalari uchun bir gator muhim, asosan ko’p
o’lchovli natijalar olingan ([1], [2], [3] va boshqalar).
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Bir jinsli sohalarda integral formulalar qurishda avtomorfizmlar gruppasidan foydalaniladi. Bunda
avtomorfizmlar gruppalari([4], [S]) keng bo’lgan elementi matritsalardan iborat sohalar ([1], [6]) garaladi.
Matritsaviy sohalar birinchi bo’lib E.Kartan va K.Zigel tomonidan chuqur o’rganilgan. Jumladan, ular to’rtta
klassik sohalar avtomorfizmlarining umumiy ko’rinishlarini tasvirlashgan. Xua Lo-Ken esa klassik sohalar
uchun ko’p kompleks o’zgaruvchili funksiyalar nazariyasida garmonik analizni qurgan (1944-1957yillarda)
va ular bo’yicha natijalar Xua Lo-Kenning 1958-yilda xitoy tilida chop etilgan (1959-yilda rus tilida chop
etilgan [1]) monografiyasida keltirilgan.

Klassik sohalarning Zigel sohalari bilan bigolomorf akslantirish mavjudligi [7] da keltirilgan .Bunday
bigolomorf akslantirishlar yozilgan va ularning chegaralanmagan sohalarga golomorf davom qildirishlar
masalalariga tadbiqlari keltirilgan ([9], [10]). Shuning uchun klassik sohalar ko‘p o‘lchovli kompleks
analizda muhim o‘rin tutadi.

Uchinchi tip klassik soha R, (m,m) ushbu

1™ +77 >0
munosabatni ganoatlantiruvchi m-tartibli kososimmetirik kvadrat matritsalardan iborat.

Bunda 1™ -m-tartibli birlik kvadrat matritsa, Z - Z matritsaga qo‘shma matritsa.
R, (m, m) uchinchi tip klassik soha avtomorfizmlari quyidagi ko‘rinishda bo‘ladi[1]:

0(2)=(AZ +B)(-BZ+A) =(zB"+A") (zA-B"), (1)
bu avtomorfizmlarning koeffitsiyentlari mos ravishda
AA-BB=1" A'B=—-B'Ava A’A-B'B=1" B'A=-A'B @)
shartlarni ganoatlantiradi.
Agar A=Q, A'B =—P ko‘rinishda belgilab (1) akslantirishni soddalashtirsak quyidagi

0(2)=Q(z-P)(1+P2) Q"
munosabatga ega bo‘lamiz.
Ushbu:

9-(Z2)=Q(Z-P)(! +Pz) Q' @)
(bu yerda: Z e R,(m,m), Q(I+PI5)Q':I(““), QP+PQ=0, Q=Q") akslantirish berilgan

bo‘lsin.
1-Teorema [12]. ¢, (Z) akslantirish uchun quyidagi xossalar o‘rinli

. ¢, (P)=0, ¢, (0)=P;
2°. d(p. (P))=QdzQ", d(¢. (0))=(Q") " dzQ*;
3°. Ixtiyoriy Z,W e R,(m,m) uchun ushbu:
det(1 -P-P)-det((1-Z-W
det(l—(gop(Z),qu(W»): (jet((I—Z-IS)jefEI—P-VV;)

munosabat o°rinli;
4° . Ixtiyoriy Z € R,(m,m) uchun

{100 S 22

5°. ?p ((/)P (Z )) =Z (involyutsiya bo‘lish xossasi);
6°. o, (Z) - gomeomorfizm bo‘ladi. ¢, (Z)e Aut (9{3 (m, m)) :

*
Ta’rif. Agar U matritsa uchun UU = I bo‘lsa, u holda U matritsa unitar matritsa deyiladi, bu
yerda | -birlik matritsa.
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Yugorida keltirilgan 1-teorema, ¢, (Z) akslantirish uchun o‘rinli bo‘ladi.

Asosiy natijalar. Keyingi keltiriladigan teorema uchinchi tip klassik soha 9{3(m,m) ning ixtiyoriy

golomorf avtomorfizmi uchun o‘rinli bo‘ladi.
2-Teorema. Ushbu F (P) =0 munosabatni ganoatlantiruvchi ixtiyoriy F € Au'[(iR3 (m, m))

golomorf avtomorfizm berilgan bo‘lsin. U holda shunday yagona U unitar matritsa topiladiki quyidagi
tengliklar o‘rinli bo‘ladi.

1. F=Uogp,;
2. Ixtiyoriy Z,W € R, (m,m) lar uchun
det(1—(P,P))-det(I -(Z,W))
det(1 _<F(Z)’F(W)>):det(l —(Z,P))-det(1 -(P,W))’

Isbot. 1. Ushbu F o, akslantirish uchinchi tip klassik soha ®,(m,m) ning avtomorfizmi nol

nuqtani saqlaydi ya’ni (F ° Pp )(O) =0.
U holda A.Kartanning yagonalik teoremasiga ([2] 2.1.3-teorema) ko‘ra F o ¢, akslantirish chizigli.

Ma’lumki ixtiyoriy chiziqli akslantirishni shunday yagona U unitar matritsa orgali ifodalash mumkin
[11].
Demak, ushbu
Fop,=U
munosabat o‘rinli bo‘ladi. 1-teoremaning 5" -xossasiga ko‘ra

Pp ((/’P (Z )) =Z
involyutsiya xossasi o‘rinli. Bundan
Fopoop,=Ucg,.
ya’'ni
F=Uo ®,
tenglik o‘rinli bo‘ladi.
2. Ixtiyoriy Z,W e R, (m, m) nugqtalar uchun quyidagilar o‘rinli
| -(F(Z),F(W))=1-{Ugp,(Z),Up, (W))=

=1-U (0 (2), 0 W))U" =U (1" ~(0. (2) 00 (W )))U "
Ya’ni

I =(F(Z),F(W))=U(1" (g (Z). 00 (W)))U".
det(1-(F(Z),F(W)))=det(1 (g, (2).0 (W)))

tenglik o‘rinli ekani kelib chiqadi.
1-teoremaning 3’ - xossasiga ko‘ra

Bundan

det(1—(P,P))-det(I1 —(Z,W))
det(1~(F(2).F (W)= det(1—(Z,P))-det(I —(P,W))

munasabat o‘rinli.
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UO“K 517.953

QIRRALARI YARIM CHEKSIZ BO‘LGAN OCHIQ YULDUZSIMON GRAFDA
SHREDINGER TENGLAMASI UCHUN & ULANISH SHARTLI KOSHI MASALASI

Eshimbetov Mardonbek Reyimboyevich,

Mirzo Ulug ‘bek nomidagi O ‘zbekiston Milliy universiteti
Matematika fakulteti Matematik analiz kafedrasi dotsenti v.b.
mr.eshimbetov92@gmail.com

Annotatsiya. Yulduzsimon metrik grafda biz Shredinger tenglamasi uchun boshlang ‘ich-chegaraviy
masalani tadbig qildik. Umumlashgan Fure almashtirishi (yoki Fokas usuli) yordamida garalayotgan
masala grafning tarmoglanish nuqtalaridagi yechimning va uning hosilasining giymatlariga nisbatan
chizigli tenglamalar sistemasiga keltiriladi. Bu tenglamalar sistemasi masaladagi berilganlarga nisbatan
yagona yechimi topiladi. Umumlashgan Fokas usuli yordamida masalaning aniq yechimi berilganlarga
bog ‘liq integral ifoda shaklida topildi.

Kalit so‘zlar: Shredinger tenglamasi; metrik graf; Fokas usuli; umumlashgan almashtirish; Fure
almashtirishi; boshlang ‘ich-chegaraviy masala.

3AJIAYA KOIIU C YCJIOBHUEM §' CONPSI)KEHUS J1J1S1 YPABHEHUSA IPEJUHTEPA
HA HEOTPAHUYEHHOM INOJYTPAHHOM OTKPBITOM 3BE3/1006PA3HOM I'PA®E

Annomayua. Hccneoosana HauanvHo-kpaegas 3adaya 014 ypagHenus  [llpedunecepa Ha
36€30000pazHom mempudeckom epage. HUcnoavsys 0600wénnyro noocmanosxy @ypwe (uiu memoo @okaca),
paccmampugaemas 3a0aia c6OOUMCs K CUCHeMe IUHEUHbIX YPAGHEHUI OMHOCUNENbHO 3HAYEeHUL PeuleHUs] U
€20 Npou3eedeHUss 8 MOUKAX 6emeaeHUs. epaga. Dma cucmema ypasHeHuil Haxo0um YHUKAIbHOe peuleHue
paccmampugaemvix ycaosuti 3adad. Hcnonvsys 0b600wénnviii memoo @okaca, Mvl NOIYYUIU THOUHOE
peuienue 3a0auu 8 ude UHMe2parbHO20 NPeOCmasieHus No 3a0AHHbLIM OaHHBIM.

Knwuesvie cnosa: ypasnenue lllpeduncepa, mempuueckuii epagh, memoo Doxaca, yrupuyuposanmoe
npeobpaszosanue, npeobpazosanue Pypve, HAUATLHO-Kpaesas 3a0ad.

CAUCHY PROBLEM WITH 6 CONJUGATE CONDITION FOR THE SCHRODINGER
EQUATION ON A SEMI-INFINITE OPEN STAR GRAPH

Abstract. The initial-boundary value problem for the Schrédinger equation on a star-shaped metric
graph has been studied. The considered problem is reduced to a system of linear equations with respect to
the values of the solution and its derivatives at the branching points of the graph using the generalized
Fourier substitution (or the Fokas method). This system of equations finds a unique solution for the given
problem conditions. Using the generalized Fokas method, we obtained an exact solution to the problem in
the form of an integral representation based on the given data.

Key words: Schrdodinger equation, metric graph, Fokas method, unified transformation, Fourier
transformation, initial-boundary value problem.

Kirish. Metrik graflarda boshlang‘ich-chegaraviy masalalarni tadqiq gilish zarurati o‘tgan asrning 80-
yillarning oxirlarida paydo bo‘lgan. Bunda chexiyalik olimlar P.Eksner va P.Sebalar yulduzsimon ochiq
graflarda Shredinger tenglamasi uchun chegaraviy masalalar garalgan va olingan natijaning kvant
zarrachasining tarmoqlangan sohada erkin harakatini o‘rganishga qo‘llashgan. Bu sohadagi keyingi natijalar
U.Smilanskiy, P.Kuchment, R.Shreyder, A.Kostrikin va ularning shogirdlari tomonidan 2000-2010-yillarda
chop etildi. Ular tomonidan statsionar Shredinger tenglamasi uchun metrik graflarda spektral va sochilish
masalalari tadqiq gilingan. Ular tomonidan birinchi marotaba kvant graf tushunchasi ishlatila boshladi.
P.Eksner va O.Postlar tomonidan ingichka tarmoglangan sohalarda Shredinger operatori tadgiq gilingan.
Soha tarmoqlarining ko‘ndalang kesimi o‘lchovi nolga intilgandagi limit holatida kvant graflari hosil bo‘lishi
ko‘rsatiladi.

Kvant graflarida teskari masalalar J.Boman, P.Kurasov, N.Gerasimenkolar tomonidan o‘rganila
boshlagan. Asosan ular kvant graflarida berilganlar sochilish haqidagi ma’lumotlar yordamida grafning
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bog‘langanligi, uchlarida chegaraviy va ulanish shartlari bilan birgalikda aniglashgan. P.Kurasov va
M.Novaszyklar chekli metrik grafda Laplas operatori uchun teskari spektral masala o‘rganilgan. Umuman
olganda, kvant graflari yetarlicha yaxshi o‘rganilgan bo‘lishiga qaramasdan, bugungi kungacha sohaning
yetakchi olimlari tadgiqotlar olib borayotgan, aktual sohalardan biri bo‘lib turibdi. Buning asosiy sababi
sifatida, kvant graflari nanofizikaning yangi muammolarini o‘rganishdagi asosiy vosita sifatida xizmat
gilishini keltirishimiz mumkin. Metrik graflarda Korteveg-de Friz tenglamasi va uning chizigli gismi, Eyri
tenglamasi uchun bir nechta masalalar tadgiq gilingan [1-2, 9-10]. Bu sohada hozirda mavjud ilmiy natijalar
Z.A.Sobirov, M.l.Ahmedov, N.Uesker[8], D.Noya, D.Magnola, K.Seyfert[3,5], M.Kavalkantelar[4]
tomonidan olingan. A.S.Volkova tomonidan metrik graflarda elliptik tipdagi tenglama va issiglik targalish
tenglamalari uchun Garnak tengsizligining analogi isbotlangan. A.S.VVolkova tomonidan issiglik targalish
tenglamasi uchun oddiy yulduzsimon grafda aniglangan issiglik targalish tenglamasining umumlashgan
yechimlari o‘rganilgan[13]. Qaralayotgan masala bir giymatli yechilishi ko‘rsatilgan. Bundan tashqari,
chegaraviy giymatlar yordamida boshqgaruv masalasi tadgiq gilingan.

Chegaraviy masalalarni yechishning Fokas umumlashgan almashtirish usuli bugungi kunda yangi,
rivojlanib kelayotgan usullardan biridir. Bu usul A.Fokas[6-7], D.Smith, B.Pelloni, D.Bernard[15],
N.Sheilslar tomonidan chekli va cheksiz intervalarda chizigli va nochizigli tenglamalar uchun gqator
boshlang‘ich va chegaraviy masalalar yechishga qo‘llanilgan[15-17]. Metrik grafda Fokas usuli issiglik
targalish tenglamasi uchun birinchi marotaba D.Smith va N.Sheilslar tomonidan yulduzsimon va ketma-ket
ulangan, turli o‘tkazuvchanlikka ega bo‘lgan kesmalar, aylana va uning bitta nugtasida kesmani ulashdan
hosil bo‘lgan graflarda boshlang‘ich-chegaraviy masalalarni yechish uchun qo‘llanilgan. Shu bilan birga,
grafning tarmogqlanish nuqtasi, ya’ni ichki uchida ulanish (Kirxgoff) shartlari fizika nuqtai-nazaridan asoslab
berilgan.

Masalaning qo‘yilishi va asosiy natija

Bizga n ta yarim cheksiz intervallarni graf uchi deb ataluvchi bitta O nugtada birlashtirishdan hosil
bo‘lgan I sodda yulduzsimon graf berilgan bo‘Isin. Grafning bog‘lamlarini B;, j = 1,n kabi belgilaymiz (1-
chizma).

1-chizma.
B; bog‘lamlarni (0, ) intervallarga mos qo‘yib, har bir bog‘lamda x; koordinatani aniglaymiz. Bunda

graf uchi 0 ga mos qo‘yiladi. Umumiylikka zarar yetkazmaslik uchun x; ni x dan qabul gilamiz [14].

Quyidagicha boshlang‘ich-chegaraviy masalani garaymiz [11]:
Ushbu I grafning har bir bog‘lamida

iqt(j)(x, t) = crqgc)(x, t)+ fD(x,t), x€ B,t>0,j=1n (1)
Shredinger tenglamasini va quyidagicha boshlang‘ich shartlar
qD(x,0) = ¢’ (x), x€Bj=Tn )
chegaraviy shartlar
limg@P(x,t) =0, t=0,j=1,n (3)
X—00
hamda I grafning uchlarida quyidagi 6’ ulanish (Kirxgoff) shartlari
g0,t) + ¢@(0,t)+...+¢™(0,t) = 0,t > 0, (4)
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62q57(0,0) = 622 (0,t) =...= 624V (0,0),t > 0. )
ni ganoatlantiruvchi ¢ (x, t) funksiyalarni topish talab gilinsin.
(1) — (5) masalani yechishda Fokasning umumlashgan almashtirish usulini qo‘llaymiz. Buning uchun
dastlab “lokal munosabat”larni qaraymiz [7]:

(e—ikx+wtq(j)(x, t)) <O’€ ikx+wt (kq(])(x t) — lq(])(x, t))) _
x

_ie—ikx+Wtf(j) (x’ t), (6)
bu yerdaw(k) = —ick?,j =12,...,n
Endi (6) lokal munosabatlarni T',, X (0,t) sohada Grin formulasini qo‘llab, quyidagi tenglikka ega
bo‘lamiz:

Ozfe—ikx (])(x)dx f ‘”‘“Wtq(j)(x,t)dx—
0

t
fae q(f)(O s) — qu)(O,s)) ds —
0

o —lfo fo e~tkxtws £ (x, 5)dxds )
buyerdaj =1,n,k € C.
k € C uchun quyidagicha belgilashlarni amalga oshiramiz:
gf)(w t) = [ e"*qW(0,s)ds, g’ (w, t) = f e*sqP(0,5)ds,
FO(k,t) = [T [ e"texsws f O (x, s)dxds, O (k, t) = f e~ HrqW (x, t)dx, gy (k) =
f0+ooe—lkx (])(x)dx ] — 1 2
Bu belgilashlarni (7) tenglikka olib borib qo‘yib, tenglikni quyldagi ko‘rinishga olib kelamiz, ya’ni
“global munosabat™ni hosil gilamiz:

e GO (k,t) = 4 (k) — kag w, t) + iocg?P (w, ) — iFD(k, ©), 8)
buyerda C* = {k € C:Imk > 0},j = 1,n
w(k) = —iok? dispersion munosabat k — —k almashtirishga nisbatan invariant bo‘lganligi uchun

P w,t), P w,t), (j = 1,n) funksiyalar ham bu almashtirishga nisbatan invariant. Shu sababli (8) global
munosabatdan quyidagini hosil gilishimiz mumkin:
eVt g (=k,t) = 4 (—k) + ka gl (w, t) +
+lag£])(w t) —iFD(=k,t), 9)

C={keC:Imk<0},j=1n

(8) global munosabat uchun teskari Fure almashtirishini qo‘llab, masalaning quyidagi integral
ko‘rinishdagi yechimini topamiz:

) Lo ie-we )
q’(x,t)=§ et Wty (k)dk +

— 0o
[oe]

1 .
+% f e‘k"_""t< kag(])(w t) + lagij)(w t))

— L% etkxwtEO) (k, t)dk. (10)

2w Y-
Integral ostidagi ifodalarning golomorfligi va cheksizlikda kamayuvchiligini e’tiborga olib, Koshi
teoremasi va Jordan lemmasidan yechimning quyidagi integral ifodalarini hosil gilamiz (2-chizma) [14]:

. 1 . i
q(])(x’t) ZE felkx—wtél\(()])(k)dk_l_

1 .
+— f e‘k"_""t( (])(w t) + lagij)(w t)) dk —

2n
op(2) ]
l ik
_E elx— WtF(f)(k t)dk, (11)
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Im(k)

Dz

Re(k)

D

2-chizma
Endi (11) integral ostidagi ifodadan ’g(()j)(w, t),ggj)(w, t),j = 1,n noma’lum funksiyalarni topish
masalasini ko‘rib chigamiz.
Buning uchun quyidagi tenglamalar sistemasini yechish bilan shug‘illanamiz:

{ e"tqgW (—k,t) = (k) + kagd’ w, t) + icgP (w, t) — iFD(—k, 1),

n
\ 8259 (w,t) = 0.
j=1 ]
&' ulanish shartlarini hisobga olib, tenglamalar sistemasini iagij)(w, t) ga nisbatan yechib quyidagi
[11-12]:

n

G | A(j ()

wgfj)(w, t) =55 52 llz 5]-2 [F(J)(—k, t) + lq(()])(—k)] +
Jj=1%j j=1

n
+ ewtz 5].231(1')(_](, | @12
j=1

tenglikka ega bo‘lamiz, Bu yerda:

n
. 1 o N7
i0gP w,t) = n—sziZ 8% [FO =k, t) + ig5 (k)] (13)

Jj=1%j j=1

Endi (8) global munosabatdan koS (w, t) ni topamiz:
kg (w, ) = 9 (k) + 10 (w, t) — iIFD (k, t) — e"t gD (k, 1). (14)

Buyerda {k € C:Imk > 0},j = 1,n,

kag{ w,t) = 40 (k) + iog? (w, 6) — iFD (k, ©). (15)

Endi topilgan noma’lum funksiyalarni (11) integral yechimga qo‘ysak va
n

Zaﬁ j eikx G0 (—k, £)dk
Jj=1 ap®@
integral nolga aylanishini hisobga olib, masala yechimining aniq ifodasini (11) integral ko‘rinishda
hosil gilamiz.
Teorema. Aytaylik, ¢ (x) € C(B)), f;(x,t) € C(B; x [0,T]),T > 0 bo‘lib, bu funksiyalar B; da
absolyut integrallanuvchi bo‘lsin. U holda (1) — (5) masalalarning yechimi (11), (13) va (15) formulalar bilan
aniglanadi.
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Abstract. In this paper derivation spaces of some low dimensional Heisenberg Lie algebras
determined. Moreover, by using nil-independent derivations maximal solvable extensions are constructed.

Keywords: Lie algebras, solvable algebras, nilpotent algebras, derivations, nil-independent
derivations.

KICHIK O‘LCHAMLI GEYZENBERG LI ALGEBRALARINING MAKSIMAL
YECHILUVCHAN KENGAYTMALARI

Annotatsiya. Ushbu ishda kichik o‘lchamli Heisenberg Li algebralarining differensiallashlar fazosi
o ‘rganilgan hamda nil-erkli differensiallashlar yordamida ushbu algebralarning maksimal yechiluvchan
kengaytmalari qurilgan.

Kalit so zlar: Li algebralari, yechiluvchan algebralar, nilpotent algebralar, differensiallashlar, nil-
erkli differensiallashlar.

MAKCHUMAJIBHBIE PABPEIIMMBIE PACHIMPEHUS MAJIOMEPHBIX AJITEBP JIN
IT'EVM3EHBEPT A

Annomayua. B daunnou pabome onpedensitomcs npocmpancmea ougghepenyuposanull HeKOmopbix
anceop Jlu [eiizenbepea manvix pasmepnocmeu. bBonee mozo, ¢ NOMOWBIO  HUNL-HE3ABUCUMBIX
oughepenyuposanuti cmpoamcs MaKCUMAaiIbHO paspeuiumsle pacuiuperusl.

Kniouesvie cnosa: ancedpul Jlu, paspewumvie aneebpwvl, npou3eoo0Hbsie, He 3aUcAuUe Om HyJs.

Introduction. Lie algebras plays an essential role in mathematics and physics, especially in quantum
field theory, quantum mechanics. An extensive study of Lie algebras gave many beautiful results and
generalizations. From the classical theory of finite-dimensional Lie algebras, it is known that an arbitrary Lie
algebra over a field of zero characteristic is decomposed into a semidirect sum of the solvable radical and its
semisimple subalgebra (Levi’s theorem)[1]. Thanks to Malcev’s and Mubarakzjanov’s results the study of
non-nilpotent solvable Lie algebras is reduced to the study of nilpotent ones and their derivations. Therefore,
the study of finite-dimensional Lie algebras is focused on nilpotent algebras and representations of
semisimple algebras. In 2010, L.Snoble stated the following hypothesis: ““Up to isomorphism there exists
unique complex maximal solvable extension of a nilpotent Lie algebra’. On [5] Gorbatsevich found a
counter example to the Snoble’s Conjecture.

The Heisenberg Lie algebra is a fundamental structure in the realm of mathematics and theoretical
physics, named after the physicist Werner Heisenberg, who is renowned for his contributions to quantum
mechanics. This algebra plays a crucial role in various areas, including representation theory, quantum
mechanics, and the study of symmetries.
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Formally, the Heisenberg Lie algebra, often denoted as H , can be defined as the vector space R
with a specific Lie bracket operation. The structure is characterized by its non-abelian nature, which emerges
from the commutation relations of its generators. Specifically, for a basis {le Vi X Yo Z}, the Lie
brackets satisfy:

[x,y.]=2, 1<i<n,
[x,z]=[y,,z]=0, 1<i<n.

This structure leads to rich geometric interpretations, particularly in the context of nilpotent Lie
algebras and their applications in the study of Heisenberg groups. The Heisenberg Lie algebra is also integral
to the mathematical formulation of quantum mechanics, providing insights into the underlying symmetries
and uncertainty principles that govern quantum systems.

Our main goal is to study derivation spaces of Heisenberg Lie algebras and its solvable extensions.

Moreover, it is proved that the maximal solvable extension of low dimensional Heisenberg Lie algebras is
unique.

Preliminaries

Now we give some necessary definitions. Let [F' be a field.

Definition 1. An algebra L over a field I is called a Lie algebra, if it satisfies the following
identities:

[x,x]=0, @
[[x, y1, z]+[Ly. z], xI+[[z,x], y] = 0, (2)

forany X, Y,Z € L, where [, —] is a multiplication in L.

Note that (1) applied to [X+ Yy, X+ Y], imply anticommutativity: [X,y]=-y,x] (1)" (Conversely,
if CharlF =2, it is clear that (1)' imply (1)). (2)is called Jacoby identity. Let introduce the following
notation:

Jac(x,y,z) =[[x,y]. zZ]+[Ly. z]. x] +[[z,x], y]-
A subspace | of aLiealgebra L iscalled anideal of L,if Xe L,y e | together imply [X,y] e I.

Ideals play the role in Lie algebra theory which is played by normal subgroups in groups theory and by two
sided ideals in ring theory.

For a given Lie algebra (L,[—,—]) the lower central and the derived series are defined recursively as
follows:
I'=L, L =[5 L], k=1 WY=L 0 =L 1], k >1,
One can check that
IS5 - | L] - L1 S
Definition 2. An algebra (L,[—, —]) is said to be solvable (respectively, nilpotent) if there exists

me N (respectively, n € N ) suchthat L™ =0 (L' =0).

Since the sum of nilpotent (solvable) ideals is also nilpotent (solvable), there exists a maximal
nilpotent (solvable) ideal. The maximal nilpotent (respectively, solvable) ideal of a Lie algebra L is called
nilradical (respectively, radical) of the algebra L. One can check that any nilpotent Lie algebra is solvable.

Definition 3. A linear map d : L — L of a Lie algebra (L,[—, —]) is said to be a derivation if for
all X,y e L the following condition holds:
d(xy)=[d(x).yl+[xd(V)]. @)
The set of all derivations of L is denoted by Der(L). For a given X e L, by adx we denote the
map ad, :L — L such that ad (y)=[Yy,X] forall ye L. Obviously, the map ad, is a derivation,
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which is called inner derivation. The set of inner derivations of L is denoted by Inner(L). Derivations

that are not inner are called outer derivations. Note that Der(L) is a Lie algebra with respect to the

commutator and INNer(L) is an ideal of a Lie algebra Der(L).

Now we define the notion of nil-independent derivations of Lie algebras over the field [¥.
Definition 3. Derivations d,,d,,...,d are said to be nil-independent if ¢, d, + o, d, +...+ &, d, is

N
not nilpotent for any «,,a,,...,, € F, suchthat (o, c,,...,cx,) # 0.

In terms of nil-independent derivations we have the estimation of codimension of the nilradical in a
solvable Lie algebra [6].

Lemma 1. Let R be a solvable Lie algebra with its nilradical N . Then codimN does not exceed
the maximal number of nil-independent derivations of N.

Main part

In this section, work we study derivation spaces and maximal solvable extensions of three and five
dimensional Heisenberg Lie algebra.

Let n =1, then we have 3 dimensional Heisenberg Lie algebra with the following multiplication
table:

H,:[e,e]=¢,.
Now, let determine derivation spaces of H, .

Proposition 1. Any derivation of Hl has the following matrix form:

hy h, hg
Der(H,):| hy, hy, hs
0 0 hy+h,

Proof. Let take following denotations:
d(e)=h.e +h.e, +he, d(e)=he +h,e +h.e,
Since {el,ez} are generator elements of Hl, all other derivations can be expressed by d(el) and
d(e,) . By using derivation identity, we get
d(e,) =[d(e).e,]+[e.d(e,)] = he, + hye, = (h, +h,)e,.

By using Lemma 1, we can prove the following corollary:
Corollary 1.

Codim (H,) <2.
Let R(H,) = H, © Q, be a maximal solvable extensions of H,.

Theorem 1. Any maximal solvable extensions of the algebras H1 has the following multiplication
table:

le.el=e, [e.y]=e,
R(H):{[e.x=e, [e.y]=e,
e, x]=e,,

Proof. Let R(H,) =H, ® Q be a maximal solvable extensions of H,. Then there exists a basis

{€,,6,,€,,X, Y} suchthat R(H,) has the following multiplication table:
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[e,.e,]=¢,, [e,. Y1= e, + Bes,
[e,x]=e +a.e +a.8, [e,yl=¢e, +p.8,

[e,, X] = a,.&,, [e,,y]=¢,,

[e,, x]=¢€,, [X,y]=ye +7.8, +7e.

Let us take the following changes of basis:
X'= X+ A€ — A€, y, =y+ ,82391 - :Blsezi
After applying this changes of basis, we get the following products:

[el’ez]:e3' [ez’y]:eZ'

[el’ X] = el + a12e2’ [e3’ y] = e3’

[e,, x]=e,, [X,Y]1= 7.6 +7.8, + 78,
[e.y]= 1.8,

From Jac(X, y,e,) =0 and Jac(X, y,e,) =0 we obtain
7/2:0’ a12+ﬂ12=0and7/l=0

respectively.
So, we have the following table of products:

[e.e]1=¢, [e, yI=¢,,
[e.x]=¢ +a.e, [e,Yyl=¢€,
[e,,x] =¢,, [X, Y] = 7.e..
[e,, y]=-a,8,,

Finally, by taking
e =€ +a,., X=X-y8,
we derive the following multiplications:
[e.e]=e, [e.y]=¢,
[e.x]=e, [e,y]=e,.
[e,, x]=¢,,
Therefore, maximal solvable extensions of H, is unique up to isomorphisms.

Now we consider 5-dimensional Heisenberg Lie algebra which is denoted
by H,.

. {[el’ez] = e5
H,: ~
[63,64] = &
Let determine maximal solvable extensions of H, .

Proposition 2. Any derivation of H , has the following matrix form:
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h, h, Ry Ry Ry
h, h, h

21 22

Der(Hz): _h24 h14 33 34 35
hzs - h13 h43 h44 h45
0 0O 0 O h

23 24 25

where h=h, +h,=h, +h,.
Proof. Let d € Der(H,), suppose
d (el) = hllel + hlZeZ + hl3e3 + h14e4 + h15e5’
d (ez) = thel + h22€2 + h23e3 + h24e4 + h25e5’
d (ea) = hSlel + h32e2 + h33€3 + h34e4 + hSSeS’
d(e,)=h,e +h,e, +he +h.e +h.e,
Because of €,€,,€,,€, are generator basis elements of H,, d(e,) can be expressed by

d(e).d(e,).d(e;).d(e,).
By using multiplications table of H2 and derivation identity, we obtain
hll + h22 = h33 + h44 = h’
h32 = h14’ h42 = _hl3’ h31 = _h24’ h41 = h23'
Therefore, we get the matrix form of Der (H 2) in the proposition.

By using Proposition 2 and Lemma 1, we get the following Corollary.
Corollary 2.

Codim (H,) <3.
Let R(H,)=H, ®Q be a solvable Lie algebra with nilradical H,. Due to Corollary 2, we
conclude that the dimension of R(H 2) is not greater than 8.

Theorem 2. LetR(H,) be a maximal solvable extensions of H,. Then it admits a basis

{el, ez,e3,e4,e5,x,y,z} such that R(Hz) is unique(up to isomorphisms) and it has the following
multiplication table:

[e.el=¢, [e,vl=¢,

[e,.e,]=¢e, [e,z]=¢,,

[e1!X]=e1! [eA’Z]:_e4'

[e.,x]=e,,

and the remaining products of the basis elements are zero.

Proof. In [4], (n +3) -dimensional nilpotent N — Lie algebras classified. Let | = {es}, because of

| is an ideal of H,, we can consider the factor algebra {H, / 1}. {H, / 1} is nothing else , but the
algebra AS]1 which was mentioned on [4] . Then we have 4-dimensional abelian algebra {H2 / |} as

nilradical and 3-dimensional its complementary subspace Qz. Then we come to an algebra which was
mentioned on [3] this paper:

R(H,):

[e,x]=e, 1<i<k-1

L.(8) ={[ek,X,]:ﬂuek’ 1<i<k-1.
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Then we have the following products:
[e,.e,]=¢6,,
[e,.e,]=¢.,
[e, x]=e +a,.L,,
[e,,x] = J,..,
[e,, x]=0,.., [e,,z] =€, + o, 8.,
[e,, x]= Be, +a,&,, [e,, 2] = e, + a8,
[e,,X] = . L., [e,,z] = e 8.,

[e,,Y]= B, +a,k.,
e, Y] = a8,

[e,,z] = d,.8,,

[e,,z] = 0,8,

R(H,):

[e,, Y] = 0,8, [X,y]= 7,8,
[e2’ y] = eZ + 6¥22e5’ [X’ Z] = 7/13e5’
[e,, Y] =J.8;, [V, 2] = 7,8

Firstly, from Jac(e,,e,,X) =0 we get o, = 1.

Then from checking Jacobi identity for the followings

Jac(e,,e,,y) =0, Jac(e,,e,,z) =0, Jac(e,,e,,x) =0, Jac(e,,e,,y) =0,
Jac(e,,e,,z)=0, Jac(x,y,e)=0, Jac(x,y,e)=0, Jac(x,ze,)=0, Jac(x,ze,)=0,
Jac(x,z,e,) =0, Jac(y,z,e)=0, Jac(y,z,e,)=0, Jac(y,z,e,)=0 and Jac(x,y,z)=0,

we obtain the following relations respectively:

e, = 1, Os3 = 0, 181 =1 ﬂz =1 ﬂs =-1 oy, = 0, &y = 0, 531 = Uy,
é‘32 = _a33’ 6¥4l = O’ a42 = O’ 513 = O’ 523 = O and )/13 = 7/23'
Then we have the following table of products:

e, e,]=¢, [e,. y]=¢e,,
[e,.e,] =&, [e;, y]=¢;,
[e,, x]=¢e, [e,,z] =0,
[e,,x] = J,.., [e,,z] =0,
R(H.): e, x]=—-a.8e, [e,z]=¢e, +a.g,,
[e,,x]=¢e,, [e,,z] = —e, + o, 8.,
[e.,x] =€, [e.,z] =0,
[e.y]1=6.8, X Y]=7.8,
[e,, Y] =¢,, [X,2] = 7,48,
(e, Y]=—a8,,  [y.z]= 78,
Let take the following changes of basis:
e, =6 +a,e, = a,=0,
I’=7+a,e,+y.8, = a,=y,=0,
X'=X+0,6-7,6 = 0,=y,=0,
y=y-o,e, = 0,=0.
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Therefore, the theorem is completely proved.
We should mention that maximal solvable Lie algebras with Heisenberg nilradical is uniquely
determined(up to isomorphism).
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VJIK 517.946
KODPOUIMEHTHASL OBPATHAS 3AJIAUYA JIUISI YPABHEHUS FEJIbMIOJIBIA

Ipmamamosa 3yxpo Ipmamamosna,
Camapranockuil puruan Tawkenmckoeo
20CY0aApCmMEeHH020 IKOHOMUYUECKO20 YHUBepCUmema
ermamatovazuxro94@gmail.com

Annomauus. B pabome paccmampusaemcs 3a0ava Kowu ona ypaenenus Ienvmeonvya. Cmpoumcs
mouHoe pewleHue 3mou 3a0aqu, oCHoganHoe Ha memoode yukyuu Kapnemana-Hpmyxameoosa. Ha ocnosy
IMOMY paccmampueaemcs 00pamHasn 3a0aya no onpeoeienuio Kodgguyuenma 6 ypasreue.

Knwouesvie cnoea: ypasuenus Ienvmeonvya, 3aoava Kowu, nexoppexmmuvie 3adauu, pezynspHoe
pewenue, obpamuas 3adaya, mampuya Kaparemana-Apmyxamedosa.

COEFFICIENT INVERSE PROBLEM FOR THE HELMHOLTZ EQUATION

Abstract. The paper considers the Cauchy problem for the Helmholtz equation. An exact solution to
this problem is constructed, based on the Carleman-Yarmukhamedov function method. On this basis, the
inverse problem of determining the coefficient in the equation is considered

Key words: Helmholtz equations, Cauchy problem, ill-posed problems, regular solution, inverse
problem, Carleman-Yarmukhamedov function.

GELMGOLTS TENGLAMASI UCHUN TESKARI KOEFFITSIENTLI MASALA

Annotatsiya. Ushbu magolada Gelmgolts tenglamasi uchun Koshi masalasi ko'rib chigiladi. Bu
masalaning anig yechimi Karleman-Yarmuxamedov funktsiya usuli asosida qurilgan. Shunga asoslanib,
teskari masala tenglamadagi koeffitsient aniglangan

Kalit so‘zlar: Gelmgolts tenglamasi, Koshi masalasi, nokorrekt masala, regulyar yechim, teskari
masala, Carleman-Yarmukhamedov funksiyasi.

BBenenue. YpapHenue [ enpMronbiia mpeacTaBiseT co00i 0COOBIH BH AINTUITHYECKUX YPaBHEHUH 1
0COOCHHO Ba)XKHO B HEKOTOPBIX MPAKTUIECKUX (PU3NUECKUX MPHIIOKEHUSIX, CBA3aHHBIX C PAcIpOCTPAHEHUEM
BOJIH U BUOpAIIMOHHBIMU SBJICHUSMH. OHO YacTO UCIOJB3YeTCs IS OMUCaHus BUOpauu KOHCTpYKIuH [1],
3alayd  aKyCcTHYecKoll mojoctu [2], paguanmoHHOM BonHbl [3], paccesHuss BoiuHbl [4], 3amayu
TEIUIONPOBOMHOCTA B pé&Opax [5], teopum Jlebas—Xrokkens [6], muHeapuzamuu ypaBHenus [lyaccona—
Bonwsiimana [7] u apyrux.

3amaya Kommm s ypaBHeHus ['enbMrosiplia BO3HUKAeT BO MHOTHMX O00JacTSIX HAayKH, TaKUX Kak
pacnpocTpaHeHHe BOJIH, BHOpalu W 3JeKTpoMarautHoe paccesHue [8-9]. Tlpu wcciemoBaHuy 3aavn
Komm anmpuopu npenmnosnaraeTcs cymecTBoBaHue e€ pemieHus. bojee toro, mpeamnonaraeTcs, 4To pelieHne
MPUHAICKUT HEKOTOPOMY 33/IaHHOMY IOJMHOXKECTBY (DYHKIIMOHAJIBHOTO TMPOCTPAHCTBA, OOBIYHO
kommaktHoMy [10], [11]. EnunctBeHHOCTH pemieHus mnokazana B [11]. Ilocme ycraHoBieHUs
€IUHCTBEHHOCTH PEIICHUS B TEOPETHUYECKUX HCCICAOBAHMUSIX HEKOPPEKTHBIX 3a7a4 BO3HHUKAIOT Ba’KHBIC
BOTIPOCHI TIOJYYEHHSI YCIOBHON YCTOWYMBOCTH M TIOCTPOCHUS PETYIISPHU3YIOLINX OIIEPaTopOB.

B mocnennee Bpemst ObUIO MPOBEAEHO MHOTO HccliefoBaHMA 1o npoOineme Komm s ypaBHeHuWit
Ienpmronbua, Hanpumep padoTs [12]—[17] u ap. s nomyueHus 6osee oOMUpPHON HHPOpPMAIMK O 3a7a49e
Ko myist ypaBHeHus ['enbMrosibiia MOXKHO 00paTuThes K [ 18].

1. 3agaya Komu nos ypaBHeHus I'eabMrosabua u odpaTHas 3aaaya
Paccmorpum 3agauy Komm B orpaHMYeHHOH OpHOCBsA3HOHW oOmactn () B TpexmepHOM

3 o . o o
MMPpOCTPAHCTBEC R C rpaHuncu aQ, COCTOAIICH U3 KOMIIAKTHOU CBA3HOH 4YaCTH T IJIOCKOCTH y3 = O u

IIaJIKOr0 KycKa IMOBEPXHOCTH O JIAIyHOBA, JIeKalleil B IOMyIPOCTPAHCTBE y; =0, Q=QJoQ,

oQ=SUT.
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3amauya 1. (3amauya Komu). M3BectHsl nanneie Komm permeHus HEOTHOPOIHOTO YpaBHEHHS
l'enbmronbua:

o°U
OX?

AU(x)+/12U(x)zZ3: +AUX) =—f(x), xeQ, (@

Ha NOBCPXHOCTHU S .

ouU
UL, = f(y). # “(y). yeS.

rne T, (y), f,(y)— samannsie ma S ¢ynkuun KaccoB C'(S) u C(S) coorsercraento.

TpeGyercs Boccranosuts Gynkimo U (X) B Q, nexons ws sanannwix f,(y), f,(y), r.e. pemmrs sanauy
AHAIINTUYECKOTO NPOJIOJDKEHHs PELICHHs ypaBHEHUs |'elbMrosbla B [POCTPAHCTBEHHOH 061acTH Mo eé
3HAYEHHSAM Ha [TTAJIKOM KYCKEe O TDAHHIIBL

Bamaua (1)~(2) mis npomssomsubix  A(Y), f,(y) u f,(y) mepaspeumma. Eciu S -

anamutiieckas noepxuocts, A(Y) — anamniuna ma QUS, ¢ymxmm f.(y) n f,(y) raxxe

aHAIUTHYHBI HA S ¥ aHanuTHYecku nponoxkuMbl B (), To ecTh pelenye 3a1a4u 1 cylecTByeT (Tora oHo
eauHCTBeHHO (cM.[19; c¢. 39.],), omHAKO OHO HEYCTOWYHMBO, YTO CIEAYyeT M3 CIEAYIOIIEro MpuMepa THIIa
Anamapa:

Ipumep 1. IIycts S ectb KYCOK IJIOCKOCTH X5 = Omu
cos(kxl)sin(kxz)sh(\/Zk2 + /12x3)
k? '

3
OyHKIUA U(k)(X) yrnosneTBopseT ypaBHeHmoo (1.2.1) B R*. Kpome toro, mmst X, =0

U (x) =

®)

=U (k)(X)

YT a0 —0, k—>o0. OpnHako, B KaXIOW TOUYKE
=

2
‘U () (X)‘ < % ostomy U () (x)
X=X, X5, X3) €Q ¢ X, #0, X, #0 u X; >0 umeem lI(imU(k)(x):oo.

OGo3uaunm uepes H (Q) - MHOXECTBO (YHKIMH, YIOBJIECTBOPSIOMIMX  YPaBHEHHUIO

11y 2
Tensmronbia B o6mactn Q) u npunamiexanmx kmaccy C (Q) Uuc (Q)

Jlns ypauenus Ienpmronsua (1) B o6mactu () chpasemiuBa MpocTpaHCTBEHHAs HHTErpaibHas
tdopmymna Kupxrodda [20; rn.V,c. 417-423; rn.VIl,c. 503-524]:

L“@=LPM%xM%%@%%KwQ&%%ﬁq

—i Aly-x|
IpUIEM d)o (y,x; ﬂ,) = i—, ﬁ(al,az,%)f BHCIIHSISL HOPMajlb IMOBEPXHOCTH 0Q2 B
4z ly—X
Touke Y, f(y) eC” (Q) O<a<l.

W3 dopmynsr I'puna cnenyer, uro dopmyna (4) cnpasemmBa M B ciydae, eciim K @D, (v, x; 1)

ds, + [ £ () ®y(y,x; A)dly (@

MpUOAaBHUTH MPOU3BOIILHOE PETYIISIPHOE PEllICHNE YpaBHEHHs [ ebMTolbIa, TO eCTh cripaBeuinBa GpopMyna:
oU oD_(y,x; 4 .
U(x)= f [5 VD, (y,x;4) - U(y)%}dsy + If(y)@g (v, x;A)dy (5)
oQ Q

rne D (v, x; A) onpenenstercs popmymnoii ([12]):
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4%, | K(o,w) | ch(Au)
D _(y,x; )= —2722K(0',0) ' Im{ } du, (6)
(y ) [ } .(‘; W \/u2+052
W:ivu2+a2+y3—x3,aZ:(yl—X1)2+(y2—X2)2,

B pabore [21] noka3ana Teopema ISl OAHOPOMHOTO CIydas MpU A= ﬂ,(y)f KOMILIEKCHO3HAYHAs

GyHKIYS ﬂ(y) = ﬂi(y) + i/lz(y) U3 KJjacca C2 (Q) . 371ech TpPUBOAMM pE3yabTaThl  AJA
HEOJTHOPOIHOTO CIydast IpH 0 < A =const 6es noxasarenscTs.

Teopema 1. ITycts U (X) eH (Q) Y/IOBJIETBOPSIET YCIOBUIO (2) M Ha YacTH | TpaHHUIbI oQ
HEPABEHCTBY

ouU(y)

o oU(y)
Y
% on oy,
rne B - sanannoe nonmoxwurensnoe uncno. Ecnu f — orpaHumdeHHas, JOKaJIbHO HENPEPHIBHAS T10
Ténbaepy Gynkmms 8 2, To 3anaua Ko (1)—( 2) onsossauro paspeurnma wist mo6Geix T, (y) u f,(y)

<B, yeT, (7

— 3agannbx GyHkumit kmacca C(S ). Torma wms moboro X € QQ u o > 0 CIIPaBEJIMBO HEPABEHCTRO:

au(x) au,(x)
x X

J J

<C(o)Bexp(-ox?), (8)

mei=01 j=12,3

2 2 1
C(o)= + : 9)
Jr\Jo  or
CaeacrBue 1. [Jist moboro X € Q CIIpaBEeAJIMBO PABEHCTBO:

lim 6iUU_(x) _ oV (x)
oor OX; oX;

(10)

HpI/I‘IéM Ipeaci AOCTUTACTCA PABHOMEPHO Ha KOMIIAKTax U3 Q .

2 o
Cornacuo [22]-[23] uccnemyem 3agady onpenesnenus kodpduuuenta A~ B 0XHOPOIHON ypaBHEHHH
I'eneMrobia, T.€.

3 02U
= Ox?

AU (X) — AU (X) = ~2U(x)=0,0<A=const, xeQ).

Teopema 2. Ilycts dyHKIUS U (y) B OrpaHHYEHHON OJHOCBsA3HOH obmactu (2 ymosierBopser

ypaBHenuto (11), Ha r1agKOM KycKe TOBEPXHOCTH S YZIOBJIETBOPSIET YCIOBHIO:

VW= ). S g, yes,  ay

31eCh f(y), g(y) — 3aJaHHbBIE HA S (PYHKIMM KIAaccOB Cl(S) 5 C(S) COOTBETCTBEHHO, TOT/Ia

s ko3¢ pureHTa A% s ypaBHenuu (11) cnpaBeanusa ¢popmyna:
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do® (y,x; 4 0 ddD(y,x: 1
_I{g(y) o (y X )_ f(y)i o (y X )}dSy

22— [im S do on do
oo do? )(y x;A) 0 dD? (y,x; 1) 49
jm> —f(y) S s
do on do y

JloKa3aTeabCcTBO TEOPeMbI 2 Paccmotpum 3amauy (11)—(12). Ecmn U (x) ceH (Q) , TO s

moGoro X € (2 crpasemmBa Gopmyna I'prra:

oD A 5‘U
U= [U(y) il o, (yxﬁ)}zs @
KOTOPYIO MOXXHO 3aIiucaThb B BUJIC.
oD _(y,x; A 8U
U - j{U( 22D B ()0, (1,:2)
oD A 5U
+I{U( y) SBlr ) L (), (yxz>}ds @)
rac
1 % [e™ % |cos(Au)
D (y,x; A)=———]Im du ,
a(yx ) 27[2! |:W_X3} e u (16)
S:azz(Y1_X1)2+(Y2_X2)2’ W:i‘\/U2+S+Y3-
[IpuTtom:
27 2, (c;; X A) J' Ime™ =% (W+ X,) COS(AU) 4, = (17)
(e

Ju?+s

) H 2
- sinzyu?+s |
S| coSTAUZ +5 + (Y5 + X ) —m——— ™" cos(Au)du, 7 =20Y;.
. JU? +s

Tak kax U (X) HE 3aBHCUT OT O, To auddepennupys (15) mo O, noxyunm:

ou , dd_(y,x;2) 0 dd (y,x;z)}
z -U(y)———=——"—""=~|dS, =0. 18
[ S a2ty L4205 g, e
NmMmeewm:
ouU d®_(y,x; 1) 0 do (y,x;l)}
c ~U(y)——=—""22dS =
-S[{ on ) do ) on  do !
@ ()] .
=I{9< VAP0 A) gy O AP (y’x’*)}dsﬁ
d do on do
”“2_[ g(y)dcbc(f)(y,x;ﬂ) _ f(y)id@g)(y,x;l) s +
d do on do Y
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dd® (y,x; 1 0 dDP® (y,x;2
1o 388 A gy 0 AP 0B A gs g
d do on do

rac

o) . o0 [ .2
27 4o, (% 4) —eUS+G(y§X§)J{COST\/m+(y3 +X;) sinzyu +S]e"“ du
0

do u +S

d(p(z) X A N SinT\/UZ-l-S 2
2rt—< (v ):e"s“’(y”s)j CoSTVU? +5 + (Y, + X, ) ——— |u’e™ " du,

do 0 Jui+s
o d@f)(y,x; ﬂ,) _
do
0 A2 2 . / 2
:e"s“’(ygxg)'[—/lu o, A) COSTM+(y3+x3)—SmT U FS lequ,
s 2 Ju? +s
AU
S|n7
p(u,1) = i -1
2

Teneps u3 (18), monyyaem:

2 {g(y) 40 0sd) f(y)i0@‘(’2)(%)6%)}OIS i

d do on do y
I{ d(D (y x;A) U(y)id@g(y,x;l)}ds
. on do

do®(y, x4 0 doV(y, x4
_[{aey) . (vx )_f(y)_ (v, x )dSy—
do on do

cn'—.

(3) . 3) .
‘f{g(y)d@” WBA) _ g (y) L 4P (y’x’i)}dsy- (20)

g do on do
Tak kak
oU dd (y,x;1 0 d_(y,x; 2
[0 20ty £ 40 ni8) g
e o on do
i do® ( 2) G dP D] L @
o0 x ’x;
jg() e P
on do
SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/10 (115) 87

https://buxdu.uz



MATHEMATICS
do® (y,x; 4 0 do® (y,x: 1
I{g(y) > (7, x )_ fy)— % (y,x )}dsy

lim 3 do on do 0
o d@”@xﬂ) 0 dd?(y,x;2) - @
jg() —f(y) e s
do on do y

CIpaBe/INBa (popMyna.

() 1) .
-I{gm PeU6i8) g (y) 2 4 (y”"”“)}dsy

A% =lim—S a_do
oo do (v,x;,2) 0P|
[1an 3% 028 g (y) 0 P Lix ) lgg
: do on do
Hpu Y, =0 umeem:
2 ) o —os-ox; A
_2 72 do,”(y,x; ) oo :e“fs‘axazj‘e""“2 cos Audu =—— e,
o 0 2o

2 2
—os—ox; A~
— 1 € e 4o

"ol o

i HopManbHON TPOU3BOJHOM MOJTyHaeM:

2 4 9P (yxi 4)

sl [ _ou? X .
=e” C’XSJZUX?,e " cos Audu :;—e“g.

dy, do % Jido

Uraxk,

A
92 d do?(y,x; 1), Xe Mg el 97 dD? (y,x; 1)
2 o= . — 27T Y4=0
dy, do ¥ NN do ’
O'S—O’X§ Lz

_ X g4, (24)

2n

CornacHo (21) — (23) oneHnBast HHTErPaJbl M MOIYYUM CrIpaBeUBOCTh Gopmyisl (13). Teopema 2
AOKAa3aHA.
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AN INVESTIGATION INTO THE INHOMOGENEOUS INTEGRO-DIFFERENTIAL
EQUATION FOR THE TRANSVERSE VIBRATION OF A BEAM
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Senior Research Fellow at the Institute of Mathematics named after V.I.Romanovskiy
at the Academy of sciences of the Republic of Uzbekistan

umidjan93@list.ru, u.d.durdiev@buxdu.uz

Abstract. In this paper, we investigate the initial-boundary value problem associated with the
inhomogeneous integro-differential equation governing the transverse vibrations of a beam. We
subsequently examine the vibration operator of the homogeneous beam utilizing the method of separation of
variables, focusing on the eigenvalues and eigenfunctions. This approach effectively transforms the problem
into a Fredholm integral equation of the second kind. Leveraging the completeness of the eigenfunction
system, we establish a unique theorem, which is critical for ensuring the solvability of the problem.
Furthermore, we employ the method of successive approximations to derive solutions for these equations.
This methodological framework not only facilitates the resolution of the integro-differential equation but
also allows us to prove an existence theorem, thereby affirming the robustness of the solutions obtained.

Keywords: intego-differential, initial-boundary, inhomogeneous, eigenfunctions, separation of
variables, Fredholm integral equation, unique, existence.

HCCIEJOBAHUE HEOJHOPOJHOI'O UHTEI'PO-JUPPEPEHIIUAJIBHOI'O
YPABHEHMUSA JJIA ITIOITEPEYHBIX KOJIEBAHUU BAJIKA

Aunomauus. B oOannoii pabome ucciedyemcsi HAYANbHO-KpAesas 3a0aud, CEA3AHHAS C
HEOOHOPOOHBIM UHMEZPO-0UDDEePEHYUATLHBIM YPAGHEHUEM, YAPASTAIOWUM NONEPEUHLIMU KOLCOAHUIMU
oanxu. 3amem Mul uccieoyem onepamop KoaebaHui 0OHOPOOHOU OANKU ¢ NOMOWBIO Memooa pasdeleHus
NEePEMEHHbIX, COCPEOOMOYUE GHUMAHUE HA COOCMBEHHLIX 3HAYEHUSX U cobcmeeHnvix @ynryusx. Taxoil
nooxo0 sgpgexmusno npeobpazyem 3adauy 6 ummespaivHoe ypaghenue DpedeorbMa 6mMopozo pooa.
Onupasice Ha ROIHOMY cucmemvl COOCMBEHHBIX — (DYHKYUL, Mbl YCMAHAGIUGAEM Meopemy O
€OUHCMBEHHOCMU, KOMOPAsL SIGIAEMC KPUMUeckou 0ns obecneyenus pazpewumocmu 3aoauu. Kpome
M020, Mbl UCNOTL3YEM MEMOO0 NOCAEO08AMENbHBIX NPUOTUNCEHUT OIS NOTYYEHUs. PeUleHUll DMUX YPAGHEHUI.
Oma memodonocuueckas 0CHOBA He MOJILKO 0bae2uaem peuleHue uHmezpo-ouphpeperyuarpiozo ypasrenus,
HO U RO380jsiem OO0KA3amv meopemy CYWeCmEo8anus, mem CambiM NOOMEePIlHCOass YCMOUMUBOCHb
NOTYYEHHBIX PelteHUll.

Knwouesvie cnosa: unmezpo-oupepenyuanvroe, Ha4aIbHO-2PAHUUHOe, HeOOHOPOOHOe, CODCMBEHHble
@QyHKyuu, pazoenenue NEPEMEHHLIX, UHMeepaibHoe ypasHeHue Dpedzoabma,  eOUHCMBEHHOCD,
cywecmeaosaniue.

BALKANING KO‘NDALANG TEBRANISHLARI UCHUN BIR JINSLI BO‘LMAGAN
INTEGRAL-DIFFERENSIAL TENGLAMANI O'RGANISH

Annotatsiya. Ushbu ish balkaning ko'ndalang tebranishlarini boshqaradigan bir jinsli bo ‘Imagan
integral-differensial tenglama bilan bog'lig bo'lgan boshlang'ich-chegaraviy masalani o'rganadi. Keyin biz
o'zgaruvchilarni ajratish usuli yordamida bir jinsli balkaning tebranish operatorini o'rganamiz, xos
giymatlari va xos funktsiyalariga e'tibor garatamiz. Ushbu yondashuv masalani ikkinchi turdagi Fredgolm
integral tenglamasiga samarali o'zgartiradi. Xos funksiyalar sistamasining to'ligligiga asoslanib, biz
masalaning yechimini ta'minlash uchun juda muhim bo'lgan yagonalik teoremasini o'rnatamiz. Bundan
tashgari, biz ushbu tenglamalarning yechimlarini olish uchun ketma-ket yaginlashtirish usulidan
foydalanamiz. Ushbu uslubiy asos nafagat integral-differensial tenglamani yechishni osonlashtiradi, balki
mavjudlik teoremasini isbotlashga imkon beradi.

Kalit so“zlar: integral-differensial, boshlang'ich-chegaraviy, bir jinsli bo ‘Imagan, xos funksiyalar,
o'zgaruvchilarni ajratish, Fredgolm integral tenglamasi, yagonalik, mavjudlik.
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Introduction and statement of the problem. The investigation of transverse vibrations in beams is a
critical aspect of structural engineering, where the dynamic behavior of beams under various loading
conditions plays a pivotal role in ensuring safety and performance. Among the various mathematical models
employed to describe these vibrations, the integro-differential equation stands out for its ability to capture
both immediate and historical effects of forces acting on the beam.

The integro-differential equation for the transverse vibration of a beam incorporates not only the
classical elements of beam theory but also the complexities introduced by inhomogeneous loading and the
time-dependent nature of vibrations. This equation provides a comprehensive framework for analyzing the
behavior of beams subjected to distributed loads, accounting for the interactions between various points
along the beam over time.

This study focuses on the integro-differential equation governing the transverse vibrations of a beam.
By examining its theoretical foundations and employing advanced solution techniques, such as separation of
variables and successive approximations, we aim to uncover the intricate relationships between the beam’s
response and the external forces applied to it. The findings of this investigation will enhance our
understanding of beam dynamics, contributing valuable insights for the design and analysis of structural
elements in practical engineering applications.

We investigate an inverse problem aimed at identifying the unknown kernel k(t) as well as the
transverse bending vibrations u(x, t) of a homogeneous beam of length [. These variables are governed by a
fourth-order partial differential equation.

Upr + A% Usyry = ft k(Du(x, t —1)dt + f(x, 1), (D
(x,t) € (8, D x (0,T] =:G,

with the initial conditions

u|t=0 = (p(X), ut|t=0 = ll)(X), x € [0' l]' (2)
and boundary conditions
u(0,t) = Uy (0,8) = u(l,t) = Uy (L, t) =0, t € [0,T]. 3)
Problem. The problem requires to define the function
u(x,t) € Cof (G) N C2HG), (4)

satisfying relations (1) — (3) with the known posmve numbers a, [, T and sufficiently smooth functions ¢ (x),

Y(x), k(0), f(x,0).

Study of the problem. The solution of the direct problem (1) — (4) will be found in the following form

u(x, t) = Z U (DX (), )
n=1
where X (x) is the solution to the following problem:
Xt +1X(x) =0, 0<x<],
X(0)=X"(0)=X{)=X"() =0.
Finding these solutions we get

2 4 N4
X,(x) = Tsmun X, Ap=—py =— (T) ) (6)
. !
u,(t) = \/;f u(x, t) sin u, xdx. @)
0
Formally, from (5) by term-by-term differentiation we compose the series
U5 = ) w(OXn (), ®)
- n=1
e (1) = Z un (X () = 2 i Un(OXn (), ©)

By applying the formal scheme of the Fourler method and utlllzmg equations (1) and (2), we derive
the result
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wl () + a?uk u,(t) = fk(r)un(t —1)dt + f,(b), n=12,.., 0<t<T, (10)
1 (0) = @ny Up(0) = Yy M =12, (11
where
l l l
on = f 9 ()X, () dx, - f POX @) dr, o) = f fGOX(Odx.  (12)

Using the method of [7], we present the solutlon of the problem (10), (11) as an integral equation

u, (t) =qt) + —f sin[au?(t — 1)] fk(s)un(r — s)dsdr, (13)

where

_ 2 wn « 2 1 . 2
qt) = @pcosapyt +——sinau; t +— | fn(s)sin[au; (t — 1)]ds
au aun

n

Theorem 1. If there exists a function u(x, t) satisfying relations (1)-(4), then it is unique.

Proof. Based on the completeness of the system X, (x) in the space L,(0,l) we can establish the
uniqueness of the solution to the problem defined by equations (1) — (4). Assume, for contradiction, that
there exist two distinct functions u, (x, t) and u, (x, t) that serve as solutions to this problem. The difference
u(x, t) = uqy(x,t) —uy(x, t) then becomes a solution to the homogeneous problem (1) — (4), where @ (x) =
0, Y(x) =0, f(x,t) = 0. Consequently, we have ¢, = 0, y, =0, f,,(t) = 0.

From equation (13), we obtain u,, = 0, as u,, satisfies the homogeneous equation:

t

1, (£) = % f sin[au (t — 1)] f k(s), (7 — s)dsdr

n
0

0
This, in conjunction with equation (7), is equivalent to the condition:
l

fu(x, )X, (x)dx =0

0

Given the completeness of the system Y,,(x) in the space L,(0,1), we conclude that the function
u(x,t) must be zero almost everywhere in the interval [0,[] and at any t € [0, T]. Furthermore, due to the
continuity of u on G, as stipulated by condition (4), we deduce that u(x,t) = 0 on G.

Thus, we have proven the uniqueness of the solution to the problem defined by equations (1) — (4).

For each fixed n, equation (13) represents a Volterra integral equation of the second kind concerning
vy,. According to the established theory of integral equations, provided that the functions ¢(x), ¥ (x), k(t),
and f(x, t) satisfy the necessary conditions, this equation has a unique solution.

The solution to this integral equation can be effectively obtained using the method of successive
approximations. This iterative method constructs a sequence of approximations that converges to the unique
solution of the equation, thereby providing a practical approach for solving v, in this context.

Furthermore, from (13) we can obtain an estimate for u,,(t):
T

lu, (O] < 1q®)| + ! jsm[a/xn(t — T)]fk(s)un(r — s)dsdt],
aftn 0 0
since

t
iszn(s) sin[au?(t — 7)]ds

lq(®)| < |@, cosa u? t| + ‘;DTT;sin au? t| +

<|<pn|+ 2Ill)n|+ 2IIntI
Thus, we have
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t—s
Ikl |
0 (O] < Il +— |¢n|+ 2||fn||+ o f 11, (5) f sinay2rdrds

n

20Ikl
< 1l += 2|wn|+ uz Il + 55 4f| un()lds, e[0T

where [|kll = max [k(O], Ifull = max |fa(©)]
Hence, by virtue of Gronwall's inequality, we can conclude that the solution u,, (t) satisfies:
T||k]|
lun ()] < <I<pnl ezl t Ilfnll> { e O [0,T], n=12,... (14
n
2T||k||}

n

T
lun (O] < IIntI+<I<0nI+ 7 [nl +— e Ilfnll>(IIkIIT+a n)e p{

Thus, the following statement is true:

Lemma 1. For any t € [0, T] the following estimates

(1 < € (1l + 5 Wl + 15 (15)
UO1 S Co gy + 2y 4 21, D, (16)

are valid, where C;, i = 1,2 are positive constants dependingon T, [, and || k]||.
The series (5), (8) and (9) for any (x,t) € G based on Lemma 1 are majorized by the series

2 Z(n“'kpnl 2] + 220, (7)

where the constant C5 dependson T, [, and k]l

Lemma 2. Under the conditions
p(x) € C®[0,1],  @(0) =pl) =¢"(0)=¢" (D) =e®0) =1 =0,
Y(x) eC30,1], (0 =y =y"0)=y"1)=0,
fa ) €CH (@), fO,0=f1)=fir(0,t)=frx(Lt) =0, 0<t<T,
one has the relations
on=—=00, Vn=——=9®, £ =120, (18)
Hn Iz Hn

n

]
2
o = ff ) (x) cos ppx dx, P = \/;f Y3 (x) cos pyx dx,
0
JAMOE f j F(x, £) cos ppx dx,

Z o] < le® GO, 100 Z 47| < [P, 0,
n=1

Z S| <

Proof. We integrate equation (13) by parts multiple times: specifically, we perform integration by
parts on the integral involving the functions f(x, t) and ¥ (x) three times, and on the integral involving the
function @ (x) five times. Under the conditions specified in Lemma 2, we arrive at the equalities stated in
(18). The inequality presented in (19) corresponds to the Bessel inequality for the coefficients of the Fourier

where

with the estimates

(3)

xxx

(19)

Lo[o]
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expansions of the functions <p,(15) : 7(13) and F,f?’) (t) in the cosine system { \/% cos ynx} on the interval [0, ].

This inequality reflects the relationship between the coefficients derived from the Fourier expansions and
demonstrates the convergence properties of the series associated with these functions, thus reinforcing the
theoretical foundation for our analysis.

It is important to note that if the conditions of Lemma 2 are satisfied, the series in equation (17)
converge. To demonstrate this convergence for the first series, we can apply a similar approach to the other
series as well. Specifically, using equation (18) and the Cauchy-Bunyakovsky inequality, we obtain:

oo

Zn4l¢nl=za|¢ﬁ) < Zﬁ Z|§01(1) :
n=1

n=1 n=1 n=1

Thus, according to the first inequality in (19), we conclude that the series Yo, n*|¢@,| converges,
confirming the convergence of the numerical series as desired.

If the functions ¢@(x), Y(x) and f(x,t) meet the conditions outlined in Lemma 2.2, then, based on
inequalities (18) and (19), the series (17) converge. Consequently, this implies that the series in (5), (8) and
(9) converge absolutely and uniformly within the rectangle G. As a result of this uniform convergence, we
can assert that the sum of the series in (5) satisfies the relations given in (1)—(4).

Using the above results, we obtain the following statement.

Theorem 2. Let k(t) € C[0,T]. If the functions ¢(x), P(x) and f(x,t) satisfy the conditions of
Lemma 2, then there exists a unique solution to the problem (1) — (4).
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YJIK 004.855.5

NPUBJINKEHHBIE METO/bI HAXOKIEHUSI KOPHEM AJITEBPAMYECKHUX
YPABHEHHMU C IOMOUIBIO ITPOI'PAMMBI MATHCAD

Apawoe UHxmuép baxmuép yanu,
npenoodasamens Kageopwvl NPUKIAOHOU MAMEMAMUKY U MEXHOI02UL NPOSPAMMUPOBAHUS
byxapckoeo 2ocyoapcmeennozo ynueepcumema

Annomayua. B xo0e uUCIEHHO20 pewienus GbINOTHAEMCs OmOeNeHue U YMOYHeHue KOpHel —
HAXO0JICOEHUEe YUCTIEHHO20 3HAYEHUs. KOPHS C YKA3AHHOU MOYHOCMbl0. B dannou cmamve ananuzupyemcs
MeMoObl HAXONHCOCHUsL KOPHEll ANleedpaudecKux ypasHenutl ¢ nomoupio npoepammel Mathcad.

Kntouesvle cnoea: cpaduenmuuvlii Memoo KACAMENbHbIX, Memod Xopo, Memoo OelleHus OmpesKa
HONONAM, AN2OPUMM, UMEPAYUSL, MEMOO NPOCMbIX UMEPAYUTL, MEMOO KACAMENbHBIX.

MATHCAD DASTURI YORDAMIDA ALGEBRAIK TENGLAMALARNING ILDIZLARINI
TAQRIBIY TOPISH USULLARI

Annotatsiya. Sonli yechim jarayonida ildizlarni ajratish va aniglash — belgilangan aniglik bilan
ildizning sonli giymatini topish amalga oshiriladi. Ushbu magolada Mathcad dasturidan foydalanib,
algebraik tenglamalarning ildizlarini topish usullari tahlil gilinadi.

Kalit so'zlar: gradiyent usuli, vatarlar usuli, kesmani teng ikkiga bo ‘lish usuli, algoritm, iteratsiya,
oddiy iteratsiyalar usuli, urinmalar usuli.

APPROXIMATE METHODS FOR FINDING THE ROOTS OF ALGEBRAIC EQUATIONS
USING THE MATHCAD PROGRAM

Abstract. During the numerical solution, the separation and refinement of the roots is performed —
finding the numerical value of the root with the specified accuracy. This article analyzes an approximate
method for finding the roots of algebraic equations using the Mathcad program.

Keywords: gradient tangent method, chord method, bisection method, algorithm, iteration, simple
iteration method, tangent method.

Beenenue. PenieHuemM HEMHEHHOTO YpaBHEHUS SIBISIETCS Takas TOYKA, KOTOpas IIPU MOACTAHOBKE B
ypaBHEHHe o0paraer ero B ToxaecTBo. Ha npaktuke He Bceraa yaa€res monodpars Takoe pemienue. B atom
Cllydae pelIeHHEe YpaBHEHHUS HaxXOSIT C MPUMEHEHHEM MpHOMMKEHHBIX (YHUCIEHHBIX) MeTojoB. Torma
peuieHreM OyJIeT SBISATbCA Takas TOYKA, MPH TOACTAHOBKE KOTOPOH B ypaBHEHHE IOClelHee OyaeT
BBIMIOJIHATBCS. C ONPEAEIEHHON CTENEHbI0 TOYHOCTH, T.€., TH€ € — Manas BenuuuHa. HaxoxaeHue Takux
pELIEHNH U COCTABIIAET OCHOBY YHCIIEHHBIX METOAOB U BBIYMCIUTEILHON MaTEMATUKH.

Penienue HeNWHEMHBIX ypaBHEHWI paszJiefisieTcsi Ha JiBa 3Tama: OTJEJICHUE KOpHEW ypaBHEHUH U
YTOUYHEHHE KOpHEH HeIMHEHHbIX ypaBHeHMH. Ha mepBom 3Tame HeoOXOIMMO HCCIeNOBaTh ypaBHEHHE U
BBISICHUTH, UMEIOTCSI KOPHU WK HeT. Ecnu KopHM MMETCs, TO y3HaTh, CKOJIBKO HMX, M 3aT€M ONPEIENINTh
HMHTEPBaJbl, B KAKJOM U3 KOTOPBIX HAXOAUTCS €IMHCTBEHHBIN KOPEHb.

[Ipn aHanUTUYECKOM METOAE WCCIIEJIOBAaHWN HEOOXOIUMO BBISIBUTH WHTEPBajIbl MOHOTOHHOCTH
¢bynkumu. st 3Toro HeoOX0AUMO BBIYHMCIUTE KPUTUUYECKUE TOUYKH, B KOTOPBIX NEepBasi MPOM3BOJHAS paBHA
HYJTIO WIH HE CyIIecTByeT. Toraa Bcst YMCIIOBasi OCh pa30MBaeTCs Ha MHTEPBaJIbl MOHOTOHHOCTH. Ha Kaxkaom
W3 HUX OINPENEINSIETCS 3HaK IIPOU3BOJIHOM, 3aT€M BBIJIEISAIOTCA T€ UHTEPBAJIBI MOHOTOHHOCTH, Ha KOTOPBIX
(YHKLMS MEHSIET 3HaK.

Ha BTOpOM 5Tame Ha KaKAOM U3 3THX HHTEPBAJIOB I MOMCKA KOPHS HCIOJIB3YIOTCS YHCIEHHBIE
WTEpalMOHHBIE METOABI YTOUHEHHS KOPHEH, HAIIPUMEP METO/bI IOJIOBUHHOTO JEJIECHMS, IPOCThIX UTEpaLUi
iy HerotoHa.

Cucrema Mathcad obnagaeT MUPOKMMH BO3MOXKHOCTSIMU YHCIICHHOTO peIIeHHs ypaBHEeHHH. MHoOrne
3aa4d, pellaeMbleé € MOMOIIBI0 MATEMATHYECKHX IIaKETOB, CBOAATCS K PELICHUI0 YPAaBHEHUH -
anredpandecKkux, CTENEHHBIX, TPUTOHOMETPUIECKUX, K MOWCKY 3HAYCHWH HEW3BECTHBIX, MPEBPALIAIOIINX
9TH YpaBHEHUSI B TOXKAECTBA CTPOTO WIIM MPHOIMKESHHO.
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OcHoBHas 4actb. B MathCad peanusyeTcsi HECKOIBKO aJrOPUTMOB HPUOIHMKEHHOIO BBIYHCICHHUS
KOpHEW ypaBHEHHWI. DTO TpaJuWeHTHBIII METOJX KacaTeNbHBIX M MeToa xopA. Ho m3mokeHme HaYHEM C
MPOCTEHIIEro METoAa — METOa JeJIEHU OTpe3Ka MOMoJam.

1. PaccMoTpuM anropuT™ BerMuciieHus: KopHs ypaBhenus f (X) = 0 ma unTepBaie [a, b], npu

a+b
stom f(a), f (b) momxubr uMeTh pasuble 3Haku. [IpuMem, uTo ¢ = — > HPH STOM JIaHHAs TOUKA C CTAHOBUTCS

TpaHUIICH BIOXKEHHOTO OTpe3Ka, Mpu4éM JieBoi rpanuiei, eciu f (@), f (C) umeroT onnHaKkoBbIC 3HAKH, WU
npaBoii, ecnu f (@), f (C) umerorT pasHble 3HaKW. 3aTeM HAXOAUTCS TOYKA CEPEIAMHBI IOJYYCHHOTO
BIIOKEHHOTO OTpE3Ka, KOTOpasi, B CBOIO OYepeab, CTAHOBUTCS TPAHUIEH APYroro BIOXKEHHOTO OTpe3Ka.
Wrepanmu npoBoasATCS 10 T€X TMOP, ITOKA JAIHNHA OTpe3Ka HEe CTAHET MEHBIIE yIBOCHHOHN BEIMYMHBI 3HAYCHUS

o sinx
MOTPEITHOCTH. PaccMOTprM TaHHBINH METO/ Ha MPUMepe HAXOXKIEHUS] KOPHS YpaBHEHHS —~ = 0 Ha oTpeske

[0,5] ¢ TounOCTBIO 1073,

HaiinémM xopHM ypaBHEHHUs % =0 Ha orpeske [0,10] ¢ Tounocth01073. Jlna  sroro,
BEIIIICTIPUBEICHHBIA aJTOPUTM TpUMeHsieTcsl 3 pa3a (110 KONUYECTBY KOpHEH) IIs BBEAEHHBIX (YHKIIHN
fx) fx)
x) = ——— h(x) = ———=—. Tlo anropuTMmy HaxomsaTcs KOpHH X; =3,141, x, = 6,284, x5, = 9,424.
g(x) G—x1) (x) G—x1)(x—23) PUTMY A PHH X1 2 3
# = 3 14 =57
£(x) = sin(x) c= 0.001 xl:= 3141 x2= 6284 .
* £ £(x) = 2D &= 0.001
xl'= a0 h(x}:=m x
X=X X=Xz
b+ 10
x= la+ 0
while Ib - aI > 2e
3= jae 0 b«35
at+b
2 b« 10 while |b—a] > 2
i ¢ RS0 while Ib—a]::-k 1:‘:_Hb
: a+b
b & ¢ otherwise R
2 a<c if fla)f(c) >0
at+b
5 at ¢ f h(a)h(c) >0 b ¢ ¢ otherwise
b < ¢ otherwise a+b
x1 =3.141 a+bh )
2
L x=3.141
(x —x1)
x3 =9.424
2= l|lae 0
b« 10
while |b- al = 2e
at+b
C
atc ff gla)ygle)>0
b & c otherwise
at+b
2
x2 = 6284

1-pucynok. Peuenne ypapHenust SIXE = 0 Ha orpe3ke [0,10] ¢ momomnsio mporpammsl MathCad

2. Ecnu HeoOxomumo peruTh ypaBHenue f (X) = 0, To B ciydae mpuBEIeHUS €ro K BUIY X =
d(X) wucmomp3yercs MeTOJ MPOCTBIX wWTepanuit. [lpy  3aJaHHOM  HA4YaJlbHOM  MPHOIMKCHUU
X=x, npuHUMaeTCs, 9T0 X1 = d(X(), CTPOUTCS MOCIIEAOBATCIIHBHOCTh
{xn}: xp41 = d(x,) , Tormalim,_,{x,} = %
Hampumep, HykHO pemmts ypaBuerne d(X) = Sin X -1. AHATUTHYIECKH €T0 PENINTH HEBO3MOKHO, B TO
BpeMsl KaK METOJI MPOCTHIX uTeparnmii 7aét orBet X = —1.935.
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d(x) := sin{x) — 1
Hx):= [x« 0
for ne0..9

X< sin(x) — 1

X

r{x) = —-1.935

2-pucyHOK. MeTo/ POCThIX UTepanmii
3. Memoo racamenvnvix 3anoxen B Oioke Given-Find. Ero cyTth 3akiovaeTcs B CIEAYIOIIEM.
[Tycte y = f (X) umeeT KOpeHb Ha oTpe3ke [a, b]. 3agaercs npubIMKeHHE KOPHS X = X , HAXOAUTCS 3HAUCHUE
bynkimu y = f (Xo ), yepes3 3Ty TOUKY MPOBOIUTCS KacaTelbHas, KoTopas nepecekaer ock OX B Touke Xi,
cHoBa Beruucisiercs: Y = f (X;), 4epe3 3Ty TOuKy mpoBOIHUTCS KacaTelbHas U T.1. [Ipogormkas 3ToT mpouecce
HEOTPaHUUYCHHO, MOYKHO MOCTPOUTH MOCIEI0BATEIBHOCTD {X,}, CXOMAIIYIOCS K UCKOMOMY KOpHIO X. Torma
Xn+1 JIETKO BBIPA3UTh Y4epe3 PEKYPPEHTHYIO GOpMYITy:

oSG
n+l1 — 4n
f'(xn)
Given
fi(x)= 0
£ix) = 165 + 105%° = 19
i=1 180 T T T
Find{x) = 0.413
Given 508 -
fixy= 0 fix)
f{l) = 16:.3 + lﬂjxl - 19 I:I.-...u-u.. LLLLLLLL L .....u.u
xm—]
] ! I I
Find(x) = =044 -1 -0.5 ] 0.5 I
x
earrlx) = |x & 1 carr(x) = |x +— =1
o+ 0 n+Q
for ne 10100 for ne 1..100
n—n+l o4n+1
f fi
Tz {—X:I XX — ﬂ
d d
—E(x) —f(x)
dx di
X x
corrl{x} = 0413 corrl(x) = =044

3-pucynok. MeToJ KacaTe/IbHbIX penrenns ypapHenns 16x° +105x° -19 = 0
4. Crnenytommii YUCIEHHBIH METOJl PEIICHHUS YpPaBHEHHH — Memoo X0pd. AINTOPUTM €ro
cenyromuii. ITycts ¥ = f (X) umeer xoperr Ha orpeske [a, b]. 3amaércs mpuOIIKEHME KOPHSA X = Xo,
HaxoauTcs 3HadeHue Qynkumit y, =f (0), y = f (Xo) , yepe3 Touku (b, y,) U (Xo, Y) mpoBomUTCS XOpAa,
KoTOpas mepecekaer ock OX B Touke Xg, Beruucimsercs Y = f (X;) , gepes touku (b, yp) u (X1, Y) mpoBoauTcst
xoppa, Kotopas nepecekaer ocb OX B Touke X; u T. 1. [Ipogoimkast 3TOT MpPOLECC HEOTPAaHUUCHHO, MOXKHO
MOCTPOUTH TTOCIEI0BATEIBHOCTD {X;}, CXOASAIIYIOCS K HICKOMOMY KOPHIO X. TOrIa Xn.1 JIETKO BBIPa3HUTh Yepes3

PEKYppeHTHYIO hopMyIy:
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= x)fe)
LTI F(B) — f (x)
Mertoa xopn peanmsyercs B MathCad wepes ¢ynkuuro root. Ha pucynke 4 mpuBoauTCs TpuMep
pa6otsr mogmporpamm hordl (X) u hord2 (x) mwms pemenus ypasrenns 16x°+105x*-19=0. [oamporpammb
OTJINYAIOTCS TOJBKO HAYaIbHBIM MPUOIIKEHHEM KOPHSL.

fix)=10
3 2
f(x) == 165" + 1055~ — 19
3amaHo HAYaNLHOoe TP HOMMAHRHHS KOpHA JanaH HHETep BT JIOKAN HRAUHH KO PHA
x=1
root(f(x),x) = 0.413 root(f(x),%,0,1) = 0.413
x=-1
root( f{x) ,x) = —0.44 root{ f(x) ,x,—2,-0.05) = —0.44
Jajana noJnp orpaM Ma
al '==-3 b2:=#6
hordl({x) == |x« -1 hord2(x) = |x <« 1
ne<«0 n« 0
for ne1_100 for n=1_100
n+—n+1l n+n+1
X x— {al —x)-f(x) % x— (b2 — x)-f(x)
f(al) — f(x) f(b2) — f(x)
X X
hord1{x) = —0.44 hord2({x) = (.413

4-pucyHok. MeToa X0p/ peleHusi ypaBHeHU

5. B ToMm ciyuae, ecau ypaBHEHHE HUMEET MHOXECTBO KOPHEH, YIOOHO NPOBOANUTH pazdueHue Ha
cezMennbl M Ha KaXJIOM CETMEHTE HaXOJIUTh KOPEHb METO/I0OM Xop/. Hanpumep, 4ToOBI pemuTh ypaBHEHNE
sinx
—~ = 0 na orpeske [-10m + 0,2,0], nanmmem noanporpammy FF (puc.5), kotopast Bo3BpaiaetT KOpeHb Ha
3agaHHOM oTpe3ke. Cronbenr X 3amaéT TpaHUIBI HMHTEPBAJOB JIOKAIM3AalMM KOpHI. B pesymbrare
BhIUKCIIEHNI TToTydeHo 10 kopreii FF (X). 3nauenus, eiBenennnie B cronben g(FF (X)), mopsuka 102, 107
3 4r0 TOBOPHT O TOM, uTO 3HaueHme (yHKIMK Y = (X ) OT HAilACHHBIX JHCICHHBIM METOIOM KOPHEIl

CTPEMUTCS K HYJI0. Y paBHEHHE % = 0 paBHOCHUJILHO CHCTEME YPaBHCHUN:
{sin(x) =0
] x#0
Perrenus ypaBHeHHS % = 0 ma orpeske [-107 + 0,2,0] ynosaerBopsiot X = 1k, k = -1,...,-10.
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FFX0) = | X « X0
return root(g(X), X)

FF(-3) = -3.142 FF(4) = 3.142

X = (101 + 0.1), (-9 + 0.1).0

X= FE(X) = g(FF(X)) =
-31.316 -31.416 0
-28.174 -28.274 5.065-10-15
-25.033 -25.133 -2.096'10-14
-21.891 -21.991 8.114-10-14

-18.75 -18.85 -3.165'10-13
-15.608 -15.708 1.33'10-12
-12.466 -12.566 -6.537'10-12

-9.325 -9.425 4.275°10°11

-6.183 -6.283 -1.311-10-15

-3.042 -3.142 5.981-10-13

sinx
5-pucyHok. Paz0uenune Ha cerMeHTBI JUIsl pellleHUs] YPABHEHUS y = ~ Cronben X — KopHH

YPaBHEHHUS HA OTpPe3Ke

3axuoueHue. OTH METOABI MO3BOJISIOT 3(h(HEKTUBHO HAXOJUTh KOPHH anredpanyecKux ypaBHEHHM, U
nporpamma MathCad npenocrasisier yqoOHbIE HHCTPYMEHTHI ISl X pean3anuu. Beidop merona 3aBucUT
OT CBOWCTB (DYHKIIMY M HEOOXOIMMBIX yCIIOBHI TOYHOCTH.
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PHYSICS

VIK 539.12

W3YYEHUE HEOJJHOPOJHOCTH YIJIOBBIX PACHPEJIEJIEHUI BTOPUUYHBIX
YACTHUI B AAEPHBIX B3AUMOJEUCTBUAX C IOMOLIBIO CTATUCTHYECKUX
METOAOB

Cauoxanoe Hacup Illakuposuu,

0.¢h-m.1., npogheccop, yuénolii cekpemaps OUUKO-MEXHUHECKO20 UHCIUMYMA
AH PY3 Tawkenm, yn.49. Aiimmamosa 25b.,

said@uzsci.net

Annomayua. B Oannoil cmamve NOOPOOHO ONUCAHLL MAKUE NOHAMUA MAMEMAMULECKOU
CMamucmuky Kak Ciy4annas eeluyund, mamemamuyeckoe odxcuoanue, oucnepcus. Jlansl npeocmagnenus o
NPOCMPAHCMEEHHBIX U A3UMYMATbHBIX YelaxX GblIema 6MOPUUHBIX YACTUY.

na uccnedosanusi 00HOpoOHOCHU COObIMUL, HAUOEHHbIX 6 (QOMOIMYIbCUU, NPUMEHEH Memoo,
OCHOBAHHBIN HA AHANU3 A3UMYMATLHLIX Y2N08blX pacnpedenenuti. [ 5mozo 68edeHvl geaudunvl fy
KOmopbule He 3a6Ucim om 6bl00pa HA4AIbHOU OCU Ol OMCYEMa y2no8 @i U umeiowyue ciedylouue ceolucmsa.
KOppenayuu CUMMEMPUYHO20 MUNA NPUBOOAM K BO3PACAHUIO BeTUYUHBI P2, HO He oKaszvisarom
CYWeCmEeHHO20 GIUAHUA HA BeUHUHY 51, KOpperayuu acumMmempuiHo2o mund npusooam K 603pacmanuio
Kax 1 max u f,.

H3noorcensi pezynomamol npumeneHus 8eIuduH P K IKCHepUMeHmManibHbiM U meopemudeckum OaHHbIM,
KOMopbvle NOKA3aMU BbICOKYIO 4YBCMEUMENbHOCHb IMUX GEIUYUH K OOHAPYIHCEHUO HeOOHOPOOHOCHIU
cobbimuil.

Knioueswie cnosa: wacmuynl, 20pa, CMoIKHOSEHUS, TUSHU, MameMamuiecKoe ojcudanue, OUcnepcus,
Kpumeputi, =~ HeOOHOPOOHOCMb,  AHUOMPONUA,  GOmoIMyabcus,  OuppaxyuonHas  ouccoyuayus,
MHOJICECTNBEHHOCTD.

STUDY OF THE INHOMOGENEITY OF THE ANGULAR DISTRIBUTIONS OF
SECONDARY PARTICLES IN NUCLEAR INTERACTIONS USING STATISTICAL METHODS

Abstract. This article describes in detail such concepts of mathematical statistics as a random
variable, mathematical expectation, and variance. Explanations are given for such characteristics of
secondary particles as spatial and azimuthal angles of departure of secondary particles.

To study the uniformity of events found in the emulsion, a mathematical statistics method based on the
analysis of azimuthal angular distributions was applied. To do this, the values of fx are introduced, which do
not depend on the choice of the initial axis for counting the angles ¢; and have the following properties:
correlations of the symmetric type lead to an increase in the value of ff,, but do not significantly affect the
value of f1; correlations of the asymmetric type lead to an increase in both B and f3.

The results of the application of Py values to experimental and theoretical data are presented, which
have shown a high sensitivity of these values to the detection of heterogeneity of events.

Keywords: particles, nuclei, collisions, showers, mathematical expectation, dispersion, criterion,
heterogeneity, anisotropy, photoemulsion, diffraction dissociation, multiplicity.

YADRO TA‘SIRLASHUVLARIDA IKKILAMCHI ZARRACHALARNING BURCHAK
TAQSIMOTLARI NOBIRJINSLILIGINI STATISTIK USLUBLAR YORDAMIDA O‘RGANISH

Annotatsiya. Ushbu maqgolada matematik statistikaning tasodifiy kattalik, matematik kutish,
dispersiya kabi tushunchalari batafsil bayon etilgan. Ikkilamchi zarralarning fazoviy va azimutal
burchaklari kabi xarakteristikalari tushuntirilgan.

Fotoemulsiyada topilgan hodisalarning birjinsliligini  o'rganish uchun ikkilamchi zarrachalarning
azimutal burchak tagsimotlarini analiz gilishga asoslangan matematik statistika uslubi qo ‘llanilgan. Buning
uchun, @i azimutal burchaklarni hisoblashning bosh o ‘qgini tanlashga bog‘liq bo ‘Imagan py kattaliklar
kiritilgan. Ular quyidagi xossalarga ega: simmetrik tipdagi korrelyatsiyalar f, kattalikning o ‘sishiga olib
keladi, lekin p; kattalikka uncha tasir etmaydi. Assimmetrik tipdagi korrelyatsiyalar ham f;, ham pg,
kattaliklarning o ‘sishiga olib keladi.

P« kattaliklarni tajribaviy va nazariy olingan natijalarga qo ‘llash, bu kattalikiarning birjinslimas
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hodisalarni aniglashga o ‘ta sezgirligini ko ‘rsatdi.
Kalit so'zlar: zarrachalar, yadrolar, to'qnashuvlar, quyunlar, matematik kutish, dispersiya, mezon,
birjinslimaslik, anizotropiya, fotoemulsiya, difraksion dissotsiatsiya, ko'plamchilik.

Beenenne. OOpa3oBaHre BTOPUYHBIX YAaCTHIl IIPU CTOJKHOBEHHIX YACTHLl U SACP BBHICOKOM SHEPTUHU
MOJKET OBbITh CBSI3aHO Pa3lIWYHBIMU MEXaHH3MaMH UX B3aUMOAEHCTBHA. [y onpeneneHus U UCCIel0BaHUs
3THX MEXaHU3MOB U3YUYaIOTCs TAKHE XapaKTEPUCTHKH AJIEMEHTApHBIX aKTOB SIEPHOTO B3aUMOJIEHCTBHS Kak
MHOXECTBEHHOCTb, YIJIOBBIE M JHEPreTHYECKHE XAapaKTEPUCTHKH BTOPUUYHBIX YACTHL, OOpa3oBaHHE
pa3nuYHBIX pe30oHaHCOB. [lake mpu oTOOpe B3aMMOAEHCTBHH (SKCHEPHUMEHTATOPhl UX OOBIYHO HA3bIBAIOT
JIUBHSMH, COOBITUSIME WX 3BE37]aMU) C OJUHAKOBBIMH MHO>KECTBEHHOCTSIMU, MEXaHU3MBI UX 00pa30BaHUs
MOTYT OBITH Pa3NUYHBIMHU. DTH pa3IH4YHble MEXaHH3MBI MIPUBOAAT K Pa3UYMIO YTIIOBBIX pacHpeaeieHui
BTOPHUYHBIX YaCTHII.

JluBHHM, conepKauie COOBITHS C Pa3dUYHBIMH MEXaHU3MaMH HMX o00pa3oBaHMs,  Ha3bIBAIOTCS
HEOJHOPOIHBIMU. [l1s1 OOHapyKeHHS HEOJHOPOMHOCTH JIMBHEH MOXHO HCIIOJIB30BaTh METO[HI,
paccMarpuBaeMble B MaTeMaTHIECKO craTucTuke [1].

OcHOBHbIe MOHATUS MaTeMaTH4ecKoW crTaTtucTukM. OOpazoBaHHBIE BTOPUYHBIE YacTULBI B
SIIEPHBIX B3aMMOJAEWCTBUSAX MOTYT POXAATHbCA C PA3IUYHBIMHM YTJIIOBBIMH, UMIYJIBCHBIMH M MPOYHUMH
XapakTepUCTUKaMU. B MHAMBUAYaIbHBIX CIIydasiX 3TH XapaKTEPUCTHUKH MOTYT CHIIBHO (IIyKTyupoBath. Bee
OHH HOCSAT CIIy4YallHbIA XapakTep.

B MaTeMaTHUeCKON CTaTUCTUKE PACCMOTPEHHE UCTIBITAHUIA C HEKOTOPBIM YHUCIIOM UCXOJIOB (COOBITHIA)
IIPUBOJMT K MOHATHIO CIIy4aliHON BEIUYHHBI.

CrnyuyaitHas BeIMYWHA — IEPEMEHHAs, 3HAUYEHUSI KOTOPOH MPENCTABISIOT COO0M YHCIEHHBIE UCXOIBI
HEKOTOpPOTrO CIIy4ailHOTO (peHOMEHa WM JKCIepuMeHTa. [pyrumMu cloBamMH, 3TO YUCIECHHOE BBIPAKCHHUE
pesyibTaTta ciydaitHoro coObiTHs. CiydaiiHas BENMYWHA SIBISIETCS OJHUM W3 OCHOBHBIX TMOHSTHHA TEOPHU
BEPOSITHOCTEH.

CrnyyaiiHble BEJIMYMHBI XapaKTEPU3YIOTCS TAKUMH BaXKHBIMHA IOHATHSMH KaK MaTeMaTHYECKOe
oXXugaHue u nucnepcus. Kpatko paccMOTpUM 3TH MOHITHS U UX CBOWMCTBA.

Martemarnyeckoe 0KHAaHUE — 3TO CPEIHEB3BEIIEHHOE 3HAUCHNE CITy49aifHOM BEJTMYUHBI.

JUId TUCKPETHBIX BEIMYUH OHO OINpENEsIeTCs KaKk CyMMa IPOM3BEIEHUII BO3MOXHBIX 3HA4YEHUHI
CIIy4aifHOM BEJTMYMHBI HA COOTBETCTBYIOIINE BEPOSTHOCTH UX BBHIMAJACHUS.

B ciydae HempephIBHBIX CIIydalHBIX BelW4MH (GopMmysia OyleT Kak HHTErpajl NpPOW3BEICHUS
CIlyJyallHOM BEJIMYMHBI Ha (D)YHKLUUIO IUIOTHOCTH paclpelesIeHHs] BEPOSITHOCTEH €€ BO3MOXHBIX 3HAYCHHH.
MaremaTnyeckoe oxuaanue 001agaeT CaeayIIMHI CBOHCTBAMHU.

1. Maremaruueckoe oxuganue (M) mocrostHHON BeTudIuHbI (C) paBHO CaMOM MOCTOSTHHOM

M(C) = C. 1)
2. TTocTOAHHBII MHOXKUTEIHL MOKHO BBIHOCUTE 33 3HAK MAaTEMAaTUYECKOT'O OXHNIaHUA
M(CX) = CM(X). @)

3. Maremarndeckoe OXHJaHHE aIreOpandeckoil CyMMbl KOHEUHOTO YKCTIa CIyYalHBbIX BeMWIrH (X

u Y) paBHO anredbpanyeckoil cyMMe UX MaTeMaTHIECKUX OXKHUIAHUN
M(X £Y) = M(X) £ M(Y). (3)

4. MaremaTHuecKkoe OXXHAAHWE TPOU3BENCHUS KOHEYHOTO YHCIAa HE3aBUCHUMBIX CIy9alHBIX

BEIIMYMH PaBHO MPOU3BEAECHUIO UX MATEMATUYECKUX OKUAAHUN
M(XY) = M(X)M(Y). 4)

Maremarnyeckoe 0KMJIaHHE OTKJIOHEHHS CIyd9alHOW BETMYHMHBI OT €€ MaTeMaTHYEeCKOTO OXKHIAHUS

PaBHO HYJIIO
M(X - M(X)) =0. (5)

Tonpko MaTeMaTHYECKOE O’KHUAHHE HE MOXKET B IOCTATOYHOW CTEMEHHN XapaKTepU30BaTh CIIyIalHYIO
BeanunHy. Ha mpakTuke 4acto TpeOyeTcs OlEHUTh pacCesTHUE BO3MOXKHBIX 3HAYCHHUN CyYalHON BETMYUHBI
BOKPYT €€ CpeTHET0 3HAUYEHUs!, KOTOPO€E HA3hIBACTCS JUCTIEPCHEN.

Hucnepcueit D(X) ciyuaiinolt BenuuuHbl X HA3bIBACTCS MATEMAaTHUECKOE OXHIAHUE KBajaparta e
OTKJIOHEHHS OT €€ MaTeMaTHIeCKOTO OXKHIaHuUs:

D(X) = M[X - M(X)]>. (6)
Jucnepcust — 3To Mepa paccesHUs cIy4yailHON BEJIMYMHBI OKOJIO €€ MaTEMaTHYECKOTO 0)KUIaHMsL.
Ecnu X— nuckpeTHas cilyyaiiHasi BeIM4MHA, TO AUCIIEPCHIO BBIYUCIIIOT IO CIEAYIOIUM (popMysiam:
D(X) = = (Xi—a)*pi. )
rae a = M(X);
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D(X) = M(X?) - (M(X))" (8)
CBoiicTBa TUCTIEPCUU CITyYailHON BEIMIHHEI:
1. ucnepcus noctosiHHOM BennurHbl C paBHA HYIIIO

D(C) =0. 9)
2. TTocTOSAHHBIIT MHOKHATEIH MOYKHO BBIHOCHUTE 34 3HAK JUCTIEPCUH, BO3BOJIS €I'0 B KBaJapar
D(CX) = C?* D(X). (10)

3. I[chepcm[ CYMMbI [BYX HC3aBUCHUMBIX cnyqaﬁHbe BCJIMYUH paBHAa CyMMC I[I/ICHepCI/II\/'I O9THUX
BCIIMYHH

D(X+Y) = D(X) + D(Y). (112)
4. I[I/ICHepCI/ISI Pa3HOCTH ABYX HEC3aBUCUMBIX cnyqaﬁﬂmx BCJIMYMH paBHA CYMMC UX L[I/ICl'IepCI/Iﬁ
D(X-Y) = D(X) + D(Y). (12)

sl OLEHKH paccesiHus BO3MOXHBIX 3HAYEHUH CIIy4ailHOW BEJTMYUHBI BOKPYT €€ CPEHEro 3HAYCHUS
KpOME JUCIEpCUHU CIy’)KaT M HEKOTOpble Jpyrue xapakTepucTuku. K MX duciay OTHOcHUTCA cpenHee
KBaJpaTHYECKOE OTKIIOHEHHUE.

CpenHUM KBaJpaTHYeCKHM OTKIIOHeHHeM O ciydaifHOi BemuunHBI X Ha3bIBaeTCS apu(METHIECKOE
3Ha4YeHHE KOPHs KBaIPATHOTO U3 €€ JUCIIePCHH:

o :ﬂ'D(Xj ) (13)

CpenHee KBapaTHIECKOE OTKIIOHEHNE XapaKTEepU3yeT CTeNeHb OTKJIOHESHUS CITyJaiiHON BETMYMHBI OT
€€ MaTEeMaTU4ECKOT0 OXKUAAHNS U UMEET Pa3MEPHOCTh 3HAUYCHUN CIy4ailHOM BETMYUHBL.

MaremaTryeckoe 0XKHUIaHNe U AUCIICPCUS XapaKTEPU3YIOT CaMble BaXKHBIC YSPThI PACIIPEICICHUS: €ro
nonoxenne Ha ocu OX u creneHb pazdpocaHHocTH. st Gosiee MOAPOOHOTO OMUCAHUSI PacHpeAeiICHUs
CITy’KaT MOMEHTHI BBICIIIMX MTOPSIIKOB.

HHH HN3y4YCHUA MEXaHHM3Ma IIponecca MHOKECTBEHHOM reHepaiuyu 4acTul] IIpH B3aHMO}ICI>iCTBPI5[X
YaCTHI[ C HyKJIIOHAMU W SJPAaMH TPH BBICOKUX SHEPrHsX OOJIBIIONW MHTEPEC MpPEICTABISIET UCCICIOBAHUC
a3MMYTaJILHOTO YTJIOBOTO PACTIPEETICHUS BTOPUIHBIX YaCTHII.

Broprynas yacThia XapakTepH3yIOTCS NPOCTPAHCTBEHHBIM YIJIOM © W a3UMyTaIbHBIM YTJIOM .
[IpoctpanctBennbiii yron © (0 < O <m) (cMmoTpure pHCYHOK 1) mpejacraBisieT cOOOH Yroia MEKIy
HarpaBJIeHHEM JJaHHOW BTOPHYHOM YacTUIlbl P ¥ MpogonKeHneM HanpaBiieHus epBUIHOM qacTuisl SO.

Pucynoxk 1. IlpocTtpancTBeHHbIE (01, O,) 1 a3UMyTaJbHBIE (1, () YIVIbI BbLIETA BTOPHYHBIX
yactuu P; u Py; SO-npogo/kenue HanpapiaeHus neppu4Hoii yactuubl. SOA- M10CKOCTh 0TCYETA
a3UMYTAJBHBIX YIJ10B, OA och 0TCUeTa a3MMYTAJbHBIX YIJI0B B IuIockocTH Q.

ABUMYyTaIIGHBIA YTOJd (0 OTCUHMTHIBACTCS Ha IUIOCKOCTH Q - TEpPHEHAWKYISIPHOW HAMPaBJICHUIO
MEPBUYHOM YACTHUIBI U MOXKET MeHATbcs B mpegenax 0 < ¢ <2m. OH ompenensieTcss KaK Yroil MExXIy
IJIOCKOCTBIO, COJIepKalleil HMMIYJbChl JaHHOM BTOPUYHONM M TEPBUYHOM YACTHI, W MPOU3BOJbHOU
(HauaBbHON) TUIOCKOCTBIO, COJIEPIKAIICH UMITYJIbC IEPBUYHOM YaCTHUIII, KaK MOKa3aHO Ha pucyHkel.
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HHTepec K N3y4eHUIO a3UMYTaJIbHBIX KOPPEIALMHA BBI3BAH TEM, YTO Pa3HbIC MO MPEACKA3BIBAIOT
Pa3IMYHOTO THUIA KOPPEJSIHMU a3uMYTaJbHBIX YIJIOB BO B3amMoneicTBuaxX. Ecimm pacmang mpomcxomuT
COTJIACHO JBYXIEHTPOBOW MOZENH, TO OyAyT HaOIroAaThCsl Koppelsuuu Tuma a) (pucyHok 2a). Ilpm
pacnajie o OJTHOLICHTPOBOM MOJICIIH, HAOIIOAAFTCS KOPPEISIIIUK THITA 0)

x
S

PucyHok 2. /IBa THna xoppeisinuii B a3MMyTaJIbHOM YIJIOBOM pacripeaej]eHUH BTOPHYHBIX
YacTHII. 2)-CHMMETPUYHBIH THUI, §) - ACHMMEeTPUYHBII THIT

Jlyis aHanmu3a yIJIOBBIX pacrpezeficHui B padore [2] OBLIO MPEASIOKEHO UCIOJIB30BATh CIIyYalHYIO

BETTMYUHY Py
Bi=2cos (ke;) / (n(n-1))”, (14)

rae k = 1,2. Muoxurens 1/ (n(n-1) *, BBeEH 11151 HOPMUPOBKH.

VTIIIBl €jj . HA3bIBAIOTCS HAPHBIMU a3UMYTaJIbHBIMU yTIIAMH.

I[TapHbIe a3UMyTaIBHBIC YITIBI & MEXKY | -Oi U | -Oif YaCTHI[AMM JIMBHS ONPEACIIIOTCS KaK Pa3HOCTb
MEX]y UX a3UMYTaJbHBIMH YTIIAMH )

Eij= i~ @j (15)

(i=12,..,n; j=12,...n; (i#]) 0<¢i< 2w 0< gj < 7; B INIOCKOCTH, IEPICHINKYISPHON
HaNpaBJICHUIO IEPBUYHON yacTUIbl. KOMMYECTBO TaKMX MapHBIX YIJIOB B JIUBHE, IOJIHOE YMCIO BTOPUYHBIX
YaCTHI[ B KOTOPOM eCTb N, oueBHIHO paBHo (N(N-1))/2.

Jlnst BeruncieHus Py B JMBHSAX HET HEOOXOAMMOCTH BBIYUCIHMTB YIJIBI &jj, TIOCKOJIBKY BEIHMYHMHBI Py
MOTYT OBITB JIETKO IPEICTaBICHbI B (DYHKIHUN OOBIYHBIX a3UMYTAJILHBIX YTIIOB ;.

Bk=2 cos(ke;j) / (n(n-1) * =X cosk(ei - ¢;)/(n(n-1))" =

{[Zcos(kep)]” + [Esin(ke)]-n} (n(n-1))" . (16)

Bennunnbl Pk He 3aBUCAT OT BBIOOpA HAYaJIbHOM OCH IJIi OTCUETA YIJIOB (j, TAKXKE U3 MX CBOMCTB
CIIeyeT, YTO: a) KOPPENALHUH CHUMMETPUYHOTO THUMNA (CMOTPUTE PUCYHOK 2a) MPHUBOIAT K BO3PACTAHHUIO
BEJTMYMHEI B2 HO He OKa3bIBAIOT CYIIECTBEHHOTO BIHMSHHS Ha BennuuHy [31; 0) KOppensun
ACMMMETPUYHOIO TUIA (CMOTPUTE PUCYHOK 20) MPHUBOIAT K BO3PACTAHHIO Kak 1 (IperMYyIECTBEHHO) TaK
u P, (oTHOCHTENBEHO cna0o0); B) BENUYMHBI [y OrpaHWYEHB M MOTYT NMPHUHUMATH 3HAYCHUS, JIeXKAllhe B
WHTEpBalie

- ((n-1))* <P < (n(n-1)™ (17)

PesyabTaThl M uUX oOcyxknenue. Benmnuumubel x Hamu ObUIM NPUMEHEHBI JJSl WCCIIEAOBAHMS
A3UMYTaJIbHBIX KOPPEISIH BO B3aUMOJICHCTBUSIX TPOTOHOB ¢ uMITyibcoM 20,8 I'3B/c ¢ Tsokénpimu sapamu
OMYJIbCUH.

Cromnka smynscuil Mndopa K5 6buta obmyyena B LIEPHe nporonamu ¢ ummynscom 20,8 I=B/c B
CIJIBHOM MarHuTHoM mnose Hanpspk€HHocThio H = 18 Tn. Ha anune nmpocmotpa 961M cinenoB mepBUYHBIX
MIPOTOHOB HCCIEAOBAIACE [3] 3BE3ABI C OOJBITMM YHCIOM CHJIBHOMOHU3HUPYIOIHMX dYacThll (np>8),
MMEIOIIMeE, [0 KpaifHeil Mepe, JIBe IMBHEBBIE YaCTUIBI ¢ yriaamu Bbltera O <17° B j1.c.k. ITocne onpenenenus
KPUBH3HBI [4] IHBHEBBIX TpekoB ¢ © <17° m3Mepsiach MOHM3ALMS IS [ABYX YACTHI[ C HAMOONBIIMMH
HMITyJIbCaMH 110 MeToauKe [4]. Beero 0bu10 m3mepeno 722 3Be3nbl. M3 manbHEHIEro aHanmusa UCKITFOUEHbBI
35 3BE31, B KOTOPBIX 00€ U3MEPEHHBIE YaCTUIIBI OTPULIATEIBHO 3aPSUKEHBI.

Jlnst oT6Opa it - 3Be311, B KOTOPBIX CPE/IH JTMBHEBBIX YACTHIL C yriiaMu BhuleTa © <17° MakcumanbHbie
MMITYJTbCHI MMEIOT TIPOTOH M T ME30H, UCTIOJB30BAIICS METO/l HAMMEHBIINX KBAPATOB, OMUCAHHBIN B paboTe
[5]. B Hacrosieit paGote anammsupyrotcst 331 38e3za ¢ x° min < 4. [Ipu Takom ot6ope Tepsercs 13,5% pr* -
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3Be3/, a BKJIAJ APYTruX 3BE3N B oToOpaHHBIE cocTaBisieT 13,3%. [lns cpaBHEHHS C SKCIIEPUMEHTOM, ObLIH
pa3bITpaHbl CIy4daitHble 3BE3]IBI, TPUTOTOBICHHBIE TTO Moenn [6].

B tabnurie 1 nmpuBeneHbl pe3yabTaThl HCCISIOBAHUS a3UMYTAIBHBIX KOPPEIALUH B OTOOPaHHBIX HAMU
AKCIIEPUMEHTAIBHBIX COOBITUSX U IO MoJienH [6]. <Bi> - cpenmnue 3HadeHus BennduH (15).

Taouauna 1.
Benuuuna DKCIEPUMEHT Mopens
<B> 0.075+0.069 -0.201+0.037
<B,> 0.046+0.068 0.032+0.043

B mopgenu [6] HabmogatoTcst 4€TKHe a3uMyTalbHble Koppemsiuuu (<> < 0), cBsi3aHHBIE C 3aKOHOM
COXpaHEHHUsI TONEPEeYHOro MMITyJabca. Ha skcnepuMeHTe ero BIMSHHE KOMIIGHCHPYETCS JUHAMUYECKOU
a3uMyTalbHON acummerpuedl. C MOMOIIbIO BETMYMHBI 3, KOppEensinuu He OOHApy>KeHbl HU B CIy4alHBIX
3BE3/1aX, HU B HDKCIEPUMEHTAIBHBIX. DTO CBSI3aHO €O ciaaboil YyBCTBUTEIBHOCTHIO BEJMUYUHEI B, K 3aKOHY
COXpaHEHUS UMITyJibca [7] 1 a3uMyTalIbHON acuMMeTpuH [2].

B pa6ore [8] HamMmu ObLTH HCCITEOBAHBI a3UMYTATBHBIE KOPPEISIIUHN B 3BE3/1aX C MHOKECTBEHHOCTSIMHU
Ns =4 + 8 HaliIeHHBIX B JOTOIMYIHCUH TIPH UMITYJIECE TIEPBUYHBIX TPOTOHOB 25 ['3B/c.

B Tabnwuie 2 npuBeneHb! 3HAYCHUST BETUYUH [3, AT KaXKA0H U3 TPYII SKCIEPUMEHTATBHBIX COOBITHH.

Tab6auna 2.
Ng Yucio TUBHEN <B,>
4 171 0,117+0,026
5 124 0,161+0,036
6 135 0,052 +0,020
7 65 0,031+0,022
8 49 0

Kak BuIHO M3 TaOmuIpBl, TpU Ng = 5 3HaYeHUE BENWYMHBI <[,> BbINIE, YeM MPU COCCAHUX YETHBIX
3HauYeHUsIX Ns. OTcrona ObLI cAenaH BBIBOA, YTO JIMBHU C Ng = 5, OTIMYHBIE OT PN-CTOJIKHOBEHHH, UMEIOT B
cpeaHeM OoJiee y3KO€ YIJIOBOE paclpeiesieHHe B J.C. MO0 CPaBHEHHIO C PN-CTOJIKHOBEHHSMU HMEIOT B
cpenHeM Oosiee y3KO€ YIJIOBOE paclpeieieHHe B J.C. M0 CPaBHEHHIO C PN-CTOJIKHOBEHHSAMH TOH ke
MHOKECTBEHHOCTH. BBUIO MpenrnonokeHo, 4To 3TUMH JUBHSAMH SIBIISIOTCS KOT€PEHTHBIE B3aMMOAEUCTBUS
MIPOTOHOB CO CIIOXKHBIMH SIAPAaMH 3MYJIBCHH, IIPH KOTOPBIX BCETAa 00pa3yercsi HeU€THOE YHCIO BTOPUYHBIX
3apsKEHHBIX YaCTHIL:

p+A — A+N+nrn (18)

Bruto oneHeHo cpenHee ceueHHME ATOM peaklUM, NPUBOSAIIMX K 0O0pa30BaHHUIO IISITU 3aPSKEHHBIX

YaCTHI] U JIF0OOT0 KOJIMYECTBA HEUTPAIBHBIX, KOTOPOE OKa3aJI0Ch PaBHBIM:
6=0,60+ 0,31 MOH. (19)

B pabore [2] ObUIM TpoaHAIM3UPOBAHBI pacHpefelieHHs] a3UMYTalIbHBIX YTIIOB ¢ B 85 JHBHIX,
00pa30BaHHBIX OAHO3aPSAHBIMH YaCTHIAMH KOCMHYECKHX JIyueil M yJOBIETBOPSIOLIMX CJIEIYIOIINM
KpUTepusM oTOopa: 1) 4hciIo CHIBHOMOHHM3YIOIINX YaCcTHIl Ny < 5 (KBa3MHYKIIOHHBIC B3aHMMOJICHCTBUSN); 2)
YHCIIO 3aPSDKEHHBIX PEISITUBUCTCKHUX Ng > 8. DHEprus MepBUYHBIX YACTHIl B ATHUX JIMBHSX W3MEHSIAch B
IIMPOKMX mpesenax (OT HeCKONbKHX jaecsatkoB o 10° I'B).  Jlns Kaxaoro JHBHS OBUIM MOACYHTAHBI
3HaueHusi Py. Pe3ynbraTel npuBeeHs! B Tabnuie 3.

Ta6smua 3.
XapakTepucTHKa Bennunna <pg> <p>(m)"?
JUBHEN
<35 <B1> -0,24 2,2
8<ng< 22 <B> -0,04 0.4

[IpuBenéHHble naHHBIE TMOKAa3bIBAIOT, 4YTO Aa3UMyTalbHas HW30TPONHMS W  CTATHCTHYECKas
HE3aBUCHMOCTh YIJIOB ()j HE MMEIOT MecTa JUIsi pacCMOTPEHHBIX 85 nmBHel. B 310l pabore ObuT clenaH
BBIBOJI O TOM, YTO OCHOBHOM IMPUYMHON HapylIaroIell 3TU YCIOBU SIBJISETCS 3aKOH COXPAaHEHUs UMILYJIbCa,
KOTOPBI NPUBOJUT K YMEHBIICHUIO MaTEMATUIECKOTO OKHUIAHHS BEIUYUHBI <P;1>>, HO KOTOPBIA HE BIHACT
Ha pacrpefelicHue BenuuuHbl <f,> mpu Ny > 8.  Bricokas 4yBCTBUTEIHHOCTh METOJAA a3MMYTaTbHBIX
KOppesiiuii Takxke Obliia MoATBepkacHa B padoTax [9,10].
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3aknaouenue. IlokazaHa BBICOKash YyBCTBUTEIBHOCTH BeMMYMH [y 1 OOHapy)KeHUs
HEOJTHOPOHOCTH JTMBHEH 00pa30BaHHBIX BO B3aWMOJIEHCTBHSIX YACTHIl C HYKIOHAMH siApamMu. Briepswie
a3uMyTaJIbHBIE KOppEesiIuH, OOHapykeHHble npu 25 I['BB/c, Obun 00BSICHEHBI BKIAIOM KOT€PEHTHBIX
B3aMMOJICHCTBUII MMPOTOHOB CO CIOXHBIMH SApaMHU 3MYJbCHH, TIPU KOTOPBIX Bceraa oOpasyercsi HeuE€THOe
YHCII0 BTOPUYHBIX 3apsHKEHHBIX YaCTHII.
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Abstract. The magnetic susceptibility of SmCr3(BO3), was measured by the Faraday method in the
temperature range 300-1200 K and differential thermal analysis of the sample was carried out. It has been
established that the dependences y *(T) for each phase obey the Curie—Weiss law. The Curie temperatures,
Néel temperatures and magnetic moments corresponding to the chemical formula of the crystals were found.

Keywords: exchange interaction, paramagnetic temperature, magnetic susceptibility, magnetic
moment, law of Curie—\Weiss, the rare earth borates.

KAMYOB YER METALLARI ASOSIDAGI XROMOBORATLARINING (SmCr3(BOs),)
YUQORI TEMPERATURALARDA MAGNIT XOSSALARI

Annotatsiya. 300-/200 K temperaturalar oralig ‘ida SmCr3(BOs), ning magnit qabul qiluvchanligi
x(T) Faraday usuli yordamida o ‘Ichandi hamda namunaning differensial termik tahlili olindi. Har bir faza
uchun y Y(T) bog’lanishlar Kyuri-Veys gonuniga bo ‘ysinishi aniglandi. Tajriba natijalaridan foydalanib
namunaning kimyoviy formula birligiga to’g’ri keluvchi magnit momenti, Kyuri va Neel temperaturalari
aniqlandi.

Kalit sozlar: almashinuv o'zaro ta'siri, paramagnit harorat, magnit qabul qiluvchanlik, magnit
moment, Kyuri-Vays gonuni, kamyov Yer boratlari.

MATHUTHBIE CBONCTBA PEJKO3EMEJIbLHBIX XPOMOBOPATOB (SMCr;3(BOs).)
MPU BLICOKUX TEMIIEPATYPAX

Annomayun. B unmepsane memnepamyp 300-1200K memooom @apades uzmepena MAacHUMHA
socnpuumuusocms SmCrz(BO3)s u nposedén ouggepenyuanrvro-mepmuieckuil anaius obpasya.

Vemanoeneno, umo sasucumocmu y (1) ona kagicooii pazvi noduunsiomes saxony Kiopu-Beiicca.
Haiioenvt memnepamypor Kiopu, memnepamypvr Heens u macnumuvie MOMeHmMbl, COOMBEMCMEYIOUUE
XUMUYECKOU hopMYyTie KPUCTHATLIOS.

Knrouegvle cnosa: 00Omennoe 63aumooeticmeue, NAPAMASHUMHASL MeMNepamypd, MAacHUMHAsS
BOCNPUUMYUBOCTND, MASHUMHBII MOMenm, 3akon Kiopu—Beticca, peokosemenvHole bopamoi.

Introduction. The combination SmCr3(BOs), belongs to a broad class of borates and has the generic
chemical formula RM3(BOs), (Where M = Al, Ga, Sc, Fe, and Cr) [1]. R is a rare earth element. This class of
crystals exhibits peculiar magnetoelectric, optical, and magnetic characteristics. The fact that many of them
are multiferroics greatly influences researchers' interest in members of this family [2]. Due to f-d interaction,
rare-earth borates with two magnetic subsystems-where M is a 3d metal Fe or Cr and R is a 4f element of the
lanthanide group-can be differentiated into a distinct group. These rare-earth borates exhibit a variety of
peculiar magnetic characteristics. Two structural modifications (R32 and C2/c) were discovered in the case
of rare-earth-chromium borates. These modifications frequently coexist in crystals [3], and their ratio appears
to be dependent on the particular rare-earth element, production circumstances, and the concentration of the
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starting components in the melt. The structures of both modifications are highly similar and may be reduced
to be spiral chains of CrOg octahedra with a shared edge that are joined into a three-dimensional structure
using trigonal prisms ROg and flat triangular groups BO3. The primary distinction between these alterations
lies in the distinct chain structure and a little variation in the Cr-Cr distances within the chains.

The peculiarities of the development of the magnetic structure of the rare earth chromo borates family,
which is dictated by the interaction of rare earth ions with chromium ions, have sparked interest in the study
of these compounds. The magnetic ion affects the magnetic characteristics of chromo borates. It should be
noted that while study on rare-earth chromo borates is now restricted, that on rare-earth ferroborates, the
magnetic characteristics are currently rather thoroughly explored [2].

Prior magnetic investigations on rare-earth chromo borates have demonstrated that these substances
exhibit antiferromagnetic ordering at approximately 5 K (SmCrz(BOj3)s) [4], a considerably lower
temperature than the magnetic ordering temperatures Ty~23-40 K typical for the subgroup of rare-earth
ferroborates.

In this study, we focused on rare earth chromium borates (RCrs(BOs)s), where the magnetic
characteristics should be attributed to the rare earth element [5]. In this work, the temperature dependence of
the magnetic susceptibility (T) of rare-earth chromo borates RCr3(BOs), is studied experimentally across a
large temperature range (300-1200 K). From the dependence y*(T), the major magnetic properties of these
borates are determined. Using high-temperature pendulum balances and an extra atmosphere of pure helium,
the relative Faraday technique (using a standard) was used to explore the dependency x(T) of rare earth
chromo borates [6]. The measurement's maximum relative error of y was kept around 3%.

Results and discussion. Figure 1 displays the experimental dependences y(T) and x™(T) of the
SmCr3(BO3), sample under study. The temperature dependency of x(T) in the 300-1200 K temperature range
is displayed in the inset. An examination of Figure 1 reveals that these dependences are changing, with each
dependence going through two breakdowns. The temperature breakdowns for the sample under study are
noted at 560 and 945 K. It is noteworthy that the x™(T) dependency slope grows after the second break and
reduces after the first break. The x'l(T) dependences are linear before, between, and after the breaks,
indicating that the Curie-Weiss law [7, 8] is followed by the %(T) dependence behavior in these temperature
intervals:

C
T+6,

where C is the Curie-Weiss constant, 6, is the asymptotic Curie temperature.

The following provides an explanation for the breaks seen in the y *(T) dependency of the borates
under study. The examined compounds contain known magnetically active components, Sm and Cr, whose
magnetic properties are determined by 4f and 3d electrons located at their crystalline sublattice locations,
respectively; the (BO3), radical exhibits weak paramagnetic capabilities.

A linear dependence of  *(T) is observed over a wide temperature range, which demonstrates the
invariance of the spin state of Cr** and Sm®" ions and the absence of any phase transformations [9, 10].

A'i,A

X= 1)

300 00500 660 700 800 960 1000 1100 7:,\’
Figure 1. Dependences y(T) and 3 '(T) of rare earth chromo borates SmCr;(BO3),
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Among the magnetically active elements, below ambient temperature, 4f metals (Sm) exhibit a
magnetically ordered state, whereas below 235 K, 3d metal Cr exhibits antiferromagnet properties.

The experimental dependences y(T) of the studied borates are theoretically described as follows. The
well-known Van Vleck formula [10] can be used to characterize the magnetic susceptibility of the borates

under study.
2 R 2
1 e <n n> <nMZm>
=gt =SekT| AL 4oy )| ¥y
2= Gk g 2 KT 2 E E

N

M,

where @, is the Lande factor, Z is the statistical sum, M , is the operator of the average value of the

2 A
magnetic moment along z axis, <n M . m> is the matrix element of the operator M , , AE =E_ —E_ is the

variation between the ground state and excited state energies of four (or three) electrons; T is the absolute
temperature; kB is the Boltzmann constant; and is the Bohr magneton. Two sublattices (magnetic
subsystems) may be distinguished in the crystal lattice of rare earth chromo borates: R (R=Nd, Sm, Lu) and
FeMG (FeMG =Cr). The total of the two contributions from the chromium and rare-ecarth subsystems still
determines the magnetic susceptibility y(T):

x=x"+ ©)

The linear character of the experimental dependences x *(T) of the studied borates (Fig. 1) indicates

that for them the second term in expression (2) has a negligible value. Taking this into account, for rare-earth
subsystems (ions) (in the case of wide multiplets AE >> kT ) equation (2) takes the form [9]:

—a SRS TY e B @
A 3KT A 3kT

where 11, =0,/J(J +1) g, are the effective numbers of magnetic moments per rare earth ion, A is

the atomic mass of the rare earth metal, N, is Avogadro's number, and J is the quantum number of the total
mechanical moment of the ground state of the rare earth ion.

Equation (2) takes into consideration the phenomena of "freezing" of the orbital moments of 3d
electrons and fields the following form for the IMG subsystem (ions) in the situation of narrow multiplets

AE ~ kT .[10, 11]:

e = Na 965G+ N, 4
A 3k, T A 3kT’
where S is the quantum number of the total spin mechanical moment of the IGM ion's ground state, A
is the atomic mass of Cr, and g = 2,/S(S +1) 4, is the effective number of magnetic moments per iron
group metal (IGM) ion.
This is explained by the parameter 6,, which is proportional to the energy of the magnetic interaction

between R (or IGM) ions. In light of this, we can replace T in formulae (4) and (5) with T+6,, providing the
empirical Curie-Weiss law (1) for each subsystem.

Using the experimental }(_l(T) dependences of the borates under study and accounting for (1), the

primary magnetic properties of each were identified: 6,, C. Subsequently, based on the value of C, the
magnetic moment values for each unit of their chemical formula were computed using the following
formula:

(®)

.“for = 2183@#31 (6)
where M is the molar mass of rare earth chromo borates.

Details on the contributions of two paramagnetic subsystems are contained in the effective magnetic
moment [9]. Considering the presence of three chromium ions Cr** and one rare earth ion R*" in one formula
unit, it is easy to obtain a theoretical estimate of the value of the effective magnetic moment of the
compound using the formula
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ﬂg}?or = ‘/Bﬂgr + pf; or P‘gff = 3ué, + ug = 39 Scr(Scr + 1) + gaSr(Sg + 1)

()
where uc, and ug, respectively, are the magnetic moments of the Cr** and R** ions.
This approach is fully justified by the high linearity of 5 *(T) dependence found in the experiment.
Hc, can be calculated from the main term of Cr** ion (3d configuration) *Fa (Sc=3/2 with the Lande factor

Je, =0), and g can be calculated from the main term of Sm*®" ions *lg, (4 f ° configuration , gg, =2/7

). The computed values for the investigated substances match the experimental data rather well. Table 1
presents the results of the research.

Table 1.
Calculated magnetic characteristics of rare earth chromo borates
Temper
ature T 0, C,10° Hfor, HUtheor
Sample interval, T Ny K , K Sm3-K-g'1 Ug ' Up
(K)
300-560 147 15.7 8.25
SmCrs( ) -
BOs)s 560-945 8 437 19.3 9.15 6,76
945- -
1200 17 145 7.9

The table analysis reveals that the exchange interaction in these compounds appears to match with the
antiferromagnetic ordering of the crystal structure of the compounds under study, as shown by the negative
value of 0,. The general rule that states that the magnetic interaction between Cr®* ions increases with
decreasing distance between them is supported by this research result. It can be considered that Cr®" jon is in
a high-spin state for any of RCr3(BQOs3),; compounds, which is also confirmed by the large values of Uineor
compared toug for the free Cr** ion (uS" = 3.87up) [9]. Therefore, the characteristics of both lanthanide (4f
electrons) and chromium (3d electrons) are responsible for the magnetic properties of the borates according
to the study.

(inNSEIS

no 1 552K

601 K

Tu=552 K
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40 1
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5.0 1 Tu=1002 K
55
-6.0

-6.3

.
200 00 500 600 700 800 900 1000 1100 1200

Temperature (k) 2.3.3.44-2019-06-04-08-38-41
Figure 2. Differential thermal analysis (DTA) curve for rare earth chromoborate SmCr3(BOs),
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Differential scanning calorimetry (DSC) curves were recorded on thermograms to estimate thermal
effects [12]. Figure 2 shows a thermogram obtained by us as a result of studying rare earth chromoborate; it
shows the complete heating cycle.

The rare earth chromoborate SmCr3(BOs), was used as the object of study.

Thermal analysis of the studied rare earth chromoborate revealed endothermic effects on the DSC
curve with the peak for SmCr3(B0Os), at 552/601 K and 933/1002 K.

The first of the effects is apparently due to the BCC-FCC phase transition. The thermal effect for
SmCr3(BO3), at 559 K may be due to the BCC-FCC transition, leading to an increase in the magnetic
susceptibility of the rare earth chromoborate.

The effect, which begins at the above-listed temperatures for the samples, consists of two peaks, the
appearance of which is associated with the structural rearrangement of rare-earth chromoborate, as well as
with magnetic disorder at the Néel temperature, accompanied by a transition from an antiferromagnetic state
to a paramagnetic one.

It has been established that the BCC-FCC transition in SmCrs(BOs3), is the first-order transition and is
characterized by a sharp change in the cell parameters. It is noteworthy that at the same temperature, a
magnetic phase transition from a magnetically ordered to a paramagnetic state is observed upon heating [13].

According to thermogravimetry (TG) data, virtually no mass loss was observed.

Chromo borates belong to island structures; the planes of isolated triangular BO3 radicals practically
coincide entirely. Cr atoms are coordinated by six O atoms, forming almost regular CrOg octahedra. CrOg
octahedra, connecting along the edges, form curved chains along the a-axis, which form a framework,
connecting to each other at the vertices. The maximum thermal expansion of the structure occurs
perpendicular to the coincident planes of triangular BO; radicals in the RCr3(BO3), structure.

It was found that the maximum thermal expansion occurs along the a-axis, perpendicular to the
preferred orientation of the BOj; triangles in the crystal structure.

Conclusions. The research results allow for the drawing of the following conclusions:

1. The dependences of rare-earth chromo borates' magnetic susceptibility y(T) in the paramagnetic
state were measured for the first time between 300 and 1200 K.

2. Based on the x (T) dependency of the studied chromo borates, the asymptotic Curie temperature 6,

the Curie-Weiss constant C, the magnetic moment per chemical formula pg,, and the theoretical value of the
magnetic moment uieF theor for the compound were determined.
3. It has been proven that the Van Vleck hypothesis of paramagnetism correctly describes the

experimental dependences y(T) of the examined rare-earth chromo borates.
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UO‘K 53

D18 DONOR POLIMER VA TURLI AKSEPTORLAR BILAN OLINGAN FAOL
QATLAMLARNING OPTIK XOSSALARI
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O'zbekiston Respublikasi Fanlar akademiyasi

lon-plazma va lazer texnologiyalari instituti katta ilmiy xodimi
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Annotatsiya. Ushbu magolada D18 donor polimerning va D18 donor polimer bilan turli xil tarkibli
akseptorlar asosidagi faol gatlamlarning optik xossalari tadgiqg gilindi. Donor va akseptor aralamashmasi
asosida olingan fagol gatlamlarga asoslangan eng keng targalgan polimer quyosh elementidagi donor
polimerning bog’lanish va tartiblangan strukturasida D18, PC,1BM va L8-Bo larning alohida va aralashma
holatidagi gatlamlarning optik xossalarining hajmiy getero-strukturasi asosidagi ta ’siri tahlil qilindi. Bunda
fulleren bo’lmagan L8-Bo akseptor va D18 donor polimer asosidagi faol gatlamlarning optik xossalari
D18:PCBM asosidagi faol qatlamlarga nisbatan ancha yaxshilangan yutilish spektriga ega bo’lishi
aniglandi va buning sabablari tushuntirildi. Ushbu tadqgigotlardagi eng optimallashtirilgan D18:PC,;BM
faol gatlamlarga asoslangan PQElarning fotovoltaik natijalari ochiq zanjir kuchlanishi 0,98 V, gisga
tutashuv tok zichligi 11,26 mA/sm?, to ‘Idirish faktori (FF) 71,4% va EO'S esa 8 % tashkil gilgan bo’lsa,
D18:L8-Bo faol gatlam asosli PQElarning fotovoltaik giymatlari ochiq zanjir kuchlanishi(V.) 0,90 V, gisga
tutashuv tok zichligi (Js) 24.55 mA/sm?, to ‘Idirish faktori (FF) 75,8% va EOS esa 16,7 % tashkil gildi.

Kalit so'zlar: polimer quyosh elementlari, D18 donor polimeri, fulleren bo’Imagan akseptor, PC7:BM.

ONTUYECKHUE CBOMCTBA AKTUBHBIX CJOEB, IOJYYEHHBIX C
HCITIOJb30OBAHUEM JOHOPHOTI'O ITOJIMMEPA D18 1 PA3JIMYHBIX AKIHEIITOPOB

Annomauus. B oannoii cmamve uUCCie008anbl ONMuyecKue ceoucmea 0oHopHo2o noaumepa D18 u
AKMUBHBIX CNI0E6 HA OCHOBe 0oHOpHO20 noaumepa DI8 u axyenmopos paznuunoco cocmasa. Ha ochose
00véMHOU  2emepocmpykmypbl  npoanaiusuposarno emusnue DI1S, PCnBM u L8-Bo una onmuueckue
CBOUCBA OMOENbHLIX U CMEUAHHLIX C0E8, HA C6A3bleaHUe U YHNOPAOOUEHHYI0 CMPYKmypy OOHOPHO2O
noaumepa 6 Hauboaee PacnpoCMpPpaHEHHbIX NOTUMEPHBIX CONHEUHbIX IIEMEHMAX, OCHOBAHHLIX HA CMecu
JoHOpa u axyenmopa. Ycmawnosnen ¢haxm u 00BACHEHbl NPUYUHBL MOS0, YO ONMUYECKUE CEOUCMEA
AKMUBHBIX €106 HA OCHOBe He)yrnepenosoeo axkyenmopa LE-Bo u oonopnozo noaumepa D18 umerom
SHAYUMENLHO  VIYYUUEHHbII CREeKMp NO2IOWEHUsI N0 CPAGHEHUI0 C aKMUBHLIMU CROSIMU HA OCHOGE
D18:PC:1BM. @omosnexmpuyeckue 3navenus naubonee onmumusuposannvix POE Ha ocHoge akmueHozo
cnosa D18:PC71BM ¢ smux uccnedosanusax cocmasisinu Jsc, Voc, FF, u 2I12: 11,26 mA/cm? 0,98 V, 71,4%
u 8 %, coomeemcmesenno. IIC3 na ocnose DI18:L8-Bo cocmasunu Jsc, Voc, FF, u 2I13: 24.55 mA/cm? 0,90
V, 75,8% u 16,7 %, coomeemcmeenno.

Knwouesvie cnosa: nonrumepnvie coiHeunvle dnemenmyl, OOHOpHI noaumep D18, negynnepenoswiil
akyenmop, PC7;BM.

OPTICAL PROPERTIES OF ACTIVE LAYERS OBTAINED WITH D18 DONOR
POLYMER AND DIFFERENT ACCEPTORS

Abstract. In this article, the optical properties of the donor polymer D18 and the active layers based
on different compositions of acceptors with the D18 donor polymer were investigated. The effects of the
donor polymer's bonding and ordered structure in the most common polymer solar cells, based on donor-
acceptor mixtures, were analyzed. The study examined the optical properties of layers of D18, PC,,BM and
L8-Bo in separate and mixed states, based on the bulk heterostructure. It was found that the optical
properties of active layers based on the fullerene-free acceptor L8-Bo and the D18 donor polymer have
significantly improved absorption spectra compared to the active layers based on D18:PC;;BM and the
reasons for this were explained. The photovoltaic values of the most optimized PSCs based on D18:PC,;BM
active layers were as follows: Jsc, Voc, FF, and PCE were 11,26 mA/cm? 0,98 V, 71,4% and 8 %,
respectively, while the photovoltaic values of PSCs based on D18:L.8-Bo were 24.55 mA/cm? 0,90 V, 75,8%
and 16,7 %, respectively.
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Kirish. D18 polimeri yuqgori samarali polimer quyosh elementlari uchun ishlatiladigan materiallardan
biri bo’lib, bu turdagi polimerlar PQElarda donor vazifasini bajaradi, ya'ni ular yorug'likni yutib,
elektronlarni uyg‘otadi va energiya hosil giladi.

D18 yuqori darajada to‘g‘ri chizigli va konjugatsiyalangan zanjirga ega bo‘lib, bu uning elektron
tashish va yorug‘likni yutish xususiyatlarini yaxshilaydi. D18 polimeri bilan yasalgan PQElar boshqa
polimerlaridan ishlangan PQElarga nisbatan ko'prog samaradorlikka ega bo‘lib, hozirgi paytda EO’S 18%
dan oshdi[1-3], bu natija esa PQElar istigboli uchun yuqori ko‘rsatkich hisoblanadi. D18 polimeri organik
erituvchilarda yaxshi eriydi, bu esa unga ishlov berish va PQElar tayyorlash jarayonlarini osonlashtiradi[4-
7]. D18 polimerining yuqori ionizatsiya potentsiali va past LUMO (Lowest Unoccupied Molecular Orbital)
darajasi uni yuqori samaradorlikka erishish uchun optimal xossalarni namayon giladi. D18 polimer
donorining absorpsion xossalari PQElarda uning samaradorligiga bevosita ta'sir ko'rsatadi[8-10].

Eksperimental usul. PQElar uchun faol gatlamlar D18, L8-Bo va PC7BM polimerlarining o‘zaro
aralashmasi teng og‘irlikda ya’ni 1:1 nisbatlarida olinib xlorobenzol erituvchisi tayyorlandi. D18, L8-Bo va
PC71BM materiallari 10 mg miqgdorida olinib, 0,5 ml xlorbenzol erituvchisida ertiladi. Aralashma xona
temperaturasida magnitli meshalka yordamida materiallarning suyuqlik bo‘ylab bir tekis konsentratsiyali
aralashma tayyor bo‘lishigacha 6 soat aralashtirildi. Tayyor bo‘lgan aralashmani “spin coating” usulida
shisha/ITO ustiga yotgiziladi. Buning uchun shisha/ITO tagliklari ultratovushli vannada ketma-ket uchta
bosqichda tozalanadi. Izopropil spirtida tozalab bo‘lgandan so‘ng tagliklar yuzasini yuqori tozalikdagi argon
gazi yordamida purkash usuli bilan ITO shisha quritiladi. Tozalangan shisha/ITO tagliklar ustiga
PEDOT:PSSni “spin coating” usuli yordamida 4000 ayl/daq. tezlikda 15 sekund davomida aylantirib
qalinligi 40 nm atrofida bo‘lgan PEDOT:PSS qatlam hosil qilindi. Tayyor bo‘lgan shisha/ITO/PEDOT:PSS
tagliklar argon gazi bilan to‘ldirilgan qo‘lqopli maxsus qutiga joylashtiriladi.

Shisha/ITO/PEDOT:PSS tagliklari ustiga sof D18, L8-Bo, PC71BM va ularning aralashmalaridan
tayyorlangan D18:L8-Bo va D18:PC,;BM yupga gatlamlar turli xil sharoitlarda yotqiziladi va tayyor bo‘lgan
yupga qatlamlarning optik xossalari va fotovoltaik parametrlari tadqiq qilindi. Tayyor bo‘lgan
shisha/ITO/PEDOT:PSS/faol gatlam fotoelementi ustiga esa yupga metall elektrod alyuminiy (Al) kontakti
vakuumli kamerada bug‘lantirish yordamida yotqizish orgali tayyorlandi.

Tadgigot namunalarining yutilish spektrlari UV-1280 (Shimadzu, Yaponiya) spektrofotometri
yordamida 300-1100 nm spektral sohada o‘lchangan. PQElarning fotovoltaik parametrlari quyosh spektri
nurlanishiga yaqin bo’lgan ksenon lampa asosidagi Keithley 2601B (AQSh) voltamometri yordamida
o‘lchandi.

Natijalar va muhokama. 1-rasm va 2-rasmda D18 polimerining asosiy absorpsion xossalari, ya’ni
D18 polimerining yorug’likni yutish spektri grafigi keltirilgan. Grafikdan anglash mumkinki, D18 donor
polimerning yutilish spektrining to’lqin soha kengligi 400 nm dan 600 nm gacha diapazonda bo'ladi, bu esa
uni fulleren bo’lmagan akseptor materiallar bilan birgalikda faol gatlam hosil qilib, keng to’lqin uzunligi
sohasida yorug‘likni samarali yutishga imkon beradi. Berilgan grafikda eng yuqori yutilish asosan 600 nm
atrofida kuzatilib, bu to’lqin uzunligi atrofida D18 polimer yorug'likning eng katta qismini yutadi. Bu to'lqin
uzunligi ko'proq sariq va gizil to’lgin uzunliklari mos keladi, bu esa polimerning fotonlar bilan o'zaro ta'sirini
ko'rsatadi. Qisqa to'lqin uzunliklarida ham ya’ni 300-550 nm oralig'ida ham biroz yutilish kuzatilgan. Bu
oraliq esa ko‘k va ko'k-yashil spektrlarga mos keladi. Katta to'lgin uzunliklarida yutilishini ko’rib chigadigan
bo’lsak, 600 nm dan keyin asosan 700 nm dan yuqori to’lqin uzunliklarida yutilish keskin tushib ketgan va
juda past giymatlarga ega bo‘lgan. Bu infraqizil to’lgin uzunligi diapazonida yutilishning ancha past
ekanligini bildiradi[11-12]. D18 polimerining molyar absorpsiya koeffitsienti yuqgori, ya'ni u yupga gatlam
holatida ham katta migdorda yorug'likni samarali yutadi. Bu PQElarda materialning minimal miqgdori bilan
maksimal yorug'lik yutilishini ta'minlaydi. Ko'pincha, bu koeffitsient 1.0 x 10° L mol™ ¢m™ ga yaqin[13-
15]. Yorug’likni yutulish piki 585 nm to’lqin uzunligiga mos keladi. D18 polimerining 585 nm to‘lgin
uzunligini maksimal yutishining asosiy sababi uning kimyoviy va elektron tuzilishiga bog‘liq bo’lib, bu
holatni tushuntirib beradigan ba'zi muhim omillar keltirilib o’tsak:

1. Konjugatsiyalangan (tarmoglangan) strukturasi tufayli: D18 polimeri katta konjugatsiyalangan
tizimga ega, ya'ni polimerda uzluksiz ravishda alternatsiyalanuvchi birikmalar (bog‘langan ikki va uchli
bog‘lar) mavjud. Bu tizim elektronlarning erkin harakatlanishiga imkon beradi va yorug‘lik fotonlari bilan
samarali 0°zaro ta'sir qilishiga imkon yaratadi.

2. Energetik o‘tishlar tufayli: 585 nm to‘lqin uzunligidagi yorug‘lik yutilishi polimerning valentlik va
o‘tkazuvchanlik zonalari (valence band va conduction band) orasidagi energetik o‘tishlarga mos keladi. Bu
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o‘tishlar, odatda, konjugatsiyalangan polimerlarda foton energiyasini yutish orqali elektronlarni qo‘zg‘algan
holatga olib keladi. 585 nm to‘lqin uzunligi ushbu energetik o‘tish uchun optimaldir.

3. Polimerning molekulyar orbitalari tufayli: Polimerda HOMO (highest occupied molecular orbital)
va LUMO (lowest unoccupied molecular orbital) orasidagi energiya farqi ushbu to‘lqin uzunligiga fotonlarni
yutish uchun mos keladi. D18 polimerida bu energiya farqi taxminan 2.1 eV ga to‘g‘ri keldi, bu esa 585 nm
to‘lqin uzunligidagi fotonlar bilan bog‘liq[16-17].

4. Elektronlarning qo‘zg‘alishi: D18 polimerida 585 nm to‘lqin uzunligidagi yorug‘lik yutilganda, bu
yorug‘lik fotonlari yetarli energiya beradi, natijada elektronlar asosiy holatdan qo‘zg‘algan holatga o‘tadi.
Bu jarayon PQElarda samarali EO’S natijalari uchun muhim ahamiyatga egadir.

1-rasmda D18 donor polimerining FL spektri ham berilgan bo’lib, FL spektri to’lqin sohasi kengligi
650 nm dan 900 nm gacha tashkil etgan.
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1-rasm. D18 donor polimerining yutilish va FL spektrlari

D18 polimerining FL spektri yutilish spektriga yaqin sohada ekanlgini ko’rihimiz mumkin, Bu esa
kamroq energiya yo‘qotishlarni bildiradi. Kam energiya yo‘qotilishi bilan FL spektri polimerning samarali
EO’S qiymati uchun optimal bo’lishiga imkon beradi. D18 polimerining FL spektri orqali PQElarning
fotovoltaik parametrlarini baholay olamiz. Fotoluminessensiya polimerdagi fotoqo‘zg‘atilgan elektronlarni
va tuzoglarda saglanadigan zaryadlarni aniglashga yordam beradi. Bu esa fotovoltaik samaradorlikni
baholashda qo‘shimcha imkoniyatlar yaratadi. Samarali fotoluminessensiya polimerda ko‘proq zaryad
ajralishini ko‘rsatadi, bu esa PQElar samaradorligini oshirishda juda muhim ahamiyatga ega[18-20].

D18 polimerining FL spektri orqali morfologik va kristallik xususiyatlari haqida ma’lumot olish
mumkin. Yugori intensivlikka ega FL ko'rsatkichlari polimerning optimal tuzilishiga va yaxshi kristallikka
ega ekanligini bildiradi. Bu esa materialning bargarorligini oshiradi va elektron tashish jarayonlarini
yaxshilaydi [21-23]. D18 polimeri strukturaviy o'zgarishlar yoki boshga materiallar bilan birlashtirilganda
uning absorpsion spektrini bir 0z o‘zgartirish mumkin. Bu esa D18 ni boshqa polimerlar yoki materiallar
bilan kombinatsiyada ishlatishda qulaylik yaratadi va kengroq spektrli yorug‘likni yutish imkonini beradi.
D18 polimerining nurlanishga nisbatan yaxshi bargarorligi bor, ya'ni vagt o'tishi bilan uning yorug'lik yutish
gobiliyati deyarli kamaymaydi. Bu esa PQElarning uzoq muddatli ishlashiga yordam beradi [24]. Umuman
olganda, D18 polimeri yorug'lik yutishda keng va intensiv spektrli, yugori samaradorlikka ega bo'lib, bu
xususiyatlar D18 asosidagi PQElarning yugori samaradorlik va bargarorlik ko'rsatishiga sabab bo’ladi.

2-rasmda Turli xil haroratlarda tayyorlangan D18 polimer eritmasining yutilish spektr grafigi
keltirilgan bo’lib, bu grafik natijalaridan D18 polimerning issiglikka ham barqaror va chidamliligini to’rt xil
haroratda ham ko’rishimiz mumkin.
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2-rasm. Turli xil haroratlarda tayyorlangan D18 polimer eritmasining yutilish spektr grafigi

Yutilish spektri grafiklarining siljishi va shakli o’zgarishi kuzatilmagan. Bu natijani shunday
tushuntirish mumkin, D18 polimerining turli haroratlarda eritilib tayyorlangan namunalarida yutilish
spektrining bir xil bo'lishi, asosan, polimerning molekulyar tuzilishi va eritmadagi o‘zaro ta'sirlariga va
molekulyar strukturaning o’zgarmasligi bilan tushuntiriladi. D18 polimer eritmasi turli haroratlarda
tayyorlansa ham, uning kimyoviy va molekulyar tuzilishi bir xil qolgan bo’lsa va qizdirish jarayonida
polimerning zanjir uzunligi yoki konjugatsiyalangan strukturasida sezilarli o‘zgarishlar sodir bo‘lmasa, uning
optik xossalari ham o'zgarmaydi. 3.2-rasmdagi natijalarni boshgqa tomondan muhokama giladigan bo’lsak,
haroratlar o'zgarganida grafiklar bir-biriga juda yaqin. Biroq, 60°C dagi spektrda biroz yuqoriroq yutilish
ko'rinmoqda. Bu polimerning yuqgori haroratda ozgina ko'proq yorug'lik yutishini anglatishi mumkin, ammo
bu o‘zgarish juda kichik. D18 polimerning termal barqarorligi yuqori bo'lgani uchun, qizdirish jarayonida u
degradatsiyaga uchramaydi yoki molekulyar zanjirlar buzilmaydi. Natijada, harorat o‘zgarishlari molekulyar
strukturaga sezilarli ta’sir qilmaydi va polimer o‘zining asosiy elektron xususiyatlarini saqlab qoladi. Shu
sababli, yutilish spektri turli haroratlarda tayyorlangan namunalar uchun bir xil bo‘lib qoladi [25-27]. Agar
polimerlar turli haroratlarda gizdirib tayyorlangan eritmalarda polimerning molekulalari suyuglikda bir xil
darajada erisa va bir xil fazaga ega bo‘lsa, polimerning zanjirlararo o‘zaro ta’siri o‘zgarishiga yo‘l
go'ymaydi, ya'ni turli haroratlar ularning optik xossalariga sezilarli ta’sir gilmaydi. Natijada, yutilish
spektrida farq kuzatilmaydi.

Qisgacha qilib aytganda, turli haroratlar (30°C, 40°C, 50°C, va 60°C) da qizdirilib tayyorlangan D18
polimeri eritmalarining yutilish spektri bir xil bo‘lishining sababi polimerning kimyoviy va molekulyar
tuzilmasining barqarorligi, termal degradatsiyaga uchramasligi, eritmadagi bir xil dispersiyasi va agregatsiya
holatining yo‘qligidir. Polimerning optik xossalari asosan uning molekulyar strukturasi va
konjugatsiyalangan tizimga bog‘liq bo‘lib, harorat o‘zgarishi bilan polimerning molekulyar va optik
xususiyatlari o‘zgarmaydi, natijada u quyosh panellari va boshga optoelektronika qurilmalarida samarali
ishlatilishi mumkin.

3-rasmda L8-Bo fulleren bo’lmagan akseptor polimerning yutilish spektri berilgan bo’lib, odatda 300
nm dan 800 nm gacha bo‘lgan to‘lqin uzunliklarida yorug'likni yuta oladi. Demak, L8-Bo polimeri keng
spektrda yorug'likni yutish gobiliyatiga egaligini va PQElarning fotovoltaik samaradorligini oshirish uchun
muhimligini xulosa gila olamiz. Yutilish pik to‘lqin uzunligiga to’xtaladigan bo’lsak, L8-Bo polimerining
yutilish spektridagi asosiy maksimum piki odatda 805 nm to’lqin uzunligiga mos keladi. Yutilish maksimum
orgaliglari esa 600-850 nm ga to’g’ri kelishini ko’rishimiz mumkin, bundan quyidagicha xulosaga kelish
mumekin, L8-Bo akseptor PQElarda faol gatlam tarkibida Quyosh spektrining gizil gismini samarali yutishiga
imkon yaratdi.

L8-Bo akseptor polimeri donordan olingan elektronlarni gabul gilish uchun mo‘ljallangan. U donor
materiallar (masalan, D18 kabi) bilan birga ishlatilganda yutilish spektri kengayadi va samaradorlik oshadi.
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Donor va akseptorlar birgalikda ishlaganda, materiallar quyosh spektrining turli gismlarida yorug‘likni yutib,
fotovoltaik qurilmalarning umumiy samaradorligini oshiradi.

Xulosa o’rnida, L8-Bo akseptor polimerining absorpsion xossalari keng yutilish spektri, yugori
yutilish koeffitsiyenti va infragizil spektrga yaqin joylashgan yutilish piki bilan tavsiflanadi. Bu material
Quyosh spektrining ko‘p qismini samarali yutishi tufayli PQElarda samarali akseptor sifatida qo‘llanadi.
Donor materiallar bilan birgalikda ishlatilganda L8-Bo polimerining samaradorligi yanada oshadi.
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3-rasm. D18, PC71BM, L8-Bo va ular asosidagi faol gatlamlarning yutilish spektrlari

3-rasmda fulleren asosli akseptor bilan D18 polimerning yutilish spektrlari keltirilgan. D18 donor
polimeri (qgizil chiziq) 450-620 nm to‘lgin uzunliklar oralig‘ida eng kuchli intensiv yutilishga ega, ammo
PC;:BM (moviy chiziq) esa D18 ga nisbatan judayam past yutilish intensivligini ko‘rsatadi, PC7;BM asosan
ultrabinafsha to’lqin uzunliklari sohasining qisqa to‘lgin uzunliklari (300-400 nm) yaginida samaraliroq
yutilishga ega. Shu sababli, D18:PC;,BM faol gatlam aralashmasi (gora chiziq) ikkita materialning yutilish
Xususiyatlari birlashgan holda yutilish spektrini to’lqin uzunliklari sohasi kengayishishga olib kelgan, ammo
yutilish intensivligi D18 polimerning yutilish intensivligiga nisbatan juda keskin pasayib ketgan. Bu yutilish
spektri grafigi orgali fulleren tarkibli akseptorlar asosidagi faol gatlamlarning bir necha afzalliklariga
garaganda PQElar samaradorligiga salbiy ta’sir giluvchi yetarlicha kamchilik va muammolar mavjud, bu
kamchliklarning asosiylarini keltirib o’tsak:

1. Nisbatan past samaradorlik: D18:PC71BM faol gatlamlari PQElar uchun yutilish spektri keng
bo‘lganiga qaramay, ularning samaradorligi hali ham an'anaviy kremniy quyosh elementlariga nisbatan past.
Donor:PC71BM faol gatlamlarga asoslangan PQElar samaradorligi asosan 10-12% atrofida bo‘lib, tijorat
darajasidagi samaradorlikni yetarli darajada ta’minlay olmaydi.

2. Past barqarorlik: Organik quyosh elementlarida ishlatiladigan ko‘plab materiallar, shu jumladan
D18 va PC;BM, vaqt o‘tishi bilan samaradorligini yo‘qotadi. Bu moddalar kislorod va namlik bilan
reaksiyaga kirishishi yoki yorug‘lik ostida degradatsiyaga uchrashi mumkin. Bu PQElarning uzoq muddatli
ishlashi uchun jiddiy muammo hisoblanadi.

3. Energetik sathlari o‘rtasidagi nomuvofiqlik: D18 va PC;BM o‘rtasidagi energetik sathlarning
nomuvofiqligi elektronlarning samarali ajralishiga to‘siq bo‘lishi mumkin. Bu, aynigsa, elektron va kovaklar
o‘rtasidagi rekombinatsiyani oshiradi, bu esa samaradorlikni pasaytiradi.

4. PC;;BM va shunga o’xshash fulleren tarkibga ega akseptorlarning cheklangan yoruglikni yutilish
xossalari. PC,;BM va shu kabi fulleren asosli materiallarning spektral yutilish sohasi asosan ultrabinafsha
sohada bo‘ladi, ya’ni Quyosh spektrining eng samarali qismini (ko‘rinuvchi va yaqin infraqizil) yutmaydi.
Undan tashqgari Donor:PC71BM asosli faol qatlamlardagi yorug‘likning yutilishidan tashqari, ba'zi to’lqin
uzunlikdagi yorug‘liklar ichki gaytish yoki sochilishga uchraydi. Masalan D18 va PC7,BM larni sindirish
ko’rsatkichlari bir biriga mos emasligi sababli bunday yorug’lik qaytarishlar yutilish samaradorligini
yo‘qotishlarga olib keladi. Bunday cheklanagan yutilish xossalari tufayli D18:PC;;BM faol gatlamga ega
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PQElar fagat D18 donor polimer tomonidan qoplanadigan yorug’lik spektrlar bilan cheklanib qoladi, natijada
PQElarning samaradorligi juda past bo’ladi.

Yana bitta optik muammolardan biri bu PCBM akseptorlarning yorug‘likka sezgirligi tufayli
fotodegradatsiyaga uchrashidir. PC71BM moddasining fotodegradatsiya xususiyatlari bor, ya'ni vaqt o‘tishi
bilan ultrabinafsha nurlar ta'sirida uning optik va elektr xossalari yomonlashadi. Bu jarayon esa PQElarning
uzoq muddat ishlashiga salbiy ta'sir ko‘rsatadi.

3-rasmda D18 va donor polimer bilan fulleren bo’lmagan L8-Bo akseptor aralashmasi asosida olingan
faol gatlamlarning yutilish spektri berilgan. Eng avvalo, grafikdagi yutilish spektrining shakliga e’tibor
qaratadigan bo’lsak, D18: L8-Bo faol gatlam uchun 400-900 nm oralig'ida yaxshi yutilish intensivligini
ko’rsatmoqda. Bunday to’lqin uzunligi sohasida yutilish spektrining yaxshi bo’lishi quyosh nurlanishi
spektrining katta gismini yutishiga imkon berib PQElarning samaradorligini yanada oshiradi. Faol
gatlamning yutilish spektrida to'lgin uzunligi 600 nm atrofida va 800 nm atrofida kuchli yutilish piklari
mavjud. Bunday piklarning shakllanishiga sabab, D18 va L8-Bo polimerlarning yutilish spektr grafiga
qaralsa 0’z o’zidan tushunarli bo’ladi. 3-rasmdagi grafikning 600 nm atrofidagi yutulish piklari bu D18
polimerga tegishli bo’lsa, 800 nm atrofidagi yutulish piklari esa L8-Bo akseptorga tegishli.

Yugorida keltirilgan barcha spektr natijalardan D18:L8-Bo faol gatlamga asoslangan PQElarning
fotovoltaik parametrlari D18:PC71BM faol gatlamga asoslangan PQElarning fotovoltaik paramterlaridan
juda katta farq bilan yaxshiroq bo‘lish kerak degan xulosaga kelish mumkin. Bu xulosalarimizni tekshirish
uchun bu ikki xil faol qatlamga asoslangan PQElarning fotovoltaik parametrlari o‘lchandi.l-jadvalda
D18:L.8-Bo va D18:PC7,BM asosli PQElarning fotovoltaik parametrlari berilgan. D18:L8-Bo faol gatlam
asosli PQElarning fotovoltaik ko‘rsatkichlarini tahlil giladigan bo‘lsak, bunda ochiq zanjir kuchlanishi(V )
0,90 V, qisga tutashuv tok zichligi (Js) 24.55 mA/sm? toldirish faktori (FF) 75,8% va EO‘S esa 16,7 %
tashkil qgildi.

1-jadval. D18:L.8-Bo va D18:PC;;BM asosidagi PQElarning fotovoltaik parametrlari

Faol gatlam Vee (V) | JeMACm? | FF (%) |EO*S (%)
D18:L8-Bo 0.90 24.55 75.8 16.7
D18:PC71BM __ |0.98 11.26 714 8.0

D18:PC71BM faol gatlamlarga asoslangan PQElarning fotovoltaik natijalari esa, bunda ochiqg zanjir
kuchlanishi 0,98 V, gisqa tutashuv tok zichligi 11,26 mA/sm?, to‘ldirish faktori 71,4% va EO‘S esa 8 %
tashkil gildi. D18:Y6 PQEning EO‘S qiymati D18:PC71BM PQE ning EO‘S giymatidan 2 barobar kattaroq
natijaga erishilgan. Bunday natijani faol gatlamlarning yutilish spektrining fargi bilan va TKS natijalari
orqali izohlash mumkin. Chunki, PQElarning EO*S natijasi yutilish spektriga va donor akseptor juftlik uchun
materiallarni to‘g‘ri tanlash kabi jarayonlarga bog‘ligdir.

Xulosa. Xulosa o‘rnida D18 yutilish spektri ko‘rinadigan va yaqin infraqizil to‘lqin sohasigacha
bo‘lgan keng yutilish diapazonida yaxshi yutilish xossalariga ega bo’lib, bu L8-Bo fulleren bo’lmagan
akseptorning yutilish spektri sohasi bilan birgalikda butun 300-1100 nm oralidagi fotonlarni yutishiga imkon
beradi, bu esa PQElarning samaradorligi yanada oshishiga olib keldi. D18 donor va L8-Bo akseptor
polimerlarning kengaytirilgan konjugatsiyalangan tuzilishi uning keng yutilish spektriga va samarali
yorug‘lik yutishiga yordam beradi. Ammo PC71BM ga o‘xshash fulleren tarkibli akseptor materiallar bilan
PQElarda qo‘llanilsa yutilish spektri intensivligi juda past bo’lganligi sababli PQElarda qo’llanilganda
fotovoltaik parametrlar kutilgan natijalarni bermaydi. D18 ning yutilish spektri L8-Bo kabi Y-seriyali
strukturaga ega fulleren bo‘lmagan akseptorlar bilan birga yutilish spektrining to‘lqin uzunligi sohasini
kengaytirishga olib keladi. Ushbu D18:L8-Bo faol qatlamidagi kabi qo‘shimcha yutilish spektrlari hosil
bo‘lishi D18 polimerni samarali PQElar uchun istigbolli donor materialga aylantiradi.

Umuman olganda, D18:PC71BM aralashmasi samarador va o’ziga yarasha yaxshi yutilish
xususiyatlariga ega bo‘lsa ham, bu faol qatlam tijorat darajasidagi PQElar uchun yetarlicha mukammal emas.
Shu sababli barqgarorlik va samaradorlikni oshirishga yo‘naltirilgan tadqiqotlar asosan fulleren bo’lmagan
akseptor bo’yicha davom etmoqda.
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UO*K 53

YARIMO‘TKAZGICHLI NANOSTRUKTURALARDA ELEKTROFIZIK
XUSUSIYATLARINING MAHALLIY DIAGNOSTIKASI

Quchgarov Behzod Xoshimjonovich,

Impuls tibbiyot insituti dotsenti,

fizika-matematika fanlari bo ‘yicha falsafa doktori (PhD)
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Annotatsiya. Bugungi kunda asrda axborot texnologiyalarining rivojlanishi igtisodiyotning
rivojlanishiga turtki berdi. Yarimo'tkazgich materiallarining va nanoelektronika texnologiyalarining rivoji
elektron igtisodiyotdagi innovatsion jarayonlarga ta'sir ko'rsatishi. Ush tadgigot yarimo'tkazgich
materiallarining elektrofizik vositalarni o'rganishga va yangi diagnostika usullarini tatbiq tekshirish
bo'yicha, zaryad tashuvchilarning kontsentratsiyasi va energiya darajalarini zamonaviy sharoitlarda ko'rib
chigadi. Yarimo'tkazgich texnologiyalari zamonaviy elektronika va axborot texnologiyalarining asosini
tashkil etadi. Aynigsa, yuqori tezlikdagi telekommunikatsiya tizimlarini yaratishda bu texnologiyalar muhim
ahamiyat kasb etadi. Yarimo'tkazgichli elektron qurilmalar asosan mikro- va nanoelektronikaning elementar
bazasi hisoblanadi. Shu sababli, bu sohada yangi materiallarni izlash va sintez qgilish, ularning elektrofizik
xususiyatlarini o ‘rganish, ishlab chiqarish texnologiyasini ishlab chiqildi.

Kalit so’zlar: material, struktura, diagnostika, kontsentratsiya profili, energiya spektri, diagramma,
parameter, mahalliy mikro va makroinhomogenlik, yarimo'tkazgichli konstruktsiyalar, chuqur darajadagi
relaksatsiya spektroskopiya, skanerlash zond mikroskopiyasi, sig'im-kuchlanish xususiyatlari, mahalliy ogim
relaksatsiyasi, nanostrukturalarni diagnostika.

JOKAJIbHAS JIMATHOCTHUKA JIEKTPO®PU3ZUNYECKHUX CBOMCTB
HOJYITPOBOJHUKOBBIX HAHOCTPYKTYP

Annomauyusn. B coepemennoMm 6exe pazgumue UHOOPMAYUOHHBLIX MEXHOIO2UN OAl0 MONYOK
pazeumuio  IKOHOMUKU.  Bauanue pazeumusi noaynpoBOOHUKOBbIX ~ MAMEPUANLO8 U MeXHOI02Ull
HAHODIEKMPOHUKU HA UHHOBAYUOHHBIE NPOYECCbl 8 INeKMPOHHOU IKOHOMuUKe. B oannom uccreoosanuu
paccmampusaromcs KOHYenmpayus. U yposHU DHepeuu Hocumenel 3apsaod 6 COBPEMEHHbIX YCI08UAX
Uccned08anus dNeKMpoPUIULECKUX UHCHMPYMEHMO8 NOIYAPOBOOHUKOBLIX MAMEPUATO8 U NPUMEHEHUs.
HOBbIX Memo008 ouaznocmuku. 11onynposooHuKogvle MEXHOI0UU COCMABIAIONM OCHO8Y COBPEMEHHOU
NeKMPOHUKU U UHPOPMAYUOHHBIX MEXHON02UU. DMy MeXHOL02UU OCOOEHHO BAaXCHbL NPU CO30AHUU
8bICOKOCKOPOCMHBIX MENeKOMMYHUKAYUOHHBIX cucmeM. T1onynpoeoonuxossie 31eKmponHble YCMpOoLicmed
no cymu AGNAIOMCSL INEMEHMAPHOU OCHOBOU MUKPO- U HAHOeKMpoHuKy. [loamomy 6 amoii obracmu 6vinu
Pazeumuvl  UCCIEO008AHUSL U CUHME3 HOBLIX MAMEPUANO8, U3YYeHUe UX DJIeKMPOoPUIUYECKUX CEOLCMS,
MEeXHONI02UY NPOU3EOOCEA.

Knwuesvie cnoea. mamepuan, cmpykmypa, OUASHOCMUKA, KOHYEHMPAYUOHHBIU  Npoduis,
9Hepeemuyeckuti cnekmp, ouaspamma, napamemp, JOKANbHASL MUKPO- U MAKPOHEOOHOPOOHOCHb,
NOJYNPOBOOHUKOBbIE CMPYKMYPbI, DPENAKCAYUOHHAS CNEeKMPOCKONUS 21YOOKUX YPOGHeU, CKAHUPYIOWAs
30HO008A5L  MUKPOCKONUA, B80AbM-(PapacHvle Xapakmepucmuky, JOKAIbHAsL MOK08As penaKcayus,
OUACHOCTNUKA HAHOCIPYKMYP.

LOCAL DIAGNOSTICS OF ELECTROPHYSICAL PROPERTIES IN SEMICONDUCTOR
NANOSTRUCTURES

Abstract. In today's century, the development of information technology has given impetus to the
development of the economy. Impact of the development of semiconductor materials and nanoelectronics
technologies on innovative processes in the electronic economy. This research examines the concentration
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and energy levels of charge carriers in modern conditions for the study of electrophysical tools of
semiconductor materials and the application of new diagnostic methods. Semiconductor technologies form
the basis of modern electronics and information technologies. These technologies are especially important
in creating high-speed telecommunication systems. Semiconductor electronic devices are basically the
elementary base of micro- and nanoelectronics. Therefore, research and synthesis of new materials, study
of their electrophysical properties, production technology were developed in this field.

Keywords: material, structure, diagnostics, concentration profile, energy spectrum, diagram,
parameter, local micro- and macro-inhomogeneity, semiconductor structures, deep level relaxation
spectroscopy, scanning probe microscopy, capacitance-voltage characteristics, local current relaxation,
diagnostics of nanostructures.

Kirish. lImiy-texnika taraqgiyoti igtisodiyotga katta hajmdagi ma'lumotlar bilan ishlash imkonini
beruvchi ragamli texnologiyalarni joriy etish bilan bog'liq. Ragamli texnologiyalarga asoslangan igtisodiy
faoliyat ragamli igtisodiyot deb ataladi. U moddiy o'lchovdagi tovar va xizmatlardan kompyuterlarning
operativ xotirasidagi virtual operatsiyalarga o'tishga asoslangan bo'lib, unda barcha turdagi operatsiyalar
axborot miqdori o'lchov birliklari bilan amalga oshiriladi. 2015 yil, - ma’lumotlar to‘planishining
eksponensial tendentsiyasi kuzatilgan. Axborot asri 0‘z o‘rnini ragamli asrga bo‘shatib bormoqda, bulut
xizmati, sun’iy intellekt paydo bo‘ldi. Raqamli iqgtisodiyotni amalga oshirishni muvaffaqiyatli amalga
oshirish uchun ma’lumotlarni saqlash markazlari, ishlab chiqaruvchilar va xizmatlar iste’'molchilarini
bog‘lovchi yuqori tezlikdagi ragamli telekommunikatsiyalardan tobora ko‘proq foydalanish zaruryati
tug’lmoqda. Ragamli texnologiyalarning rivojlanishi mavjudlikni oshirish, vazn va o‘lcham
ko‘rsatkichlarini, tezlik va funksionallikni kamaytirish, energiya sarfini kamaytirish va optimallashtirish
yo‘lidan ilmiy texnikaviy tadgiqotlar olib bormogda. Shuning uchun yuqori tezlikdagi telekommunikatsiya
radioelektron uskunalarini loyihalash va yaratish talab etiladi. Radioelektron uskunalarni ishlab chigarish
mikro va nanoelektronikaning elementar bazasini yaratish va uning sifat ko'rsatkichlarini yaxshilash
muammolarini hal qilish bilan birga yarimo’tkazgich moddalar ustida ko’plab ilmiy tadqiqot olib borilishiga
olib keladi. Elementar bazani takomillashtirish uchun yangi materiallar va tuzilmalarni izlash va sintez qilish,
ularni ishlab chiqgarish texnologiyasini ishlab chigish va takomillashtirish, nanostrukturalardagi fizik
jarayonlar va hodisalarni o'rganish, nanotizimlar fizikasini rivojlantirish dolzarb muammolardan biri bo’lib
kelmogda. Jismoniy jarayonlarni tushunish asosida yarimo'tkazgich elementlari va integral mikrosxemalar
ishlab chigarish uchun konstruktiv va texnologik tavsiyalar ishlab chigiladi.

Yangi materiallar va konstruksiyalarning paydo bo'lishi, yarimo'tkazgichli qurilmalarning faol
hududlarini gisqartirish ularning parametrlari va xususiyatlarini kuzatishning ma'lum bo'lganlarini
moslashtirish va yangi usullarni ishlab chigish, amaliy tadgiqot usullari asosidagi fizik modellarni
takomillashtirish zaruratini keltirib chigaradi. Faol hududi kvant quduglari (QW), kvant nugtalari (QD),
amorf va kristalli yarimo'tkazgichlarning o'zgaruvchan nano o'lchovli gatlamlarini o'z ichiga olgan
yarimo'tkazgichli geterostrukturalar bo'lgan nanoelektron qurilmalarning ishlashi zaryad tashuvchilarning
o'lchamlari kvantlanishi bilan bog'liq fizik hodisalarga asoslangan. Bunday tuzilmalarning xususiyatlarini
o'rganish uchun o'lchash va diagnostika uskunalari sohasidagi so'nggi ishlanmalardan foydalanib,
yarimo'tkazgichning eng muhim parametrlariga materiallari va qurilmalari oxirgi radio uskunasining tezligi
va quvvat sarfini aniglaydigan elektrofizik xususiyatlarni o'z ichiga ilmiy tadgiqot texnologiyalaridan
foydalanib kelinmoqgda. Yarimo'tkazgichli konstruktsiyalarning elektrofizik xususiyatlari erkin zaryad
tashuvchilarning (NC) kontsentratsiyasi, faol hududlar konfiguratsiyasi bilan aniglangan elektron
holatlarning energiya spektri, gattiq eritmalarning tarkibi, donor bilan doping profili kabi muhim parametrlar
bilan tavsiflanadi yoki akseptor aralashmali va yarimo'tkazgichning tarmogli oralig'ida chuqur energiya
darajalarini tashkil etuvchi faol gatlamlar orasidagi interfeyslarda va hajmdagi strukturaviy nugsonlarning
mavjudligi va yarimo'tkazgichli to'siq tuzilmalarida kontsentratsiya profilini o'lchashning ishonchli
buzilmaydigan usuli sigim-kuchlanish usuli hisoblanadi [1,2]. Hajmi kvantlashning energiya darajalari
pozitsiyasi hagida geterointerfeyslarning sifati, geterointerfeysdagi ruxsat etilgan energiya diapazonlaridagi
bo'shliglar hajmi va chuqur va sayoz energiya darajalarini hosil giluvchi elektr faol nugsonlarning
parametrlari ta'sir giladi.

Nanostrukturalarni o'rganish uchun sanab o'tilgan usullar makroskopik elektr kontaktlari bo'lgan
namunalarni o'rganish uchun mo'ljallangan bo'lib, ular uchun planar to'sigli kontakt modeli ishlab chigilgan
va go'llaniladi, bunda yo'qolgan gatlamning galinligi kontaktning minimal lateral o'lchamidan ancha past
bo'ladi. Olingan xarakteristikalar to'siq yoki ohmik kontaktning maydoni bo'yicha o'rtacha hisoblanadi, bu
odatda 0'zgarib turadi 2 10°-10* mikron, bilan bog'liq o'lchash moslamalarining kirish yo'llarining sezgirligi.
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Bu kvant nugtalarining xarakterli lateral o'lchamlari [3], qalinligining uzunligi bir hil bo'Imagan va
yarimo'tkazgichli gattiq eritmalarning turli tarkibi bo'lgan hududlar va boshgalardan sezilarli darajada oshadi.
Bu hozirgi va kelajak avlodlarning elektron va integral mikrosxemalari uchun materiallar va
konstruksiyalarning parametrlari va xususiyatlarini bir necha yuz nanometrgacha bo'lgan fazoviy o'lchamlari
bilan o'rganish va nazorat gilish usullariga shoshilinch ehtiyojni keltirib chigaradi [4].

Material yoki strukturani har tomonlama o'rganishni ta'minlaydigan yangi diagnostika usullarini ishlab
chigish alohida ahamiyatga ega, buning natijasida kontsentratsiya profili, zaryad tashuvchilarning energiya
spektri, tarmogli diagrammasi parametrlari, ularning tagsimotlar mahalliy mikro va makroinhomogenlik, shu
jumladan nanometr diapazonidagilar. Yarimo'tkazgichli konstruktsiyalarning elektr xususiyatlarini
o'rganishning murakkabligi va yuqori lokalizatsiyasini ta'minlash uchun yangi texnikani ishlab chiqish taklif
etiladi. Ular skanerlash zond mikroskopiyasi va sig'im-kuchlanish xususiyatlari, chuqur darajadagi
relaksatsiya spektroskopiyasi va LF shovqin spektroskopiyasidan birgalikda foydalanishga asoslangan [5-6].
Mahalliy sig'im-kuchlanish xususiyatlarini o'lchash uchun ishlab chigilgan usullarni, chuqur darajalarning
mahalliy ogim relaksatsiyasi spektroskopiyasini, yarimo'tkazgichlar, mikro va nanostrukturalarni diagnostika
gilish usullarini kompleks go'llash go'shimcha ma'lumotlarni olish va fizik jarayonlarni chuqurrog tushunish
imkonini beradi. yarimo'tkazgichlar. Bu yarimo'tkazgichlar fizikasining rivojlanishiga hissa qo'shadi [7].

Biznng olib brogan tadgiqgot ishlarimizda asosiy magsad shundan iboratki.

1. Energiya spektrini o'rganishning mavjud usullarini tahlil gilish elektron holatlar, dipol
konsentratsiyasi profillari, yarimo'tkazgich mikro va nanostrukturalarda chuqur energiya darajalari bilan
bog’liq nugsonlarn o’rganish.

2. Nugtali yarimo'tkazgichli nanostrukturalarning fizik modelini ishlab chigish elektr potentsial
tagsimotining sferik  simmetriyasini  yaginlashtirishda to'siq kontaktining konfiguratsiyasini va
o'rganilayotgan yarimo'tkazgich mikro yoki nanostrukturasini hisobga oladigan to'sigli kontaktlarni
o’tkazuvchanlik tezligini taxlil qilish.

3. Vagtida bo'shashish ogimini shakllantirishning fizik modelini ishlab chigish elektr potentsial
tagsimotining sferik simmetriyasini hisobga oladigan nugta-to'sigli kontaktga asoslangan yarimo'tkazgichli
strukturada energiya darajasini zaryadlash tezligini oshirish.

4. Yarimo’tkazgich strukturalari asoslarini birgalikda qo'llash asosida ishlab chigish, o'lchamlari
o'tkazgich o'lchami bilan belgilanadigan hududlarda yarimo'tkazgich mikro va nanostrukturalarda elektron
holatlarning energiya spektrini mahalliy o'rganish imkonini beradigan chuqur darajadagi ogim relaksatsiya
spektroskopiyasini, atom kuchi mikroskopiyasi yordamida aniglash.

5. Yarimo'tkazgichda past chastotali to’lqinni hosil qilish modelini takomillashtirish kvant o’ra
chuqurligi bilan nikel geterostrukturalarida tadqiqot o’tkazish.

6. Narml kuchlanish hamda temperature ta’sirlarida kuchlanish xarakteristikasini mahalliy o'lchash
texnikasini ishlab chigish.

Olib borilayotgan ilmiy izlanishlarning tadgigot obyekti sifatida tanlab olingan materiallar
quyidagilardan iborat. Geterostrukturaviy tizimlarga asoslangan kvant o’ra chuqurlari (QW). InGaAs/GaAs,
ZnMgSSe/ZnSe, ZnCdS/ZnSSe va 0'z-o'zidan vyig'ilgan kvant nugtalari bilan geterostrukturalar (CT)
asosidagi tizim CdSe/ZnSep, rivojlangan yarimo'tkazgichli mikro tuzilmalar asosidagi sirt relefip-Si, gibrid
geterostrukturalarga asoslangan nano o'lchamdagi gatlamlara-Si:H va kristall Si. Murakkabga asoslangan
tuzilmalarni AgINs va AxINg tanlab olingan. Namunalarni tayorlash jarayoni molekulyar nurli epitaksiya bilan
yetishtirildi (MPE) yoki metall-organik bug'fazasi epitaksisi (PFEMOS) usullari yordamida o’stirib olinadi
[1-4].

Ilmiy tadqgiqotning yangiligi sifatida keltirilgan natijalar quyidagilardan iborat. Namunani
skanerlovchi prob mikroskopidan foydalanishga asoslangan yarimo'tkazgich strukturasi, erkin zaryad
tashuvchilar kontsentratsiyasining uch o'lchovli tagsimlash profilini olish uchun nugta elektr metall-
yarimo'tkazgichli kontaktni shakllantirish. Amalga oshirish uchun o'lchov-analitik komplekslarni ishlab
chigish, sig'im-kuchlanish xususiyatlarini mahalliy o'lchash usullarini ishlab chiqdi, past- chuqur darajadagi
oqim relaksatsiyasi spektroskopiyasi, past chastotali to’lqin spektroskopiyasilaridan foydalanib.

Yarimo'tkazgichli nanostrukturalarni, rivojlangan tuzilmalarni o'rganish sirt relyefi turli tarkibli va
galinlikdagi kvant chuqurlari bo'lgan nanostrukturalarda ruxsat etilgan energiya diapazonlarining
uzilishlarini aniglashtirish, nugta hosil bo'lishi paytida ushbu giymatlarning namuna yuzasi bo'ylab kvant
chuqurlarini tashkil etuvchi gatlamga parallel ravishda tagsimlanishini o'rganib ishlab chigilgan tadgiqot
usullaridan foydalangan holda ishlab chigish. Olingan nazariy va eksperimental natijalarni umumlashtirish
yarimo'tkazgich mikro- va nanostrukturalarda fizik jarayonlarni o'rganish.
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Iimiy tadqgigot ishlarida asosiy olib borilgan ishning mazmuni sifatida o'tish davrini tavsiflovchi yangi
matematik model taklif etiladi o'lchamni to'ldirishni hisobga olgan holda elektr potentsialining sferik
simmetriyasi bilan aloqada bo'lgan kvant o’ra chuqurligi bilan yarimo'tkazgichli nugta-to'sigli
konstruktsiyada o'lcham-kvantlash energiya darajalarini gayta zaryadlash paytida elektr kuchlanishining
impulsli ta'siri ostida tokning bo'shashish jarayoni kvantlash darajalari o’rganib chiqilgan. Energiya spektrini
mahalliy o'rganish usuli yordamida yarimo'tkazgichli tuzilmalardagi elektron holatlar, ya'ni o'lchamlari
nanometr diapazonida bo'lgan ularning mintagalarida (10-100 nm), belgilangan bo’lib elektr kuchlanishining
impulsli ta'siri ostida struktura orgali elektr tokining bo'shashish vagtining haroratga bog'ligligini o'rganish
asosida atom kuch mikroskopining (AFM) o'tkazuvchi zondi tomonidan hosil gilingan nugta to'signi tashqi
ta’sirlar davomida metal —dielektrik-yarimo’tkazgich kontaktining chegara sohasi oralig’i, quyidagicha
tavsiflanadi: AFM elektr kontaktini hosil gilish uchun o'tkazuvchi prob ishlatiladi, bu o'lchovlarning
joylashishini ta'minlaydi.

Mahalliy sig'im-kuchlanish xarakteristikasini olish uchun yangi texnika ishlab chigildi. Chegara
bo’lim sohasiga tegishli diapazonlarida yarimo'tkazgichli to'siq strukturasining xususiyatlari, bu
yarimo'tkazgich namunasi yuzasiga elektr nugta bilan aloga gilish uchun atom kuch mikroskopining zond
tizimidan foydalanish, namuna orgali ogimning doimiy komponentini tahlil gilishdan iborat. Namunaning
elektr sig'imiga mutanosib komponentni o'z ichiga olgan, unga davriy impulsli kuchlanish go'llanilganda
mahalliy sig'im-kuchlanish xususiyatlarini olish imkoniyati ko'rsatilgan. Tashgi kuchlanish berilgan vagtda
mikroskopidan foydalangan holda yarimo'tkazgich namunasi yuzasiga o'tkazuvchi zondning nugta elektr
alogasi bilan yarimo'tkazgichli strukturada ifloslanish kontsentratsiyasining mahalliy profilini hisoblashga
erishildi. Masalan, rivojlangan relyefli Si yarimo'tkazgichli struktura poydevorning balandligi va yon tomoni
bo'lgan piramidalar ko'rinishidagi sirtlar 3-5 mkm olinadi atom kuch mikroskopining o'tkazgich zondi bilan
sirtga nuqta elektr kontaktini hosil gilish orgali sig'im-kuchlanish xususiyatlari aniglik bilan olinishi yanada
osonlashadi.

Yarimo'tkazgich mikro va nanostrukturalarning elektr xususiyatlarini (erkin NC ning kontsentratsiyasi,
garshilik, elektr potensiali) mahalliy o'lchashni amalga oshirishga imkon beradigan usullar. Elementlarning
faol hududlari hajmining kamayishi bilan elektr xususiyatlarini  tagsimlashda mikro va
makroinhomogenliklarning fizikasiga ta'siri, turli Xxil strukturaviy nugsonlar, sirt topografiyasi va
interfeyslarning xususiyatlari ortadi. Ushbu mikrogeterojenliklarni aniglash uchun o'ziga xos cheklovlarga
ega bo'lgan zond usullari go'llaniladi. Skanerli mikroto'lginli mikroskopiya va skanerlash targaladigan
garshilik mikroskopiyasining (SMSR) jismoniy asoslari ko'rib chigiladi. Ushbu tadgigot usullarining asosiy
imkoniyatlari va cheklovlari muhokama gilinadi.

Yarimo'tkazgichli materiallarda erkin zaryad tashuvchilarning kontsentratsiyasini o'lchash uchun
elektr zond wusullarini ko'rib chigish asosida yarimo'tkazgichli konstruktsiyalarda erkin zaryad
tashuvchilarning kontsentratsiya profilini mahalliy o'lchash texnikasini tanlash asoslanadi. Ushbu texnikani
go'llash uchun nugta chizig'ining elektrofizik xususiyatlari - metall-yarimo'tkazgichli strukturalarini namuna
sifatida olingan. Yarimo'tkazgichdagi elektr maydoni va potentsial tagsimotining sferik simmetriyasini va
yarimo'tkazgichdagi fazoviy zaryad mintagasining (SCR) keskin chegarasini yaginlashtirishda nugta to'sigli
kontakt tahlil gilinadi. Biroq, kontakt o'lchamlari Debay uzunligiga mutanosib bo'lganda, SCR chegarasining
surilishini hisobga olish kerak. Nugta kontaktli metall — yarimo‘tkazgichning sferik koordinatalarida Puasson
tenglamasining yechimi tasvirlangan.sirtda zaryad yo'qligining yaginlashuvida n-turi bildiradi:

9

1 d (lrz dqa}_ eN(l—-e %Br)
2 dr dr

Bu vyerda e-elementar zaryad, T-mutlag harorat, &,-mutlag dielektrik o'tkazuvchanlik, & -
yarimo'tkazgichning nisbiy o'tkazuvchanligi, N-ionlangan donor aralashmalarining kontsentratsiyasi (bo'lishi
mumkin lekin gabul giluvchi nopokni xuddi shunday muomala giling), kB-Boltsman doimiysi, r- geometrik
markazdan masofa metall probning yarimo'tkazgich yuzasiga yarimo'tkazgichning asosiy gismidagi nuqtaga
tegishi. Bunday holda, sirt holatlaridagi zaryad hisobga olinmadi. Tenglamani yechish natijasida
yarimo'tkazgichdagi elektr potensialining bog'ligligi (1) ifoda bilan ifodalanadi:
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Bu yerda ry- nugta kontaktining egrilik radiusi, LD-Debay uzunligi, Uk- diffuziya ion potentsiali, UR-
egilish kuchlanishining kattaligi. Nugta kontaktining elektr to'sig sig'imining giymati ionlangan aralashmalar
zaryadining hosilasi sifatida hisoblanishi mumkin.

40
C(L)_d[ﬁ_

O'rganilayotgan strukturaning yuzasi bilan aloga o'tkazuvchan AFM probi tomonidan amalga
oshiriladi.  Hisob-kitoblarda sirt holatlarining zaryadi e'tiborga olinmadi, bundan tashqari,
yarimo'tkazgichdagi ichki chegarasining pozitsiyasi ganoatlantirildi. R > ro, keyin kontaktni birinchi
yaginlashuvda yarim sharsimon deb hisoblash mumkin yog'sizlantirish[15-16].

Bundan tashqari, yarim sharsimon kontakt uchun to'siq sig'imining giymati quyidagi formula bo'yicha
topiladi:

c(U) = 2;reNR3(U{dR(L_])]
e 3)

1-rasmda. Nuqtaning o'ziga xos sig'imining hisoblangan. Bundan ko’rinadiki bog'ligliklarini tekis
to'siq bilan aloga gilishi (1-rasm a). O'ziga xos sig'im nisbati planar to'siq kontaktining o'ziga xos sig'imiga
(1-rasm b). Teskari tomondan sayoz donorlar kontsentratsiyasida nuqgta to'siqli alogada SCRning ichki
chegarasini bulg'anishini hisobga olgan holda stress10°sm™ va nugta bilan aloga radiusi 50 nm (n-Si
materiali) ekanligini ko’rish mumkin [9-10].

Nazariy hisob-kitoblar natijalaridan C-V xususiyatlari shundan kelib chigadiki, elektrdagi o'zgarish
CVga bog'lig yarimo'tkazgich hususiyatlarini ochib beradi. Kontakt modelini tanlash erkin NS
kontsentratsiyasi profilini hisoblashning anigligiga ta'sir giladi [16]. Metall yarimo'tkazgichli nuqgta to'signi
kontaktining elektr sig'imi ham zaryad tashuvchilarning kontsentratsiyasiga, ham aloga radiusiga
(ishlatiladigan o'tkazgich radiusi) bog'lig. Yarim sharsimon kontaktni yaqginlashtirishda, teskari kuchlanish
kuchayishi bilan, planar to'sigli kontaktdan fargli o'larog, sig'im biroz oshadi. Bu tekis to'sigli kontaktda
uning maydoni teskari kuchlanishga bog'liq emasligi bilan izohlanadi, yarim sharsimon modelda esa
yarimo'tkazgichdagi SCRning ichki chegarasiga mos keladigan sirt maydoni teskari kuchlanish bilan ortadi.
Shuningdek, hisob-kitoblardan kelib chigadiki, o'ziga xos sferik kontakt sig'imi taxminan, 3,7 - 5,7 marta
solishtirma quvvat planar aloga va bu nisbat ortib borayotgan teskari chizigli kuchlanish bilan ortadi [11].

Olib borilgan tadqiqot natijalari shuni ko’rsatdiki, mahalliy tok relaksatsiya spektroskopiyasi usuli
sinovdan o'tkazilganda chuqur darajalar tok relaksatsiyasi spektroskopiyasi va atom kuchi mikroskopiyasini
birgalikda o‘rganilayotgan yarimo‘tkazgich mikro va nanostruktura yuzasi bo‘ylab, geterointerfeyslarga
parallel ravishda zaryad tashuvchilarning faollashuv energiyasini tagsimlashni nazorat gilish imkonini
ko’rsatdi [13].
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1-rasm. a - tekis (pastki egri) va nuqtaning o’ziga xos sig‘imiga bog'ligligi
(yuqgori egri) teskari kuchlanishga garshi to'siq bilan aloga qgilish;
b - nugta va tekis to'sigli kontaktlarning o'ziga xos sig'imlarining teskari kuchlanishga
bog'ligligi
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Iimiy ishdan xulesa qgilib shuni aytish mumkinki. Chegaradagi o'lchamlari atom kuchi mikroskopining
o'tkazuvchi zondining uchi diametri bilan belgilanadi va giymatlarda 10-100 nm Zng4CdgsS/ZnSg06S€q.04
namuna strukturasi misolida bo'shliq o'lchami o'tkazuvchanlik zonalari o'zgardi 391 dan 431 meV gacha
olinganda geterostrukturalarning sifatini baholash va epitaksial gatlamlar o'stirilgan maydoni bo'ylab ruxsat
etilgan energiya zonalarida uzilishlarni tagsimlanishi yaqqol namoyon bo’ilishi kuzatildi. Bundan ko’rnib
turibdki mikro va makroinhomogenlikni o'rganish imkoniyati yanada oshdi. Mahalliy RTGS ning ishlab
chigilgan usuli yordamida zaryad tashuvchilarning bir nechta (kamroq) emissiya jarayonlarini o'rganish
mumkinligi ko'rsatilgan. Kvant nugtalari bilan CdSe/ZnSe struktura orqali elektr tokining bo'shashish
vaqtining quvvatga bog'ligligi, kvant nugtalaridan elektron chigarish jarayonining faollashuv energiyasi
eksperimental ravishda aniglandi 620+20 meV [7-17]. O'lchangan mahalliy sig'im-kuchlanish
xarakteristikasiga asoslanib, fazoviy holati o'rganilayotgan namunadagi kvant chuqurlarining fazoviy
holatiga to'g'ri keladigan xarakterli konsentratsiya cho'ggilariga ega bo'lgan erkin elektronlar
kontsentratsiyasining (ko'rinadigan) tagsimot profili hisoblab chigish imkonini yaratdi.
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TIC 354493993 IKKI MODALI VA YUQORI AMPLITUDALI DELTA SCUTI
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Annotatsiya. Ushbu magolada TIC 354493993 yulduzining TESS dagi ma’lumotlardan foydalanib,
uning pulsatsiyalanish chastotalari aniglandi. Yulduzning pulsatsiyalanish chastotalari tahili gilindi,
davrlari aniglandi va ravshanlik egri chiziglari chizildi. Ravshanlik egri chiziglarining shakli hamda
pulsatsiyalanish chastotalarning giymatlari asosida bosim kuchlari p va gravitatsion kuchlar g modalar
bilan, ya’ni ikki modali pulsatsiyalanishi aniglandi. Hisoblangan amplituda qiymatlaridan yuqori
amplitudali Delta Scuti tipi ekanligi aniglandi.

Kalit so“zlar: Delta Scuti, pulsatsiya p, g moda, amplituda, faza, ravshanlik, egri chiziq, yulduz,
chastota.

TIC 354493993 JIBYXPEKUMHBIN 1 BBICOKOAMILIUTY IHBII DELTA SCUTI

Annomauus. B smou cmamve wacmomul nynvcayuil 36e306i TIC 354493993 Oviiu onpedenenvt ¢
ucnonvsosanuem Odaunvix TESS. Paccuumanvl uacmomwsl nyascayuii 36e30bl, onpedeieHvl nepuoobl u
nocmpoenvl Kpusvie ceemumocmu. I1o Gopme Kpuevbix 1€2KOCMU U 3HAYEHUSIM HACTOM NYIbCAyuil
VCMAHOBNEHO, YMO 3HAYEHUs. 0AGNIeHUS P U SPABUNAYUOHHBIX CUL AGISIOMCA NYTbCUPYIOuuUMU ¢ g Mooamu,
m.e. 08YXmM0008biMu nyabcayusmu. Boiio obnapysiceno, umo smo Delta Scuti ¢ 6onee svicokoti amnaumyooi,
ueM pacuémuole 3HAUEeHUsT AMNIUNYObL.

Knroueswie cnosa: Delta Scuti, nyavcayus p, g mooa, amniumyoa, pasza, sspkocme, Kpueas, 36e30d,
yacmoma.

TIC 354493993 DUAL-MODE AND HIGH-AMPLITUDE DELTA SCUTI

Abstract. In this paper, the pulsation frequencies of the star TIC 354493993 were determined using
TESS data. The pulsation frequencies of the star have been calculated, periods have been determined and
lightness curves have been plotted. From the shape of the light curves and the values of the pulsation
frequencies, it was found that the pressure p and gravitational force values are pulsating with g modes, i.e.,
two-mode pulsations. It was found to be Delta Scuti with higher amplitude than the calculated amplitude
values.

Keywords: Delta Scuti, pulsation, p and g modes, amplitude, phase, brightness, light curve, star,
frequency.

Kirish. Delta Scuti yulduzlari odatda A va F spektral sinfiga mansub bo‘lib, ular asosiy ketma-ketlik
yoki evolyutsion jihatdan biroz rivojlangan yulduzlar hisoblanadi. Delta Scuti yulduzlari astroseysmologiya
uchun muhim obyektlardir, chunki ularning pulsatsiyalari yulduzning ichki tuzilishini aniglashga yordam
beradi. Ular yulduz evolyutsiyasi jarayonlarini tushunishda asosiy rol o‘ynaydi. Chunki bunday
yulduzlarning konvektsiya konvertlari radiatsiya konvertiga aylanadigan o‘tish zonasida joylashgan [1].
Ushbu zonada energiya uzatish mexanizmini tushunish uchun qo‘llanishi mumkin bo‘lgan Delta Scuti
(DSCT) tadgiqotlari muhimdir. Yorqinlik o‘zgarishlari odatda 0.003—0.9 magnituda oralig‘ida kuzatiladi.
Delta Scuti yulduzlarining massasi 1.2 + 2.5 Mg gacha. T va log g giymatiga mos ravishda 6300 — 8500 K
va 3.2 — 4.3 oralig‘ida bo'ladi [2]. Delta Scuti yulduzlari radial va noradial bo‘lgan past va o‘rta tartibli
bosim (p), gravitatsiya (g) va aralash rejimlarda 3 kun' va 80 kun® oralig‘idagi chastotalarda
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pulsatsiyalanadi [3]. Bu pulsatsiyalar He Il ionlanish zonasida ishlaydigan Kappa mexanizmi tomonidan
boshqarilishi mumkin [4], vodorodning ionlash zonasida harakat giluvchi turbulent bosim [5] va edge-bump
(sirtiga zarba tufayli sirtning notekisligi) mexanizmi pulsatsiyalanishlarni vujudga keltiradi [6].

Kuzatuvlar. Koordinatasi RA0=20:58:49.64 DEC,q00=108:54:05.3 obyekt turli yuduz kataloglarida
har xil nomlangan. Masalan o‘zgaruvchan yulduzlar katalogida ASAS 205850+0854.1, va boshqalarida
BD+08 4583, TYC 1103-1012 1, NSVS 11548864, NSVS 14320267 kabi nomlar bilan
identifikatsiyalangan. Dastlab obyekt osmonning janubiy yarim sharining 9°x9° maydonidagi 1300000 ortiq
yulduz tahlil gilinib, DSCT deb gayd etilgan [7]. Keyinchalik ikki modali, pulsatsiyalanish davrlari
0.1764484 va 0.1407792 sutkaga tengligi keltirilgan [8]. TESS (Transit Exoplanet Survay Satellite)
ma’lumotlar bazasida koordinatasi bo‘lgan obyekt TIC 354493993 nomi bilan identifikatsiyalangan va 55
sectorda qayd etilib, quyidagi paramertlari aniglangan TESS,,;=9.989, R=4.621R,, Te=6841 K, log g=3.27.

Ma’lumotlarni qayta ishlash. TIC 354493993 obyektining pulsatsiyalanish chastotalari va
amplitudasini baholash uchun quyidagi dasturlardan foydalandik. TOPCAT [9] dasturi yordamida TIC
354493993 obyektining umumiy ravshanlik egri chizig‘i hosil gilindi (1-rasm).
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1-rasm. a) TIC 35493993 ning umumiy ravshanlik egri chizig‘i, b) bir marta to‘liq
pulsatsiyalanish ravshanlik egri chizig‘i

1-rasmning b gismida yugori va kichik amplitudali chastotalarda pulsatsiyalanishlarini, a gismida
umumiy trendning (sariq chiziq) o‘zgarishini ham ko‘rish mumkin. Bu pulsatsiyalanish chastotalarni
baholash uchun obyektining TESS dagi KSPSAP_FLUX (Kepler Space Telescope Simple Aperture
Photometry) qiymatlaridan foydalanilib Period04 [10] dasturida Fure transformatsiyasi qo‘llanilib quvvat
spektri olindi (2-rasm).
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2-rasm. Quvvat spektrida ketma-ketlikda pulsatsiyalanish chastotalar ko‘rsatilgan
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Chastota tahlili. Odatda Period04 dasturi Fure transformatsiyasidan so‘ng yulduzdagi eng kuchli
pulsatsiya signalini aniglaydi. Pulsatsiyalanishlarning keyingi zaifroq signalini aniglash uchun Period04
dasturida Prewhitening amaliyoti bajariladi, bu jarayonni bir necha marta qo‘llash orgali barcha pulsatsiya
signallarni aniglash mumkin. Obyektning pulsatsiyalanish chastotalari, amplitudalari va fazalari
hisoblandi(1-jadval). 2-rasmdagi quvvat spectridagi piklarga mos ravishda ularning chastotalari ketma —
ketlikda gayd etildi.

1-jadval.
Ne Frequency (c/d) | Amplitude Phase
F1 5.66838007 0.0509451 0.072189
F2 7.10250416 0.0362957 0.345205
F3 11.3349192 0.00466503 | 0.189586
F4 12.7708842 0.00619417 | 0.247191

1-jadvalda keltirilgan barcha pulsatsiylanish chastotalari tahlil gilinib ularning ichidan asosiy
chastotalarni (yoki davrini) topish uchun Pyhtonning lightkurve paketida Lomb-Scargle matematik algoritimi
yordamida TIC 354493993 ning asosiy pulasatsiyalanish chastotalarnini aniglaydi mos ravishda ravshanlik
egri chiziglarini chizadi (3-rasm).

TIC 354493993, F1=5.66838007 c/d TIC 354493993, F2=7.10250416 c/d
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3-rasm. a — asosiy (F1), b — yondosh (F2) pulsatsiyalanish chastotalarining ravshanlik
egri chiziglari

Bu ravshanlik egri chiziglari P X 2 ko‘rinishda berilgan P — pulsatsiyalanish davri.

Mulohaza. Ko‘pchlik adabiyotlardagi DSCT larning ravshanlik egri chiziqlarni o‘rganishlardan,
yulduz sirtining pulsatsiyalanishi yo‘nalishi bilan yulduzning radial kengayish yo‘nalishi (nuriy tezligi) bir-
biriga mos kelganda ravshanlikning maksimumdan minimum nugqtasiga tezroq erishadi va bu jarayon
aksincha bo‘lganda ravshanlikning minumumidan maksimum nugatasiga sekinroq erishadi, bizning holatda
yorug‘lik ogimining minimal va maksimal giymatlariga mos keladi, bu jarayonni 3 — rasmning a gismida
yaqqol, b gismida ham paygash mumkin. Bunday ravshanlik egri chiziglarni odatda p moda bo‘yicha
pulsatsiyalanishlar vujudga keltiradi. Nisbatan yulduzning sitiga yagin hududlarda bosim kuchlari
tebranishlarni  vujudga keltirish  sababli p modali pulsatsiyalanishlar hosil bo‘ladi, bunday
pulsatsiyalnishlarning davri g modaga davriga nisbatan kichikroq bo‘ladi. TIC 354493993 obyektining 55
sectordagi 3774 ta kuzatuv nugtalarning mavjudligi 3 — rasmdagi ravshanlik egri chiziglarning kengligiga
sabab. Ko‘pchilik DSCT larning ravshanlik chiziglarining ketma—ket pulsatsiyalanishlaridagi minimum
nugtalarning amplituda giymatlati bir — biriga yaqin bo‘ladi. 1-rasmning o‘rta qismlarida pulsatsiyalanish
tez, boshi va oxirida sekin ro‘y berayotganligini, shu bilan birgalikda yorug‘lik oqimi amplitudasining
ravshanlik egri chizig‘ining bosh va oxirgi qismlariga nisbatan katta fargini kuzatish mumkin. Bunday
farglarning vujudga kelish sababi bu yulduz yana qo‘shimcha g moda bilan pulsatsiylanish bo‘lishi mumkin.
g modali pulsatsiyalanishlar nisbatan yulduzning yadro yagin gismlarda gravitatsion kuchlar vujudga keltirib
uning ta’siri yulduz sirtda kuzatilishi uchun bir oz ko‘proq vaqt talab giladi. Pulsatsiyalanish davri p modaga
nisbatan ko‘proq. Yulduzda ikki modali pulsatsiyalanish kuzatiliganda ularning pulsatsiyalanish chastotalari
bir-biriga yaqin bo‘lsa, pulsatsiyalanishlarning bir xil fazada ro‘y berishi yorug‘lik ogimi amplitudasining
oshishiga, garama-garshi fazada yuz berishi amplitudaning minimumdagi giymatda sekinlik bilan
erishishiga sabab bo‘ladi. Buni 1-rasm b gismining oxirida kuztish mumkin. Quvvat spekri va 1-jadvaldagi
pulsatsiyalanish chastotalarning tahlilidan F1 va F2 lar asosiy chastotalar, F3 =2 x F1 ekanligini, F4
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chastota F1 va F2 larning yig‘indisi ya’ni F4 = F1 + F2 ifoda 1-rasmning b gismining pulsatsiyalanish
chastotasi ekanligini Lafler & Kinman va Deeming (DFT) metodi ham ko‘rsatmoqda [11].

Xulosa. TESS ma’lumotlar bazasida TIC 354493993 nomi bilan indentifikatsiyalangan, 55 sectordagi
kuzatuv ma’lumotlarning TIME/BJD 2457000 va KSPSAP FLUX qiymatlaridan foydalanib ushbu
yulduzning umumiy ravshanlik egri chizig‘i, quvvat spektri va pulsatsiyalanish chastotalari hamda shu
aniglangan chastotalar yordamida ravshanlik egri chiziglari hosil gilindi. Aniglangan pulsatsiyalanish

chastotalarni P = % (sutka) ifoda orqali giymatlarini hisoblaymiz P; =0.1764172458, P, = 0.1407954121,

P; =0.088222949, P, = 0.0783031139. Bu aniglangan pulsatsiyalanish davrlari ichidagi P, va P, lar
yulduzda kuzatiladigan doimiy kuzatilib, hosil gilingan ravshanlik egri chiziglari shakllarining tahlilidan TIC
354493993 yulduzi pulsatsiyalanishlarning p va g modalarini namoyon qilishini ko‘rish mumkin. Umumiy
ravshanlik egri chiziglarning shaklidan hisoblangan amplituda giymatlaridan yugori amplitudali Delta Scuti
tipligi  aniglandi. Ikki modali pulsatsiyalanishlarni namoyon giluvchi Delta Scuti yulduzlari
astroseysmologik tadgiqotlar uchun ajoyib tadgiqot obyekti hisoblanadi. Odatda yulduzlarning ichidagi
jarayonlarini tushunish uchun bosim kuchlari p modalar yoki gravitatsion kuchlar g modalar hamda aralash
modalar ta’sirida hosil bo‘ladigan yulduz sirtlardagi pulsatsiyalanishlarni to‘laroq o‘rganish talab etiladi. Bu
borada kosmik KEPLER, TESS teleskoplaridan olinadigan ma’lumotlardan foydalaniladi. TESS missiyasi
tomonidan kuzatilgan ma’lumotlar pulsatsiyalanuvchi yulduzlarni tekshirish uchun yuqori aniglikni
ta’minlaydi. Shuning uchun TESS ma’lumotlar bazasidagi Delta Scutilarni o‘rganishga e’tiborimizni
garatdik.
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UO‘K 53

FOTOKONVERTORLI KONSENTRATSIYALI ELEKTR STANSIYALARIDAN
FOYDALANISH MUAMMOLARI VA ISTIQBOLLARI

Qo’chqarov Behzod Hoshimjanovich,
Impuls tibbiyot instituti dotsenti, (PhD)
Xolmirzayev Akrom Abdukadirovich,
Namangan davlat universiteti dotsenti, f-m.n.
Izzatillayev Xurmatillo,

Andijon davlat universiteti 2-kurs doktoranti

Annotatsiya. Quyosh energiyasini yarimo'tkazgichli elementlar yordamida konversiyalash
samaradorligi quyidagi yo'nalishlarda ishlab chigishda: yangi materiallar va ularni gayta ishlash usullarini
izlash orgali fotoelementlarning samaradorligini oshirish; quyosh energiyasi kontsentratorlaridan
foydalanish; quyoshni yo'naltirish tizimlarini ishlab chigish; quyosh energiyasidan samaraliroq foydalanish
uchun kogeneratsiya stansiyalarini yaratish. Mavjud ishlab chigilgan quyosh batareyalari turlaridan
kremniyli fotokonvertorlar (arzon narxlari va yaxshi yo'lga go'yilgan ishlab chigarish jarayoni tufayli) va
eng yugori samaradorlikka ega bo'lgan ko'p birikmali geterostrukturalar (GalnP/Galn/Ge) qizigish
uyg'otadi. Fotoelementlarning oxirgi turi 100...1000 kontsentratsiya faktoriga ega bo'lgan konsentrlangan
guyosh nurlanishida eng yugori samaradorlikka ega. Yuqori konsentratsiyali omillarni Fresnel linzalari
bilan olish eng oson. Fotoelementlarni sovutish uchun issiglik energiyasidan foydalanish, faol sovutish
tizimidan foydalanish tavsiya etiladi. Shu munosabat bilan Fresnel linzalari asosidagi quyosh energiyasini
kontsentratori bilan tajriba qurilmasini ishlab chigish vazifasi go'yildi.

Kalit so‘zlar: parabolik olukli kontsentrator; chizigli kontsentrator; polivinilxlorid; analog-ragamli
konvertor; tranzistor-tranzistorli mantiq (tranzistor-tranzistor mantigi); universal sinxron-asinxron gabul
giluvchi-uzatuvchi (universal sinxron-asinxron gabul giluvchi-uzatuvchi); yarimo'tkazgichning tarmogli
oralig'i, quvurdagi sovutish suvining o'rtacha harorati, orbitada Yerning burchak siljishi.

INPOBJIEMBI U TIEPCIIEKTUBBI UCITIOJIB30OBAHUSA KOHUEHTPUPOBAHHBIX
3JEKTPOCTAHIIUI C ®OTOMPEOBPA3OBATEJISAMHU

Annomayus. Ogdexmusnocms  npeodPaA308aHUsL  COTHEUHOU  SHepeUU C  UCHOIb308AHUEM
NOTYNPOBOOHUKOBLIX — DNIEMEHMO8  pPA3GUEAEMCs N0 CAEOYIOWUM  HANPAGIEHUAM:  NOBblULeHUE
aghpexmusHocmu POMoINEKMPUUECKUX INeMEHMO8 3d CUEM NOUCKA HOBbIX MAMEPUALos U Memooo8 Ux
00pabomKuy, UCHONBL30BAHUE KOHYESHMPAMOPO8 COJIHEYHOU IHepauu, paspabomKa cucmem COJTHEYHOU
opuenmayuy, co30anue KO2eHePAYUOHHbIX YCMAHOBOK 071 boiee I(hpheKmusHo20 Ucnorb308anUs COTHEUHOU
onepeuu. M3 paspabamvigaemvix 6 HACMOAUlee 6peMs MUNO8 COJHEYHbIX IIEeMEHMOo8 UHmepec
npedcmasisitom KpemHuesvle ¢homonpeobpazogamenu (U3-3a OewleBU3Hbl U OMIAANCEHHOU MEXHOI02UU
uzeomosnenus) u mHozonepexoonvie cemepocmpykmypol (GalnP/Galn/Ge), obnadarowue naubonvuum
KIIJ[. Hocneonuit mun pomosnemenmos umeem HAUOOILULYIO IPHEKMUSHOCb 6 KOHYEHMPUPOBAHHOM
conHeunom usnyuenuu ¢ koagppuyuenmom xouyenmpayuu 100...1000. Bwicokue roaghpuyuenmuol
KOHYEHMpayuuy jezue 6ce20 NOIYYUMsb ¢ NOMOWbIo aun3bl @penens. [na oxnaxcoeHus homosiekmpuseckux
21IeMEHMO8 PEeKOMEeHOYemcs UCHOAb308aMb MENNI08VI0 IHEPRUI0, UCHOAb308AMb AKMUBHVIO CUCHEMY
oxnaxcoerusi. B cesizu ¢ smum 6vlia nocmasiena 3a0aia papabomams SKCNEPUMEHmMaIbHoe YCmMpOoUucmeo ¢
KOHYEHMPAmopoMm COIHEUHOU SHepauu Ha 0cHose auH3 Ppenes.

Kntouegvle cnoea: roumyenmpamop napadonuieckozo ocenoba;  IUHEUHbI  KOHYeHmpamop,
NOMUBUHUNIXTIOPUO;  AHANO20-YUDPOBOTi  npeobpazosamens;,  MPAH3UCHOPHO-MPAHIUCIIOPHAL  JI02UKA
(MPAan3UCMOPHO-MPAH3UCIOPHASL  J02UKA);,  YHUBEPCANbHLIL — CUHXPOHHO-ACUHXPOHHBIU — NPUEMHUK-
nepeoamuux (YHUBEPCANbHLIL CUHXPOHHO-ACUHXPOHHLIL NPUEMHUK-NEPEOAMUUK), 3anpeujéHnas 30Hd
NOAYNPOBOOHUKA, CPEOHSISL MeMRepamypa menjioHocumens 8 mpyoxe, yenogoe cmeujeHue 3emau Ha opoume.

PROBLEMS AND PROSPECTS OF USING CONCENTRATED POWER PLANTS WITH
PHOTOCONVERTERS
Abstract. The efficiency of solar energy conversion using semiconductor elements is being developed
in the following areas: increasing the efficiency of photovoltaic cells through the search for new materials
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and methods of their processing; use of solar energy concentrators; development of solar orientation
systems; creation of cogeneration plants for more efficient use of solar energy. Of the types of solar cells
currently being developed, silicon photoconverters (due to their low cost and well-established manufacturing
technology) and multijunction heterostructures (GalnP/Galn/Ge), which have the highest efficiency, are of
interest. The latter type of photocells has the greatest efficiency in concentrated solar radiation with a
concentration coefficient of 100...1000. High concentration factors are most easily achieved using a Fresnel
lens. To cool photovoltaic elements, it is recommended to use thermal energy and use an active cooling
system. In this regard, the task was set to develop an experimental device with a solar energy concentrator
based on Fresnel lenses.

Keywords: parabolic trough concentrator; linear concentrator; polyvinyl chloride; analog-digital
converter; transistor-transistor logic (transistor-transistor logic); universal synchronous-asynchronous
receiver-transmitter (universal synchronous-asynchronous receiver-transmitter); the band gap of a
semiconductor, the average temperature of the coolant in the tube, the angular displacement of the Earth in
orbit.

Kirish. Ko'pgina xorijiy tadgigot va ishlab chigarish kompaniyalari so'nggi 20 vyil ichida yugori
konsentratsiyali omillar bilan ishlaydigan fotoelektr stansiyalarining prototiplari ustida ishlamoqda va ular
asosida yetarlicha yirik elektr stansiyalarini sinovdan o'tkazmoqgda. Fotovoltaik kontsentratsion elektr
stantsiyalarining faol rivojlanishi 1976- yilda Sandia National Laboratories (SNL) - AQShda boshlangan.
Ularning birinchi qurilmalari quyoshni ikki o'qda yo'naltirish qobiliyatiga ega edi, Fresnel linzalari asosidagi
kontsentratorlarni o'z ichiga olgan va konsentratsiya darajasiga ega edi. Rossiya olimlari tomonidan
fotoelementlar asosida kontsentratsion qurilmalarni ishlab chigish bo'yicha ko'plab ishlar amalga oshirildi.
D.S. Strebkov, V.V. Xarchenko, V.A. Mayorov, V.A. Gusarov va FGBNU VIESHning boshga xodimlari
ishlab chiqgarish texnologiyasi xuddi shu institut tomonidan ishlab chigilgan vertikal pn-birikmalari bo'lgan
fotosellardan foydalanish imkoniyatlarini tavsiflovchi bir gator ishlarni nashr etdilar. Bunday fotoelementlar
konsentratsiya koeffitsienti 20 gacha bo'lgan yorug'lik ogimida ishlaganda yaxshi natijalarni ko'rsatadi.

Olish usullari. Fotovoltaik kontsentratsiya tizimlarining asosiy printsipi quyosh nurini kichik
fotoelementga garatish uchun optikadan foydalanishdir [6]. Shunday qilib, quyosh hujayrasi maydoni
kontsentratsiya faktoriga teng bo'lgan koeffitsientga kamayishi va radiatsiya intensivligini bir xil omilga
oshirish mumkin ekanligini ko’rsatdi.

I
Apv = Acﬁ 1)

A, — absorber (fotosel) faol sirt maydoni, m?;

A, — konsentratorning teshik maydoni, m?;

lo - konsentratsiyasiz quyosh nuri yo'nalishiga perpendikulyar sirtdagi quyosh nurlanishining
intensivligi, Vt/m?;

I konsentrlangan quyosh energiyasi ogimining zichligi, Vt/m?;

Yorug'likni quyosh batareyasiga yo'naltirish uchun o'rta va yugori konsentratsiyali tizimlar quyoshga
aniq yo'naltirilgan tizimni talab giladi. Bu tizim narxining oshishiga va operatsion xarajatlarning oshishiga
olib keladi. An‘anaviy yarimo'tkazgichli konvertorlar bilan solishtirganda, konsentrlangan quyosh nuri uchun
mo'ljallangan quyosh hujayralari afzalliklarga ega. Ular yarimo'tkazgich kristalining kamrog maydonini talab
giladi, ularning samaradorligi an'anaviy fotovoltaik hujayralarga garaganda yuqori va hisob-kitoblar shuni
ko'rsatadiki, yuqori konsentratsiyada ularni ishlatadigan elektr stantsiyasi CSE bo'lmagan zavodga garaganda
arzonrog bo'ladi [5]. Taxminan 1 sm o'lchamdagi nuqta kontaktlari bo'lgan silikon hujayralar bir nechta
konsentratsiyali elektr stantsiyalarining rivojlanishiga turtki berdi, ular orasida Amonix versiyasi eng
muvaffagiyatli bo'ldi. [2].

{

1-rasm. EUCLIDES namoyish birligi. Amonix versiyasi
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Yugori konsentratsiyalar uchun mao'ljallangan quyosh hujayralarini ishlab chigishda sezilarli
yutuglarga garamay, ularni ishlab chigarish kichik migyosda bo'ldi. Bir tutashuvli quyosh batareyalarining
samaradorligini oshirish Shokli-Kvayzer chegarasi bilan cheklanadi, bu fotoelementning tarmogli
bo'shlig'iga garab, 25-40% oralig'ida joylashgan [7]. Buning sababi shundaki, fotovoltaik hujayralar ikki
darajali qurilmalar bo'lib, yorug'likni kenglikka yagin energiyaga mos keladigan to'lgin uzunligi bilan
samarali ravishda aylantiradi. Tagiglangan zona kamrog energiyaga ega bo'lgan fotonlar butunlay yo'qoladi
va yuqgori energiyaga ega bo'lganlar tarmoqgli bo'shlig'ining energiyasi bilan cheklanadi, ya'ni ular o'z
imkoniyatlaridan to'liq foydalanmaydi.

IImiy ahamiyati. Ushbu sohadagi ilmiy va texnologik yutug I11-V geterostrukturalarni yaratish bilan
bog'liq bo'lib, ularda bugungi kungacha eng yugori samaradorlikka erishildi. Ko'p o'tishli quyosh hujayralari
uchun maksimal mumkin bo'lgan nazariy samaradorlik 86% ni tashkil giladi, bu bitta p-n-birikmaga ega
bo'lgan fotoelementlar uchun Shokli-Kvayzer chegarasidan oshadi va hozirda amalga oshirilgan
samaradorlik taxminan 40% ni tashkil giladi [1], [7]. Bunday quyosh hujayralari quyosh nurlari spektridan
to'ligroqg foydalanadi.

Ko'p o'tish elementlari asosida 400 va 1000 marta kontsentratsiyalarda ishlaydigan tizimlar allagachon
yaratilgan (Konsentriks va Isofotondan), 2-rasmda ko'rsatilgan. Ushbu tizimlar mos ravishda 2 va 1 mm
diametrli mikrofotosellardan foydalanadi.

2-rasm. Concentrix va Isofoton

GaAs fotoelementlariga asoslangan elektr stantsiyasining maksimal samaradorligi 1000
kontsentratsiya darajasida 26,2% ni tashkil etdi [16]. [3] da konsentratsiyaning yuqori darajasida uch
tutashuvli kaskadli fotoelementlarning sinovlari va natijalari tasvirlangan. Haqiqiy yorug'lik sharoitida 29%
samarali ekanligi ko'rsatilgan [2]. GalnP/GaAs/Ge tuzilmasi bilan uch tutashgan fotosellardan
foydalanadigan kontsentratsion modullarni tavsiflaydi. Modullar kichik maydon Fresnel linzalariga
asoslangan. Modulning samaradorligi 26% dan yuqori, fotokonvertorning samaradorligi esa 1000
kontsentratsiya darajasida 31% dan yuqori. Keyinchalik, 700 kontsentratsiya darajasida 35% samaradorlikka
erishgan uch o'tishli quyosh hujayralari yaratildi. Hozirgi vagtda quyosh hujayralari 1000 kontsentratsiya
darajasida va taxminan 50 haroratda amaliy samaradorlik 38% ga teng bo'lgan tijorat magsadlarida ishlab
chigarilmoqda. °C [8].

Quyosh energiyasi  kontsentratorlarining fotoelementlar bilan birgalikda ishlashi uchun
fotokonvertorning imkoniyatlaridan to'liq foydalanish imkonini beruvchi yagona yorug'lik ogimiga ega
bo'lish magsadga muvofiqdir [6]. Unda bir xil tarqalgan yorug‘lik oqimida elektr energiyasini ishlab
chigarish uchun fotokonvertorlar bilan birgalikda ishlatilishi mumkin bo‘lgan parabolik kontsentratorning
loyihasi taklif gilingan. Ish [7] haroratga bog'liq holda ochiq kontaktlarning zanglashiga olib keladigan
kuchlanishini analitik aniglash muammosini hal gildi. Ma'lum bo'lgan nazariy bog'ligliklar eksperimental
ma'lumotlarni to'liq aks ettirmasligi ko'rsatildi va anigroq baholash uchun go'shimcha parametrlar kiritildi va
quyidagi bog'liglik olindi:
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u_ = E:Y -eXPl' —[%]_ -%1.{2—5&){1}{—;}0 [?—’:J —l}, (1.2)

Egx yarimo'tkazgichning tarmoqli oralig'i;

Egsi silikon tarmogli bo'shlig'i, eV;

Ix— yoritish darajasining joriy va standart giymati, VVt/m?;

T,, fotosel haroratining joriy giymati, K;

K, o'rganilayotgan fotoelementning individual xususiyatlarini aks ettiruvchi ko'rsatkich parametri;
E elektron zaryad, C;

Ssi kremniy uchun eksperimental ravishda aniglangan dispersiya;

3-rasmda kremniy va galliy arsenidi uchun olingan ifodalarni qo'llash natijalari ko'rsatilgan. [13]
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3-rasm. Ochiq kontaktlarning zanglashiga olib keladigan kuchlanishining haroratga
hisoblangan bog'ligliklari (markerlar tajriba natijalarini ko'rsatadi)

Grafiklardan ko'rinib turibdiki, ochig kontaktlarning zanglashiga olib keladigan kuchlanish harorat
oshishi bilan ekvivalent tezlikda kamayadi, shuning uchun ikkala turdagi fotoelementlar uchun sovutish
tizimi muhim rol o'ynaydi.

Kombinatsiyalangan boyitish zavodlarining parametrlarini optimallashtirish va samaradorligini
oshirish bilan bog'lig muammolarni o'rganish elektron hisoblash mashinalari, avtomatlashtirish tizimlari va
o'lchash komplekslaridan foydalanmasdan mumkin emas. Ishda [7] fotoelektrik konvertorlar parametrlarini
kuzatish uchun kompleks yaratish tasvirlangan. Ta'riflangan o'rnatish bir nechta haroratni, ochiq tutashuv
kuchlanishini, gisga tutashuv ogimini va boshga parametrlarni o'lchash imkonini beradi. Bu yugori aniglik va
ishonchlilik bilan sifatli va miqdoriy tadgigotlar o'tkazish imkonini beradi. Avtomatlashtirilgan
ma'lumotlarni gayd etish tizimlarisiz zamonaviy tadgiqotlarni amalga oshirish mumkin emas. Kompyuter
simulyatsiyasi hisob-kitoblar va dizayn parametrlarini optimallashtirish vaqtini sezilarli darajada gisqartirishi
mumkin. Bunday fotoelementlarni ikki tomonlama nurlantirish imkoniyati faol go'llaniladi.

Quyosh energiyasini yanada samarali aylantirish uchun mo'ljallangan bunday ikki tomonlama quyosh
batareyalarini yaratish sohasidagi yutuglar [12] da tasvirlangan. [12] statsionar prizmatik kontsentratorlardan
vertikal p-n o‘tishlari bo‘lgan fotoelementlar bilan birgalikda foydalanishni ko‘rib chigadi. Natijada,
an'anaviy quyosh panellari bilan solishtirganda elektr stantsiyasining narxi 35% ga kamaygan. Isitish vagtida
fotoelementning ogimi va kuchlanishining pasayish darajasini ko'rsatadigan eksperimental termofizik
koeffitsientlar ham olingan. [10] ikki tomonlama ko‘p o‘tkazgichli fotoelementlar bilan assimetrik parabolik
olukli kontsentratordan foydalanishni asoslab berdi. Ko‘rsatilgan bunday kontsentrator notekis nurlanishni
beradi, buning natijasida fotoselning ba'zi gismlarida yorug'lik ogimining kuchini 5 baravargacha oshirishga
erishiladi, o'rnatishning chigishidagi quvvat esa 2 barobar ortadi. [13], shuningdek, burchakli panjurli
geliostatlar bilan to'ldirilgan assimetrik parabolik olukli kontsentratorni ham ko'rib chigadi. O'rnatish o'rtacha
konsentratsiya darajasi 4 ga teng, ikki tomonlama ko'p ulanishli fotosellar ham gabul giluvchi sifatida
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ishlatiladi. Qog'oz gabul giluvchining soyali bantlarining o'rnatishning chigish xususiyatlariga ta'sirini ko'rib
chigadi. Parallel ulanish bilan ko'rsatilgan.

Mavjud dasturiy ta'minot yechimlari orasida bir vaqtning o'zida bir nechta muammolarni hal gilishga
godir bo'lgan va birlashtirilgan tizimlarning ishlashini simulyatsiya gilishga godir bo'lgan ixtisoslashtirilgan
integratsiyalangan dasturiy ta'minot tizimlari mavjud emas. Shu sababli, birlashtirilgan kontsentratsion
tizimlarni modellashtirish uchun kompyuter dasturini ishlab chigish vazifasi qo'yildi. Dastur o'rnatish
elementlaridagi issiqlik maydonini hisoblash, fotokonvertorlarning ogim kuchlanish xususiyatlarini olish,
kontsentratordan gabul giluvchigacha bo'lgan masofaga garab quyosh energiyasi kontsentratsiyasini
simulyatsiya qilish, virtual sinovlarni o'tkazish imkoniyatiga ega bo'lishi kerak. Hududning astronomik va
geografik xususiyatlarini va hozirgi atrof-muhit parametrlarini hisobga olgan holda turli xil ob-havo
sharoitida turli xil dizayn sxemalari.

Xulesa qgilib shuni aytish mumkinki, ishning magsadi aniglandi: quyosh energiyasi kontsentratorlari
bilan kogeneratsion elektr stansiyalarining samaradorligini oshirish bo'yicha texnik yechimlarni asoslash va
ishlab chigish. Ushbu magsadga erishish uchun quyidagi vazifalar belgilandi:

1. Quyosh energiyasini kontsentratorlari bilan kogeneratsion elektr stansiyasining matematik
modelini ishlab chigish.

2. Quyosh energiyasi kontsentratorlari bilan kogeneratsion elektr stansiyasining matematik modelini
amalga oshirish algoritmi va kompyuter dasturini ishlab chigish.

3. Nazariy va eksperimental dastlabki ma’lumotlardan foydalangan holda quyosh energiyasini
kontsentratorlari bilan kogeneratsion elektr stansiyalarini modellashtirish uchun kompyuter dasturidan
foydalanish metodikasini yaratish.

4. Eksperimental ma'lumotlarni avtomatik ro'yxatga olish tizimini ishlab chigish va ishlab chigarish.

5. Fresnel linzalari va quyoshni avtomatik yo'naltirish tizimiga asoslangan quyosh energiyasini
kontsentratori bilan ishlaydigan modulli kogeneratsiya elektr stantsiyasini ishlab chigarish va yig'ish
texnologiyasi va usulini ishlab chigish.
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SUVLI ISSIQLIK AKKUMULYATORNI HARORAT REJIMINI MODELLASHTIRISHDA
MATLAB/SIMULINK SISTEMASIDAN FOYDALANISH

G ‘aniyev Sarvar Yo‘ldosh o‘g‘li,
Toshkent kimyo-texnologiya instituti Shahrisabz filiali assistenti
sarvar1994ganiyev@gmail.com

Annotatsiya. Maqgolada suvli bak issiglik akkumulyatorini balans tenglamasi asosida harorat
rejimining (zaryadka va razryadka) matematik modeli ishlab chigilgan. Matematik modelni ishlab chigishda
suvli bak akkumulyatorining turli hajmlari (40,60,80 va 120 m®) va turli suv sarflarini (2,4,10 va 15 m°/soat)
hisobga olgan holda harorat rejimining natijalari keltirilgan. Balans tenglamasini tuzishda quyosh
energiyasi va biogaz gozon qurilmasidan keltirilgan issiglik energiyalari hisobga olingan hamda suvli bak
akkumulyatorining issiqlik saglash samaradorligi hisoblangan.

Kalit so’zlar: akkumulyator, quyosh energiyasi, suvli bak issiglik akkumulyatori, biogaz, issiglik
energiyasi,quyosh energiyasi.

NCIIOJBb30BAHUE CUCTEMbBI MATLAB/SIMULINK AJIsI MOAEJTUPOBAHUS
TEMIIEPATYPHOI'O PEXKUMA BOJAHOI'O AKKYMYJIAATOPA TEIIA

Annomauus. B cmamve na ocnoee ypaenenus 6anranca paspadomana Mamemamuieckas Mooeilb
memnepamyprozo pexcuma (3apada u paspada) eodoaxkymynamopa (40, 60, 80 u 120 xm>) npu pasmuunvix
pacxooax 600wl (2, 4, 10 u 15 m/uac), npedcmasnenvt pesynsmamor memnepamyprozo pexcuma. Ilpu
cocmasienuu  ypaghenus Oananca Obliu pAcCHUMAaHbl COTHEUHAs SHep2us U Menio6ds IHepeusi om
OU02aA306020 KOMIA, A MAKI’CE PACCUUMAHA IPHEKMUBHOCTI AKKYMYIUPOBAHUS MENIA AKKYMYISMOPOM
60051020 baxa.

Knwouesvie cnoea:. axkymyismop, coaHeyHas 3Hepeus, 6000HAzpesamenvhas 6amapes, Ouozas,
MENN0BAsL IHEPIUS, COHEUHASL DHEPSUSL.

USING MATLAB/SIMULINK SYSTEM FOR TEMPERATURE REGIME MODELING OF A
WATER HEAT ACCUMULATOR

Abstract. In the article, a mathematical model of the temperature regime (charge and discharge) of
the water tank heat accumulator was developed based on the balance equation. In the development of the
mathematical model, different sizes of the water tank accumulator (40, 60, 80 and 120 m® and different
water consumptions (2, 4, 10 and 15 m*hour) the results of the temperature regime are presented. When
creating the balance equation, solar energy and thermal energy from the biogas boiler were calculated, and
the heat storage efficiency of the water tank accumulator was calculated.

Keywords: battery, solar energy, water tank thermal battery, biogas, thermal energy, solar energy

Kirish. Past haroratli issiglikdan foydalanish jahonda energiya iste'mol gilishning muhim ulushini
tashkil etadi. Shimoliy o'rta kengliklarda joylashgan mamlakatlarda qish vagtida uy-joylarni isitishda
(haroratni 18+2°C saqlab turish) uchun umumiy energiya iste'molining 50 % sarflanadi. Isitish uchun yugqori
haroratli energiya manbalaridan foydalanish shart emas, ulardan texnologik magsadlar uchun foydalanishi
magsadga muvofik bo'ladi. Isitish uchun quyosh energiyasidan hamda turli xil issiglik-texnologik
qurilmalarning issiglik chigindilari bilan birga issiglik akkumulyatorlardan foydalanish magsadga muvofik
bo‘ladi. Isitishda quyosh energiyasidan maksimal samarali foydalanish uchun issiqlikni bir necha sutkadan to
uch oygacha saglaydigan akkumulyatorlar zarur [1-4].

Suvli bak issiglik akkumulyatorini samaradorligini oshirishda qurilmaning shakli. o‘lchamlari,
atrofdagi issiglik saglovchi materiallar turi, galinligi, xamda atmosferaning surunkali bulutli va sovuk
sutkalarida biogaz gozon qurilmasidan olinadigan issig suv ta'minotidan foydalanish kriteriyalarini ishlab
chiqish dolzarb masalalardan biridir.

Yassi devor suvli bak issiqlik akkumulyatoriga quyosh havo isitish kollektoridan uzatiladigan issiq
havo ta'sirida akkumulyatsiyalangan issiglik migdoridan zarur magsadlar uchun, xususan, issigxonalarda,
uylarda, gelioparrandaxonalarda, meva, uzum quritgichlarda, dush qurilmalarida foydalanish mumkin. Suvli
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bak akkumulyator go'shimcha bioenergetik qurilmadan keltiriladigan issiglikdan foydalanish uchun ishlab
chigilgan.

Qishloq xo‘jalik mahsulotlari quritiladigan bino havosini yassi devor suvli bak akkumulyatorlar orgali
ventilyasiya gilinadi. Biogaz qozon qurilmasida gizigan suvni suvli bak akkumulyatorlarga quvurlar orgali
uzatadi va issigligini akkumulyatorga beradi. Natijada biogaz qozon qurilmasidan uzatilgan issiq suv bilan
issiglik akkumulyatoridagi suv aralashib magbul harorat yuzaga keladi.

Tadqgigot usullari. Bir vaqgtda issiglik akkumulyatoridan haroratda va sarfdagi suv quvur orgali
biogaz gozon qurilmasiga uzatiladi yoki boshga maishiiy jarayonlarda foydalanish uchun ishlatiladi. Shu
tizim asosida issig suv ogimi harakati davom etadi. 1-rasmda yassi devor suvli bak issiglik
akkumulyatorining umumiy ishlash prinsipi keltirilgan

water T orehn
. SUppLy pipeine R
Water tank heat
accumulator
water thac.

return pipeline

1-rasm. Suvli bak issiglik akkumulyatorida issiglik tashuvchining harakat ogimi sxemasi

2-rasmdagi hisob sxema asosida suvli bak issiglik akkumulyatorini issiglik balansini tuzamiz va
haroratining vaqt bo‘yicha o‘zgarishini ifodolovchi differensial tenglamani bir qancha chegaraviy shartlarni
hisobga olgan holda Runge Kutta usulidan foydalanib yechamiz. Issiglik akkumulyator ichidagi suvda
to‘planadigan issiqlik miqdori qizdirilgan suv sifatida saqlanadi yoki vaqt birligida o‘zgarib turadi. Bu esa
quyosh nur energiyasi ta’sirida va biogaz qozon qurilmasidan quvur orgali uzatiladigan issiq suvning
miqdoriga bog‘liq bo‘ladi [5,6].

Quyosh nur energiyasidan va biogaz qozon qurilmasidan suvli bak issiglik akkumulyatoriga

beriladigan issiglik Q. va issiglik akkumulyatoridan meva, uzum quritiladigan xonadagi havoga

uzatiladigan issiglik energiyasi Q, ,. shuningdek issiqlik akkumulyator devorlari orqali yo‘qotiladigan Q.
issiglik lardan iborat bo‘ladi.

Qb

® Water tank heat
e accumulator

Thae.
Qlo:s

e

2-rasm. Suvli bak issiglik akkumulyator issiglik balansini hisob sxemasi

Suvli bak issiglik akkumulyatorining issiglik balansini quyidagicha ifodalanadi:

d(V acC t ac)
- dTp el = Qr?.ac. _Qh.ac. _Qloss (1)

yoki

d (Vh.ac.cpth.ac.)

dr
bu yerda-V,,. vat

o}
h.ac.

_Uh.ac.cpth.ac. - Kh.ac.Fh.ac.(th.ac. _tin.) 2)

mos ravishda suvli bak issiglik akkumulyatorini hajmi (m%) va harorati, °C;

= Uh.aC.Cpt

h.ac.
C, - suvning bosim jarayondagi hajmiy issiglik sig‘imi, J /(m*°C); v, .. - biogaz gozon qurilmasidan
uzatiladigan issiq suv sarfi, m%h; t, .. - suvli bak issiglik akkumulyatorga biogaz gozon qurilmasidan

keltiriladigan issiq suv harorati, °C; K - suvli bak issiglik akkumulyatoridan meva quritiladigan honaga

h.ac.

issiglik uzatish koeffisienti, W / (m?°C) ; F, . - suvli bak issiglik akkumulyatori devorining yuzasi, m% t. -

in.

meva quritiladigan xonaning harorati, °C, (2) tenglamani integrallab,z =0, t, . =t chegaraviy shart
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asosida suvli bak issiglik akkumulyatoridagi suvning haroratini vaqt bo‘yicha o‘zgarishini hisobga oluvchi
ifodani quyidagicha yozamiz:

tin + Uh.ac.cptr?.ac. +KKh.aci:Fh.ac.tin. % (exp(UhAaC.Ci/_'_ Kh.ac. I:h.acA T) —l)
t _ Uh.ac.Cp + h.ac.” h.ac. h.ac.™p (3)
e exp(Uh.ac.Cp + Kh.ac.Fh.ac, T)
Vh.ac.Cp

Suvli bak issiglik akkumulyator uch hil rejimda ishlaydi: issiglikni to‘plash (zaryadka), issiqlikni
sarflash (razryadka) va issiglikni issiglik akkumulyator hajmida saglash. Issiqlik akkumulyatorda issiglikni
to‘plash va sarflash rejimi holatini namoyish etish hamda hisoblashlarni bajarish uchun ayrim ruhsat etilgan
shartlarni qabul qilish lozim bo‘ladi. Xususan, issiqlik akkumulyator juda yaxshi issiglik saqlash
Xususiyatiga ega. Suv yoki havo gizdirgich gelio kollektordan quvurlar orqgali uzatiladigan rejimda
haroratlarini o‘rtacha qiymati olinadi, bioenergetik qozon qurilmasidan uzatiladigan issiq suv harorati vaqt
birligida o‘zgarmas, doimiy deb olinadi.

Natijalar. Issiglik akkumulyatorida quyosh energiyasi va bioenergetik gozon qurilmasidan
uzatiladigan issiqlikni suvda to‘plash (zaryadka) rejimi: Issiqlik akkumulyatorida to‘planadigan issiqlik

migdori mos sharoitda Q°.. >Q, .., t>.. >t . bo‘lishi nazarda tutiladi. Bu holda suvli bak issiglik

h.ac. h.ac.
akkumulyatoridagi suvning harorati ko‘tariladi.

(3) ifodadan foydalanib issiglik akkumulyatordagi suvni harorati, va parametrlarga bog‘liq holda
o‘zgarib turishini ko‘rish mumkin. 3-rasmdagi grafikda issiglik akkumulyatoridagi suvning haroratini vaqtga
bog‘liq o‘zgarishi keltirilgan. Dastlab issiglik akkumulyatoridagi suvning harorati 20°C, quyosh energiyasi
va biogaz qozon qurilmasidan uzatiladigan qgizigan suv ta’sirida 2 sutka davomida hajmi 60m® bo‘lgan suvli
bakdagi suvning harorati 95°C ko‘tariladi.

(3a-rasm, (1) egri chizig). Agar bakda suv hajmi 120m? bo‘lganda 4 sutka isitish davom etadi (3a-
rasm, 3 egri chizigq). Ammo issiq suv sarfi 2,4,10 va 15 m?/soat va bakdagi suvning boshlang‘ich harorati

20°C bo‘lganda issiq suv sarfi v, .. qancha ortib borsa bakdagi suv haroratining o‘zgarishiga ketadigan vaqt
ham kamayib boradi  (3b-rasm).

100 . 100 1

Y gt / e
60 M
I
rd
/ /
/f
o
y
0 % ¥ +——+—+ +——t+—+ +——+— +—+
0 10 0 30 40 S0 &l 70 S0 o0 100 0 10 20 AD 40 S0 &0 TO 80 ©0 1o0 110 120

time, hour time, hour
3-rasm. Grafikda issiqlik akkumulyatoridagi suvning haroratini vaqtga bog‘liq o‘zgarishi

water temperature, *C
M
\,
water temperature, °C

40

Issiqlik akkumulyatorida to‘plangan issiqlikdan gishloq xo‘jalik mahsulotini quritishga mo‘ljallangan
xona ichki havo haroratini (t,, ) sutka davomida normativda talab giladigan holatda saglashga erishiladi va
samaradorlik kriteriyasi baholanadi. Bu holda suvli bak issiglik akkumulyatorini issiglik balans tenglamasi
quyidagicha ifodalanadi:

d (Ve Colhac )

dr
Bu yerda suvli bak issiqlik akkumulyatordagi suv haroratini o‘zgarishi(4) formulaga o‘xshash
guyidagicha yortiladi

= _Kh.ac. Fh.ac.(th.ac. _tin.) (4)

th.acA :tinA +eXp(M T)X (th.acA(O) _tin.(o)) (5)

h.ac.”p
Issiglik akkumulyatorda issiq suv haroratini pasayishi akkumulyatorni va bino ichki havosi o‘rtasidagi
issiqlik uzatish koeffisienti kattaligiga bog‘lig. Quyosh suv isitish qurilmasini sutka davomida uzluksiz
ishlashini ta’minlashda issiqlik akkumulyatori va qo‘shimcha bioenergiyadan foydalanish tizimi yo‘lga
qo‘yilishi sistemada issiq suv ishlab chiqarishni ta’minlashiga erishiladi. Ammo issiq suv
akkumulyasiyalanishi belgilangan qurilmadagi issiq suv harorati va atrof muhit harorati orasidagi farq
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natijasida ma’lum miqdordagi issiqlik sarfi yuzaga kelishi tufayli kurilmaning issiglik samaradorligi
pasayadi [6,7].

Olingan natijalar. Tadbirkorlik xo‘jaliklarida quyosh va bioenergiyadan foydalanib yassi ikki
konturli suv isitish qurilmasi va uning issiglik akkumulyatorini optimal kombinasiyalashtirilgan
konstruksiyasini ishlab chigish bo‘yicha ham bir gqancha ilmiy tadqiqotlar olib borilgan [8,9]. Ushbu
masalani yechish maqgsadida Muborakneftgaz MChJ (ma’suliyati cheklangan jamiyat) yordamchi xo‘jaligida
yassi ikki konturli va hajmi 120 m3 bo‘lgan atrofi maxalliy issiqlik saqlovchi (gamish girgimlarida 0,1 m
qalinlikda tayyorlangan qoplama) material bilan o‘ralgan issiq suv saqlovchi akkumulyator qurilmasi
tayyorlanib tajriba sinovidan o‘tkazildi [10]. 2017-yil 24-yanvar kuni quyoshli kunlarda tashqi harorati -5-7
°C bo‘lganda quyosh va bioenergiyadan foydalanib issiq suv saglanadigan bak akkumulyatoridagi issiq

suvning harorati o‘zgarishi bo‘yicha olib borilgan ilmiy tadqiqot natijalari 6-rasmda keltirildi.
80 r 0

75
7 F - === T T e T e s s s mm — ===
65 T -1
= The temperature of the hot water supplied from the biogas boiler
60 L 2 ©
g <
- 50 = =
5 45 Changes in the temperature of hot water in the tank accumulatort 3 £
£ 40 &
;-'. as 4 B
= 30 3]
= 25 g
E 20 Changesz in ountzide air temperature -~ 3
= 2 ~ =
[ =
= 15 6 =
10 =]
s ‘/._...-—-—-u -
] t t t + -—._E__.__:__'___:__..' T t + -
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-10 - -8

Time of day, hour

4-rasm. Quyosh va bioenergiya bilan isitiladigan suvli bak akkumulyator tajriba qurilmasida
o‘tkazilgan tajriba tadqiqot natijalari

Olingan natijalarning tahlili shuni ko‘rsatadiki, issiq suv jamg‘ariladigan bak akkumlyatordagi issiq
suvning harorati 20 soat davomida keyingi sutkaning ertalabki 900 gacha 54,7 OC gacha pasayishi kuzatilib,
bu esa bak-akkumlyatorini issiqlik saglash samaradorligini 19,5% pasaytiradi. Bu holda avtomatik
boshgarishi qurilmasini ishga tushishi bilan biogaz gozon qurilmasidan uzatiladigan issiq suv hisobidan
ushbu holat bartaraf gilinadi. Muborak neftgaz MChJ yordamchi xo‘jaligida qurib tajriba sinovdan
o‘tkazilgan ikki konturli yassi quyosh suv isitish kollektor issiq suv jamg‘ariladigan bak akkumlyator
maxalliy issiglik saglovchi qoplama bilan o‘rganilgan qurilmaning issiq suv saqlash samaradorligi sonli
usulda hisoblangandan olingan natijalar, tajribadan olingan ma’lumotlar bilan mos kelishi aniglangan.

Xulosa. 1. Issiq suv jamg‘arishga mo‘ljallangan suvli bak akkumulyatorda kun davomida issiq suv
harorati 60°C bo‘lib, sutkaning keyingi 6 soat ichida 52°C pasayishini e’tiborga olinib avtomatik boshqarish
qurilmasi biogaz qozon qurilmasi keltiriladigan issiglik tashuvchini harorati 70°C bo‘lgan issiq suvni qo‘shib
yuboradi. O‘tkazilgan tadqiqotlar shuni ko‘rsatadiki, gish faslining sutkalik bulutli va sovuq kunlarida biogaz
gozon qurilmasidan uzatiladigan issig suv bak-akkumulyatorga jamg‘arilib is’temolga yuborilishi hisobidan
gurilmaning issiglik samaradorligi 50-56 % gacha ortishi aniglandi.

2. Suvli bak issiglik akkumulyatorini matematik modellashtirish tizimidan foydalanib, uning turli
rejimlarda ishlash jarayonini modellashtirildi.

3. Amalda foydalanilgan matematik model suvli bak issiglik akkumulyatordagi suvni harorati
o‘zgarishini qo‘shimcha issiqlik manbalaridan olinadigan energiya bilan bog‘liq prognoz qilinadigan tizimlar
ham qo‘llanilishi mumkin.

4. Taklif etiladigan issiglik akkumulyator modelidan kelgusida suvli bak akkumulyatorlar uchun
tadqgiqotlar olib borish jarayonida kommunal, texnologik va qishloq xo‘jaligi tizimlarida issiqxonalarni
isitishda, quritgichlarda meva, uzum singari mahsulotlarni sutka davomida quritish rejimlarini yaratish va
qurilmalarning samaradorligi kretiriyalarini sifat ko‘rsatgichlarini takomillashtirishga erishiladi.

ADABIYOTLAR:
1. Dikhtievskii O.V., Konyukhov G.V., Martynenko O.G. et al. Numerical modeling of an optimal heat

accumulator with phase change. Journal of Engineering Physics 61, 1345-1350 (1991).
https://doi.org/10.1007/BF00872251.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/10 (115) 139

https://buxdu.uz



PHYSICS

2. Tomov G. Analytical determination of the water thermal accumulator capacity in a consumption
mode with a constant debit and a fixed temperature. (2023) I0OP Conference Series: Earth and
Environmental Science, 1128 (1), art. no. 012009, DOI: 10.1088/1755- 1315/1128/1/012009.

3. Dusyarov A.S., Ergashev U.Sh., Kholmanova O.P. Method for determining the optimal value of the
specific heat capacity and temperature regime of a short-term heat accumulator of passive solar heating
systems with a flat reflector of radiation (2022) 10P Conference Series: Earth and Environmental Science,
1070 (1), art. no. 012037, DOI: 10.1088/1755-1315/1070/1/012037.

4. Uzakov G.N., EImurodov N.S., Davlonov X.A. Experimental study of the temperature regime of the
solar pond in the climatic conditions of the south of Uzbekistan (2022) IOP Conference Series: Earth and
Environmental Science, 1070 (1), art. no. 012026, DOI: 10.1088/1755- 1315/1070/1/012026.

5. Toshmamatov B., Davlonov K., Rakhmatov O., Toshboev A. Recycling of municipal solid waste
using solar energy (2021) IOP Conference Series: Materials Science and Engineering, 1030 (1), art. no.
012165. DOI: 10.1088/1757-899X/1030/1/012165.

6. Faiziev T.A., Toshmamatov B.M. Mathematical model of heat accumulation in the substrate and
ground of a heliogreenhouse (2021) IOP Conference Series: Earth and Environmental Science, 723 (3), art.
no. 032006. DOI: 10.1088/1755-1315/723/3/032006.

7. Uzakov G.N., Khamraev S.1., Khuzhakulov S.M. Rural house heat supply system based on solar
energy // IOP Conf. Series: Materials Science and Engineering 1030 (2021) 012167 IOP Publishing doi:
10.1088/1757-899X/1030/1/012167.

8. Mirzaev Sh, Kodirov J., Khamraev S.I. Method for determining the sizes of structural elements and
semi-empirical formula of thermal characteristics of solar dryers// APEC-V-2022 IOP Conf. Series: Earth
and Environmental Science 0P Conf. Series: Earth and Environmental Science 1070(2022) 012021 10P
Publishing doi: 10.1088/1755-1315/1070/1/012021.

9. Davlonov Xayrulla, Almardanov Xamidulla, Khatamov Inomjon, Urunboev Sadriddin, Kalandarov
Palvan, and Olimov Orif, "Study on heat and material balance of heliopyrolysis device". AIP Conference
Proceedings 2686, 020023 (2022) https://doi.org/10.1063/5.0111855.

10. Faiziev T.A., Muradov I. Ruzikulov G.Yu., Ernafasov S. Energy analysis of heat recovery plants
(2021) IOP Conference Series: Earth and Environmental Science, 80S (1), art. no. 012008. DOI:
10.1088/1755-1315/808/1/012008.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/10 (115) 140

https://buxdu.uz



PHYSICS

UDC 53
OPTICAL ABSORPTION IN DEFECTS OF AMORPHOUS SEMICONDUCTORS

Muminov Khurshidbek Adhamjon ugli,
Associate Professor of Namangan Institute of Engineering and Technology
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Abstract. In the present work, theoretically, the defectiv absorption spectra of amorphous
hydrogenated silicon were obtained. It is shown that the values of these spectra are determined by the
density distribution of electronic states localized band in the allowed bands. It was also shown that from the
experimental data of the defect absorption spectra one can determine the energy positions of the defects.

Keywords: amorphous hydrogenated silicon, density distribution of electron states of defects, density
distribution of electronic states in the allowed zones, Kubo-Greenfood formula, Davis-Mott approximation,
optical transitions between defects and the allowed zones, defect absorption spectra.

OIITUYECKOE HNOI'JIOMEHUE B JE®EKTAX AMOP®HBIX TIOJYITPOBOJHUKOB

Annomayua. B nacmosweil pabome meopemuuecku UCCIE008AHO B3AUMOOCUCMEUs c8emd Ha
Odepexmuvl  NCeBOONCCUPOBAHHO2O  AMOPPHOCO — 2UOPOSCHUSUPOBAHHO2O KPEMHUsL, UCHONb3YSL  MEmoo
npubaudicenuss  [peuca-Momma no  ¢gopmyre Kybo-Ipunsyoa. Ilokasano, umo 6ud cnexkmpos
Koapuyuenma Oeghekmuoeo noenoujerus onpeoeniaemcs pacnpeoeiienuemM NIOMHOCMU COCMOSHUL 8
paspewiénnvix 30nax. Onpedeneno, umo CheKmpvl O0e@eKmHO20 NO2NOWEHUL UMEIOM MAKCUMYMbL, 20e
PACNONOJNCEHbL  MAKCUMYMbL  PACHpeOesieHUe  IHEPLeMULecKo20 NON0NCEHUsT OePEeKMHbIX  COCHOSHUL.
Tlokasano, 4mo u3 9KCNEPUMEHMANLHBIX OAHHLIX, NOJYYEHHbIX OISl CNEKMpPO8 OepeKMHO20 NO2NOUeHUs,
MOJICHO Onpeoenums dHepeemuiecKoe noaoXdceHus 0egh)eKkmos.

Kntouesvle cnoea: amop@uviii  2uOpoOSeHUUPOBAHHBINL KPeMHUL, pacnpedeienue NiIomHOCHU
cocmosanull 0ehexmos, pacnpedeneHue NIOMHOCMU COCMOAHUL 8 pa3peuénnvlx 30Hax, gopmyaa Kybo-
I'puneyoa, npubnuscenus esuca-Momma, onmuueckue nepexoovt mexcoy OeheKkmamu U pa3peuéHHbiMU
30HAMU, CNEKMPbL 0eheKMHO20 NO2TOWEHUS.

AMORF YARIMO‘KAZGICHLAR NUQSONLARIDA OPTIK YUTILISH

Annotatsiya. Ushbu ishda yorug'likning amorf yarimo ‘tkazgich kremniyning nugsonlariga o'zaro
ta'siri Kubo-Grinvud formulasi bo'yicha Devis-Mott yaginlashuv usuli yordamida nazariy jihatdan
o'rganilgan. Ma’lumki, nugsonlarni yutish koeffitsiyenti spektrlarining shakli ruxsat etilgan chiziglardagi
holatlar zichligini tagsimlash bilan belgilanadi. Nugson yutilish spektrlari maksimallarga ega, bu yerda
maksimallar nugson holatlarining energiya pozitsiyasini tagsimlashda joylashgan. Nugsonlarni yutish
spektrlari bo'yicha olingan eksperimental ma'lumotlardan nugsonlarning energiya holatini aniglash
mumekin.

Kalit so'zlar: amorf gidrogenizatsiyalangan kremniy, nugson holatlari zichligini tagsimlash, ruxsat
etilgan zonalarda holatlar zichligini tagsimlash, Kubo-Grinvud formulasi, Devis-Mott yaginlashuvi,
nugsonlar va ruxsat etilgan zonalar orasidagi optik o'tishlar, nugsonlarni yutish spektrlari.

Introduction. As is known, pseudo-doped amorphous hydrogenated silicon (a-Si: H) has no dopants.
In this material, the Fermi level is shifted by changing the technological conditions of cultivation. Therefore,
itis in a-Si: H that the term defective absorption spectra belong. In [1], it was shown that the energy position
of the main defects (D° is a neutral defect, D is a negatively charged defect, D* is a positively charged
defect) of a-Si: H samples located in the interval ec-ep, = 0.95-1, 05 eV, ec-ep’ = 0.65-0.75 eV, ec-ep+ = 0.35-
0.45 eV. Because the energy positions of defects also depend on the technological conditions of cultivation.
The experimental results of the spectral characteristics of the defect absorption coefficient in a-Si: H films
are shown in Figure 1.
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Figure 1. Experimental results of the speBtral tharacteristlts a is the defect absorption region of
pseudo-doped a-Si: H samples, b is the exponential absorption region

It can be seen that some spectra have clear maxima, and some do not. In the present work, the
interaction of light to defects of pseudo-doped a-Si: H is theoretically investigated using the spectral
characteristic of the defect absorption. A method for determining the energy positions of defects and
conditions for the appearance of maxima in the spectrum of defective absorption are proposed.

As is known, optical transitions of electrons, the participation of defective states, are of three types:
between defects, between defects and tails of allowed zones, between defects and allowed zones. It was
shown in [1] that the main role of these optical transitions is played by passing between defects and allowed
zones. The spectral characteristics of the defect absorption coefficient depend on the energy position of the
defects and on the distribution of the density of states in the defects and allowed zones. The spectral
characteristics of the defect absorption coefficient of amorphous semiconductors are calculated by the Davis-
Mott approximation method from the Kubo-Greenwood formula as follows [2].

K de
aho)~ [ 9(e)g(e+ho)—. (1)
g—hw ha)
where g -is the highest energy position of electrons participating in optical transitions, g (e) -

and g (¢ + %w) are the initial and final density of electronic states involved in optical transitions. In [3, 4], it
was shown that when calculating the spectra of the defect absorption coefficient in amorphous
semiconductors, the density of states in defects can be chosen in the form of Gaussian distributions or
hyperbolic secant, and for state density distributions at the boundaries of the allowed zones in the form of
power or hyperbolic secant [4 ].

The energy dependence of the densities of defective states in the Gaussian distribution is as follows

g(g):g(gD)e)@(_a(g—gD)z)_ 2

where g (gp) is the maximum value of the density distribution of electronic states in defects and ¢p is

the energy position of this maximum, and is the parameter that determines the effective half-width Gaussian
distribution.  The density distribution of states in the form of a hyperbolic secant is recorded as follows:

9(en)  _ 29(¢p) _
ch(b(s -¢p)) exp(b(e—&p))+exp(-b(s —&p))
where b is the parameter that determines the effective half width.

In [3, 5] it was shown that in the case when the density distribution of electronic states at the
boundaries of the valence and conduction bands has a power dependence, they can be written as follows:

@)

9(e) =

g(e)=N (gv)(gCE_g)”l : when e<ey (4)
[¢]
g(e)=N (gc)(‘:—gV)”z , when fe<e (5)

g
where N (ey) and N (gc) are effective values of the density of states in the valence band and in the
conduction band, &y is the highest border of the valence band, and & is the lower boundary of the conduction
band. Eq is the energy width of the mobility gap (band gap). Considering that the density distribution of
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states at the boundaries of the allowed zones can be parabolic or linear [2, 6], that is, n; =n, =% and n; = n,
= 1. When the densities of electronic states of the allowed zones correspond, the Gaussian distribution can be
written as follows way [1, 6]: for the valence band

9(5): N(gv )exp(—a(g—gv )2)1 (6)

for conduction band
9(¢)= N(zc Jep (- als — . ), (7)
As is known, the integral of the Gaussian distribution does not have an analytical solution; therefore,

to obtain analytical solutions of the defect absorption spectra, one can apply the distributions in the form of a
hyperbolic secant: for the valence bands

_ 2N (&)
exp(b(e—s,))+ep(-be—¢,))

9(s) (8)

for conduction band
2N(ec) ©)
exp(b(e &) +exp(-ble—&c))

As shown in [6], the distribution of the density of states in the tails of the allowed bands is exponential
and is described by the following expressions: for the tail of the valence band

9(s) =

g(e)=N (gv )exp (_ﬂl (e- &y ) when &<, (10)
and for the tail of the conduction band
g(e) =N(ec)exp(B,(e—&.)) when  e<e; (11)

where B;- and 3, are the parameters that determine the slope of the tails of the valence band and
conduction band,

Calculation and discussion. When the energy of absorbed photons is &y-ey <hw and ec-gp; <hw,
where gq;- and gg, are the energy positions of the point of intersection of the tails of the expanded zones and
defects (see Figure 2), then optical transitions are formed between the defects and expanded zones.

a(¢)

~

&y &1 &ép &2 &
Figure 2. Types of optical transitions in amorphous semiconductors where defective states are
involved: 1 from the valence band to the defect, 2 from the defective states to the conduction band

In the case when the density distribution of states in the allowed zones is parabolic (np=n;=
1/2), the spectra of the defect absorption coefficient are written in the following forms: for optical transitions
from a defect to the conduction band

a(hw) =B T 9(p) N(e.) £-& +ho de (14)

ch(b(e —s, + ) E, ho

sc—hw

from valence to defect

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/10 (115) 143

https://buxdu.uz



PHYSICS

_ —& g(ep) de 15
a(hw) = BJ N(ew )= ch(b(s — &, + h)) har (35

—hw

2
where B—M [3, 6].

(m*fyc
As is known, these integrals have no analytical solution. Therefore, these spectra were obtained using
numerical methods. The results of the calculations are shown in Figure 3-a.
If the density distribution in the allowed zones has a linear (n; = n, = 1) dependence:

T g(ep) e—¢g, +ho de
_g [ —I¥) ()i e de
aho)=8 Jhw ot ey V) E, 1o (19)
o f Ec—€ 9(ep) de
a(he) = Bngw N(ev) E, ch(b(e—zp +ha)) ho' an

To obtain an analytical solution of these integrals, they must be divided into two components: for the
distribution of the hyperbolic secant, and Gaussian. In the case of such a replacement, the error of error does
not exceed the error of the experiment [4].

Ag (50) 1 T 2
a(ha)) = N( )E ho SC‘LW( mdé‘ + chiexp(—a(g — ‘C"D) )d8:| (18)
_ Ag(ep) T 1 _ T (e 2
a(hw) = NG, )E, 7o LL@&C (b — e, + 7)) de ngi exp(-a(e —&p +hw) )de}, (19)

where A = BN (ec) N (&), when the a = b® / x relationship holds, the concentration of defects,
determined by the distribution of the hyperbolic secant and gauss, will be equal to [4].
The analytical solutions of these integrals are written as follows.:

a(ho) = M{E (60 — &, +ho)arctg(exp(ble; &0 )~

N(ec)E, i (b
. . (20)
_arCtg(EXp(b(gc —¢p _ha))))]_z_a[e)(p(_ a(gc —ép )2)_9)@(_ a(gc —¢p _ha))2 )]}
a(he) = %{%@C sy +holarcg(exp(b(s, e +h)-
' (21)

—arctg(exp(b(s, —&5)))] +—[exp( ale, —&p +ho) ) exp(— a(s, —50)2)]

The results obtained from the calculation of formulas (20) and (21) are shown in Figure 3b. It can be
seen that these curves in figures 3a and 3b are the same. These results show that the spectra of the defect
absorption coefficient do not depend on the degree of distribution of the density of states in the allowed
bands. In these spectra, the weak maxima are in the energy position, where the energy of the absorbed
photon is equal to /i = ec-ep and fiw = ep-gy ..

It is determined from the calculations that the change in the maximum (ep) of the states of electrons
in defects will only change the value of the absorption coefficient.

Experiments show that the appearance of the spectra can vary for different samples as the
technology of their growth changes. For example, Figure 1 shows the spectral characteristics of the defect
absorption coefficients; all of these samples were grown using the same technology (according to the method
of decomposition of silane in a gas discharge). It is seen that some spectral characteristics have obvious
maxima and minima.
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a, arbit.unit.
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Figure 3. Spectra of optical transitions between expanded zones and defective states 1-from
defect to conduction band, 2-from valence band to defect a- n;=n,=1/2, b- n;=n,=1. The calculations
were performed for E,=1,8 eV, &-£,=0,6 eV.

It is known that the energy dependence of the density of states in the valence band and conduction
band is very complex and may have several maxima and minima [2]. Taking this into account, we assume
that the density of non-localized electronic states at the boundaries of the allowed zones obeys the
distribution of a gauss or hyperbolic secant, i.e. boundary of the conduction band

g(‘g) = N(gc )eXp(_ al(g —&c )2 )z N(gc )/Ch(bl(g —&c )) (22)
and the border of the valence band
9(5) =N (gv )exp(— a2(€ —é&y )2)z N (gv )/Ch(bz(g — &y )) (23)

If b; and b, have different values, it is impossible to obtain the analytical form of the defect absorption
spectra. The method of numerical calculations shows that if the values of b, and b2 in formulas (24) and (25)
do not differ much from each other, then instead of them you can use the expressions b = (b; + b,) / 2, then
the permissible error does not exceed 9 % Given this, you can write them as follows

o AQ(SD)T 1 de (24)
N(e,) by ch(b(e —&p))ch(b(e — & +hw)) ho
_ Ag(sp) r: 1 de (25)

N(ec) ot ch(b(e — &, ))ch(b(e — &, + hw)) he'
From here we obtain the following result for the defect absorption spectra: for optical transitions from

a defect to the conduction band:
2
1+ [ 9o )J + 2[ [CH )Jch(b(gC —&p))

_A 9(£5) N(sc) N(sc) . (26)
“ " bho N(e)shblee 0 —1@) | (g(ea)Y  ( oleo)
1+ [ N )J + 2( N )Jch(b(Zha) —&c—&p))

And for optical transitions from the valence band to defects:

2

1+( N(e, )J + 2{ N (e )jch(b(gD —-&))
o A9(en) 1 n 9(s5) g(so) . (@7
N baw sh(bley, —&, — 7 2
(gC) @S ( (gD &y a))) 1+(N(‘9V )J +2(N(8V )jch(b(Zha)—gD — e, ))
g(‘gD) g(‘gD)
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The calculation results obtained from these formulas are shown in Figure 4 (it can be compared with
Figure 1). As can be seen from the figure, the defect absorption spectra have obvious maxima and the
energy positions of these maxima are located at  /iw = gc-ép OF hiw = ep-éy.

o, arbit unit.
v 2
l' 11
10° | A
;N
1 \
10* [ I !
' ‘
- 1 \
\
| | | ’ | | |
0.2 0,6 1,0 14 hw,sB

Figure 4. The spectra of the defect absorption coefficient, when the boundary of the allowed
zones has clear maxima. Calculations were obtained for Eg=1,8 eV, 1-gc-£p1=0,6 eV, 2-gc-gp,=1,2 eV.

These results show that the spectra of defective absorption can differ greatly from each other, due to
the difference in the distribution of the density of states in the allowed bands.

Conclusion. From the results obtained, the following conclusions can be made in this study:
- The form of the spectral characteristics of the defect absorption coefficients is determined by the
distribution of the density of states in the allowed bands.

- The defect absorption spectra have weak maxima when the distribution of the density of states, at
the boundaries of the allowed zones, has a power dependence on the energy at the points where the photon
energy is hw = ec-¢p and fiw = ep-ey.

- the apparent maxima in the spectral characteristics of the defect absorption coefficient
corresponding to the experimental results are formed when the distribution of the density of states at the
boundaries of the allowed bands has obvious maxima. These maxima are located in the energy position zw =
gc-ép OF A = gp-¢y.

This suggests that using the defect absorption spectra in a-Si: H, it is possible to reveal the energy

position of the defects.
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Abstract. Dye-sensitized solar cells (DSSC, Dye-Sensitized Solar Cells) have emerged as one of the
innovative technologies in solar energy processing. Their main advantages include high efficiency, simple
production process and availability of various natural dyes, which make them attractive as a widespread
energy source. This article provides detailed information about the working principles and main components
of DSSCs. Dye-DSSC is an important factor in the performance of solar cells. The development of dye-
sensitized solar cells and its drawbacks are reviewed. At present, the advantages and disadvantages of
natural dyes as dye-sensitized solar cells and its potential development have been analyzed. According to the
types of natural dyes used in recent years, it will review the research process of natural dye-sensitized cells
in detail, and then analyze the development trend of natural dye-sensitized solar cells..

Key words: DSSC, Dye-Sensitized Solar Cells photoelectrode, contour electrode, photoanode,
electrolyte, gel polymer electrolyte (GPE), photosensitive dye, ) Titanium dioxide TiO, , iodine (1) , triton-
X100, , polyethylene glycol (PEG).

YARIMO‘TKAZGICH XOSSASIGA EGA TIO, ASOSLI QUYOSH ELEMENTINING
TAYYORLASH TEXNOLOGIYASI VA FIZIK FOTOELEKTRIK XARAKTERISTIKALARI

Annotatsiya. Yugori sezgir bo'yoqgli quyosh elementlari (DSSC, Dye-Sensitized Solar Cells) quyosh
energiyasini gayta ishlashda innovatsion texnologiyalardan biri sifatida paydo bo'ldi. Ularning asosiy
afzalliklari yuqori samaradorlik, oddiy ishlab chigarish jarayoni va turli tabiiy bo ‘yoglar mavjudligi bilan
birga, ularni keng targalgan energiya manbai sifatida jozibador giladi. Ushbu magolada DSSClarning
ishlash prinsiplari va asosiy komponentlari haqida batafsil ma'lumot beriladi Yarimo ‘tkazgich xossasiga ega
TiO, asosli quyosh elementlarini(DSSC) tayyorlash texnologiyasi va ishlash prinsipi keltirilgan. Bo'yog-
DSSC quyosh xujayralari ishlashining muhim omilidir. Bo'yoq bilan sezgir bo'lgan quyosh xujayralarining
rivojlanishi va uning kamchiliklarini ko'rib chiqildi. Hozirgi vaqgtda bo'yoqga sezgir quyosh xujayralari
sifatida tabiiy bo'yoglarning afzalliklari va kamchiliklari va uning potentsial rivojlanishini tahlil gilindi.
So'nggi yillarda ishlatiladigan tabiiy bo'yoglar turlariga ko'ra, bu tabiiy bo'yoqga sezgir bo'lgan
hujayralarni tadqig qilish jarayonini batafsil ko'rib chiqildi, so'ngra tabiiy bo'yoglarga sezgir bo'lgan
guyosh xujayralarining rivojlanish tendentsiyasini tahlil giladi

Kalit so'zlar: DSSC, Dye-Sensitized Solar Cells fotoelektrod, konturelektrod, fotoanod, elektrolit, gel
polimer elektrolit (GPE), yorug ‘likka yuqori sezgir bo‘voq, ) Titan dioksidi TiO, , yod (1) , triton-X100
polietilenglikol (PEG).

TEXHOJOI'UA U3IOTOBJIEHUSA U PUSNYECKUE ®OTOIJIEKTPUYECKHUE
XAPAKTEPUCTUKHU COJIHEYHBIX 3JIEMEHTOB HA OCHOBE TIO, C
MOJIYITPOBOJJHUKOBBIMH CBOMCTBAMHU

Annomayus. Cencubunuzuposannvle Kpacumenem coaneynvie snemenmut (DSSC, Dye-Sensitized
Solar Cells) nossunuco kax 00HA U3 UHHOBAYUOHHBIX MEXHONO02UU 6 00aacCmuU 00pPaAbOMKU CONTHEHUHOU
onepeuu. HMx OCHOBHLIMU NPEUMYWECNEaMU SAGISIOMCA GbICOKAL IPHEeKmusHOCmyb, NPOCMOU npoyecc
npoU3B00CmM8ea U OOCHYNHOCHb PA3IUYHBIX HAMYPATLHBIX Kpacumeretl, ymo oelaem ux npueiekamenrbHblMu
6 Kauecmee WupoKo pacnpocmpanéHHo20 UCMOYHUKA dHepeuu. B amoil cmamve npedcmasnena noopoonas
ungopmayus o npunyunax pabomel u ocHosuwvix xomnonenmax DSSC. Dye-DSSC sensiemcs 6adicHvim
Gaxkmopom 6  NPOUZBOOUMENbHOCMU  CONHEYHbIX  dnemenmos.  Paccmompenvl  paspabomka
CEHCUOUTUSUPOBAHHBIX KPACUMENeM COTHEYHbIX INeMeHmos8 u ux uedocmamku. B uacmoswee epems
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NPOAHATUUPOBAHLL  NPEUMYUWeCmed U HeOOCMAamKu  HAMypATbHbIX — Kpacumeneli 6 — Kayecmee
CEHCUOUTUSUPOBAHHBIX — KPACUMENeM CONHEUYHbIX 9IEeMEeHmOo8 U UxX NOMeHyuaibHoe pasgumue. B
COOMBEMCMEUYU C MUNAMU HAMYPATbHBIX KpACUmenel, UCNOIb3YeMblX 8 NOCeOHUe 200bl, Oyoem noopoOHO
paccmMompen  npoyecc — UCCIe008aHUSL  CEHCUOUTUBUPOBAHHBIX — Kpacumenem  Adeex, da  3amem
NPOAHATUUPOBAHBL MEHOEHYUU PA3GUMUSL CEHCUDUTUIUPOBAHHBIX KPACUMENEM COTHEUHbIX INEMEHMO8.

Knioueevie cnosa: DSSC, @omosnekmpod 015 COMHEUHLIX IAEMEHMO8, CEeHCUOUTUIUPOBAHHBIX
Kpacumenem, KOHMYPHbIll 91eKmpoo, homoanoo, dNeKmpoaum, 2e1e00pasHulil NOJUMEPHBII DJIeKMPOIUM
(GPE), ceemouyscmeumenshubviti  Kpacumeis, oOuokcuo mumana TiO, 100 (1), mpumon-X100,
noausmunenenuxons (1197).

Introduction. At present, the electricity consumed in the world is mainly made up of energy obtained
from fossil fuels, that is, thermal energy and nuclear energy. However, the limited amount of such fuels and
the fact that they are not ecologically clean are their main disadvantages [1]. Today, solar energy is the most
suitable energy for electricity production. However, the energy produced in silicon-based solar cells is 1% of
the electricity produced on a global scale [2].

Global energy consumption is increasing every year: it was 12.7 TW in 1998, it will be around 26.4-
32.9 TW in 2050, and it will reach 46.3-8.7 TW by 2100 [3]. The increase in energy consumption leads to a
decrease in natural resources, namely gas, oil and coal. In general, the efficiency of silicon-based solar cells
of the old type can be increased up to 25% in laboratory conditions, and the efficiency of gallium-arsenide-
based solar cells can be increased to 32% in laboratory conditions [3].

Therefore, the current demand forces to look for solar cells with low cost of production technology
and electricity production. An example of such solar cells is "Dye sensitized solar cell (DSSC-Dye sensitized
solar cell). DSSC solar cells are very different from traditional solar cells due to their low cost and ease of
manufacturing technology. At the same time, it was determined that the maximum efficiency of this type of
solar cells is 14.1%, and the useful life is more than 15 years, and the cost of the produced solar cells is 3-5
times cheaper than conventional solar cells [4].

The technology of making solar cells, the low cost of their introduction and improvement, and the
convenience of their use and production attract specialists in this field [4-6].

At the same time, it is shown that the maximum efficiency of this type of solar cells created by
Japanese scientists is 13%, and the useful life is more than 10 years. Since DSSC solar cells are made of
organic dyes and polymer materials, the cost of electricity obtained from them is 10-15 times cheaper than
electricity obtained from conventional solar cells.

In this work, for the first time in Uzbekistan, the technology of making DSSC solar cells was
described. Therefore, in this work, we described the technology of making a solar cell and some of its
physical properties.

In the literature, it is stated that highly sensitive natural dye solar cells consist of the following five
parts [3] Fig. 1.

1) Transparent electrically conductive glass: 2) Titanium dioxide TiO, nanoparticles (photoanode): 3)
Paint: 4) electrolyte: 5) Graphite or platinum counter electrode (cathode): The first layer is the glass layer, a
conductive (transparent) layer is grown on the glass surface, which transfers the free electrons generated
inside the solar cell to the external circuit. This layer is called the transparent conductive surface. A layer of
TiO, nanoparticles with n-type semiconductor properties is used as the second layer. The advantages of TiO,
are based on high light sensitivity, structural stability and low cost [7].

The third layer is the dye layer, and the light sensitivity of the dye molecules is the main component of
increasing the visible light photon absorption efficiency of DSSCs [8]. The fourth layer is the electrolyte
layer, of which there are three most common types:

1) liquid solution of l_/13_ dissolved in an organic solvent;

2) gel polymer electrolytes prepared from salts or salt solutions;

3) solid electrolytes [8].

The fifth layer is an electrode. The electrode is another important component of DSSC. The main
purpose of the electrode is to reduce triiodide. The speed of the reduction reaction at the cathode is
important, because after reduction of the triode, iodide is formed on the anode side of the electrode, which is
used to regenerate the oxidized dye molecule.
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Figure 1. Highly sensitive natural dye solar
cells consist of the following five parts.

1) Transparent electrically conductive glass: 2)
Titanium dioxide TiO, nanoparticles (photoanode); 3)
Paint; 4) electrolyte; 5) Graphite or platinum counter
electrode (cathode). To get an acceptable cell the
reaction on the anode side should be slow and the
reaction on the cathode side, which is the electrode,
should be fast. The electrode is close to the equilibrium
potential of the redox couple, but the anode side is far
from the equilibrium potential. This phenomenon creates
a voltage difference across the DSSC, causing the
triiodide to recover. Although many materials such as
platinum, carbon, graphite, and conductive polymers
have been used as electrodes, platinum is still the
preferred catalyst. Platinum is the best catalyst for
iodine, triiodide, redox couple. In addition, the light
reflectance of platinum is higher than that of the carbon
coating, resulting in more light being reflected into the
cell.

Experimental determination of technological parameters

The following chemicals and solutions were used in the preparation of DSSC solar cells. In the
preparation of the electrodes of the solar cell, manufactured by Sigma Aldrich, USA: titanium dioxide
(TiO2) P90 with a molecular size of 15 nm and (TiO,) P25 with a molecular size of 21 nm, polyethylene
glycol (PEG), triton-X100 , fluorine-doped tin oxide grown glass (FTO) and platinum (Pt), a product of
Supelco Analytical, USA, were used. We used polyethylene oxide PEO, dimethylformamide (DMF), 98%
pure ethylene carbonate (EC), 99% pure propylene carbonate (PC), tetrabutylammonium iodide (TBAI),
potassium iodide (KI) and iodine (l,) to prepare the electrolyte. . In order to localize the solar element,
extracts of fruits grown in the Republic of Uzbekistan and plant leaf pigments were used as dyes. Special
filter paper made in Malaysia for filtering paints and. Solutions developed in Malaysia: 69% pure nitric acid
(HNO:,) dissolved in 99.5% ethanol (C,HsOH) at pH=1 was used.

Table 1.Gel-polymer electrolyte composition
>
2> = = = 2
= S ‘B 8 c £
g g £ E E 8 £
2 > E XS 5 = g S 3
£ 2 = 5 = S i >
e K 5 2 = 3 =
¥ 3 5 2 = £
= Q. o w a
o a
Ne ar gr gr ar Gr gr gr
1 0.05 - 0.1 0.25 0.25 05 0.005
2 0.05 0.05 0.1 0.25 0.25 0.5 0.010
3 0.05 0.10 0.1 0.25 0.25 0.5 0.015
0.05 0.15 0.1 0.25 0.25 0.5 0.02
5 0.05 0.2 0.1 0.25 0.25 0.5 0.025
6 - 0.25 0.1 0.25 0.25 0.5 0.005

Table 1 shows the percentage of substances in electrolytes prepared by us.
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The percentage of substances in the electrolytes we prepared is presented in Table 1. It can be seen
from the table that the electrolytes of the solar cell differ from each other only in the amount of KI, TBAI
salt and iodine.

It can be seen from the table that the electrolytes of the solar cell differ from each other only in the
amount of KI, TBAI salt and iodine.

Technology of preparation of transparent electrically conductive surface.

Usually, FTO glass is used to make high-sensitivity natural dye solar cells. The main reason for this is
that the FTO layer transmits the incident light well. The FTO layer is prepared using solutions of fluorine
and tin oxide. First, the solution is thoroughly mixed until it reaches a homogeneous state and is grown by
spraying on a cleaned transparent glass surface. In the next step, the sample is heated for one hour at
different temperatures. The morphological structure of the obtained samples is that the transparency of the
film obtained at a temperature of 150°C is 85%, and the electrical resistance is 5.11 Ohm/cm?. This is the
best result so far. Photoanode preparation technology: To prepare photoanodes of solar cells with organic
natural dyes, firstly, grown tin oxide (FTO) glass doped with fluorine is washed and dried with ethyl alcohol
to remove foreign substances. Then, a solution of titanium dioxide TiO, P90 type in nitric acid is applied to
the glass surface in a thin layer as the first layer and heated at a temperature of 450°C for 0.5 hours. As the
second layer, titanium dioxide TiO2 P25 type, polyethylene glycol PEG, triton-X100 substances are
dissolved in nitric acid until they reach a homogeneous state, applied over the first layer and heated again at
450°C for 30 minutes using a muffle furnace. Figure 2 shows a picture of photoanodes prepared by the above
method.

Photosensitive dye (Dye)
preparation technology: Dye is the
main component of DSSC and
should absorb incident photons as
much as possible. Paints must have
the  following  optical  and
electrochemical properties: Paints
must be fluorescent. The light
absorption spectra of paints should
cover the ultraviolet and near-
infrared fields. The lower part of
~ the conductivity zone of the paint
~ should be located above the lower
- limit of the conductivity zone of
TiO,
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Figure 2 is the finished photoanode.To prepare = .
the dye, which is one of the main working parts of the & '
highly sensitive natural dye solar elements, dyes are first
made from spinach, red onion peel, red cabbage, geranium
flower, perfume flower, henna plant leaves and
chlorophyll. for preparation, their leaves were taken, |
washed twice with distilled water, cleaned of various dust
particles, dried at room temperature for 24 hours in a room
away from sunlight, and crushed using a special grinder
until it became a powder Figure 2.8 [5]. Then 8g of dried
leaf powder was mixed with 40ml of solvent (distilled
water and ethanol) [6]. The mixture of ethanol and dye
was stirred for one hour at a temperature of 303 K using a
magnetic stirrer. The resulting paint was filtered using
special papers. In addition, blackberry, raspberry, sardine,
pomegranate, and currant fruits were crushed using a special grinder, filtered using paper filters, and dye was
prepared from the fruit extract Fig. 3. The photoanode is placed in the prepared dye extract and kept in a dark
place for 24 hours.

Figure 3. The process of crushing dried plant
leaves to make : paint.
: Preparation of organic natural dye

solar cell cathode:  First, the  transparent,
electrically conductive (FTO) glass from which the
cathode is prepared is cleaned by washing with
ethanol. The cleaned electrically conductive glass is
dried, and a 1 mM solution of platinum (Pt) in

hydrochloric
while  heating
order to smooth

acid is dripped over its entire surface
the glass to a temperature of 300°C. In
the surface of the cathode, the prepared

cathode is heated for 30 minutes at 450°C using a
muffle furnace. After 24 hours, it is removed from the
furnace and | __‘ washed with ethanol. The finished
cathodes are shown in Figure 4.

Figure 4. A view of the
cathode of an organic dye-
based solar cell.

We used several natural
dyes for semiconductor based
highly sensitive dye solar cell
(DSSC) applications. It is known
that DSSC is a multi-layered
structure, consisting of
photoanode, natural dye,
electrolyte and cathode. In this
chapter, the dependence of
incident light absorption on
natural dye was studied. The
natural dyes wused in the
experiment are chlorophyll and anthocyanins obtained from cauliflower, geranium, red onion peel, red
cabbage, black mulberry and beetroot.

Figure 5 shows the absorption characteristics of all dyes used in this study. Absorption depends on the
wavelength of the incident light and the type of paint. Pomegranate contains high content, absorption peaks
can be observed at 320, 370 and 520 nm. The color of geranium flowers is from blue-gray to brown [11].
Geranium dye shows the highest absorption peak at 400 nm and 540 nm. Some absorption can also be
observed between 600 and 1000 nm. Spinach dye showed a small peak between 500 and 600 nm. J-V
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characteristics of DSSCs fabricated using five different dyes The efficiency of a DSSC is based on its dye
absorption. It can be obtained from natural sources or chemical synthesis. The dye plays an important role in
absorbing light and introducing electrons into the conduction band of the semiconductor material. It absorbs

photons with energy equal to or greater than the energy gap of the dye molecules. These are important
factors to improve the efficiency of DSSC.
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Figure 5. Wavelength dependence of light absorption by dyes for (a) pomegranate, (b) beet, (c)
geranium, (d) spinach, and (e) red onion

Conclusion. The materials used in the preparation of semiconductor-based DSSC solar cells are
mentioned. The technology of preparation of TiO2-based DSSC layers with semiconductor properties is
presented. Dyes of semiconductor-based DSSC solar cells with photoelectric properties were determined in
the wavelength range from 300 nm to 900 nm.

It was found that the gel-polymer electrolyte has a high ionic conductivity when the composition is
0.05 g KI, 0.2 g TBAI and 0.025 g I,. it was found that the resistance decreases with the increase, and the

electrical conductivity increases. The prohibition zone of fotaanode made from beetroot and shotut natural
dye was determined and its value.
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V]IK 53

HOBBI METO/I PACUETA INIOTHOCTH COCTOSTHUI DJEKTPOHOB B IE®GEKTAX
AMOP®HBIX TIOJYITPOBOJHUKOB

Hxpamoe Pycmamorcon I'ynamoscanosuu,
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Annomauyusa. B nacmosweti pabome npeonracaemcs HO8blU MemoO onpedeieHus NIOMHOCMU
cocmosnull 8 depekmax amop@uvix noaynposoonukos. Ilokazarno, umo eciu usmepena SKCnepUMeHmalbHasl
KpU6as Chekmpa onmu4ecko2o no2noueHus. aAmMop@Ho2o NOIYnPO8OOHUKA, UCNOIL3YS IMOM CHEKMP, MONCHO
onpedenums pacnpeodeieHue NiIOMHOCMU IeKMPOHHBIX cOCMOoAHULL Oehekmos. Hcnonv3ya gopmyny Kybo-
I'pungyoa, Hanucawmyio Ois CneKmpos OepeKmHo20 NOo2NoWeHUs U IKCNEPUMEHMATbHO20 CHeKmpa
dehexmuoco no2nowjeHus, onpeoeneHvbl NJIOMHOCIU JIeKMPOHHLIX COCMOAHUNL O0eheKmo8 6 aMOp@pHbIX
NONYNPOBOOHUKAX.

Kntouesvie cnosa. amopguvie noaynpoeooHuxu, onmuyeckue nepexoovl 31eKMmpOoHO8 C YHacmuem
Oeghekmos, napyuanvbHvle CHeKmpbl 0eh)eKmHO20 NO2NOWjeHUs, NIOMHOCMb DNEeKMPOHHLIX COCMOSAHUL 8
Odepexmax, eanenmuas 3oua, popmyna Kyoo I’ punsyoa.

CALCULATION OF THE DENSITY OF ELECTRON STATES IN DEFECTS OF
AMORPHOUS SEMICONDUCTORS

Abstract. This work proposes a new method for determining the density of defect states of amorphous
semiconductors. It is shown that if the experimental curve of the optical absorption spectrum of an
amorphous semiconductor is measured, using this spectrum it is possible to determine the distribution of the
density of electronic states of defects. Using the Kubo-Greenwood formula written for defect absorption and
the experimental spectrum of defect absorption, the densities of electronic states of defects in amorphous
semiconductors are determined.

Keywords: amorphous semiconductors, optical transitions of electrons involving defects, partial defect
absorption spectra, density of electronic states in defects, exponential absorption spectra, valence band,
Kubo-Greenwood formula.

AMORF YARIMO‘TKAZGICHGA XOS NUQSONLARDAGI ELEKTRONLARNING
HOLAT ZICHLIGINI HISOBLASHNING YANGI USULI

Annotatsiya. Ushbu ish amorf yarim o'tkazgichlarning nugsonlaridagi elektronlarni holatlar
zichligini aniglashning yangi usulini taklif giladi. Amorf yarim o'tkazgichning optik yutilish spektrining
tajriba egri chizig'i o'lchangan bo'lsa, bu spektrdan foydalanib, nugsonlarning elektron holatlari zichligini
tagsimlashni aniglash mumkinligi ko'rsatilgan. Kubo-Grinvud formulasidan foydalanib, nugsonlarni yutish
spektrlari va nugsonlarni eksperimental yutish spektrlaridan amorf yarim o'tkazgichlardagi nugsonlarning
elektron holatlarining zichligi aniglangan.

Kalit so'zlar: amorf yarimo'tkazgichlar, nugsonlar ishtirok etgan elektronlarning optik o'tishlari,
nugsonlarda parsial yutilish spektrlari, nugsonlardagi elektron holatlarning zichligi, valent zona, Kubo
Grinvud formulasi.
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PHYSICS

BBenenue. 3BecTHO, YTO OCHOBHBIE NIe(DEKTHI B THAPOTCHU3UPOBAHHOM aMOp(HOM KpeMHHUH (o-
Si:H) pasgemstorest Ha Tpu THma. D°-HefTpanbHbI 1edeKT, HMEIOLIMIT OXUH YIEKTPOH 1 OIIHY OBIpKY, D -
neeKT ¢ OTpULIATENBHBIM 3apsI0M, UMEIONIHIA 1Ba 3eKTpoHa U D™~ nedeKT ¢ MoNoKUTENBHBIM 3apsIoM,
HUMEIOIUI JIBE IBIPKH.

B paborax [1, 2] mpuBeneHb! IKCIEPUMEHTAITBFHBIE PE3YIBTATHI I YHEPTeTHIECKUX TOJIOKECHUNA U
KOHIICHTpaIMii 3TuxX aehekToB B «-SiiH, MONydYeHHBIX C TOMOINBIO TJCIOMIEr0 Tra30BOrO paspsiaa
CJICAYIONINE 3HAUYCHUN ao’-ay~0,78 5B, &5 -&y~0,5 5B, &t -&y~1,28 5B m Np’=4.5%10" cm®, Np =3*10" cm™
, Np* = 3*10" em™,

B pabote [3] nokazaHo, 4TO BHE 3aBUCUMOCTH OT 3apsI0BOTO COCTOSHUS 1e(pEKTOB, OHH YHaCTBYIOT
BO BCEX ONTHYECKHUX MEePEX0aax dMEKTPOHOB.

Kak wm3BectHO, B 0-Si:H crnekrpel moriomeHus: ¢ AeeKTaMy HAYMHAKOTCS, KOTJa JUIS SHEPTUH
MOTJIOMEHHBIX (DOTOHOB BBINONHsAETCS ycnoBue 1,4 3B < fiw. C Ttakumu sHeprusimu B oOmIeM ciydae,
YUYHUTBIBAsT YUCIO Me(PEKTHBIX COCTOSHUA B 0-Si:H, 0JHOBpPEMEHHO MOTYT MPOUCXOIUTH BOCEMHAIIATH
ONTUYECKUX IEPEXOMIOB C YUACTHEM ITHUX COCTOSHHNA. A Tak)Ke OCYIIECTBISETCS ONTHYECKHHA MEePexoi OT
XBOCTa BAJICHTHON 30HBI HA XBOCT 30HBI IPOBOIUMOCTH (PKCIIOHEHIMANIBbHOE TorjomieHue). Pacuér
CIIEKTPOB 3KCIIOHEHIMAILHOTO MOTJIONICHUS TPUBEAEH B paboTe [4].

st SHEpTUH TOTTOMEHHBIX (DOTOHOB MPH BBITTOIIHEHUH YCIIOBUS £p1-ey>A® (1 00macTh), SIeKTPOHBI
MEPEXOIAT TONBKO OT XBOCTA BAJICHTHOM 30HBI B IEEKT, a IPH BHIIIOTHEHUH YCIOBHUS £p1-ey<Ai® (2 00macTp)
AIIEKTPOHBI, OJHOBPEMEHHO IEPEXOIAT OT BaJGHTHOM 30HBI M OT e€ XxBocta Ha dedekr. ['nme epy —
DHEPreTHYECKOE IOJIOKEHHE TOYKH IMEPEeCeUCHUs pACIIPENIEICHAs JIIEKTPOHHBIX COCTOSHUH, XBOCTa
BAJICHTHOH 30HBI U edekta (pUCYHOK 1.), &y — BEpXHSSI PAHUIIA BAICHTHOMN 30HBI.

[Tpu BIMONHEHUN YCTOBUS 3 - £c-Epp >/ DIEKTPOHBI MEPEXOAT TOIBKO OT Ae()EKTOB B XBOCT 30HBI
MPOBOJAMMOCTH, a TIPW BHIIOJHEHUH YCIOBUA 4 - &c-epp<Ai® ONTHUYECKHE TMEePEeXOolbl dJIEKTPOHOB
OJTHOBPEMEHHO TIPOUCXOIAT OT Ne(EeKTHBIX COCTOSHWUN B XBOCT 30HBI NMPOBOJVMOCTH, a TaKK€ B 30HY
npoBOAMMOCTU. ['1ie ep, - dHEpreTHYecKoe MONOKEHHE TOUYKH MEePeceueHHs pacipeeieHus AIEKTPOHHBIX
COCTOSIHMI XBOCTA 30HBI MPOBOJMMOCTH U JA€()EKTHBIX COCTOSIHUI (PUCYHOK 1.), &c - HIIKHSISI TPAHUIIA 30HBI
MTPOBOIUMOCTH.

OKCIEPUMEHTAIBHBIE CIEKTPHI MMOTIOMICHHUS

g(&—) ¢ gedexTaMH ONPENeNsIOTCS CyMMOW MapUualbHbIX

CIIEKTPOB,  COOTBETCTBYIOLIUX  BBILICYKA3aHHBIM

ONTHUYECKUM IepexofaM AyekTpoHoB. [loaTomy

TEOPETUYECKUN PpacU€T CIEKTPOB TMOIJIOUICHUS C

N(‘EC) nedexramu B a-Si:H, sBisleTcss OYeHb CIIOXKHOM
3ajaveii B (pu3nke aMOp(HBIX TOIYITPOBOIHUKOB.

Metonunka HCCJIeI0BAHUS. CriekTpsl

koa(ddurnenta moraomenus B a-Si:H TeopeTmuecku

BeUCISIIOTCS 10 (opmyne KyOo-I'purBynma B

npubmwkenun  JpBuca-Motra. IOty  dopmyny

MOXXHO HAaMWCaTh JUISI ONTHYECKHUX TEPEX0JI0B

AJIEKTPOHA OT XBOCTA BaJCHTHOW 30HBI Ha JEEKT

CIEeIYFOIIUM 00pa3oM, KOTaa, ep-ey<Aw [5]:

a(h) = A8, ()90 (e +h0) =2, ()

N(ey)

a(€p)

NI

alho) = A8, (- h)go () oo, @)

gy Ep1 €p Epy  Ec € rae A - Ko3QQUIMEHT TPONOPIUOHAIBEHOCTH,
HE 3aBHCANMI OT »Hepruu (/i) TOTIOMIEHHBIX
¢doronoB, Qv(e), gv(e-fiw) u go(e-Aiw) Op(et+iw) go(e)

- IJIOTHOCTHU HAYaJIbHBIX U KOHCYHBIX 3JICKTPOHHBIX

PucyHnok 1. Tunbl onTH4ecKuX
3JIEKTPOHHBIX IIEPEX0A0B C y4acTHEeM
Ae(EeKTHBIX COCTOSIHUM, MPOUCXOAAIIUX B

COCTOSHHMM,  Y4YacTBYIOIIME B ONTHUYECKUX

aMOP(HEIX 1101y NPOBOAHUKAX l1lpld nepexomax, QOp(¢) - IIOTHOCTH  COCTOSHHMIA
JHEPrHH NOIIOIEHHBIX GOTOHOB. 1 - &pi-

p m ® D1 SIEeKTpoHOB B gedektax, Qv(¢) - IIOTHOCTH

ev<hiw u 2-gpr-ev<hw, 3 - ec-epr>how n 4 -

COCTOSIHUIA OJICKTPOHOB B XBOCTC BaJICHTHOH 30HBI U
ec-ep<hw.

camMoi BaJieHTHOW 30He. W3 3Tux ¢opmyn BUAHO,
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4yTo 3HaYeHHs KOd(QQHUIMEHTa TMOTJIOMICHUS! CHJIBHO 3aBHCAT OT PACIPENCICHUS MIIOTHOCTH COCTOSHUM
AJIEKTPOHOB, YYACTBYIOIINX B ONTHYECKUX TIEPEX0Jax.

Jlyist mosTydeHust aHATMTUYECKUX PEIICHUH CIICKTPOB BBINICYKAa3aHHBIX ONTUYSCKUX TIEPEX0I0B, HAIO
3HATh PACIPEEICHUs TUIOTHOCTH COCTOSHHM JJICKTPOHOB, YYaCTBYIOIIME B ONTHYCCKHUX IEPEXOaX.
OOBIYHO /IS ATOTO MPUMEHSIET IMITUPUICCKUAE MOJICIH, BO BCEX STHX MOJENSAX paclpeielicHHe MIOTHOCTH
COCTOSTHUI DJICKTPOHOB B Pa3pelIHHBIX 30HAX BHIOMpacTCs B MapabONUYEcKOM WM JTMHEWHOM BuUjae. A
pacnpeziesieHUe ITIOTHOCTU COCTOSIHUN 3JIEKTPOHOB, PACIIOJIOKEHHBIX B XBOCTAaX pa3palliéHHbIX 30H SBIISETCS
SKCTIOHCHIIMAILHBIMU  [6,7]. PacripenencHue TIJIOTHOCTH COCTOSIHUH DIIEKTPOHOB, PACIIONOXKEHHBIX B
nedexTax, MOMUMHIETCS pacnpeaeieHno 'aycca nim runepOoamdeckoro cexanca [8].  YuurteBas 3TOrO,
pacnpeziesieHUe IEKTPOHHBIX COCTOSIHUN BHIOMPAEM B TAKUX BUJAX: JJIsS BAJICHTHOW 30HBI U JIJIS €T0 XBOCTA;

N

0, (6)=N(&)| 22|, n,=1/2,1 19 (6)=N(&)ep( Al -5 ). @

EQ
A Ut 1eeKTHBIX COCTOSIHHIA;
9o (‘9 ) = 9 (8D ) =
ch(b(s — &) : 4
_ 2g(sp)
exp (b(s — &5 ) +exp(—b(s —&5))
AT
gD(g):g(SD)eXp(_a(g_gD)z)' ®)
I'ne N(ey)- 1, N(ec)- a3 dexTrBHBIC 3HAUCHHUS TUNIOTHOCTH COCTOSIHHUIA SJIEKTPOHOB B BAJICHTHOM 30HE M
B 30HC IPOBOAUMOCTH, &y —— BCPXHAA TI'pPaHULIA BaJICHTHON 30HBI U &c — HWXHAA TpaHUlla 30HBI
npoBomuMocTd, b; —u b, — mapamerpel, ompeneNsOIINE KPUBU3HY 3KCIIOHCHIIMAJIBHBIX XBOCTOB

BAJICHTHOH 30HBI ¥ 30HBI TPOBOANMOCTH, N; — CTETIEHb PACIPEICICHNS TNIOTHOCTH COCTOSHHUI 3JIEKTPOHOB B
BAJICHTHOH 30HE, N, — CTEIEHb PACTIPEEICHUs] TUIOTHOCTH COCTOSIHUI SJIEKTPOHOB B 30HE MPOBOAUMOCTH.
g(ep)-MakcuMabHOE 3HAYCHHE IUIOTHOCTH COCTOSIHMI 3JIEKTPOHOB B nedekrax. a - u b - mapamerpsl,
onpezemnsomue PPEKTUBHYIO TONYNIMPUHY paclpeAeieHls IUIOTHOCTH COCTOSHHH OJIEKTPOHOB B
nedexTax, ep - SJHEPreTHIECKOe IMOJIOKEHHEe MaKCUMyMa Jie(eKTa,

B pabote [9] mnst monydeHUs aHAMTUYECKUX PEIICHHH CHEKTPOB KO3(D(UIMEHTa MOTJIOMICHUS B
nedekrax wuHTErpansl B (opmynax (1) m (2) Hammcanel B onpeaeiéHHOW ¢opme, M MOJIYYEeHBI BCe
HapIHaIbHBIE CHEKTPHI Je(EKTHOrO TOTIONICHHUS BBINICYKa3aHHBIX ONTHYECKHUX IepexonoB. M3 pacuéra
3THX CIEKTPOB ITOKA3aHO, YTO 3HAYEHUE CIEKTPOB MOTJIOUICHUS B JEPEKTaX B OCHOBHOM OIPENENSIOTCS
OINITHYECKUMH TIEPEXOJIaMH MEKIY JICKTPOHOB.

Korna ep;-ey>hw, dopmynst (1) u (2) HarmmcaHbl CIEAYIONIAM 00pa30M JUISl ONITHYECKHUX TIEPEXO0/I0B
ANIEKTPOHOB, OT XBOCTA BAJICHTHOM 30HBI Ha Je(hEKT:

€p1 d
a=A I gv(é‘)gD(8+ha))£ (6)
eprtho dé‘

a=A J gv(g_ha))go(g) (7

ho
€p1
A eci BBIIOJIHIIOTCS YCII0BUA 8D1-8v<ha), YUUTBIBasds BCC BO3MOXHBIC OIITUYCCKUC MNEPECXOAbI
QJICKTPOHA, TO 9TU BBIPAKCHUA MOKHO HAIIUCATh CICAYIONIUM 06pa30M:

ép

1 d ép1 d &y d
a=A j Oy (g)gD(g+ha))h—g = Aj Oy (g)gD(3+ha))—g+A j gy (g)gD(g+ha))—g =
® ho :

€D1-1o év épr—hew ha)
= al + a2
(8)
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eprtho d epytho d &y +ho d
a=A j gv(g-ha))gD(g)h—g:A J gv(g-ha))gD(g)—g+A I gv(g-ha))gD(g)—g:
1 ® &y +ho ho o1 hw
=a,ta,
(9)

I'me oy- mapumanbHBIA CHEKTP ONTHYECKHX MEPEXOJIOB 3JIEKTPOHA OT XBOCTa BaJCHTHOM 30HBI Ha
nedexT, oy — MapHaTbHBI CIEKTP ONTHYECKUX TIEPEX0/I0B SJIEKTPOHA OT BAJIEHTHOHN 30HBI HA IE(EKT.

W3 gopmynst (7) u (9) BUAHO, YTO B 3aBHUCHMOCTH OT OINTHYECKHX MEPEXOIO0B JJIEKTPOHA OT
BaJICHTHOH 30HBI Ha Je(pEeKT MOXHO HCCIENOBaTh CHEKTp KOod(D(UIMEeHTa NOTIOLWeHUsI B JedeKTax
OT/IENBHO.

VYauteiBasi 3T0, B HacTosAmIed paboTe mperaraeTcsi HOBBI METOJ ONpENeNICHUs PacIpeesieHUs
IUIOTHOCTH 3JICKTPOHHBIX COCTOSIHUM B AedexTax u3 popmyinsl Kybo-I'punByna (2).

PesyabTaTtel M HX 00cy:KaeHue. OKCIEpUMEHTAJIbHBIE PE3YJNbTaThl CIEKTPa ONTHYECKOTO
MOTJIOIICHHS THAPOTeHU3UPOBAHHOTO aMOPGHOT0 KpEMHHS MpecTaBiieHbl B padore [10] (pucyHOK 2).

Bcem wm3BeCcTHO, 4TO, SKCHEPHMEHT MAa€T CyMMY IaplIUajbHBIX CIIEKTPOB COOTBETCTBYIOIINM
BbIIIICYKa3aHHbBIM OIITHYCCKUM nepexogam

3JIEKTPOHA C Y4acTHEM Ae(EKTOB. a. cmt
B pabote [9] BhIUmMCIECHBI NapIHaIbHBIE 5'_
CHEeKTpPBHl AJIsi BCEX ONTHUECKUX MEPEXOJIOB 10
ANIEKTPOHA ¢ y4dacTueM JeeKTHBIX cocTostHui. Ho a-—
BBIILICYKA3aHHBIM ~ 3HAYEHUSIM  JHEPreTHYEeCKOro 10 . ~~°°°° /““
MOJIOKEHNUSI W KOHIEHTpaluu  JeEeKTHBIX b-—. .. K
COCTOSIHMI CyMMapHO€ 3HA4YeHHUE MaplIHaIbHBIX 3 L ’\
CIIEKTPOB HE COOTBETCTBOBAJIO 10 i
SKCHEPUMEHTAIBHBIM ~ PE3YyJIbTaTOM  CIEKTPOB ,’
ne(eKTHOTO TOTJIOMICHHUS (PUCYHOK 2). 10 J
HanpHeiimme pacy€Tbl MOKa3aid, YTO JUIS ¢ 1
D" JnedeKTa TOJAbKO B 3HAYCHMSIX & -&y~1,28 9B, 1 "’
No™ = 6*10%° o3, b=10 »B* CIIEKTp 10 3 ¢ 2
koad¢uimenTa mormomeHuss B aedeKTrax  Juis f
MEPEX0/I0B  AJIEKTPOHA OT BAaJCHTHOH 30HBI B 10° [ ..,0‘;
nedeKT, COOTBETCTBOBAIO OKCHEPUMEHTAIBHBIM o/
pesyibrataM (puCyHOK 3). DTO O3HA4yaeT, 4ro B -1 ¥ 1 I I

aMOp(hHOM I'MJPOreHU3MPOBAHHOM KpeMHuH a-Si:H 10 1.01.2 1.4 1.6 1.8 2.0 hw, eV
(pucyHOK 2) 3HAYEHUS CHEKTPOB TIOTJIOMICHUS C . ) ' ) ) i !

nedexkramu orpenensercs B OCHOBHOM
ONTUYECKUMHU nepexoJamMu  dJIEKTPOHOB  OT
BaleHTHOH 30HBI B D' gedexr. Jlna otmx
MIEPEXO0JIOB NEKTPOHA, CIIEKTPHI MOTJIOMIEHUS TOXE
uccnenoBano 1o hopmynam (6) u (7).

AHanuTHYecKHue MapuuaibHBIE CIEKTPHI
MOTJIOMIEHNUsT B AedeKTax, MOJIY4YEeHHBIE MO 3TUM
(dhopMynam, gamu omHO U TO ke perierne. [loatomy
JUIS  ONpENeNIeHHs  MapuualbHOTO  CHEKTpa
noryomeHnss B JeeKkTax MOXKHO HCIOIb30BaTh
¢dopmynsl (6) u (7).

Tak Kak Hy)HO ONpPEJEIUTh paclpeaeleHne TIOTHOCTH SIEeKTPOHHBIX coctosuuii B D' nedekra,
ucronb3yem Gopmyiy (7).

B paGore [11] mis mpou3BOJHOH MO OAHOW MEPEMEHHOW OT MHTErpaja JIByX MEepPeMEHHBIX AaHa
cienyromas popmyna;

PucyHok 2. JkcrniepuMeHTANIbHBII cnekTp a-Si:H.
I'ne yuactku 1 —Mek30HHOTO, 2 —
IKCHOHEHIHAJIBHOTIO0, 3 — 1e¢eKTHOrOo
norJomeHusi. PaccyuTaHHbie CIEKTPHI
ONTHYECKOTro norJiomenust a-Si:H a —
MeK30HHOTO 51 D —3KcnoHeHIHAIBLHOTO
MOTJI0NIeHUs, ¢ — 1e()eKTHOr0 MOTJIOIeHHU

d BY) BY) 81: (X, y) aﬂ(y) aa(y)
— | f(x, y)dx = d f y)— L f y). (10
ny) ()l az'-y) oy X+ oy (B).¥) oy (@(y).y). (10

[oxacrasnss ¢opmydy (7) B 5TO BhIpaKeHHE, MOTydaeM I paclpesieleHHil HepreTHYecKhx
cocrosamii D* nedexra:
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oa o v de
—=A— —h — =
ohw ohw g-[l v (g w)gD(g)ha)
&y +thw
v 0 e-—ho
=A 8{19D(5)ahw gV(ha) )d5+gD(5v +hw)g, (&) =
0 (11)
&y +ho ha)GT gV (8 —ha)) - gV (8 —ha))
=A ng(g) @ e de +gp(ey +R0)0y (6y) =

€p1

&y +ho
0 de «a
=A [9p(&) =09y (e -nhw)—-—+0, (& +Nw)Q, (&)
g{lD ohw ™" ho ho 00 v
B 5Ty QopMyndy MoAcTaBiIseM paclpeeleHus SIeKTPOHHBIX COCTOSHUI B BajJeHTHOH 30He U D
nedexre, ucnonb3ys Mozaens B Buae (3)-(5):

ey +ho P _
R L1 o PR P
ohw . ch(b(e-&p) Oha E i ho ho E,
) ey +ho ! (12)
g(ep) :Ag(ED)N(gv) V.[h de _i_l_Ag(gD)N(gv) 1
ch(b(e, +ho-¢,)) E o oo chibe-¢p) ho ho chib(e, +ho -¢,)
Oa __ 2Bg(&p) [arctg exp(b(e, — &, + hw)) —arctg exp(b(sp, — £5))]—
Ohw DbN(e;)hoEg 13)

a B
—_— + —
ho N(e)ho

Cnocob omnpezesenus g (ep) Takxke mpeacrasieH B padore [9].
Tenepsb Oy/eM ONpeesTh SHEPTeTHIECKHE MTOJIOKCHUSI 3THX COCTOSHHIA.
Op(e—¢€p)=0p(ey —&p +hw), =6, +hw. (14)
U3 5TOro CileyerT, 4To SHEPreTUIECKoe noyoxkenue D edekTa pacmonoxkeHo BbIIIE /i OT BepXHeii
IpaHuUIBl BaJIEHTHOU 30HBI. M3 dopmysbl (14) nonydaem:

g(ep) _ g(ep)

dp (e +how—¢p)

= = . 15
9o(8) = (e —£0) ~ ch(ble, +ho—z0) 19)
U3 popmyibl (13) nis g (€) monyuaem:
9. (c) = N(gc)ha)(aa Lo 2Bg(ep) y
B ohw hw bN(e.)hoEg . (16)

x [arctg exp(b(s, — &, +hw)) —arctg exp(b(ep, — £5)))
YCpe,Z[H}IH 3HAUYCHUC KO3(1)(1)HL[I/ICHT3 ,[[eq)eKTHOFO IIOIJIOLICHUS H HOFHOH_IéHHLIX q)OTOHOB, Ty
(opMyITy 3aIHIIEM CIIEMYIOIMM 00pPa3oM:
9o (8) = N(e) (o, +hw) , a,—a L Gt 4Bg(¢p) o
o 2B ho,,, —he, ho,, +ho, bN(s.)(ho,, +ho)Eg 17

x[arctg exp(b(s, — &5 + (heo,, +hew,)/2)) —arctg exp(blsp, — &5))))
A popmyny (15) HanmuIeM ciaenyonM 00pa3om:

_ 9(en) 9(p)
Jpi(e) = hbole —2) ho,, + e » ), (18)

ch(b(e, +
THC G, Oi+1, i, fiwisy - 3HAUCHUS KOAPDUITUCHTA MTOTIONICHHS B ASPEKTaX U SHEPTUHU MOTJIOMIEHHBIX
(dboToHoB, paccuuTaHHple W3 (opmyasl (7), TMONYYCHHBIX I ONTHYECKUX IEPEXOIOB JIIEKTPOHA OT
BaJIEHTHOH 30HbI Ha D™ nedexT (pucyHok 3).
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B dopmyist (17) u (18) moacTaBuM 3HaYCHHMS, TOJTYUCHHBIC U3 MAPIHMAIBHOIO CICKTPa, MOKa3aHHbIC
Ha pUCYHKE 3.
PaccunTaHHBIE IIOTHOCTH COCTOSHUIA 271eKTPOHOB B Aedexte D' mokasaHsl Ha pucyske 4.

-1
10?’_Cm go(€), eV'iem™
1*10%° [
10° [
, 8*10™ [
10° [
6*10™ [
4%10" [
2*¥10° [
S | 1*10%
10° 08 1 1.2 1.4 1.6 hw, eV e
Pucynok 3. Paccuurannbie cieKTpsl 1 — £,=0 1.0 1.2 1.4 1.6 1.8eV+hw, eV

IKCIIOHCHIIHATBHOI0 MOTJIOIIEeHUs U 2 —
Ae()eKTHOTO MOTJIOIICHUS
COOTBETCTBYIOLIHE NTEPeX0AaM IEKTPOHA OT
BaJICHTHOM 30HBI B AedeKT

Pucynok 4. Paccuntannble pacnpe/eieHus
ILIOTHOCTH 3JIeKTPOHHBIX cocTostnmii D™ nedexra
1 - mo popmyue (17), 2 - mo popmy.ie (18)
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CHARM SANOATI CHIQINDISI-MEZDRANI, TERINI QAYTA ISHLASH
JARAYONLARIDA QO‘LLASHNING NAZARIY TADQIQI

Shamsiyeva Maxbuba Badriyevna,

Toshkent to ‘qimachilik va yengil sanoat instituti dotsenti
Abduraxmonova Pokiza Elmurod gizi,
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pokiza.abduraxmonova.95@mail.ru

Annotatsiya. Ma lumki, charm va mo‘yna sanoatida turli xil va tarkibdagi ishlab chiqarish
chigindilari hosil bo‘ladi. Bu esa sanoat chigindilaridan qayta foydalanishni kengaytirish zaruratini
tug ‘diradi. Maqgolada charm sanoati chiqindisi hisoblangan mezdradan gayta foydalanishni kengaytirish
imkoniyatlari o ‘rganilgan. Ajratilgan mezdra yog ‘ining tarkibi aniglanib, uning asosida sirt faol modda
olishning nazariy tadqiqi keltirilgan. Nazariy tadgigotlar asosida olingan sirt faol moddalar anion aktiv sirt
faol moddalar turkumiga kirib, toza va sifatliligi bilan ham ahamiyatli ekanligi yoritilgan.

Kalit so‘zlar: charm va mo ‘yna sanoati, mezdra chiqgindisi, ho ‘llash jarayoni, sirt faol modda, anion
aktiv, yog ‘ kislotalari, ishqor, kislota, yog ‘lash jarayoni.

TEOPETUYECKOE NCCJIEAOBAHHUE UCIIOJIB30BAHUSA ME3/IPOBBIX OTXOA0OB
KOXEBEHHOTI'O ITPON3BOJICTBA B ITPOINECCAX OBPABOTKH KOKH

Aunomayusn. Hszeecmno, umo 6 KONICEBEHHO-MEXO0B80U NPOMBIUIEHHOCU 00pA3YIOMC OmMX00bl
NpouU3BO00CMea pasiudHo20 6uda u cocmasda. Imo co30aém HeoOX00UMOCb pPACUUPEHUSI NOBMOPHO20
UCNONL306AHUS  NPOMBIUICHHBIX OMX0008. B cmamve uccie0yiomcs GO3MOICHOCMU — PACUUPEHUs
NOBMOPHO20 UCNONL30BAHUS  Me30pbl, KOMOpAs AGNAEMCA OMXO00M KOMCE8EHHO20 NpOU3800Ccmad.
Onpeodenén cocmas 6bl0eNeHHO020 Me30P08020 JHCUPA U HA e20 OCHOBe NPOBEOeHO MeopemuyecKoe
uccnedosanue nonyuenus 1IAB. Ha ocnoeanuu meopemudeckux ucciedo8anull no8epxHOCmMHO-aKmugHvle
6ewyecmea GKIIOUEHbl 6 KAMe20puio AHUOHHO-AKMUBHBIX NOBEPXHOCMHO-AKMUBHBIX 6EWece U UMeiom
8AdICHOE 3HAYEHUE NO CBOEl YUCTOME U KA4eCmE).

Knwouesvie cnosa. Kodmce8eHHO-MeX08ds NPOMBIUIEHHOCTNb, OMX00bl Me30pbl, Npoyecc OMMOKd,
1IAB, anuonnoe axmugnoe 6eujecmeao, JcupHole KUCIOMbl, We0yb, KUCIOMA, NPOYECC JHCUPOBAHUSL.

THEORETICAL RESEARCH OF USING FLESH WASTE OF THE LEATHER INDUSTRY
WHICH TAKES IN LEATHER MAKING PROCESSES

Abstract. It is known that the leather and fur industry generates production waste of various types and
compositions. This creates the need to expand the reuse of industrial waste. The article examines the
possibilities of expanding the reuse of flesh fat, which is a waste from tanning production. The composition
of the isolated flesh fat was determined and a theoretical study of obtaining surfactants was conducted on its
basis. Based on theoretical studies, surfactants are included in the category of anionic surfactants and are
important in their cleanliness and quality.

Keywords: leather and fur industry, flesh waste, soaking process, surfactant, anionic active substance,
fatty acids, alkali, acid, fatliquoring process.

Kirish. Terini qayta ishlashda organik chiqindilarning aksariyati to‘liq foydalanishga o‘tgani yo‘q,
shuning uchun hali-hanuz axlatxonalarga tashlanadi va bu esa, ogsilning chirishi hisobiga atrof-muhitni
sezilari darajada ifloslanishiga olib keladi. Shu kabi salbiy holatlarni bartaraf etish magsadida charm sanoati
chigindilaridan gayta foydalanishga chuqur ahamiyat garatmoq magsadga muvofigdir.

Charm ishlab chiqgarishning tayyorlov jarayonlaridan biri hisoblangan mezdralash jarayonida ishlov
berilayotgan xom ashyo turi hamda qo‘llanilayotgan texnologiyaga bog‘liq holda 30-50 % mezdra hosil
bo‘ladi [1,2].

Tadgiqot ishlarida oshlanmagan chigindilardan medisina va kosmetikada foydalanish uchun
materiallar olingan.
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Yaponiyada spilkadan mustahkam kollagen membranalari olinib, undan ozig-ovgat mahsulotlari
uchun gadoglovchi sifatida foydalangan [3]. Belarusiyada charm sanoati chigindilarini ugletermik ishlov
berish usuli ishlab chigilgan bo‘lib, bunda chigindilar saglagan 80 % xrom metallga o‘tkazilib, qolgan 20 %
dan xavfsiz shishasimon qotishma olinib, qayta ishlangandan so‘ng qurilish materiali sifatida qo‘llaniladi[4].

Olib borilgan tadqgiqotlar shuni ko‘rsatadiki, charm va mo‘yna sanoati ishlab chigarish chigindilaridan
turli magsadlarda foydalanish mumkin. Jumladan, mezdralash jarayonida hosil bo‘ladigan mezdra
chiqindilarini qayta ishlab ulardan charm sanoatining o‘zi uchun sirt faol modda olish maqsad qilib
belgilandi.

Asosiy gism. Sirt faol moddalar charm-mo‘yna sanoatida keng qo‘llaniluvchi kimyoviy modda bo‘lib,
ularning ba’zilari sanoatda muhim ahamiyat kasb etadi. Xususan, sirt faol moddalarni qo‘llash teri
tarkibidagi yog‘larni, iflosliklarni ketkazishda, derma bilan sochlarni susaytirishda, charmlarga gidrofoblik
va boshqga bir gator xususiyatlar berish magsadida qo‘llaniladi. Sirt faol moddalar charm sanoatining qaysi
jarayonlarida qo‘llanilishi quyidagi rasmda keltirib o‘tilgan (1-rasm).

1-rasm. Sirt faol moddalarning charm sanoati jarayonlarida qo‘llanilishi

Sirt faol moddalarni ivitish jarayonida qo‘llash teri tarkibidagi yog‘ moddalarini, iflosliklarni ketkazib,
terining ho‘llanishini ta’minlaydi va reaksion qobiliyatining oshishiga yordam beradi. Kullash jarayonida sirt
faol moddani natriy sulfidi bilan birgalikda qo‘llash orgali sochning derma bilan bog‘lanishini susaytiradi va
jarayonning samarali borishiga imkon yaratadi [5].

Junsizlantirishdan keyin olib boriladigan yuvish jarayonlarida, yog‘ va iflosliklardan tozalash
magsadida ham quritish jarayonidan oldin sirt faol moddalar qo‘llaniladi. Oshlash jarayonlarini olib
borishdan oldin, sirt faol moddalarni yog‘sizlantirish magsadida qo‘llash juda samarali hisoblanadi. SN-
22SH va SN-22S sirt faol moddalari charm ishlab chiqarish jarayonlarida ho‘llovchi-yog‘sizlantiruvchi
sifatida keng qo‘llanilsa, SN-N7 hamda SN-23-50 moddalari mo‘yna ishlab chigarishda foydalaniladi [6].

Xorijlik olimlar tomonidan olib borilgan ilmiy-tadqiqot ishiga ko‘ra, aminooksidlarni charm ishlab
chigarishning ivitish va kullash jarayonlarida qo‘llash charmning xossalarini bir muncha yaxshilab, sifatli
charm olishga va charmning yuza qismida g‘ijimlar paydo bo‘lishining oldini olishga yordam beradi.
Yog‘sizlantirish jarayonining turli xil usullarida esa, yog‘sizlantirishning to‘g‘ri va puxta amalga
oshirilishiga xizmat qiladi. Junni yuvish jarayonida aminooksidlar junni nisbatan yumshoq bo‘lishini,
shuningdek, uning oqlik va tozaligini ta’'minlab beradi. Shu bilan birga, yaxshi biologik parchalanish
xususiyatiga egaligi aminooksidlarning ahamiyatini oshiradi [7].

Tadqiqotchilar tomonidan ikki oksidli aminlar va bir oksidli yog® saqlagan aminooksidlarning anaerob
va aerob biologik parchalanish xususiyatlari o‘rganilgan bo‘lib, bunda aerob biologik parchalangan CO, dan
foydalanilgan. Tadqiqotlar natijasiga ko‘ra, aminooksid asosidagi uchta sirt faol moddalar aerob sharoitda
biologik yaxshi parchalanish xususiyatiga ega ekanligi, fagat alkilamidaminooksid anaerob sharoitda oson
parchalanish xususiyatiga ega ekanligi ma’lum bo‘ldi. Photobacteriumphosphoreum va Daphnia magna larga
nisbatan toksinligi o‘rganildi. EC(50) bakteriyasi 0,11 dan 11 mg/l gacha bo‘lgan aminooksid asosidagi sirt
faol moddalar toksin ta’sirga sezgirroq ekanligi aniglandi. Eng past suv toksinligini yog‘li amidoaminooksid
moddasini ko‘rsatdi [8]. Tadgiqotlar shuni ko‘rsatdiki, mazkur moddalarni ishlab chiqarish jarayonlarida
qo‘llash nisbatan xavfsizroq hisoblanadi.

Xitoylik olimlar tomonidani tadqig gilingan ishda bir gator noionogen gisga zanjirli ftorli sirt faol
moddalar (Fn-Fn, bu yerda n = 2, 4 yoki 6) tayyorlanib, xromlangan echki terisini yog‘lash jarayonida
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yordamchi modda sifatida qo‘llanilgan. Ushbu noionogen qisqa zanjirli ftorli sirt faol moddalarning
kimyoviy tuzilishi FTIS (Fure transformasion infraqizil spektroskopiya) bilan tavsiflanib, molekulyar
og‘irligi GPX (gel singuvchanlik xromotografiyasi) analizlari orqali aniqlangan. Sirt tarangligini o‘lchash
natijalarida bu uchta ftorli sirt faol moddalar mukammal sirt faollikni namoyon etdi. Fn-Fn turi va dozasi,
shuningdek, yog‘lash haroratining xromlangan echki terisini yog‘lash xususiyatlariga ta’siri, olingan
charmning yumshogligi va fizik-mexanik xususiyatlari tekshirildi. Natijalar shuni ko‘rsatdiki, charm
massasiga nisbatan 1% da 40°C haroratda qo‘llanilgan F4-F4, charmning umumiy xossalarini, yumshogligi
va fizik-mexanik xossalarini yaxshilanganligi uchun charm yarimmahsulotini yog‘lash jarayonida qo‘llash
uchun eng optimal variant sifatida tanlab olindi. Bundan tashgari, Fn-Fn bilan ishlov berilgan charm
kollagenining morfologiyasi va gidrofoblik xususiyatlari o‘rganilib, charmni yog‘lash jarayonida Fn-Fn
qo‘shilishi kollagen tolalarining ajralishiga yordam berishi va charm yuzasining suvga barqarorlik
xususiyatini oshishiga yordam beradi. Yuqoridagilarni inobatga olgan holda shuni aytish mumkinki,
noionogen qisqa zanjirli ftorli sirt faol moddalar charm sanoatida yog‘lash jarayoni uchun qo‘shimcha
sifatida qo‘llanilishi mumkin [9-10].

Neft-kimyo mahsulotlarini sintez qilish yo‘li bilan olingan sirt faol moddalar bilan solishtirganda,
o‘simlik yog‘idan olingan sirt faol modda ekologik tozaligi va yuqori darajadagi faolligi bilan ajralib turadi.
Tadgiqot ishida dissimetrik gemini-sulfosuksinat sirt faol moddalari (DGSSFM) o‘simlik yog‘laridan sintez
gilingan. Olingan mahsulot tuzilishi FT-IR (infragizil yutilish spektirini hosil qgilish orgali molekuladagi
kimyoviy bog‘lanishlarni aniglash) va NMR (molekulalarning fizik va kimyoviy xossalarini aniqlash)
tajribalari orgali tasdiglangan. Tadgiqotlardan ma’lum bo‘lishicha, DGSSFM moddasi sirt taranglik kuchini
kamaytirish, yaxshi emulsiyalanish va namlanish xususiyatiga hamda yomon ko‘piklanish xususiyatlarni
ko‘rsatdi. Mazkur modda yog‘lovchilik xususiyatini ham namoyon etdi. Charmni yog‘lantirishda DGSSFM
ni yog‘lovchi agent sifatida qirtishlangan charm massasiga nisbatan 8% ga qo‘llanilganda samarali
yog‘lantirishga erishildi. Bu esa o‘simlik yog‘idan sintez qilingan DGSSFM ham sirt faol ham yog‘lovchi
modda sifatida qo‘llash imkonini bergan [11].

Shuningdek, olimlar tomonidan metall moddalarning yog‘sizlantirishda ikkilamchi spirtning
etoksilangan noionogen sirt faol moddalarini xiralanish nuqgtasiga va gidrofil-lipofil balans soniga ta’siri
o‘rganilgan. Unda ikkilamchi spirtning etoksilangan noionogen sirt faol moddalariing 3, 7, 9, 12 va 20 molli
nisbatlari olingan. Turli xil haroratda tekshirilganda, yuqori haroratda olib borilgan yog‘sizlantirish jarayoni,
past haroratda olib borilgan jarayonga nisbatan samarali natija bergan. Fagat 3 mol nisbatdagi sirt faol
moddada qo‘piklanish hodisasi kuzatilmagan. Ko‘mir tarkibidan ushbu sirt faol modda metall moddalarini
yog‘sizlantirish jarayonida qo‘llash uchun tavsiya etilgan [12].

Sirt faol moddalarining charm sanoatidagi ahamiyatidan kelib chigib, charm sanoatidan chigindi
sifatida chiquvchi ikkilamchi mahsulotlardan sirt faol modda yaratishga qgaror gilindi. Shu asosda, eng
avvalo, xorijiy va mamlakatimiz olimlarining bu boradagi ilmiy-tadqiqot ishlari o‘rganib chigildi. Xususan,
pokistonlik olimlar [13] tomonidan olib borilgan ilmiy-tadgiqot ishida kullash jarayondan keyin chiquvchi
mezdradan charmga gidrofob xususiyat beruvchi sirt faol modda olingan. Ushbu moddani olish jarayonida,
awval, mezdra toza suvda yuvilib, mezdra massasiga mos ravishda 2 % nisbatda ammoniy sulfat bilan
mezdra tarkibidagi kuldan tozalangan. Ushbu jarayondan so‘ng magniy oksidi va natriy gidrooksid bilan
gidrolizlanib, 150-250 °C haroratda avtoklava jihozida 2 soat davomida jarayon olib borilgan. Keyingi
bosqichda umumiy massa hosil gilmagan bo‘laklar ajratib tashlangan, hosil bo‘lgan quyuq massa sirt faol
modda tayyorlashning keyingi bir necha bosqichlaridan o‘tgan. Ushbu ilmiy-tadgiqot ishida charmlar uchun
gidrofoblik xususiyati beruvchi SFMni chigindi mahsulot mezrda tarkibidan olinishiga garamay, jarayon o‘ta
murakkabligi va uzoq vaqt talab etish bilan uni qo‘llashda qiyinchiliklar tug‘diradi.

Shuningdek, yana bir tadgigot ishida turli uzunlikdagi gidrofil guruhlar va lipofil guruhlarga ega
bo‘lgan polipeptid sirt faol moddalar kollagen gidrolizat polipeptidlaridan Shotten-Baumann reaksiyasi
orgali sintez gilingan. Xrom saglovchi charm chigindilaridan kollagen gidrolizatining polipeptidlari ishqoriy
ravishda gidroliz gilish orgali olingan. Fure transformasion infragizil spektroskopiya polipeptid sirt faol
moddalarning sintezi ijobiy natijalarni tasdigladi. Bundan tashgari, sirt faol moddalarning sirt faolligi gidrofil
va lipofil guruhlar uzunligining sirt tarangligi, ko‘piklanuvchanligi, ko‘pikning barqarorligi, namlanish
gobiliyati va gidrofil-lipofil balansi giymati kabi xususiyatlarga ta’sirini aks ettirish uchun sinovdan
o‘tkazildi. Natijalar shuni ko‘rsatdiki, kollagen gidrolizatidan tayyorlangan gidrofil guruhlarining uzunligi
nisbatan kamroq bo‘lgan sirt faol moddalar pastroq sirt tarangligiga va yaxshi ko‘piklilikka, ko‘pikning
bargarorligiga va namlash qobiliyatiga ega bo‘lib, ushbu sirt faol moddalarni namlovchi sifatida ishlatilishi
mumkinligini ko‘rsatadi. Aksincha, ko‘proq uzunlikka ega bo‘lgan lipofil guruhili sirt faol moddalarining
sirt tarangligi sust va yomon ko‘piklanish xususiyati, ko‘pikning barqaror emasligiga va yaxshi
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namlanmaslik xususiyatlarini o‘zida aks ettirdi. Oleoil lipofil guruhining C=C bog‘lanishining mavjudligi
sirt tarangligini pasaytirdi. Kollagen gidrolizatidan tayyorlangan polipeptid sirt faol moddalar nafaqat o‘zida
xrom saglagan charm chigindilaridan samarali foydalanishga, balki atrof-muhitning ifloslanishini oldini
olishga va charm sanoatining bargaror rivojlanishiga yordam berishi mumkin [14].

Dunyo miqyosida olib borilgan tadqiqot natijalari shuni ko‘rsatmoqdaki, sanoat chiqindilaridan gayta
foydalanish, nafagat sifatli mahsulot ishlab chigarishga imkon vyaratadi, balki atrof-muhitga zaharli
chigindilarni chigarilishining oldini oladi va bu ekologiyaning yaxshilanishiga olib keladi.

Ogsil va yog‘ saqlagan chiqindi mahsulot mezdra mahalliy charm va mo‘yna ishlab chiqarish
korxonalarida juda ko‘p migdorda hosil bo‘ladi. Ulardan qayta foydalanish hisobiga mahsulot assortimentini
kengaytirish bugungi davr talabidir.

Yugqoridagilardan kelib chiqib, yirik shoxli mol terilarni mezdralashda hosil bo‘ladigan mezdra
chigindisi mahalliy korxonalardan keltirilib, laboratoriya sharoitida Sokslet apparatidan foydalanilgan holda
mezdra tarkibidagi yog‘ni ajratib olindi. Olingan mezdra yog‘ining gazoxromotogramma usuli asosida
kimyoviy tarkibi o‘rganildi (1-jadval).

1-jadval.
Sokslet apparatida olingan mezdra yog‘ining kimyoviy tahlilidagi yog* kislotalari tarkibi
Ne Yoot kislotalarini . Mezdra yog‘ining
og' Kislotalarining nomi yog* kislotalari tarkibi, %
1. | Kaprin, 10:0 0,08
2. | Laurin, 12:0 0,08
3. | Miristin, 14:0 3,16
4. | Miristolein, 14:1 0,93
5. | Pentadekan, 15:0 0,34
6. | Palmitin, 16:0 28,45
7. | Palmitolein, 16:1 3,79
8. | Margarin, 17:0 0,74
9. | Geptadesen, 17:1 0,66
10. | Stearin, 18:0 14,69
11. | Olein, 18:1 39,48
12. | Elaidin (trans-9-oktadesen yog‘i), 18:1 4,17
13. | Linol, 18:2 2,27
14. | Linolen, 18:3 0,58
15. | Araxin, 20:0 0,13
16. | Eykozen, 20:1 0,45
2 to‘yingan YoK 47,67
2 to‘yinmagan YoK 52,33

Tahlil natijalariga ko‘ra, to‘yingan yog‘ kislotalari miqdori 47.67 % va to‘yinmagan yog® kislotalari
miqdori 52.33 % ni tashkil etib, undan hosil bo‘lgan yog* tarkibida eng ko‘p miqdorda olein, palmitin,
stearin yog* kislotalari mos ravishda 39.48, 28.45 va 14.69 % ni tashkil etdi. Yog‘larning kimyoviy tarkibini
aniglash, mezdra yog‘idan nafagat yog‘lovchi modda, balki sirti faol modda olish imkoni mavjudligini
ko‘rsatdi.

Yog‘lar - gliserin va yog* kislotalarining murakkab efiri hisoblanadi. Sirt faol moddalar olish uchun
dastlab yog* tarkibidan yog* kislotalarini ajratib olinadi. Buning uchun yog‘ni ishqoriy muhitda gidrolizga
uchratiladi.

Yog* kislotalari tarkibi to‘yingan va to‘yinmagan yog* kislotalari aralashmalaridan tarkib topganligi
uchun, yog‘ning tarkibida ko‘p miqdorda mavjud bo‘lgan yog‘ kislotalarining asosiy vakillari asosida
dastlabki reaksiya mexanizmlari tuzildi:
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0
I
o |
CH -0-C-C;Hy;s +6 NaOH — CH — O—Na + C;;H;;COONa + C;;H;;COONa + C15H31C0ql}la
| 9 |
Yog* ishqor Yog* kislotalari va gliserinning natriyli tuzi

Bunda gliserin va yog* kislotalarining natriyli tuzi hosil bo‘ladi.

CH,— O - Na CH, — OH

CH - O—Na +3 HCl —— CH — OH + 3 NacCl

| | K
CH,— 0O - Na CH, — OH
Natriy gliserat xlorid kislota  gliserin natriy xlor
Natriy oleanat xlorid kislota  olein kislota natriy xlor

Natriy stearat xlorid kislota stearin kislota natriy xlor

Natriy palmetat xlorid kislota palmetin kislota natriy xlor

5)

Hosil bo‘lgan gliserin va yog* kislotalarining natriyli tuzi aralashmasiga kislotaligi yuqori bo‘lgan
kislota ta’sir ettirganda, gliserin, nariy va yog‘ kislotalari ajralib chiqadi. Bu aralashma tarkibidagi yog°
kislotalari suvda erimaydi, gliserin va hosil bo‘lgan natriy xlor suvda eriydi. Bunda aralashma ikki qismga
ajraladi va ajratish voronkasida ajratib olinadi.

Bu yog‘ Kkislotalaridan vodorod xloridni kislotaligi yuqori bo‘lganligi sabab yog‘ kislotalaridan
metallni oladi. Natijada erkin yog* kislotalari hamda natriy xlorid hosil bo‘ladi.

C,-H5;COOH + NaOH — C,,H,COONa + H,0

(6)
Olein kislota natriy gidroksidi natriy oleat suv

()
Stearin kislota ~ natriy gidroksidi natriy stearat suv
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Palmyetin kislota  natriy gidroksid  natriy palmitat suv

Yog* kislotalarning kislotaligi suvdan kuchli bo‘lganligi sababli shu kislotalarning natriyli tuzi hosil
bo‘ladi.

Odatda yuvuvchi vositalar gliserin va yog* kislotalarining natriyli tuzidan quyuq eritma (sovun
yelimi) ko‘rinishida hosil bo‘ladi. Aralashmadan sof yog‘ kislotalarini ajratib olish, toza sirt faol
moddalarning hosil bo‘lishiga olib keladi. Jumladan, natriy gidrooksida ishtirokida olingan sirt faol
moddaning agregat holati gattiq bo‘lib, anionaktiv SFMIar [15] turiga kiradi.

O O
CyoHas c- OH+ KOH — C;H.; c- 0K + H,0 ©
Olein kislota  kaliy gidroksid kaliy oleat suv
O O
CyHas c- OH+ KOH — Cy;Has c- OK + H,0 (10)
Stearin kislota kaliy gidroksid ~ Kaliy stearat ~ suv
@] O
C,cHay r!— OH+ KOH —> C,cHs, rl:l— OK +H,0 1)
Palmetin kislota  kaliy gidroksid ~ natriy palmiat suv

Kaliy gidroksidi bilan ishlov berilganda hosil bo‘ladigan mahsulotning agregat holati yumshoq yoki
suyuq bo‘lib, qo‘llanilishi jihatidan hammabop yoki qulay hisoblanadi va anionaktiv sirt faol moddadir.

Xulosa. Olib borilgan nazariy tadqgiqotlar shuni ko‘rsatdiki, charm sanoati chiqindisi hisoblangan
mezdrani gayta ishlash natijasida mezdradan foydalanish assortimentini kengaytirish bilan bir gatorda, toza
hamda sifatli mahsulot hisoblangan sirt faol moddalar olish mumkin. Shu bilan birga, bu teri chigindisini
charm sanoatida gayta foydalanish va chigindisiz texnologiya yaratish imkoniyatini beradi.
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VTJIOKA-AJUTIOBUAJT TYHPOKJIAPHUHT MEJIUOPATUB XOJIATUHU YPTAHMUIII
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gulshantoxtayeva7@gmail.com

IHlloouesa Cypaiié Huézoena,
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Mupzomypomoe Mupuioo @apxoo yenu,

“TUKXMMHW” MTY Byxopo mabuuil pecypciapuu 6oukapuul uHCmumymu manabacu
mirzamuradovmirshod4(@gmail.com

Annomauusn. Cyzopunaduean YmioKu - aii08UAl MynpoKaiapu KYHeup 0y3, uyiiu KyMiu 6a cyp
mycau mynpoknapoan ubopam. I'uopoceonocux meruopamug wapoumu Byxopo eunosmuoa cy2opuiaoucan
ep MAaloOHAAPUHUHE Y3uea Xoc Xycycusmiapuea sea. Tynpox mapkubudacu my3napHuHe MmMyniaHumuoa
acocuil Kypcameud, cu3om CyGIapUHUNE HCOUNAUWUWL YYKYPAUSU, 0ALA0aH CYEHUHE OVRIAHUWU XUCODNAHAOU.
Byxopo sunosmunune KUWIOK XYAHCARUSU YUYH CU30M CYAAPU CAMXUHUHE UUL 0a8oMU0a y32apub mypuuiu
MYyXum axamusmed 9ed.

Kanum cyznap: ymioxu-ainiosuan mynpokaap, Kyucu3 6a ypma wyplaHean mynpoxiap,
MYNPOKIAPHUHE MAPKUOUOA 2unc yypab mypuuiu, MeXanux mapxkudu, Cu3om cyeuap, Cyopulaoucam
MYnpoKIap, 2U0PO2EONI02UK METUOPAMUSE UWLAPOUTN.

HNCCIIEAOBAHUE MEJIMOPATUBHOI'O COCTOAHUSA OPOLHAEMBIX JIYT'OBO-
AJUTIOBUAJIBHBIX ITOYB

Annomauusa. Jly2060-anniosuanvHvle nouebl Opouidemvlll npedcmasietsvl Oypo-cepbiMu, nyCmbIHHbIMU
necuanvimMu u Oypvimu nousamu. luopoeeonozuyeckue MeIuOpAmMusHvle YClosUus UMerm cneyuguyeckue
ocobennocmu opouiaemvix 3emenv byxapckoii obnacmu. OcHo8HbIM NOKA3AMeneM HAKONIEHUs Coell 8 NoUee
A6IAEMCA 21YOUHA NPOCAYUBAHUS 800bl, UCNApeHue 800bl ¢ noas. Jna cenvbckozo xosaiicmeéa byxapckoti
obnacmu 8aNCHO Mo, YMOo YPO8eHsb YUIbMPAYUOHHBIX 600 MEHAEMC sl 8 meueHue 200d.

Knroueewle cnosa: n1y2060-annosuanvtbie noussl, C1abo-u CpeoHe3acoieHHble Nouebl, HaIuyue 2uncd 8
cocmase noys, MexXaHudeckull cocmasg, QuIbmpayuoHHsle 800bl, opouidemvie Nousbl, 2UOPOLeON0cUtecKUe
YCA08US YIYUULeHUS.

STUDY OF THE RECLAMATION OF IRRIGATED GRASSLAND-ALLUVIAL SOILS

Abstract. Meadow-alluvial soils in consist of brown-gray, desert sandy and brown soils.
Hydrogeological reclamation conditions have specific characteristics of irrigated land areas in Bukhara
region. The main indicator of the accumulation of salts in the soil is the depth of seepage water, evaporation
of water from the field. It is important for the agriculture of Bukhara region that the level of seepage water
changes throughout the year.

Key words: meadow-alluvial soils, weak and moderately saline soils, presence of gypsum in the
composition of soils, mechanical composition, seepage waters, irrigated soils, hydrogeological reclamation
conditions.

Kupum. TynpoknapHUHT HIypraHUII Aapakacd byxopo BHIIOATHIA XaM aH4YarmHa Kyw€in 0ymmo,
BunoaTHUHT Pomutan, [lemky, Onot, Kopakyin, JKonnop xamaa byxopo TymaHnapuaa LIypilaHUINI gapa)kacu
10KopH 0ymmu0 xmcobnanagu. byxopo BHIOSTH MIapoMTHAA YTIOKH - AIIOBHAN TYHNPOKJIApH KYHFUp 0Y3,
Yy KyMJM Ba Cyp TyClIU TyIpoKinapaaH ubopar. [wmaporeosoruk menuoparuB mapoutu byxopo
BUJIOATH/IA CYFOPWIIAAUTaH ep MalIOHJIApUHUHT Y3UTa XO0C XyCyCUSTIapura ara.
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Acocuii KucMm. byxopo Bunostd PoMUTaH TyMaHUHUHT MIYpJIAHUINra y4paraH CyFOpHJIaJura”
TYIPOKJIapH KydCH3 Ba ypra NIypiaHraH OYan0, MEXaHWK TapkuOu OOIKa TyMaHjgapaaH (apkK KWIaIf.
Tynpoxkiap acocan OFup KyMOKJIH, KyMOKJTH-KYMIJIU Ba JIOWJIN MEXaHHUK TapKuOra 3ra.

PoMuTan TymMaHM CyFOPWJIAAUTaH TYNPOKJIAPUMHM IIYPJIAHTAHIMK JAapaKkacura Kypa raBcugpu

Hypaanum Kamn ypaan Kyucus, Vpraua, |Kywin, Kyna
Aapakacu CyFOpHJIaiuraH MaraH, ra ra ra ra Ky4IH,
epJaap, ra ra
Maiinonu, 22948.,0 0 13841,5 7103,0 1408,9 594,6
reKrap taptudaa
Maiinonu, 100 0 60,32 30,95 6,14 2,6
% TapTubna

PoMuran TymaHuma sxamu cyropuiiaauran epiapu 22948,0 rexrap 6ynuO, NIyHAaH MIypiIaHTaHu Kypa
Kyducu3 mrypnanranu 13841,5 rexrap, ypraua mypmanranu 7103,0 rexrap, kywin mypmnanranua 14089
TEKTap, XKyAa KyWwId WypiaaHrand 594,6 rektap MalIOHHH TALLIKWI STaau.

VII0KH-aJuTI0BHAT TYIPOKIAPUHUHT XapaKTepili TOMOHH IIYHJAKH, YIApHUHT TapKUGHIA THIIC yupald
Typanu. FOkopuaa kenTupuiarad xaaBajigaH KYpUHUO TypuOIUKH, THAPOMOpd TYHNPOKIapaa €p OCTH CHU30T
CYBJIApPUHUHT SKUHJIUTH acocaH aman aaBpuaa 2,20-2,50 MEeTpHM TaIlKWI KWITaHHW, IIypiaHdmra cabad
Oymnamu.

OKHUHIapHU CYFOPHII TApTHOM TYNPOKHUHT Ty3 PEKUMHUTA, SHHHU TY3JIAPHUHT MHUKJIOPH CH30T CyBIIap
TapKuOura xamza yJIapHUHT TUIUIAPH CYFOPUIIaUraH MaliJOHIapa KaTTa TabCUp KypcaTaau.

[ypranumy Ba UKKWIAMUd IIYpJIaHUIINTA TabCUp OSTYBYM OMWUIAPHMHT CYFOpUJIaIUTaH
TYNPOKJIap/ia acoCHiiCH, MyHTa3aM CYFOPHII HMIUIAPUHU ONUO OOPHIUINM Ba CHU30T CYBIAPHUHT €p OCTH
xapakatu xucoOnmanamu. Cyropuiura aiipuMm xoigapaa MebEpraH oOpTUK cyB capdmianagu. Cyropuin
Kapa€HuIa CH30T CYBIIAPHUHT Xapakatu Oomkaprimaiinu. Epmapau Kaiita mrypnanummra cabad, yprada Ba
KyWwIH MUHEpaJUIAITaH CH30T CYBJIApH €p 03acHra sSIKWH JKOWIalraHaa Wigu3 Tapkairad (aon Kartiamuaa
KyO Ty3 TyminaHagu. Xap OWp XyAyOHMHI CH30T CYBJIapH TAapTHOMHHM Ba YAapHUHI MHHEPAJUIAIITAHIMK
JapakalapyHU YpraHuil MyxXuM. Ep ocTy cH30T cyBIapuHM MEXaHUK TapKHOW XamJa CyFOpHII >kapaéHuaa
TYNPOK TUIHM OOIKa XOccajapura OOFJIMK Xoyjga CyB cap(riaHca, OOLIKApHII TU3UMIIM Hyiara Kyuwuica,
TYNPOKJIAPHUHT IIYPIAHUIIN TyMaHIapAa yupamann.

Tynpok Tapkubuaaru Ty3JIapHUHT TYIUIAHWIIMAA aCOCHM KYpcaTrud, CU30T CyBJIapUHHUHT KOMIALTHIIT
YyKypJIMTH, JajaJaH CyBHUHT OyfFlaHWIIN xpicoOmaHaau. ByXopo BHJIOSTHHHHT KHIUIOK XYKalUTH Y4yH
CH30T CyBJIApU CAaTXWHUHT HUII TaBOMUJIA Y3rapu0 TYPHIITH MYyXUM aXaMHsITra ora.

Byxopo BunosTH epnapu MalnoH cudaTvga 3CKHW CyFOPHIIQAMIAH, KarTa MalJIOHMHM acocaH 3KUH
cudaruia nmaxra 3KMHU dSrajarad. LIlyHMHT yd9yH TYHOpOKHHMHI CyB-(QH3HK XyCyCHUSTIapuHH OuiMaciaH
amanra omupuO OYJIMalanuraH paloHall CyFOPHII PEXUMIAPUHH UILIA0 YHKHII, CYB-(QU3UK XOCCAIAPUHU
TaAKUKOTIApUHY YPraHUIl OUpUHYM Japaxaiu Bazudanup. Tynpok NoWAeBOpMHH KYyHHII aMaquéTu LIyHH
KYPCAaTONKH, XQKM Ba COJIMILTHPMA OFUPIIUK, YMyMUH FOBaKIMK KaOu XyCyCHATIApPHU YpraHuil OuiiaH Oup
Karopaa dverapananran gana Ham curumu (UJHC) Ba Tynmpok ropusoHTIapuard HaMIIMK 3aXHPacHHU
aHUKJIAII J10J13ap0 OYIn0 KOJIIu.

BynnaH tamkapu, onMHraH MablyMOTIapAaH KUIUIOK XYXaJIWK SKWHJIAPUHHUHI CYFOpHINJA O3yKa
PEeXUMIIApUHY WIIIa0 YMKUIIAA Ba METHOPATHB JIoinxanamaa (GoijanaHuil MyMKYH.

TynpokHUHT (U3UKaBHIA XOccajapura, YHUHT CTPYKTYpacH, CyB, XaBO, HCCUKIHK, YMYMHUH (DU3HK-
MEXaHMKaBUH Xoccajapu KUpaad. TynmpoKHUHr (U3MKaBH Xoccalapu Kymiuad oMuiiapra, Xymiajaas,
TYNPOKHUHT KATTHK, CYIOK, Fa3CMMOH KUCMH Ba TUPUK (a3aiapu TapkuOH, yinap HHUCOaTH Ba y3apo TabCupu
Xam/ia JMHAMUKACH CHHIrapuiap OuiaH 0eBOCHTa OOFJTUKIMP.

Fy3anunr aman maBpuma ep OCTH CYBIapH CaTXMHHUHT Yprada Oymwmy OwiaH Taxkpuba ydyH CyB
capunuHT TYIUK Oynmaranauruad A.H.KocTakoBHUHT TeHIaMacuaan (oiganaHuil MyMKUH

M=E-(10-M-p-AW+W —Wy), ™’/ra,

Oy epna E — cys ucrebmonu, M>/ra;

U - éruHaaH Goraananuin Ko3hOUIUSHTH;

P-Bereranusa naBpuyiaru EFMH MUKJIOPH, MM;

AW-YCHUMIIMK WIIKM3 KaTlaMd HaMuaaH (olIanaHa uran CyB XakMH, M>/Ta;

Wer— (haost Kariamra CH30T CyBJIapHIaH KUPUM CYB XaKMH, M°/Ta;
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W— CyFOPUII CYBUHHMHT €p YCTH Ba (aos1 Katiam ocTura Oyiaran ranama-ucpodu, m>/ra;

CyB HCTEBMONH >IEMEHTIAPUHN XHCOOJall ydyH TYHPOKHHHI OMp MeTp KamiamMu KaOyn KWJIMHIH.
Cys ucrepmonu ko3 punmeHTr - Oy CyB HCTEBMONI KHAMATIIAPUHIHT TIaXTa XOCHUJINTa HICOATH:

E=Y(E-P), Mm’/ra,

by epna E = 0,458y T-(t+17,8)- Mma3kyp oiina sumrmu OyFiaHTaH CyB, MM;

P-maskyp oiina €kkaH EMFUP MUKAOPHU, MM;

¥ - 9KMH TOMOHUIaH CYBHH capuiaml »KaJauTuri KodQPUIUEHTH;

>T — Ma3kyp olifa KyE€IulM coamIapHUHT MHUKJIOPH, MUK MHUKIOpAaH % XucoOuaa; t — XaBOHUHT
ypraua oinuk xapoparu, °C.

TynpoKHUHI MEXaHUK TapKHOM CYFOPHUJIAJUraH AEXKOHUYMIMK IIAPOMTHIA MYXHMM axaMusTra ora.
TynpoKHUHT CYFOpHIN TapTHONAapH SIEMEHTIApUHU Oenruiamga TypH, MEXaHWK TapKuOHW, MOpQOIOTHK
TY3HWJIMIIH, arpou3uK (TYNPOK Xa)XXM Ba COJHMINTHPMA MAccacu Xamjia FOBAKJIMIH) CyB XOccajapH, HaMJIHK
MUKJIOpH, YEKJaHraH Jaja HaM CHUFMMH, CYB YTKa3yBUaHJIWIHM Ba CH30T CYBHHHMHI Kanwisip Hailuaiapu
OpPKaJIM TAcTAAH IOKOpPHUra KYTapWIMIIMHUHT XaMmJa MHHEepal O3MKa MUKIOPIapy XaM TYHPOKHHHT
TapKUOWAarn OpraHuK MOAJANapyd YCUMIIMKHU cyB OwiaH TabMUHJAIAAa Karta axamustra osra. Co3
TYNPOKJIap KyMJIOK Ba KyMJIHM TYNpoOKJapra HucOaTaH YCHUMIIMKIAp YYyH O3WKa Kyl MOAJATApHU KYIPOK
cakmaiad. TynpOKHUHI MEXaHHK TapKUOM CHHTAMPHUII KOOWIHATH, €pra YMPHUHOUHUHI Ba O3UK
MOJIIAJIAPHUHT TYTUIAHUIIHIA XaM MYXUM poll VitHaiau. TynmpoKHHHT Kyin Kartiaamiapura Tymub OopraH
capu 04 TyclH Kyl paHI, KypyK JOHAQJOp, YpTa KyMOK Ba YHYMIOpP CO3 TYNpOKKa y3rapu® Oopwiin Ba
XalganMma KaTjiaM OCTHIA arpOUPPUTaloH ETKU3MKIapAaH TallKuI Tonrad. Ky padr TynmpOKHUHT HaMJIUTH
omu6 Ooprannuru cababiy TYMPOKHUHT 3WYIAIHO OOpWIHM XaMm Ky3aTHiau. MexaHWK TapkuOura kypa,
epra UIUIOB OepHIll TH3UMUAA YFUTIAI MehEPH, 1aia HIIAPUHUHT Myagamiapy oenrwiadany. TynpoKHHHT
XaBO Ba HCCHUKJIMK PEXUMIAPH, CYB, 03UKa, SKUHJIAPHU CYFOPHII MEbEpIapu, MyAJdaTiapyd Ba CYFOPHII
COHJIapH, epra MIUIOB OepHIl >KapaéHua TYNPOKHHHI MEXaHWK TapKMOMHM MHOOATTa OJraH XojJa aMaira
omwupunaad. CTpyKTypacu3 OFHp TYNpOKJIap HOKylail (u3uk Ba (PUIMK-MEXaHUK XOCcallapura ora.
TynpoKHUHT MeXaHHWK TapKHOW TYypJIM XHJ KaTTAIMKAATH TYNPOK 3appadanapHuHr ymymuii mukaopu 0,01
MM Owmnan 6enrmnanany (1 mm.gan <0,001 mm 3appadanap). Taxpuba HaTmxanapuIa TyMPOKHUHT KATIaMU
(0-30 cm) na 3uunmanran ypra KyMoK. H.A . KaunHCKMAHUHT KiaccuuKanuscu 0yiHnda TyNpOKHUHT MEXaHHUK
TapKuOHu OaxoJiaHIu.

TynpokHuHT MexaHuk Tapkubu Oyiinu CmupHosa JILA. (2005), Fy3aHUHT YCHUIIM, PUBOXKIIAHHUIINA Ba
IOKOPH XOCHJI OJMHTaHJIMIMHM HcOomiaradH, OyHIa TYNPOKHMHI KMYMK KECAakJId Ba Maiiia 3appadaiu
cTpykTypanap mukgopu 15,4-21,1 ¢ous Oynranu, Tunuk OY3 Tynpokiapia arperatiap ymdamud 5-1 mm
Oynranga HAMIIMKHUHT OyFiaHummra capuiaHrad SHT kam OyfimaHumu. MexaHuK TapKuOiIM TYHpOKJIap
YHYMJIOPJIUK OYITraHIUTX YCUMIIMKIAPHU O3UKJIAHTHPHUII OYiNYa arpoTeXHUK TaaOupiap onud Oopuira.
Tynpokaa ycumiank xa€Th ydyH 3apyp Oy/iaraH cyB Ba MHUHEpaUlap MaBKyl, Fy3a XaM TYIPOKIaH
OKCUJUIApHU, EFIIAPHU, BUTAMUHIIAPHU, YCUII MOJAJAJAPUHM Y3JalUTHpaau, ylap YCUMIIMKHUHI YCHIIU Ba
xocwin yuyH 3apypaup. CyB TYNpOKIaH MUHEpAIAPHHU OJIMIIM, YTKA3yBUYAHJIMK TH3MMH OPKAIH O3UKa
MOJJIAJIADUHUHT Y3TYKCH3 OKUMH, YPYFIAAPHUHT YHUO YMKHIIH, (POTOCHHTE3, IACTUKIMK, XyXKaipa [MIaKiIn
yayH 3apypaup. CyB YCUMIMKIApHUHT Xa€Tud (QaonusITUHU OENTHUIIOBYM MYXHM OMHJI XHCOOJaHa/IH.
Tynpoknan unausznap opkajid CyB Ba yHJA 3pUTaH MUHepaj Ty3jap YCHUMIIHMKIApra KHpaad HaTHXKajaa
MUHEpaJl O3UKJIaHULI COAUp OYiaau. DHI MyXUMH, YCUMIIMK a30T, KaJui Ba ¢ochopra MyxXToxK.

Xyaoca. Iypnanran tynpokiapiaa yeumiaukiapaarn Gocdop MUKIOPU acocaH TYHNPOKIArd Mamxy/l
MaKUIAPUHUHT TapKuOW OnyaH OenruiaHaad, O3WKJIAHTHPHUII MIAPOUTIApH SXIIMJIAHUIIN OWJIaH OpPTaIH.
Tynpok yHymaopiaurd acocaH ¢ocdop, Kanuidi Ba a30THHUHI MaBXyd IIAK/UIApU MHKIOpPH OuiaH
Oenrmnanagy. Pocop KUIUIOK XYKAIWTH SKUHIApH XaéTuaa Kyga MyxXuM pos yhHaiinu. Kynruna
OMOKUMEBHH sxapaéniap dakar yHUHT HINTHPOKUA aMalra ONIHPIIIAIH.
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