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10 OKTSIOpS 2025 roja HUCHOJIHACTCS i
60 meT W3BECTHOMY MaTeMaTHKy, mpodeccopy, ITOKTOPY
($u3UKO-MaTeMaTHUEeCKUX HayK, 3aBeAylomeMy byxapckum
OTJEJNEHUEM  HMHCTUTYyTa  Marematuku umenu  B.I.
PomanoBckoro Akanemun Hayk PecnyOnuku Y30ekucraw, -
npodeccopy Byxapckoro rocynapcTBEHHOTO YHHUBEPCHUTETA
Hypnumypony Kanangaposuuy dypauesy.

Ero pomuremu — Hypaumes Kamanmmap u [ypnuesa
[lynatryn — ObuIM TpyKEHHUKaMH Koixo3a uMeHHM Hasowu
Anarckoro paiiona byxapckoii oOnactu. OHM BOCHHTAIH
CBOETO ChIHA TPYOOIIOOMBBIM, IEICYCTPEMIIEHHBIM U
HCKJIIOUHUTENBHO MOPSI0YHBIM YETOBEKOM.

B 1972 rony Hypaumypon KamanmapoBud mnomén B
nepBbIi  kiacc cpenHedl mkonsl Ne 12 mmenn ®ypkara
Anarckoro padona. Yu€ba B 9-10 kmaccax, mo ero
MPU3HAHHIO, CTaja TMOBOPOTHBIM MOMEHTOM B  €rO ;
npo(hecCHOHAIBHOM JKU3HH: HMEHHO TOTIa B €T0 XKH3HH OTKPBUICS «MHP yBICYEHHOCTH HAYKOW». YIHTCNb
marematuku Emryzak Tyxraes u yuntensb ¢pusuku Yopu OUUIOB, a Takke MX KOJUIETH CHITPAIM BaKHYIO
ponb B (opMHpOBaHUH B WIKOJIE aTMOC(EpHl IPYKECKOW KOHKypeHIuH. briaromaps 3ToMy y OOBIUHBIX, B
LIEJIOM, TIOJPOCTKOB YCIEIIHO Pa3BHBAIKMCHh MHTEPEC K HayKe, CTPEMJIEHHE K TO3HAHUIO HOBOI'O M HABBIKU
CaMOCTOSITEIFHOTO, TBOPYECKOTO MbIIUIEHHS. MHTepec kK Maremaruke W (hHU3MKe, BO3HMUKIIUHN emE B
LIKOJIbHBIC TO/Ibl, BIOCJIEACTBUH MPUBEN €r0 K HAYYHOU AEATENIbHOCTH B chepe BhICIICH MaTeMaTrKy.

B 1982 romy, okoHuumB mikoiay c¢ 3oiortoi Mmemanbio, J.K. JlypaueB mocTymun Ha OTAEICHUE
NPUKIagHONH MaTeMaTHKu (akyJabTeTa NPUKIaJHONH MaTeMaTMKM M MEXaHWKH TallKeHTCKOro
rOCYJIapCTBEHHOTO YHHBepcuTeTa (HblHE — HalmoHanmpHBIN yHHUBepcuTeT Y30ekucraHa MMeHH Mup30
Viyroeka). «Yuéba B yHMBEpPCUTETE CTaja Uil MEHS CBOEr0 poJia MPOJOJDKEHHWEM LIKOJBI — TOJBKO Ha
HOBOM, 0o0Jiee BBICOKOM YPOBHE, — BCIOMUHAN Oynymmid yuéueiid. C OJHOH CTOPOHBI — BBICOKOKIIACCHBIE,
TpeboBaTenbHbIE [IPENOJaBaTeNH, C APYIol — IeJIeyCTpeMIIEHHbIE, OPUEHTUPOBAaHHbIE Ha yu€Oy CTYINEHThD).

[Mocne cnyx0Ob1 B apmun B 1983—1985 romax on npomosnkui yué0y B TOM ke yHuBepcutete. B 1986
rony J.K. ypnueB mepeBéncs Ha MexaHHKO-maremaTwueckuii (akynprer HoBocubupckoro
rocynapctBeHHoro yHuBepcutera. C Temnotod u  OxarogapHocTthio  Hdypaumypon KamanmapoBud
BCIIOMHMHAET, KaK B 3TOM YHHBEPCHUTETE BEJIH 3aHATH BBIJAIOIINECS MaTEMaTHKH U TAJIAHTJIMBbIEC TIe/IarOTH:
M.M. JlaBpentreB, C.K. I'onynos, B.I'. Pomanos, b.H. Bparos, A.b. Kaxuxos, I'.B. emunenxo, B.I'.
Sxno, C.U. Kabanuxun u gpyrue. OcoOEHHO OH 0TMEYaeT BEITUKOJICITHBIE CIICIIKYPCHI, «B KOTOPBIX 00ydan
CaMbIM COBPEMEHHBIM METOJaM TEOPHUH HEKOPPEKTHBIX M OOpaTHBIX 3amauy i AuddepeHnraIbHbIX
ypaBHeHU», kKotopsie untan M.M. JlaBpentrses, B.I'. Pomanos, B.I'. fIxno, C.1. KabanuxuH.

Crynendeckas, Kak M IIKOJbHAs, *HU3Hb NposiBHiIa Jyuymue 4epTsl xapakrtepa K. HypaueBa —
TapMOHMYHOE COYETaHHE OTIMYHOW Y4EOBI, TOMOINM OJHOKYPCHHKAM, aKTUBHOW HCCIEI0BATEIbCKOM
paloThl U sApKOH TrpaxkaaHckod no3unuu. OcCOOEHHO BBIAEISUIUCH €r0 OPraHU3aTOPCKUE CIIOCOOHOCTH: TPH
roja moapsia — B 1987, 1988 u 1989 rogax — oH ObLI KOMaHIMPOM CTYJIEHUYECKOTO CTPOUTEIILHOTO OTpsiia
«JIlyqo» mnpu HoBocubupckom rocynapcTBeHHOM yHuBepcurere. [lox ero pykoBOACTBOM —OTpsiA,
c(OpMHUPOBaHHBIA U3 CTYJACHTOB YHUBEPCHUTETA, B JICTHHE KAHUKYJIBI Y4aCTBOBAJ B CTPOUTENBHBIX padoTax
B Axytun, Ha Jlanenem Cesepe Poccuu.

K. dypaueB okoHunmn HoBocuOupckuii rocynapcTBeHHBIH yHUBepcUTeT B 1990 romy. B Tom xe
TOZy OH yCHEIIHO CAajl BCTYIUTEIbHbIE 3K3aMEHBI M OBbLI IPUHAT B aCIIMPAHTYPY IPHU 3TOM yYHUBEPCHUTETE.
CBOIO0 Hay4HyIO JCATEeIbHOCTh Oynymuid ydu€HbId Havan emé B CTYISHYECKHE TOJbl, 3aHUMasCh
WCCIICIOBaHUAMH TOJ PYKOBOACTBOM BBIJAIOIIETOCS MaTeMaTHKa, JaypeaTa [ ocymapCTBEHHBIX IpeMUi,
unieHa-Koppecnonaenta PAH (BmocnencrBum akanemwuka), mpogeccopa B.I'. PomanoBa. Pannue naydnbie
padotrer JI.K. JypameBa OBIIM TIOCBSIICHBI OOpAaTHBIM 3amadaM Uil HHTETpo-auddepeHIHaTbHBIX
ypaBHEHUI TuUnepOOIMUEcKOro TUMAa — OJHOMY M3 HOBBIX HalpaBleHUH B TEOpPHU OOpPATHBIX 3ajad AJis
ypaBHeHU# Maremarmdeckoil ¢msuku. B 1992 romy, H.K. [dypaweB ycremrHo 3amiuTHI KaHOAHIATCKYIO
nmuccepranuio no cnenuansHocT 01.01.02 — Inddepennmanshsie ypaBHeHUs — Ha TeMy «OOpaTHbIe 3a1auu
JUIST TUNEpOOTMYECKUX ypPaBHEHHH C TaMsIThIO» Ha CIEMUATM3UPOBaHHOM coBere HoBocuOupckoro
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rOCyIapCTBEHHOTO YHHUBEPCUTETA U IOCPOYHO OKOHUYMII aCITUPAHTYPY.

On ¢ 1993 roma Hayanm paboTaTh NOLEHTOM Kadeapbl MaTeMaTH4ecKoro aHamuza byxapckoro
TOCyIapCTBEHHOTO YHHUBEPCUTETA, a 3aTEM 3aHSUT JOJDKHOCTH 3aBeAyIoniero kadeapoit Matemaruku. Hapsmy
C MeJarorn4eckor W aJMHUHUCTpaTHBHOW AesrenbHOCThIO JI.K. JlypaueB mpojioinkan akTHBHYH) Hay4YHYHO
paboty B ByxapckoM Trocy/apCTBEHHOM YHUBEpCHUTETE. Pe3ynbTaThl CBOMX HCCIENOBAaHUN OH OOCYKAal CO
cBonM HactaBHUKam B.I'. PomaHoBbIM U3 uHcTHTYTa Matematukn Cudbupckoro otnenenus PAH, a takxke ¢
Y46HBIMH JIPYTUX ABTOPUTETHBIX HAYYHBIX YUpeKIcHWA. Ero Hay4Hble HW3BICKAHHS B 3TOT MEPUOJ,
SIBIIBIITNECS TPOAODKEHHEM KaHAMJATCKOW JHUCCEPTAIluK, OBUIA TOCBSIICHBI HCCIEAOBAHUIO MPOIECCOB
pacIpocTpaHeHus BOJH B cpeiax ¢ MOCJeIeHCTBUEM 1 H3YUYEHHUIO CBOMCTB 3THX cpei. Ecnu nepBeie paboTh
Hypouea J[.K. oTHocwimch K U3y4YEHHMIO 3a/lad OIPENEICHUS OJHOMEPHOTO siipa HWHTErPaIbHOTO
oreparopa, BXOJSIIEro B THIIEPOOIMYECKOe YpaBHEHHE, 00peMEHEHHOE MHTErPabHBIM YICHOM, TO 3aTeM
Mo100HBIE UCCIIE0BaHMUS OBLIN BHITIOHEHBI IS 3HAYUTEIHHO 0OJIee CI0KHOTO CITydasi, KOT/Ia sSiApO 3aBUCHUT
HE TOJBKO OT BPEMEHHOW, HO M MPOCTPAHCTBEHHOW NepeMeHHOoW. VcciienoBanbl 3a1aun 00 omnpeneieHrn
HECKOJIBKHAX KOd(PHUIMEHTOB, BXOIAMHUX B pas3audHble auddepeHuanbaple ypaBHeHHsA. Bo Bcex
M3y4aeMBbIX 337]a4yaX yCTAHOBIICHBI TEOPEMBI SIMHCTBEHHOCTH U OLICHKH YCTOHYHBOCTH.

ITomydenHble pe3yabTaThl JETJIM B OCHOBY JIOKTOPCKOM JuccepTaliu, ycnenrHo 3amuiméaHoi B 2010
rojly Ha crenuaiusupoBanHoM yu€HoM coBete HUUM Matemaruku u Mupopmanmonnsix texHonoruii AH
PY3 nonm nmpencemarenbctBom akagemuika LA, AromoBa mo cnernmansHoctd  01.01.02 -
Huddepennmansubie ypaBuenus. Tema auccepranmu — «OOpaTHbIC 3a7auu ISl CPEJl C MOCICACHCTBACMY.
PesympTaThl mmccepTalmoHHONH pabOTHI OBLIH TakKe OIMyOJMKOBAaHBI B OmHOMMEHHOW MoHOTrpadum JI.K.
Hypnuesa, uznanHoit B 2014 m3patensctBoM «Typon-Hk6an» B TamkeHTe.

C 2012 roma on coBmecTHO co cBoeil yuenmiei u3 Poccum XK.J[. TormeBol Hadanm mpoOBOAWTH
WCCIICZIOBaHUSI B OOJIACTM TPSAMBIX W OOpaTHBIX 3aaad I CUCTEMBl YpaBHEHHH BS3KOYIPYTOCTH,
OCHOBaHHBIX Ha Mojaenu bombiiMana. OCHOBHOM OCOOEHHOCTHIO PabOT B ITOM HAMpaBICHUH CTaJo
CHUCTEMAaTHUYeCKOEe UCTIOIh30BaHHE JIOKAM30BAHHBIX B TOYKE WM HA FPAHUIE UCTOYHUKOB, HHUIIMHPYIOIINX
nporecc pacnpocrpaHeHuss BoidH. C OJHOW CTOPOHBI, ASTO TMOBBIIATO MPUKIATHYIO 3HAYUMOCTb
paccMarpuBaeMbIX 3a7ad, a C JAPYrod — TO3BOJWIO TOBOPHUTH O (POPMHPOBAHMM HOBOTO HAYYHOTO
HaTpaBJICHHUS B TECOPUM 0OpPATHBIX 3a/1a4 JUIsd HHTErpo-auddepeHranbHbIX YpaBHEHUH,

PesynpraTel 3THX WUCCIENOBaHUI OBUIM TIPEACTaBICHBI B MeXIyHaponaHod MoHorpaduu JI.K.
HypmueBa u XK.JI.  TorumeBoit «Kernel Determination Problems in Hyperbolic Integro-Differential
Equations», omybmukoBaHHO#N m3maTenscTBOoM Springer B 2023 roxy. KpoMe Toro, coBMECTHO CO CBOMM
yuerrkoM JK.III. CadapoBbiM OH MPOBEN HCCIIEAOBaHMS 10 0OPAaTHBIM 3a[auaM OIpeJesieHHs] CBEPTOYHOTO
sanpa ans Oomee oOmux WHTErpo-AudPepeHanbHpIX ypaBHEHUH, BaXHOH OCOOEHHOCTHIO KOTOPBIX
SIBIIICTCS HAJIMYKE B MPUHIMITMAIBHON YacTH YpaBHEHHs OOIIETro THIEpOOIUIECKOTO OrepaTopa BTOPOTro
nopsika. PaccMaTpuBanmichk ciydau, B KOTOPBIX MpsMast 33j1a4a GopMynupoBaack kKak 3anada Koy, Tak u
KaK HadaJlbHO-KpacBas 3a/1a4a.

VYpaBHeHus, M3ydaemble B JaHHOM HaIlPaBIIEHUH, TECHO CBS3aHBI C ApOoOHBIMH an((dy3nOHHO-
BotHOBbIMU  ypaBHeHusmMu. J[.K. Jlypauwes, omwmpasce Ha wusBecTHyr (opmyiny Xwuuie-Tamapkuna-
JxpOanisina, Jokasaj, 4YTO €CIM SIpO B HWHTErpaiax HMHTErpo-auddepeHIHanbHbIX  YpaBHEHUH
TEIUIONPOBOIHOCTH W BOJIHOBBIX ypaBHEHHI BBIOpaTh B creluanbHOW (opme yepe3 PpyHKuuu Mwurrara-
Jlepdnepa, TO TakuMe ypaBHEHHsS OKa3bIBAIOTCS JKBHUBAJICHTHBI JIPOOHBIM IU((HY3HOHHO-BOTHOBBIM
ypaBHEHUSM ¢ npou3BoiHOM ['epacumoBa-KarmyTo 1mo BpemeHH.

C 2021 romga A.K. JlypiueB COBMECTHO CO CBOMMH YYCHHKAMH AKTHUBHO 3aHMMAETCS OOpaTHBIMU
3amadaMu s U depeHnruanbHBIX YpaBHEHUH ¢ JAPOOHBIMHA TPOU3BOAHBIMH, MPEUMYIECTBEHHO IS
IpoOHBIX 1D (HY3MOHHO-BOJIHOBBIX YpaBHEHHM. MM ObUTH a1anTUPOBaHbl METOJIbI UCCICIOBAHHS OOPATHBIX
3a[a4, IPUMEHSIBIIAECS paHee /U KIAaCCHYECKUX ypaBHeHHH Aud¢dy3un u KonedaHui, K Ooyee CIoKHOMY
CIIy4ar0 — ypaBHEHHUSM C JIPOOHBIMU MPOU3BOJHBIMH Pa3jiMUYHBIX THIIOB. B pe3ynabTare OBLIM MOJYYCHBI
HOBBIE TEOPEMBI CYIIECTBOBAHHUS M €IMHCTBEHHOCTH PEIIEHH, a TAK)KE OIIEHKH YCTOWYMBOCTH. Pe3ynbTarh
MPOBEIEHHOTO MUKJIA UCCAEIOBaHUM HanTH oTpakenue B Monorpadum: «D.K. Durdiev, Inverse Problems
for Fractional Diffusion Equations, Springer, Singapore, 2025.

A.K. Jlypaue wuccnemoBanm psii OOpaTHBIX 3allad, CBS3aHHBIX C OIPEICICHUEM HEU3BECTHBIX
KO2(DPUIMEHTOB MPH MIIAAINIEM YJCHE B YPaBHEHUSIX CMEIIAHHOTO TapadoiIo-THIEPOOTHISCKOTO THIIA C
XapaKTePUCTUYCCKUMU M HEXapaKTCPUCTUYCCKHUMHU JIMHUSAMHM W3MEHEHMs Tuma. MM J10Ka3aHbl HOBEIC
TEOPEMBI 0 KOPPEKTHOCTH TaKUX 33a7a4d B CMBICIIE AlaMapa MpH Pa3InIHBIX YCIOBHUAX MEPeonpeeTICHIs.

OH  aKTHBHO 3aHMUMAaeTCs HAYYHBIM PYKOBOJICTBOM CTYJCHTOB, OakalaBpOB, MarucCTpPaHTOB,
couckarenei crerieHd PhD, a Takke JTOKTOPAaHTOB, TEM caMbiM C(HOPMHPOBAB KPENKYI HAYYHYIO IIKOIY.
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[Tox ero pykoOBOJICTBOM YCIIEIIHO 3aIMTWIIA CBOM I¥ICCEpPTalMX OMWHHAAUATh KaHmuaatoB (PhD) u tpu
JIOKTOpa HayK. MHOTHE U3 €ro YYEHHUKOB — JOKTOPAHTHI, MaruCTPaHTHl M CIELHUAIUCTBl — B HACTOAIIEE
BpeMsl SIBISIIOTCSl IIPETOAaBaTESIMU PAa3IMYHBIX BY30B Y30ekucraHa u Poccun. OHM B TOSHOW Mepe
CIIEAYIOT OCHOBHBIM IIPUHIMIIAM CBOETO HACTaBHUKA: BBICOKOH TpeOOBaTEIbHOCTH K ce0e M CBOMM
Y4eHUKaM, IPEAaHHOCTH JeTy, J0OPOCOBECTHOCTH, CAMOOT/Iade M BRICOKOMY MPO(hecCHOHATN3MY .

O.K. Hypnues ¢ 2020 roga Bo3raasisier byxapckoe otaenenue Muctutyra Marematuku umenu B.1.
PomanoBckoro Akanemuu Hayk PecnyOiuku Y3Oekucrtan. 3a Oosnee uem 30 JeT akTUBHOW HaydHOM
NesITeNbHOCTH OH  omyOnmkoBan cBeimie 200 HaydHbIX paboT, OoibIlas YacTh KOTOPHIX U3JaHA B
BBICOKOPEHTHHIOBBIX MEKIyHAPOIHBIX JKypHanax, Takux kak Physica D, Fractional Calculus and Applied
Analysis, Mathematical Methods in the Applied Sciences, CuOupckuii MaTeMaTHYECKHWH KypHAI,
Maremarnueckue 3ametkd, Juddepennmanbapie ypaBHeHUs U Ap. OH BXOAHMT B COCTaB pPeAaKIUOHHBIX
koernii KypHasmoB «SOCAR Proceedings», «Uzbek Mathematical Journal», «Bectauk Ilomonkoro
rOCy/lapCTBEHHOTO YHHBEpCHUTETa», a TakXe psja Hay4yHbBIX W3JaHuil byxapckoro rocynapcTBeHHOTO
YHHUBEpPCHUTETA.

ITemaroruueckas kapnepa J.K. Hypauesa nawamace 5 siHBaps 1993 roga, koraa e€ro mpuriacuiu
mperogaBareneM Ha Kadeapy «MaremaTiudecknil aHau3» byxapckoro rocyJapCcTBEHHOTO YHUBEpCHTETa. 3a
32 roga paboTBHl OH MPOWIEN MyTh OT ACCHCTEHTa OO Tpodeccopa, 3aHMMall JOJDKHOCTH 3aBEAYIOIIETO
kadenpoii, iekaHa GU3NKO-MareMaTnieckoro Qakynprera u (aKyJIbTeTa SKOHOMHUKH, a TaKXKe MPOpeKTopa
mo yueOHoi padore ByxI'VY. B 2019 rony Obuia w3nana kuura [I.K. JlypaueBa «YpaBHEHUS B YaCTHBIX
MIPOM3BOJHBIX», PEKOMEHAOBaHHas MUHHCTEPCTBOM BBICHIETO W CPENHETO CIENHaIbHOTO 00pa30BaHUs
PecnyOnuku VY30ekucraH B KadecTBe y4eOHHMKa JJisl CTYACHTOB OakamaBpuaTa YHHBEPCHTETOB IIO
HampaBlieHHssM «Martematuka» u «lIpukiagnas matematnka 1 uHGOpMaTHKa». Kpome Toro, oH siBIsieTcs
aBTOPOM HECKOJBKHX YYEOHBIX M y4eOHO-METOAMYECKHX MOcoOMi mo nuddepeHuIrnanbHbIM YPaBHEHHSM,
MpeaHa3HAuYeHHBIX U1 CTYACHTOB OakanaBpuaTa M MarucTparypbl. B Hacrosiee BpeMs OH INpOJIOJKAeT
MearOTH4ecKyl0 JeATeIbHOCTh B ByXapCcKOM rocynapCTBEHHOM YHHBEPCUTETE, SIBISACH IMpodeccopoM
kadeaps! audhepeHHaNbHBIX YpaBHEHUH.

Psmom ¢ Jypammyponom KananmgapoBuduem Beerzia HaxXomaTCsl camble OJTU3KHE €My JIFOJIH, TIOJTHOCTHIO
pa3fensionIie ero Hay4Hble MHTEPEChl U TpaXJaHCKyo mo3uuuio (keHa Mapanmkan KagupoBa — qoueHT
kadenpsl 3enéHoil IKOHOMUKH ByXapcKoro rocyIapCTBEHHOTO YHHBEpPCHUTETa; ChIH YMumkaH [lypaweB —
3aBenyromui kadenpoi JuddepeHimanbHbIX ypaBHEHUH TOrO ke YHUBepcuTeTa; cbi Jwmmon dypaves —
MOCTAOKTOpaHT-UccaenoBarens B Japmimraarckom ynuepcurere I'epmanuu; nous JunHosza dypnueBa —
MarucTpanTka Y30eKCKOTO TOCYIapCTBEHHOTO YHHUBEPCUTETa MUPOBBIX S3BIKOB; A04b ypaoHa Jypavesa —
ydeHuna yactaoit KemOpumkckoit mkoist B byxape).

HA.K. dypnueB — W3BECTHBIA YUY&HBIH, TaNaHTIUBBIA HEJaror, TpeOOBaTENbHBIH PYKOBOIWTENIb U
MyApHIii HAacTaBHUK. B Oeceme ¢ HUM Bcerja ONIYIIAeTCS IOCTOSHHBIN MOTOK HOBBIX HAYYHBIX WICH H
CBEXUX MbICIIEN. B 3TH qHM OH oTMedaeT cBoil 60-1eTHUN FOOUIIEH.

Ot Bce#t aymm mosmpasimsieM Jlypaumypona KamammapoBuda W kemaeM eMy KPEIKOTO 3J0POBBS,
PanocTH B )HU3HU, HOBBIX TBOPUECKUX YCIEXOB U 0J1arogapHbIX YUCHUKOB!

l; |
( .h%’iﬁ}“

v UNIVIRSITETT

Byxapckuii rocyjapcTBeHHbIH YHHBEPCHTET
HHCTHTYT MaTeMaTHKH HMeHH
B.H. Pomanosckoro AH PY3

«MATEMATHYECKAS ®U3UKA U CMEXHBIE
BOITPOCbI COBPEMEHHOTI'O AHAJIU3A»

Me:KAYyHApOoAHasl HayYHast
KOHepeHUMs
MOCBAUIEHHAS 60-JIETHIO CO JIHA POXKAEHHS
NMPOGECCOPA LK. AYPAHEBA
10-11 OKTAEPA, 2025 Mo/
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MexmyHaponHas Hay4YHO-TIpaKTHYecKas KOH(epeHIHs Ha TeMy «AKTyalbHbIe TPOOIEMBI
MaTeMaTH4ecKol (PU3NKU ¥ COBPEMEHHOTO aHaim3ay, nmocesméHHas 60-nerHemy roouiero /1. K. Jlypauesa,
coctosmack 10-11 oxtsa6pst 2025 roga B ropozae byxape.

B nmaHHOM MeEXIyHapOJHOM KOH()EPECHIMM MPHHSIM YYacTHE HE TOJIBKO OTCUYECTBCHHBIC
CIICIUAIMCTHl U KBATU(QHUIMPOBAHHBIC KAAPHl Pa3IUYHBIX OTpacieit, Ho W yuéHble n3 OO0BeTMHEHHBIX
Apabckux Owmmparos, Typuuu, Wpana, Kuras, HOxnoit Kopeun, Poccum, AszepOaiimkana, KaszaxcraHa,

Keiprezcrana u  TypkMmMeHucTaHa, TpPEJACTAaBUBIINE CBOM JOKJIAAbl M Te3uchl. OOImee KOJIMYEeCTBO
MPEACTABICHHBIX TE3UCOB COCTABMIO 335.

TorueBa Kanna /ImurpueBHa,

JOKTOp (PU3UKO-MAaTEMAaTHUECKUX HAYK,

3aBeyoIas OTJEIOM MaTeMaTHYECKOTO MOICITHPOBAHHS
IOxHOTO MaTemaTuyeckoro HHCTUTYTa BrannkaBkazckoro
Hay4YHOTO0 lieHTpa Poccuiickoil akaieMuun HayK

Pacynos Tyiakun XyceHOBHY,

JIOKTOP (PM3UKO-MaTEeMaTHIECKUX HaYK, Mpodeccop,
pykoBoauTens LleHTpa nepemnoBoro omeitTa B Hayke 1 00pa3oBaHUN
Byxapckoro rocynapcTBEHHOTO YHHBEPCUTETA
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VJIK 517.984

O CYNIECTBOBAHUM COBCTBEHHbIX 3HAYEHUI ONEPATOPA IIPEJUHTEPA
CHUCTEMBI TPEX BO30HOB HA PEIIETKE

Aboynnaee Kanuxyn Hopazumoeuu,
Camapranockuti 20cy0apCmeeHHbIL YHUBepcUmem
jabdullaev@mail.ru

Mpyiiounoesa Illooua Haxicmuoounoeua,
Camapranockuii 20Cy0apCmeeHHbII YHUBEPCUMem
shodiya94.com@gmail.com

Annomayus. Paccmampusaemcs  onepamop  Ilpéounzepa H,(K) cucmemvr mpéx 6030mn08,
83AUMOO0EUCMBYIOUUX C NAPHBIMbI KOHMAKMHbLIMU NOMEHYUAIAMU HA 0OHOMepHoU pewémxe. Tlpu 6onbuiux
SHAueHUusx 3Hepeuu ezaumoolericmseus 08yx yacmuy U>0 Odoxazano cywecmeosanue 08YX COOCMBEHHBIX
snayenuti onepamopa H, (Tr) nuoice cywecmeennozo cnekmpa. Jloxasvieaemces, 4mo coocmeennas Qykyus,
COOMBEMCMEYIOWAsT HAUMEHbUEMY COOCMBEHHOMY 3HAYeHUulo 4émHa, a cobcmeenHas @yHKYus,
COOMBEMCMEYIOWas MOPOMY COOCMBEHHOMY 3HAYEHUIO, HEeYEMHA.

Knroueewle cnosa: pewémxa, 2amMuibmMoHUaH, K8A3UUMNYIsc, onepamop Lllpéounzepa, unsapuanmuoe
NOONPOCMPAHCIBO, COOCMBEHHOE 3HAYEHUE, COOCMBEHHAS (IYHKYUSL.

ON THE EXISTENCE OF EIGENVALUES OF THE SCHRODINGER OPERATOR OF A
SYSTEM OF THREE BOSONS ON A LATTICE

Abstract. The Schrédinger operator H, (K) of a system of three bosons interacting with a pair contact
potential on a one-dimensional lattice is considered. At large values of the particle interaction energy u>0, it
is proved that the operator H,, () has two eigenvalues the bottom of the essential spectrum. It is proved that
the eigenfunction corresponding to the smallest eigenvalue is even, and the eigenfunction corresponding to
the second eigenvalue is odd.

Keywords: lattice, Hamiltonian, quasimomentum, Schrodinger operator, invariant supspace,
eigenvalue, eigenfunction.

PANJARADAGI UCH BOZONLI SISTEMAGA MOS SHRYODINGER OPERATORI XOS
QIYMATLARINING MAVJUDLIGI HAQIDA

Annotatsiya. Bu ishda bir o ‘Ichamli panjarada jufti-jufti bilan kontakt ta’sirlashuvchi uch bozonli
sistemaga mos H,, (K) Shryodinger operatori qaralgan. Zarrachalar o zaro ta’sir energiyasi u>0 ning katta
giymatlarida H,(m) operatorning muhim spektr tubida ikkita xos giymati mavjudligi ishotlangan. Eng
kichik xos giymatga mos keladigan xos funksiya juft, ikkinchi xos giymatga mos keladigan xos funksiya toq
ekanligi isbotlangan.

Kalit so‘zlar: panjara, Hamiltonian, kvaziimpuls, Shryodinger operatori, invariant gism fazo, xos
giymat, xos funksiya.

BBegenne. B ormmume oT cHcTEM JABYX YacTHI[ O CHEKTPaIbHOM TEOPUM MHOTOYaCTUYHBIX
OTIEpaTOPOB HM3BECTHO HE OuYeHb MHOroe. B pabGorax [1,2] mpencraBiieHbl HEKOTOPBIE PE3YJILTATHI,
CBSI3aHHbIE C KOHEYHOCTbIO MHOTOYAaCTHMYHOIO IOUCKpEeTHOro cmekrpa. Kpome toro, mommmo sddexra
EdumoBa, HEKOTOpbIE NOCTaTOYHBIE YCIOBHS CYIIECTBOBAHHMS COOCTBEHHBIX 3HAUCHHI OBUIM IOy4YCHBI,
Hanpumep, B [3,4,5] mias HempepsiBHBIX omnepaTopoB Illpémuurepa B [6,7] s OUCKPETHOrO ciiydas ¢
WCIOJb30BaHUEM BapHAIlMOHHBIX METOAOB. bojee TOro, BapHallMOHHYI0 TEXHUKY MOYKHO IPHUMEHITH HeE
Hanpsmyto Kk oneparopy H(K), a (koMmakTHOMY caMocomnpsbk€HHOMY) oriepatopy tuna ®agneesa F (K, z),
HOJy4YeHHOMY HPH HCCICJOBAaHWM YPaBHEHUs cOOCTBEHHBIX 3HaueHHH s H(K), HWKe CyIIecCTBEHHOTO
cnektpa. M3sectHsiil a3 dekt EGrumona Tarxke nokassiBaercs ¢ nomomsio F (K, z) [8,9,10].

B nmannoit pabore paccmarpusaercs omeparop Ilpémumrepa H, (K)cucrembr Tpéx 6030HOB,
B3aMMOJCHUCTBYIOIINX C MApHBIMA KOHTAaKTHBIMH MOTEHIIMAIIaMH Ha OJHOMepHOW pemérke. [Ipu Gompmx
3HAQUEHUSIX JHEPruM B3auMoneiicTBUS ABYX dvacTun p>0 10Ka3aHO CYILECTBOBaHME JABYX COOCTBEHHBIX
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3Ha4eHui oneparopa Hy, (1) HIKe CyIIECTBEHHOTO CIIEKTPA.

ycts T = (—m, ] — onHomepusiii Top, L%5(T™) — runs6epToBO NPOCTPAHCTBO KBAIPATHUHO
UHTETpUpyeMbIX QYHKIMH, onpeneaéHupix Ha T™ U CHMMETPUYHBIX OTHOCHTEIILHO TEPECTaHOBKHU JIFOOBIX
JIBYX IIEPEMEHHBIX.

B uMIynbCcHOM TpECTaBIEHUH CHUCTEMBI JBYX M CHCTEMBI TPEX OAMHAKOBBIX YacTHIl (OO30HOB) C
NAapHBIMM KOHTAKTHBIMU TOTEHLHAJaMH JEHCTBYIOT COOTBETCTBEHHO B TMIBOEPTOBBIX NPOCTPAHCTBAX
L?S(T?) u L>$(T?) no popmynam [13]:

(huf)(kpkz) = (€(k1) + S(kz))f(kpkz) -

f 8y + ky — K — k) F Ukl k) dk, k).
(Huf)(kl,kz, ks) = (eClr) + e(kz) + £(ka))f (e, g, es) —

_WZ f O(kg — kg)o(kg + k), — kﬁ — k) f (ki k5, k3)dkidkydks.
a=1T3
3nech {@, B,v} = {1,2,3} u §(k) — nenbra-¢pyukuus J{upaka,
¢(p)=1-cosp, pe (-mmn]. (1)
ycte k = ky + ky, u K = kq + k, + k3 — nonHBIC KBa3UUMITYJIBCHI CUCTEMBI JIBYX U CUCTEMBI TPEX
YaCTHII, COOTBETCTBEHHO.
Oneparops! hy, u H, paznararorcs B npsmble unTerpaisi [11, 12, 13]

h, = jea h,(k)dk, H, = fea H,(K)dK,
T

T

IJI€ OTPaHNYEHHBIE CaMOCONPshKENHBIE onepatopsl hy, (k) = ho(k) —uv,k € T u H,(K) = Hyo(K) —
u(Vy +V, + V3),K € T, neiictByior B rusibbeptoBbix npoct-panctsax L?(T) u LS (T?) cooTBETCTBEHHO MO
dhopmynam:

h(OF @) = & @) ~ = | F5)ds,
T

H,(K)f(p,q) = Ex(p, ) f (0, @) — %IU(K —p—q,8)+f(s)+f(s,qlds

T

3nech gx(p) = e(k —p) +e(p), Ex(p,q) =e(K—p—q) +elp) + (.

Tenepb copmynupyeM OCHOBHOM pe3yNbTaT padOoTHI.

Teopema 1. Cywecmeyem iy > 0 maxoe, umo npu 6cex | > iy onepamop H, () umeem pasno deéa
COOCMBEHHBIX 3HAYEHUSL, eHCAUJUX HUNCE CYUJeCBEHHO2O0 CReKMpPA.

CrnekTp ABYXYacTMYHOro omepartopa. B cooTBercTBuM c TeopeMmoil Beilng o cymiecTBeHHOM
crektpe [11], cymecrBennblii cnekTp O eqs(h,(k)) oneparopa h,(k) cosnanaer co cnektpom o (hg(k))
HeBO3MYIIEHHOTO omeparopa hgy(k), T.e. ¢ orpeskom [m(k), M(k)], rne

m(k) = minéec(p), M (k) = . & (p).

3aMeTHM, 4TO MpH Kk = 7T BBIMOJHICTCS TOXIECTBO &£, (q) = 2, u nodtomy otpe3ok [m(k), M (k)]
npeBpamniaeTcs B TOUKy {2}.
Jnst GyHKIMU € MMeeT MecTo npenacTaieHue (1), mosToMmy umeeMm:

m(k) = 2¢ (g) M(k) = 4 — 2¢ (g) k € [-m, 7],

3amerum, uro ¢yukimu m(k) = 2e(k/2) u M(k) = 4 — 2e(k/2) uérnb no k € [—m, ). OyHKuUs
m(k) crporo Bo3pactaert, a M (k) ctporo yosiBaer no k € [0, ]. CnenoBatensHo,
Ilglelqrrl m(k) = m(0) =0, max M(0) = 4.

Iycte A, (k,z) onpenenurens ®penronsma oneparopa [ — uvry(z), 19(z) — pe3onbBeHTa
HEBO3MYIIEHHOTO oneparopa hy (k). ®ynkums A, (k, z) umeer By
Ay(k,z) =1— s , 2 € (—o0,m(k)). )

\/(2 —z)% — 4c052§
®ynkuus Ay (k, ) HenpepbiBHa 1 CTPOTO YObIBAET Ha Kax10i u3 nonyocei (—oo, m(k)) u (M(k), ).
Jemma 1. Yucno z € R\[m(k), M (k)] senaemca cobcmeennvim snauenuem onepamopa hy (k) mozoa
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u monvko moaoa, kozoa B, (k,z) = 0.

Pemas ypasnenne A, (k, z) = 0 OTHOCHTENBHO Z M MOJB3YSACh JIEMMOM 1 TOTydnMm:
Jemma 2. J[na no6ozo > 0 u k € T onepamop h, (k) umeem eduncmesennoe npocmoe cobcmeenrnoe

suauenue z, (k) = 2 — /#2 + 4 Coszg na noayocu (—oo, m(k)).

3ameuanue. Co6cTBenHOE 3HaueHue z, (k) detna no k € [—m, 7] u crporo Bospacraer no k € [0, 7r].
[Ipu sTOM
i = = —_ 2 = = —_
min z, (k) =2,(0) =2 us + 4, max z, kK)=2z,(m) =2—p
Kpowme Toro z,(k), kak GpyHKums oT i cTporo yosBaeT Ha nmoyocs (0, ).

CyliecTBeHHBII CHEKTP TPEXYACTHYHOro omepatopa. CHavama MBI ONMIIEM CYIISCTBEHHBIHN
crekTp Tpéxyactuynoro omeparopa H,(K), a uccnenoBanue COOCTBEHHBIX 3HAYEHMH ITOTO OmEparopa

CBOJIMM K M3YYEHHIO COOCTBEHHBIX 3HAYECHUI KoMnakTHOTO oneparopa A, (K, z).
Kax nsBectno (cm. [13]) cymectsennsiii ciektp oneparopa Hy (K) coctout us o6beuuenus oonactu
3Ha4enuit 1ByXx Qynkumii A, x(q) = z,(K — q) + €(q) n Ex(p, q), T.e.
Oess (H(K)) = [Amin (.u: K), Amax (.u' K)] U [Emin (K), Emax (K)]: (3)
rae

K
Ein () = min B (. @) = 3¢ (3), Emax (K) = max Ec(p, @),
p,qET 3 p,qET

Amin(W, K) = glé% A#,K (@) Amax W, K) = I};Ea% /1#.1( (.
Ilycte K =munpu > % Torpa

min A,k (@) = gleiqrrl{zu(ﬂ - Q) +e(@} =z,(m) =2 —p,

max A,k (@) = rgg%{zﬂ(ﬂ —Q+e(@}=4—-Ju2+4.

M3BecTHO, UTO
3
min E == max E = 6.
Jmin (0, q) 5 max (0, q)
IToaTOMY CYIIIECTBEHHBIH CIIEKTP COCTOUT U3 JIBYX HETIEPECEKAIOIINXCS OTPE3KOB!

Oess(Hu(m) = [2 — 4 —JuZ + 4| U E 6].

IepBas 4actb [Agin (U, K), Apax (4, K)] MHOXecTBa (3) HasbpiBaeTCS JBYXYacTUYHOW BETBHIO
CYyILECTBEHHOIO CIEKTpa TpéxyacTuuHoro oneparopa Hy (K), Bropas 4acth [Epn (K), Epmax (K)] coBnagaer

CO CIIEKTPOM HEBO3MYILEHHOTO TpéxyacTuuHOro omeparopa Hy(K) u Ha3zpiBaeTcsl TPEXYaCTHYHON BETBBIO
CYILECTBEHHOTO criekTpa oneparopa H, (K).

JuckpeTHBIH CHEeKTP TPEXYACTHUYHOIro omeparopa. B janpHeiieM MBI paccMaTpuBaeM TOJIBKO
. 3

cnyanK=1tHu>E
Hycrs A, (2), z < z,(7r) caMoconpsKEHHEIH onepaTop, onpeenseMblii Gopmyoit:

p ¥(q@)dq
A, (DY(p) = — , Y € LX(D),
K ”l VA®, 2)(Ex(p,q) — 2)y/ A4, 2)

Alp,2):= Dy (m —p,z — £(p)),
u pyrkuus A, (+,) —ompenenena mo popmyine (2). Crenyroniee ypaBHEHUE €CTh aHAJNOT yPaBHEHHS
danneesa:

rac

Au(2)(p) = Y ().
N3Bectra (cM. [13]) crenyromast ieMMa.
Jemma 3. Yucno z < z,(m) aeriemcsa N Kpamuvim cobcmeennvim snavenuem onepamopa H, (1)
moz0a u monbko mozoa, ko2oa uucio 1 ecmo 1 kpammnoe cobcmeennoe snauenue onepamopa A, (z).
Ecmun i menonsmwkuas touka oneparopa Ay (2), To

F.q) = W Y(p) N Y(q) N Y(r—p—q)

Ex(p.@) -z |\/A(p,z) A(q,2) JA(m—p—q,2)
yzoByieTBopset ypapnenuio H, () f = zf.

(4)
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Hust camocomnpsbk€HHOTO omeparopa B 00o3HaunM uvepe3 n[A, B] 4mciio coOCTBEHHBIX 3HAYCHHH,
6ompmux A > 0. Caeqyromas teMMa clieyeT u3 u3BecTHOro npuHiuna bupmana-1lIBuarepa (cM. HammpumMep
[12,13]).

Jemma 4. J[na xasicooeo z < z, (1) umeem mecmo pagenHcmeo:

n[—z,—H, ()] = n[1,4,(2)].

Hcnonb3ys paBeHCTBO ﬁ =1-x+ %, (x # 1), u yunrtsiBas o6o3HaueHue (1), umeem:
1 1 S *(p,s
_ <1_Z(p ), s > 5)
Ex(p,s) —z a(2) a(z)  a(2)(Ex(p,s) — 2)
rae
a(z) =2—-2z {(ps) =¢e(p)e(s) —sinpsins. (6)

[Tomnb3ysick paBeHCTBOM (5) onepatop A, (z) NpencTaBuM B BUIE CYMMBI:
0 1
A,(2) = AD (2) + A (),

KoHeuHOMepHBIii omepaTop Al(lo) (z), nelicTByronmii o popmyie:

—(p, d
AP @)(p) = nag(z) f [a(2) — ¢, DY (9)dq
T

VA, 2)A(q, 2)
Ha30BEM «IJIABHOM 4acThio» omeparopa A, (z), a oneparop Al(ll) (2):

2
4D () (p) = —2 ¢“(p, 0¥ (q)dq
e L) ﬂaz@l VA®, 2) (Ex(p, @) — 2)/A(s, 2)

. 1
«OCTAaTOYHOM 4acThio» omneparopa A, (z) ¥ JOKakKeM, 4TO ||A[(l )(z) ” S0nmpuu-ooqaz<2—

u = z,(m).
Mycts L2¢(T) (cootBerctBenno L*°(T)) — MoAMpOCTPaHCTBO YETHBIX (COOTBETCTBEHHO HEYETHBIX)
¢ysaxmmii. I3BecTHO, 9TO

L*(T) = L*¢(T) @ L*°(T).
Jdemma 5. [Toonpocmpancmea L?¢(T) u L?°(T) uneapuanmmuvt ommocumenso onepamopos Ay (2),
AP u AP ().
JoxazatenscTBo JemMMmbl 5. U3 onpenenenust A(:,z) u € (em. (2) u (1)) cnenyer, uro A(-,z) €
L?€(T) u € € L>¢(T). Ecnu 1 € L*¢(T), To nenas 3aMeHy HEPEMEHHOTO S = —(, yUUTbIBAs COOTHOIIEHHS
Er(=p,—q) = Ex(p,q), momyunm:

7 d
P(-p) = (4,(DP)(-p) = % f Y(s)ds
T

A, 2) (En(—p,5) — 2A(5,2)
¥(9)dq — 5.

u
”l VAW, 2) (Ex (=P, —q) — 2){A(q, 2)

CnenosarenbHo, oanpocTpanctso L2€(T) HHBapHaHTHO OTHOCUTETHHO Ay (2).

Anpo Al(lo) (p, s; z) oneparopa AISO) (2) ynoBineTBOPSIET YCIOBHIO:
0 0
A,l(l )(—p, —5;7Z) = A[.(l. )(p, S; 7).
Orciofna ciefyeT WHBApMAHTHOCTH moampoctpanctBa L%¢(T)  OTHOCHTENHHO AISO) (z). Us
IIPEACTABIICHUS AISI) (z) = Au(2) — AISO) (z) BHITEKaeT MHBAPMAHTHOCTH moampoctpancTa  L%¢(T)

1 0 1 N
OTHOCHUTEJIBHO OIlepaTopa AEL )(z). I[Tockonbky oneparopsl A, (z), Afl )(z) u A,ﬂ )(Z) — CaMOCOTpPsKEHHBIE,
oproronansHoe jononxenue L2°(T) noanpoctpanctsa L>¢(T) Takke MHBAPUAHTHO OTHOCHUTENHHO ITHX
OIIepaTopoB.

O6o3HaynM depes Al(lo’e) (2):= Al(lo) (2| 2zery M A!(lo’o) (2):= Al(lo) (2)| 2z0(r) cyxenns omeparopa
Al(lo) (2) na nognpocrpanctsa L2¢(T) u L2°(T), cOOTBETCTBEHHO, T.€.

] — d
AL () () = na/;(z) f [a(2) — e@)e(@¥(9)dq
T

VAP, 2){/A(q, 2)
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— _ K sinp sinq ¥ (q)dq
(AM (Z)I,l)) (») naZ(z)l \/A(p, z)\/A(q;Z) . 7

W3 npencrasnenns (7) ciemyer:
(0,0)
Jdemma 6. /lns modozo z < z,(m) onepamop A"~ (z) nonodxcumenen, u umeem eOUHCMEEHHOE
npocmoe cobcmeennoe 3HaueHue:
J‘ sin? pdp
7Ta2(z)T A(p, 2)

0, .
Jemma 7. Onepamop A,l(l )(Z) umeem 06a cOOCMBEHHBIX 3HAYCHUSL

K@) =3 [a(z)bo (1)~ ba(2) + | (@@bo(@) + b))’ ~ 467 (D)a(2)

(2 =

(8)

~

13(2) = % [a(Z)bo (2) = ba(2) - J (a(2)bo(2) + by(2))° — 4b2(2)a(2)|. (9)

30ecw
“(p) p

by (2) = =0,1,2

naz (2) f

[pencrasnss z = z, (1) — p, ,8 > 0, nonytH/IM acuMnToTHYeCKHe GOopMyIIl sl by (2), a = 0,1,2 :

bo(2) =

4
=—+14+0(8), -0,

e f Na.2) B

_ (1—-cosq)dq _ N
bl(z) - naz(z)ﬁ!‘ A(q, Z) =4+ O(ﬁ)' ﬂ 0,

_u (1 —cosq)’dq _
bZ(Z) - TCaZ(Z)l A(q,Z) =4+ 0(,3), ﬁ -0,

Joxa3ateancTBo JemMmbl 7. IlycTh ypaBHEHUE

(459 @) @) = W@)
niIn
f [a(2) — e(P)e(@]P(9)dq
ma?(z) JA®, 2)\/A(q, 2)
A # 0 uMeeT HeHyJIEBOE pELICHUE P E L5(T). BBOI[I/IM 0603Ha‘{CHI/I$I

j ll)(q)dq e(q@)y(q)dq
~2n [\ (q,2) ¢ = 27T Ng.2) (11)

[Tonb3ysce 3THMHU 0603HAYEHUSIMU ypaBHeHHe (10), nepenumiem B Bn,ue:
2u
W (p) = ——F——==la(2)C; — e(p)C;]. (12)
a?(2)\/Ap, 2)

Moacranss (11) B (12), noay4um cucTeMy ypaBHEHUH OTHOCUTENBbHO Cq 1 Cy:
(A —a(z)bo(2))Cy + b1 (2)C, =0
—a(z)b,(2)C, + (A + bz(z))CZ =0

OnHOpOHAs CUCTeMa YpaBHEHHI HMEET HeHYJIEBOE PEIIEHUE TOTa M TOJBKO TOTIa, KOTAa

0,e A —a(z)by(2) b,(z)

ec = 422@) = [T 0 34t -
= 2* = [a(2)bo(2) — b2 (2)]A — a(2)bo(2)b2(2) + a(2)bi(2) = 0.

Hynu kBapaTHOTO ypaBHEHUS OTHOCUTENBHO A umeroT Bu (8) u (9).
Jlemma 8. Ilpu scex z < z,(Tr) umerom mecmo

Ca@NCn 1 (4= zu(m—p)) (6 - 2NN
uzy(m—p)+e®)—2) =~ AP, 2) ~ p(z,(m —p) + e(p) — 2)

20e z,(p) — cobcmeennoe 3nauenue osyxuacmuunozo onepamopa hy(p). Kpome mozco, eepna

= Y (p), (10)

acumnmomuxka
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1 (2-z,(p)B-2) 1 .

Joxa3aTeabcTBO JJeMMbl 8. 13 paBeHCTBa

A, z,(p)): = Bu(m —p, 2,(p) — e(p)) = 0
cienyer, yto st Bcex p € T umeer mecTo

u ds

ET g(s) +e(m—p—s)—z,(m—p) =1
[Monb3ysck 3THM, UMEEM
u ds
10D =1-3 | e
U ds ' u ds
ET g(s)+e(m—p—s)—z,(r—p) _Ele(s) +e(m—p—-s)+elp)—z

if (Z#(T[ —-p)+elp)— Z) ds (1s)
2 ) (Ex(p,s) = 2)[e(s) + e(m —p = 5) = z,(m = )|
U3 nepasenct 0 < €(p) <2 u 0 < E(p,s) < 6 crnenyior, uto
1 1 1
< < ) (16)
4—2z,(p) " e(s) +e(p—9) —2z,(p) " —2,(p)
1 < 1 - 1 17
6—z E;(ps)—z -z a7
W3 cootnomenwmii (15) - (17) wnemocpeacTBeHHO BbITeKkaeT (13).
Jnst nokaszarenscTBa paBeHcTBa (14) Bocnonb3yeMcs COOTHOILCHUSIMU:
1 _ 1 14 coss +cos(m—p —5)
e(s)te(m—p—9s)—z,(m—p) 2-z,(m—p) e(s)+e(m—p—s)—z,(m—p)|
1 1 [ coss+cos(rc—p—s)+cosp]
e(s)te(m—p—s)+e()—z 3-z es)+e(m—p—s)+elp)—zl

Tak kak z < z, () = 2 — y, U3 paBeHCTBa (15) MOXKHO 3aKIIFOYHUTE, 4TO
z,(m—p)+el)—z 1
Ap,2) = 1z, (m —p) +£(p) )[1 ‘o (_)]

2-2z,(m—p))3-2)
MPU AOCTATOYHO OONbIIMX Y > 0.
Jdemma 9. Cywecmsyrom C > 0 u py > 0 makue, umo 015 106020 [ > |11 6ePHA OYEHKA

o] <

KOMOopasl 8bINOIHAEMC S PABHOMEPHO NO Z € (—00, Zy (n)).

0Ka3aTeJbCTBO JJeMMbI 9. ITycTh Y € I/I = 1. ITonk3ysck (6) 1 HepaBEHCTBO
9. Iy L*(T) u |||l = 1. Tome3ysice (6 p
(%(p,s) < 2e%(p)e?(s) + 2sin®psin?s
IMeeM

0 u (262 (P)eX(s) + 2sin psin® )l ()| [P @) dsdp _
|(Au (2)1/):1/))| SnaZ(z)( z)ff \/A(S,Z)\/A(prz)

2u f 2(p)[(p)ldp” sin? pli(p)ldp (18)
na?(@(D\) A7) ﬂaz(zx A\ VA2 )

U3 nepasenctsa (13) BeITekaeT

1 - (4 - Z”(T[))(f) —-2Z)
Ap,z) ~ ue(p) '
W3 aroro u HepaBeHcTBa LlIBapria nomyunm:

20 st(p>|¢<p)|dp S 24— 7,@)(6-2) fezw)w(p)mp C
na*(z)(-2) T JA, 2) o na?(z)(—2)u Jep) B

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 12



MATHEMATICS

2 (4= 2,m) (6 -2)
- ma*(2)(-2)
U3secTHO, uTo sin?p = (1 + cos p)&(p). Otcrona momydum
2u (f sin’ P|¢(P)|dp>2 < 2 (4 - Zu(”)) (6 —-2) ( (1 + cos p)e(p)ltlz(p)ldp)2
WO\l A ) T @@ NED)
2

2(4 - 6 —
2l oam)o- [a+cosprema [wora<2 o
T T

Cy
e¥(p)dp | Y(s)IPds < —. (19)

na®(z)(—z)

Taxk kak

(4= 2,6 -7) _
ma®(z)(-z)
u3 (18) u (19), (20) mpu u > 4 umeem

C
AP @ )| < m

rae C = C; + C,.
Joka3zateabcTBo Teopembl 1. 113 nemMMmbl 4 nomyunm
n[—z,—H, ()] = n[1,A4,(2)],

npu z < z,(m). Ilo nemmer 9, cymectByer iy > 0 Takoe uTO, WA JOOOr0 [ > Uy MMEET MECTO

PaBEHCTBO
n[1,4,(2)] = n[l,Al(lO)(z)].

U3 nemmBbl 5 ©MeeM cieylomye paBeHCTBa!

n[1, 4 (2)] = n[1, A9 ()] + n[1, A0 (2)]

W3 nemmsr 6 u (14) cienyer, 4to

lim 2°(2) = 2.
z—2zy ()

U3 storo cnenyer n[l,AISO’O) (2)] =1 npu Bcex z € (z”(rr) -6, Zu(TL')) u HekotopoMm 6 > 0. U3
nemmel 7 u acumnrotHueckux Gopmyn mnst bo(z), by(z) u by(z) umeem A7(z) > 1 npu z € (z,(m) — 6,
z,(m)) n A5(z) <0 npuz € (z,(m) — 8, z,(m)).

W3 BBbILIE U3I0KEHHBIX YTBEPKIEHUN CIELYET, UTO

n[1,A9@)]=1+1=2 npu zE€ (z,(7) — 6, z,(n)).

Ipu sToM cobcTBeHHOMY 3HaueHuo AS(z1) = 1 cooTBeTcTBYET 4éTHAsE COOCTBEHHAss PYHKIHs P €
LS (T). Co6ersennomy 3madenmio A°(z,) = 1 cooTBeTCTBYIOT HeuéTHas coOcTBeHHas (yHKUuS Y3 €

2(T). Tlostomy HauMeHbIIEMY COOCTBEHHOMY 3HadeHMI0 Z; € (—,z,(m)) omepatopa H,(m)
cooTBeTCTBYeT uéTHasi cobctBenHas pyukiwms f°(p, q), onpenenéunas no Gpopmyie (4), mpu 3TOM BMECTO P
Oepércsa Y7, a BTOPOMy COOCTBEHHOMY 3HA4Y€HHIO Z, € (—0,z,(m)) oneparopa H, (T) cOOTBETCTBYET
HeuéTHas coocTBenHas Gpynkuus f (p, q), onpenenéunas no Gopmysie (4).
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YK 517.984

IMPOCTPAHCTBA L2 JJISI BO3PACTAIOIIUAX MOCJEIOBATEJIBHOCTEN
BEHIECTBEHHBIX KOHEYHbBIX IIOJ®AKTOPOB

Bonmaee Xaouooscon Xamumoesuu,

doyenm Kagedpvr “Mamemamuxa” Hayuonanonozo
neoazoeuyeckoeo ynugepcumema Ysoexucmana
umenu Huzamu, Tawxenm, Y306exucman

Tawkenmckuil MeHcOyHApOOHbL YHUBEPCUEMm
bkhabibzhan2020@mail.ru

Annomayusn. Jlannas cmames ROCEAUWEHA U3YUEHUI) CBOUCIE UHOEKCA KOHEYHbIX BeUjeC8EeHHbIX
noogaxkmopos. ana cesa3b medxncoy nowsmuem unoekca oOépmuisaioujeco (KOMNIEKCHO20) ¢hakmopa ¢
sewgecmeennviMu  pakmopamu. Ilo ananocuu ¢ KOMWAEKCHWIM CIYyYAeM, ROCMPOUM 603PACHAIOWYIO
NOCe008aAMENbHOCb  BEUJeCMBEHHBIX KOHEUHbIX Nnoogaxmopos, nazvieaemas «bawns [iconcar, ¢
HOMOWBIO KOMOPOU NOTYYUM MHOICECIEO BO3MONICHBIX 3HAUEHUN UHOEKCA BEUeCMBEHHBIX NOOYAKMOPOs

seuecnt6eHHoco qbaicmopa muna ”1

Knroueswie cnosa: ancebpa gon Hevimana, unoexc, KoMMymanm, npoeKmop, KOMHIEKCHbIL (axkmop,
sewecmaennwlil pakmop, eewpecmeennas C*- aneebpa, odvépmuisaiowas \W*-aneebpa, ycnosnoe odxcuoanue,
UBOMOPPUIM, UHBOTIOMUGHDLIL *-AHMUABIOMOPPUIM.

HAQIQIY CHEKLI |2 SUBFAKTORLARNING O‘SUVCHI KETMA-KETLIKLARI
FAZOLARI

Annotatsiya. Bu maqolada chekli haqgigiy gism faktorlar indeksining xossalarini o‘rganishga
bag‘ishlangan. Kompleks faktor indeksi tushunchasi bilan haqiqiy faktorlar indeksi o ‘rtasidagi bog ‘liglik
berilgan. Kompleks holatga o°xshab, biz “Jones Tower” deb nomlangan chekli haqiqiy qism faktorlarning
ortib boradigan ketma-ketligini quramiz, bu esa ||1 tipdagi faktordagi haqiqiy gism faktorlar indeksining

mumkin bo‘lgan giymatlari to'plamini beradi.
Kalit so‘zlar: Fon Neyman algebrasi, indeks, kommutant, proyektor, kompleks faktor, hagigiy faktor,
haqiqiy C*-algebra, kompleks W*-algebra, shartli kutish, izomorfizm, involutiv *-antiautomorfizm.

SPACES FOR L? INCREASING SEQUENCES OF REAL FINITE SUBFACTORS

Abstract. This chapter is devoted to studying the properties of the index of finite real subfactors. The
relationship between the concept of the index of an enveloping (complex) factor and real factors is given. By
analogy with the complex case, we construct an increasing sequence of real finite subfactors, called the
"Jones Tower," which yields the set of possible values of the index of real subfactors of a real factor of type

1l,.

Key words: von Neumann algebra, index, commutator subgroup, projector, complex factor, real
factor, real C*-algebra, enveloping W*-algebra, conditional expectation, isomorphism, involutive *-
antiautomorphism.

Beenenue. Ilyctsb A — xommnexcnas 6amaxosa *-anreopa. A nasemaercs C*-aneebpoui, ecnu

&t =14

ws VabeA. Anre0py BceX OrpaHHMYEHHBIX JIMHEWHBIX ONEPaTopoB, ACHCTBYIOIIMX B KOMILIEKCHOM

2 . .
, IUIS vacA. C*-anrebpa A HazwpIBaeTcsa abenesoil (WM KOMMYMAMUEHOL), €CITH ab=ha

TWIBOEPTOBOM TPOCTPAHCTBE H , 0003HAUMM uepe3 B(H) IIycTs M - *-nonmanredpa B B(H) .
Kommymanmon M uaseisacres nogmmoxecrso M ={aeB(H):ba=db YbeM}. Ecu M=M", 1o
M naseisacres aneebpoil ¢pon Hetimana, Tnie A\ :(M,)'. W3BecTHO (Teopema 0 OUKOMMYTaHTE), YTO M

— anrebpa ¢on HeiiMaHa Torga ¥ TOJNBKO TOTJa, KOTJAA M - W*-anrebpa, T.e. M — cna6o 3aMKHYTa U
eM. [Tyctb — W*-airebpa. MHOXECTBO BCEX JIIEMEHTOB M, KOMMYTHUPYIOIIAX CO BCEMH
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2JIEMEHTAMH aJTeOpHhI M, Ha3BIBACTCS YEeHMPOM M, 1 OHO 0003HaYaeTCs Kak Z(M) OueBUIHO, YTO
Z(M)ZMF\M' OneMeHTHI Z(M) Ha3bIBAIOT YeHmpaivhblMu. ANTedpy, y KOTOPOH HEHTpaJbHBIMHU

3JIEMEHTAMH SBJISIOTCS TOJBKO JJEMEHTHI BHIA ﬂyl, iaj , HaspIBaOT gaxmopom. W*-aaredpa M
Ha3bIBACTCA:

® IUCKPETHOM, WK THIA | , €CIIN ISl KAKAOTO HEHYJIEBOTO IICHTPAIBLHOTO MPOEKTOpa Z CYIIECTBYET
HeHyeBblit abenenbiit mpoextop (| Takoit, uto (<Z;

e ruma , €CITH M MOJTYKOHEYHA 1 HENPEPHIBHA;

® TUIIa Ifin (coots. |.,), ecrn M - una | u xoneuna (cooTB. GeckoHEUHA);

® TUMA ||1 (cooTts. ||OO), ect M — tuma |l u koneuna (coGcTBEHHO OECKOHEYHA);

o tuma | , €CITH M — ancro 6eckoneuna.
W3 teopun anredp ¢on Helimana wmspectHo [1], uro mpomsBoibHass W*-anrebpa eIWHCTBEHHBIM

00pa3oM pasznaraercs 1o LIEeHTPY B NpAMyIo cyMmy W*-anredp TUoB: Iﬁn, |OO, ||1, ||OO u .

Jluneiinoe oroOpaxenue (. MM  naswisaercs *-agmomopghusmom (COOTBETCTBEHHO *-

aHmuasmomopumom), ecim CK)() :C(X)* u a(Xy) =0¢(X)a(y) (cooTs. Q(Xy) :O(y)Q(X)
), (VX, yEM), UHBONIOMUBHBIM, €CITU QZ(X) ZO((O((X))ZX, Vv xeM.
banaxoBa *-anreOpa R HaJ TIoJieM | | HasbiBaeTcs geujecmeennol C*- aneeOpoil, eciii HOpMY Ha R

MOKHO TIPOJIOJDKUTH Ha A=R+IR Tak, 4yToOBI anredpa A senanace (romrnekcHol) C*-anredpoit (cMm.
[2]). B pabore ([2], Teopema 5.2.10) nokasaHo, yTO BelIeCTBeHHas OaHaxoBa *-anreOpa SIBJIIETCS

=[alf ans

1100010 aER. OPMUTOBOCTH R 9KBHMBAJICHTHA 00PATUMOCTH JIECMEHTA l+aa’ 1A 1I000T0 aeR.
Ilycts RCB(H) — BemlecTBeHHas *-mojanreOpa. W3BectHo [2], 4WTO cyliecTByeT Hr -

x|
BenlecTBeHHOW C*-anreOpoli Toraa W TONBKO TOT/a, KOTrjaa R - pMHTOBa anredpa u Haa

BEIICCTBEHHOE T'HIILOEPTOBO MPOCTPAHCTBO TAKOE, YTO
H +iH =H » ReB(H ) =B(H)-+B(H)=B(H).
Torma KOMMYTaHT BELICCTBEHHOM *-anreOpbl R OTIpEICTSCTCS AHAIOTUYHO KOMILICKCHOMY CITyYaro:
R =facB(H,):ba=ab,vheR}.

HenocpencTBeHHO MPOBEPSETCS, UTO (R-I—IR)' =R +R'.

Ecm R=R", 10 R nassmaercs sewecmeennou aneebpou ¢on Heiimana. Ilycts Tenepn R -
BemectBenHas C*-anrebpa. Torma R+IR spnsercs (xommuiekcHoii) C*-anreOpoil. Bemectsennas C*-
anredpa R nasemaeres sewecmaennou W*-aneeopoii, ecnu C*-anredpa R+IR seasercs (KOMIUIEKCHOM)
W*-anrebpoit (cMm. ompenenenue 6.1.1 u3 [31]). AHaNTOTHYHO TSI BEIISCTBEHHBIX *-momanreOp BepeH
aHaJIOT TEOPEMBI 0 OMKOMMYTAHTE, & UMEHHO R - semecrennasn anredpa ¢on Helimana Torjga u TOJIBKO
TOT/1a, KOTraa — BeniectBeHHas W™*-anreOpa, U 3TO SKBHMBAJICHETHO TOMY, YTO aireOpa R - cma6o

3aMKHYTa, RF\IR:{O} uleR.

ITpOCThIM HEKOMMYTATHBHBIM TPUMEPOM BEHICCTBEHHBIX W *-airebp sBisieTcss anredpa IVL(D) -
Bcex BentecTBeHHbIX [1XIN-MaTpui oTHOCHTENBEHO OOBIYHBIX AIre0panyecKuX OTEPaLHid.

ITycTs R - BemecTBeHHass W *-anreOpa. Hammenwsmyro W*-anrebpy U(R), COJIEpIKAIITYIO R
Ha3biBaeM obOépmuisaroweic W*-aneebpoii nns anreOpsbl R. Torna U(R)IR-HR Kpome Ttoro, Bcskast

BemecTBeHHass W*-anreOpa R MOPOXK/IAET €CTECTBEHHbI MHBOIIOTHBHBIN *-aHTHaBTOMOpOH3M OR
o6épreiBatomeit W*-ajreOpb U(R), a HMMEHHO: %(X-l-iy):X*-i-iy*, rze X+iy€U(R), X,yER,
TaKo, dYTO R={XEU(R):Q’R(X)=)(}; u obOparHo, ecmu Ha W*-amre6Gpe U sanan HEKOTOPBbIi

WHBOIIIOTUBHBINA *-aHTHABTOMOP)U3M (X, TO MHOKECTBO {X eU IOz(X) =)(} SIBIISIETCS BEIIeCTBEHHOH W *-
anreOpori (cM. Teopemy 3.1 u3 [3]). B npanbHeiimem Beskyro BellecTBeHHyr0 W *-anreOpy R vu
OTOXJECTBUM C Mapoi (M, CZ) .

AHaNOTHYHO, BCsKas BeIleCTBeHHas W*-anreOpa sBisiercs BemiecTBeHHOW C*-anreOpolt, HO
o0paTHOE yTBEepXJICHUE HE BEpHO. 3aKiiovasi, HAIIOMHKUM, 4TO BemecTBeHHas W*-anrebpa R nassmaercs
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seujecmeenHviM hakmopom, eciv e€ IEHTP COBIATACT C 1D Z{ﬂl ﬂED}; R HMeEET THUIL In’ |

I,

”OOI/IJ'II/I I , ecnmn e€ obOépreiBatomas W*-anreOpa nMeeT COOTBETCTBYIONIUI THI B CMBICIE OOBIYHOMN

0!

knaccudukanuua W*-anrebpsr [8,9].
ITyctb Mc H) - KOHeuHbIi dakTop M nyctb 7 - eauHcTBeHHBbIH (X - MHBApHAHTHBIH TOYHBIH

HOPMAJIBHBIN ClIe]l Ha M. 0603naunm yepes |_2(M) MOTIOJTHEHUE alreOpbl M ornocurenso HOPMBI

1

I X"2=T()( X)z. Anarornaro, L2(M, @) - nononsenne semectsennoro paxropa (M, ). Torma L2(IM)
€CThb THIBLOEPTOBO TPOCTPAHCTBO U |_2(M)=|_2(M,CZ)+IL2(M,CZ) Kpome Toro, mns anreGpsl
B(LZ(M)) rasoxe mces: BILZ(M)) =B (L2(M, 2))+B (12(M, ) .

i Kakaoro xeM OTIPEICTUM  OTOOpaKEHHE /’I(X)yZXy UL BCeEX yEM Tak Kaxk
I /7.(X)y"2§| Xl yllz, 10 A wmmeer emmmcrsennoe mpomomxemme wa L2(M), sermomeecs
OrPaHUYCHHBIM JINHEHHBIM OTIEPaToOpoM, 0003HAYAEMBIM OIISITh Yepe3 ﬂ(X) Toraa ™Mbl TOJTy9aeM TOYHOE
W*-nipecrasienue (ﬂ, |_2(|V|)) anreOpsl M (cm. [4]). AHanmoruyHo, ompenenssi 0TOOpakKeHHe Zr KaK
ﬂr(X)yZXy (nnst  BCex X,yE(M,CZ)), Mbl TOJyYdM TOYHOE BellecTBeHHOe W *-mpejicTaBieHne
(ﬂr, |_2(M, 0!)) anreOpsI (M, a') :

Ucnonw3ys pesynbrar B./[o0Hca yka3aHO MHOKECTBO BO3MOKHBIX 3HAYCHUH MHIIEKCA JUIsI KOHEUHBIX
BelecTBeHHBIX W*-mtomanre0p [4]. A IMEHHO TIOKa3aHO, YTO dTO MHOXECTBO €CTh

{4(11323 , qZB}U[4, od.

DTOT pe3ysibTaT Mbl JJOKa3aJId METOJIOM Iepexojaa B o0&éprhiBaronryro W*-anredpy. IToT pesynbrar
IIOKa3bIBae€TCA JAPYTMM METOJOM. B dactHOcTH, ciemys cxeme JIKOHCa, CTPOWIM BO3PAaCTAIONIYIO
II0CJICA0BATCIBbHOCTE KOHCYHBLIX BECIICCTBCHHBIX HOI[(baKTOpOB, nu HOCTpOI/IM BGIHCCTBCHHBIﬁ aHaJior, Tak
Ha3blBaeMyro «bamnio J[)KoHCcay», ¢ MOMOIIBIO KOTOPOU MOIYyYUM HCKOMOE MHOKECTBO.

[Tycth P: 12 (M) —|? (N) — ecTecTBeHHas npoekuus. IIpoekunonHoe oToOpaxkeHne Q: |_2(N) =

|_2(N,0£)+I|_2(N,CZ)—)|_2(N,OC) OnpelenuM Kak Qa+ib):a Torma oroOpaxkeHue, ompezensieMoe
KaK
P=Q.P: 2(M,@) >L2(N,0),
TaKXKe SBISAETCS MPOEKIUEH.

ITycTs E:M—N - C/-wHBapuanTHOe YyciaoBHoe oxumanue [7]. CyxeHune E‘ (M,a):

(M, CX) —)(N, 0() o6osnaunm kak E= E‘ (M,q) - HanomMHum BeromorarensHoe yrsepixkaeHue us [5].

Yreepxaenue. [5, 17.3.2]. UMeroT MeCTO CIEAYIOIINE YTBEPIKICHUS:
i P(X)=E(x), WxeM;

(ii) Pﬁ(x)Pzﬁ(E(x)), weM,

(iii) ecrn X € M, 0o XeN @Eﬂ(X) Zﬂ(X)P;

i) ANY ={AMY, P}

v JP=PJ »« PI=P.

3nech ()' - IITPUX 03HAYAET KOMMYTAHT aIreOpHl, T.€.

M =ixeB(H): xy=yx WeM;.

MMeer MecTo BEIIECTBEHHBIN aHAJIOT 3TOr0 Pe3yJbTaTa.
IIpenaosxxenue 1. Umerot mecto:

1) P(X)zE(X), Wke(M,q):
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2) PA(X)P=4(E(x)), We(M,0);

3)ecn XE(M, ), 1o XE(N,CX)@E& (X):ﬂr(X)P;
8 A(N.a)={A(M,a),P}’

5) P=P] » JFRI=P.

Hoxka3zatenbctBo. 1). [To yrBepxaenuto (i), nmMeem P(x) =E(x) VTS \VXEM, B YAaCTHOCTH, JUIS
\VXE(M, CZ). Tax kak E= E‘ (Mg)> TO s WE(M,O() uMeeM E(x) =E(x). Torma w3
(N, 0!) CLZ(N, 0() MBI IIOJIyYAM

P =R oPX)=AoEX)=F o x) =Hx). an VX(M, ).

2). Tax kak (M, 0() M, 10 s WE(M, 0[) UMEEM Pﬂr (X) P= PA(X)P B cuny yreepxaenus
(il) momyunm Pﬂ(x)P =X(E(x)) Torpa mns XE(M, 0() uMeeM E(x) =E(x), CIIE/I0BATENBHO,
Z.(E(x)) :ﬂ(ﬂx)) Tak xak E(x) E(]V, OC)CN u ﬂr-i-lﬂr =A, 10 nonyunm Z(E(x)) =Z,(E(x))
Takum 00pazoM, numeeMm Pﬂ, (X) Pzﬂr (E(X))

3). Ilycrts XE(N, CZ). Tak kax (N, CX)CN, TO B cuity yTBepxkaeHus (iii) umeem Eﬂ(x) ZZ(X)P.
Tockombky A, -Hﬂ, =Au XE(M, 0[), TO MOTYYHUM P/’L (X)Z ﬂf (X)P OGparHo, mycTh XE(M,O[) "
Pﬂr (X) Iﬂr (X) P. Tax xax (M, CZ)CM , TO Pﬂ(x) ZZ(X)P . B cuy yreepsxaenus (iii) nmeem XEN.
Torna XE( N, a), MOCKOJIbKY XG(M, 0()

4). U3 ﬂr +Iﬂr = u yrBepxaenns (iv) uMeem:

2 (N, +i2(N.oJf =A(N) :{E(M)l | P}”

4

={zr (M) +i4(Ma), P}” =

cremremno, 4(Na) =4 (Mt Pf.

5 B cuny P=E, ) wm (v), mms moboro X E(M, 0{) MBI  HUMeEEM
JP(X) ZJE(X) = JE(X) :JP(X) =PJ (X) =E] (X) =EJ (X) =PJ (X), re. PI=JP. Ananormano
noxassisaercs, uto  JPJ =P. [Mpemtoxenune J0Ka3aHo.

n
ITo AHAJIOTHH c oTpeIeTICHIEM anreOpsbl < M,]3> Z{ﬂ(]\/[),P } , MTOJIOKHUM

<(M,a),P>={ﬂf (M,O[),P}”. SlcHo, uYTO <(M,CZ),P) SIBJISIETCA ~ BEIIECTBEHHOMN W*-anre6poﬁ,
JIEHCTBYIOMICH Ha LZ(M,OC)

HmeeT MecTo cienyromuil pe3ybTar.
pensnoxenue 2. VIMeroT MeCTO CICAYIONUIUE YTBEPKICHUS:

Q) <(M ),H SIBIISIETCS BENECTBEHHBIM (PAKTOPOM U <(M, 0[),6 =Jﬂ, (]V, CZ), J :

(i) {Zﬂr (X ) Pﬂr (y, ), %Y E(M, a)} — ¢nabo wioTHas * moaanredpa anreophl <(M, 0!),3 ;
(iif) oroOpakenue X—)/’Ir (X)P SIBIISIETCS *-N30MOPPHU3MOM U3 (N,Ol) Ha P<(M, CZ), P) P;

/
(iv) BerecTBeHHBIH (akToOp <(M ),a — KOHEYEH TOTJIa U TOJILKO TOT/Ia, KOT/ia ﬂ, (N, d) -
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xoneutta, 1 570 sxsmsareino yesosmo | (M,@2)1(N,at) [<oc,
(v) Ecmn semectsenme gaxtoput (N,@) n (M, @) smamores uma 11w | (M @2):(N,@) |<ox,
to (M,@), ) raoxe uveer rum 115

HoxkazateanctBo. (i). ITo [5, 17.3.2(i)] umeem <M, P> ZJﬂ(N)'J u anrebpa <M, P> SIBJISIETCS

(hakTopom. OTCIO/Ia TIOTYINM

(M@),P)+i{(M,a),P)=(M,P)= JANY J=J4(N,a) I+iJ4(N,a) J,
CIIEOBATEIILHO, <(M,CZ), P> ZJﬂr (N, 0[)’ Ju <(M, a), P) — BEIICCTBEHHBIN (PakTop.

(ii). Tax xax {Zﬂ(q) PA(), a.h eM} ~ cnato moso & (ML, P), o, & cuny pasescrea
A 00PA00, Kl )P (S). 25 <Ma)j-
| TH@)PAR). A M{c(MP)=(Ma)Pi(Ma) P,

BEleCTBeHHas *-mojanre6pa {Zﬂr (X)Pﬂr (y,), % Y; E(M, 0[)} ABIETC €abo TUIOTHOH B
(Ma)P,

(iif). Tak xax

<(M' a), P) +i<(M’ 0‘)1 P) :{ﬂr (M, 06), P}” + {ﬂr (I\/I, a), P}” =
=(AM.a)+i4(Ma). P ={A(M),Pf =(MP)

" B CUJIy TOrO, 4TO OTO6pa)K€HI/IG

(N,a)+i(N,@)=NP(M,P)P= P((M,a),P, P+iP((M,)), P, P,
onpenenéHHoe KaK X|_)Z/(X) P SIBIISICTCS *. nzomMopduzMom, oTtoOpaxkeHue

(N, CZ) —)P<(M, 0{), P> P, onpenenénnoe xax X|_)ﬂr (X) P rawxe spnsercs *-H30MOP(HH3MOM.

(iv). To [5, 17.3.4(iV)], KOHEYHOCTD ANTeOPHI <M, P> SKBHMBAJICHTHA KOHEUYHOCTH aJreOphl Z(N),, u
9TO O9KBUBAICHTHO YCIOBHIO [M, N] <OC. Torma, B cuiy <(M, 0(), P> +i <(M, 0[), P> =< M, P> u
ﬂr (N, 0()' -Hﬂr (N, CZ), Z/’L( N), MBI TI0JIy4aeM J0Ka3aTeJIbCTBO yTBep KACHUS (1V).

(v). B cumy [5, 17.3.4(v)], amnrebpa <M,P> UMEET THII "1 Torma, omsaTh 1O
M,Ol ) +i M,O[ ,F)= M,P , anredpa M,Ol ) tacke umeer tan ;. 11 €IIJIOKCHIE
(M.@),P)+i{(M.@),P)=(M,P), arespa (M,2),P) 1 TIp

JIOKa3aHo.

Tpennoskenne 3. Ecim ﬂzL(I\/I,a):(N,a)J@o, T0
tr(4(X))=2(x) u Ar(4(X)P)=7(X) 11 seex XM, @),

rIe tr( — €JIMHCTBEHHBIN TOYHBIN HOpMaJIbHBIN clie]l Ha <(M,0(), P) . B gactHOCTH, MTMCEeM.

r(P)={(Ma):(Na)]"n [(Ma).P):(Ma)]= [(Ma):(N.a) |

Jloka3zareabcTBO. Tak Kak tl’oﬂr(-) TaKXe SBJIAETCS TOUHBIM HOPMAaJIbHBIM CJIEIOM, TO troﬂr =T.
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B cuny mpemnoxenns 1 (2), Peﬂ,(N Ol) ITockonpky, mo mnpemmoxenuo 1 (3), oToOpaxeHne

X—)ﬂr(X)P SBJIACTCS *- M30MOP(HU3IMOM, TO JUIS XE(M 0[) HUMEET MECTO tr( ( ) ) kT(X) rxe K

— HEKOTOpOoe TMOoJIoXUTeNbHOEe uucio. Ilpu X = 1 v MOJIY4UM k= tr(P) ITo mpemmoxenuto 1 (4),

ﬂT(N, a)' — KOHEYHA, CIIEJJOBATEILHO, HUMEEM L(M, a):(N, O()JZ dithN’a) LZ(M,CZ) Z%g)), e f

. o ! o o o o
— IHPOU3BOJIbHBIM HCHYJICBOU BCKTOP, tr — CAUHCTBCHHbLIM TOYHLIM HOPMAJbHBIM KOHCYHBIM CJIC Ha

ﬂT(N,OC)', e§ u e;z — LUKIMYECKHE TPOEKTOPHI U3 LZ(M,(Z) Ha ﬂr(N,a)f u MN,aii,
COOTBETCTBEHHO. Tax KakK /L(N 0!) :)/1' (M 0[) TO eé :I'L 2(Ma) " Kpome TOTO,
Z‘N )1 (N_Ol) |_2(M Cl) Otcrona tr( ) [(M 0() N OC:I Toraa, UCTIONB3YS PEAJIOKEHUS
1 (3) u mpemnoxenus 2 (1), MBI TOXy4HM: L(M,CX).(N,&) = tr’( ) —tr(JPJ) —tr(P) .

CnenoBareybHO, 118 JI000ro XE(M CZ) MBI IMEEM.

{4 (0P)=t(PA ()= (P4 09)= [(M - (Na]* o0,

TOF)_Ia, IO OIPCACICHUIO MHJICKCA, ITOJIydacM:

[(Ma).P:(M) ] 4(Na) :(Ma) [=dim, ., 12(Ma)-
~dm,,, (M) (Ma):(N.a)}

W naxower, 1jist XE(M, 0() HMEEM:

pr(% (\)P)=Ar(P7 ()= (Ma):(N. ) [r(P)tr(4 (x))=
=[(M.e):(N.@) H{(M.c):(N.a) ] tr(2 (x)) ==(x).

IIpennoxxeHue n0Ka3zaHo.

Taxum oO6pazom, mpu L(M, a) . (N, CZ)J<OC, 0 MPEAJIOKEHUIO 2, Mbl UMEEM JBE HOBBIX KOHEUHBIX

BEIICCTBEHHBIX (paKTopa: ﬂr (M, a) u <(M, 0[) P) = {ﬂr (M, a), P}” Ha BEIICCTBEHHOM TMJIEOEPTOBOM
MIPOCTPAHCTBE I_Z(M,Ol) Beném crenyromue 0003HAYCHUS: (M,a)go) Z(N, a), (I\/I,a)g) Z(N, a),

(M}’ =(M,a). Maf?=4(Maf).  R=P.  (Maf’=(Ma).P=
(Ma)?, >—{(M )" R} . ossomsy

L(M a) (M, a)f J L(M,a)gl):(M,a)g)J:[(M,a):(N,a)]@c,

TO IJIA TTOCJIEAOBATCIIBHOCTH, IIPUMEHAA MTPEAJIOKCHUC 2, MBI UMEEM CIICAYIOIIYIO KapTUHY:
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(M)
VA
Maf) (M)

(M M) ={(Ma) ™ R)
\Z

OTCIO,I[a cnez[yeT 4To, CyH_ICCTByeT HHIAYKTHUBHasA CUCTEMA KOHECYHBIX BEIICCTBEHHBIX (1)aKTOpOBI

(Maf? 2 AMaf 2> (M) =M R)

k
rac (M a)(klj_—;—_l) - BEIIIECTBEHHBIN KOHCYHBIM (baKTOp Ha L2 (( M, a)(k )) y

R:LE(Ma)? | 5L2((M ), ) - corcemenmui npoesrop n @, — #mowoppuon w (M, )
na (M@, Wk>1

Beeném criesyromue o6o3HAYEHNS %(M, ), {()q<)|(>0 xe(M, a)("))}
A={(%) %M, @), X4 =R(X;), n1n neex $>ky, n1a mexoroporo Ko, I ={(%) EA:X =0, 21

SZK)} He TPyAHO T1I0Ka3aTb, 4YTO MHOXKCCTBO &(M, Ol)k C€CTCCTBCHHBIM 06pa30M SABIIACTCA

BEIIIECTBEHHOHN *-anreOpoi, A ssnsercs eé *-momanreopoit. IIpu sTom | sensercs IBYXCTOPOHHUM *-

U/ICAJIOM A, a MHOYKTUBHBII JIMMHUT IOCIEI0BATEILHOCTH {(M, a)ﬁ"),CDK} Oyzer ¢akTopoM anreOpsl

Al re. |Im{(M (Z)(k) } =A/I . Teneps nonoxum:
(M a)k {XEA/I CyLIECTBYET (OO s Xeor Kt - )EX rie X =@ (Xs) S>k} Toraa Mbl

MMEEM CICIYIOIIYI0 KOMMYTaTHBHYIO THArpaMMYy:
1e(Ma)f'— 2 AM a0 M aff—2 5% M2 s
g i Ly s
1e(M,a)0 (- (I\/I,oz)l (- (M,oc)2 c . C (M,oc)k C oy
rae, YW *-usomopdpusm u3 (I\/I,a)f(k) Ha (M,Ol)k, ONPEACNIEHHBIN KakK l//ﬁ()ﬂ()zx IUIST BCEX
)Q(E(M a)(k). [onoxum Q<:l/»{<+1(|:|)<),wzj_ Tak xak (M a)kkﬁl —<®(((M,a)(kk)),|:|)(>, TO

(M OK)k a <(M 0!) Q<> CJIEJI0BATEILHO, (M a)k 1 AABISICTCS BELICCTBEHHBIM KOHEUHBIM (hakTopom ¢

|(M.a)..:(Ma), |5 (Ma):(N,a) |=[MN], Vk=0.
Omnpenenenue. ITocnenoBarenbHOCT 1€(M, a)o C(M, a)l C(M, a)2 c
C(M a)k a <(M CZ) Q(> ......... - BO3pACTAIONINX BEIIECTBEHHBIX MOAGAKTOPOB HA30BEM

seuecntBeHHbviM AHAl020M baunu ﬂ.?fCOHCll.
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pennosxxenue 4. Ilycte M — xoHeuHBIH (pakTop, (X — MHBOJIOTHBHEIN *-aHTHaBTOMOpGU3IM M 1
nycte N CM - noadaxTop ¢ [M N] <Oy O(N) cN. CripaBeJIMBBI CIEAYIONINE YTBEPKICHUS:

(i napa (M, OC)O C(M, Ot)l *-u3zoMop¢Ha K napam (N, 0!) C(M, 0(), COOTBETCTBEHHO;

(i) (M, a)k — KOHEYHBIH BEUIECTBEHHBIH (aKTOP U
(Mad,:(Mad) ] (M (N.a) -IMN]. =0
(iii) ycTh 7, — €IMHCTBEHHbI TOYHBIM HOPMAJbHBINA Clej Ha (M,Ol)k. Tornma mns narob6oro

XE(M,a)k - kZl, ZT<+1|(M,a)k =T, u ﬂzl'(Jrl()(BK):Z[((X). B yacTtHOCTH, T(a():ﬁl u TI(M,a)k =%,
Yk >1.

(iv) (M, OC)k L1 TIOPOIKIaeTCs anreOpoi (M,Ol)k ¥ TPOEKTOpaMH {E-‘i,...,Q}, Yk >1.
V) 88A&=F% &884=L8a n 68 =68, [K-]22.

JokasarenbcrBa yrBepxkaeanit (i)—(iv) cnenyror u3 npuBeaéHHBIX BbIe. JJOKaXeM yTBEpxKAeHHE V):
IyCTh (k—J) >2u J 21. 3amerum, aro

eJ' E(M’ a)k—l’ & E(M’ a)k+1'
SICHO, YTO paBEHCTBO qej ZGjQ( BJIEYET TO, YTO DJIEMEHTHI ﬂoﬂ—l O‘Iﬁl(ej) u \Iﬁlrl(a()

KOMMYTHUPYIOT. [Tosoxum

(N=:(Maf). Ma={(Mak). P=R, Wa),=(Ma)?)

Torna nns npoexuuu P: L(M—,Ol)—)l_z(m) UMeeM:
(Ma),=(AMa)P)={{Ma)P|.

Tak kak ﬂoﬂ—lo k 1( ) ﬂo@ ( )EE(N_a) k+1(Q<):P: TO U3 MpemnokeHus 1

(iif) cnmemyer, 4To ¢§< Oﬁ—l( j) P KOMMYTHPYIOT. CIIe[OBaTENbHO, MBI ITOTYYHM Q<ej :ejq<.
IIycts YKk>1u IIyCTh

(N_a) (Ma)s), (Ma)= (( ), p=h(=2)
(M), =(M ), W=ga(=2); « Ma),=(Ma)?)

(N2 (Vi) (W), R) -
(M)~ M) P) [V,
re Pr(M,a) >N @) - npoexuns, (I\/I—,az)1 — KOHeuHBIH BeleCTBEHHBIH HakTop Ha
I_Z(M—,a), nopornémmei  amepoii  AM)=AM,a)  w  mpoexropom R
F%:I_Z((M—,a)l) —|? (¢(I\/I—,a))— MpoeKIms 1 (W)z . KOHeuHBIi BeIECTBEHHBIH (akTop Ha

Lz‘ M, (94 il’ MOPOKIEHHBIN anreOpoit “I’(M, a)l =ﬂ(M, 0()1 Y TIPOEKTOPOM Pz

PaCCMOTpI/IM YCJIOBHBIC OKHUIAHUS.

E:(Ma)—(Na) « F:(Ma), >dMa),
T.C., EZ(F{KM—,CX)), FZ(F%“ M,O!i]). Torma  pasenctBa 686 16 =/)”a(, u

Torna MBI IMeeM:
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s = e x pevenere PHRIR =175, » WRIRAR) B HR)
ﬂ 1 IICI/ICTBI/ITCJ'ILHO TaK KaK F( ) P2( )

)
F(R)=A"1=(R-4) L12(d(Ma))
(R Ax) =0 i)

Ecmu tr — kaHoHH4YeCcKuit CJICI Ha i M 0!)] TOTrla paBCHCTBO F( ) ﬂ 1 OKBHUBAJICHTHO

Ar(AR)=tr (A (x)=r(x),  Ke(Ma)

1
rae 7 — KaHOHMYECKUH cliesl Ha ‘ M a ’ OTcroza, o IPEUIOKEHUI0 3 nMeeM F( ) ﬁ 1

Cuauvana JOKaXXEM, 4TO (

Teneps s mo6oit X E( M, O()l (C Lz( M, 06)1), MBI UMEEM

RUR)RX=F(R-F()-F(RIF() = F(0) =
oreora BY(R)R =R,

V3 MpeOKeHIs 2 CHEAYET, 41O MHOMKECTBO {Z;b(x Y% ¥ e(M—a)} H0THO B
I_Z(W)l. Tenephb 0CTATOTHO TIOKA3aTh, UTO
HRIBHUR)(AX)RAY))=B"HRIAIRAY)  vxye(Ma)
fyers X, Y €(M,@). Tax kax
P¢(X) P¢(y)z E(xE(yz))=
V)=HEX)RAY)z. Vze(Ma)(<L(Ma)
P¢(y ¢(E )P¢(y Tora s e
Y(R)BY(R)(AX)RAY))= PF(P¢(X)P¢(Y))
=RF(#{E(X))RAY))=RAEM)F(R)y)=5"RAEX)) Ay

T B E()2=E(E(X)2)~EME(2)=
- E(xE(z)) — F{qﬁ(x) Rz, Vze(M, a)(c LZ(M, a)),

Y(R)B(R)(AX)RAY))=
=B RAXRAY)=L"Y(R)(HXRAY)). W ye(Ma)

Otcroga MBI IOIy4aeM, 4TO ‘P(FI) F%\P(Fi) = IBL 1‘1’(8) . Teopema noka3aHa.

Cdopmymnupyem ouH BCIIOMOTATENbHBIN pe3ynbTaT u3 pador [4,5].

Teopema 1. ([2,6]) [Tyctb {ej ‘ jzl} — MOCJIEI0BATEIbHOCTh HEHYJIEBBIX MPOEKTOPOB HA KOMIUIEKCHOM

rubGepToBoM npoctpanctse 11 Takas, 9To 4711 HEKOTOPOrO YHCIA ,B >1 umeer mecro:
,Hae-q =8, ecin |I_J| =1, u 6€; =€,6 . ccnn ||—J| >2 (1)
Torpma nu6o ﬂ 4(1'Bza (q>3) 60 ﬂ>4

Emé pa3 3amernm, 9TO I 000 CHCTEMBI (Q1)1 MIPOEKTOPOB cO cBoicTBOM (1) mMeeT mecTo
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ﬂ€{4CCBZ(7Z'/n), n23}p[4,oq B mpemmoxennsx 3 W 4 g umcia ﬂ=L(M,Ol):(N,CZ)J<OO

HOCTPOEHA TaKasi CUCTEMa IIPOEKTOPOB, a 3TO 3HAYMT, UTO B CUILy TeopeMe 1 umeeM cleqyroluil pe3ybTar.
OCHOBHBIM Pe3yJIbTaTOM PabOThI ABJIETCS CIeayIOLIas Teopema.
Teopema 2. Ilycts — KOHEYHBIH (aKTop U mycTh (¥ — WHBOJIOTUBHBIN *-aHTHaBTOMODP(H3IM M.

Ben N - noadaxTop M ¢ O(N)CN, TO /751 BELIECTBEHHBIX (HaKTOPOB RZ(M, 0!) u Q:(N, 0[)

HUMCEEM:

o [(M,@):(N, a)]:4ooszg >3, m60 [(M@):(N,&)|>4,
T.C. [RQ]=4CCBZ%Z- s >3, muo [RQ]Z4

Jloka3aTenbCTBO TEOpPEMBI 2 CIeayeT U3 IpeasIoKeHus 4 1 Teopemsl 1.

3akiroyenune. B cTarteu n3yueHsl CBOICTBA MHIECKCA KOHEYHBIX BELIECTBEHHBbIX Noadakropos. laHa
CBSI3b MEXIy TOHSATHEM HHAEKca OO0EpThIBaIOMEro (KOMIUIEKCHOr0) (akTopa ¢ BEUICCTBEHHBIMU
¢daxTopamu. Ilo aHamorum ¢ KOMIIEKCHBIM CIIy4aeM, IIOCTPOMM BO3PACTAIOLIYIO IIOCIEIOBATENBHOCTh
BEIICCTBEHHBIX KOHEUHBIX N0A(aKkTopoB, HasbiBacMyto «bamusa [I>koHCa», ¢ TOMOLIBIO KOTOPOH MOIYyYUM
MHOXECTBO BO3MOXKHBIX 3HAUCHHM MHAEKCA BELIECTBEHHBIX MOA(DAKTOPOB BEIIECTBEHHOTO (akTopa THIa
Il,.

Baaromapuoctb. ABTOp Omaromaper mpodeccopy A.A.PaxmmoBy u momenty M.D.Hypumnaey 3a
THIATEIbHYIO padOTy HaJl CTaThEN, KOTOpask COJIeiCTBOBaNA CYIIIECTBEHHOMY YIYUIIEHUIO TEKCTa CTaThH.
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YK 517.984

CHHEKTPAJIBHOE BJIOKEHUE JIJIs1 OIIEPATOPHBIX MATPULl OTHOCUTEJIBHO
PAOUHUPOBAHUS PA3JIOKEHUSA

Pacynoe Tyakun Xycenosuu,

byxapckuii 2ocyoapcmeennuiil ynusepcumem,
byxapa, Y36exucman

Axpamoe Hxkpom Hcpoun yznu,

byxapckuii 2ocyoapcmeennylii yHugepcumenm,
byxapa, Y36exucman

Annomayusn. B dannoti cmamoee usyuaemcs Yucio8ds 001acms 3HaveHutl 0Jisl IUHelH020 onepamopa,
K6AOpAmMuyHasi 4uciosas 0O1acmb 3HAYeHUll Ol ONePAMOPHLIX MAmpuy 6mopo20 NOpsaoKa u OIOYHO
YuCI06as 006naACMb 3HAYEHUU 015 ONepamopHvblX mampuy mM-20 nopsoka. Ilpedcmasnenvt ocHosHbie
ceolicmea IMux mpéx NOHAMULL U OONOJHEHbl NPUMEPAMU. YCMAHOBNEHO 6KMIOUeHUe MedHcoy ONIOUHO
YUCTOBBIMU 0ONACMAMU 3HAYEHUT OMHOCUMETLHO PADUHUPOBAHUSL PAZLONCEHUS NPOCMPAHCIMEA.

Kniwouesvle cnosa: onepamopnas mampuya, O10YHO YUCI08AS 0DIACL 3HAYEHUsl, NPAMAS CYMMA,
CHeKmpanbHoe GKIIOYEHUE, CNEKMp, MOYeUHbl CHeKmp.

OPERATOR MATRITSALAR UCHUN YOYILMANING IXCHAMLASHUVIGA
NISBATAN SPEKTRAL JOYLASHTIRISH

Annotatsiya. Ushbu maqolada chizigli operator uchun sonli tasvir, ikkinchi tartibli operatorli
matritsalar uchun kvadratik sonli tasvir va n-tartibli operatorli matritsalar uchun blok sonli tasvir
tushunchalari o ‘rganilgan. Bu uchta tushunchalarning asosiy xossalari bayon qilindan va misollar bilan
boyitilgan. Fazoning yoyilmasiga nisbatan blok sonli tasvirlar orasidagi munosabatlar o ‘rnatilgan.

Kalit so‘zlar: operatorli matritsa, blok sonli tasvir, to ‘g ri yig ‘indi, spektral munosabatlar, spektr,
nugtali spektr.

SPECTRAL EMBEDDING FOR OPERATOR MATRICES WITH RESPECT TO REFINING
DECOMPOSITION

Abstract. In this paper we study the numerical range for a linear operators, the quadratic numerical
range for second-order operator matrices, and the block numerical range for n-th order operator matrices.
The main properties of these three notions are given and supplemented with examples. The inclusion
between block numerical ranges is established upon refinement of the decomposition of space.

Key words: operator matrix, block numerical range, direct sum, spectral inclusions, spectrum, point
spectrum.

BBenenue. Teopus MUHEHHBIX OTEPaTOPOB sBISAETCA (yHIAMEHTATBLHONW YacThl0 MHOTHX oOmacrteit
MaTeMaTHKH, TAaKUX KaK MaTeMaTW4ecKui aHaiuu3, anredpa, QyHKIMOHATbHBIN aHadu3 M MareMaThdeckas
¢u3muKa, a UX U3yYEHHE SBIIETCS BAKHBIM HMHCTPYMEHTOM PELICHUS] TEOPETHYECKHUX M MPAKTUYECKUX 3aad.
OnHMM W3 OCHOBHBIX NMOHATUI TEOPHM JIMHEHHBIX ONEpAaTOPOB SBIAETCS MOHSATHE CHEKTpa. B ciydasx,
Korna opmyia nelicTBUsI JMHEHHOTO OllepaTopa He 3a[JaHa, 3a/1a4a oNpeaesieHrs: 00JIacTH, Tae PaclookKeH
CIIEKTp, HAa OCHOBE €r0 CBOMCTB SIBJIETCS OJHOM M3 aKTyalbHBIX 33Ja4 CHEKTPAJIbHONW TEOPHUU TaKMX
oneparopoB. HaxoxneHue yka3aHHOW OONACTH OCYILECTBISETCSA IMyTEM OIPEAENEHHsl YUCIOBOH obmacTu
3HauCHUs JUHEHOro oneparopa [1].

Crnenyer OTMETUTb, YTO YUCIIOBAsk 001aCTh 3HAYCHUH JINHEHHBIX ONEPAaTOPOB BayKHA JUISI U3YUEHHS UX
anreOpanyecKnx M TeOMETPUYECKUX CBOMCTB, MOAEIMPOBAHMS MX HAa KOMIBIOTEPE M HWCIIOJIB30BAHUS B
pasIM4HBIX MAaTEeMaTHYECKUX MOJeNsiX. B mocnenHue roapl 4YMCiIOBble 00JAaCTH 3HAYEHUM JIMHEHHBIX
OmepaTopoB W MX 0000meHuil mpuoOpenn ocoboe 3HAYCHHWE MPH PEUICHUH PAa3IUYHBIX (PU3HIECKUX
MpPOIIECCOB, CHCTEM IU(PPEpEHIMAIBHBIX YPaBHEHUH W HMHXCHEPHBIX 3a/1a4 C IMOMOIIbIO YHCIECHHBIX
METO/O0B, AITOPUTMUUECKUX MOJXO0J0B U KOMIIBIOTEPHOI'O MOJICIIUPOBAHUS ONEPATOPOB B (PYHKIMOHATBHBIX
MIPOCTPAHCTBAX.

OpHuM u3 00OOIIEHHWH MOHATHS YUCIOBON OOJIACTH 3HAYCHWUH SBIJISETCS NOHSATHE KBaIpaTHYHON
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YUCIIOBOM o0jacTw 3HaUYeHUH [2]. 3TO MOHATHE OBIIO BBEACHO I OJIOYHO-ONIEPATOPHBIX MATPHI] BTOPOTO
MOpsAJKa, TO €CTh MAaTPHIl, 3TEMEHTHl KOTOPBIX COCTOST W3 JIMHEMHBIX OINEPaTOpOB, JEHCTBYIOIIHMX B
0aHAaXOBBIX WU THILOEPTOBBIX MPOCTpaHcTBax [3]. OMHUM U3 CIIENHATLHBIX KJIACCOB OJIOYHO-OIIEPATOPHBIX
MaTpHll SBIAIOTCS [ aMMIBTOHHMAHBI CHUCTEMBI C HECOXPAHSIOIIMMCS YHCIOM KBAaHTOBBIX YacTHI] Ha
HEJIOYNCICHHON peméTke. VX KOMMYecTBO MOXKET OBITh HEOTPAaHWYEHHBIM, KaK B CIlydae MOJeNed CIuH-
0030HOB [4,5] WK OrpaHUYEHHBIM, KaK B Cly4ae Ype3aHHbBIX MOJeNel CrH-0030H0B [6, 7]. OTMeTHM, 4TO
Takue CHCTEMbI OOBIYHO BO3HUKAIOT B 3a1adax (U3MKH TBEPIOTO Tena [8], KBAaHTOBOW Teopuu mojs [9],
cratuctuaeckoit pusuku [10], MmarauTO-THApOMHAMUKY [11] 11 KBaHTOBOM MexaHUKH [12].

B Hacrosmeil craTbe ycTaHOBJICHa CBS3b MEXKIY OOBIYHOW, KBaJPaTUYHOW, OJOYHO YHCIOBON
00J1acThIO0 3HAYECHUH W CIEKTPOM COOTBETCTBYIOIIETO THITA JIMHEWHBIX OMEparopoB. IIepBBI MyHKT — 3TO
BBeZieHHe. Bo BTOpoM MyHKTE MpUBENEHO TOHATHE YHCIOBOH 00NacTy 3HA4YCHUS JTMHEHHBIX OIEpaTOpOB,
MepeYNCIeHbl OCHOBHBIE CBOMCTBA, M BBIYMCIIEHBI YWCIIOBBIE OOJACTH 3HAYEHHMS HECKOJIBKHUX JMHEHHBIX
oreparopoB. B TpeTbeM IyHKTE MPHUBEACHO MOHITHE KBaJPAaTUYHOTO YHUCIOBOrO OOJACTH 3HAYEHUS IS
OTIEPaTOPHBIX MATPHUIl BTOPOTO TOPSIKA, OMHUCAHBl MX OCHOBHBIE CBOICTBAa, M TPHUBEIEHBI HEKOTOPHIE
npuMmepsl. B ueTBEPTOM myHKTE CHOPMYITUPOBAHBI OCHOBHBIE CBOWCTBAa OJOYHOW YHMCIOBOI 001acTH
3HaYeHUH JI1 ONEepaTOpHbIX MaTpPHUIl NM-TO TOpsAKa, U MPOAEMOHCTPHUPOBAHBI HEKOTOpbIE HpHUMephl. B
MSATOM IIYHKTE YCTAaHOBJICHO CIEKTPajIbHOE BIOKEHHE TSI HEOTPAaHMUEHHBIX ONEPATOPHBIX MATPHI] MOPSIKA
N OTHOCUTEIBHO paQUHUPOBAHUS PA3TI0KEHUSL.

YucaoBasi 06,1acTh 3HAYEHHUIi: OCHOBHBIE CBOIiCTBA M MpUMepbI. [[11s1 orepaTopoB B THIILOEPTOBOM
MPOCTPAHCTBE B Pa3IMYHBIX NMPHIOKEHUAX OKa3bIBACTCS BAXKHBIM MOHATHE YHMCIOBON OOJNACTH 3HA4YCHUI
(v oA 3HAYSHUH).

Ilycte H - xomriekcHoe THIBOEPTOBO MPOCTpaHCTBO W A:H — H - nuHEHHBIH omepaTop C
obnacteio onpenenenus D(A) € H.

MHOk€eCTBO

W(A):= {(Ax,x):x € D(A), ||x|| = 1}

Ha3bIBaeTCS YMCIIOBOM 00JacThIO 3HaueHWi omeparopa A. B obmem crmydae mHOXkecTBo W (A) He
SIBIIICTCSI HU OTKPBITBIM, HU 3aMKHYTBIM, JTA)KE €CIIU OIepaTop A 3aMKHYT.

W3 onpenenenust BUIHO, YTO MHOKECTBO W (A) sBIsCTCS MOAMHOXECTBOM KOMIUIEKCHOM MJIOCKOCTH
W FeOMETpPUYECKHE CBOMCTBAa MHOXecTBa W (A) AatoT HekoTopyro uHpopManunio 06 omneparope A.

[TonsiTre yncnoBol 00JlaCTH 3HAYEHUI BIEpPBBIC BBeACHO B pabote Terumna [1] B KOHCYHOMEPHOM
ciydae Ui MaTpull W JO0Ka3aHO, YTO YHCIIOBas OOJIACTh 3HAYEHWH ASTHUX MAaTpPHUI] COIEPXKHUT Bce €&
COOCTBEHHBIE 3HAYEHHUS, TO €CTh CIIEKTP MaTPHUIBI COACPIKUTCS B €€ YUCTIOBOM 00nacTu 3HaueHuid. B pabote
Xaycnopda [13] mokazaHo, 94TO YrCIOBast 00JIACTH 3HAYCHUM JIMHSHHOTO OIlepaTropa sSBISETCS BBITYKIIOW. B
pabote Buntnepa [14] nokaszaHo, 9TO CrIeKTp JH0O0T0 JTUHEHHOTO OTPaHMYEHHOTO OIIEPaTopa COACPKUTCS B
3aMBIKaHUHM YHCIIOBOW 00JIACTH 3HAYEHWH 3TOTO omeparopa. Hwxke mjist ymoOCTBa YUTATENS MEPEIHCIIAM
OCHOBHBIE CBOMCTBA YHCIOBOH 00JIACTH 3HAYSHUI JTUHEHHOTO omnepartopa [15]:

CpoiictrBo 2.1. Ecimu A orpanuueHHslii  omeparop, Ttorma W (A) c {1 € C:|A| < ||A|l};
CaoiictBa 2.2. W(A*) = {1:1 € W(A)};

CsoiictBo 2.3. W(I) = {1}. Ecnu a u § npon3BoNbHBIE KOMIUIEKCHBIE YKCTIa, TOT/Ia UMEET MECTO!

W(aA + B) = aW(A) + B;

rJie omepanmuyd YMHOXKEHUS MHOXKECTBAa Ha YHUCIO M apu(METHYECKOTO MPHOABICHUS YUCIIA K

MHO’KECTBY IOHUMAIOTCS CIIEAYIOLIIM 00pa3oMm:
aQ:={al: A€ Q}L,Q+ B:={1+[: 1€ Q}.

CaoiicTBo 2.4. [I5151 camoconpspkEHHOTO onieparopa A nmeer mecto cootHomenue W(A) c R;

CpoiictBo 2.5. Ecnmu H KOHEYHOMEpHOE NPOCTPAHCTBO, TorAa MHOkecTBO W (A) sBusercs
KOMITaKTHBIM;

CsoiictBo 2.6. Eciu A, B: H — H yHHUTapHO 3KBUBaJICHTHBIE oniepatopsl, Torna W(A) = W (B).

Ilycts A - 3aMKHYTBI JMHEHHBI omepaTop B TWiIbOepTOBOM mpocTpancTBe H. Omnpenenum
arnmpoKCUMAaTUBHO TOYEUHBIN CIIEKTp oneparopa A Kak

Oapp (A): = {4 € C:3{x,}7” € D(A), lIxpll = 1, (A — Dxp, > 0,n > o0},

OO0o03HaUMM CHEKTP W TOYEYHBIA CNEKTp JMHEHHOTrO omeparopa 4epes o(A) u  op(A)
COOTBETCTBEHHO.

CroiicTBo 2.7 (ceKTpajibHOE BKJIKOYeHHe). FIMeeT MecTo COOTHOIIICHHE:

ap(c/l) c W(c/l),aapp (A) c W(A)
Ecmu A € L(H), 10 0(A) € W(A).
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PaccMoTpuM HECKOJIBKO MTPUMEPOB BHIYUCIICHUS YUCIIOBOM 00J1aCTH 3HAYCHHI JIMHEHHOTO oIepaTopa.
I[Mpumep 2.1. BeuciuTh YUCIOBYIO 00JIaCTh 3HAUYCHUH onepaTopa

1 1
Aqily = by, A1(x1, %2, ey Xy o) = (xl,zxz, e X )

Jlerko MOKHO TIPOBEPHTH, UTO

(a‘l)—{()ll ! }
o 1) = ) ,2,...,n,... .

Buano, uto
inf (Aqx,x) =0, sup (Aqx,x) = ||A1]| = 1.
[lxl[=1 llx]l=1
Ho nm mpu xakux 3HaueHwsx x € [, [|x|| = 1 xBagparuunas ¢opma ( A X,X ) HE NpPUHUMAET
3Ha4yenue 0.

[pumep 2.2. BeraucnauTs 4MCIOBYI0 001aCTh 3HAYEHUH omieparopa
A R? = R?, Ay (x1, %) = (axy, bxy),
IJie @ ¥ b IPOU3BOJIbHBIC BENECTBEHHBIE YHCIIA.
Bo36MéM NpOU3BONBLHEIH 2eMenT X = (Xq,%;) € R?, ||x||? = 1,x? + x2 = 1. Torna
(Ayx,x) = ax? + bx3
Ecnu 0603Haunth X7 = t, Torna x2 = 1 —t, rae t € [0,1]. [TosTomy
(Ayx,x) =at+b(1—t)=b+ (a—Db)t
Tak kak t € [0,1], TO
W (A,) = [min{a, b}, max{a, b}]
IMostomy W (A4) = (0,1]. Takum obpazom g (A1) € W(A,).
Mpumep 2.3. BerauciuTs 4UCIOBYIO 001aCcTh 3HAYSHUH omieparopa
Az:C? > €2, Az(zq,22) = (2,0).
Bo3b6MEM MpOU3BOIIBHEIN d1eMeHT Z = (Z4,25) € C?,|2,|? + |z,|? = 1. O603HauuM argz; = @y, k =
1,2. Torna z, = |zx|e'®k, k = 1,2. Jlna snementoB z € C2, ||z|| = 1 paccMOTpUM KBaapaTHYIO GOpMY
(A3z,2) = 712, = |z1]e791|z,|eP2 = |z,]|z,|e"(P2=90),
3nech @, — @1 € [0,27). Ecnu 0603Haunts |z | = t, Torma |z,] = V1 —t2u 0 < t < 1. [lostomy
(Asz,z) = el @2=Pt\/1 — ¢
Buano, yto xorma ¢, — ¢ npoberaer or 0 mo 2m, kBagpatHas ¢opma ( A3z, Z ) ONUCHIBAET
OKPY>KHOCTb C [IEHTPOM B Havajie KOOpaUHaT u ¢ paguycom tV1 — t2. Torna W(Az) = {A € C: |A| < 1/2}.

Mpumep 2.4. BeraucnauTs 4MCI0BY0 001aCcTh 3HAYEHUH onieparopa
1

A Lo1051] = L{01], (@) =x | ef @,
0
MO’KHO TIOKa3aTh, YTO Oy (Ay) = {0}, 04isc (A4) = {1/3}.
CnenoBarensro, W(A,) = [0;1/3].

BoiBoa. [Tycts H runsbeptoBo npoctpanctBo U A = A* € L(H). Torna W (A) = [my4, M 4], Tae
my:= inf (Ax,x),M4:= sup (Ax,x)
llxll=1 llx]|=1

KBanpaTuuHas 4ucjioBasi 00J1acTh 3HAYEHHI: OCHOBHbIE CBOWCTBA M mpuMepbl. Hajno oTMeTHTS,
YTO €CIH CIEKTP COCTOUT M3 OOBEAMHEHHS JIBYX HEMepeCeKaroIUXCs MHOMXECTB, TO YHCIIOBas O0NAcTh
3HAUYEHUI He Bcerja JaéT JOCTaTOYHO XOPOLIYIO CTPYKTYpY.

Hanpumep, ecit A = A* € L(H) u

o(A) = Q; U Qy, maxQ; < min(),,

10 Q) € Ru W(A) = [minQ;; maxQ,].

Hunst Toro, 4ToOBl MONYYUTH OoJiee TOUHYIO WH(OPMAIHMIO O CIIEKTpPE B BHINICYKa3aHHOM ciydae, B
pabote [2] BBEJICHO MOHATHE KBAPATUIHOMN YMCIIOBOM 00J1aCTU 3HAYCHHUHN. J[J151 TIOJTHOTHI KAPTHUHBI HIKE MBI
MPUBOJIUM OTIpEJICIICHIE 3TOTO IMOHSATHSL.

Mycte H =H, BH, u A €L(H), tne H; u H, rumsdbepToBo mpoctpancTBo. Torga omneparop
A € L(H) Bceraa 3anuceIBaeTcs B Buae 0J0YHO-ONEPATOPHON MaTPHILIBI

A= (ﬁu ﬁu) 1)
21 A2
C JIMHEHHBIMU OTPaHUYEHHBIMU oniepatopamu A;;: H; — Hj, i, j = 1,2.
OtMmeTHuM, 4TO
A=A & Ay = Ay, Ay = ALy
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s HeorpaHWYCHHOIO JHHEHHOro omeparopa A B H, ero obmacte omnpenenenus D(A)
Heo0s13aTeNbHO JIOJDKHA OBITh Pa3ioXuMoi Kak mpsimas cymma D; @ D, moampoctpancts D; € Hy, D, C
H, wm crnenoBareibHO, YTBEPKIEHHE O TOM, 4YTO omeparop <A wumeer upezacrabieHue (1) sBisercs
JIOTIOJTHUTENBHBIM NpeAnojoxeHueM. B aTom cinyuae

D(A) = (D(A11) N D(A21)) ® (D(A12) N D(A32)).
Iycts (¢,); 1 || - ||;-cxansproe npoussenenue u HopMma B H;, i = 1,2, COOTBETCTBEHHO.
Omnpenenaenne 3.1. MHOXXeCTBO BCeX COOCTBESHHBIX 3HAUCHHA MaTPHITHI

(A11f1 fi (A12f2;f1)1)
Ari= ( F=(fufo) EH
4 (A21/1.12)2  (A22f2, f2)2 f=Uute
takux, uto ||f;||; = 1,i = 1,2 Ha3biBaeTCA KBaAPaTUYHOW YMCIOBOM 0OJIACTHIO 3HAYEHHIT Omeparopa
A € L(H), coorBercTBYMIOMICH MpeacTaBiieHuto (1) 0J0YHO OnepaTopHOi MaTpUIlbl A U 0003HAYACTCS KaK
W2 (A), T.e.

wie= | o) =G en
Ifilli=1.i=12
Tenepb mepevnciuM OCHOBHBIC CBOWCTBA (0€3 OKa3aTeNbCTBa) KBAJPATHOW YHCIOBOW 00IacTu
3HAYEHUH.
Caoiicto 3.1. W2(A) € W(A).
CaoiicTBo 3.2. Ecnut onepaTopHas MaTpuIiia A UMeeT HIKHIOI WM BEPXHIOI TPEYTOJIBHYIO (hopMmy,

A A A 0
c/lz( 11 12) I/IJ'II/Ic/l:( 11 )’
0 Ay Az Ay

10 W?(A) = W(A11) U W (A32).
CsoiictBo 3.3. Ecu A € L(H), TO
W2(A) < {1 € C:|A] < ||l AIl}
1 OHO 3aMKHYTO eciu dimH < oo,
CeoiictBo 3.4. Ilycts U, € L(H1) u U, € L(H,) yuurapusie oneparopsl u U = diag(U;, U,). Torma
W2(UtAU) = W2(A).
[lpuBeném momonHUTENbHYIO YHOOHYIO (GOpMyJTy IS HCCICIOBAaHUS KBaJpaTHYHOW YHCIOBOU
00J1aCTH 3HAYEHU.

Tos f = (fo, f2), Ifill = 1 nonowum a;;(f): = (Aijfi, fi) m
EL(F)im ay1(f) + az (f) £ /(a1 (f) — aza (N2 + 4a(HI”

2
Torna B ciyuae A = A* UMeeT MecTO PaBEHCTBO:

wi = | E@Em)
Ifill=1
Teopema 3.1. Eciu A € L(H), H = H; @ H,, To uMeeT MECTO COOTHOIICHUS:
0p(A) € W2(A),0(A) € W2(A).
s nokazarenscTBa cM. [2].
3ameuanue 3.1. BooGuie roBops, MHOXkecTBO W2 (A) HEBBIMYKIIOE, OHO COCTOMT U3 He GoJiee ABYX
KOMITOHEHT.
[pumep 3.1. BeraucnauTs KBagpaTHYHON YUCIOBOI 007acTH 3HAUEHHUH omeparopa

T.C.

. R2 2 _(a O
A R? > R?, Ag = (0 b),a,b €R.
Jlerko Mo3KHO TIPOBEPHTE, UTO s T060ro x = (xq,%,) € R, ||x;|| = 1 Bepna

e = (§ 1) 0((As)) = {a,b}

[Tostomy, no onpenenenuto W2(As) = {a, b}. CnenosarenbHo,

W?2(As) € W(As) = [min{a, b}, max{a, b}].
IIpumep 3.2. BoruucnuTh KBaJpaTHUHYIO YHCIOBYIO O0IAacTh 3HAUEHUH onepaTopa

c/l6:]R2 N IRZ,C/Z6 - < 10 2\/§>
2v2 3
s
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10-21 2V2
22 3-21

det( )=,12—13/1+22=0

crenyer, yto Ay = 2u l, = 11.
CnenoBareibHoO,
W(Ag) = [2,11],W3(Ag) = {2,11}.
Bunno, utro W2(Ag) € W(Ag).
Hpumep 3.3. [ycte Hy: = Cu Hy: = L,[0,1]. B runsbeproBom mpoctpancTBe Hy paccMOTpUM
A= <A11 A12>
A, Az
C DJIEMEHTaMH

1
A11f1 = af1,Ar2fz = f f2(0)dt, (Az2f2)(x) = af,(x),a € R.
0
IIpocThie BEMMUCIEHHUS TIOKA3BIBAIOT, YTO

E.(f)=ax

1
f f(@©)dt
0

CrnenoBarebHO,
W2(A) =[a—1,a+1].
bBaouyHo yuciaoBasi 00J1acTh 3HAYEHHMIl JIsI ONMEPATOPHBLIX MATPHUIl N-TO MOPSIAKA: OCHOBHBIE
CBOIiCTBa U MpUMepbI. bI0YHO-UKCIOBas 00IACTh 3HAUEHUH JJIsI TFOOOTO 11 ¢ OTPAaHHUYSHHBIMH 3JIEeMEHTaAMHU
Obuta BBeieHa B pabote [3]. 31ech Mbl 0000IMM MOHATHE 0J0YHO-YMCIOBON OOJIACTH 3HAYCHUH JUIS N X N
OTIEPATOPHBIX MATPHUIL C HEOTPAHMIECHHBIMH DJIEMEHTAMH M H3yYUM HEKOTOpPBIC €€ dJIeMECHTapHBIC CBOMCTRA.
ITycts n € N HarypanbHoe ymcino ¢ ycnosueM n = 3, H;, i = 1,-+-,n - TiuibOEpTOBBI IPOCTPAHCTBA U
H:=H, D - DH, B rumsbeproBom mnpocTtpancTBe H paccMOTpUM JHMHEHHBIE OINEPATOPBl A,
JIEHCTBYIONINE KaK N X 1 - ONIEPATOPHBIC MATPHIIBI
A1r o Ag
A= =~ |, (2)
I
rA€ MaTpU4YHBIE  DJIEMEHTHI Aij:}(j D D(Al- j) - H;,i,j=1,..,n, IUIOTHO OIpeAcICHHBIC,
JTOTYCKAIOIINE 3aMBbIKaHUE JIMHEHHBIE OMePaToOphl U 00JIACTh ONIPEACTICHUS
n n

D(A) = @ ﬂ D(Ay) |
j=1 \i=1

omneparopa A Takxke miotHa B H.

BrouHo-uucioBass 007acTh 3HAYCHWMH IS 2 X 2-OTEPATOPHBIX MATPHUI[ TaK)Ke Ha3bIBACTCS
KBaJIPaTHIHOYHCIOBOH 00JIACThIO 3HAYCHUH, KOTOpas BBeJieHa B paboTe [2] 1 B HajbpHEeIeM UccilenoBaHa B
cepun pabot, B dactHoctu [16], [17] (cM. Takke [3]), B MOCIHEAHMX NBYX IMyOIMKAIIAAX CHEKTPATLHEBIC
BKJIFOUEHHS JIOKa3aHbl ISl JWAarOHANBHO JOMUHHUPYIOIIMX ¥ BHE JHArOHANBHO JOMHUHUPYIOIIAX
omepaTopHBIX MaTpuil. biouHo-unciioBas 001acTh 3HAUCHHUIA JIJIS JIFOOOTO N C OTPAHUYCHHBIMU 3JICMCHTAMU
Obla BBeZieHa B padoTe [18].

B aToM myHKTE MBI 0000IIIMM OJIIOYHO-YUCIIOBYIO O0JIACTHh 3HAYEHUH IS 1 X N-OMEePaTOPHBIX MATPHI]
C HEOTPAaHUYCHHBIMU JJIEMEHTAMH M H3y4YMM HEKOTOpHIC €€ 3JIeMeHTapHble cBoicTBAa. C 3TOr0O MOMEHTA
NpeAnonoxkum, uro Hy, ..., H, - runedepToBH TpocTpaHcTBa; yepe3 (+,); || - ||; 0bo3HaUMM ckassipHOE
MIPOU3BEJICHUE M COOTBETCTBYIONIYIO HOpMY B H, i = 1,1, COOTBETCTBEHHO.

Ilycth A-omeparopHas Marpuiia B ruwin0epToBoM mpoctpanctee H = Hy @ - @ H,, ¢ obmacTpio

OIpeICICHUS
n n

D(A) = @ ﬂ D(Ay) |-
j=1 \i=1
ITonoxum
§™ = S 0.0, = {f = (o ) EHL @ @I |Ifill, =17 =1, "}
Just f € D(A) N S™ onpenenum n X n-Matpuily

Ar:= (At 1),) _, EMa(O).

n
ij
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Torma MHOKECTBO COOCTBEHHBIX 3HAYCHHH 3THX MaTPHI]

Wi, -0, (A= | | {op(Ay):f € 57)

Ha3bIBACTCS OJIOYHO-YMCIOBOM 001acThiO 3HAYCHUU omeparopa A oTHocurensHo H = H; @ - D
Hy; anst UKCUPOBAHHOTO pasyiokeHUst H MBI TaKKe MUILIEM:
n —
W™(A) = Wy, @...@7, (A)-
Tak xak op (c/lf) = {A eC: det(c/lf — A) = 0} it Bcex f € S™, MMeeT MECTO DKBHBAIICHTHOE
npeAcTaBJICHHE:

W™(A) = {1 € C:3f € S", det(Af — 1) = 0}.

I[Ipu n =1, On04YHO-uMCIIOBas 00JACTh 3HAYCHUH - 3TO OOBIYHAS YKCJIOBas OO0JACTh 3HAYCHHI
oneparopa A. [lpu n = 2 6no4HO-uMcIOBas 007acTh 3HAYCHUI - 3TO KBagpaTHUYHAs YHUCIIOBas 00J1acTb
3HAUeHUH, KoTopass BBeaeHa B pabore [2]. Ilpm n =3 OnouyHo-umcioBas 00JacCTh 3HAYEHUH - 3TO
KyOuueckas yucioBas obnacte 3Hauenuit. Eciu A € M, (C) - n X n-marpuna, to W™(A) coBnagaer ¢
MHOKECTBOM COOCTBEHHBIX 3HaueHuit Matpuilsl A. Eciu A - cummerpuueckas, A € A*, to Wn(A) c R.

5. ChekrpaJjibHOe BJIOKEHHE /JJIsl ONEPATOPHBIX MATPHIl OTHOCHTEJbHO padUHUPOBAHMA
pa3ao:xkenusi. Ciemyromniee yTBEPKICHUE SBISETCS NPSIMBIM 0000IeHreM (pakTa, 9TO YHUCIIOBas 00JIACThH
3HAYSHHUU COJIEPIKUTCS B KBAIPATUIHO-YHCIOBOM 00acTy 3HaYeHH (CM. yTBepxkaeHue 3.2 u3 [4]):

Wn™(A) c W(A).

Ecmu mpu n >k, umeror mecto paznoxkenuss H =H; §--PH, u H = 3-?1 &) ---@f[k, TO
srmodenne W (A) © W¥(A) ue Bcerna BepHo.

Bxutouenue Oynmer BepHO, eciiu n =k u H; @ -+ @ H,, ectb padunupoBaHue (IpOIOHKECHHE)
npoctpanctea H; @ --- @ Hj,. CrnenoBarenbHo, B 9TOM ciiydae MHOKecTBO W™ (A) MOXKET AaTh XOpOIlee
creKTpanpHoOe Bioxkenue, ueM W (A).

OCHOBHBIM Pe3yJIbTaTOM JJTAaHHOM PaOOTHI SBJISAETCS CIEAYIOIIEE YTBEPKICHHE.

Teopema 5.1. [lycte n,k € N,n > k, u nycte H; D ... B H,, ectb padhuHUpOBaHHE NPOCTPAHCTBA
H, @® - @ Hy, 1.e. cymecTByror nenble uncna 0 = iy < i; < -+ < i;, = N TaKHe, YTO

Hy=H;, B @H,l=1,..,k.

Torna Wy, @.-@u, © Wi, @..@f,> WM, Kopotko, W™ (A) c Wk(A) mpu n =k otHOCHTENHEHO
paQUHUPOBAHUS PaA3JIOKEHHS.

Joxa3zaTeabcTBo. Jl0Ka3aTeNbCTBO TEOPEMBI aHAJIOTUYHO JOKA3aTENbCTBY JJIsl OTPAaHUYEHHOU A, CM.
[18]; mo3aTOMy 31€Ch AaAMM TOJBKO CXEMy JIOKa3aTelbcTBa. JOCTaTOYHO paccMOTpeTh ciydait k = n — 1,
o0 ciyvait cnenyer u3 naaykiyn. Ecnu k = n — 1, To cymectByer kg € {1, ..., n — 1} Takoe, uto

Hy=H, L €{1, ... ko — 1}, Hy, = Hyy, ® Hiysr, Hy = Hipr, L E{kg + 1, ...,n — 1};
3aMeTHM, uTto 1pu kg = 1 u ky = n — 1 nepBoe U nociegHee MHOXKECTBA, COOTBETCTBEHHO, SIBIISIOTCS
MycTeIMH. Ecim mpuMeHHM TeopeMy O CHEeKTpajabHOM BKIFOUeHHH [18] miust OGmodHo-dmcioBoil obnactu
3HAYEHUI MaTpuIl K Kaxaoi marpuie Ar ¢ f € D(A) N Sj{lea..,@}[ko@}[k0+1®...@g{n , IOy IHM:

Wit @-- @36, = Wi, @ @1, ®H iy 11 @y
= U {O'(cﬂf):f €ED(A)N SHI@"'®HI(0@}[k0+1@'”®7{n}

= U {Wc@...@@@“.@@(cﬂf):f ED(A)N Sj‘[l@"'@j{ko@Hk0+1@"'€97'[n}'

Teneps, caenyst cxeme J0Ka3aTeabcTBa [3], MOKHO 3aKOHUUTH JOKA3aTENbCTBO TEOPEMBI, IOKAa3bIBasl,
YTO JJIA KaXJI0M mapbl

feD(A)N Sﬂ1@"'®ﬂk0®7‘[k0+1@"'@}[n HXECH - PC>*D - DC,
cymectByeT g € D(A) N Sy, @...@s, TAKOE, UTO O ((u‘lf)x) = a(u‘lg) U CJICIOBATENBHO,

Weg-ocze-oc(Ar) © Wi,o--t,

3ameuanue. Or™erum, uto BiimodeHune W™ (A) € W(A) aast Kaxaoro pasjiokeHUs: THILOEpPTOBa
npoctpanctBa H = Hy @ -+ @ H, sBisercs crenualibHbiM ciydaem k = 1 teopemsr 5.1.

3ak/odyeHue. B maHHOW cTaTbe BBOAATCS TOHSATHS YWCIOBOM OOJIACTH 3HAYCHWH JIMHEHHBIX
OIIepaTopoOB, KBaJPAaTUUYHOW YMCIOBON 001acTH 3HaYCHHUH IS ONEPATOPHBIX MaTPHUI] BTOPOTO MOPSAKA H
0JI0YHOM YMCTIOBON 00TaCTH 3HAYEHUH IJIS1 OTIEPATOPHBIX MATPHUI] N-TO TOpsAKa (B 00IIeM HEOTpaHHIECHHOM
cllydae); MX OCHOBHBIE CBOICTBA ONHCHIBAIOTCS W JIEMOHCTPHPYIOTCS Ha HECKOJIBKHX mHpuMmepax. Omucan
YIOOHBIH METOJ BRIYUCIICHHS YUCIOBOH 00J1aCTH 3HAYCHUIN JTMHEWHOTO OTPAaHUYEHHOTO CAMOCOIPSDKEHHOTO
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omneparopa. IIpuBeeHO SKBUBAJICHTHOE TPEICTABICHUE IS OJIOYHOM YHMCIIOBOI o0yacTh 3HadeHnit. Kpome
TOr0, YCTAHOBJICHO CIEKTPAIbHOE BJIOKEHUE i1 HEOTPAHUYCHHBIX OMNEPATOPHBIX MATpHUIL[ MHOPSIKa n
OTHOCHUTEIHHO paQuHUPOBaHUS pa3nokeHus. lIpencrapneHnpie fTaHHbBIE UCTIOIB3YIOTCS ISl OLIEHKH HIDKHEH
Y BEpXHEW I'paHuI] CIIEKTPa MaTPHII C IMHEHHO OTrPaHUYEHHBIMHU OIIEPATOPaMH 1 -T'O MOPSAKA.
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ENHANCING THE SPECTRAL DEFERRED CORRECTION METHOD USING AI-BASED
INITIAL GUESSES
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Abstract. This paper presents a detailed exposition of the Spectral Deferred Correction (SDC) method
with a focus on (1) writing the SDC iteration in direct U-form and (2) the integral approximations used in
the iteration. We then present an Al-augmented initialization strategy where a neural network provides the
initial values at collocation nodes. We compare two neural models (“old” and “improved”), describe their
architectures and training procedures in detail, and explain how to validate and safely use an Al initial
guess inside SDC. In the numerical example section, we illustrate the SDC sweep process and the MLP
architecture used for the Al.

Key words: SDC, collocation problem, initial guess, neural network.

SUN’LY INTELLEKTGA ASOSLANGAN DASTLABKI TAXMINLAR YORDAMIDA
SPEKTRAL KECHIKTIRILGAN TUZATISH USULINI TAKOMILLASHTIRISH

Annotatsiya. Ushbu maqolada Spektral Kechiktirilgan Tuzatish (SDC) usuli batafsil yoritiladi. Asosiy
e’tibor (1) SDC iteratsiyasini to ‘g ridan-to ‘g ‘ri U-ko ‘rinishda yozish va (2) iteratsiyada ishlatiladigan
integral yaqginlashuvlarga qaratiladi. Shundan so ‘ng, neyron tarmoq kollokatsiya nuqtalarida boshlang ‘ich
qiymatlarni beradigan sun’iy intellekt yordamida initsializatsiya strategiyasi taklif etiladi. Ikkita neyron
modeli (“eski” va “takomillashgan”) taqqoslanadi, ularning arxitekturasi va o ‘qitish jarayoni batafsil
tushuntiriladi hamda Al boshlang ‘ich taxminini SDC ichida xavfsiz ishlatish yo ‘llari izohlanadi. Sonli
misollar bo ‘limida SDC sikli va Al uchun ishlatilgan MLP arxitekturasi tasvirlanadi.

Kalit so‘zlar: SDC, kollokatsiya masalasi, boshlang ‘ich taxmin, neyron tarmogq.

COBEPHIEHCTBOBAHME METOJA CHEKTPgAJII;HOfI OTJIOKEHHOM KOPPEKIIUU
C IOMOUbIO HAYAJIBHBIX ITPUBJIMKEHUU HA OCHOBE HCKYCCTBEHHOI'O
HUHTEJUIEKTA

Annomayusn. B oannotl cmamve noOpoOHO paccmMampudaemcs memoo CHeKmpailbHOU OMI0NCEHHOU
xoppexyuu (SDC). Ocnognoe snumanue yoensemcsa (1) zanucu umepayuu SDC 6 npsamot U-¢popme u (2)
AnnpoOKCUMAYUAM — UHIMeSPAnd, UCNOAb3yeMblM 6 umepayuu. Jlanree npeocmasieHa Ccmpamezust
UHUYUATU3AYUYU C UCHONb30BAHUEM UCKYCCMBEHHO20 UHMELIeKMA, 20e HeUPOHHAs cemb 3a0aém HAYalbHble
sHaueHus 6 y3iax xoanokayuu. CpagHusaromcs 08¢ HeUpOHHble MOOeNU («CMapasy U «VIyYUleHHAs),
nOOPOOHO ONUCLIBAIOMCS UX APXUMEKMYPbl U Npoyedypvl 00yuYeHUus, a makdice OO0BbACHAEmCcs, KaK
nposepsims U 6€30nacHoO UCNoIbL308amsb Hayarvhoe npudauxcenue Al euympu SDC. B paszoene ¢ uucienHvim
npumepom noxasamnwvl npoyecc SDC u apxumexmypa MLP, ucnonv3yemas ona Al

Kniouesvie cnosa: SDC, 3a0aua xornokayuu, HauaibHoe npudIudicerue, HeuUpoHHds cemo.

Introduction. Spectral Deferred Correction (SDC) methods [1, 2] are iterative high-order time
integration schemes designed to solve initial value problems (I\VVPs) of the form

_fun,  ut)=w

Rather than constructing a single high-order formula, SDC achieves high-order accuracy through a
sequence of correction sweeps, each of which iteratively improves an approximate solution. This iterative
process transforms a low-order method (such as Forward Euler [6]) into a high-order one by repeatedly
reducing the local residual error over a set of collocation nodes within a time step.

The SDC approach originated from the seminal work of Dutt, Greengard, and Rokhlin (2000) [1], and
it has since been extended and refined for stiff, nonlinear, and multiscale problems [2]. It provides a flexible
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framework that bridges the gap between explicit and implicit integrators, allowing practitioners to achieve
high-order accuracy without solving fully coupled nonlinear systems as required in classical collocation
methods. Moreover, SDC methods serve as a foundation for advanced multi-level algorithms such as
MLSDC and PFASST (Parallel Full Approximation Scheme in Space and Time) [7,8], enabling parallel-in-
time integration for large-scale dynamical systems.

A central insight in SDC theory is that the quality of the initial guess at the collocation nodes
significantly affects both the convergence rate and computational efficiency. Typically, one initializes the
collocation nodes using a simple low-order scheme—often Forward Euler or midpoint rule [6]. While this
approach is computationally inexpensive, it may fail to provide an accurate representation of the true
solution, especially for problems that exhibit rapid oscillations, stiffness, or nonlinear coupling.
Consequently, the SDC iteration may require many correction sweeps to achieve convergence, increasing the
overall computational cost.

To address this issue, recent research in computational mathematics and scientific machine learning
has begun to explore Al-assisted initialization strategies. Neural networks, and particularly Multi-Layer
Perceptrons (MLPs), can approximate continuous nonlinear mappings with high precision [3]. When
trained appropriately, they can serve as data-driven surrogate models capable of predicting the solution u(t)
at arbitrary times t. This observation motivates the use of neural networks to provide smart initial guesses at
collocation nodes, potentially reducing the number of required SDC sweeps.

Collocation Problem. Consider the general initial value problem (IVP)

u'(t) = f(u(®),t),  ulty) =1uo

on a single time interval [tg, ty + At].

Our goal is to approximate the solution u(t) at a discrete set of collocation nodes within this interval.

Let us introduce M collocation nodes

=T <71 < <71y =ty +At

and denote by  u,, = u(t,,) the approximate solution at node t,,.

Integrating the differential equation from t, to an arbitrary time t € [tg,ty + At], we obtain the

equivalent integral equation:
ut) =t +£f(u(s), )k

At the collocation node t = t,,, the exact solution satisfies

Tm
u(ty) =up + f(u(s),s)ds, M=1,.., M. €Y)
to
Equation (1) is the collocation formulation of the IVP.
However, since f(u(s),s) is generally not known exactly, the integral must be approximated
numerically.
Quadrature approximation
Let us define the normalized local coordinate ¢ € [0,1] such that
t =ty +&At,and 7,,, =ty + At &y,
where &, € [0,1] are the normalized collocation nodes.
Then the integral in (1) can be written as

ém
u(ty) = up + At f(u(ty + E'At), to + E'At) dé'.
0
To approximate this integral, we introduce a quadrature rule based on the collocation nodes {¢}}:

$m

0

M

Fulto +§'80),t0 + EAAE = ) g (11,77),
j=0

where the quadrature weights q,, ; are defined as

Em
G = fo (&) dE

and [;($) denotes the Lagrange basis polynomial associated with node ¢ i.e.

M
he—g
k#j
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We can then define the collocation matrix

Q= (Qmj)m] 0

which encodes the integration of Lagrange polynomials from 0 to &,,.
Using this quadrature, equation (1) becomes
M

Um = U +At2qmrjf(uj,rj), m=1,..,.M

This nonlinear system (2) couples all node values {u;}. If solved simultaneously (e.g., by Newton’s
method), it yields the collocation solution, which is of very high order—depending on the quadrature rule,
this can be of order 2M for Gaussian nodes or M + 1 for equidistant nodes. However, solving (2) directly
can be computationally expensive since it requires solving a large coupled nonlinear system at every time
step. This motivates iterative strategies that progressively approximate the collocation solution—one such
method is the Spectral Deferred Correction (SDC) scheme.

Spectral deferred correction (SDC). The main idea of SDC [1, 2] is to obtain the collocation solution
(2) iteratively rather than solving it directly. Starting from an initial guess {u,,(0)}, SDC performs a
sequence of correction sweeps that gradually improve the accuracy.

For a given approximation u(®) (t) at iteration k, define the residual function

t

r®(t) = uy + f fu®(s),s)ds —u® (o).
to

The residual measures how far u(® (t) deviates from satisfying the exact integral equation (1).
The correction § ) (t) is then defined implicitly by
W® + 50 ) = F(u® +6®, 1),

with the condition that u® + §) satisfies (1) more accurately. This leads to an iterative correction
process that can be viewed as a Picard iteration with spectral quadrature.

Each sweep corrects the residual error of the integral equation, effectively increasing the overall order
of accuracy by one per sweep (for sufficiently smooth problems).A commonly used explicit form of the SDC
sweep (using a base explicit integrator such as Forward Euler for the local propagation) is the following

node-to-node update written without introducing

M=t 19 =300 5)
® [ W@ 0dr U

where "M denotes the quadrature approximation to build from iterates

(k) — (K) — _ _
Given o u(t") (initial condition at the left node), and assuming b u(t”) , for m_o’ to M-1

compute
WD =+, F (1, 7,)+ (195 -190)
|® u® |6, —]®

where M are computed using the previous sweep values J . The term ™1 M approximates the

(k+D)
integral of f over the subinterval [Tm’ m+1] using information from the older iterate; the (Atmf( )part
is the base integrator using the updated left-node value. The scheme above is explicit in the sense that the
right-hand side uses only quantities known at the time the formula is applied (in particular, the unknowns are

ugrlf-:—l

only).
Al-Based Initial Guess for Spectral Deferred Correction. This section provides a comprehensive

description of the neural network models used to generate initial approximations for the Spectral Deferred
Correction (SDC) method and explains their impact on convergence. The goal is to construct a parametric
function
Ng(t),
with trainable weights 6, that predicts the numerical solution u(t) of a given differential equation at
arbitrary time points t € [t,, t,4+1]. In the SDC framework, the network is evaluated specifically at the
collocation nodes {7, }} _, to obtain the initial guess

u® = Mp(r,), m=0,.., M.
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This initialization replaces the classical low-order predictor (e.g. Forward Euler) and serves as a high-
quality starting point for the iterative correction process.

Model Architecture: Multi-Layer Perceptron (MLP)

A Multi-Layer Perceptron (MLP) is adopted as the base architecture owing to its universal
approximation capabilities and ease of training for smooth functions. The mapping is defined as

Ng(t) = WL G(WL—I U(...G(Wlt + bl) ) + bL—l) + bL'

where W;, b; are weights and biases, and o(:) is a nonlinear activation function. The specific
architecture used in our experiments is as follows:

« Input: scalar time variable t (optionally normalized to [—1,1] or standardized to zero mean and
unit variance).

» Hidden layers: two fully connected layers with n, = 50 and n, = 50 neurons respectively.

« Activation function: hyperbolic tangent (tanh), chosen for its smoothness and suitability for
representing continuous trajectories of ODE solutions. Other activations such as ReLU, GELU, or sigmoid
were tested, but tanh provided the most stable training and lowest interpolation error for smooth systems.

»  Output: linear scalar neuron producing the predicted value @i = Ny (t). No activation is applied in
the output layer, enabling the network to represent both positive and negative values freely.

This simple feedforward network is sufficient for one-dimensional or low-dimensional dynamical
systems and can be extended to vector-valued functions by increasing the output dimension.

Loss Function, Optimizer, and Training Procedure. The network parameters @ are obtained by
minimizing the Mean Squared Error (MSE) between the predicted and reference values:

N
1
£0) = 1) | Mt — ut),
i=1

where {(ti,u(tl-))}’l-\’:1 are training pairs. Reference values can be obtained from either analytical
solutions or high-accuracy numerical solvers (e.g. Runge—Kutta of order 5-8).

«  Optimizer: Adam (adaptive gradient method) with learning rate n = 10~3, optionally decayed
after every 50 epochs.

» Alternative: For small networks or smooth objectives, L-BFGS can provide faster convergence to
a high-precision minimum.

»  Batch size: Typically 32—-128; full-batch used for small datasets.

«  Regularization: L, weight decay term A = 10~* to prevent overfitting and encourage smooth
weights.

»  Early stopping: Training stops when the validation loss does not improve for 50 consecutive
epochs to avoid overtraining.

«  Normalization: Inputs t and outputs u(t) are normalized to the interval [—1,1], improving
numerical conditioning and learning stability.

Training data generation: To ensure smooth interpolation, the training dataset consists of many
uniformly sampled time points (e.g. 500-1000 samples on [0, T']), with corresponding u(t) values computed
using a reference integrator. For chaotic or stiff problems, logarithmic or adaptive sampling can be used to
emphasize regions with higher gradients.

Two versions of the neural predictor were implemented to assess the influence of network quality on
SDC convergence.

Old Al (Baseline).

¢ Training set: Small (about 50 training points in [0,1]).

»  Network size: Two hidden layers, each with 10 neurons.

»  Training: Limited epochs, minimal regularization, no normalization of input/output.

»  Optimizer: Default Adam with constant learning rate, no validation-based early stopping.

Consequences: The baseline model exhibited underfitting, resulting in oscillatory or noisy predictions.
Its accuracy at unseen collocation nodes was poor, especially near the domain boundaries. Consequently, the
SDC initialization using this model produced initial residuals comparable to, or worse than, those from a
low-order Euler guess.

Improved Al (Proposed Model).

¢ Training set: Dense (about 500 uniformly spaced samples on [0,1]).

»  Network size: Two hidden layers with 50 neurons each.

»  Activation: tanh, ensuring smooth and differentiable approximations.
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» Training: Extended training with early stopping on validation loss, weight regularization, and
input/output normalization.

»  Optimizer: Adam with adaptive decay schedule.

Consequences: This improved model generated predictions that closely matched the true trajectories of
the ODE. It provided smooth, accurate values at collocation nodes, significantly reducing the initial residuals
of the SDC iteration. Empirically, for several test ODEs, the improved Al initialization reduced the number
of SDC sweeps required to achieve a fixed error tolerance by 30-50% compared to both the Euler and
baseline Al initializations.

Why the Improved Model Accelerates SDC. The efficiency of SDC relies on iterative correction of
the defect (residual) between the current approximation and the collocation integral equation. If the initial

approximation uﬁ,?) is already close to the collocation solution u;,, then the defect
Tm
0 0
r® =4 ® _qy, —f f(u(o)(s)) ds
t

0
is small, and subsequent correction sweeps converge rapidly. A poor initial guess (e.g. from Euler)

leads to large residuals that require multiple sweeps to diminish.

In contrast, the Al-based initialization provides a globally smooth and accurate prediction over the
interval, reducing the magnitude of the initial defect. The improved model, trained on a dense dataset with
proper normalization, offers:

»  better interpolation within collocation subintervals,

»  reduced phase lag and amplitude errors,

» smaller correction terms in early sweeps, and

» improved numerical stability for explicit SDC variants.

Thus, the neural network acts as a learned high-order predictor, transforming SDC into an effectively
accelerated iterative scheme. In summary, the combination of SDC with a neural initialization merges the
interpretability and error control of numerical analysis with the approximation power of data-driven models.

Numerical Experiments. We test on:

e k!

whose exact solution is U(t) =€,

We use M =5collocation nodes, K=25weeps over [0,1].

Figure 1 shows the solution curves demonstrate that all three methods closely follow the exact solution
U(t) =€ but the Improved Al-SDC tracks it more accurately across the entire interval. The Old Al-SDC

model exhibits noticeable deviations near t=1, indicating that its initial guess did not sufficiently reduce the
iteration burden for SDC

Comparison of SDC with Different Initial Guesses

—a— Euler-5DC

i~ Old AI-SDC
—4— Improved Al-SDC
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Figure 1. Solutions after two SDC sweeps
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Figure 1 shows the comparison among the Euler-SDC, old AlI-SDC, improved Al-SDC, and the exact
solution of the problem. We can see that all numerical methods converge except the old Al model.
Furthermore, the improved Al model remains much closer to the exact solution over long time steps. This
behavior can be attributed to the fact that, as time increases, the improved Al model—Dbeing better trained—
maintains higher accuracy and stability over extended intervals.

The table 1 quantifies these findings by reporting the final absolute error at t=1. The significant
improvement from Euler-SDC to Improved AI-SDC underscores the value of high-quality Al-based initial
guesses. Conversely, the Old Al-SDC result serves as a cautionary example: if the neural network is under-
trained or trained on a restricted domain, its predictions can mislead the SDC sweeps and degrade overall
accuracy.

Table 1. Absolute error of the final time T=1

Method Final error at t =1
Euler-SDC 0.0736
Old AL-SDC 0.2576
Improved AI-SDC 0.0387

Conclusion. We presented the Spectral Deferred Correction (SDC) method in its direct Q-form,
starting from the collocation formulation of the ODE. The derivation showed how the continuous integral
equation is approximated using a collocation matrix @ built from Lagrange basis functions, leading to a
systematic high-order discretization. We also outlined the node-to-node SDC update process using
precomputed quadrature weights.

Furthermore, we introduced neural-network-based initialization for SDC, using a Multi-Layer
Perceptron (MLP) trained offline to predict approximate solution values at collocation nodes. Detailed
aspects of architecture, training, and normalization were discussed, showing how a well-trained model
provides accurate and smooth initial guesses that accelerate SDC convergence.

We compared a basic “old AI” model with an “improved AI” version featuring richer training data,
stronger regularization, and better optimization. The improved model achieved higher accuracy at
collocation points, reduced residuals, and required fewer SDC sweeps.

This integration of Al-based initialization with high-order iterative methods demonstrates how
machine learning can enhance classical solvers. By starting closer to the collocation solution, Al-SDC
achieves faster and more robust convergence. Future work will extend this framework to systems of
equations and explore adaptive, data-driven training strategies for broader problem classes.
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NPUHIIATI BUPMAHA-IIIBUHTEPA JIJISI ONEPATOPHOM MATPUIIBI
TPETBET'O ITIOPAJKA

Kypakynosea @apanzuc Mypom ku3u,
Byxapcxuii 2ocyoapcmeennwiii ynusepcumem
byxapa, Y36exucman
f.m.juraqulova@buxdu.uz

Annomayusn. B oannoii cmamve paccmampusaemcs. onepamopHas Mampuya A, mpemve2o nopsaoxa
co cnekmpanvHuim napamempom U > 0. Ona coomeemcmeyem cucmeme ¢ HeCOXPAHAIOWUMCA U He boaee
mMpéX yacmuy HA OOHOMEPHOU pewémKe U pAaccCMampuedemcs Kak JUHEUHbIl, OSPAHUYEHHbIU U
CAMOCONPSICEHHBIN ONEPAmop 6 06pe3aHHOM NOOnpocmpancmee npocmpancmea Poka. Ananoz uzyueHHozo
ypasnenus Paddeesa Ons cobcmeennvix 6ekmop-yuxyuti onepamopnou mampuyvl A,. Jloxasamno
ymeepacoeHue, Agdoujeecs peaiusayuell uzeecmuozo npunyuna bupmauna-llleuncepa ons onepamopHou
mampuyol A, .

Knrwueevle cnoea: npocmpancmeo Doka, onepamopHas Mampuyd, CHeKmMpAlbHblll napamemp,
ypasnenus @Daoddeesa, coOCMBEHHAS B6eKMOP-DYHKYUL, CYWECMBEHHbIL CheKmpbl, npunyun bupmana-
Llsuneepa.

BIRMANN-SCHWINGER PRINCIPLE FOR THE THIRD-ORDER OPERATOR MATRIX

Abstract. In this paper, we consider the third-order operator matrix A, for a spectral parameter u >
0. It corresponds to a system with a non-conserved number of particles and at most three particles on a one-
dimensional lattice, and it is treated as a linear, bounded, and self-adjoint operator in a truncated subspace
of the Fock space. An analogue of the well-known Faddeev-type equation for the eigenvector functions of the
operator matrix A, is derived. Furthermore, a result realizing the well-known Birman-Schwinger principle
for the operator matrix A, is established.

Keywords: Fock space, operator matrix, spectral parameter, Faddeev equation, eigenfunction,
essential spectrum, Birman-Schwinger principle.

UCHINCHI TARTIBI OPERATOR MATRITSA UCHUN BIRMANN-SHVINGER
TAMOYILI

Annotatsiya. Ushbu magolada spektral parametri u > 0 bo‘lgan uchinchi tartibli A, operator
matritsa ko ‘rib chiqiladi. U zarralar soni saqlanmaydigan va bir o ‘Ichovli panjarada eng ko ‘pi bilan uchta
zarrachadan iborat tizimga mos keladi hamda Fok fazosining qirgilgan qism fazosida chizigli,
chegaralangan va o z-o ziga qo ‘shma operator sifatida qaraladi. A, operator matritsasining xos vektor-
funksiyalari uchun Faddeyev tenglamasining analogi keltirib chigarilgan. Shuningdek, A, operator
matritsasi uchun mashhur Birman—Shvinger prinsipining amaliy ifodasi bo ‘Igan natija isbotlangan.

Kalit so‘zlar: Fok fazosi, operatorli matritsa, spektral parametr, Faddeyev tenglamasi, xos vektor-
funksiya, muhim spektr, Birman-Shvinger prinsipi.

Beenenue. Bonpocsl, CBA3aHHBIE CO CHEKTPAIbHBIMU CBOMCTBAMHU ONEPATOPHBIX MATPHILl TPETHETO
MOPsIIKA, COOTBETCTBYIOIINX TAMUITOHMAHAM CHCTEM C HE COXpaHSIONMMCS U He Ooree TpEX dacTHIl HA
peméTke, SBISIOTCS aKTyaJbHBIMU MpoOieMamu B (usuke TBEpAoro Tena [1], KBaHTOBO# Teopuu mois [2],
CTaTHCTUYECKOM (u3nke [3], KBAaHTOBOW MeXaHUKe [4] ¥ BO MHOTHX JPYTHX 00JIacTsX.

B macrosmieli pabore paccMaTpuBaeTcs OneparopHas Marpuia A, TPEThEro MopsaKa  Co
CHEeKTpaJIbHBIM TapameTpoM K > (0, COOTBETCTBYIOIIAs CHCTEME C HE COXPAHSIOIUMCS M He Oojee TpEX
YacTHIl Ha OZHOMEpHOU pemérke. M3ydaemas omeparopHas maTpulia JCHCTBYET B MPSAMOU CyMME HOJb-
YaCTUYHBIX, OAHO-YACTHYHBIX M JABYX-YaCTHYHBIX MOIIMPOCTPAHCTB 0030HHOTO MpocTpaHcTBa Poka, T.e. B
00pe3aHHOM TOANPOCTPAaHCTBE 0030HHOrO mpocTpancTBa ®oka. [l coOCTBEHHBIX BEKTOP-(YHKIMA
paccMarpuBaeMOM OMNEPaTOPHOW MaTpHUllbl TOCTpOeH aHanor ypaBHenus Panneea. Kak wu3BecTHO,
ypaBHeHue dazneeBa mMmeeT 0co0oe 3HAUCHHWE TPU OINPEACICHUU TOJOXKCHHUS CYIIECTBEHHOTO CIIEKTpa
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3alaHHO# omepaTtopHOU MaTpulbl. Kpome TOro, CMMMETPU30BaHHBIA BapUaHT JAaHHOIO YPaBHEHUS LIUPOKO
NPUMEHSETCST TPH ONPEACTICHUN YCIOBHH, NMPU KOTOPBIX YHCIO COOCTBEHHBIX 3HAUYCHHMH HCCIETyeMOn
OIIEpPAaTOPHON MAaTPHIbI SBIAETCS KOHEYHBIM WIM OECKOHEUHBbIM. B 4acTHOCTH, MCIIONIB3YeTCsl MPUHIMII
bupmana—IlIBuHrepa.

Uepes T:= (—m;m] 0003HAUYUM OJHOMEPHBIH Ky0 C COOTBETCTBYIOIIMM OTOXICCTBICHUEM
MPOTHBOMONIOKHBIX Trpaneil. [Tycts Hy: = C — omHOMEpHOE KOMIUIEKCHOE TpocTpaHcTBo, Hy:= L,(T) —
rUab0epTOBO  MPOCTPAHCTBO  KBaAPAaTHYHO-MHTETPUPYEMBIX  (KOMIUIEKCHO3HAuHBIX)  (pyHKUIHMH,
onpenenénnbix Ha T u Hy: = LS (T?) — ruis6epToBo MPOCTPaHCTBO (KOMILIEKCHO3HAYHBIX) KBAJPATHIHO-
MHTErPUPYEMbIX CHUMMETPUYHBIX (YHKIHI [BYX TepeMeHHBIX, onpeneiéHHbix Ha TZ. Tlonoxum H:=
Ho @ Hy @ Ho.

B kommiekcHOM ruip0epTOBOM NMpocTpaHcTBe H pacCMOTPUM ONEPATOPHYIO MaTPHUILY:

Ao HAp1 0
Ay:=|uApr A pAz |,
0 pAT, Az
7€ MAaTPUYHBIE DIEMEHTHI A, 7-[] > H;, i <j,i,j=0,1,2 onpenensaiorcs no GopMmyiam:
Aoofo = afy, Aoifi = [ vI)i(®)dt, (A11f)(x) = fi(%),
(A12f2)(x) = [} L )dt, (A2f)(y) =wEy)fo(x,y) fi €H;i=012

3neck a € R; y — BemecTBeHHOE MOJIOKUTENBHOE YHCIIO, V(+) — BElleCTBEHHO3HAYHAs HellpepbIBHAS

¢yukims Ha T, a pyHkuus w(-,-) ©UMEET BUIL:
w(x,y):= 3 — cosx — cosy — cos(x + y).

Omepatopel Apq U Aq, HA3BIBAIOTCA ONEPATOPAMHU YHUUTOXKEHHs, a omepartopbl Ay, U Aj,

Ha3BIBAIOTCSI OTIEPATOPAMHU POXKICHUS, TPUIEM
Ao1: Ho = Hy,  (Apfo) (x) = v(x)fo,

At 3, (Aif)(xy) = 2 TNO)

MO3KHO JIETKO NMPOBEPUTH, YTO OINEPATOPHAS MATPULA A, SABISAETCS JUHEHHBIM, OTPAHUYEHHBIM U
CaMOCONPsHKEHHBIM OTIEPATOPOM B I'HIILOEPTOBOM mpocTpancTBe H .
Ipunuun bupmana-IlIBunrepa.
Bromum cnenyromue 0003HauSHUS:
m(x):= 3 —cosx — V2 + 2cosx, M(x):= 3 — cosx + V2 + 2cosx.
st kaxxmoro u > 0 u x € T onpenenum perysipHyro (QyHKITHIO:
1-z—-1,(x;2), z<m(x),
Bu(x;2):= {1 —-z+ Iu((x'z)) z> M((x))
w(X;2),

B obmactu C\[m(x); M(x)], roe

Tu®

L(x;z):= =
(3 — cosx — z)? — 4cos? 5

0O0603HaYMM depe3 E’El) (x)m E’EZ)(x) Hyni ynkiuu A, (X ; -), Jexalme cieBa oT m(X) v crnpasa oT
M (x), COOTBETCTBEHHO, T.€. Eﬁl)(x) <m(x)u Eﬁz)(x) > M(x).

[Ipuuém E lga): x€T-> E’Ea) (x), @ = 1,2 sBisieTcsa HenpepbIBHOW (yHKIMEH Ha ogHOMepHOM Tope T.

ITycrs:

9
1 2
£, =ImEP v [0;5] U Im EP ().

Jns xaxmoro ¢uxcupoBanHoro snementa x € T u uncna z € C\Z, paccMOTpUM OMNEpPaTOPHYIO
MaTpHIly, JICHCTBYIONIYI0 B THILOepTOBOM TpoctpaHcTBe Hy @ H; Kak omnepaTopHas Marpuiia BTOPOTO
HOpSI/IKa:

Too(t,2)  Tor (1, Z))

T,(z):= (
k() Tio(wz) Tii(w,2)
3neck Matpuunble saeMenthl T;(z): H; - H;, i < j i,j = 0,1 onpenensiorcs creayrommm oopaszom:

Too(t,2)go = (1 +a—2)go, (Tor(1,2)g1)(x) = #fjrv(t)m(t)dt.
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—pv(x)go
Ay(x,2)°
g1(H)dt

_ K
(a1 9906 = g | S5

CJ'IC,Z[YIOH_IS,SI TeOpCMa SBJACTCA aHAJIOOM H3BCCTHOI'O pe3yJibTaTa dDa;[z[eeBa JUIsL onepaTopHoﬁ
MaTpuibl W YCTAaHABJIIMBACT CBA3bL MCKIY COOCTBEHHBIMH 3HAYEHUSIMU onepaTopHoﬁ MaTpuibl c/l# n

oneparopHoit Marpuubl T, (2).

Jlemma 1. Ilpu xaxcoom x € T uucno z € C\X, aenaemcs cobcmeennvbim 3naueHuem onepamopHol
mampuyvl A, mozda u moabko moz20a, Koeoa uucio A =1 aenisemca coOmMeeHHbIM 3HAUEHUEM
onepamopnoti mampuyvl T,,(z). Kpome mozo, cobcmeennvie snavenus z u 1 umeiom 00unaxoeyio
KPAmHOCMb.

HMokaszareancTBo. Ilycts z € C\X, — coOCTBEHHOE 3HAYEHHE ONEPATOPHOM MaTpHubl A, W f =
(fo. f1, f2) € H cootBercTByIOIIas coOCTBeHHass BekTop-GyHkius. Torma fy,fi ¥ f, yIOBIETBOPSIOT
CUCTEME ypaBHEHHIA:

(Tyo(u, 2)go) (x) =

9i € g'[i,i = 0,1

( @—2fo+ufv®Ofi®At =0,
w)fo+ (1 —2)f() +p [ f(x,Ddt =0,

1)

S(A) + AO)) + W(xy) — 2)f(x,y) = 0.

[Mockoneky z € C\Z,, misa Beex x,y €T umeem w(x,y) —z # 0. Torma u3 TpeTero ypaBHEHHs
cucremsl (1) qns f, umeem:

— _FA®+HAG))
fox,y) = —HACEL0) @

[oncrasmsis BeipaskeHue (2) As f, BO BTopoe ypaBHeHHE cucTeMsl (1), umeeM:

(a—2)fo+ufp v(O) L)t =0,

o (Ofy + (1= Dfi) =& f B8 0 gy — o, ®3)

CrnenoBatenbHO, ypaBHeHHe (1) MMeeT HEHyJeBOe pelleHHe TOr[a M TOJBKO TOTAd, KOTAa CHCTeMa
ypaBHeHui (3) UMeeT HeHyIeBOe pelueHue. M3 onpesenennst MHOKeCTBa X, CIEyeT, YTo JUis BeeX Z € X, U
x € T Bepno A, (x,z) # 0.

CnenoBarenbHo, ypaBHeHHe (1) MMeeT HeHyleBOe pelIeHHEe TOrJa U TOJBKO TOrZa, KOrjaa CHCTeMa
YpaBHEHU:

(1+a=2fy+fy vOL©OE = f,
— 2 b = e = £ () @

Bux2)?0 T 28,062) T (w(xt)-2)

WM OTIEPAaTOPHOE YpaBHEHHE
TW(2)g=9 g=fof1) €Ho®H, (®)
UMeeT HeHyneBoe peruenue. [109ToMy KpaTHOCTH COOCTBEHHBIX 3HaYeHMH Z W 1 onepatopo A, u
T,,(Z) COOTBETCTBEHHO COBNAIAOT.

Tenepb gokaxkeM, YTO COOCTBEHHBIE 3HAYCHUS Z B | UMEIOT OJJUHAKOBYIO KPaTHOCTD.

ITycte z € C\Z, —n — KpaTHOE COOCTBEHHOE 3HAYEHHE ONEPATOPHOM MATPHUIBLI A, ¥ YuCiIo A = 1
ABJISIETCS M — KPATHBIM COOCTBEHHBIM 3HAYEHHEM OTIEpaTOpHO# Matpuibl T, (z). lokaxem, uto n = m.

Homyctum mpotuBHoe. Ilycte m > n. Torma cymecTByrOT JHMHEWHO HE3aBUCHMBIE COOCTBEHHBIC
dynxkmu g@® = (g(()l), gll)) € Ho @ H;,i = 1,m, COOTBETCTBYIOIHE COOCTBEHHOMY 3HaueHmio A = 1

oneparopHoii marpuubt T,(z). B srtom cmywae mpu i =1,m mnenyneas Bekrop-Qynkums fO =
(f; @ l(l), fz(l)) € H ynosnersopsier ypasuernnto A, f (D = zf D, 3necs fo(l) = g((,l). 1(L) = gil); a yHKIs

fz(i)(i = 1,m) omnpenensiercs no ¢dopmyne (2) ¢ ycioBueMm f; = fl(i). [Tockonbky m > n, CymectByer

HEeHyIIeBO# BeKTOp ¢ = (€1, Cy, ..., Cy) € C™, Takoii uToO
m m
Z Cig(i) = z Ci(g(gl);gll)) #: 9
i=1 i=1
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"
m m
Z f® = z (0. £0, ) = .
i=1 i=1

Tornma

m

m m m
2' j 2‘ —H } ‘ 0] (@)

0 = o f® = (l), c (l),— C; x) + (y * 6.
£ lf ( lgO Lgl Z(W(x, y) _ Z) < l(gl ( ) gl ))

i=1 i=1
OTO0 NPOTUBOPEUUT COOTHOUIEHUIO T > M.

[Tycts Teneps m < n. Toraa aist i = 1,1 cynecTBYIOT JIMHEHHO HE3aBHCUMBIE COOCTBEHHBIE BEKTOP-
i HENORAG .
dynxmun fO = (fo( ), 1( ), fz( )) COOTBETCTBYOIIME COOCTBEHHOMY 3HAYEHHUIO Z OTEPATOPHOM MaTpuua A,,.

A odyskmm g® = ( fo(l), fl(l)),i =1,n 4BHAOTCA COOCTBEHHBIMH (YHKUHUSIMH, COOTBETCTBYIOIIUMHU
cobcTBeHHOMY 3Ha4eHHI0 A = 1 oneparopnoit Marpuusl T, (2).

ITockompky m < n, CyIIECTBYET BEKTOp € = (cl, Cg,...,Cy) € C", Taxoii uTo
n
> ag® = Z alh A" =0
i=1 i=1
u
n n
z f® = z (£ 9, £O, £y 2 6,
i=1 i=1
ITosTomy

n
. ©; @ @ ® —
o atzl ef ® = Z afy Z TR Z)Z (A2 +£°m) | = 6.

OTcroa BEITEKAET, YTO COOTHOIIEHHE M < N He BhINONHAeTcs. Jlemma 1 nokazaHa.

3ameuanue. Otmerum, uTo ypaBHenue T,(z)g = g, ABIAETCA aHAJIOTOM CHCTEMBI MHTEIPabHBIX
ypaBHeHu# Tuna Pajeesa JUist COOCTBEHHBIX BEKTOPOB Orieparopa A,.

Teopema 1. [lns CynieCTBEHHOIO CIEKTpa ONEPATOPHON MAaTpHIbl A, HUMEET MECTO PABEHCTBO
Oess(Ay) = L. Bonee Toro, MHOKECTBO ¥, PENCTABISET COO0H 00beMHEHNE HE 6OJIEe TPEX OTPE3KOB.

Teopema 1 noka3piBaeTcs € MCIIOJIB30BaHHUEM KpuTepus Belns, XapakTepuCTHUECKOro CBOICTBa
ypaBHeHus: ®ajieeBa U aHaTUTHYECKOW Teopembl Openronsma [6].

OOGo3naunM 4epes Tmin(Ay) U Tmax(Ay) HWKHYIO W BEPXHYKO TPaHU CYIIECTBEHHOTO CIIEKTPA
Oess(Ay) oneparopHoii MaTpuna A, COOTBETCTBEHHO,T.€.,

Tmin(Ay): = Min Oess(Ay)  Tmax(Ay): = MaAX Oess(Ay)-

Otmernm, uto s moObX X € T M z < Tyipn(Ay) (COOTBETCTBEHHO Z > Tay(Ay)), yHKumMsa
A, (x,z) (coorBercTBeHHO —A, (X, Z)) MOJOXKHUTENBHA M, CIEI0BATENLHO, CYMIECTBYET €€ MOJIOKHTENbHBIH
KBaJIPaTHBIA KOPEHb. B HMCCIIeN0BaHMUsX JTUCKPETHOTO CIIEKTpa ONEpaTOPHON MaTpuia A, OCHOBHYIO POJIb
urpaet oneparop 1, (2), z € R\[Tmin(Au); Tmax(Ay)], neficteyrommii B 3, € H; xak

T#(z): _ <7:1(10(#r z) 7:101(11: Z))_
~ To1(u,z) Ti1(w,2)
3neck matpuunbie sementsl 1;(z): H; - H;, i < ji,j = 0,1 onpenenstorcs cnepyrommm o6pazom:

A ~ d
Too(, 2)po = (1 +a—2)po,  (Tor(t, 2)p1)(x) = -Lrv,(/ti(pz:tz) t'
I,L )

d N —
il (T (1) p0) () = 0

‘uz
2,/8,(x,2) .];r\/Au(t, 2)(w(x,t) —2) JA. & 2)’

(711(#: Z)§01)(x) =

mpu Z < Tyin (Ay),

i _[vOe®d (),
o200 =1 [ Z=Lms Tt oo = L
' - g1 (Dt -
(T11 (1, 2) 1) (%) = . Qi EM,i=0,1

2,/=D0,(x, 2) Jy /=D, (t, D) (W(x, t) — 2)
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P Z > Tyax (Ay)-

Crnenyromas Teopema SBISIETCA pealau3alued H3BecTHoro mnpuHiuna bupmana-llIBunrepa mis
onepatopHoil MaTpuibl A, [5].

Teopema 2. Ilpu xaxaom x €T uncno z € R\[Tymin(Ay); Tmax(Au)] ABIsETCS COOCTBEHHBIM
3HAQYEHUEM OIEPATOPHON MATPHIILI A, TOTJIA M TOJIBKO TOTJa, KOrjaa 4nucio A = 1 sBisercs coOTBEHHBIM
3Ha4YeHHeM onepartopHoi Matpunkl T, (z). Kpome Toro, coOcTBeHHbIE 3Ha4eHHs Z U 1 HMEIOT OJMHAKOBYIO
KpPaTHOCTb.

Jloka3zaTesbeTBO. B n0KazarenseTBe JJeMMBI 1 ObLIO MOKa3aHO, YTO JUIs TOTO, 4TOOBI yucio z € C\Z,

ObIO COOCTBEHHBIM 3HAYEHHEM MATPMIBI OmEparopa oA,, HEOOXOAMMO M JOCTATOYHO, YTOOBI CHCTEMa
ypaBHeHull (4) umena HeHysesoe pemenue. Ilycts x € T. Jlna Bcex uucen z < Tpin(cA,) BbIpakeHHE

A, (x,z) TONOKUTENBHO, TO3TOMY Il TaKMX map (X,Z) CyIIECTBYET KBaJpaTHBIH KOpeHb /A, (x,Zz).
CrenoarenbHO, B CHCTEME ypaBHEHUH (4) MpoBoaMTCs 3aMeHa fo = @g U /A, (x,z) f1(x) = ¢1(x). OTo

(e, ()dt
(1+a—-2)pg +MLW—%
—pv(x) @ I @1 ()dt

= ¢1(x)

VAu(x, 2) * 2,/A,(x,2) Jp [ D (L, 2) (W(x, t) — 2)
CUCTEMA YPaBHEHUU UIIH
W@ =9, ¢=(pop)€EH (6)

MO>KHO 3amucaTh B BHUJE OmNepaTopHOro ypaBHeHHs. IIpu 3ToM i Toro, 94To0BI cHUCTEMa ypaBHEHHIH
(4) nmena HeHyIleBOe pelIeHue, HeoOXOMUMO U JAOCTaTOYHO, YTOOBI OTEpaTopHOe ypaBHEeHHE (6) MMeno
HEHYJIEBOE pELIeHHe, MPHU 3TOM MOANPOCTPAHCTBA PEUIEHHH HTUX YpaBHEHHH HMEIOT OJWHAKOBYIO
Pa3MEpHOCTb.

To e camoe BEPHO U JUIs Z > Tyyax (A ), KOTOPBIH Oy €T 0TOOpaKATHCA.

3akuaovenne. B nanHOl paboTe HCCIENyeTCs ONMEpaTtopHas Marpulla oA, TPETHEro MOpsKa cO
CHEKTpaJIbHBIM MapameTpoM (>0, BO3HHUKAIOIIAs B PsJi€ COBPEMEHHBIX HalpaBICHUH MaTeMaTHYeCKOTO
aHanmM3a. YKa3aHHas OllepaTopHas MaTpUlia COOTBETCTBYET CHCTEME C HECOXPAHSIOIIMMCS YHCIOM YacTHII,
comepkamen He Oosiee TPEX YACTUIl HA OJHOMEPHOM peméTke. Marpuna A, paccMaTpuBaeTCs Kak
JIMHENHBIW, OTPAaHUYEHHBII U CAMOCONPSKEHHBIN ONIEPATOP, ACUCTBYIOIUN B yCEUEHHOM MOJIIPOCTPAHCTBE
npocrpanctBa Poka. [lyist cOOCTBEHHBIX BEKTOP-(DYHKIMK ONEPATOPHON MaTpHIbl A, TONYYEH aHAIOT
ypaBHenus: @anneeBa. Kpome TOro, yCTaHOBICHO YTBEpXKIEHHE, NPEACTABISIOIIEEe COOOH pealu3aiuio
U3BECTHOTrO npuHiuna bupmana—lllsuHrepa, NPUMEHUTENBHO K ONIEPATOPHON MATPHILIE A ;.
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ON THE SPECTRUM OF THE TENSOR SUM OF FRIEDRICHS MODELS
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Abstract. In this article, we present a three-particle lattice model Hamiltonain H by making use non-
local potential. The Hamiltonian under consideration acts as a tensor sum of two Friedrichs models h which
comprises a rank 1 perturbation associated with a system of three quantum particles on a two-dimensional
lattice. The current study investigates the number of eigenvalues associated with the Hamiltonian.
Furthermore, an essential spectrum of H has been studied.

Keywords: model Hamiltonian, lattice, perturbation, non-local-potential, tensor sum, Friedrichs
model,discrete spectrum, essential spectrum.

O CHIEKTPE TEH30PHOM CYMMBbI MOJIEJIEA ®PUIPUXCA

Aunnomayus. B Oannoul cmamve npedcmasien eamurvmonuan H mpéxuacmuunoti peurémournoul
MoOenu, NOCMpPOeHHbLIL ¢ UCNONIb308AHUEM HEOKANbHO20 nomeHyuana. Paccmampueaemvlii 2amunbmonuan
Oelicmgeyem Kak MeH30pHas cymma 08yx mooeinei @pudpuxca h, coodepoicawux eozmyujenue pauea I,
C6A3aHHOe C CUCMEeMOU U3 MPEX KBAHMOBLIX YaACMuy, OBUNCYWUXCA HA O8yMepHOU pewémxke. B pabome
uccnedyemcs Koau4ecmeo coOCMEeHHbIX 3HAYEeHUN, COOMBEMCMEYIOWUX OAGHHOMY camunrbmonuany. Kpome
Mo2o, UsyyeH cyujecmeeHnvlll cnekmp onepamopa H.

Kntouesvie cnoea: mooenvHvili camuibmoHUaH, pewémrd, 603MyujeHue, Heilo0KdaIbHblll NOMeHyudl,
MEeH30pHAs cymma, mooers Ppudpuxca, OUCKPEmHbLIL CHeKmp, CYWECTN8EeHHbII CNEeKMpP.

FRIDRIXS MODELLARI TENZOR YIG‘INDISINING SPEKTRI TO‘G‘RISIDA

Annotatsiya. Ushbu magolada nolokal potensial yordamida qurilgan uch zarrachali panjaraviy
modelning H gamiltoniani taqdim etilgan. Ko ‘rib chigilayotgan gamiltonian ikki o ‘lchamli panjarada
harakatlanayotgan uchta kvant zarrachasi tizimi bilan bog ‘liq bo ‘Igan 1-rangli g‘alayonlanishni oz ichiga
olgan ikkita Fridrixs modelining tenzor yig ‘indisi sifatida ta’sir giladi. 1shda mazkur gamiltonianga mos
keluvchi xos giymatlar soni tadqiq gilingan. Bundan tashqgari, H operatorining muhim spektri ham
o ‘rganilgan.

Kalit sozlar: model gamiltonian, panjara, g ‘alayonlanish, nolokal potensial, tenzor yig ‘indi, Fridrixs
modeli, diskret spektr, muhim spektr.

Introduction. The discrete Schrodinger operators acts as the analogs to three-particle Schrodinger
operator in R3 and emerges in the models of solid state physics, see [1, 2, 3, 4]. Such kind of operators also
show up in the lattice quantum field theory and for further details, we refer to see [5]. In [6, 7, 8],
Hamiltonian models associated with system of three quantum particles moving on three dimensional lattice
73 were presented and the essential spectrum as well as the number of eigenvalues has been investigated. An
extensive amount of research work has been done on the finiteness of the eigenvalues of such Hamiltonian
models and is easily available in literature.

The presence of local potentials, that is, the multiplication of operators with a function is typically
used in the physical literature. But, on the other hand the potentials can act as the non-local potentials, for
instance, in the case of pseudo-potential theory, for more details we refer to [9]. For the periodic operators,
these acts as the sum of both local and finite dimensional potentials. Non-local separable two-body
interactions have often been used in nuclear physics and many-body problems because of the fact that the
two-body Schrédinger equation is easily solvable for them, and eventually this leads to closed expressions
for a large class of such interactions.

In this article, we consider a tensor sum H of two Friedrichs models h with rank 1 perturbation. The
Hamiltonian under consideration is associated with a system of three quantum particles on a two-
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dimensional lattice. Usually such operators are arising in Hubbard model [10]. We aim to investigate the
number and location of the eigenvalues of H.

Some spectral properties of the Friedrichs model. Let C, R, Z and N denotes the set of all complex,
real, integer and positive integer numbers, respectively. For d = 1, 2 let T4, be the d-dimensional torus. The
"addition" and "scalar (real) multiplication" with an elements of T4 < RY should be regarded as operations
on RY modulo (2rZY)9. For example, if d = 2 and

~G9o=(F-F)em

5t 2m
a+b= (—?,—?),6(1 = (m,m) € T2
Let L,(T) be the Hilbert space consisting of square integrable (complex) functions defined on T. We
consider the bounded and self-adjoint Friedrichs model h acting on the Hilbert space L, (T) as

hi=ho —k,

then

where hy is the multiplication operator:

(hog)(x) = (1 = cos(2x))g(x),
and k are non-local interaction (integral) operator:

(kg)(x) = sin(Zx)f sin(2t)g(t)dt, g € L,(T).
T

In this paper, unlike the above mentioned papers, we mainly study the eigenvalues of the Friedrichs
model h, located to the left and right of the essential spectrum. Here and throughout the article, the spectrum,
the essential spectrum and discrete spectrum corresponding to self-adjoint operators is denoted with a(+),
Oess (1) and og;s.(+), respectively.

Next, by making use of the definition of the perturbation —k of the operator h, acts a self-adjoint
operator of rank 1. The Weyl theorem [11] on the invariance of the essential spectrum under finite rank 1
perturbation yields the fact that the essential spectrum of the operator h coincides with the spectrum of h:

ess(h) = a(ho) = [0; 2].

We define the analytic functions A(:) (the Fredholm determinant associated with the operator h) in

C\[0; 2] by

A(z):=1-1(2),
where
3 sin?(2t)dt
@)= _];Tl —cos(2t) — z

The following Lemma 1 is the characterization of the relation between the eigenvalues of the operators
h and zeros of the function A(+).

Lemma 1. The number z € C\[0; 2] is an eigenvalue of h if and only if A(z) = 0.

Proof. Let the number z € C\[0; 2] be an eigenvalue of h and g € L,(T) be the corresponding
eigenfunction. Then, the function g does satisfies an equation of the form

(1 —=cos(2x) — z2)g(x) — sin(2x) fT sin(2t)g(t)dt = 0. )

It can easily be spotted that for any any z € C\[0; 2] the relation 1 — cos(2x) — z # 0 holds tru for all

x € T. Then, the equation (1) implies

__ sin(2x)a
g(x) " 1-cos(2x)-2’ (2)
where
a:= [, sin(2t)g(t)dt. 3)

Substituting the expression (2) for g(-) into the equality (3), we conclude that the equation (1) has a
nontrivial solution if and only if the equality A(z) = 0 holds.
Thus, as a result the Lemma 1 implies that for the discrete spectrum of h, the equality

ogisc(h) = {z € C\[0; 2]: A(2) = 0} 4
holds true. Therefore,
o(h) =[0;2] U {z € C\[0; 2]: A(z) = 0}. (5)
Detrmine
/ sin?(2t)dt R\[0: 2
@) _le—cos(Zt)—z z € R\[0;2].

Since the function I(-) is an increasing in the intervals (—oo;0) and (2;+), by the Lebesgue
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dominated convergence theorem there exist the following finite or infinite limits

10) = Tim 1(2) _f sin?(2t)dt _f 1—cos?(2t)dt j | + cos(26)dt = 2
T a0k T rl1—cos(2t)  Jp 1—cos(2t) Jp €os -

Lemma 2. (a) The operator h has unique eigenvalue to the left of zero.
(b) The operator h hasn 't eigenvalue to the right of two.
Proof. (a) We have

AO)=1-1(0)=1-2r<0.
Taking into account the last two facts and the equalities
lim A(z) =1,

Z——00
we conclude that there exist the point z, € (—o0; 0) such that A(zy) = 0. By the lemma 1 it means that the
number z, are the eigenvalues of h.

(b) It is lasey to see that A(z) > 1 for any z > 2. From here using the lemma 1 we obtain that the
opertor h hasn’t eigenvalues in (2; +00). Lemma 2 is completely proved.
Thus, as a result the Lemma 2 and equality (4) implies that for the spectrum of h, the equality

aaisc(h) = {20}, 0ess(h) = [0; 2] (6)

a(h) = {zo} U [0; 2].
Spectrum of the Tensor Sum of Friedrichs Models
The Hilbert space of square integrable symmetric complex valued functions defined on T? is denoted

with L(ZS)(TZ). We consider the Hamiltonian model of the form
H: 1S (T?) » 1 (T2), H:i=Hy -V, -V, )
where H, is the multiplication operator :

(Hof)(x,¥) = (2 — cos(2x) — cos(2y)) f (x, y),
and V,, @ = 1,2 are non-local interaction operators:

Vif)(x,y) = sin(2x) f sin(20) £ (t, y)dt,
T2

holds true. Therefore,

V) (x,y) = sin(2y) j;rz sin(2t)f (x, t)dt.

Here, feL(ZS)('H‘Z). By the definition, the operators V,, a = 1,2 are partial integral operators with
degenerated kernel of rank-1.

Lemma 3. That the operator H is linear, bounded and self-adjoint in L(ZS) (T?).
Proof. First, we verify the linearity of the operator H. To do this, we show that for any complex

numbers a, B € R and for any elements f, g € L(ZS) (T)?, the following equality holds:
H(af + Bg) = aHf + BHg.

H(af +Bg)(x,y) = (72r — cos(2x) — cos(2y))(af (x,y) + Bg(x,¥))
—sin(2y) f sin(Zt)( af (x,t) + fg(x, t))dt -

Indeed,

—sin(2x) jnsin(Zt)( af(t,y) + Bg(t,y))dt =
a [(2 — cos(2x) — cos(2y))f (x,y) — sin(2y) Jnsin(Zt)f(x, t)dt —

+

—sin(2x) fﬂsin(Zt) f(t,y)dt
+p [(2 — cos(2x) — cos(2y))g(x,y) — sin(2y) fnsin(Zt) g(x, t)dt —

—sin(2x) f sin(Zt)g(t.y)dt] = a(Hf)(x,y) + B(Hg)(x,y).

Thus, H is a linear operator.
To show that the operator H is bounded, we consider ||Hf||? and estimate it as follows:
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s = | n f_1|(Hf)(x,y>|2 dxdy =
=11

—sin(2x) fnsin(Zt) f(t,y)dt

(2 — cos(2x) — cos(2y))f(x,y) — sin(2y) fnsin(Zt)f(x, t)dt —
2 -1

Vs T
dxdy < 3[ f |2 — cos(2x) — cos(2y)|? -
—mTY—T

2
dxdy +

If (e, y)Pdxdy + 3 f; ET

T T
w3
-nY-m

Vs T T Vs
+3f sin2(2y)dyf sinz(Zt)dtf f |f (x, ©)|?dxdt +
=TT =TT —TTv—T

sin(2y) fn sin(2t) f (x, t)dt

sin(2x) fnsin(Zt) f(t,y)dt| dxdy <48 fﬂ fﬂ |f (x, v)|? dxdy +

T

+3 fn Sinz(Zx)dxf sin2(2t)dtfr fn |f(t,y)|%dtdy =
- =8 +end)fll

IHfIl < V48 + 612 [If1I.
Thus, H is a bounded operator.
Now, let us verify that the operator H is self-adjoint:

(Hf, g) = f f (HP) (6 )9 () dady =

Hence

) ET f:r [(2 ~ €0s(2x) = cos(2y))f (x,y) = sin(2y) f_ T;Sin(Zt) £, )dt —
—sin(2x) f” sin(2t) £ (¢, y)dt] g(x,y)dxdy =
[ | = costax) = costemr )i yyanay -
_ J_ 7; J_ 1 f_ :Trsin(Zy) sin(2t) £ (x, £) 9o y)dxdydt —
-/ n | n | Zsin(2x> sin(2t) £(t, ) 90x, y)dxdydt =

- [ [ ren[E=cos@ - cos@mngty -

—sin(2y) fn sin(2t) g(x, t)dt — sin(2x) fnsin(Zt) g(t,y)dt|dxdy =

- | [ renttdxdy = . Ho.

Hence, H* = H, that is, H is a self-adjoint operator.

Main result of the note is the following theorem.

Theorem 1. The number 2z, is a simple eigenvalue of model operator H and
Oess(H) = [20; 2 + 2] U [0;4], ogisc(H) = {22¢}-

e e

=0

27 5 Zy+ 2 0
Figure 1. The spectrum of H.

Proof of Theorem 1. From the definitions of H and h, we obtain the representation
H=hQI+IQh,
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where I is an identity operator on L, (T?).

Therefore, using the theorem on the spectrum of tensor sum of two operators we have

o(H) = a(h) + a(h). (8)
Therefore, by virtue of Lemma 2 and equality 6, the operator h has the unique eigenvalue z, and
ddisc(h) = {zo} o(h) = {20} U [0;2].
In view of equality (8), the number 2z, is a simple eigenvalue of H and
Oess(H) = [20; 20 + 2] U [0;4]  0qisc(H) = {220}.

Conclusion. The results on the spectrum of tensor sum of two operators allows us to define an
essential spectrum and discrete spectrum for lattice three-particles Hamiltonian. Furthermore, we have
shown that the lattice three-particle Hamiltonian has exactly one eigenvalues.
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METO/J KOHEYHBIX 2JIEMEHTOB PEHIEHUA IPOBHO-JU®P®EPEHIIUAJIBHOI'O
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Annomauus. B pabome npedcmasnenvl pe3yivmamsl meopemuyeckozo0 000CHOBAHUSL NPUMEHEHUs
memooa bybnosa-Ianepxuna u Pumya 0ns Haxodicoenuss YUCIeHH020 peuieHus YPAGHeHull ¢ 0nepamopamu
OpobHozo Oughpepenyuposanus. 3a0ana CMPYKMypa YUCTEHHO20 peuleHusl, U NOJYYeHd OYeHKA
NOSPEWHOCIU RPUOIUICEHHO20 peuleHUst N0 MempuKe IHePemuyecko20 NPOCMPAHCIEd, HOPOICOEHHO20
onepamopom 0pobHoco Oughgpepenyuposanus. [ wacmuozo cayuas OpobHO-OuppepenyuanbHoco
VPaBHEHUs1 NOCMPOEHA GbIYUCTIUMETbHASL CXeMA Memodd, NOJy4eHbl NPUOIUNCEHHbIe peulenusl, U OaH aHAIUu3
CXOOUMOCIU NPUOTUIHCEHHO20 PelteHUs K THOYHOMY PEUEeHUio UCXOOHOU 3a0ayu.

Knrouegvle cnosa:. opodnoe ouggpepenyuposanue, ypasnenue, memoo, peuienue, memoo bybonosa-
Tanepxuna, memoo Pumya.

CHEKLI ELEMENTLAR USUILDA KASR TARTIBLI DIFFERENTSIAL TENGLAMANI
YECHISH

Annotatsiya. Maqolada kasr tartibli differentsial operatorlari bilan tenglamalarning sonli yechimini
topish uchun Bubnov-Galerkin va Rits usulidan foydalanishni nazariy asoslash natijalari keltirilgan. Sonli
yechimning strukturasi ko'rsatilgan va kasr tartibli differentsial operatori tomonidan yaratilgan energiya
fazosining metrikasiga ko'ra taxminiy yechimning xatosi bahosi olinadi. Kasr tartibli differensial
tenglamaning alohida holati uchun usulning hisoblash sxemasi tuziladi, tagribiy yechimlar olinadi va
taqribiy yechimning dastlabki masalaning aniq yechimiga yaginlashish tahlili beriladi.

Kalit sozlar: kasrli differentsiallash, tenglama, usul, yechim, Bubnov-Galerkin usuli, Rits usuli.

FINITE ELEMENT METHOD FOR SOLVING THE FRACTIONAL DIFFERENTIAL
EQUATION

Abstract. The paper presents the results of theoretical justification of the application of the Bubnov-
Galerkin and Ritz method for finding numerical solutions of equations with fractional differentiation
operators. The structure of the numerical solution is specified and the estimation of the error of the
approximate solution by the metric of the energy space generated by the fractional differentiation operator is
obtained. For a special case of fractional differential equation the computational scheme of the method is
constructed, approximate solutions are obtained and the convergence of the approximate solution to the
exact solution of the original problem is analysed.

Keywords: fractional differentiation, equation, method, solution, Bubnov-Galerkin method, Ritz
method.

Beenenue. B nocneanue rojpl HaOMOaeTCs PacTyIuii HHTEPEC B 00J1aCTH APOOHOTO MCUUCICHHUS.
Hpobupie muddepeHnnanbable YpaBHEHHS MPUBIEKIN TOBBINIEHHOE BHUMAaHHE. AKTYaJbHOCTh 3TOMU
paboTBl COCTOHMT B TOM, 4YTO JApOOHO-TU(QepeHaIbHbIe YPaBHEHNUS! UMEIOT NPUMEHEHUE B Pa3UuHBIX
00NacTAX HAayKW W TEXHWKH. MHOTHE SBICHUS B MEXAHHWKE KHIKOCTH, BS3KOYNPYTOCTH, XUMHH, (QUIUKE,
q)HHaHCElX " JpYyrux HayKax MOXXHO OIMKUCaTbhb MOACISIMU C IMOMOIIBIO MATEMATUYCCKUX HMHCTPYMCEHTOB U3
Teopuu APOOHOTO UCUUCIIEHUs. JlaHHbIe 3a7a4n, KaK MPaBHIIO, TOYHO HE PEIIatoTCs, TOPTOMY BEChMa OCTPO
CTOAT BOMPOCH Pa3pabOTKM M TMPUMEHEHUS NPUOIMKEHHBIX METOJIOB PEIICHUS C MOCICAYIONUM HUX
TEOPETHYECKUM OOOCHOBaHMEM [UIA 3THX ypaBHeHWi. OTMETHM, YTO B IOCIEAHEE BPEMsS B HAyJHOU
JUTEpaType MOSBIISIOTCS Pa0OThI, B KOTOPBIX NPEJIOKEHBI YHCICHHBIE METOJBI JJIi HEKOTOPBIX KJIAcCOB
ypaBHeHu#. O HAKO, HECMOTPS Ha JOCTUTHYTHIN YCIEX B TOM HAaNpaBJIEHUH, OCTAETCS OTKPBITHIM BOTIPOC
TEOPETHYECKOTO 0O0CHOBAHMSI IPUMEHEHHUS TIPUOITNKEHHBIX METOIOB Ui OoJiee 00IIero Kiacca moao0HbIX
3aad.
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Metoanka uccjaenoBanusi. L{enpro 310l paboTH sBiIsIeTCs pa3paboTka BEIYHCIUTEILHONR CXEMBI IS
YUCICHHOTO peIleHust ApoOHO-Tu(depeHIMaIbsHOr0 ypaBHeHUss. B pabore mpesiaraercs 0000mEHHBIN
Mmeron byOHoBa-T'amepkmaa w PuTna i HaxOXIEHHS NPUOMMKEHHOTO  pemieHHWs  ApoOHO-
IuddepeHInaTbHBIX YPaBHEHUH.

PaccmoTpum ypaBHeHueE:

D9u+Tu=f, u, f el,[0,2r, O
UOL) = 1 J(da)+da)) ONpeNeNseTcss ¢ MOMOIIBI0 ONEPaTOPOB  APOOHOrO

Zcoéga

a .
T depeHITupoBaHus [1_ ) , OTIPENIEISIEMBIX IS TPOOHBIX MPOU3BOIHBIX TSI (hyHKITHI (AX), 3aIaHHBIX

Ha OTPE3Ke I_a, bJ o (bopMynaM:

Do 1 dfet

r(l o) ) (x—t)"

()

(D(()gc)(pr)d:efr(ll_ 3 %( 1‘ ()(f(i)td)i | —00<X<w,

3/1eCh O<oa<d [IponsBoanbie (2) MPUHATO TaKKe HA3bIBaTh MPOW3BOAHBIMH Pumana-JInyBumms
HOpSI/IKA 0, IEBOCTOPOHHUM U TIPABOCTOPOHHUM, COOTBETCTBEHHO. U - HeW3BeCTHas, a f - 3amanHast QyHKIuu

. o V-
M3 TPOCTPAHCTBA L2[O 27[] T - HexoTopbll omepaTop, A KOTOPOTO ([j ) +T) - JIMHEWHBIN
orepaTop U B 00LIEeM Cilyyae HEOrPaHUYCHHBIN U He HOJ‘IO)KPITCJ'IBHO onpenenEHHbIN.

Jlis mocTaTouHO XOpoIuX (YHKIHUN onepaTop D COBIIQJIAET C oNepaTopoM Beiins mist 1poOGHOTO
nudhepeHITupOoBaHUs U JeHCTBYET IO MPaBHUITY:

Dy~ Yk u e ©

3nece Uy - cyts ko3 duumentsr Pypoe st GyHKIMH U.

PaccMmoTpum Teneps ciaydait, korma qpoOHas Ipon3BoaHAs (2) MOPSAKOB OCZ]., TOoT/Ia €€ BRIpAKCHUE
3a7aéTCsl CIEAYIONIMM 00pa3oM.
Yucno o — ApOOHBIN MOPSIOK MPOM3BOAHON MOXHO MPEACTABHTH B BHJE: O(,ZI_OLJ +{OC}, yepes

CyMMYy LIeJIOH 1 ApOOHOH YacTeil COOTBETCTBEHHO.
Ecmm Ol - memoe 9weiao, TO TOA JAPOOHOW TNPOM3BOAHONW OyaeM TOHMMAaTh OOBIYHOE

muddepeHmpoBanue:
d\* d\*

%:& , D&Z—& y OL::LZB;

Ecnu xe yncno O - He nenoe, To uenecoo6pa3H0 BBECTH NIPOU3BOTHEIC:

1
o f d_e [e] o {_d ot Lo

d [of+1

o f £l d -4 oI A RRTYEYS

1501

MMPOU3BOAHBIC BBICHIUX IMMOPAAKOB 3a1a0TCA KaK:

311eCh I%:{oc}f OpoOHBIE MHTErpajbl MOpsAKa 1—{0(}. Takum oOpaszom, apoOHBIE

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 49



MATHEMATICS

D f :ﬁri—a)(%)naﬁ%' n=[o]+1,
R A e

n—o
Jns oneparopa crpaBeUIMBEI CIEYIOIINE JTEMMEI.
Jlemma 1. Y nonoskurensHo onpenenéHHbIA OnepaTop.
Joka3zateabcTBo. 3BecTHO, UTO Doc OyZeT TONOXUTEIBHO OMNpEACTIEHHBIM ONEPaTOPOM, ECIH

o ik>
BBITTIOJIHACTCA CJ'IGI[yIOIIIGG YCJ'IOBI/Iei (d )U, U)>O KpOMC TOro, CuCTeMa e I1I0JIHA B HpOCTpaHCTBe

LL[0, 27, o crpancsummao
(D%, u)= ST, e, )= STk >0

k=—c0 k=—o0

Uto u TpeboBaIoCh TOKA3aTh.

o .
Jlemma 2. - CHMMETPUYHBINA OTIEpaTop.

Joka3zateabcTBO. PaccMOTpuM CKansgpHOE IPOU3BEICHNE DE‘U uV s VU,V & L2 [O, 27[]

(D*u V)= I ZnI L(x—t)kZ(Oi KPe'ottvx)dx=
_EI 2. ] U ST Vanfxrix-
271'1' 27:1 vx) 2(—|k)“e'k’dm(t)dt (u D‘*v)

AHaNOTUYHO A D_ MeeM: ([IXU, V):(u, [}_,_XVJ

— D, D
Otcroga cienyer, 4To oOmepaTop , KOTOpPBIA BBEIPAXKAEeTCA 4epe3 omeparopbl L. u

SIBJISIETCSI CAMMETPUYHBIM ONIEPATOPOM, HA OCHOBAHUU CBOMCTBA CKAISPHOTO MPOU3BEICHHUSI.
YuuteiBast 3T0, BBEIEM CKAISIPHOE MPOU3BEICHNE H HOPMY COOTBETCTBEHHO:

[uV] =(D(°‘)u, v) U] =(D(°‘)u, u)%.

B sBHOM BHJIE CKATIAPHOE HpOI/ISBeI[eHI/Ie OyJeT BEIPAXKEHO KakK:
=09 - AT Siukeeroe S
=00

a .. o
Ilomonnss qd ) MO0 BBCACHHOU HOPMC, IMOJYYUM SHEPICTUYCCKOC IMPOCTPAHCTBO, 0003HaYNM

KOTOpOE yepes HD-

a
YMHOXas ucXxogHoe ypaBHeHHE (1) Ha NPOW3BOJIBHYIO (YHKIUIO Vqu( ) J, MOJY4YUM
cienyolee jpaBHeHI/Ie:

[u, vI+-(Tuv)=(f,v). 4)

VYpasuenue (4) momyckaer 000OIMIEHHYIO MOCTAHOBKY 3aaa4u. OOOOMEHHBIM pEIICHUEM ypaBHCHHS
(1) Ha30BEM (YHKIHMIO, yIOBICTBOPSIONIYIO ypaBHeruio (4) mist moboit dyrximun V E D-

CornacHo MCTOAY By6HOBa-FaHCpKI/IHa, B SHCPIreTUICCKOM NPOCTPAHCTBC HD BBI6I/IpaCTC$I CHUCTEMA
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0a3UCHBIX (PYHKIHN (PJ ) J :l_N. [TpubmmkEHHOE peleHne UIEeTCs B BUAC MHOTOWICHA 110 BRIOpAaHHOM
cucreMe 0a3uCHBIX (DYHKIUN B BHIIE:
Uy = S aj (PJ . (5)
J:

HewusBectHble KOB(l)(bI/IL[I/IeHTBI aJ OMIPCACIAOTCA U3 CUCTCMbI ypaBHCHHfI BHaa:

lun, o J+(Tw, o )=(f, o), k=IN. ©)

YuuteiBas mpenactaBieHue (5) W JMHEHHOCTh BBEACHHOIO M OOBIKHOBEHHOTO CKAISPHBIX
MIPOM3BEICHHM, TIOTyYaeM CIEeAYIONIYI0 CHCTEMY JIMHEHHBIX alTre0pandecKiux ypaBHEHHN ;

Z;aj [(Pj’ %]“LZaj (T(Pj’ (R<)=(f, o), k=IN. -

Teopema 1 Ilycts 1) ypaBHenue (1) nMeeT eTUHCTBEHHOE PEIICHWE MPH JAHHOW MpPaBOW dacTH. 2)
dopma L(U, V):[u, V]+(TU V) SIBJISIETCS HD OTpeAenéHHON U HD OTpPaHWYEHHOM, T.e.

BBITIOJHSIOTCS yCIOBHS:
2l 2 2 —
L(U, U)ZYO[U] | L(U’V)SY1 [U] B/]i Yo 11 =Ccon:
3) IocnenoBaTenbHOCTH MOANPOCTPAHCTB HN JMHEHHBIX 0005I0YeK (YHKLUHA (P i J:l_N

ABJIACTCA NIPEACIIBHO IUIOTHOH B HD
Torna npu mobom koHeyHOM N 0JHO3HAUHO pa3pemumMa cuctema (6) 1 npuOMMKEHHOE pelIeHUe UN
CXOAUTCA K TOUHOMY pCI_HCHI/IIO u npu N % 10 MCTPHUKE [] nu CHpaBCIIJ'II/IBa OLICHKAa l'IOFpCIHHOCTI/IZ
Ju—uy [<cdu, N),

rae S(U, N) 3amanHas Gysknus or N (OIleHKa MOTPENIHOCTA TPUOIMKCHHS), YIOBIETBOPSIONIAs

minD°) U_ECj(Pj <gu,N)—=0
j J:
PaccmoTtpum 3anauy:

DY-+qu=f(x), xe(01), u0)=ull)=0 @)

PesysnbTaThl M ux obcyxaenue. [Ipubmokénnoe pemenue (8) OyaeM wuckarb MerojgoM Puria,
COIJIACHO KOTOPOMY B KauecTBe Oa3uCHBIX (GYHKUMA BO3bMEM COOCTBEHHBIE (YHKIMH oOIeparopa

HEPaBEHCTRY:

— a
A— +q ¢ obnacteio ompenenenust D(A), cocrosmme u3 HenpepsiBHBIX Ha [0,1] 1 obnanaromnuie
HPOU3BOAHBIMU /IO BTOPOTO MOPsAKA BKIIOYMTEIBHO (YHKIME U(X), YIOBIETBOPSIOIIMX YCIOBUSIMH
u(0)=u(1)=0. Otmetum, uTO COOCTBEHHOE 3HaYeHUe /\j U COOTBETCTBYIONIAs eMy coOcTBeHHas QyHkuus (;

omeparopa A, UMCIOT BHI 7\1 :iZTCZ +q, (ﬂ =SII‘IT[X, |::I,2, Torna mnpubmMKEHHOE

pemrenue (8) OyzeM UCKaTh B BUJIE:

Uy (x):ﬁ;oq sininX, ©
I=
T HeN3BECTHBIC KOA(DPHUITMESHTHI pa3ioxkeHus (9) 3amaroTcs SBHO B BH/IE:

04 = | F(X)sininxd
12 +q
PaCCMOTpI/IM MIPUMCEPBI YHCICHHON peann3anu HpeHHO)KCHHOi;I BBIYHCITUTEIIFHON CXEMBI JJIA 3aJa4n

Q).

Bozsmém s 3anauu (1) 3Hauenns 0=2,5, q=1. Torna ypaBHeHue npuMeT BU;
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Du+u="f(x), xe(01) u0)=u1)=0 (10)
rjae npasas 4acTb ypaBHeHI/ISI (10) B SIBHOM BHJE€ 3aJaHa KaK yHKL{I/m

f(x)=({1+b?° sinbox—{L+(n—b)* kir{r—b)x

Jlerko ImoKa3aTb, YTO TOYHOC PCHICHUEC NMECT BU/!

U(X)=sinbx—sir{r—b)x.

JeiicTBuTeNnbHO, IPUMEHHM TOYHOE pemieHre K ypaBHeHHIO (10) u Bocmomb3yemcsi paBeHCTBOM

[ja) (S irb)§=b°‘ S "b)‘, HOJIyYHM:
b?® sinbx—(n—b° sirlr—b)x+sinbx—sifn—b)x=

=(1-+b? Jsinbx—{1+(n—bf* kir{n—b)x.

B kauectBe wmocTpanuu Meroja mnpuOmmkEéHHble pemenust (10) Oynmem uckate B BHIE
TPUTOHOMETPUYECKOT0 MHOTOUJIeHa (9), Hen3BeCTHbIE KO (PHUIIMEHTH KOTOPOTO HAWAEM U3 OTIPENEIEHHOTO

o2 s bioe bt b oo

IMoncraBnsis B ¢opmyny b=1 monyunm npubmmkénnoe pemenue it N=10, rpaduk KoToporo
npencrasieH Ha pucyHke 1. [paduk COOTBETCTBYIOIIETO TOYHOTO PEIICHHUS MPEICTaBICH Ha pUcyHke 2. [7]

1 X i i ] A A i i i i 1 " i n 1

0.2 04 06 0 Yo
I
!

-02F

=03F
il S
Pucynok 1. I'pa¢uk TOYHOrO penreHust
1 L L " 1 X P P ] M M 2 1 i 2 2 1 1 1 1 |!
0.2 0.4 06 08 ¥

-0.05 /
-0.10
-0,15
=020
-0.25
-0.30

Pucynok 2. I'padux npuéankéHHOTO pelenns Ulo(X)

Herpynno Bunmerp, uto rpaduku npuOMMKEHHOTO M TOYHOTO PEIICHWH MOYTH coBmanaroT. Kpome
TOTO, MOXXHO CpPaBHHTh TOYHbIE M TPUOMIKEHHBIC 3HAUeHHWS (YHKIUM B TOYKAX TPOMEKYTKa
uHTerpupoBanus (Tabnwuma 1):
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Xi

0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

u(xi)
0

-0.112693
-0.216672
-0.303631
-0.366226
-0.398157
-0.394782
-0.353214
-0.272511
-0.153749
0

U1o(Xi)

0
-0.109898
-0.201131
-0.269012
-0.310407
-0.324481
-0.310407
-0.269012
-0.201131
-0.109898
0

Taoauna 1.

CpaBHUBasi BTOPOW M TPETHIA CTOJIOIBI TAOJIUIIBI 1, BUIHO, YTO PACXOXKICHUS B 3HAUCHUSAX HEBEIUKHU.
Jlns momydenust O0BIEeH TOYHOCTH, HaiiieM MpUOIKEHHOE peleHre UCXOoaHOM 3amadn st N=15.
Tounble 1 MPUOTKEHHBIC 3HAYCHUS 33aHbI TA0IUIIEH 2:

Xi

0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

u(xi)
0

-0.112693
-0.216672
-0.303631
-0.366226
-0.398157
-0.394782
-0.353214
-0.272511
-0.153749
0

U1s(Xi)

0
-0.109811
-0.201220
-0.268961
-0.310456
-0.324419
-0.310456
-0.268961
-0.201220
-0.109811
0

Taoauna 2.

JanbHeiimee yBenuuenue 4yucia N HE MPHUBENIO K MMOBBIIICHUIO TOYHOCTU IPHUOIMKEHHS, YTO
CBHJICTEIHCTBYET U3 TAOIHITHI 3.

Xi

0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

u(xi)
0

-0.112693
-0.216672
-0.303631
-0.366226
-0.398157
-0.394782
-0.353214
-0.272511
-0.153749
0

U20(Xi)

0
-0.109793
-0.201197
-0.268947
-0.310455
-0.324425
-0.310455
-0.268947
-0.201197
-0.109793
0

Tab6amnna 3.

CpaBuuBas 3HaueHus NpHOMIKEHHBIX (yHKIUE npu N=10, N=15, momy4nnm TOYHOCTH 82103.
Opnako, nanpHelee ypenmaerne N MpuBOIUT K MEUIEHHOMY YBEITHYSHUIO TOYHOCTH TTPHOIKEHISL.

3akiouenue. B pabore mpencraBieHbl pe3ynbTaTbl TEOPETHUECKOTO OOOCHOBAaHUSI NPUMEHEHHS
Mertona byOrnoBa-I"amepkuna u Putma nis HaxokIeHHUS YMCICHHOTO PEUIeHUs YpaBHEHH C OnepaTopamMu

npoOHoro muddepeHIUpoBanus. 3ajaHa CTPYKTypa YHCICHHOTO peIIeHUs,

U TIOJy4YeHa OleHKa

MOTPEITHOCTH TMPHUOMIKEHHOTO PEHmIeHns N0 METPUKE JIHEPreTHYECKOTO IPOCTPAHCTBA, MOPOKIEHHOTO

omnepaTopoM JpobOHoro auddepeHUpoBaHus.

Jns yactHOrO cCitydast JApoOHO-TU(HEPEHIIUATEHOTO

YpaBHEHUS MTOCTPOEHA BBIYMCIHUTEIbHAS CXeMa METO/Ia, TIOMYUYeHbI MPHONMKEHHBIE PEIeHNUs, U TaH aHallnu3
CXOJMMOCTH MPHUOIMKEHHOTO PEIICHHS K TOYHOMY PELICHHUIO UCXOIHOM 3a/1a4u.
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ELASTIK MUHITDA JOYLASHGAN SILINDRIK QOBIQDA NOSTATSIONAR
TO‘LQIN DIFRAKSIYASI
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Annotatsiya. Bu ishda elastik muhitda joylashgan silindrik qobiq (yoki qatlam) turg ‘un bo ‘Imagan
(nostatsionar) to ‘lqin yuklanishi natijasidagi dinamik kuchlanishlar- deformatsiya holati masalasini yechish
algoritmi yaratilgan. Sonli natijalar olingan va tahlil gilingan.

Kalit so “zlar: silindrik gobig,to ‘lqin, elastik muhit, kuchlanishlar- deformatsiya holati, difraksiyasi.

HECTAIIHOHAPHAS TUPPAKIIHNSI BOJTH HA [UJIMHIPUYECKOM OBOJIOYKE B
YIHPYTI'OU CPEJE

AnHomayus. B oaunou pabome paspabomar aneopumm pewleHus 3a0auvu  OUHAMUYECKO2O0
HANPANCEHHO-0ePOPMUPOBAHHO20 COCMOAHUA YUNUHOPUUECKOU 000NI0UKU (UNU C05), HAXO0OAwelucs 6
ynpyeoii cpede, 6 pe3yibmame HeCMAYUOHAPHOLO 80HOB020 8030elicmeus. Tlonyuensl u npoanaiuzuposamsl
YuClleHHblE Pe3YIbMambl.

Kniouesvie cnosa: yununopuyeckas — o00ONOYKA,  BOAHA,  YApYedas — cpeod,  HANPANCEHHO-
depopmuposantoe cocmosinue, Ouppaxyus.

NON-STATIONARY WAVE DIFFRACTION BY A CYLINDRICAL SHELL IN AN ELASTIC
MEDIUM

Abstract. In this work, an algorithm is created to solve the problem of dynamic stress-strain state of a
cylindrical shell (or layer) located in an elastic medium as a result of unsteady (nonstationary) wave
loading. Numerical results are obtained and analyzed.

Keywords: cylindrical shell, wave, elastic medium, stress-strain state, diffraction.

Kirish. Quyidagi ishlarda [1,2] nostatsionar to‘lqin difraksiyasi masalalarini xususiy hosilali
differensial tenglamalar, Laplas va Furyening integral almashtirish usullari orgali yechilgan. Bu usullarni
go‘llaganda teskari almashtirish yoki orginalni topish qiyinchiliklarga olib keladi. Bu qiyinchiliklar integral
osti funksiyaning kompleks bo‘lishi va integrallash chegarasini murakkabligi bilan xarakterlanadi [3]. Ishda
potensial funksiyalar yordamida to‘lqin tenglamasi olingan, bu tenglamani yechishda Laplasning integral
almashtirish uchuli qo‘llanilgan [4]. Ishda tutash muhitda joylashgan qattiq silindrik diskdagi tekis to‘lqin
difraksiyasi masalasi kombinatsion yondashuv asosida yechilgan. Qattiq diskning vertikal va aylanma
ko‘chishi Fredgolmning integral tenglamalari orqali [5,6], yon tomonga ko‘chishi esa Furye qatori orqali
ifodalangan [7,8]. Ideal suyugqlikli silindrik jismga elastik to‘lqin difraksiyasi masalasi [9,10] ishlarda
ko‘rilgan, bunda silindrik quvur suyuqlik bilan to‘la bo‘lib oqayapti deb olingan [11]. Ishda suyuqlikda
joylashgan quvurdagi R bo‘ylama to‘lqin difraksiyasi masalasi yechilgan. Suyuqlik ideal bo‘lganligi sababli
fagat bo‘ylama to‘lqin potensiali mavjud bo‘ladi [12]. Ishda qovushqoq bo‘lmagan suyuqlikda joylashgan
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silindrik diskda tekis to‘lqin difraksiyasi natijasida hosil bo‘ladigan gidrodinamik bosim ham o‘rganilgan. Bu
yerda oldingi ishdan fargli ravishda gidrodinamik tenglamadan foydalanilgan.

Masalani qo‘yilishi va yechish algoritmi. Faraz qilaylik, elastik muhitga joylashgan silindrik
bo‘shliqqa (=1 ) tekis noturg‘un to‘lqin tushsin. Silindrik bo‘shliq kuchlanishlardan ozod gqilingan

bo‘lsin (O'rr|r - :O-r6’|r - ZO) Yagona nolga teng bo‘lmagan kuchlanish I'=Iyda kontur (yoki halga)
0-99/ Og kuchlanishi hisoblanadi ( O -tushadigan to‘lqin amplitudasi). Harakat tenglamasi [5]
A+ 2wWgraddivU; — protrotU; + b; = 1; % =12 (1)
Qatlamlar orasida qattiq mahkamlanganlik sharti qo‘yiladi [12]
r= r1 : Srr1 - Srrz; Srql — Squ;Srzl — Srzz;
U= = W=W. “
r=r: $,0=0 S$0=0 5,=0
Faraz gilamizki t vaqtda to‘lqin  silindirik qobiqga ta’siri nugtadan I = I3, = O boshlanadi. U

holatgacha silindrik jism joylashgan maydon o‘zini tinch holatini saqlagan. Difraksiya maydonini tekshirish
tushadigan impuls kuchlanishi yuklanishidan boshlanadi.

o =aoH(),
Vi _ ®)
S 2001——\/“ HE), t=t—(x+n)/G,

bunda Og - tushadigan to‘lqin amplitudasi; H(t) - Xevisaydning birlik funksiyasi

(2) va chegaraviy shartlar uchun Furyening integral almashtirishlarini qo‘llaymiz, u holda kontur
kuchlanishi Oy, =OE,H(t)COS’]T, Org =Z'0H(t)SII'19 bo‘lganda qo‘yidagicha bo‘ladi:

o _oalfl) _ 1 T A(QE™ © o
o o 270 2 QAN +AAs |
A(16:)=(A +mEOHA(Q)(2F + 20+ HY Q)+

+Hwa, —A, 121(n +DHO(C/Cy )Q)Jr%2 Hr@l(& Q)J

Bunda A (K=1,2,34,5))ning ifodalari [10] ishda keltirilgan. Xosmas integral (4.1) birinchi bobda

keltirilgan metodika yordamida amalga oshiriladi. Amalda xosmas integral (1) -ni EHM hisoblash quyidagi
tartibda amalga oshiriladi. Integralni cheksiz oraligda hisoblashni tassavur gilish giyin. Shuning uchun uni

chekli oraligda integrallaymiz
G = 1 T Ai('bﬁ) LG )
271 5, 1AM + A
Integral (4)-ni chegarasi @, @} tushadigan to‘lqinni ta’sir etish davriga bog‘liq bo‘ladi. Opr)p (Q)
spektral zichligi tushadigan to‘lqin xossalariga ham bog‘liq bo‘ladi. &, @3, bu chegaralarning giymatlari

hisoblash jarayonida integral osti funksiyaga bog‘liq o‘zgaradi. Integrallash oralig‘ini tanlash talab etiladigan
hisoblash aniqligiga ham bog‘liq bo‘ladi. Boshqa tomondan taqribiy integral, ya’ni chegarasini —oC dan @,

va @), dan ocC olinishi ganday xatoliklarga olib kelish muammosi ochigligicha golgan. Integral (4.1) ni

cheksiz hadli qator bilan almashtirib sonli hisoblash ham mumkin bo‘lmagan ish. Boshga tomondan [108]
ko‘rsatilganki n-ning katta giymatlarida hadlar (Bessel va Xankel funksiyalari n- tartibli bir va ikkinchi jinsli
funksiyalar) uchun asimptotik formulalar mavjud ekan.Cheksiz qatorni chekli orqali yig‘indisiga baho berish
imkoni mavjud. Hisoblashlar ikkita algoritmni hisoblashga, ya’ni (4) va (5) integrallarni hisoblashga olib
keladi.

Hisoblash algoritmi. (5) formuladagi Ggm / Op Kattaliklar qo‘yidagicha hisoblanadi. (5) formulani
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hisoblashning barcha kattaliklari berilgan bo‘ladi. Qo‘yidagicha belgilashlarni kiritamiz X =Q), X = le

, bunda n :CPl/CSl; Q:a)qecpl.xk(k:lz)—ning ikkita giymatida Bessel funksiyasi

|n(§) va Nn (ﬂn =], 2. .1@ Ko‘rsatilgan massiv quyidagicha hisoblanadi:

4@=2 0 @-u D u@=1ENG) ©

[11] ishga ko‘rsatilganidek nindeksning (argumentdan katta bo‘lgan qiymatlarida) qiymati oshib
borishi bilan Bessel funksiyasining absolyut giymati tez kamayib borar ekan. Bu holatda (6) formuladan
foydalanish magsadga tez va samarali olib bormaydi. Lekin (6) foydalanish mumkin, agarda qo‘yidagi

rekurent yordamchi funksiya In(é) munosabatdan ( n=N dan n=0 gacha) foydalansak

2An-])
Iy (5) = & [n+1(§)_ I (g) )
(4.4) munosabatdan foydalanish uchun boshlang‘ich qiymat beriladi

TM+1(§)=O, In =&, (8)

va boshlang‘ich indeks N= N., go‘yidagi tenglamadan aniqlanadi

25PN
i(_L)zN* ) & ®)

Bu yerda &- hisoblash xatoligi bo‘lib oldindan beriladi. Keyinchalik Bessel funksiyasining giymati

aniglanadi: |n(§)=[n(§)lo(§)“0(§)' (10)

bunda |0(§) qo‘yidagicha aniqlanadi

IO(§)=71[ lco{icosx)jx (11)

Bessel i Neyman funksiyalar yordamida berilgan tenglamani yechimi ifodalanadi, ya’ni uni quyidagi
funksiyani integrallashga keltiriladi

ZRQ)=AEQ Y QAA+AA e (12)

Buning uchun (4.9) ni qo‘yidagi ko‘rinishda yozib olamiz

| 20Q)=x(L,Q)-ix(Er.Q)
Tushadigan to‘lqin amplitudasi OS(QF (Q) [12] qo‘yidagicha ifodalanadi
HF(O)=HO)- Q) |
bunda (€Y F,(CY- hagigiy o‘zgaruvehili funksiya. Eyler formulasidan AX{ICX) foydalanib (12)
ni hagigiy va mavhum gismlarga ajratamiz, ba’zi almashtirishlardan so‘ng quyidagi ifodani olamiz:

i = | M- a9

i/
(14) integralni ikki qo‘shiluvchiga ajratamiz:

hn = JHO-O L [KO-kOk s

Hamda argument Qni —Q ga almashtiramiz, u holda

hn = NQ)-X Q@)% o

Bu yerda (16) Furyening teskari almashtirishlarini ifodalaydi , uning chap tomoni haqiqiy giymatni
ifodalaydi [9]. Qo‘yidagi munosabat o‘rinli bo‘ladi

X(€)=%(-€2);%(€2)=%(<2) (17)

Agar (17) ni hisobga olsak, u holda (16) integral quyidagi ko‘rinishga keladi
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b ——le(Q)dQ, 18)

Oben __Txl (19)

03

1- rasm. Kontur kuchlanishni vaqt bo‘yicha o‘zgarishi n-turli giymatlarida o‘zgarishi

Bu (19) integralni giymati Romberg [13] usuli yordamida topiladi. Asosiy algoritm birinchi bobda
keltirilgan integralni Romberg usuli yordamida integralashda integral osti funksiyasiga ko‘p marotaba
murojaat gilinadi.

Agar orginali ma’lum bo‘lgan funksiya uchun bu usul qo‘llansa integralash qadami 0.01 bo‘lganda
xatolik 0,3-0,5% dan oshib ketmaydi. Silindrik qobiqda kuchlanishining tagsimlanishi vaqt bo‘yicha
pog‘onali bo‘lgan zarba to‘lqini ta’sirida silindrik qobiqdagi kontur kuchlanishini o‘zgarishini ko‘ramiz.

Natijalar 1 =025 G5,/ Gy =05 6=0° 6a 90 parametrlar uchun olindi. (19) aniq integralni
chegarasi @) va @), I;I.O“—NJ N =1,2..5 oraligdan h=0, 10,010, 00 gadam bilan olindi.
Kontur kuchlanishini N=5Ba N=6 giymatida oldingi giymatdan verguldan keyingi uchinchi son

bilan farglanadi. Kontur kuchlanishi O vaqt T o‘zgarishiga bog'liq N=0,1,2,34,5 giymatlarida 1 va 2
rasmlarda keltirilgan.

Ugg

[ 2 \4_/{', 8 1or,c

4

2- rasm. Kontur kuchlanishni vaqt bo‘yicha o‘zgarishi n-turli qiymatlarida o‘zgarishi

Olingan natijalar mavjud natijalar bilan solishtiril ann [14]. Natijalar n=0,1 bo‘lganda 30% gacha farq
gilar ekan. Maksimal kontur kuchlanishi h= 0,01661 9C bo lganda 2,962/3,0 teng bo‘lar ekan.
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VJIK 512.544.23
MEPUOJINYECKHAE TAPMOHUYECKHUE ®YHKIIAN HA JEPEBE KJJIA
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Annomayusn. B 0annoi cmambe Onucanvl nepuooutecKue 2apmorudeckue Gyukyuu Ha oepese Kaau.
Ilpu  smom ucnonwb306amvl  CE0UCMEA 2pynnogoz2o npedcmagienuss oepeéa Komu. Paccmompenul
nepuoouyecKue 2apMoHUdecKue QYHKYuy OMHOCUMETbHO NPOU3BOIbHON HOPMATLHOU NOOSPYNIbL UHOEKCA 4.
Knwouesvie cnosa: oepeso Kanu, capmonuyeckas oyHkyusi, HOpMAaibHas nooepynnd.

PERIODIC HARMONIC FUNCTIONS ON THE CAYLEY TREE

Abstract. In this paper periodic harmonic functions on the Cayley tree are classified. The properties of
the group representation of the Cayley tree are used for this purpose. Periodic harmonic functions with
respect to an arbitrary normal subgroup of index 4 are considered.

Keywords: Cayley tree, harmonic function, normal subgroup.

KELI DARAXTIDA DAVRIY GARMONIK FUNKSIYALAR

Annotatsiya. Ushbu maqolada Keli daraxtida davriy garmonik funksiyalar tasniflangan. Bunda Keli
daraxti gruppaviy tasviri xossalaridan foydalanilgan. Buning uchun indeksi 4 ga teng ixtiyoriy normal
gism gruppaga nisbatan davriy garmonik funksiyalar garalgan.

Kalit so zlar: Keli daraxti, garmonik funksiya, normal gism gruppa

BBenenne u mocraHoBka 3agaun. OZHUM W3 YaCTHBIX CIIy4yacB JepeBa siBisieTcs aepeBo Koum,
KOTOpOE SIBISIETCSI OECKOHEYHBIM JIEPEBOM, M3 KaXKJIOW BEPIIMHBI KOTOPOTO BBIXOJHUT POBHO K+1 pEbep
(mepeBo Komm mopsimka kZl). B pabGorax [1-7] Ha nmepeBe Komm wm3ydeHBI MOIENM CTAaTUCTHYCCKOM
MEXaHHKH M JUIi HUX OIMCaHbl MHOXECTBA MEPUOJMUYECKHX THOOCOBCKHX Mep, a TaKKe HW3y4YCHBI
TPAaeKTOPHUH CIIy4aiHOro OJTy>KAaHUs B CIIydaiiHOH cpee.

Jna n3ydeHus u pemeHus 3TUX 3a/1a4 UCIMOJIB3yeTcs TPYIIoBOe MpecTaBieHue nepesa Komu [2]; B
3TOM cllydae, 3TU 3afadd (OpMYyIHPYIOTCS AOCTaTOYHO MPOCTO HA SI3bIKE IPYIIBI, KOTOpas MPeICTaBIsIET
nepeso Kamnu.

U3BectHo, uto gepeBo Komum mpexacraBisercs Kak rpymmna Gk, SIBISIFOILASsICA  CBOOOJHBIM
MPOU3BEAECHUEM k+1 IUKJIMIECKUX TPYII BTOPOTO TOPSAKA C 00Pa3yIOIMMU (Y, .y G g [1].

B [3] JA0Ka3aHO, 4YTO TOJIBKO OCPCBO Komn NpEACTABIAACTCA KakK rpyIina CBO6OI[H01"O MMPOU3BCACHUA
KOHCYHOT'O YHCJIa HUKINYCCKUX I'PYIIII BTOPOro nopsaKa.

IIyctp Gk_ TpyInoBoe mpeacTaBieHue nepeBa Komu Tk, K >1 Jmio60it snement X€G<,KOTopblﬁ

Ha3bIBAETCS CJIOBOM MMECT CIICAYIOIIUN BUJL:
X=8a,,...8 , e 1<, <k+1 m=In.
Yuceno N HaspIBa€TCA JUIMHOM CloBa X M 0003HAYAETCA Yepe3 [(X)

Yucno 6ykB &, I=l_k_+l, YYaCTBYIOIIMX B HECOKPAaTHMOW 3amucu ciioBa X, 0003HaYMM uepes

W,(). Hanpivep, comn X=a338,8, 10 W, (8)=2, W,(&)=1.

HyCTB JaHa 1apa (G, S), rac G—rpaq) u S — HCKOTOPOC NMOAMHOXKXCCTBO MHOKCCTBA V(G) BCEX

BepIIuH rpada G.
B Teopun rpadoB M3BECTHO CIIEAYIONIECE ONPENSICHIE TAPMOHHYECKON (YHKITHH.
Omnpenenenne 1 ([6]). DyHKUIHS hV(G) —R naswisaercs TapMOHMYECKON ¢ TpaHuleiH S ma G,
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1
n :W y%) m @

rae XEV(G)\S, d(X) Z]., S_L(X) —MHOKECTBO OJIMKAUIINX COCEAEH TOUKH X

lapmoHnueckre GYyHKIUKM HTPAIOT BAXKHYIO POJIb B TEOPUU BEPOSTHOCTEH, CTATUCTUYECKON MEXaHHUKE
Y TEOPHHU DIICKTPUUECKUX CETEH.
Mpe1 magum Gosiee o01miee onpeieeHIe rapMoHnIecKux GyHKINH Ha aepeBe Kamm.

Onpenenenne 2 ([7]). TIlycts A(X) QS(X) u f R xTX —R nZl) —

HeKoTOpass w3BecTHas QyHKIW. OyHKIHIO h( €R"  nazoséum rapMOHUYECKOH, eciu h<

€ClIn

YAOBJICTBOPACT (bYHKHHOHaJIBHOMy YPaBHCHUIO CICAYIOIIECTO BUAA:

th% f(h,x6). @)

3ameTnM, 4TO (YHKUMOHAIbHOE ypaBHeHHE (1) siBiseTcst yacTHBIM ciydaeM ypaBHeHHs (2). Kpome
TOr0, BO MHOTHX 3aJadaX COBPEMEHHOW MaTeMaTHKH BO3HHMKAIOT (PYHKUIMOHAIBHBIE YpaBHEHHs THIA (2)

(aprymeHT hyHKIIUH ITpoOeraeT Gk ). Hanmpumep:

rae @ — napamerp.

- ypaBHeHue (2) ans uzydeHus mojenu M3unra Ha je eBe Kamu umeet Bug (cMm., Hanpumep, [2])
h= > arcth(fthh), ©®)
yS(X
rie N eR xeG, S(X) ~MHORECTBAIPIMBKTIOTOMKOB X, & — napamerp;
- ypaBHenwue (2) ans uzyueHus mozenu [lorrca umeer Bug (cM. [4])

l&:y%% F(h:64). @)

rae F:Rt >R (q 21) — u3BecTHas QYHKIHS, h( S Rq_l, 60— apamerp;
- ypaBHeHue (2) Ui M3yUCHHUS CIydaiHbIX Oy nanuii Ha aepese Koanu umeer Bug (cMm. [5])

h= 2, BN, ©
rre P(X) E[O,l], XeG, yeS(X).

Takum 00pa3om, ECTECTBEHHO CHayalsla Hy>KHO HAalTH NepruoAndecKue (IpOCThie) PEIIeHs] ypaBHEHUS
(2).
Omnpeneaenne 3 ([7]). Ilycts HCG( — MOArpynmna TIpyIIbl Gk COBOKYITHOCTh BEJIUYHH

{h<, XEGK} naspizaercs H— MEPUOJUUECKOM, ECITU h< Zh)/)< JUTS TIOOBIX XEGk Hu yE H.

Ecmm H - HOpMEUILHLIfI JCIUTCIIb KOHCYHOIO HWHACKCA, TO OIIMCAaHHC H — MNEPUOOANYCCKUX
peleHnii ypaBHEHUS (2) CBOAWTCS K PEIICHUIO CHCTEM YPaBHEHHH C KOHEYHBIM UYHCIIOM HEU3BECTHBIX.
CrnenoBaTenbHO, BO3HUKAET CIEAYIOIas 3aja4ya: HAlTH yCcIOBHS Ha fuH , IPY KOTOPBIX ypaBHEHUE (2)
uveer H— NEPUOINYECKHE PELICHHE.

ITyctb A(X) ZQ(X), f (h, X 9) =6h+C. B 51om citydae ypaBHeHHe (2) HMeeT BUJ

h :y%;) (Oh+c). ®)
rie Q,CER.

JJ1st IpOCTOTHI ONUILIEM BCE H— NEepUOANYECKHE PelIeHus ypaBHeHUs (6) U1 1000r0 HOPMAJIBHOTO

JCIUTEN H uHekca 4. 3aMeTuM, 4To JIH000H HOPMAITLHBIN JACTUTENh HHIIEKCA 4 TPYIIIbI Gk HMeEET BH]]

H=HAﬁHB:{X€G’< : ;@(a)_m ;@(a)_m}

e, AZL B-‘ﬁ@I/IA BEN ={1,2,,k+1}
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Tornma H - reproanyYecKue (PyHKIINN AMEIOT BU !

h, eccm XeH,
h, eom XxeH
ecom XeH,
h, ecm XeH,.
rie h), h , hz , h;yJ:[OBJIeTBOpHIOT CIENYIONIEH CHCTEME YPaBHEHUIA:
hy =(k-+1-AUB )(éh, +¢)-+B\A(6h +¢)-HA\B (6h, +c)+ANB(6hy+c)
Jh=(k+14AUB)(6h+¢)+B\A(Ehy+)+/A\B (6hy+C)+ANB (ehy +c)
hy =(k+1-ACB )(6hy +¢)+B\ A( by +)HA\B (6h, +¢)HAB (Eh +¢)
h =(k+1—| Aua)(a'g +C)+| B\ A(6h,+c)+A\B(6h +¢)+AB(thy+c).

Herpynublif aHanmu3 3TOH CHCTEMBI TOKa3bIBAET, UTO BEPHA CIEAYIOIIAst
Teopema. 1) Eciu

1 1 1 1
(9 k+1)(9_k+1—2|Aj(‘9—k+1—2|Eqj(e_k+1—2| ACB—2 Amajio’
ck-+]) xXe@.

TO aBHeHHE (6) UMeeT CAUMHCTBCHHOC PCUICHUEC =T A" A
yp (6) P h ak+D—1'

()

)

1
2) Ecimn sz, TO TIpU c=0 CYLIECTBYET MOCTOSIHHOE PEILLICHHE h( =h, (heR) ypaBHEHUSA
(6),ampu C #0 ypaBHeHUe (6) HE IMEET pelIeHue.

3) Ecmm |A{-‘/—'k+1 u 0=

T 7, TO aBHeHue (6) mMeeT Oeckomeuno mmoro H—
k+I-2A ™ ypememme ©

NepuoaNYecKuX pemeHuit Buna (7), rae h) h hz, h;—yz[OBneTBopH}OT PaBEHCTBY

o o o =2AK Te
K-+1

[Ipu | :T Bce H — neprommueckue pemenns coBmazaiT ¢ MOCTOSHHBIMU (hyHKIISIMHE,

OTHMCaHHBIMU B 1) 1 2).

k+1
4) Ecmm |a-'/—' ) u gzﬁ, TO ypaBHeHHe (6) mMeeT OECKOHEYHO MHOTO H-

TIEPHOIMYECKUX petnennii Buaa (7), rae h) h, h, h—ynosrersopsior pasencray

BCC H — HNCPpUOAHNYCCKHC PCHICHHA COBHNAAAOT € INOCTOAHHBIMH (1)yHKLII/IHMI/I,

o B = k+1

OTTMCAHHBIMHA B 1) 2)

5) Ecau |AU3—|Ama;tk+

1 1

, TO aBHeHue (6) uMeer
K+-I—2AUB—2A~g" ™ 7 ©
6eckonedno muoro H— MepPUOINIECKUX pemeHuil Buga (7), rae h), h, hz, h;—yzLOBJIeTBop;HOT

_A2AAUB-2A~B K-+l
psnersy oty oty =2 S ST

u 0=
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k+1

Ipu |AUH —|Am|3 :T Bce H — nepumonmueckue peluenns COBNAzamT ¢ MOCTOSHHBIMHU

(GYHKUUSIMH, OTTUCAaHHBIME B 1) 1 2).
Joka3zarteabcTBo. Jl0Ka3aTenbCcTBO CleAyeT W3 NETaJbHOT'O HCCIEAOBAaHUS CUCTEMBI ypaBHeHHH (8),

KOTOpas ABJIACTCA CHCTEMOH JIMHEHHBIX ypaBHeHI/Iﬁ C mapamMeTpamMu 0, k u A

3akiouenue. B crathe [7] ommcaHbl HepHOAMYECKAE TapMOHUYECKHE (QYHKIMU IS HOPMAIBbHON
MOATPYIIBI HHIEKCA 2 TPYNIOBOTO mpeacTaBieHus aepesa Kamu. Kpome Toro, nokaszaHo, 4To HopMasbHAs
MOATpPYyIIa UHIEKca 3 HE CYIIeCTBYET.
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CONVERGENCE PROPERTIES OF NON-STANDARD MONGE-AMPERE MEASURE

Akramov Ibrohimbek Isroil ugli,
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of Tourism and Cultural Heritage
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Abstract. In this paper, we consider a non-standard Monge-Ampeére equation which arises in optimal
transport and control theory which can be expressed as a sum of two Monge-Ampére operators acting on
different variables. We define an analogue of Monge-4mpére measure and show some convergence
properties of its measure.

Key words: fully nonlinear partial differential equation, Monge-Ampére operator, convergence
properties.

CBOMCTBA CXOJIUMOCTHU HECTAHJIAPTHOM MEPBI MOH)KA-AMITEPA

Annomayus. B dannoii cmamve paccmampusaemcs Hecmaunoapmuoe ypasHenue Mowoica-Amnepa,
B03HUKAIOWjee 8 Meopuu ONMUMAILHO20 NEPEHOCA U YNPAGLeHUs, KOMOPoe MOJCHO Npeocmasums 6 Guoe
cymmul 08yx onepamopos Mouoica-Amnepa, delicmeyowux Ha pasuvie nepemennvie. Mvl onpedensiem ananoe
mepwl Monoica-Amnepa u nokazviéaem HeKOmopbule CGOUCMBA CXOOUMOCIU MO Mepb.

Kniouesvie cnosa: noinocmuio HeruneliHoe ypasHeHue 8 4acmublx Hpou3eoonsix, onepamop Monoica-
Amnepa, ceoiicmea cxo0UMoCmu.

NOSTANDART MONJ-AMPER O‘LCHOVINING YAQINLASHISH XOSSALARI

Annotatsiya. Ushbu maqolada biz optimal transport va boshgaruv nazariyasida yuzaga keladigan
nostandart Monj-Amper tenglamasini ko ‘ib chigamiz, uni turli o zgaruvchilarga ta’sir giluvchi ikkita Monj-
Amper operatorlarining yig ‘indisi sifatida ifodalash mumkin. Biz Monj-Amper o ‘Ichovining analogini
aniglaymiz va uning o ‘Ichovidagi ba zi yaginlashuv xususiyatlarini ko ‘rsatamiz.

Kalit so‘zlar: to‘liq chizigli bo ‘Imagan differensial tenglama, Monj-Amper operatori, yaginlashish
xossalari.

Introduction. The non-standard Monge-Ampére equation
2 2

is a fully nonlinear second order partial differential equation which appeared in the recent paper by
Oliver and Vasylkevych [7] in connections with Fluid Dynamics. The equation expresses relation between
potential temperature and potential vorticity. It is nonlinear elliptic in a class of convex continuous functions.
The associated operator, called non-standard Monge-Ampére operator, is a sum of two Monge-Ampére
operators in separate variables. The operator possesses many properties of the usual Monge-Ampére
operator. One can also define an analogue of the usual Monge-Ampére measure. The measure satisfies some
properties of the usual Monge-Ampére measure Our study aims to address an open question: whether the
convergence properties of the classical Monge—Ampére measure remain valid for the non-standard Monge—
Ampere equation.

Let us consider the explicit balance model potential vorticity expression

F(D?0,w): = 020(1 + ew + evAd) — ev(02, + 6%,) =g,
where 8 is the potential temperature, q is the potential vorticity,
W = OxUy — Oy, Uy,

1 is the vertical mean velocity of velocity field u, € is the Rossby number (see [7]). The equation (1)
expresses relation between potential temperature and potential vorticity (see [7]).

The characteristic matrix for the potential vorticity equation is
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€vozo 0 —€VO,y,
Ale,v):=1{0 €voz0 —€vl,y,
—€VO,y, —€vl,, 1+ ew+evAb

Equation (1.1) is elliptic partial differential equation (in the sense of linearization) if the matrix A(e, v)
is positive definite, i.e.,

€voZ0 >0 and F(D?6,w) =q > 0.
We use the following notation
1
i= —A"1(1 + ew) + Vevh,
¢ Ny ( )

where A means the Laplace operator in the x;, x, variables and A1 is the inverse operator. It is well
known that the inverse operator is an integral operator. Let's recall from [7] that, for u = (uy,u,)7,

0
ﬁ=f u(xq, x5, 2)dz
—H

0 0 T
= <f ul(xllxzyz)dzlf uZ(xli xZJZ)dZ>
—-H

-H
Notice that A™1(1 + ew) is constant in z, therefore,
0,9 = Veva,0 and 02 ,¢ =evoZ 0
Thus, the equation (1.1) can be written as

02 (02,0 + 02,0) — ((02,.0)" + (02,.0)") =

Vevaze (% (1+ev)+ \/EAB) ev ((a;lzg)z + (a,%zzg)z) —q

Consequently, we obtain the so-called non-standard Monge-Ampére equation

03¢0%,¢ — (02,,0)" + 0200%,6 — (0:,.0) =q

As we will see, the equation is elliptic [5,10] but the solutions of the non-standard equation are
unnecessarily strictly convex functions in contrary to the property of the classical Monge-Ampére equation.
Furthermore, it is notable to mention that the non-standard Monge-Ampére equation does not have a convex
continuous solution to the Dirichlet problem with continuous boundary data which is another difference from
the classical one [1].

The composition of the paper is as follows: In section 2, we define the non-standard MongeAmpére
measure and show its some properties. In the next section, we show its convergence properties of its
measure. In the concluding section, we discuss our main results.

Analogue of the Monge-Ampére measure. Monge-Ampére measure is defined on the Borel o-
algebra to be the Lebesgue measure of the normal mapping, i.e.,

M¢(E):= |0¢(E)|,

where E is a Borel set. We define an analogue of this measure.

Definition 2.1. For a convex continuous function ¢ defined on Q and a compact subset E of £, the set
function

g (E): = [y (T (B))] + |mal(T ()|

is called non-standard Monge-Ampére measure with respect to ¢, where | - | is the Lebesgue measure.

Notice that if E is a Borel subset of Q, then the sets m; (T (E)) and m, (T, (E)) are not necessarily
Lebesgue measurable sets. However, we can extend ug to a larger class as long as 7T1(F¢ (E)) and
nz(l}p (E)) are Lebesgue measurable by applying the standard methods in Measure Theory.

Lemma 2.2. If ¢ € C?(Q) then Ug is absolutely continuous with respect to the Lebesgue measure and

1y (E) = f (detDZ ,¢ + detDZ,,¢)dx; dx,dz
E

for all compact sets £ c Q, where

D2 ¢:= (
U \0g¢ 0F¢
Proof. Since ¢ is differentiable, we have

7T1(F¢(x)) = (xlraxzd)' az¢) and 7T2(F¢(x)) = (ax1¢r x2162¢)

for all x € E. First, we consider the following integral
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(@)= [ dnidgds;

™2 (T (E))
It is well defined integral because T, (E) is a compact set and hence Lebesgue measurable. We can use

Fubini Theorem and write the last integral as an iterated integral

d&,dE,dE, = f dé, f oy, 15
m2(Fp(E))S2

f”z (To(E))
where
ﬂz(Fd,(E))gz: = 7T2(F¢(E)) N {&, = constant }
is section of the set 7, (T}, (E)) with plane {§, = constant }. Actually, 7, (T (E))52 is image of the set

E n {x, = constant } under the convex function ¢(:,x,,") of two variables ( x;,z ) for any fixed x, =
constant. Thus we can use results of the usual Monge-Ampére measure and the following change of
variables.

é1 = ax1¢'52 =x, and §3 = 0,¢
The above arguments show that the last change of variables is injective outside of the set with zero
Lebesgue measure because ¢ (-, x,,-) is a convex function (see [3,4]). Then, the Jacobian of the change of
variables is given by

05,9  0%x,® 07,29
J=det| 0 1 0
07, 02, 07¢
(0 %0)
ale(;b az¢
= detD7 ,;¢.
Consequently, we have

Ty (8)) 1= | oy L0
(T

= f UldxldedZ
E

= f |detDZ ,¢|dx;dx,dz
Since ¢ is a convex C? function, detDZ ,¢ 2E0. So, in this case, we have
|72 (T (B))| = f detDZ ,pdx dx,dz
Similar arguments show that :
|1 (T (B))| = fE DZ,,pdx,dx,dz

It finalizes a proof of the lemma.

Lemma 2.3. Let Q be a bounded domain in R3 and ¢,y be convex continuous functions on Q. If ¢ <
Y inQand ¢ =y on aQ, then

() = py ().

Proof. First, we show dy(Q) < d¢(Q) by following [5]. Indeed, take p = (p1, P2, p3) € OY(Q) then,

there exists a point x° = (x?,x2,z%) € Q such that p € d¢(x°), namely, for any x = (xq,x,,2) € Q,
W) 2P +p - (x —x°).
Set
a: = sup{p(x®) +p - (x —x%) — p(x):x € Q}.

Then, a > 0 since Y(x%) > ¢(x°). Since 1, ¢ are continuous functions in Q, we can assume that a is

attained at some point x* € Q. Then,

a =) +p-(x—x0) - p&h),
B() = P +p- (x—x%) —a

¢(x) = p(x1) +p- (x—xt) forany x € Q

and, forany x € Q,

A substitution yields,
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and

YD) 2P +p- (¢ —x%)
=¢x') +a
If a >0, then x! ¢ 9Q (because if a > 0 then ¥(x!) > ¢(x!) and on the boundary 9Q we have
condition 1 = ¢ ), and hence p € d¢(x1). If a = 0, then for any x € Q, we have

¢(x) = Pp(x°) +p - (x —x°%)
> ¢(x) +p-(x—x°)
and consequently p € d¢(x°). Hence dy(Q2) c d¢(Q). This implies 7, (T (2)) < w3 (T (2)) and
15(Ty () < m2(T (). Therefore,
(@) = |1 (T (D) + |2 (T (@)
< |2 (Tp ()] + |2 (T (D))
= U ()
that is,
() < ()
The lemma is proved.
Convergence properties. Now, we show some convergence properties of the non-standard Monge
Ampére measures.
Definition 3.0. Let u, u; be Borel measures defined on a o-algebra of Borel subsets of an open set Q
R™. We say that u; converge weakly to u if

| £y = | reodue
Q Q

for all f € Co(Q), where Cy(Q) is a space of continuous functions with compact support supp(f) <
Q.
Lemma 3.1. Let ¢, € C(2) be convex functions such that ¢, converge uniformly to ¢p on compact

subsets of Q. Then if K c Q is compact, then for a fixed x° = (x?, x9,z°) and K=K n{x, = x?3, the
inclusion

lirlisol.}pnl (Fd)k(Kx?)) cmy (I‘d)(l("?))
holds, similarly for K*:=Kn {x, = x2} the inclusion
. 0 0
hr’:l_)soljpnz (F¢k (sz)) cm, (F¢ (KxZ))
holds.
Proof. If (x?,p,,ps) € limsupm, (F¢k(Kx?)) then for each n € N, there exist k,, and x;,, € K*? such that
k—oo

(pi™, pa p3) € 09p(x2, x5™, z%n). By selecting subsequences (x?,xJ,2/) and p! of (x?, x5, z%n) and pi™
respectively, we may assume that p{ converges to p; and (x{’,xg,zf ) converges to (x9,x2,z%) € K. On the
other hand,
¢ (x1,%2,2) 2 $j(x0, %3, 27) + p{ Cey = x9) + pa (32 — %)) + p3(2 — 27)
for any (x1,x;,2) € Q and, by letting j — oo, we obtain by uniform convergence of ¢; on compact
subsets of ,

d(x1,%2,2) = Pp(xD,x2,2°) + p1 (g — %) + P (x; — x9) + p3(z — 29,

that is,
(p1, 02, p3) € 09p(x?,x3,2°) € Ap(K)
and
(0,92, ps) € my (T (6, 28, 2%)).
Thus,

(x?,p2,p3) € 7T1(F¢(K))-
By similar procedure, we can prove the latter inclusion of the lemma.
In order to show the non-standard measure is bounded on compact subsets of Q, we apply the
formulation of Fatou lemma 5 which is different from its usual occurrence.
Lemma 3.2. For any compact set K € Q, uy, (K) is bounded.

Proof. Using Lemma 3.1 and Fatou lemma, we obtain
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lim supM1¢p, (K*1) < M1¢p(K*1) forany x; € R

Similarly, o
lim supM?¢ (K*2) < M2¢(K*2) forany x, € R
where o
Mp(K*1):= detDZ,, ¢ (xy1, X, z)dx,dz
and “
M?p(K*2): = detDZ ,¢(x1, x,, z)dx,dz
K*2

By Fubini theorem,
fdetD,%zqukdxldxzdzsf dx, detDZ, ,¢pdx,dz
K

K*1

= f detDZ ,pdx,dx,dz
K

< 400
and
f dethlzd)kdxldxzszJ dxzf detDZ ,¢dx,dz
K K*2
=J- detDZ ,pdx,dx,dz
K
< 400
Therefore,

te, (K) = f (detDZ ¢y + detDZ,, ¢y )dxydx,dz < +co.
K

Thus we get the statement of the lemma for the case when ¢, and ¢ are C? functions. Now, we
consider the case when sequence {¢;} of convex continuous functions is uniformly converging on K. Then
¢ is also a convex function. Then due to Lemma 13, we have the inequality

e (K*1) < 1 (K*1)

for any fixed x,, where ug, (K*1) is the induced Monge-Ampére measure on the plane x; = constant.

By Fubini theorem 6, we have the relation

pe(K) = f e, (K*)dxq
Thus integrating the last inequality we come to the conclusion
K00 = [ g (K¥)x,

This finishes a proof of this lemma.

Theorem 3.3. Let ¢, € C(Q) be convex such that ¢, — ¢ uniformly on compact subsets of Q. Then
if U c Qisopen and {V}},s; is a family of open sets such that V.., € V, and U c V,, < Q for each k, then
forany x; € R,

7T1 (rq,,(le)) < liminfr, (F¢k(Ux1)),
where the inequality holds for almost every point of the set on the lefthand side. Moreover,
X 3 3 X
|T[1 (F¢(U 1))| < IIII(T_I)glf |T[1 (F¢k(U 1))|.

Proof. For the sake of being definite, we will assume that x; = x? and U = @. If UX = @ then,

there is nothing to prove. Let
ng: = {(pl! P2, pS): (P1» P2, p3) € a(l)(x:?'le'Zl) N ad)(x:?'xZZ!Zz)
for some (x9,x1,2zY), (x0, x2,2%) € Q, (x?,x3,zY) # (x?,x2,2?)}.

If we denote projection 71: R® — R? by

' (p1, 02, P3) = (P2, P3)-

Then, due to Lemma 2.11 in Ozanski [8], we have |7T1(5x2) = 0 because for any fixed x; =
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x?, p(xP,x,,2) is a convex function defined on the convex set 0* = {x; =xY}n Q. Now, we use
arguments of Ozanski [8]. If

(p2,p3) €t (00 (U*) ) \11(S,o),
then there exists a unique (x?,x9,2z%) € U*? such that
(p2pa) € m* (09 (20, 28,29,
Hence, for any (x?, x,, z) € Q*1,

G (x7, %2, 2) > P(xD, %3, 2°) + pr(x, — x3) + p3(z — 2°)
Otherwise, if

¢(x?, x3,2) = p(xf,x7,2°) + po(x; — x3) + p3 (2" — 2°)
for some (x2,x3,zY) € Q, (x2,2°) # (x1,2zY), then

d(x,x3,2) 2Pp(xD, x3,2°) + pa(x; — x39) + p3(z — 2z°)
=p(xD,x3,21) — pa(x; — x3) — p3 (2t — 2%
+p2(xy — x9) + p3(z — 2°)

=p(x),x3,2Y) + po(x, — x3) + p3(z — 2%).
Or equivalently,

(D, x2,2) 2 d(xD,x3,2") + po (0 — x3) + p3(z — 2")
for all (x2,x,,z) € Q1. Let 1 € (0,1) be such that
(x0,x4, 2 l) = (9, %0 + (1 — Dxd, A2° + (1 — D)zb) € U™
(such A exists because U*1 is open in {x?} x R% = {(xl,xz,z) (x,,z) €ER?} ). Since (p,,p3) €
ap(x?,x2,2%) and ¢ is continuous, we have for all (x?,x,,z) € Qxl,
d(x?, x2,2) =Ap(xD, %2, 2) + (1 = D (x?, x5, 2)
21 (9,28, 2°) + pa(x, — x9) + p3(z — 2°))
+(1 =) (PG, 23, 2Y) + pa (2 — x3) + p3(z — 2)
2A¢(x?,x3,2%) + (1 = D)p(x7, x3,2")
+p,(x; — x%) +p3(z —z%)
>¢(x0, x4, 2%) + pa(x2 — x4) + p3(z — 2%),
that is, (p,, p3) € 9 (x?, %7,z ’1) which contradicts the uniqueness of (x?, x9,z°). Now since V; c Q
is compact and ¢, — ¢ uniformly on V;, we have from (3.1) that for any § > 0, there exists kg such that
¢k(x1'x2'z) > dp(x?, x3,2°) + pa(x, —x9) + p3(z —2°) =6
forall (x?,x,,2z) €V, and k = kgs. Fixany § > 0 and hence also kg. Let
Op: = ;2%7%{¢k(x1rx2'z) br(x?, x3,2°) — pa(xp — x9) — p3(z — 2°) + 8}

_ 0
This minimum is attained at some (x?,x%,z%) € 71, iie.

8k:=qbk(x1,x2, k) ¢k(x1'x2' ) — Pz(xz_xz) P3 (Z _ZO)+5
Hence, we have

br(x?, x2,2) = P (%7, %3, 2°) + po (0, — x3) + p3(z —2°) — 8 + &
= ¢i(xd, x5,2) + P32 — x5) + ps (2~ 2¥)
for any (0, x,,2) € 7% and, in particular (U*S c %% ¢ Vx1 ),
¢k(x1,x2, 7) = ¢ (), xK,2%) + py(x; — xz) +ps(z—2"),vx €U,
We will show that p is the slope of a supporting hyperplane to ¢, at the point (x{’,xé‘,zk) for all but

finitely many k. Note that (for an affine function to support a convex function at a given point over Q it is
sufficient to support it over an open neighborhood of this point), we need to show that x; € V, (i.e. x; is an

0
interior point of V,, ) for all but finitely many k. Suppose otherwise that (x{’,xé‘,z") € av,j‘l for infinitely
_ 0
many k i.e. suppose that there exists a subsequence {(xl,xé‘ ,Z km)} c V’C1 (m = 1) such that
(x,x,™, zkm) € av"1 forall m > 1.

As 1, is compact, there exists a subsequence, which we will also denote with {(x0, xfm, zkm)}

mz1
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such that
k
(xl' 2 Z km) - (x1')’2'J’3) asm-— oo

for some (x?,y,,y3) € V."1. Moreover, (x2,z%) # (y,,v3) as

J Ixi""—le + |zm — 20]2 > dwt((xl,xz, 0, av’“)

> dist ((x{’,xg,zo),OU) >0, forall m>1
By the uniform convergence of ¢, to a continuous function ¢, we get
Py (60, 5™, 2K1) — B(x0,y2,¥3).
Indeed, we can write
|¢km(x1,x2 Z km) - ¢(xf,y2,y3)| S|¢km(xf» m' km) ¢(x1' m. km)|
+|q§(x{),x£c ,zkm) — ¢ (x), x3,20)|
S||¢km - ¢||Lw(vxg)

+|¢(xf, m' km) — ¢(x1,y2,y3)|

It converges to 0 as m — oo. Hence, taking limit as m — oo in (3.5) and letting (x?,x,,z):=

(x9,x3,z%), we get
P (xp, x3,2°) = p(xD, ¥2, ¥3) + p2(x3 = ¥2) + p3(2° — ¥3)
> ¢ (x7,x3,2°)
0

which is a contradiction. Therefore, indeed (x{’,xé‘,zk) € kal for all but finitely many k and

consequently,
0
p € 0y (x, xK,2%) c a¢gy (kal).
This means that p € lim infd¢, (V). By Fatou lemma, the last statement of the lemma follows.

Theorem 3.4. If ¢, are convex functions in Q such that ¢, — ¢ uniformly on compact subsets of ,
then the associated measures 4, tend to ug weakly, that is,

fﬂf(x)duqbk - fn £ dug

for every f continuous function with compact support in Q. Proof. We will assume that f = 0 (as
noted in the [8] the general case follows by considering the positive and negative parts f*, f “and writing
f=ft—f7). If Qisan open convex set and K € Q is a compact set. Then, K; = convex hull(K) is a
compact convex set K; € Q ( K; is the minimal convex set containing K ) since d¢(K,) is a compact convex
set then ug (K;) < +oo. By Lemma 3.2, we have that

.u(l)(Kl)l .U¢k(K1) <L
for some positive real number L. Following Ozanski [8], fix € > 0 and let F: = rr11<axf(x) and Q' =
1
{x € K;: f(x) > 0} = int(suppf). Since f is integrable with respect to ug, there exist N >0,a; €
(0,F),U; c Q' Borel sets, i = 1,...,N such that U; N U; = @ for i # j, %), a;xy, < f (where yg denotes

the characteristic function of a Borel set E )
N

Z lﬂ¢(U)<f fdpg < zN: aiug(Up) + €
i=1

Moreover, we will show that by continuity of f, we can take U; to be open. For this reason, let
T:= {TER.M¢({XEQ.f—T})—O}.
Note that for T € (—o0,0] U (F,+0) c T. We have (0, F]\ T = Ups1 T, Where
1
T = {‘L’ EO,Flupg({xeQ:f=1}) = E}
It is clear that the number elements of 7;, < nL. Otherwise, we have
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1<y <N uptr=m

TET, TET,

=i | =9 =mp@

TET,

< .U¢(K1) <L

a contradiction. Notice that if 7; # 7, then surely {f = 7} n {f = 1,} = 0. Consequently, [0,F]\ T
is at most countable. We will use this fact to see that 7" is dense in ( 0, F]. In fact, if T is not dense in ( 0, F],
then there exists an open interval (a, b) < (0, F] such that (a,b) N T = @, i.e. (a,b) < (0, F]\ T whichis a
contradiction since (a, b) is uncountable. Hence, 7 is indeed dense in ( 0, F]. Therefore, we can find N > 1
and a sequence {t;}j=g1, .y C T suchthat 0 =7y <7y < <ty <F <tyandt; — 71 < ffor all i =

1,...,N (for instance take any N > 4—? and {7;};=o ..~ © T such that 7y = 0,7y:=F (1 +$) and |Ti —

i% < %for i=1,..,N—1). We now define
Us={xe:t,_1 <f(x) <7} fori=1,..,N.
We note that the sets U;,i = 1, ..., N are open (as preimage of an open set with continuous function)
and mutually disjoint and that

N
Z TiaXy; < f
i=1
We also have
N N
Ko (Q' \ U Ui) =) pp{f=7H=0
i=1 i=1

and therefore

N
OSJ_ fdug _f Z Ti—1Xu;Ale
0 i3
N
:f fdug —Z Ti—1He (Uy)
af i=1
N N

= Z . (f —Ti—)dug < ; (i — Ti—)dug

i=1

which means that the expression holds (with a; = t;_; foralli =1, ..., N ) as claimed.
For each i, let {V*} _ be a family of open sets such that Vi c Q be a family of open sets such that

i £
vk c QU c VSV c V) and ”¢>k(Vik) < tg, (U) + 2ity

for all k = 1, such a family exists by compactness of supp(f) and by the regularity of measures
He, k = 1. Note that we have ug (U;) < liminfug, (V) for each i = 1, ..., N and hence

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 71



MATHEMATICS

[ rug= [ rus
N

< Z T 1pe(U) + €
i=1
N

i k
< z Ti_llllgr_l)glfu(l,k(l/'i ) +¢€
i=1
N

. . g
< h{gg}f ' Ti—q (u¢k(Ui) + m) +¢&

i=1

N
< “;Eriglfz Ti—1Mg, (Up) + 2¢

=1
N N
< lim inf Z Ti—1bg, (UD) + 0 - pg, (Q’ \U Ui) +2¢
i=1 i=1

< liII;r_l)glf fﬂl fdug, + 2¢

= lilrcr_l)i)glffQ fdug, + 2¢
We will now show that
f fdug = limsupf fdug, — € foreach i =1,...,N.
Q k- Jo

Let
Wi: = {x € 0" Ti—1 < f(X) < Ti}'
Note that Q' = K = supp(f) D W; is a compact subset of K,i = 1, ..., N.
N

k=] w\wepuw,
i=1

We have
N

f < Z TiXWi

i=1
and since uy({x € Q": f = 1;}) = 0foralli =1, ..., N, we have
N

Now, using the previous Lemma, we can write
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N

fﬂ fdug = Z Tiup(W;) — ¢

=1
N

> Z rlimsupug, (W) — €
k—oo

i=1

N
2 111}’? sup | Typg, (W1) + Z Tittp Wi\ Wi_1) | — ¢

= lim sup f_ fdug, —¢€

k—oo o
= lim sup f fdug, —¢
k—co Q

From the above expression, taking the limit when ¢ — 40, we get
Ill_l)‘folo fﬂ fdug, = ligglffﬂ fdug,

= lim supf fdug,
Q

k—o0

= | rdug
QO

The theorem is proved.

Discussion. The theoretical convergence of the Monge—Ampére measure plays a central role in the
analysis of nonlinear partial differential equations and optimal transport theory [3,4,5]. It ensures the stability
and consistency of weak or viscosity solutions to the non-standard Monge—Ampére equation, particularly
when approximating convex potentials by regularized or discrete schemes. Convergence results guarantee
that sequences of approximating functions yield corresponding convergence of their non-standard Monge—
Ampére measures in the weak sense, thereby linking analytic and measure-theoretic notions of solution. This
property forms the theoretical foundation for the validity of numerical methods, variational approximations,
and geometric applications such as mass transport, reflector design, and Kéahler geometry. In essence,
convergence of non-standard Monge—Ampére measures provides a rigorous framework that ensures the
measures derived from approximations faithfully represent the true geometric and physical structures
modeled by the equation
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Annotatsiya. Ushbu magolada barcha girralari gattiq mahkamlangan alyuminiy kvadrat shakldagi
plastinkaning markaziga turli giymatdagi massalar (1 kg, 10 kg, 50 kg va 100 kg) qo ‘yilgan holatdagi erkin
tebranish xarakteristikalari sonli usulda o ‘rganilgan. Tahlil Abaqus dasturiy ta ‘minoti yordamida amalga
oshirilgan bo‘lib, plastinkaning geometriyasi (uzunligi 1 m, eni 1 m, qalinligi 0.003 m), material
xususiyatlari (elastiklik moduli E=7%10° Pa, Puasson koeffitsiyenti m=0.33, zichligi I' = Z/00kg/m?) va

markazga qo ‘yvilgan massa hisobga olingan. Birinchi uchta tabiiy tebranish chastotalari aniglangan va
massa qiymatining ularga ta ‘siri o ‘rganilgan. Tebranish shakllarining vizual tahlili ham keltirilgan. Olingan
natijalar muhandislik amaliyotida konstruksiyalarning dinamik xatti-harakatini tushunish uchun muhim
ahamiyatga ega.

Kalit so‘zlar: plastinka, erkin tebranish, Abaqus, sonli tahlil, qo ‘yilgan massa, tabiiy chastota,
tebranish shakli.

CBOBO/JHBIE KOJIEBAHUSI TIOJABECHOM MPSIMOYI' OJIbHOM JE®OPMHUPYEMOM
IIJIACTUHBI MAJIOM MACCHBI

Annomayus. B Oaunoti pabome yuCieHHO UCCIeOYIOMCA XAPAKMEPUCMUKU CBO0OO0OHbLIX KoJlebaHull
K8aOpamHo aioMUHUEBOU NIACIMUHDL, HCECMKO 3AKPENIeHHOU NO CeM KpasaMm U ¢ paziudnuvimu maccamu (1
ke, 10 ke, 50 ke u 100 xe), pasmewéunvimu 6 eé yenmpe. AHAMU3 NPOBOOUILCS C UCNOTL30BAHUEM
npoepammnozo obecneuenuss Abaqus c yuémom eeomempuu naacmunvl (Onuna 1 m, wupuna 1 m, morwuna
0,003 m), ceoticmeé mamepuana (mooyav ynpyeocmu E = 7*109 Ila, xoappuyuenm Ilyaccona m = 0,33,
nromuocms ke/m3) u maccwl, pazmewénnon ¢ yenmpe. OnpeoeneHvl nepgvie mpu cOOCMEEHHblE YACMOMbl
KOeOaHuil, U U3YYeHO BUAHUE HA HUX BelUUUHbL MACChl. Taxoce npedcmagien 8U3YaibHblUL AHANU3 KAPMUH
xonebanuil. Ilonyuennvle pe3yriomamol 8axcHvl 0151 NOHUMAHUS OUHAMUYECKO20 NOGEOeHUs KOHCIMPYKYULL 8
UHOICEHEepHOU npaKmuKe.

Knwouesvle crnosa: niacmumna, ce0600uvie xoaebanus, Abaqus, wucnenuvii ananus, pasmewyéHuast
macca, cobCmeeHHas 4acmoma, KapmuHa KoieOanui.

FREE VIBRATIONS OF A SUSPENDED RECTANGULAR DEFORMABLE PLATE OF
SMALL MASS

Abstract. In this paper, the free vibration characteristics of a square aluminum plate with all edges
rigidly fixed and with different masses (1 kg, 10 kg, 50 kg and 100 kg) placed at its center are numerically
studied. The analysis was performed using the Abaqus software, taking into account the geometry of the
plate (length 1 m, width 1 m, thickness 0.003 m), material properties (modulus of elasticity E=7*109 Pa,
Poisson's ratio m=0.33, density kg/m3) and the mass placed at the center. The first three natural vibration
frequencies were determined and the effect of the mass value on them was studied. A visual analysis of the
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vibration patterns is also presented. The results obtained are important for understanding the dynamic
behavior of structures in engineering practice.

Keywords: plate, free vibration, Abaqus, numerical analysis, placed mass, natural frequency,
vibration pattern.

Kirish. Biriktirilgan massalarga ega yupga deformatsiyalanuvchi qobiglar samolyotsozlik va qurilish
sohalarida keng qo‘llaniladi. Bunday tuzilmalarning turli garmonik va vaqtinchalik yuklamalar ostidagi
dinamik harakatini o‘rganish murakkab va qisman differensial tenglamani yechishni talab qiladi. Ushbu
masalaning yechimlarini topish jarayoni mustaqil o‘zgaruvchi — vaqtga bog‘liq oddiy differensial
tenglamalar sistemasini yechishga asoslanadi. Mazkur tadgigot biriktirilgan massalarga ega qobiq
tuzilmalarining tabiiy tebranishlarini o‘rganishga bag‘ishlangan. Shu asosda tuzilgan, umumlashtirilgan
koordinatalarga nisbatan yozilgan oddiy integrodifferensial tenglamalar tizimi soddaligi bilan ajralib turadi
va mavjud usullar yordamida tahlil gilinishi mumkin. Qattiqlik va inertsiya bo‘yicha bir jinsli bo‘lmagan,
ya’ni konsentrlangan massalardan tashkil topgan tuzilmalarning tabiiy chastotalar spektrini aniglash katta
amaliy ahamiyatga ega. Shu sababli ishonchli sonli va analitik usullarni ishlab chigish dolzarb masala
hisoblanadi.

[1, 2, 3]-manbalarda biriktirilgan massalarga ega silindrsimon qobiglarning chizigli tebranishlari
o‘rganilgan. [4]-ishda stringerlar va ramkalar bilan muntazam mustahkamlangan yopiq silindrsimon qobiq
tahlil gilingan. [5, 6]-ishlar silindrsimon qobiq bilan uning uchlaridan biriga qgattiq biriktirilgan jismning
o‘zaro ta’sirini matematik modellashtirishga bag‘ishlangan. [7]-tadgiqotda biriktirilgan konsentrlangan
massaga ega, oddiy tayanchli to‘rtburchak elastik plastinkaning tebranishlari o‘rganilgan. [8]-ishda
qovurg‘alar va biriktirilgan massalar bilan mustahkamlangan qobiqlarning tabiiy tebranishlari tahlil qilingan.
[9]-tadgigotda esa ingilobning yupga elastik gobiglarining erkin tebranish chastotalari va shakllariga
qovurg‘alar hamda biriktirilgan qattiq jismlarning ta’siri o‘rganilgan.Masala qovurg‘alarning diskret
joylashishini hisobga olgan holda Rits usuli yordamida chizigli shaklda yechiladi.

Plastinkalar muhandislikning turli sohalarida keng qo‘llaniladigan muhim konstruktiv elementlardan
biridir. Ushbu elementlarning dinamik xatti-harakatini o‘rganish, xususan tebranish xususiyatlarini aniqlash,
rezonans kabi xavfli hodisalarning oldini olish va konstruksiyalarning ishonchli ishlashini ta‘minlash uchun
muhim ahamiyat kasb etadi. Qattig mahkamlangan kvadrat plastinkalarning erkin tebranishi analitik usullar
bilan yechish murakkab bo‘lgan muammo hisoblanadi [10,11]. Konstruksiyaga qo‘shimcha massalar
o‘rnatilishi esa vaziyatni yanada murakkablashtiradi, chunki bu sistema massasining taqsimlanishini
o‘zgartiradi va demak, uning dinamik xususiyatlariga ta‘sir qiladi. Chekli Elementlar Usuli (FEM) murakkab
geometriya, material xususiyatlari va chegaraviy shartlarga ega bo‘lgan elastik sistemalarning dinamik
tahlilini o‘tkazish uchun samarali va keng qo‘llaniladigan sonli usuldir. Abaqus dasturiy ta‘minoti
muhandislik tahlilining turli sohalarini gamrab oluvchi kuchli FEM paketlaridan biri hisoblanadi.Ushbu
magolaning magsadi barcha girralari gattiq mahkamlangan alyuminiy kvadrat plastinkaning markaziga turli
giymatdagi massalar (1 kg, 10 kg, 50 kg va 100 kg) qo‘yilgan holatdagi birinchi uchta tabiiy tebranish
chastotasini Abaqus dasturida sonli tahlil qilish orqali aniqlash va qo‘yilgan massaning tebranish
xususiyatlariga ta‘sirini o‘rganishdan iborat. Tebranish shakllarining vizual tahlili ham tagdim etilgan.

Masalalarni qo‘yilishi va yechish metodikasi. Mumkin bo‘lgan ko‘chishlar prinsipiga asoslanib, biz
barcha faol kuchlar ishining yig‘indisini, shu jumladan, mumkin bo‘lgan ko‘chishlar bo‘yicha inersiya

kuchlarini nolga tenglashtiramiz. éUnj(X,t):

A +A+A, =0 1)
Qayerda A\, +AA, +AA,, =0- konsentrlangan massalarni hisobga olgan holda jismlarining ichki
kuchlari, shuningdek, inertial kuchlarning virtual ishi ushbu quyidagi munosabatlar bilan ifodalanishi

mumkin:
B, = SV,
A=) S e
A=A [OOUNNV-IIMID (000,

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 75




MATHEMATICS

bu yerda n- jismning zichligi va hajmi, koordinatali n- jismning g- biriktirilgan massasi.p , V,,M,

X4 =034, X%, X%),L,- n- va (n+1)- jismlar orasidagi prujinalar (amortizatorlar) soni, n- tanadagi
konsentrlangan massalar soni, n- tanadagi elastik (viskoelastik) tayanchlar soni,Q L, oPnk,eﬁkd*‘,eﬂ

O','?,é]'?- mos ravishda n- korpusning kuchlanish va deformatsiya tensorlari, I-prujinka (amortizator) va

elastik (viskoelastik) tayanchning komponentlari. Umumlashtirilgan Guk gonuni va Koshi'® formulasidan
foydalanib, tizimning elastik elementi yoki elastik bog‘lanishi uchun fizik va geometrik munosabatlarni

yozamiz:/
Ok =40 Oy + 20 &0 ©)
=l U)oicUn)nd @

An, Un-Lame parametrlari. Chizigli Boltsman-Volterra nazariyasini qabul qilib, tizimning n-
viskoelastik tanasi uchun fizik munosabatlarni tenglik bilan aniglaymiz.,, u ©" mk(U)mk—a(U”)"’

) =20 O+ 200
(5)

Quyida bitta operator bilan almashtirilgan In,ﬁn-VOIterra integral operatorlari Masalaning taklif
etilayotgan formulasida v,-Puasson nisbati doimiy deb qabul qgilinadi. Demak, strukturaviy bir hil
viskoelastik tizim uchun tabiiy tebranish rejimlari mos keladigan elastik muammoning tabiiy vektorlariga
teng bo‘ladi [12,13].Type equation here.

Ma‘lum formulalar yordamida ifodalash va shuni hisobga olgan holda (5) o‘rniga , In,ﬁnEn,
v, V,=v,=const olamiz

~

_E | W
O-I"?]k(t) _1— 1-2v

+Vh |

mk+6‘r%k(t)J (6)

Quyidagi Volterra operatorlari shaklga ega

£ )= 0 [R - Detor J 0

bu erda E,,R"-elastiklikning oniy moduli va relaksatsiya yadrosi.

Formulalar (7) yordamida (6) munosabatlardagi kuchlanishlarni yo‘q qilamiz. Keyin (4) formuladan
foydalanib, deformatsiyalarni siljish vektor komponentlari bilan ifodalaymiz. o‘zgartirilgan (2) ifodani
almashtirib, biz (7) turdagi integral hadlarni o‘z ichiga olgan variatsion tenglamani
olamiz.Type equation here.

Muzlatish usuli yordamida (7) munosabatni taxminiy bilan almashtiramiz: E, = B, [l- G- iG]

Qayerda
Cosyr
R‘( SI%T}d

Bu bizga variatsion tenglamadan integral hadlarni chigarib tashlash imkonini beradi. Uni quyidagicha

ifodalash mumkin
LX) ,a7)=0 ®)

G funksionalning o‘ziga xos ko‘rinishini yozamiz, masalan, nuqta ulanishlari bo‘lgan to‘rtburchaklar
plitalar to‘plami uchun:

a3 3 333 o

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 76



MATHEMATICS

—%E;qumm—mmm—

25}}: VRO F +5 3 ah,] Ty iy

2 Mo W 061, 5T

bu erda n- phtanmg qalinligi va chizigli o‘lchamlari, 1-konsentrlangan massaning koordinatalari, I-
elastik (viskoelastik) tayanchning koordinatalari.h,,, a,, b,x, nyf,,yqu,l;,yZ
Agar n- plastinka, I- prujina va I/- tayanch viskoelastik bo‘lsa, ular quyidagi formulalar bilan
ifodalanadi:D,,, C;,, Cy,
D1=D,fn(@h) ] Qn :anln((QQ) ] Q’n ZQ’nfl'n(aJh)
Qayerda f(a) =1—1(ax)—il ;(ax)ragamli koeffitsiyentlari mos keladigan viskoelastik
elementlarning relaksatsiya yadrosi parametrlariga bog‘liq bo‘lgan murakkab funksiyadir; mos ravishda n-

plastinka, |- amortizator Elastik holatda, mos ravishda n-plastinka, I- amortizator va I~ tayanchning

umumlashtirilgan gattigliklari
Evh] — — _
Dn—lz(j =t . Ciw» Cy, D,=D,,, C,,=C,, C; =C; . D,, Cp,, Cy,

Xuddi shunday funksiyani ingilob gobiglari tizimi uchun yozish mumkin.
Ko‘chirish vektorining komponentlari (3.46) variatsion tenglamaning izlangan funksiyalari bo‘lib,

sirtlarda chegara shartlarini qondirishi kerak, ya‘ni. U?l,- @

Ui®=0 , xeQ ©)

Tizimda tebranishlar paytida ishni bajarmaydigan qattiq nuqta cheklovlarini qo‘yish qoladi. n-
korpusning tayanchlar nugtasida gattig, sharnirli tayanchi uchun shartlarni shunday yozamiz.s,

Bx)=0 , (=1..5 :;j=1...J) (10)

n-tananing s- tayanchining koordinatalari qayerda.x;,
Agar ba‘zi tayanchlar qattiq mahkamlab qo‘yilgan bo‘lsa, unda quyidagi shartlar qo‘shiladi:

AJgi(x3) -
—n’—-0 , (s=1..5¢ :1=1...] 11
a0t ( . ) (1)
Algoritmni amalga oshiruvchi dasturda (11) shart fagat gobiglari uchun hisobga olinadi.
n- va (n+1)- jismlar orasidagi gattiq mahkamganlik mavjudligi munosabatlarda hisobga olinadi. N>2

Wx)-U,;x)=0 , (r=l.R ;j=l..))

Shunday qilib, siljish vektoriga (10)-(12) turdagi qo‘shimcha cheklovlar qo‘yiladi. Tizimga nuqta
cheklovlarini qo‘yish Lagrange multiplikator usuli yordamida hisobga olinadi. Keyin variatsion tenglamani
quyidagicha gayta yozish mumkin.

(s O (s
KUY (X),e7) + 25 10(x3) + o ni(X3)
n=ls=l )= = s=1 J= 804? (13)

+3 5D S50 ~UR () ])=0

Murakkab tabiiy chastotalar spektrini topish kerak, bu erda A;

tabiiy tebranishlarning susaytiruvchi koeffitsiyentlar.

Tabiiy tebranishlarning viskoelastik masalasini echishda variatsion usulni amalga oshirish
algoritmi. Elastik masalada bo‘lgani kabi, biz (13) variatsion tenglamaning yechimini har bir jismning
sirtlaridagi tenglamani ham, berilgan geometrik chegara shartlarini ham ganoatlantiradigan fundamental
funksiyalardan tashkil topgan yaqinlashuvchi shakl ko‘rinishida izlaymiz.Q'"  Bunday  jismlar  uchun
funksiyalar ma‘lum deb taxmin qilinadi (to‘rtburchaklar plitalar va dumaloq silindrsimon qobiglar uchun bu

i Ko 1, 0 =0l riwfwhwf-chastotalar va
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nur funksiyalarining asosiy ketma-ketligi). Keyin, taxminiy shakllar ushbu ma‘lum funksiyalarda chekli

kengaytmalar sifatida tuzilishi mumkin:cD’,ij()‘c)
0 —
Un(®)= ;_ l}’n @(x)

y* kerakli kompleks koeffitsiyentlar qayerda, buni oldindan normallashtirish mumkin. Yig‘indi (14)
nj

shartlarni tanlash tufayli avtomatik ravishda chegara shartlarini gondiradi. (13) tenglamani umumlashtirilgan
koordinatalarga nisbatan o‘zgartirib, chiziqli tenglamalarning bir jinsli tizimini olamiz. Ushbu tizimning

Ko 1 y;jJ-N'XJ-N', N’=§;‘(Sn +S%+R,)+N-K,J - siljish vektorining

(14)

o‘lchamiCDl;jQ};P s

komponentlari soni.

(A @) At S S @) B3 S (@) —fBE=0

bu yerda umumlashtirilgan koordinatalarning ustun vektori - tizimning viskoelastik jismlari soni; B -
sistemaning umumlashtirilgan massalarining simmetrik, yagona matritsasi; &,;, i, Hyps Vi N, Ay, Aj Ay
/ ! . . . . .

n o‘lchamli kvadrat matritsalardir. J . N XJ . N , hollardan tashkil topgan, navbati bilan n- viskoelastik
tananing, A - nosimmetrik matritsa (uning o‘lchamli A0 submatritsasiJ'KXJ°KtiZimning elastik
elementlarining umumlashtirilgan umumiy qattigligini ifodalaydi viskoelastik elementning viskozitesini
tavsiflovchi murakkab funksiyadir (uning koeffitsiyentlari relaksatsiya parametrlariga bog‘liq). B
matritsasining degeneratsiyasi, elastik muammoda bo‘lgani kabi, tizimga qo‘shimcha nugta cheklovlari

(qattiq tayanchlar va tirgaklar) kiritilishi bilan bog‘liq. Ay=ALf{wg)=1-T.(wg)-T;(wg) o‘zgartirilgan

4 !
matritsalar ega bo‘ladiN <N’ N'=J:N _ZJZ(Sn +Sr(11 +Rn) Integro-differential tenglamadan integralni
=

yo‘qotish uchun Filatov va Sunchaliev ishlab chigargan usulini qo‘llaymiz (2) tenglama quyidagi ko‘rinishni
egalaydi

DOf (t)=0) |_1—TS (@)—lf% (@)J f () =0[ pelastik masaladan fargli o‘larog, murakkab

bo‘lgan chastota tenglamasini olamiz. Bunday tenglamalarni yechishning eng samarali usuli bu yerda
go‘llanilgan Myuller usuli [10] bo‘lsa kerak. Chastota ta‘rifini oshkor qilmasdan, lekin har bir gadamda faqat
uning qiymatini belgilangan miqdor uchun hisoblab, ko‘rsatilgan usul murakkab tabiiy chastotalarni
topadi. a)N"a)=a)R +iw; Damping koeffitsiyentlari ko‘rib chiqilayotgan tizimning damping xususiyatlarini
baholashga imkon beradi. Texnikada tebranish jarayonlarining susayish tezligini baholash uchun yana bir
xarakteristika qo‘llaniladi: tebranishlarni yumshatishning logarifmik kamayishi. Bu damping koeffitsiyenti
bilan quyidagi formula bo‘yicha bog‘lanadi: o
_ 4

ak

Ragamli va nazariy hisob-kitoblar natijalarini tagqoslash, h/ R=6C1-jadvalda umumlashtirilgan.
1-jadval.
Qobigning egilish tebranishlarining chastotalari

Nisbiy gobiq uzunligi | Sonli yechim, Hz. | Analitik yechim, Hz. Nazariy xato, %
0.2 1175.00 1179.00 0,34
0,5 468,90 473,80 1.04
1 230.40 235,80 2.34
3 73,76 78,90 6.97
6 35.35 40.1 13.55

Yugorida keltirilgan (15) tenglama kuyidagi ko‘rinishdagi transendent tenglamaga olib kelinadi.

‘Cjk(ah)_afcjk‘ =0.

(16)
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Yugorida keltirilgan (16) transendentdent tenglamani sonli Myuller usuli yordamida yechiladi.
Boshlang‘ich qiymat sifatida birinchi yaqinlashishda konservativ masalani yechimi olinadi. Bu transendent
tenglama (16)- ni Myuller usuli bilan yechishda har bir iteratsiyada Gauss usuli bilan yechiladi.

Tahlil uchun kvadrat shaklidagi yupga elastik plastinka modeli yaratildi. Plastinkaning geometrik
o‘lchamlari quyidagicha: girralari @= 1m va qgalinligi N= 0.003m. Plastinka alyuminiy materialidan
tayyorlangan bo‘lib, uning elastiklik moduli E=70*10° Pa, Puasson koeffitsiyenti M 033 va zichligi

r= 27(Dkg/m3 ga teng. Plastinkaning barcha to‘rtta qirrasi qattiq mahkamlangan chegaraviy shartlari

bilan modellandi. Bu shartlar Abaqus dasturida barcha siljishlar (U].: U2=U3= O) va buralishlari (

URI=UR2=UR3= O) harakat erkinliklarini cheklash orqali qo‘llanildi.Markazga massa ta‘sirini
hisobga olish uchun plastinkaning markazida joylashgan mugtaga yoki uzelga "nutgaviy mass" elementi
kiritildi. Tahlil to‘rtta har xil massa qiymati uchun o‘tkazildi: 1 kg, 10 kg, 50 kg va 100 kg. Plastinkaning
markaziy nuqtasi koordinatalari boshida joylashgan. Plastinka modeli elementlar bilan tahlil gilish uchun
to‘rt tugunli qobiq elementlari (S4R) ishlatildi. Mesh (to‘r) plastinkaning yuzasi bo‘ylab tagsimlangan bo‘lib,
hisoblash aniqligini ta‘minlash uchun yetarli darajada zichlikka ega. Erkin tebranish tahlili "Frequency"
gadamida amalga oshirildi.

3. Natijalar va muhokama:

Abaqus dasturida turli giymatdagi massalar qo‘yilgan alyuminiy plastinkaning erkin tebranish tahlili
natijalari quyidagi jadvalda keltirilgan.

Jadval 2.
Turli massa giymatlarida birinchi uchta erkin tebranish chastotalari (Hz)
Massa (kg) 1-chastota (Hz) 2-chastota (Hz) 3-chastota (Hz)
1 19.897 55.399 55.399
10 8.5437 55.399 55.399
50 3.9611 55.399 55.399
100 2.8139 55.399 55.399

Jadvaldan ko‘rinib turibdiki, markazga qo‘yilgan massa qiymati ortishi bilan birinchi tabiiy tebranish
chastotasi sezilarli darajada kamaymoqda. Xususan, massa 1 kg dan 100 kg gacha oshirilganda, birinchi
chastota taxminan 7 marta pasaygan. Bu holat fizikaviy jihatdan kutilgan natijadir, chunki qo‘yilgan massa
sistema inersiyasini oshiradi va elastik elementlarning tebranishini sekinlashtiradi.lkkinchi va uchinchi tabiiy
tebranish chastotalari esa massa giymatining o‘zgarishiga deyarli sezgir emas. Bu shuni ko‘rsatadiki, bu
yuqori tartibli tebranish shakllari qo‘yilgan massaning lokal ta‘siriga unchalik bog‘liq emas va ko‘proq
plastinkaning o‘zining geometrik va material xususiyatlari bilan aniglanadi.

1-rasm. 1 kg massa uchun plastinkaning 1- va 2- tebranish formalari
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4-rasm. 100 kg massa uchun plastinkaning 1- va 2- tebranish formalari

Tebranish shakllarining vizual tahlili shuni ko‘rsatadiki, birinchi tebranish shakli barcha massa
qiymatlari uchun plastinkaning markazida maksimal egilish bilan sodir bo‘ladi, girralar esa mahkamlangan
holatda qoladi (1, (a) 2, (a) 3, (a) va 4-(a) rasmlarga garang). Ikkinchi va uchinchi tebranish shakllari va
chastotalari bir xil bo’ladi. Markaziy siljish kamayadi, balki markaz va mahkamlangan qirralar o‘rtasidagi
oraliq gismlarda maksimal siljishlar kuzatiladi (1, (b) 2, (b) 3, (b) va 4-(b) rasmlarga garang). Bu yuqori
tartibli tebranishlarda plastinka yuzasida tugun chiziglarining paydo bo‘lishini ko‘rsatadi. Massa qiymatining
o‘zgarishi birinchi tebranish chastotasiga sezilarli ta‘sir ko‘rsatsa-da, tebranish shakllarining umumiy
ko‘rinishiga unchalik ta‘sir etmaydi.

Olingan natijalar shuni ko‘rsatadiki, konstruksiyalarga qo‘shimcha massalar o‘rnatilganda ularning
dinamik xarakteristikalari, aynigsa asosiy erkin tebranish chastotasi sezilarli darajada o‘zgarishi mumkin. Bu
rezonans hodisalarini oldini olish, tebranish darajasini nazorat gilish va konstruksiyalarning ishlash
muddatini ta‘minlash uchun muhim ahamiyatga ega.

Xulosa. Ushbu magolada barcha girralari gattig mahkamlangan alyuminiy plastinkaning markaziga
turli qiymatdagi massalar (1 kg, 10 kg, 50 kg va 100 kg) qo‘yilgan holatdagi erkin tebranish
xarakteristikalari Abaqus dasturida sonli tahlil qilindi. Olingan natijalar shuni ko‘rsatdiki, qo‘yilgan massa
giymatining ortishi birinchi tabiiy tebranish chastotasining sezilarli darajada kamayishiga olib keladi,
ikkinchi va uchinchi chastotalar esa deyarli o‘zgarmaydi. Tebranish shakllari asosan massa o‘zgarishi bilan
bargarorligini saglaydi. Bu konstruksiyalarning dinamik loyihalashida massa ta‘sirini hisobga olish
zarurligini va tebranish xususiyatlarini nazorat gilish uchun massa parametrini ishlatish mumkinligini
ko‘rsatadi.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 80




MATHEMATICS

ADABIYOTLAR:

1. Bpecnasckuii B.E. [Ipodonvhvie KoneOaHuss YyuiuHOPUUEeCcKou 00O0A0UKU, CKPENIEHHOU C Ynpyeo-
B3KUM 3anoaHumenem u cocpeoomouennvimu maccamu // Ilipobnemor mawunocmpoenusi. — 1981.— N 14.-C.
27-32.

2. Hanamapuyx B.I. Ceoboousie xonebanus cucmemsvl, cocmosuell u3 peopucmou yuiuHopu4eckoul
obonouxu u abcomommo meépooeo mena // Hpuxn. Mex. —1978.-14, N 4— C.56-62.

3. Safarov LI, Teshayev M.H., Juraev S.l. et al. Vibrations of Viscoelastic Plates with Attached
Concentrated Masses. Lobachevskii J Math 45, 1729-1737 (2024).
https://doi.org/10.1134/S1995080224601474

4. Usmonov B. Sh., Safarov I. I, Teshaev M. Kh., “Nonlinear flutter of the transient process of
hereditarily deformable systems in supersonic flight mode”, Vestn. Tomsk. Gos. Univ. Mat. Mekh., 2024, no.
88, 124-137. https://doi.org/10.17223/19988621/88/10

5. Safarov, I., Nuriddinov, B. & Nuriddinov, Z. Propagation of Own Waves in a Viscoelastic
Cylindrical Panel of Variable Thickness. Lobachevskii J Math 45, 1246-1253 (2024).
https://doi.org/10.1134/S1995080224600663

6. Safarov L1, Teshaev M.Kh., “Unsteady motions of spherical shells in a viscoelastic medium”,
Vestn. Tomsk. Gos. Univ. Mat. Mekh., 2023, no. 83, 166-179. https://doi.org/10.17223/19988621/83/14

7. Safarov I.1., Teshaev M.K. Dynamic damping of vibrations of a solid body mounted on viscoelastic
supports. lzvestiya VUZ. Applied Nonlinear Dynamics, 2023, vol. 31, iss. 1, pp. 63-74. DOI: 10.18500/0869-
6632-003021

8. bBecnanosa E.U. Konebanus niacmur ¢ NpucoeOUHEHHbIMU MACCAMU, PACNPeOeEHHbIMU NO
yuacmky nogepxnocmu // Hpuxn. mex. —1978.-23, N 6.— C. 78-83.

9. I'onmxesuy B.C. Cobcmeennvie konebaunus niacmuHox u ooonoyex- Kues: Hayx. [ymxa,1964.-
228c.

10. Awuopees JILB., [lviwuxo A.JL, Ilasrenko HW.J]. Quuamuxa niacmui u 0060104eK ¢
cocpedomouennvimu maccamu.-M. Mawunocmpoenue, 1988.-200c.

11. Safarov I. (2018) Numerical Modeled Static Stress-Deformed State of Parallel Pipes in the
Deformable Environment. Open Access Library Journal, 5, 1-21. doi: 10.4236/0alib.1104671.

12. Safarov I.I. (1992) Oscillations and Waves in Dissipatively Underbred Environments and
Structures. Science, Tashkent, 250 p.
13 Teshaev M.K, Safarov I.l., Mirsaidov M. Oscillations of multilayer viscoelastic composite

toroidalpipes. Journal of the Serbian Society for Computational Mechanics. 2019;13(2):104-115.DOl:
10.24874/jsscm.2019.13.02.08.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 81


https://doi.org/10.1134/S1995080224601474
https://doi.org/10.17223/19988621/88/10
https://doi.org/10.1134/S1995080224600663
https://doi.org/10.17223/19988621/83/14

MATHEMATICS

DETERMINING A SOURCE FUNCTION IN THE MIXED PARABOLIC-HYPERBOLIC
EQUATION WITH CHARACTERISTIC TYPE CHANGE LINE

Durdiev Durdimurod Kalandarovich,

Institute of Mathematics named after V.I. Romanovskiy
at the Academy of sciences of the Republic of Uzbekistan,
Bukhara State University

d.d.durdiev@gmail.com

Rajabova Madina Oybek Kizi,

Bukhara State University,

Teacher, department of differential equations
rajabovamadina31@gmail.com

Abstract. In this paper, we study the direct problem for a model equation of a mixed parabolic-
hyperbolic type. In the direct problem, analog of the Tricomi problem for this equation with a characteristic
line of type change is considered. The unknown of the inverse problem is the t-dependent source function of
the parabolic equation. To determine it with respect to the solution defined in the parabolic part of the
domain, an overdetermination at the point x = x, for t > 0 condition is specified. Local theorems on the
unique solvability of the problem posed in the sense of the classical solution are proved.

Key words: mixed type equations, parabolic equation, hyperbolic equation, characteristic, Green
function, direct problem, Dirac delta function.

TURI O‘ZGARUVCHAN XARAKTERISTIK CHIZIQLI ARALASH PARABOLIK-
GIPERBOLIK TENGLAMADA MANBA FUNKSIYASINI ANIQLASH

Annotatsiya. Ushbu magolada aralash parabolik-giperbolik tipdagi model tenglama uchun to'g'ridan-
to'g'ri masalani o'rganamiz. To ‘g ridan-to ‘g ‘ri masalada ushbu tenglama uchun Trikomi muammosining
tipik o zgarishlar chizig‘ bilan analogi ko rib chigiladi. Teskari muammoning noma lumligi parabolik
tenglamaning t ga bog ‘lig manba funksiyasidir. Uni sohaning parabolik gismida aniglangan yechimga
nisbatan aniglash uchun t > 0 sharti uchun x = x, nugtada ortiqcha aniglash belgilanadi. Klassik yechim
manosida qo ‘yilgan muammoning yagona yechilishi hagidagi mahalliy teoremalar isbotlangan.

Kalit so’zlar: aralash tipdagi tenglamalar, parabolik tenglama, giperbolik tenglama, xarakteristika,
Grin funksiyasi, to ‘g ‘ri masala, Dirakning delta funksiyasi.

OIIPEJAEJIEHUE ®YHKIUU NHCTOYHUKA B CMEIHAHHOM ITAPABOJIO-
T'MIEPBOJIMYECKOM YPABHEHUM C JIMHUEW U3MEHEHMSI TUIIA XAPAKTEPUCTHUKH

Aunnomayusn. B 0aunoil pabome uzyuaemcs npsamas 3a0a4a 05t MOOEIbHO20 YPAGHEHUs. CMEULAHHOZ0
napabono-eunepbonuyeckoco muna. B npamoil 3a0aue paccmampusaemcsi ananoe 3adauu Tpukomu 074
9MO20 YPAGHEHUSI C XAPAKMEPUCMUYECKOoU Tunuell usmenenus muna. Heuzeecmmuoti ¢ obpammnoil 3adaue
AGNAEMCST PYHKYUS UCMOYHUKA NAPAOOIUYEeCcK020 YpaeHenus, 3asucswas om t Jis eé onpedenenus
OMHOCUMENbHO — peuieHuss, 3d0aHHO20 6 Napaboaudeckol wacmu obaacmu, 3a0aémcs  yciosue
nepeonpedenenuss 6 moyke X =Xxg npu t > 0. Joxazamer J10KanbHule meopemvl 00 0OHO3HAYHOU
PAa3pEwUMOCmu ROCMABIEHHOU 3a0ayu 8 CMbICIe KIACCUHECK020 PEUleHUs.

Knwouesvie cnoea: ypasHenus CcMewanHo2o, napadoauyecKoe YpPasHeHus, 2unepoonuyeckoe
ypasHenus, xapaxmepucmuka, gyuxyus I puna, npsamas 3aoava oenbma Qynxyus JJupaxa.

Introduction. In this paper, we study the direct problem for a model equation of a mixed parabolic-
hyperbolic type. An analog of the Tricomi problem for a hyperbolic-parabolic equation was studied. Further,
such problems with different boundary and non-local conditions for parabolic-hyperbolic equations with
both characteristic and non-characteristic type change lines are formulated and studied in the works of [6]-
[7]. Research methods of direct and inverse problems related to the search for a solution to initial-boundary
value problem for mixed equations of parabolic-hyperbolic type and unknown right hand side of this
equation in a rectangular domain have been proposed in a monograph Eleev V.A. . Note also that direct
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initial-boundary and inverse problems of determining the solution of degenerate equations of mixed
parabolic-hyperbolic type and the right side of these equations were studied in the works of [8]-[9].

In the paper, studied the first boundary value problem for mixed-type equations with fractional
derivatives in rectangular domains. A unigqueness criterion for the solution of the problem is established. The
solution is constructed as a sum of an orthogonal series and its convergence is shown in the class of regular
solutions of these equations.

Statement of the problem. Let Q;r be the finite open domain on the plane of variables x, y consisting
of the union of two subdomains, Q;r = Qq;r U Q,;, here

Qur ={(,y):0<x<0<t<T}

l
Qy ={(x,y):—t<x£t+l,—z<t<0}

[, T —fixed positive numbers. In this domain, we consider the equation
0’u 1-—signtd®u 1+signtou 1+signt
22 e 2z a2z dwuxn=
= f(x)g(t) €))
Equation (1) of mixed parabolic-hyperbolic type. For it, the line of change of type t = 0 is a
characteristic (parabolic degeneration of the second kind).
Direct problem. Find a solution of equation (1) in the domain Qq;r that satisfies the following
boundary conditions:

Ueo =020 Uet =20, L€ [0T] @)
uleme = W), x € [0,2]. 3)

where ¢4 (t), @, (t), Y(x) are given functions.
Definition. By the solution (classical) to the direct problem (1)-(3) we mean a function u(x,t) in the
class C(Q;r) N CH(Qr) N C,};;(QIIT) N C%(Q,;) that satisfies equation (1) and conditions (2), (3), where
Q7 ={(,t):0<x<L0< tST}U{(x,t):—thSt+l,—éS t< 0}.

Throughout this paper, with respect to the given functions, we will assume that the following
conditions are satisfied:

l
(B1) (01(8), 92()) € C1[0,T], (x) € C? [0,5];

(B2) ¢1(0) =9 (0) = 0,9,(0) = 0;
(B3)f(x),q(t) € C[0,T], f(xo) # 0
Study of the direct problem. In this section, we study the direct problem (1)-(3). We assume that the
function g(t) is also known and prove the following assertion:
Theorem. Let conditions (B1)-(B3) be satisfied and

Ugllcpon < 1.
Then there exists a unique solution of the direct problem (1)-(3) in the domain Q;r
Let us introduce the notations 7(x): = u(x,0),v(x) = %’;0). Then, due to the unique solvability of

the Cauchy problem for the wave equation, the solution to equation (1) in the domain Q,; can be written

using the formula
x+y

1 1
u(x,y) = > [tx+y) +t(x —y)] + > f v(s)ds +

xX=y
0 x—y+n

1
w5 [ r©gmasan @

y x+y-n
Taking into account equality (3) and conditions (B3), this relation implies

7(x) = 29 (g) — 2(0)
x _% x+n

n f v(s)ds - f f FOgmdedy, xe0l. (5
-n

0 0
Differentiating this equality, we have
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-

v =y () +vw+ [ faamgdn  xell. ©

0
Equalities (5) and (6) can be conditionally called the main relations for functions t(x)and
v(x) obtained from the hyperbolic part of the domain.
It is known that the Green's function of the first initial boundary value problem for the equation
Uyy — U = 0,x € (0,0),t > 0 has the form

Ly —§+2n)° + € +2n)?
BN i

Using this, we represent solution of the equation (1) in the domain Q4,7 with conditions (2)in the form

of an integral equation
l

U(X, t) = fG(x' fl t)T(E)df - f Gf(xt 0,¢ _U)(Pl(n)dn +
0

0
t

—ng(x,l,t—n)wz(n)dn -

0

t 1l
_ f f GO0 &t — MIFEgm) +q(Eu(E, m)]de dn. %)

00
Taking into account the formula Tllm; G(x,&,y —n)=6(x—¢&),6() is Dirac delta function, we

differentiate (7) with respect to t. Setting in the resulting equation t =0, view of u;(x, 0) = v(x), and
also using the relation
l

j G, (x, &, O)T(E)dE = f G(x, & DT (E)de

which can be obtained on the basis of the equalltles
Ge(x,8,1) = Gee (6, £,0),7(0) = (D)
(last equalities are a consequence of the conditions (B3) by integration by parts and the properties of
the function G (x, &, t) we obtain
v(x) = 7" (x) — q(0)7(x) — f(x)g(0). (8)
Comparing (7) and (8), we find an ordinary differential equation for determining the unknown
function 7(x):

><

7" (x) — 7' (%) — q(0)t(x) = f(x)g(0) — 1,0 f fGe+mgmdn,  x € (0,D). €))
with boundary conditions
7(0) = 0,7() = 0. (10)

Under the assumptions of Theorem the boundary value problem (9), (10) has a unique solution and it
can be represented in the form

l
T(x) = 19(x) + q(0) f K(x, t)t(t)dt, (11)
0

where K(x,t) is the Green's function of the problem (10), (11)

Kot — 1 (e*-1D(1-eh)0<x<t
(0 = el — 1{((3" —e)1-et)t<x<L
and
! f - 1
|
@ = [ Ko t>|f(x>g(o) a f e+ wg(du]de
0 | |
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After we find the function 7(x) , we rewrite (5), taking into account (7), in the form
-t +t
ulx,y) =t(x +1t) +l/)(xT)—l/)(x2 >+
X+t 2 t x—t+n

1 1
+5 [ [ reemgmands+5[ | r©gadsan.az
x—t 0 0 x+t-7

From this it is clear that under the conditions (B1) (with respect to ¥ ), we have u(x,y) = C2(Qy)).

The solution to the problem (1)- (3) in Q,;rat the known t(x) is defined as the solution of the integral
equation of Volterra type (8). Note also that equation (9) based on the conditions imposed on ¢4, ¢, the (B1)
defines a function u(x,t) € C;,‘f(ﬂm). Thus, the constructed functions in Q,;r and £, together are the
classical solution of the direct problem (1)-(3) in the domain Q7.

Theorem is proved.
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Abstract. This paper investigates an integro-differential pseudoparabolic equation with initial and
nonclassical boundary conditions. First, we introduce the definition of a classical solution to the problem,
and then, by using the method of separation of variables, we seek the solution in the form of a functional
series. The corresponding spectral problem associated with the original equation is considered, and a
biorthogonal system is constructed for it. It is shown that the spectral problem is self-adjoint and that its
eigenfunctions form a Riesz basis. Then, the problem is reduced to an equivalent Volterra integral equation.
Using an inequality of the Gronwall type, we obtain prior estimates, and based on these estimates, we prove
the existence and uniqueness of the solution to the problem.

Keywords: pseudoparabolic integro-differential equation, nonclassical boundary conditions, Fourier
method, spectral problem, Gronwall inequality, Bessel inequality.

HCCIEAOBAHUE UHTEI'PO-IU®P®EPEHIIUAJIBHOI'O
HCEBJAOITAPABOJIMYECKOI'O YPABHEHU S C HEKJJACCUYECKUMH
I'PAHUYHBIMU YCJIOBUAMU

Annomayusa. B oannoii cmamve ucciedyemcs unmezpo-ouggepenyuanvroe ncegdonapabonuyeckoe
YpaeHeHue ¢ HAYATbHBIMU U HEKAACCUYeCKUMU epanuynbimu ycroguamu. Crauana 6600umcs onpeoenetue
KAACCUHECKO20 peuleHus: 3a0ayu, 3amem, UCHOIb3YA Memoo pasoeienus NePpemMeHnblX, peuieHue uwemcs 8
sude QyHKyuonanvHozo psaoa. Paccmampueaemcsa coomeemcmsyowas cneKmpaibHas 3a0aid, nocmpoena
buopmoeconanvuas cucmema. Ilokazano, 4mo CneKmpanbHAs 3a0a4a SGIAEMCs CAMOCONPANCEHHOU, a eé
cobcmeennvie  @pyukyuu odpasyiom 6aszuc Pucca. [lanee 3adaua c600umcsi K 9KEUBANEHMHOMY
uHmezpanbHoMy ypasreruio Bonemeppa. Hcnonv3ys nepasencmeo muna I ponyonna, noiyueHvl anpuopHvie
OYeHKU, U HA UX OCHO8e OOKA3AHbL CYWeCmBOBaAHUe U eOUHCIMEEHHOCMb PeuleHUs 3a0a4u.3a0a4u.

Kntoueswvie cnoea: ncesdonapabonuyeckoe unmezpo-oupghepenyuanvroe ypasHenue, HeKiaccuiecKue
epanuunvle ycrosus, memoo @Dypve, cnekmpanvHas 3aoaua, nepasencmeo I pomyonna, HepageHcmeo
beccena.

NOKLASSIK CHEGARAVIY SHARTLAR BILAN INTEGRO-DIFFERENSIAL
PSEVDOPARABOLIK TENGLAMANI TADQIQ QILISH

Annotatsiya. Ushbu maqola boshlang 'ich va noklassik chegaraviy shartlari bilan integro — diferensial
psevdoparabolik differensial tenglamani o ’rganadi. Birinchidan, biz masalaning klassik yechimining ta rifini
kiritamiz, so’ngra o’zgaruvchilarni ajratish usulidan foydalanib masala yechimini funksional gator
ko rinishida izlaymiz. Dastlab qo’yilgan masalaga mos spektral masalani garaymiz va unga biortogonal
sistema quramiz, spektral masala o0’z-o0’ziga qo’shma, xos funksiyalari Riesz bazis tashkil etishini
ko rsatamiz. So’ngra masala ekvivalent Volterra integral tenglamasiga Kkeltiriladi. Gronwall tipdagi
tengsizlikdan foydalanib, biz pirior baholar olamiz va bu baholardan foydalanib masala yechimining
mavjudligi va yagonaliligini isbotlaymiz.

Kalit so‘zlar: psevdoparabolik integro — differensial tenglama, noklassik chegaraviy shartlar, Furye
metod, spektral masala, Gronwall tengsizligi, Bessel tengsizligi.
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Introduction and statement of the problem. In many applied problems, there arises the necessity to
determine unknown quantities from limited information about the solutions of differential equations. A
considerable number of studies have been devoted to inverse problems for different types of partial
differential equations. For their general description and classification, we refer the reader to works [1]-[5]. In
particular, papers [6]-[10] are concerned with the identification of kernels in integro-differential equations,
where local or global existence and uniqueness results for the solution have been established. A series of
inverse problems related to third-order pseudoparabolic equations have been investigated in [11]-[14]. In
[15], an inverse problem for determining an unknown coefficient in a third-order pseudoparabolic equation
with non-classical boundary conditions was considered. In works [16]-[17], the focus is mainly on the
spectral problem. Studies [18]-[20] present the fundamental results concerning the theory of biorthogonal
systems, Riesz bases, and the completeness in spectral theory. In this paper, the original problem for a third-
order pseudoparabolic integro-differential equation in a rectangular domain is investigated. The study is
carried out under initial and non-classical boundary conditions.

Consider the following an integro-differential pseudo parabolic equation:

t
U (X, 1) — A(OUper (X, 1) — (O U (X, 1) = f K(@uxt-ndr+ f(x,t), (xt)eDr (1)
0

where Dy = {(x,t):0 <x < 1,0<t <T}, T > 0. Here, K(t) is the convolution kernel, f(x,t) is a
source function. In the domain D;, we study the following problem for Eq. (1): find a function u(x,t)
satisfying (1) with initial condition

u(x,0)=¢kx), 0<x<1, (2)
non-classical boundary conditions
u(1,t) =0, uy,(0,t) —bu,(0,t) +au,(0,t) =0, 0<t<T, 3
where a(t) = ay >0, B(t) > 0, f(x,t), (x) are the given functions. This problem is commonly
referred to as the direct problem.
Definition 1. A function u(x, t) € C2;(Dr) N €32 (Dy) is called a classical solution to problem (1)-
(3), if it satisfies the following conditions:
1) u(x, t) is continuous in Dy along with all derivatives appearing in Eq. (1);
2) all given conditions (2)-(3) are satisfied in the classical sense.
We make the following assumptions:
(Al (x) € C?[0,1], @™ (x) €L2(0,1), ¢@(0)=¢(1)=0, ¢'(0)=0, ¢"(0)=
¢'M)=0, ¢"(0)=0, [;¢'(cos(Ao(1~2))dx=0;

(A2) fxt) eC i (Dr), 0 €EL(0,1), f(0,6)=f(1,6)=0, fi(0,1t)=0,

1
f fr'(x, t)cos(\//l_o(l —x))dx = 0.
0

(A3) {a(t),B()} € €1[0,T], a(t)=ay>0, PB(t)>0.
Investigation of the spectral problem. In this section, we study the solvability of the direct problem
using the Fourier method. By applying the method of separation of variables to the solution of problem (1)-
(3), we arrive at the following spectral problem:
X"(x) + 2X(x) =0,
X(1) =0,
X"(0) — bX"(0) + aX’(0) = 0.
By performing the following substitutions with X”(0) = —1X(0), X" (0) = —AX'(0), we derive the
corresponding spectral problem
X'xX)+AX(x) =0, 0<x<1, (5)
X(1)=0, (a—A)X'(0)+AbX(0)=0, a>0, b>0. (6)

Spectral problem (5)-(6) have eigenvalues which is solution of equation tanﬁz% and

eigenfunctions X, (x) = v2sin (\/A_k(l —x)), k =0,1,... ([17]). In paper [17], the authors provide the
following definition and lemma concerning the eigenvalues and eigenfunctions of the spectral problem (5)-
(6), which we use in the proof of the main result.

Lemma 2.1. (see [17]) Starting from some number N, for k > N, there is an estimate

3
0< Ak—E—n(k—1)< k=1,2,...

w/4+n(k—1)’
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Lemma 2.2. (see [17]) Let us compare the system {X; (x)} without the function X,(x) with the known
system  {V,(x)}, Vi(x) = +/2sin (\/ﬁ(l - x)), where u, =m/2+m(k—1), k=01,., is an

orthonormal basis in L, (0,1).
For n > N the following relations are valid:

V2b
/4 +m(k — 1)

z I Xk(x) - Vk(X) ||L2(0 1) < b? Z 3(1_[/4 +r(k — 1))

hence, the convergence of the series on the left-hand S|de of this inequality follows.
Lemma 2.3. (see [17]) The biorthogonally conjugated system {Z,(x)} to the system {X;(x)}, k =

0,1,..., is determined by the formula:
JAgcos(y/2;) sin (\//1_0(1 - x))

Zp(x) = sin (\/_(1 - )) JZcos(y/7g)

2 2
/(1 , cos (V) . acos (\/A_k)>
b b
Lemma 2.4. The spectral problem (5)-(6) is self-joint, which means that the conditions are met:
(LX, Y)L2(0,1) = (X, L*Y)LZ(O,I)' L=1"L,
Y'(x)+A¥(x) =0, 0<x<1,
Y(1) =0,(a—A1)Y'(0)+AbY(0)=0, a>0, b>0.
Lemma 2.5. (see [20]) The eigenfunctions of a self - adjoint differential operator form a complete
system in L,(0,1). Consequently, the system {Xj, (x)};=, is complete in L,(0,1).
Lemma 2.6. (see [19]) Let {X(x)}r=1 and {Z,(x)};-, be Bessel sequences in L,(0,1), which are
biorthogonal. If one of them is complete in L, (0, 1), then the other one is also complete in L, (0, 1).
Proof. It is known that the functions

X (x) = VZsin (V2 (1 - 1))
are sinusoidal functions whose norms are uniformly bounded in the space L,(0,1), and their
eigenvalues satisfy the asymptotic relation \/A—k ~ mk, k — oo. Therefore, for every f € L,(0,1), the
Fourier coefficients (f, X},) satisfy the Bessel inequality:

DI xoR<cifIR

That is, the system {X; (x)} is a Bessel sequence.

Similarly, the biorthogonal system {Z,(x)} consists of linear combinations of sine functions, and its
denominator is bounded away from zero. Hence, the norms || Z;, || are also uniformly bounded. As a result,
the system {Z, (x)} satisfies the Bessel inequality:

Mg zor<ciuriz,

and thus {Z,(x)} is also a Bessel sequence. According to Lemma 3.5, the system {X(x)}y=; is
complete in L,(0,1). Therefore, the conditions of Lemma 3.6 are satisfied and it follows that the system
{Z.(x)}x=4 is also complete in L, (0,1).

Theorem 2.1 System {X,(x)} k =1,2,3...- Riesz bases in space L,(0, 1).

Proof. To prove the theorem, we use the following Bari theorem.

Theorem 2.2 (Bari’s Theorem)(see [18]) Let {V,(x)} be a Riesz basis in L,(0,1) and let a system
{X1(x)} € L,(0,1) be linearly independent and quadratically convergent to {V,,(x)} in L,(0,1). Then, the
system {X(x)} is a Riesz basis in L(0,1).

{Xr (%)} is a linearly independent system when

max |Xk(x) V()| <

ZCka(x)ZO, in vxe€(0,1) C,=0, for each k.
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In fact, each 4, is a unique value, /2, # /1, if k # m. This means that X, (x) are sinusoidal
oscillations at different frequencies, the linear combination of which is zero only if all coefficients are zero.
Therefore, {X;(x)}=, is linearly independent in L,(0,1).

According to Lemma 2.2:

DX - Vi) 1< o

k=1
Therefore, since the system {X,(x)} k = 1,2,3,... forms a Riesz basis in L,(0,1). Theorem 2.1 is
proved.
The solution of the problem and the obtained estimates. We will seek the classical solution of the
problem (1)-(3) in the form:

u(xt) = ) X (Ouglo), ™)
k=1

where
1

u,(t) = J u(x,t)Z;,(x)dx.
0

Then applying the formal scheme of the Fourier method, for determining the unknown coefficient
u,(t) (k=1,2,...) of the function u(x, t) from (1)-(2), we have
(14 a(®)w' (D) + BOAu(t) = Fr(t, K, f,w), (k=1,2,...); 0<t<T, (8)

ug(0) = @x, (k=12...), 9
where

Fi(tK, f,u) = f K (D) (t — DdT + f1(0),

1
o= | 0@z fio) = f fEOZdx (e=12,...).
Solving problem (8)-(9), it is easy to conclude that we take to the following integral equations:
"fr@m (T ) ft (T, 1) f
u,(t) = 0t)+ | ——————drt ———— | K(Mmuy(t —n)dndr, 10
k() = @0, 1) L 1+ e T+ a(®r ), (Mug(z —n)dn (10)
t B(s)Axd
where p (7, t) = exp{~ | fiz)(—s’;li}

This equation yields that
fk@ (T, t) ¢ (T )
u ()| < 0,t+j—dt+fu f—K‘t— dtdn, (11
uk(®)] < loelme(0,0) + | == ! | T, K@ - mldedn, (1)
where
I K II:=trEl}g)T(]|K(t)|.

First of all, we will estimate u; (7, t) inthe t € [0, T]. So, the following inequality is reasonably valid:

1+ Aga(t) > Apal(t), % < 58 < A. A is a positive constant. From the above inequality, we can

conclude that
e T < u(r,t) <1
From (11), we have the following
IIkaIT I KIIT
(O] < lowl +— Iuk(n)l dn. (12)
KXo

Applying Gronwall’s inequality, the last relation leads to the followmg estimate

IKIT?
I frll T)e do

0] = (loul + 55 (13)
Formally, we will differentiate the integral equation (10)
) _ B()Ax B®A (* fi(D) [1()
wr® == (0.0) 1+ a(t)A, 1+ a(t)/lkjo 1+ Aa(t) w(z Dt + 1+ Aa(t)
B®OA [ m(zt) (T EK(mw(t —1n)
1+ a(t)lkfo 1+ a(r)lkfo K (m)w(z = mdndz + fo 1ra@n M Y

Similarly, we estimate the last integral equation using the (14) and we have
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I fi Il T IKIT?
w01 <4 (lgyl + 2T e (15)
Thus, we have proved the following lemma:
Lemma 3.1 For any t € [0, T], the following estimates are valid:
IKIT?
(O] < (Ioul + 525 ) e 0, te(o,T], (16)
IKIT?
lu', ()] <A (l(pkl + "f""T)e @ , te0T] (17)

Uniqueness of the classical solution. The following uniqueness result is valid for (1)-(3).

Theorem 4.1 If problem (1)-(3) has a solution, then this solution is unique.

Proof. Z;(x) is a function biortogonal to X;(x). If we assume that the problem (1)-(3) has two
solutions, then the following results from their difference: from @(x) =0, f(x,t) =0 it follows that
0 =0, fr(t) =0, and the estimate (13) derived from equation (10) implies that |u,(t)| < 0, which
holds only if u;(t) = 0. The latest equality is equivalent to that

(u(, 1), Zi) 1,01 = 0.

Since the system {Z, (x)}z=, is complete in the space L,(0,1), the function u(x,t) = 0 in x € [0,1],
for each t € [0, T]. Therefore, the difference between the two assumed solutions is identically zero, and thus
the solution to the problem (1)-(3) is unique.

Existence of the classical solution.

Theorem 5.1. Let K(t) € C[0,T] and suppose that conditions (A1)-(A3) are satisfied. Then there
exists a classical solution of the direct problem (1)-(3), such that u(x, t) € €2 (D7) n €y (Dr).

Proof. Formally differentiating the series in (7) term by term, we obtain the following:

= ) w(OXe(), (18)
k=1
= du(OXie (), (19)
K
e = = ) B (DX (). (20)
=1
In view of Lemma 3.1, if the following series converge, then the series (7), (8), (9) and (20) converge
for any

(x,t) € Dy

A Gulgul+1 fic ),

where the constant A depends only on lel K.
We hold the following auxiliary lemma:
Lemma 5.1. If the conditions (A1)-(A2) are valid then, there are equalities

1 1
Py = A_i(p§‘4)' fr(®) = A—kfiz)(t) (21)
where
V2
@ _ “@ _
Py cosz(\/l_k) acosz(\/A_k)J oW (x) sm \/_k(l x)) dx
b,
V2
@) _ (2) : _
= s s e fo £2 G 0 sin (VA1 - ) dx
1+ =+ —

with the following estimate:

4 2 2
Z P12 <l @ 12, Z FPDR <0 FD WRag 1y erom - (22)
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If the functions @(x), f(x,t) satisfy the conditions of Theorem 5.1, then due to representations (21)
and (22) series (7), (18), (19) and (20) converge uniformly in the rectangle Dr; therefore, the function u(x, t)
satisfies relations (1)-(3).

Conclusion. In this work, we considered the problem for an integro-differential pseudoparabolic
equation with non-classical boundary conditions. For the problem, the Fourier method was applied to
establish well-posedness. The existence and uniqueness of the solution to the problem were proved.
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CONDITIONS ON EXISTENCE OF RESONANCES IN HAMILTONIAN SYSTEM
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Abstract. To investigate formal stability of an equilibrium of a multiparameter Hamiltonian system
with three degrees of freedom in the case of common position conditions for the existence of resonances of
the third and fourth orders of multiplicity are found. These conditions are formulated as zeroes of
polynomials from the coefficients of the characteristic polynomial of the linearized Hamilton system. We
describe the partition of the set of stability in the space of coefficients of the characteristic polynomial into
such parts where strong resonances are absent and where Bruno's Theorem can be applied to determine the
formal stability. We also consider some values of the coefficients of the characteristic polynomial at which
the multiplicity of resonances is equal to two.

Keywords: Hamiltonian system, formal stability, resonance, normal form, characteristic polynomial,
stability set, resonant variety, strong resonances, three degrees of freedom, Grobner basis, power
transformation.

YCJIOBUSI CYHIECTBOBAHUSA PE3OHAHCOB B TAMUJIBbTOHOBOM CUCTEME

Annomayus. Uccredyemces dopmanvuas YCMOUYUBOCMb NONOJICEHUsl  PABHOBECUs.
MHO20NAPAMEMPUYECKOU 2AMUILIMOHOBOL CUCTEeMbl C MpeMs CmeneHsAMu c80000bl 8 obuem cuyyae.
Haiioenvl ycnosus cywecmeosanus pe3oHAHCO8 Mpembve20 U 4emeépmoz2o NOpa0K0o8 Kpamuocmu. Omu
VCOBUSL (POPMYAUPYIOMC KAK HYIU HOAUHOMOE OM KOIPDUYUESHMOE XAPAKMEPUCTIUYECKO20 NOIUHOMA
JUHEAPU30BAHHOU  2AMUTbMOHOB0U  cucmembl. Onucano pazbuenue MHOXMCECEA YCMOUYUBOCIIU 8
npocmpancmee K0IQOUYUEeHmMos XapaKxmepucmuieckoeo NOIUHOMA HA maKue 4acmu, 20e Omcymcmeyom
CUTIbHbIE PE30HAHCHl U 20e Ol ONpeoeleHUss HOPMANbHOU YCMOUYUBOCIMU MOdcem Ovlmb NpUMeHeHa
meopema bpiono. Taxoce paccmompenvi nekomopvle 3HAYEHUS KOIPHUYUEHTNOE XAPAKMEPUCTHUYECKO20
ROUHOMA, NPU KOMOPBIX KPAMHOCHb PE30HAHCO8 PABHA O8YM.

Kniwouesvie cnosa: I'amurvmonosa cucmema, opManrbHas YCMOUYUBOCMb, PE3OHAHC, HOPMATbHASL
dopma, xapaxmepucmuueckuii NOAUHOM, MHOMNCECMBO YCMOUYUBOCMU, PE3OHAHCHOE MHO2000pasue,
CUTIbHbIE PE3OHAHCHL, MPU CMeneru c8oboovl, basuc I pébnepa, cmenennoe npeobpazosanue.

GAMILTON TIZIMIDA REZONANSLAR MAVJUD SHARTLARI

Abstract. Umumiy holatda uch erkinlik darajasiga ega bo‘lgan ko‘p parametrli Gamilton tizimi
muvozanat holatining formal barqgarorligi tadqiq etiladi. Uchinchi va to ‘rtinchi tartibli ko ‘paytmalarning
rezonanslari mavjudligining shartlari topildi. Ushbu shartlar chiziglashtirilgan Gamilton tizimining
xarakteristik ko ‘phad koeffitsiyentlaridan tuzilgan polinomlarning nollari sifatida ifodalanadi. Xarakteristik
ko ‘phad koeffitsiventlari fazosidagi barqarorlik to ‘plami, unda kuchli rezonanslar mavjud bo ‘lmagan va
formal bargarorlikni aniqlass uchun Bruno teoremasini qo ‘llash mumkin bo ‘lgan gismlarga bo ‘linishi
tavsiflangan. Shuningdek, rezonanslarning ko ‘paytmasi ikkiga teng bo ‘ladigan xarakteristik ko ‘phad
koeffitsiyentlarining ba zi giymatlari ko ‘rib chigilgan.

Kalit so‘zlar: Gamilton tizimi, formal bargarorlik, rezonans, normal shakl, xarakteristik ko ‘phad,
bargarorlik to ‘plami, rezonans xilma-xilligi, kuchli rezonanslar, uch erkinlik darajasi, Grébner bazisi,
darajali aylantirish.

Introduction. Resonances play an essential role in vibrational systems. Their presence, on the one
hand, leads to complex dynamics, when the energy of vibrations is “pumped” between several degrees of
freedom, whose corresponding frequencies are in resonance. On the other hand, the presence of nontrivial
solutions of the resonance equation allows writing additional formal first integrals and, as a consequence,
allows analyzing the stability of the equilibrium or to integrate asymptotically the system of equations of
motion reduced to the normal form.

Conventionally, we can specify three basic types of stability for theoretical-mechanical problems (see
[1]):
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»  rigorous stability (Lyapunov stability);

»  formal stability (Moser stability);

»  practical stability.

Lyapunov stability is the most rigorous and guarantees uniform boundedness of solutions over an
infinite time interval with respect to a set of perturbations by initial conditions and parameters. Moser
stability is weaker, but it guarantees a speed of trajectory scattering slower than any power function with an
arbitrary positive exponent. Practical stability means only bounded solutions over a finite time interval with
respect to a set of perturbative factors.

Next, we consider an autonomous Hamiltonian system with an analytic function H(z; P) which
equilibrium coincides with the origin of coordinates. Then the Hamiltonian H(z; P) expands into a
convergent series of homogeneous polynomials Hy, of degree k from its phase variables z = (x, y):

H(z P) = Z Hy (z; P), 1)
k=2

where P is a vector of parameters.

It is known that the stability of the equilibrium in the first approximation can be determined only for
the case when the quadratic form H,(z) is sign-defined (Lagrange-Dirichlet Theorem [2]).

If the number of degrees of freedom is not greater than two, then

» stability is determined by the Arnold-Moser theorem [3] in the absence of resonances of order
four or less, which requires computing the normal form of the Hamiltonian (1) to order four;

»  for resonances of order four or less, stability conditions were obtained in the works of A.P.
Markeev and A.G. Sokolsky [3].

When the number of degrees of freedom is greater than two, stability for most initial conditions is
determined by Arnold’s theorem (see, e.g., [3] ).

From a practical point of view, a weaker than Lyapunov stability, formal stability proposed by Moser
[4], is quite sufficient.

The aim of the paper is to describe a scheme for investigating the formal stability of the equilibrium of
a Hamiltonian system with three degrees of freedom, and to describe regions in the coefficient space of the
characteristic polynomial of a linearized Hamiltonian system where such stability may be present.

Notation.

» Bold symbols like x,y,u,v denote column vectors in n-dimensional real R™ or complex C™
spaces.

«  Bold symbols like p, g denote vectors in n-dimensional integer lattice Z™.

* |pl = X7 | p;| denotes the norm of the vector.

«  For x = (xq,..,%,)" and p = (py,...,p,)" denote by x? =[] 1xp] the multi-index and by
(p, x) = Xj=1 pj x; the scalar product of a pair of vectors.

Stability set of a linear Hamiltonian system. In the case of general position, the series (1) begins with
the quadratic Hamiltonian H,(z; P) defining the local dynamics near the equilibrium. The behavior of the
phase flow in the first approximation is described by the linear Hamiltonian system

. 1 8%H,(P)
2(6)=B(P)z, B(P)=5]— 2~

Let us recall here the basic properties of a linear Hamiltonian system.

1. If 4; is an eigenvalue of the matrix B, then —4; is also its eigenvalue. All eigenvalues 4;, j =
1, ...,2n, of the matrix B can be ordered in such a way that 4;,, = —4;, j =1, ...,n. Denote by vector A =
(A4, .., A,) as the vector of basic eigenvalues.

2. The characteristic polynomial f(1) of matrix B contains only even degrees of A, so it is a
polynomial of u = A2. Such a polynomial is called in [5] semi-characteristic

ﬂ@—an@m,nzL ©

3. If R4; # 0 for some j, then the equnlbrlum is unstable.

4. Ifall SRA = 0, then the behavior of the phase flow in its vicinity can only be obtained by taking
into account the nonlinear terms.

There are two types of problems about the stability of the equilibrium of multiparameter systems.

(2)
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»  For certain values of the parameter vector P, find the stability of the equilibrium (a particular
problem).

»  Find in the parameter space IT all values of P for which the equilibrium z = 0 of the system (1) is
stable, i.e. calculate the so-called set of stability ¥ of the system (1) (general problem).

Here we consider a scheme for solving the general problem.

Definition 1. The set of stability X of a linear system (2) is the set of all parameter values P € II for
which the equilibrium z = 0 is Lyapunov stable.

In terms of roots of the polynomial (3), the stability condition of the equilibrium is given by the
following theorem.

Theorem 1 ([5]). The equilibrium z = 0 of a linear Hamiltonian system (2) is stable according to
Lyapunov if and only if

« all roots y;, of the semi-characteristic polynomial (3) are real and non-positive;

« all elementary divisors of matrix B are prime.

The condition on reality and non-positivity of the roots of the polynomial f(u) is determined by the
following theorem.

Theorem 2. All roots of the polynomial f(u) of degree n real and non-positive iff

fi(P)=0,j=1,...n, DO()=0k=0,.,n-2,

where DU (f) is the k-th sub-discriminant of the polynomial £ (u).

Normal form and stufying of formal stability of a Hamiltonian system. Below we consider that the
stability conditions of Theorem 1 are satisfied, i.e., all basis eigenvalues are purely imaginary: 4; = iwj, j =
1,..,n and there are no multiple eigenvalues, or multiple eigenvalues are semi-simple. According to
Theorem 12 in there exists a canonical formal transformation in the form of a power series which reduces the
original Hamiltonian system to its normal form

8h __ oh
Yo VT T

given by the normalized Hamiltonian h(u, v)
n

h(u,v) = Z oj Ajujv]- + thqupvq, g = 1, 4)
j=1
which contains only resonant terms h,,,u?v that satisfy the condition
(r—q1)=0. (5)

Here 0 < p,q € Z", |p| + |q| = 2 and h,, are constant coefficients.

The resonant equation (5)has two kinds of solutions, which correspond to two kinds of resonant terms
in the normal form (4):

1. secular terms of the form h,,uPvP, which are always present in the Hamiltonian normal form
because of the special structure of the matrix B of the linearized system (2); the secular terms are monomials
only of even degrees of the phase variables and enter into the corresponding homogeneous forms;

2. strictly resonant terms, which correspond to nontrivial integer solutions of the equation

(p,M)=0. (6)

The normalization procedure is usually performed in complex variables. To switch to complex
variables, the formal transformation &:(x,y) = (z,z) should be applied, which changes the original
Hamiltonian into the form

h(z,z) = Y h,,2zPz% (7
where p,q € Z™ and |p| + |q| = 2. The value of |p| + |q| is called the order of the corresponding
expansion term.

Definition 2. *The Hamiltonian function h(z,z) is called a complex normal form of a real
Hamiltonian for the case of semi-simple eigenvalues if*

1. its quadratic part h, has the form h, = ¥7_; 0; 4,2, 0 = £1;

2. expansion (7) contains only terms h,,zPz? which satisfy the resonance equation (5). The
constants g; are invariants of the normal form.

If there are no resonances, then there is a Birkhoff normal form [8]

h(z2) = ) hy (2,2, (8)
k=1
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consisting of homogeneous forms of even degrees 2k, depending only on variables of the form z;z;,
j =1,..,n. Eachof the values z;z;, j = 1, ..., n, is a formal first integral. In the action-angle variables (p, @)
the Birkhoff normal form (8) can be written as

(0]

h(p) = ) (p),
k=1

where pj=1zz,j=1,..,n

In this case the system is integrable, but the Birkhoff transform is usually divergent, and in the case of
smooth dependence on parameters P the resonant values of the parameters are dense everywhere in the
parameter space II. Thus, arbitrarily small changes in the parameters lead to resonance terms in the normal
form.

Further results are related to the existence of resonances in the Hamiltonian system, so let us recall
their definition and indicate the condition by which the following results are more easily formulated.

Definition 3 [9]. Resonance multiplicity ¥ is the number of linearly independent solutions p € Z" of
the resonance equation (p,A) = 0. Resonance order is q = min|p| by p € Z", p # 0,(p,A) = 0. If the
solution of the resonance equation contains only two eigenvalues, then such resonance is called two-
frequency resonance, if more than two, then it is called multifrequency resonance. Resonances with orders 2,
3 or 4 are called strong resonances.

Condition Ax[10].

The resonance equation (6) has no integer solutions p with |p| < k.

Scheme for investigation of formal stability

Definition 4. The equilibrium z = 0 of a system with Hamilton function H(z) is formally stable if
there exists a possibly divergent power series G(z) which is a formal positively determined first integral
{G,H} = 0, where {-,-} is a Poisson bracket.

In [10], a schematic description of a method for studying the formal stability of the equilibrium was
given. This method is based on the following key results:

«  computation normal form of a Hamiltonian system in the vicinity of the equilibrium;

» application Bruno’s Theorem[11] on formal stability;

» using g-analogues of objects of classical exclusion theory (g-discriminants).

The following assumptions have been made:

» the number of degrees of freedom of the system is greater than two;

»  the quadratic form H,(z) in the expansion (1) is nondegenerate and is not sign-defined,;

»  Hamiltonian function H (z; P) smoothly depends on the parameter vector P.

Let the condition A} take place, i.e. (L,A) = 0 for L € Z™, 0 < |L| < 4, then there exists an analytic
canonical transformation (x,y) — (p, @) such that the new Hamiltonian g has the form

9P, @) = g1(p) + g2(p) +7(p, @),
where g,(p) = (A, p), g2(p) = (Cp,p), C = [Cif]ij=1’ and r(p, @) is a convergent power series of

variables (p, @) of degree three or higher in p.

In the absence of strong resonances between eigenvalues of a linearized Hamiltonian system in the
neighborhood of the equilibrium, the condition of its formal stability is defined by the following theorem.

Theorem 3 (Bruno [11]). If the condition A} also holds for any nonzero integer vectors L of the ortant
[; > 0,j=1,..,n, which are solutions of the equation

(L,4) =0,

and the quadratic form (CL, L) # 0 at 4 # 0, then the equilibrium z = 0 of the Hamiltonian system is
formally stable.

Thus, to apply Theorem 3 on formal stability it is necessary to find the boundaries of regions in the
parameter space II defined by the resonance sets.

Setting of the problem. To investigate the formal stability of the equilibrium of a Hamiltonian system,
it is necessary in the parameter space II to find the stability set X of the linear system, identify regions in
which the quadratic form H(z) is not sign-defined. In these regions, select the parts in which there are no
strong resonances. In each of the parts found, perform the normalization procedure of the Hamiltonian up to
and including the fourth order and then apply Theorem 3.

Definition 5. A variety R} in the space K of the coefficients a,, ..., a, of the semi-characteristic
polynomial f,(n) of degree n is called resonant variety, where the vector of basic eigenvalues A of the
corresponding characteristic polynomial f(A) is a nontrivial solution of the resonance equation (6) for a fixed
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integer vector p. The analytic representation of the variety RY in implicit or parametric forms is denoted
below by R,

In this paper we consider the description of resonant varieties corresponding to strong resonances in
the coefficient space K of the semi-characteristic polynomial f;(p) for a Hamiltonian system with three
degrees of freedom.

Main problem.

For a multiparameter Hamiltonian system with 3 degrees of freedom, give a description of regions in
the system parameter space in which there are no strong resonances, i. e. resonances of orders 2, 3, and 4.

Let us consider in more detail under which conditions strong resonances of the above orders are
realized. For the resonance

» of order g = 2: p = (1,1,0) is the case of multiple roots, which is described by the discriminant

set R\"” = D(f) = 0;
« of order q=3: for the two-frequency case p = (2,1,0), described by the g-discriminant
R = Dy(f) = 0;
» of order g =4: for the two-frequency case p = (3,1,0), described by the g-discriminant
3,1,0) _ .
R$M = Do(f) = 0;
» inthe three-frequency case: of order g = 3 is described by the condition Rgl'“) = 0, and of order

q = 4 by the conditions, Rgz‘l’l) = 0 and Rél’l’l'l) =0.

To solve this problem, we should obtain a description of the boundaries of regions which are free of
strong resonances. These boundaries consist of parts of algebraic varieties on which the resonance equation
(6) has a nontrivial solution.

Let us decompose the main problem into several auxiliary problems.

1. Obtain an analytic representation in the coefficient space K = (aq,ay,a3) of the cubic
polynomial of resonant varieties 335 for all vectors p orders 2, 3 and 4.

2. Find the mutual location of all resonant varieties found above.

Conditions on the existence of resonances in a system with three degrees of freedom.

A general description of the procedure for obtaining condition on the existence of two and multi-
frequency resonances is as follows.

1. For some vector p* € Z, satisfying the resonance equation (p,A) = 0, a polynomial ideal is
composed

J={p M)A —pjj=1,..,n}

2. The Grobner basis G of this ideal with a suitable monomial order of variables A;, u;,j = 1,...,n
(for details, see [12]) such that the first polynomial of this basis contains only the variables u; is computed.
This polynomial is a quasi-homogeneous polynomial in the variables u;,j = 1,..,n. It determines the
condition of existence of resonance for a given vector p*.

3. To obtain the corresponding resonance condition for the coefficients a,j=1,.,n of the
polynomial f(u), a new Grobner basis F of the ideal is constructed. This ideal contains the obtained
condition for u; and expressions of the coefficients of the original semi-characteristic polynomial through its
roots, in the form of elementary symmetric polynomials. In this case, we specify the order of elimination of
variables: in the beginning u;, and then a;,j =1,..,n. In the same way, the first polynomial of the
computed basis, depending only on a;, be a condition on the existence of resonance in the coefficients of the
polynomial.

CAS Maple is used to compute and study the above ideals G,F. It has a package Groebner with
procedures for constructing Groebner bases for various lexicographic orders, as well as some additional
procedures to check the zero-dimensionality of the ideal, compute its dimension, etc. The commands genus
and parametrization from the package algcurves were used to calculate the curve genus and its
parametrization.

Calculation two-frequency resonance condition. Consider the case of two-frequency resonance: p* =
(q,1,0), where g € N. Here there is a pair of commensurable eigenvalues, and the third eigenvalue is non-
commensurable with no others. In the parameter space, such resonance is described in terms of the resonance
set R2(f) of the semi-characteristic polynomial f(u) (see, [13]).

Let us calculate, following the above sequence of steps, the two-frequency resonance condition for
p* =1(q,1,0). To first compose an ideal containing dependence relations between the roots of the
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characteristic and semi-characteristic polynomials of the form /1]? —u;,j =1,...,3, as well as the resonance
relation gA4 + A,. The first polynomial of the Grébner elimination basis of this ideal, with the following
order of elimination of variables 4, u;,j = 1, ..., 3, is a polynomial
q’pmy — o 9
Equality to zero of this polynomial gives the condition on the roots of the semi-characteristic
polynomial. According to the step 3, in order to obtain a condition on the coefficients, we compose a new
ideal which includes the obtained condition (9) and their relation to the coefficients of the original
polynomial through elementary symmetric polynomials
uy + pp + uz t+ag, gy + paps + pops — az, i p3 + as. (10)
For the composed ideal, we compute the Grobner elimination basis with the corresponding order of
elimination variables y;, a;, j = 1, ...,3. The equality to zero of its first polynomial

R = (~(¢ + 4+ 13 - g + 1)°a] — q*(¢* + 1)?a} - q*(¢* + 1)?alas +
+q%(q* +q+1)(q®> — q + 1)(q* + 49* + 1)a aa3 + q°a%aj = 0} (11)
depending only on a;, is a condition for the existence of two-frequency resonance in general form for
some natural value q.
Let us check this result by comparing the conditions obtained earlier for the case when q = 1,2, 3. If
we put w = 0 and g = g2 in the generalized subscript formulas for f5 obtained in [14], we obtain identical

expressions for the corresponding resonance varieties up to the sign:

* Atg =1, the condition takes the form
(1,1,0
RS

=4ala; — a?a? — 18a,a,a; + 4a3 + 27a% = 0,
» atg = 2 itlooks like
R = 400a3a; — 64a2a2 — 2772a,aza3 + 40043 + 9261a = 0,
» and when g = 3 looks like
R = 8100a3a; — 729a%af — 96642a,a,a; + 810043 + 75357143 = 0.

Calculation three-frequency resonance condition. Let us first consider the case of three-frequency
resonance for which the algebraic sum of the three eigenvalues is zero, i.e. 213:1 p; 4; = 0. Such a resonance
can have a multiplicity of 1 or 2. If the multiplicity £ = 2, this means that there is pairwise commensurability
between the basis frequencies 4; of the characteristic polynomial. Such situation can be investigated by
means of the conditions on the existence of two-frequency resonances. Further we consider only the case of
multiplicity 1.

For example, in the case of basis frequencies 4; = 1 ++v/2,4, = 1 —+/2,13 = —2 eigenvalues are
pairwise non-commensurable, but their sum is zero. Consequently, the resonance vector in this case is the
vector (1,1, 1), which means that there is a three-frequency resonance of multiplicity 1 of order 3.

For the case of three-frequency resonance, p* = (1, 1, 1) similarly, using the above sequence of steps,
we calculate the condition for the existence of resonance. Compose an ideal containing relations between the
roots of the characteristic and semi-characteristic polynomials of the form /1]? —u;,j=1,...,3,as well as the
resonance relation A, + A, + A3. The first polynomial of the Grobner basis of this ideal, with a following
order of elimination of variables 4;, p;,j =1,...,3, is the polynomial wi =2y — 2p3pg + pH3 —
2u3u, + p3. Equality to zero of this polynomial gives the condition on the roots of the semi-characteristic
polynomial. In order to obtain the coefficient condition, we construct a new ideal, which includes the
obtained condition on the roots and their relations to the coefficients of the original polynomial of the form
(10). By computing the Grobner elimination basis for this ideal, we obtain the required condition, i.e., the
resonance variety :Rgl'l'l) which is given by the first polynomial of this basis of the form:

R = a2 —4a, = 0. (12)

Consider a three-frequency resonance of order 4, given by the vector p* = (2,1,1). Similarly, as for
the previous case, we compose an ideal from the relations of the resonance 24, + 1, + 15 and the relations
between 4; and p;. We calculate its Grobner basis and, equating its first polynomial to zero, obtain
conditions on the roots of the polynomial f;.

16p% — 8ugp, — 8pqps + p5 — 2ppp3 + p3 = 0

Then we compose another ideal with this polynomial and polynomials (10). In the same way, the first
polynomial of the elimination basis of the Grobner of this ideal gives a condition on the coefficients of the
form
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R = 16a$ — 264ata, + 36a3a; + 1425a5a% — 630a,a,a; — 250043 + 9261a3
=0. (13)

From the above computations, we can conclude that the process of calculating conditions on
coefficients is more general. Consequently, it is possible to obtain a resonance condition for the general case
of a three-frequency resonance of multiplicity 1 where p* = (p, q, 1).

In this case, the resonance relation looks like pA; + qA; + 43 = 0, where p, q € N. Compose an ideal
from this polynomial and the relations between 4; and p;, and compute its Grobner elimination basis. Its first
polynomial is the condition on the roots of f3 as a quadratic form with respect to p;, j = 1,2, 3:

p*u3 - 2p*q*puaps + q*u3 — 2pPpap; — 2% paps + pi

Including it and the relations of roots and coefficients (10), we make a new ideal, and compute its
Grobner elimination basis. So also its first polynomial from the coefficients a;, j = 1,2,3 and the integers
p,q gives a condition on the coefficients. It is a polynomial of degree 12 of a4, a,,a; with nineteen
monomials whose coefficients are also polynomials of p and g. The polynomial itself is quasi-homogeneous.
Its expression is very cumbersome, but it is more universal in the sense of substitution, because by changing
the values of p and g one can obtain the condition of existence of resonance for arbitrary resonance. For
example, by introducing p = 0 one can obtain a two-frequency resonance condition of the form qu’l’o) in
the general case calculated above. If we put g =1 and p = 1 or p = 2, we can obtain resonance conditions
of Rgl'l'l) orRéz'l'l) correspondingly.

The right-hand sides of the obtained formulas (11), (12), (13) for the conditions of existence of two
and three-frequency resonances in the coefficients a = (aq,a,,a3) of polynomial f(u) are quasi-
homogeneous polynomials Rg’. This means that the support of each polynomial (i.e. the set of vector
exponents of its monomials in the space R3) lies in the plane whose normal is the vector N = (1,2, 3). The
vector N belongs to the space R2, which is conjugate to the space of power exponents R3. If we perform a
linear transformation given by the unimodular matrix M = [m,-]-];-’jjzl, m;;inZ, detM = +1, which changes
the vector N to a one-dimensional coordinate subset, then the corresponding transformation in R3 with
matrix M~ will transform each of the supports of the polynomial into a plane parallel to the coordinate
plane. Therefore, the power transformation a - v = (v4, v, v3) corresponding to this matrix M:

Ina =M1 Inv, (14)

changes each of the quasi-homogeneous polynomials R,f from the three variables a,,a,,as; to

polynomials of the form vgﬁg(vl,vz). Thus, each of the conditions on the existence of resonance can be
represented as a planar algebraic curve.

The unimodular matrix can be calculated using the well-known Euler algorithm, one implementation
of which is given in [15].

For a vector N = (1, 2, 3) the corresponding unimodular matrix M can be chosen as follows

-2 1 0 0
M = (—3 0 1>, then M-N = (0)
1 0 0 1

Therefore, the power transform (14) is defined by the matrix
0 0 1
M= (1 0 2)
0 1 3
a; =a1vz, Qa; = 0‘2"1"%» az = 0‘3"2"3' (15)
where the nonzero multipliers «;, j = 1,2,3, can be picked up to further simplify the coefficients of
polynomials R§. Here a; are chosen as follows:
a1=3, a2=3, a3=1.

Since by the condition of Theorem 2 the coefficients of a,, k = 1,2,3, of the polynomial f(u) should
be non-negative, it follows from the power transformation (15) that the parameters v, k = 1,2,3, should also
be non-negative. Therefore, we are interested in the mutual arrangement of the curves corresponding to the
resonant manifolds in the first quadrant of the coordinate plane (v, v3).

Parameterization and simplification of resonance conditions. Using the above power transformations,

we simplify the calculated resonance conditions (11), (12) and (13). In these expressions for the resonances,
we substitute expressions in variables vy, k = 1,2, 3, namely a; = 3v3, a, = 3v,v3,a; = v,v3.

and has the form
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For resonance conditions (11) with two frequencies given by the general expression Rg"‘l’o), we have
v3(279*(q* + 1)*vi — 819°vi — 9¢%(¢* + q + 1)(q* — q + 1)(q* + 4q* + Dvyv; +
+(@* + q+1)*(q* — q + 1)*3 + 27q*(¢* + 1)*v;)
and get the following expression
=(q,1,0
BRI = 27q% (g% + 1)%v] - 81¢%v% — 9¢%(q% + q + 1)(q% — g + 1(q* + 44 + Dvyv, +
+(q% + q +1)3(q% — q + 1)*v3 + 27q*(q* + 1)%v,.
From this expression we can obtain the conditions R\"*®, R%® and R
1,2,3. Similarly, we obtain that the same conditions for the varieties :Rgl'l'l)
R{"D = —4vy; +3,
R = —2500v3 +4275v} — 210 v,vy + 343 V3 — 2376 vy + 36 v, + 432.
We also obtained a general expression for the three-frequency resonance of the form Rgp’q'l), which is
a sixth degree polynomial, which we will not give because of its large size.
For each of the obtained five algebraic curves their algebraic genus was calculated, which turned out
to be 0 in all cases. This indicates that they are all rational curves admitting rational parametrization. Let us
calculate these parametrizations.

- For R$™ it looks like
.= Ot =5t -1 - (t —1)*(7t. —4)
1 4(=1+2t)2 2 4(—1+2t,)3

respectively for g =
and RSV will be

)

. =(2,1,0). __ (a9t;-16)(743t,-812)  _ (49t;—16)%(97t;—100)) .
for R; ' {vl - 400(4t1-7)2 SR 400(4t;-7)3 }’
=(3,1,0).
« forR;™ "
L __ (8281t —729)(972271t, ~803439)  _ (8281, — 729)*(2617t; — 2025))
1 218700(27t; — 91)2 roET 54675(27t; — 91)3 ’
~(1,1,1). 3
. fong ).{V1=Z;V2=t1};
. =(2,1,1). _ 39739t3-77430¢,+54075  _  (t1+15)(—225+353t;)?
for R, ' {Vl - 4(111t,—175)2 C (111t;-175)3 }

Using the above parametric representation, we can plot planar algebraic curves on the coordinate plane
(v1,v2).

08

6 - 1 1 T

1o

1.4 -

Y0

al = | 12

4] 0.2 04 0.6 [LX.3 |

Figure 1. Resonant varieties in variables v4,v,

— L — L — Ly — b, — L]

Here we describe Fig. 1 for a complete picture of the mutual arrangement of the varieties
corresponding to strong resonances. Let us denote the curves by the symbols Ly, k = 1,..., 5. Their singular
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points, as well as the points of their mutual intersection, are denoted by the symbols P;, where the numbering
of the indices of j points is chosen in accordance with the increasing distance from the origin of coordinates.

The curve Ly plays a special role, it defines the boundary of the set of stability X of the equilibrium.
This curve is an image of the discriminant set D(f3) which divides the coefficient space K of the cubic
polynomial into two parts. In one part all roots of the cubic polynomial are real, and in the other part there is
a pair of complex conjugate roots and one real root. According to Theorem 2, the curvilinear triangle
P,P,4P, is the boundary of the set of stability X.

The rest of the resonant curves are fully or partially located inside this region. The resonance curves
L, and L, corresponding to the two-frequency resonance, are completely located in it, touching the curve
L4. This is due to the fact that if there are two frequencies involved in resonance, they as roots of the same
nature: either simultaneously real or simultaneously complex. But a pair of complex-conjugate roots cannot
be in resonance and the third root must always be real. Note that previously the curves Ly, Ly, and L3 were
depicted in [13], but their parameterizations were obtained in a different way.

Two more resonance varieties correspond to three-frequency resonances, presented by the curves Ly
and Lg in Fig. 1. In contrast to the two frequency resonances, they may involve roots of different nature. This
indicates that the three-frequency resonance varieties will be in the set of real roots as well as in the set
where complex roots exist [17]. At all depicted points on the curves, the multiplicity of resonance ¥ becomes
equal to 2. Let’s give more detailed descriptions of the curves Lj, j = 1,...,5, and corresponding points
P [16].

1. The curve L, is defined by the equation ﬁél'l‘o) = 0. It is shown in black. It has one special point
P19 = (1,1), which is a cusp. This point corresponds to resonance (1,1,1) of multiplicity 2, because there are
two sets of independent solutions. As an example, there are resonances of the form (1,1,0) and (1,0,1) for
which the algebraic sum of the three eigenvalues is zero.

2. The curve L, shown in blue is defined by the equation ﬁgz'l"” = 0 and is a self-intersecting
curve, with the singular point
P = (4 64)
® 7 \7'343)

The structure of the resonance corresponding to this point will be described below in 5, since it
simultaneously belongs to the curve Ls. The curve L, also touches the discriminant curve L, at the points

p _(3 1) p _(8 16)
6= \4'2)7 "7 \9'27)°

3. The curve Ls is shown in green. It is defined by the equation §§3'1'°) = 0 and is a self-intersection
curve, with a singular point

(27 19683)
2= .

91’753571
It also touches the L, discriminant curve at the points

B ( 57 243 ) B <297 2187)
77 \121°1331/)" "** " \361'6859/°
The curve L intersects the curve L, at four points with coordinates:

552 3888 1107 2187 216 34992 3 243
3__<I€§T'68921>' 8"(5115’24334)' (515’117649)’ 14"(1’856)'
4. The purple straight line labeled L, is defined by the equation R'él'l’l) = 0. It has no singularities
and intersects with the above curves at points P;,, P;3, P14, and P;¢, where

P _(3()) p _(3 86)
12 — 4! ) 13 — 412197 .

5. The last curve Lg shown in red is defined by the equation R_,Ez'l'l) = 0. It is a self-intersecting
curve with a singular point
111 243
o= (.22,

175’1715
which is also an intersection point with the curve Ls. It touches the curve L, at the point P, and

intersects at the points P;, and P; 4. It intersects with the curve L, at points Ps, P, Py, P;4, and P;g, where

P_(43 1) P_(12 0) p _(732 15552)
>~ \100°10/7 "¢ \25"7)" "187\841’24389/)°

It also touches the curve L5 at the point P,, and intersects with it at the points

Py =
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_(1497 11907>
47 \3481’205379

and P, , described above in 3.

In order to check that the resonance conditions at the above calculated points take place, let us
consider some of them more detailed. We check the resonance conditions for the point Py, which is singular
for the two-frequency resonance curve L, and the point of intersection with the three-frequency resonance
curve Lg. By substituting in the expressions of the power transformation (15) the variables v,, v,, which are
coordinates of the point Py, and replacing v = —t at t > 0, we obtain one-parameter expressions of the
coefficients of the polynomial f;. The polynomial itself will take the form:

(Tp+t)(7u+16t)(7u + 4t)

3= :
343
The one-parameter family of roots of this semi-characteristic polynomial is
ot . 16t
I'll - 71 MZ - 7 ’ ”3 - 7 .

All these roots have a common multiplier of the form t/7, then the whole family of roots will be
proportional to the numbers (—1,—4,—16). Using the equality of dependence of the roots of the
characteristic and semi-characteristic polynomials, we calculate all the values of A j=1,..,6, they will be
proportional to the values:

AIA- = ii, AZ,S = 12':, 13,6 = i‘l’i

Using the values of the roots, we can make sure that the resonance relations are satisfied. Since the
point Py belongs to two resonant varieties, let us check these conditions for each of them:

1. Since this point for L, is a self-intersection point, there are 2 pairs of commensurable roots with
the ratio 2: 1, i.e. the resonance relation p* = (2,1,0) is satisfied for the roots in the form of equality: 24, +
/12 = 2/’12"‘/13 == 214'{'15 :215 +16 = 0

2. Also as far as the point belonging to the curve Ls, the three-frequency resonance p* = (2,1,1)
should be satisfied. So the relation 2: 1: 1 is satisfied in the form: 24, + A5 + 44 = 1, + 43 + 21, = 0.

We perform the same check for the point P,,. It is the singular point for the resonance curve Ls and
the point of intersection with the curve L;. By making similar substitutions to the above we obtain an
expression for f5:

(35u +27t)(35u + 3t)(7u + 15¢)

3 — .
8575
And its corresponding one-parameter family of roots has the form:
3t 15t 27t
"1 = 351 H2 = ” ) H3 = 35 f

Considering that each has a common multiplier of the form 3t /35, the whole family of roots will be
proportional to the numbers (—1, —25, —9). And 4; in this case will be proportional to the following:
11’4 = ii, ).2‘5 = $5i, 13,6 = igi
Knowing the values of the roots, we can similarly verify that the resonance relations are satisfied.
Since the point P, belongs to two resonant varieties, let us check these conditions for each of them:
1. Since this point for Ls is a self-intersection point, there are 2 pairs of commensurable roots with
ratio 2: 1: 1, i.e., the resonance relations p* = (2,1,1) are satisfied for the roots as equalities 24; + 1, +
A3 =244 + A5 + 46 = 0.
2. Also in the point belonging to the curve L; the two-frequency resonance p* = (3,1,0) must be
satisfied. So the ratio 3: 1 is satisfied for the roots in the form of equalities 34; + g = A3 + 34, = 0.
Similarly, consider the resonance condition at the point P;,. This, in turn, is not singular for any curve,
but is the intersection point of four algebraic curves: L,, L;, L, and Ls. Consequently, four resonance
conditions must be satisfied in it at once. To check this, we also find the roots of the polynomial f5. Writing
the coefficients of this polynomial in the parameter ¢t and decomposing it into multipliers:
(14u + 3t)(7u + 6t)(14u + 27t)

3 = )
1372
we get the corresponding one-parameter family of roots in the following form
3t 6t 2Tt
H1 = 14) H2 = 7 ) H3 = 14 .
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If we also consider that they have a common multiplier of the form 3t/14, then the whole family of
roots will be proportional to the numbers (—1, —4, —9). And 4; in this case will be proportional to the values
of

AIA- = ii, ).2‘5 = $2i, )'3,6 = i3i

Taking the values of the roots we can similarly be convinced that the resonance relations are satisfied.
Since the point P;4 belongs to four resonant varieties, let us check these conditions for each of them.

1. It belongs to L,, then the resonance relation p* = (2,1,0) must be satisfied, and for the roots it
will take the form: 24; + A, = 24, + 45 = 0.

2. Also in the point belonging to the curve Ls, the two-frequency resonance p* = (3,1,0) must be
satisfied. So the relation 3: 1 is satisfied for the roots in the form 34; + A = A3 + 34, = 0.

3. Forapoint belonging to the curve L, must satisfy the three-frequency resonance p* = (1,1,1). So
the ratio 1: 1: 1 is as follows: A4 + A5 + 4g = 4, + 43 + 4, = 0.

4. For a point belonging to the curve Ls must satisfy the three-frequency resonance p* = (2,1,1). So
the ratio 2: 1: 1 is satisfied for the roots in the form of equality 1, + 24, + A3 = A, + 245 + 4c = 0.

Conclusion. For a Hamiltonian system with three degrees of freedom we obtain a description of the
partition of the set of stability X in the coefficient space K of the semi-characteristic cubic polynomial f3(u)
into such parts in which the absence of strong resonances between the eigenvalues of the linear system (2) is
guaranteed. This makes it possible, on the one hand, to investigate the formal stability of the equilibrium for
each of such parts using the fourth-order normal form and Theorem 3, and, on the other hand, in the presence
of resonances of multiplicity 1 to obtain additional formal integrals and perform asymptotic integration of
equations of the normalized Hamiltonian system[18].

The author expresses his gratitude to Professors A. D. Bryuno and A. B. Batkhin for their helpful
discussion of this work.
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THE VIBRATION EQUATION OF ABEAM WITH INITIAL CONDITIONS INVOLVING
HIGHER-ORDER TIME DERIVATIVES

Odinaev Rashid Rakhimovich,
Bukhara State University, Bukhara, 200100, Uzbekistan
odinayevrashid@mail.ru

Abstract. This article investigates the inverse problem of determining a multiplier on the right-hand
side that depends on the variable t. In the direct problem, an initial-boundary value problem for a fourth-
order differential equation is considered. Using the Fourier method, the solution to the initial-boundary
value problem is constructed, and its properties are investigated. Sufficient conditions for the existence of a
solution to the direct problem are obtained, which will be used in the study of the inverse problem. Theorems
on local existence and global uniqueness are proven, and an estimate of the conditional stability of the
solution to both the direct and inverse problems is provided.

Keywords: direct problem, inverse problem, existence, uniqueness, Cauchy problem, Fourier method,
spectral problem.

YUQORI TARTIBLI VAQT BO‘YICHA HOSILALARNI O‘Z ICHIGA OLGAN
BOSHLANG‘ICH SHARTLI TO‘SINNING TEBRANISH TENGLAMASI

Annotatsiya. Ushbu maqolada o ‘zgaruvchi tga bog‘liq bo‘lgan o‘ng tomon ko ‘paytuvchisini
aniglashga oid teskari masala tadqiq etilgan. To ‘g ‘ri masalada to ‘rtinchi tartibli differensial tenglama
uchun boshlang ‘ich—chegaraviy masala qaralgan. Fure usuli yordamida boshlang ‘ich—chegaraviy
masalaning yechimi quriladi va uning xossalari o ‘rganiladi. To ‘g ‘ri masala yechimining mavjudligi uchun
yetarli shartlar keltirilgan bo ‘lib, ular teskari masalani o ‘rganishda qo ‘llaniladi. Mahalliy mavjudlik va
global yagonalik teoremalari isbotlangan, shuningdek, to‘g‘ri va teskari masalalarning yechimlari uchun
shartli bargarorlik bahosi berilgan.

Kalit so’zlar: to‘gri masala, teskari masala, mavjudlik, yagonalik, Koshi masalasi, Fure usuli,
spektral masala.

YPABHEHME KOJEBAHUM BAJIKHA C HAYAJIBHBIMH YCJIOBUSIMU,
BK/IIOYAIOIMMMH IMPOU3BO/JHBIE BBICIHIUX ITOPAKOB I10 BPEMEHU

Annomayusa. B oannoti cmamve ucciedyemesn oopamuas 3a0a4a onpeoeneHuss MHOJICUMens 6 npasou
yacmu, 3a8ucsueco om nepemennoll t. B npamoii 3adave paccmampusaemcs navanbHo—Kpaesas 3a0a4a Ol
ouppepenyuanvrozo ypasnenus yemeépmozo nopsaoka. C nomowvio memooa DPypve cmpoumcs peuienue
HAYANbHO—Kpaesou 3adauu, u uccreoyiomcs ez2o ceoucmea. llonyuenv: Odocmamounvie VCL068UA
CYWecmeosanus peulenus npsSmMol 3a0auu, KOmopbvle UCHONL3VIOMC NpU U3ydeHuu o06pamuol 3adadu.
Jlokazanvl meopemvl 0 JOKATLHOM CYWeCmMBEO8aHUU U 2NI0OATbHOU eOUHCMBEEHHOCMU, 4 MAKJiCe NpUsedeHa
OYeHKA YCNIOBHOU YCMOUYUBOCINU PeUuleHUsl KaK NPSIMOLL, Max u 00pamuotl 3a0au.

Knroueswvle cnosa: npsmas 3adaua, odpamuas 3a0a4d, Cywjecmeosanue, eOUHCMBEHHOCHb, 3a0aid
Kowwu, memoo @ypve, cnexmpanvuas 3adaua.

Introduction. The study of vibrations in rods, beams, and plates plays a significant role in structural
design, the analysis of rotating shaft stability, and in understanding the vibrational behavior of ships and
pipelines. These problems often involve higher-order differential equations, reflecting the complexity of
analyzing such dynamic systems. In recent years, there has been growing interest in the investigation of both
linear and nonlinear initial and boundary value problems, as well as inverse problems related to the beam
vibration equation.

Inverse problems in mathematical physics have been extensively studied for various classes of
differential equations. Works such as and other sources discuss methods for establishing existence and
uniqueness theorems, as well as uniqueness and conditional stability theorems for solutions to inverse
dynamic problems. In addition, numerical methods for finding solutions have also been explored.
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A problem with a high derivative on a part of the domain boundary was studied, for the first time, by
A.N. Tikhonov. In, he studied the problem of a homogeneous heat equation with the following conditions
I LY
Z g 0.6 = f(t), u®0)=0
in the domain (0 < x < oo, t > 0) .

In, in n—dimensional bounded domain D, A.V. Bitsadze studied the problem
m

A =0 du_ €D
u@® =0, —==f(0, x€D,

and proved its Fredholm property.

Boundary value problems for the Laplace, Poisson, and Helmholtz equations with boundary conditions
involving higher-order derivatives have been investigated in the works of Bavrin, Karachik, and Sokolovskii.
Additionally, authors of studied boundary value problems for many types of high-order partial differential
equations. The difference of this problem from other problems is that it is an inverse problem for the beam
vibration equation, where the initial conditions involve higher-order derivatives.

Statement of the problem. Now we reconsider the following equation,

Up + Upnx = P(X)Q(L), (x, 1) €D, (1)
in the domain D:={(x1t); 0< x <1, 0 <t < T} withinitial conditions
ak+
atk Z(x,0) = p(x), pyrey (x,0)=9P(x), 0<x<1, (2)
and boundary conditions
u(0,t) =u(l,t) =u,y(0,t) =uy(1,t) =0, 0<t<T, 3

where k > 2 is a fixed bounded natural number.

Typically, initial conditions u(x,0) = ¥P(x) and u;(x,0) = @(x) are used in beam equations,
representing the initial displacement and initial velocity at ¢ = 0. However, higher-order initial conditions
have a more complex interpretation, such as specifying the initial acceleration or the initial rate of change of
accelerationat t = 0.

Finding a function u(x,t) that satisfies the relations ([rformulal])—([rformula3]) and the condition
u(x,t) € Cy2(D) n Cxi*' (D), for a given number T and sufficiently smooth functions p(x), q(t), @ (x)
and ¥ (x) is called a direct problem.

Study of the Direct Problem.

Theorem 1. If there exists a function u(x, t) satisfying the problem (1)—(3) and u(x,t) € C;'Z(D) n

(D) then it is unique.

Proof. To prove the uniqueness of the solution to the given problem, we use the following statement
from work [12] Suppose, there exist two solutions u4(x,t) and u,(x, t) to the direct problem(1)—(3). Then
their difference

4 k+1

u(x,t) —uyz(x,t) = ulx,t),
belongs to the class u(x, t) € Cy7(D) N (D) and satisfies the homogeneous equation
Upp + Uyyxx = 0, (4)
in D, and with the following boundary conditions:
u(0,t) =u(1,t) = uy(0,t) =u,,(1,t) =0
and zero initial conditions
atk(xO) 0, athrl(xO)—O 0<x<1, (5)
We multiply both sides of the (4) by u, and integrate over the interval [0,1]:
1

1
f Uy Uy dx+f Uprrx U dx =0
0 0

First we calculate:

2dt
then we integrate by parts the following integral:

1 1d 1
f Uy U, dx =——f u? dx,
0

1
— 1
f WUyxxx Ut dx = [uxxxut]o - f Uyxx utxdx'
0 0

using boundary conditions, the boundary term vanishes:
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u(0,8) =u(1,t) = uy(0,t) = uy(1,t) =0 = uxxxutlzz(ll =
Second integration by parts:

1

— 1
_f Uxxx Upx dx = _[uxxutx]o + .f Uyxx Upxx dx.
0 0
Again, boundary terms vanish, so:

1 1 1d !
—fo Upyy Upy dX = fo Uy Uy dx=Eafo u?, dx.

Thus,
1 1d 1
f Uy U AX = ——f u?, dx.

d (1,1
25y (ut +utydx) =o. (6)
It is important to note the following integral:

1 1
E(t) = Ef (u? + u?,) dx.
0

expresses the law of conservation of energy for free vibrations of a beam with homogeneous (zero)
boundary conditions, corresponding to the absence of external action and energy dissipation during
oscillations. Integrating both sides of (6) with respect to t, we get
dE(t)

Combine both terms we get

=0 = E(t) = constant.

d
It follows that if E(0) = 0, then E(t) = 0. Next, we prove that E(t) = 0. Taking derivatives with

respect to t from both sides of (7) k — 1 times, at t = 0 we get
k+1u k+3

et 50) = Gtrigya (1.0) =0,
Since the following conditions are satisfied

aiu ai+2u ai+2u
—(0,t) =———(0,t) =———(1,) =0, 0<t<T
at’(') atlaxz(’) at‘axz(') ’ -0
where i = 1,2, ..., k + 1. Integrating the following
ak+3u

aige 0 =0
four times with respect to x and using boundary conditions (2), we obtain the following results:

k-1,
W (x, 0) =0.
Repeating this process k — 1 times, we have the zero initial conditions
u(x,0) =0, u,(x,0)=0. 7

Using (13) we can prove that
1 1
E(0) = E(t) = 5 f (u? + u%,)dx = 0.
0

This identity is possible if and only if u.(x,t) =0 and uy,(x,t) =0 in the domain D. Hence it
follows that (x,t) = ¢, + c,x , where ¢; and ¢, are arbitrary constants. Since the function u(x, t) satisfies
the boundary conditions (3), it follows that c; = ¢, = 0. Therefore, u(x,t) = 0 in D.It means the problem
(1)—(3) has unique solution. O

We now solve the problem by the method of separation of variables and seek the solution of the
problem (1)—(3) in the form

u(x,£) = Xy y (DX (2), (72)

where
1
u,(t) = \/ff u(x,t)sinp,xdx, X,(x) =V2sinp,x, p, =nm.
0

The coefficients u, (t) for n > 1 are found using the orthogonality of eigenfunctions [5]. The scalar
product in L, (0,1) is defined by the formula

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 106



MATHEMATICS

1
f.9) = fo f (0 g(x)dx.

We note that the coefficients of the expansions of functions (x), ¢(x) and f(x,t) in terms of the
eigenfunctions X, (x) are

W, Xn) =Vn (@.X)=0n . Xn)=Ffa

Taking into account (1) and (3), we have
un () + paun(t) = fa(t),

un(0) = @n,  up(0) =Py,
Further solving this problem we obtain the following solution

Pn tk Y, 1tk
U, (t) = H—cos (u,zlt - —) + P sin (unt - 7)

with initial conditions

2
31
o . ] Tk
D Dt pq -2 O)sin (ke - =)
i=0

Z[ ]0 (—1)¢ pti=2k p q*k=2-20(0)cos (,u,zlt - nz—k) + Z—g fotq(t — 1)sinu?1dr.
(8)

Using (8), we find the following derivatives u(k)(t)

u () = pncosplt + 1/;;, sinp2t + B2 o ft q® (t — t)sinp?tdr, 9)

uy V() = i pnsiniit + ppcosyft + Z—q(")(O)smu t+

n

+ z" f q* V) (t — )sinpZrdr. (10)

Now, we proceed to prove the existence and uniqueness of the solution to the problem (1)—(3). To do
so, we first introduce the following auxiliary lemma.
Lemmal. Let q(t) € C"“[O T], then for all t € [0,T] and n € N the following estimates hold:

k+1 k
4[—-1-2k-2 4[>]-2k 1l
lu,(®)| < = 2k |@al + 2k+2 [Pl + |p1;|||¢11|| <I’l‘n 2 +n,’ ) PulnlfﬂlT

(11)
k 1 n
[l ©)] < lgnl + 25 ol + 220007, (12)

k nlliqll
un O] < hlonl + 1l + 250 A+ T). (13)

Proof. Performing estimates for any t € [0, T] from (8) we find
k+1 k
-1 [1-1
1 1 Ipxlllqll ; | IPalllqll ., Ipalllqll
un (O] < =z lonl + —5 Wnl + 55 z e T pil+ =T
HUn Hn Hn = " = z
k;l] 4[2]
1 1 -1 -1
< Ll + =] 4 il by P 1kt 1) Ialllall
H Hn #n -1 Hn Un HUn

1 4ﬂ —2k-2 af-2k
||q|||pn|< Fg2kez el >+|pnIIIqIIT

< —-lonl + == [Ynl +
pak T 2z TR ] n p

where
= ®
1= max, (maxla0])
Estimating functions (9) and (10) for t € [0, T] we obtain inequalities (11) and (12). O
Formally differentiating (15), we obtain the series

Usrrx (X, ) = 1010 1”;11 Uy (£) X5 (%), (13)

oFu(xt 0 Kk
0D = T ul (HXa (), (14)

ok lu(xt o k+1
T =yl (X, (). (15)
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Next, we prove the absolute and uniform convergence of the series (13)—(15).
Lemma 2. Under the conditions
*p(x) € C*[0,1], 9P (x) € L,(0,1), P (0) = ¢V (1) =0,/ =02,
*(x) € C[0,1], Y'(x) € L2(0,1), (0) = (1) =0,
*p(x) € €*[0,1], p®(x) € L,(0,1), p(0) = p¥'(1) = 0,/ = 0,2,
one has the relations
3) 3

1 1,
‘Pn:_E(Pnr llln:;lpn, Pn=— pn, (16)

where
o = \/—f 9@ (x)cosu,x dx,

Yp = \/Ef Y’ (x)cospy,x dx,
p® = \/_f ®) (x)cosp,x dx,

with the estimates

3
Z 03 12 <1 0 I, 0.1, Z | Wal® <1 10,0,
3
PP <l p<3> 12,01 (17)

Integrating ¢,, and p, three times, and i, once, taking into account Lemma 1, we obtain the
representations in (16). Inequalities in (17) are Bessel-type inequalities for the coefficients of the Fourier
expansions of the functions ¢, ', and p® in the cosine system {+/2cos(u,x)} on the interval [0,1].

Theorem 2. Let q(t) € C*¥*1[0,T] and the functions ¢(x), P(x), p(x) satisfy the conditions of
Lemma 2, then the initial-boundary value problem (1)—(3) has a unique solution which can be represented by
formula (7a) with coefficients defined by relation (9).

Proof. The series (13)—(15) for any (x,t) € D are majorized by the foIIowing numerical series:

1 Hqll|pal [ 4t h-2k-2 49— L [palllall
n +u —7T)

ol + =z [¥nl + ———— | 1
Z<“2k niT k2 PR T e g n 12

N 1 [pnl gl 4[@] 2dk+2 A-2k+a
z<2k4|(pn|+‘u2k2|1l)n|+ :_1 I + 1, 2 +uslpnl g I T ),

z palllal )

1 Tl
N Pallqll
Z(unlwnl Flgal + 2 4T )
= .un

If the functions ¢(x), w(x) and p(x) satisfy the conditions of Lemma 2, then by virtue of the
representations (16)— (17) and the series (9), (13)—(15), which converge uniformly in the rectangle D, it
follows that the function u(x, t) satisfies the following estimates:

u(x, 61 < €3 (Il g 1) + 1Dl o1+ @ 1 PI ).

s 6 01 < Co (9", + Il o)+ @ 1 IPPU 1))

n=1

<I<pn| +— Ynl +

L2(0,1)

o u(x, t) ,

| < G (10l 01y + 0, o+ WP q 1)),
o lu(x, t) e )
it | = Ca (19P 00 + 100001 1PN 1)

where C; are positive constants.
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DINAMIK SO‘NDIRGICHLAR O‘RNATILGAN STERJENNING KO‘NDALANG
TEBRANISHLARI

Qudratov Anvar Ergashevich,
Samargand davlat pedagogika instituti
a_qudratov1985@mail.ru

Annotatsiya. Ushbu ish kinematik qo zg‘alishlar ta’sirida gisterezis tipidagi elastik dissipativ
xarakteristikali sterjen va chizigli bo ‘Imagan elastik xarakteristikali dinamik so ‘ndirgichlarning birgalikdagi
ko ‘ndalang tebranishlarini o ‘rganishga bag ‘ishlangan. Garmonik chiziglashtirish usuli bilan sterjenning
matematik modeli olindi. Sterjenning chizigli bo Imagan tebranishlarining dinamikasini o ‘rganish uchun
qurilish funksiyalarining analitik ifodasi aniglanadi.

Kalit so‘zlar: sterjen, dissipativ xarakteristikasi, elastik, gisterezis, kinematik qo ‘zg‘alish, uzatish
funksiyasi, tebranish.

HONEPEYHBIE KOJIEBAHUSA CTEPKHS C YCTAHOBJIEHHBIMHT
JANHAMUYECKUMHU I'ACUTEJISIMHA

Annomayusn. Paboma noceswena uccie008anuto cOBMeCmMHbIX NONEPEUHbIX KOACOAHUL CIEPICHSL C
VAPY2OOUCCUNAMUBHBIMU — XAPAKMEPUCMUKAMY — 2UCMEPE3UCHO20 MUna U  OUHAMUYECKUX eacumeneu
KOebanuli ¢ HeIUHEUHbIMU YIPYSUMU XAPAKMEPUCMUKAMU NOO Oeticmeuem KUHeMamuieckux 803MyujeHull.
Honyuena mamemamuueckas MoOelb CHMEPIHCHS MEMOOOM — 2apMOHUYECKOU  auneapuzayuu. J{ns
UCCTe006aHU OUHAMUKY HETUHEUHbIX KOJIeOAHULl CMEPICHS ONpedesieHO AHATUMUYEeCKOe GblPAadICeHUe
KOHCMPYKMUBHBIX QYHKYUIL.

Knwouesvle cnosa: cmepoicenb, OucCCUnNAmuHas — XApaxkmepucmuxa, YApyeuul, — eucmepesuc,
KUHemamuueckoe 8030)dicoenue, nepedamoynas QyuKyus, euopayus.

TRANSVERSE VIBRATIONS OF A ROD WITH DYNAMIC DAMPERS INSTALLED

Abstract. This paper investigates the combined transverse vibrations of a beam with hysteresis-type
elastic-dissipative characteristics and dynamic vibration dampers with nonlinear elastic characteristics
under the influence of kinematic disturbances. A mathematical model of the beam is obtained using
harmonic linearization. To study the dynamics of the beams nonlinear vibrations, an analytical expression
for the structural functions is defined.

Key words: beam, dissipative characteristic, elastic, hysteresis, kinematic excitation, transfer function,
vibration.

Materiallar va metodlar. Ushbu ishda garmonik qo‘zg‘alishlar ta’siridagi gisterezis tipidagi elastik
dissipativ xarakteristikali mexanik sistemaning ko‘ndalang tebranishlarini tekshirish masalasi qaralgan.
Bunda sterjenning gisterezis tipidagi elastik dissipativ xarakteristikalari G.S.Pisarenko gipotezasi asosida,
dinamik so‘ndirgichlarning dempfirlovchi elementlariniki esa Pisarenko-Boginich gipotezasi asosida
olingan.

7 &

’/
Ay

A 4

A

X1

A

Y

r 3
A

!

1-rasm.
Dastlab, gisterezis tipidagi elastik dissipativ xarakteristikali sterjen va dinamik so‘ndirgichlarning
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birgalikdagi ko‘ndalang tebranishlari harakat differensial tenglamalarini keltirib chiqaramiz [4]:

IM 1 F T GRAK-X)G ~GRAX-4)G = 8

m< \ét\(ZXl) +m %Zt‘/zz +GRG =4na;—vz\6; B
m, &2‘2,[(2)(2) +my 6;?2 +GRCG; =—”E%Vz\é’

bu yerda M-eguvchi moment, 0, F-mos ravishda seterjen materialining zichligi va ko‘ndalang
kesimi  yuzi; W-sterjenning ko*chishi; V\6-asosning ko‘“chishi; V\(Xi) ,V\(XZ)-sterjen dinamik
so‘ndirgichlar o‘rnatilgan nugqtalarining ko‘chishi; Cl,Cz—dinamik so‘ndirgichlar elastik elementlarining
bikrlik koeffitsiyentlari; [1],IT) -dinamik so‘ndirgichlar massalari; g,é;—sterjenga nisbatan dinamik
so‘ndirgichlarning ko‘chishlari; é(X-XJ,é(X-X_)—Dirakning delta funksiyalari; X, X, -dinamik

so‘ndirgichlar o‘rnatilgan nuqtalar;

R=1+(=1+)1) D +0(C)]
R =1+(-0+)8)[E +3.(C0)]

H,l/z,q,@-koeffitsiyentlar bo‘lib, materiallarning dissipativ xususiyatlariga bog‘liq holda
aniglanadi. §(&00)0b(&ooy) - tebranishlaming dekrementi [2];

0.(G) =2 Pl

0(Gon) = 2

[%, Q, “ D,l y EO’ EZ! . .Er2 - dinamik so‘ndirgichlar elastik elamentlarining materiallariga bog‘liq

parametrlar bo‘lib, tajriba yordamida topiladi [6].
Normal kuchlanish Oy va nisbiy deformatsiya é)t orasidagi bog‘lanishni esa quyidagicha olamiz:

o, =El+(1+12) G +T(G)isw @

bu yerda E- sterjen materialining elastiklik moduli; 1}, T}, koeffitsiyentlar bo‘lib, materiallarning

[5]:

dissipativ xususiyatlariga bog‘liq holda aniqlanadi; f(é:m) -sterjenning tebranish dekrementi bo‘lib uni

quyidagicha yozib olamiz:
(&) =CG&+ . +C.&h

Nisbiy deformatsiya uchun quyidagi ifodani yozamiz:

& =%V Z 3)

bu yerda z - sterjen ko‘ndalang kesimi bo‘ylab yo‘nalgan o‘q.
Sterjen ko‘ndalang kesimiga ta’sir etuvchi eguvchi momentni hisoblaymiz:

he
M=[eedz-EIZ2Cn +im) o + i) [ 6oz, @

bu yerda J :ﬁ - inersiya momenti; b- sterjen eni, h- sterjen balandligi.

Topilgan eguvchi moment ifodasini (1) tenglamalar sistemasining birinchi tenglamasiga qo‘yib,
quyidagi differensial tenglamalar sistemasini olamiz:
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e
B G+ g+ fr EXn+ i) G 50 | (G A !

~GRAX-X)G—CREXK%) = b ®
mPWK) +m TG 4cRG =-m 2

% 82 o4
m P 1m T 1R =m O,
(5) tenglamalar sistemasini yechishda sterjen ko‘chishini quyidagicha olamlz
w0c) = (i ), ®

bu yerda CI((t) -vagtning funksiyasi; Uk(X) -sterjen xususiy tebranishlari formasi bo‘lib, quyidagi
tenglamani ganoatlantiradi:

U _
EJW Au =0, )

bu yerda pk - sterjenning xususiy chastotasi.

(6) yechimni (5) tenglamalar sistemasiga qo‘yib, (7) munosabatni hisobga olgan holda,
almashtirishlardan so‘ng, ega bo‘lamiz

2 {Bi+HL+ G+ m)Peadu +

Hen+inadtayg g 5o [‘92“* H} & GRAK)-
~ F R =W ®
2 Wall+G +IPRG =W
2 Uatl+, +1ERG =W

bu yerda V\6=%V§—asosning tezlanishi, udzw(&);q(zzw(&);q(=q((t);nl=\/%;

n,= /% -dinamik so‘ndirgichlarning xususiy chastotalari.

(8) tenglamalar sistemasining birinchi tenglamasi uchun Bubnov-Galerkin usulidan foydalanib, U,
funksiyalarning ortogonallik shartiga asoslanib, quyidagi differensial tenglamalar sistemasini olamiz:

G +NRO —£4£6¥URS —£66BURG =—dW;
Ul +6 +ERG =-W; ©)
Uolk +6, +ERG, =W

bu yerda [T} =,d:|-sterjenning massasi; | -sterjenning uzunligi;

M—% ,Uz_nn%a%k di_ d= & Oy IWdXde ‘[Ul%dx
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3E . N :
N :Q) +W{é zclq(a 2| (I +3)Gki ’

Olingan (9) tenglamalar sistemasi gisterezis tipidagi elastik dissipativ xarakteristikali sterjen va
dinamik so‘ndirgichlarning birgalikdagi ko‘ndalang tebranishlari harakat differensial tenglamalari
hisoblanadi.

Natija va tahlillar. Garmonik qo‘zg‘alishlar uchun asosning tezlanishini quyidagicha olamiz:

\/\6 =W,,COs4,
bu yerda W, — asos tezlanishinig amplitudaviy qiymati bolib, W, <<l.
Olingan (9) harakat diffrensial tenglamar sistemasining yechimlarini quyidagicha izlaymiz:
G =8 CoS{i+q);
& =8 CoS(+/3); (10)
& =aCosld+/3),
bu yerda &, %, b, ,q, &k, @-amplituda va fazalar sekin o‘zgaruvchan funksiyalar [7].

(10) yechimlardan tegishli hosilalarni hisoblab, (9) harakat differensiyal tenglamar sistemasiga
qo‘ysak hamda asosning tezlanishi ifodasini hisobga olsak, u holda (9) harakat differensiyal tenglamar
sistemasiga mos keluvchi normal ko‘rinishdagi tenglamalar sistemasini olamiz.

a =o' [dwsino—a prpN+uUdtast +ouUobasH o ;
a=(aa) [dw cosx+a p(1-7N) —acf — ppUa¥asth -+ s pUobasH
& = ' ((-Ugd )W SING —aYGNT; +Uq oA Hs — 264 UgUoBasHs ] ; @3

A =(a,0)"[0—u.d )W o33 +a(1-GN)Ts —a:? —UaptaH, — 264U nBasH,l;
& =" [(-Ueb)WSING —abvsNo T, +U kabh,—ptaiatats ]
5 =@ [(-U.d )W cos3 +ars (1-vN,)T; —a —U, ka1l taoHs o] -

bu yerda
H.,=BN.cosfi —a) + (- AN)SING —a); H,=1sN,cos3 —) +(1-1N,)sing —a);
H,,=8Nsinfi —a)—(1—-aN)cosfF —a); H,=1:Nsinf3 —a) —(1-viN,)cos 3 —a);
H;;,=72Ncosfi —a) —(1-7N)sing —a);
Hs,=1,N,cosf3 — ) +1—-vN,)singg — ),
H,,=7Nsinf —a) +(1—nN)cosfi —o);
H,,=1,N,sing3 —3)—(1—-1iN,)cosf3 —3);
H;,=Ncosf3 —a)—(1-1N)sin3 —a);
H,=6N,cosf3 —4)—(1-aN)sin3 —4);
H;,=7Nsin3 —a)+(—1N)cos 3 —a);
H,=GNsin3 — ) +(1-4N)cosf3 —A3);
N, =D +0(Cio0): No =B + (200,

Hosil bo‘lgan (11) tenglamalar sistemasi qaralayotgan sistemaning izlanayotgan statsionar harakatini
aniglashni imkonini beradi. Buni G, =0, &, =0,8 =0,4=0, 4 =0, 3 =0qiymatlar asosida (11)

differensial tenglamalar sistemasidan quyidagicha aniglash mumkin:

g (jo)=— Bl(@ﬂa(@

E%‘%“%E“%
. v B(o+)B@
CUD="g )+ B "
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bu yerda

B(0d)=4d A +A; B(=—Ad +A; B()=—F +Ad} A +A;

B/(0)=Ad —Ad? +As B(@)=(1-dU)dd —Af +A; B(=—A#F +A,

B/(0) =(1-duo)d —A4rF +Ag B(d) =—A1 +As!

A=TEL-GN)+TE(L-1uN); A =EET[1-EN) 1-viN,) —1ENN ],

A =TGN +TEvN,; A =g (-GN )N, —(1-1N,)EN];

A= (-nN)+rTs(1-AN) +ET, (1-1N);

A =t A-aN) —7N) NN+ p (-1iN) -7N) 735NN+

HEET[A-AN) -14N,) -GN ],

A =g p[-nN) E-AN) -viN,) 18NN, (1-7N) - NN (1-GN) -

—pBNNI-VN)];

A=pN+TETAN +HET 1N,

A =replreNA-AN) +EN (-N) FrEperaNA—viN,) —1sN,A-7N) |+

HEETDNA-GN) -BN A-vN,)];

Ao=rts DN A-AN) (-72N)+EN 1-1iN,) A-72N) +7NA-1N) -GN -

—V0pNNN |;

A= AN+ -1Ny);

A= A A-viN,) -71N)+157NN];

A= N+ETN,; A, =s DN, (-72N) +72N(1-1iN) ]

As=pA-N)+YTs0—-AN); As=repe[(-aN) (—72N) 76NN

A7=rpRN+YTEN; Ag=rf [N (-72N) +72NA-AN) |

T =0+l o =0 + 48U Ta =0k +24 (iala +18Uc);

T =1 psplho (U —Ua) —Ua; Ts =1 248Ua (Ua —Ue) —Uelh;

To =1k il Ty =14 s T =Tk g (i +18U) -

Xulosa. Garmonik chiziglilashtirish usulining qulayligi va samaradorligi shundan iboratki, dinamik
so‘ndirgichlar o‘rnatilgan elastik dissipativ xarakteristikali sterjen dinamikasi har xil turdagi materiallar
uchun, ularning chegara shartlari har xil bo‘lganda, chiziqli bo‘lmagan dissipativ xususiyatlarni hisobga
olgan holda bunday yondashuv bilan to‘liq tekshirilishi mumkin. Qayd etilgan metodologiya uning
parametrlarining turli qiymatlarida tagsimlangan parametrlarga ega bo‘lgan elastik dissipativ xarakteristikali
sterjenning chizigli bo‘lmagan ko‘ndalang tebranishlarini o‘rganish va tahlil qilish, shuningdek, tanlangan

usul va mezonlar yordamida sterjenning dinamik so‘ndirgichlar bilan birgalikdagi harakatining ustuvorligini
tekshirish imkonini beradi.
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UNIQUENESS-SOLVABILITY OF THE INITIAL BOUNDARY VALUE PROBLEM FOR
THE TIME FRACTIONAL DIFFUSION EQUATION IN A BOUNDED DOMAIN

Turdiev Khalim Khamroevich,

DSc Doctoral student, V.I. Romanovskiy Institute of Mathematics
of the Academy of Sciences of the Republic of Uzbekistan
h.h.turdiev@buxdu.uz

Abstract. In this work, the initial-boundary value problem for the one-dimensional time-fractional
diffusion equation is investigated. An equivalent auxiliary problem is obtained for the initial-boundary value
problem. According to Fourier's method This auxiliary problem is reduced to equivalent integral equations.
Then, using the estimates of the Mittag-Leffler function and the generalized singular Gronwall inequalities,
the existence and global uniqueness of the solution of the initial-boundary value problem are proven.

Keywords: time-fractional diffusion equation, fractional derivative, inverse problem, integral
equation, Fourier series, Banach fixed point theorem.

OJIHO3HAYHAS PAZPEIIMMOCTH HAYAJIbHOM KPAEBOM 3ATAYU JIJISA
YPABHEHUS JJU®®Y3UU JIPOBHOT'O MOPSJIKA 11O BPEMEHU B OTPAHUYEHHOM
OBJIACTH

Annomauyusn. B Oaunnou pabome ucciedyemcsi HA4aibHO-Kpaesas 3a0aya O0isi O0OHOMEPHO20
ypaenenus epemennou @paxyuonnou oug@ysuu. [lonyuena sxeusaneHmnas 6cnomozamenvHas 3a0aia Ois
HauanvHo-kpaesol 3adauu. Coznacno memody @Dypve IOma 6cnomozamenvHas 3a0a4d CE00UMCS K
9KBUBATIEHIMHBIM UHMESPANbHIM YPAGHEHUAM. 3amem, UCNOb3Ys oyeHKu Gyukyuu Mummaea-Jleghgprepa u
0000WéHnble  cuneynsApHble  HepageHcmeéa I poHeansd,  O0KA3aHO — cyujecmeosanue U - 2100ANbHAA
€0UHCMBEHHOCMb peuenUsl Ha4albHO-KPaesoll 3a0atl.

Knroueevle cnosa: ypasnenue @pemenHol OpoOHOU ougysuu, OpobHas npou3eooHas, obpamHas
3a0aua, unmezpanvroe ypasHenue, pso @ypve, meopema o guxcuposannoi mouxe banaxa.

CHEGARALANGAN SOHADA VAQT BO‘YICHA KASR TARTIBLI DIFFUZIYA
TENGLAMASI UCHUN BOSHLANG*‘ICH CHEGARAVIY MASALANING BIR QIYMATLI
YECHULUVCHANLIGI

Annotatsiya. Ushbu ishda bir o Ichovli vaqgt-kasrli diffuziya tenglamasi uchun masalasi boshlang ‘ich-
chegaraviy masala o ‘rganilgan. Boshlang ‘ich-chegaraviy masala uchun ekvivalent yordamchi masala
olingan. Furye usuli bo ‘yicha bu yordamchi masala ekvivalent integral tenglamalarga keltiriladi. U holda
Mittag-Leffler funksiyasi va umumlashgan singulyar Gronuoll tengsizliklari baholaridan foydalanib,
boshlang ‘ich-chegaraviy masala yechimining mavjudligi va global yagonaligi isbotlangan.

Kalit so’zlar: vaqt bo ‘vicha kasr tartibli diffuziya tenglamasi, kasr tartibli hosila, teskari masala,
integral tenglama, Furye qatori, Banax qo ‘zg ‘almas nuqta teoremasi.

Introduction and Setting up the Problem. Nowadays, fractional differential equations have attracted
attention of many researcher. Because, various models using fractional partial differential equations are
successfully applying to describe a range of problems in mechanical engineering, viscoelasticity, electron
transport, heat conduction and high-frequency financial data.

The time-fractional diffusion equation is deduced by replacing the standard time derivative with a
time-fractional derivative. The direct problems, initial value problems and initial boundary value problems
for the time-fractional diffusion equation have been studied extensively in recent years (see [2-6]). In the
article [8] is studied using the Green function method to obtain a general representation of solutions of two
dimensional diffusion equation and constructed Green functions of the first, second, and mixed boundary
value problems. An evolution equations with the regularized fractional derivative of an order a with respect
to the time variable, and elliptic operator with constant and variable coefficients acting in the spatial
variables have been investigate. A fundamental solution of the Cauchy problem for this equations is
constructed and investigated (see [7]).
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In this paper, we investigate the local existence and unigueness of an inverse problem of determining
time—dependent reaction coefficient in the time—fractional diffusion equation with initial-boundary and
overdetermination conditions.

Let T>0, >0 be fixed numbers and Dr;:= {(x,t):0 < x <[,0 <t <T}. Consider the time-
fractional diffusion equation

DGy e (u(x, t) — u(x, 0)) — uyy + q(Oulx, t) = p(O)f (x, ), (x,t),€ Dry, 1)

with the initial condition
u(x,0)=¢kx), x€]0,1], 2

the boundary conditions
Ulx=o = Ulx=1 =0, ¢(0) =¢@(l) =0,t €[0,T], ®)

where d¢ is the Caputo fractional derivative of order 0 < a < 1 in the time variable (see definition
1.1), q(t),t > 0 is the source control term, f(x, t) is known source term, ¢(x) is the initial temperature.

Definition 1. A function u(x, t) is called a classical solution to the initial-boundary problem (1)-(3) if:

1. u(x, t) is twice continuously differentiable in x for each t > 0;

2. for each x € (0, Du(x, t) is continuous in t on [0, T], and its fractional integral

1 tu(x, t)dt
1-a _
(o7 W) (x, t) = T

1-ao), t—7)°

is continuously differentiable in t for t > 0;

3. u(x, t) satisfies (1) — (1)(3).

The functions ¢, f and h satisfy the following assumptions:

(A) @(x) € C3[0,1], 9™ (x) € L,[0,1], p(0) = ¢(1) = ¢"(0) = 9" (1) = 0,

(A2) f(x,£) € C(Dr) N €37 (Dr), fiseax (0, 8) € La(Dr), f(0,8) = f(LE) = f'(0,6) = f"(L,£) = 0,

Preliminaries. In this section, we present some useful definitions and results on fractional calculus
(see [1, pp. 96-99]), which will be use in the future.

Definition 2.1 The Caputo time fractional derivative of order 0 < a < 1 of the integrable function u
is defined by

(5)

oF t—ill‘“ t—;ftt— ~%y'(1)d
Fu®) = " = gy | ¢ W@,

where T is the Euler’s Gamma function.
Two parameter Mittag-Leffler (M-L) function. The two parameter M-L function E g (z) is defined

by the following series:

£as®) = ). Tty

where «, 8,z € C with R(a) > 0, R(a) —denote the real part of the complex number «. The Mittag-
Leffler function has been studied by many authors who have proposed and studied various generalizations
and applications. A very interesting work that meets many results about this function is due to Haubold et al.
(see [36]).

Proposition 2.1. Let 0 < a < 2 and B € R be arbitrary. We suppose that k is such that ta /2 < k <
min{m, ma}. Then there exists a constant C = C(a, 8, k) > 0 such that

c
[Fes | = T

For the proof, we refer to [1, pp. 40-45] for example.

The proof of these assertions come from the definition of Caputo fractional derivative and
differentiation of the two-parameter M-L function.

Proposition 2.2.[26] For 0 <a <1, t >0, we have 0 < E,(—t) < 1. Moreover, E,;(—t) is
completely monotonic, that is

Kk<|arg (z)| <m.

n

d
(_1)71@ a,l(_t) >0, YvneN.

Proposition 2.3. [26] For 0 <a <1,7> 0, we have 0 < E, ,(—n) < ﬁ Moreover, E, ,(—n) is

a monotonic decreasing function with n > 0.
Lemma 2.1.(see [21], [22]) m € C(J)(J = [to, T], to € Ry = [0,0),T < +00) and suppose that
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t

L
m(t) < my + ) . (t —s)Y " Im(s)ds,t €].

Then we have
m(t) < moE, 1 (L(t —tp)Y),t €],
where m, and L are nonnegative constants, y € (0,1).
Investigation of direct problem (1)—(3). Before we proceed to studying the inverse problem, let us
show that the direct problem has a unique solution.
We will seek the solution of problem (1)-(3) in the form

[ee)

u(x, t) = Uy, (t)sin(A,x), (6)
where

mn 2 (!
Ay, = E uy(t) = T_f u(x, t)sin(1,x)dx.
0

Taking into account equality (6), we obtain from (1) following equation
(Ofun) (1) + Fun(t) = Fu(tw,p.q,f), ()

(G, q, )= p(O) () — q(O)un (D),

2 l
fn(®) = 7_’; f (x, t)sin(1,,x)dx.

The initial condition (2) give:
u,(0) = fol u(x,0)sin(1,x)dx = fol @(x)sin(A,x)dx = @y, (8)

where

where

On = \/%fol @ (x)sin(A,x)dx.

Based Theorem 2.1 we have that the initial-value problem (7), (8) is equivalent in the space C[0,T] to
the Volterra integral equation of the second kind

Un(t) = @nEo,1 (= ﬂzt“)+f (t =D Eqo (-2t = DM (D) fu(DdT +

f (t = D) Egq(~22(t = D) q(D)un (D). ©)

Estimating the function u,, (t) for t € [0; T] , we obtain the following integral inequality

0l (@1 la(0) .
n (O] < lonl + o5+ T )f (=D up(®ldr,  (10)

where || f,, II= max¢eforlfn(t)]- Applying Lemma 2.1 to the last relation, we obtain the following
estimate

[un(®)] < (gal + 2O, (9 (0169, (11)

Using equality (7), we obtain an estimate for d%u,, (t) :

~ Al fnll
10%un (O] < (3 + @) (Il + FE) B (101 + Ip(O1 1 £ 1.

Thus we have proved the following lemma:
Lemma 3.1. For any t € [0, T] and for sufficiently large n, the estimates are valid

|un ()] < C1(l@nl+I fo 1D
0%un ()] < Co(n®|@nl + 12 I £ 1)
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here C; are positive constants.
Formally, from (6) by term-by-term differentiation we compose the series

ofu(x,t) = Ygeq 0%, (t)sin(1,x), (12)
Upx (X, 1) = Z?f:l A%un(t)Sin(/lnx)r (13)

In view of Lemma 3.1, the series (6), (12), and (13) for any (x,t) € Dy,
C3Xn=1 (P |@nl + 02 1 fo ). (14)

We hold the following auxiliary lemma.
Lemma 3.2. If the conditions (A1)-(A2) then there are equalities

1 3 1 3
on=3300 h® =3O, (15)
where

l l
o = ) 0@ st 170 = [ [ £E e Deos(hnd,
with the following estimates:

Y 1002 <l 0 00, 2221 1ES @O < £ I oxciory: (16)

If the functions ¢(x) and f (x, t) satisfy the conditions of Lemma 3.2, then due to representations (15)
and (16) series (6), (12) and (13) converge uniformly in the rectangle Dr;, therefore, function u(x, t) satisfies
relations (1)—(3).

Using the above results, we obtain the following assertion.

Lemma 3.3. Let q(t) € C[0,T],(A1)-(A2) are satisfied, then there exists a unique solution of the
direct problem (1)-(3) u(x, t) € C>%(Dy).

Let us derive an estimate for the norm of the difference between the solution of the original integral
equation (9) and the solution of this equation with perturbed functions 3, §, @y, f,. Let ii,, (t) be solution of
the integral equation (9) corresponding to the functions f, §, @, f,; i.e.,

ﬁn(t) = @nEa,l(_A%ta) + fot (t— T)a_lEa,a(_A%(t - T)a)ﬁ(T)fn(T)dT -

—Jy (¢t = D Eg o (~23(t — DG (D)dr. (17)

Composing the difference u — @ with the help of the equations (9), (17) and introducing the notations
U= =Up,p—DP=0.9—G=0.fr—fn= ]_fn, we obtain the integral equation
Un(t) = Gy Eq1 (—23tD) + f (t = D) Eqo(~25(t = DB f(T)dr +

+fy (6= D Ego(-25(t — DOBDF, (D)dr —
— (= D Eg o (~23(t — D)F(Dun(t)dr —

—Jy (¢t = D Eg o (~23(t — DDG(DUn (D). (18)

from which, is derived the following linear integral inequality for |u, (t)|:

_ — tEIF, B X lf, DI
< n
|un(t)| - |(Pn| + I'(a+1) + I'(a+1)

+

gt ¥l fnlllp(0)] gt o
T(a+1) (lon| + W)Ea(lq(t)lt“) + ﬁfo (t — 1) u,(1)|dr.

Using the Lemma 2.1 from last inequality, we arrive at the estimate:

tENF MBI %0 f D
I'(a+1) I'(a+1)

[un (O] < {l@, | + +

lIglt® t“llfnlllp(t)I)E

* e (lonl + F(a+1) a1(1qO[tD}Eq 1 (I G Il ). (19)
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Indeed, the expression (19) is stability estimate for the solution to the problem (1)-(3). The uniqueness
of this solution follows from (19).
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Annotatsiya. Ushbu magolada chegaralangan bir o'lchamli sohada yuklanganlik bilan berilgan
issiglik targalish tenglamasi uchun boshlang'ich-chegaraviy masala ko'rib chigiladi. To'g'ri masala bu
tenglama uchun Kosh tipidagi boshlang'ich shartlar va Dirixle chegaraviy shartlar bilan berilgan
boshlang 'ich-chegaraviy masaladir. O'zgaruvchilarni ajratish usuli bilan berilgan masala ikkinchi turdagi
Volterra integral tenglamasiga Kkeltiriladi. Yechimning mavjudligi va yagonaligini isbotlash uchun
gisgaruvchi akslantirishlar prinsipiga tayaniladi.

Kalit so‘zlar: issiglik tarqgalish tenglamasi, boshlang'ich-chegaraviy masala, Volterra integral
tenglamasi, Granuolla tengsizligi, yuklanganlik.

HAYAJIBHO-KPAEBAS 3AJJAYA JJIs1 HAT'PY>KEHHOI'O OJHOMEPHOI'O
YPABHEHMUA TEIVIOITPOBOJHOCTH

Annomauyus. B Oannoii cmamee paccmampueéaemcs HAYAIbHO-KpAesas 3a0aida Oasi YPAGHEHUs.
MENIONPOBOOHOCMU 6 02PAHUYEHHOU OOHOMEPHOU 001acmu, 300aHHO20 C HASPY3KOU (UlU C YCLosuem
Haepysku). Ipamas 3a0aua npeocmagisiem coOOU HAYANLHO-KPAE8Ylo 3adayy 01s OAHHO20 YPABHEHUS C
HauanbHulMu ycrogusamu muna Kowu u epanuunvivu ycrosusmu JJupuxie. 3a0aya, nocmaeienHas Memooom
paszoenenusi NEePeMeHHblX, CE0OUMCS K UHMeZpaibHOMY YpasHeHuio Bonvmeppa emopoco poda. s
00KA3aMenbCmea Cyuecmeo8amus U eOUHCMEEHHOCIU PeUeHUss UCNONb3Yemcs NPUHYUN  COHCUMAIO WUX
omoobpasiceHutl.

Kniwouesvie cnoea: ypasnenue menionpogoOHOCMU, HAYAIbHO-KPAeBAs 3a0aud, UHMEZPAlbHOe
ypasHenue Borvmeppa, nepagencmeo I panyonna, ungomomyus.

INITIAL-BOUNDARY VALUE PROBLEM FOR A LOADED ONE-DIMENSIONAL
HEAT EQUATION

Abstract. In this paper, we consider an initial-boundary value problem for a heat equation with
involution in a bounded one-dimensional domain. The direct problem is an initial boundary value problem
for this equation with Cauchy-type initial data and Drichlet boundary conditions. The problem given by the
method of separation of variables is reduced to the Volterra integral equation of the second kind. The
principle of contraction mappings is used to prove the existence and uniqueness of the solution.

Key words: heat equation, an initial-boundary problem, Volterra integral equation, Gronwall's
inequality,involution.

Introduction. Differential equations with modified arguments are equations in which the unknown
function and its derivatives are evaluated with modifications of time or space variables; such equations are
called in general functional differential equations. Among such equations, one can single out equations with
involutions.

Consider the non-homogeneous heat equation

U (X, 1) = Unexe (X, 1) + EUrx (=%, 1) + q(Oux, t) = f(x,1), (x,t)eQ (1)
initial condition
ulx, 0) = p(x), X € [-x, 7] 2
boundary conditions
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uU(-z, ¢)=u(z, ) =0,te [0, T] (3)

Where f(x, t), @(x) are given and enough smooth functions, ¢ is a nonzero real number such that |¢| <
1 and Q is a rectangular domain givenby Q= {-7z<x <z 0<t<T}.

Suppose that the data of the problem (1)-(3) the functions ¢(x), f(x, t) satisfy following assumption:

AL p(x)eC?[-m, ], , @ (x)eL[~m, m]p(~7) = p(x) = 0 ;

A2) f(x, t) eC(Q), f(x, 1) eL? (Q) .

Here we seek solution to problem in a form of series expansion using a set of functions that form
orthogonal basis in L? (-, 7). To find the appropriate set of functions for each problem, we shall solve the
homogeneous equation corresponding to equation (1) along with the associated boundary conditions using
separation of variables.

Separation of variables leads to the following spectral problem for (1)-(3)

X"(x) — eX"(—X) + 2X(X) = 0 X(x) = X(—=x) =0, 4)

The eigenvalue problem is self-adjoint and hence they have real eigenvalues and their eigenfunctions
form a complete orthogonal basis in L?(—z, 7). Their eigenvalues are, respectively, given by

=1 — &) (k + %)2 , keNU{0}, Ay=(L + e)k? , keN ©)
and the corresponding eigenfunctions are given by

Xi(x) = \Ecos(k +%) x, keNU {0}, Xox(x) = \[gsin kx ,keN (6)

Lemma 1. The systems of functions (6) are complete and orthogonal in L? (—z, 7).
By applying the Fourier method, the solution u(x, t) of the problem (1)-(3) can be expanded in a
uniformly convergent series in term of eigenfunctions of the form

oo

w50 = ) e OXu@ + ) e OXoi(®) ™)
k=1

k=0

The coefficients uq;(t), uyr(t) are to be found by making use of the orthogonality of the
eigenfunctions. Namely, we multiply (1) by the eigenfunctions of (6) and integrate over (—z, z). Recall that
the scalar product in L?(—z, ) is defined by (f, g) = f_”nf(x)g(x)dx. Let us note the

expansion coefficients of f(x, t) and ¢(x) in the eigenfunctions of (6) for k> 1 respectively by

{(f (x, 1), X1, (%)) = fir (D),
(f (%, 1), Xor (%)) = for (0),
{(fp(x, t), X1k (%)) = @1k

(0 (x, 1), X2 (X)) = P2

In view of (1) for (u(x, t), X1.(X)) = uq, (), (UX, 1), X2k (X)) = uy,(t), we obtain the Cauchy type

problems

1
u () + (1 — &)k + E)Zulk(t) + q(Ouak(t) = fie (1), 8)
U1 (0) = @1y,
{uék(t) + (1 + kPug(t) + g(Ouzw(t) = for (), 9
0) = 9)
Uzk (0) = @,
We consider the Cauchy problems (8) and (9). During the investigation of Cauchy problems (8) and
(9), we obtain an equivalent Volterra integral equations of the second kind:
t

1 1
Wi (t) = ppe” " At | .[flk (1) e - &) (k+3)*(t=7) 4
0

t
1
- f q(@Duy(r) e~ DD ED gy (10)

0
t

ulk(t) = (kae_(1+8)k2t+ff2k(T)e_(1 +£)k2(t_T)dT
0
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t
- f 4 (Dt (1) e~ + DR g. (11)

0
For integral equations (10) and (1), the following holds:
Lemma 2. Let q(t)eC[0, T], fix€C[0, T],i = 1,2. There holds the following estimate for all k e N and t
e [0, TJ:
llall lall  ~a-o+p?t
”flkl |C[0,T] e(l - 5)(k+%)2e(1 - 8)(,{_‘%)2 ’ (12)

(1 - &)k +5)?

lue (] < | 11kl +

all Hall - +e)k?
||f2k||C[0,T2] o1+ k2 o (1 + K2 1+ ekt (13)
1+ ok ’

1
(O] < illeom + (Nalleror + A = £k +3)?)

liqll lall o~ -od+p?t
||f1k | |C[0,T] e(1 - g)(k.‘_%)ze(l _ £)(k+%)2 ’ (14)

(1~ )k +3)?
luze O] < [l f2xcllcpor + (”q”C[O,T] +(1 + &)k?)

1 /2!l crom liall Hall o—(1+ ek
(1ol + e e oe o )

Theorem 1. If q(t)eC[0,T] (Al)-(A2) are saisfied, then there exists a unique soltion to the direct
problem (1)-(3) u(x, t) € C*1(Q).

luzi (O] < <|(P2k| +

X\ @1kl +
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Abstract. In this article, we will consider a partial differential equation with a piecewise constant
argument. We obtain a Volterra-type integral equation of the second kind, equivalent to the initial boundary
value problem for the piecewise constant argument diffusion equation. We will prove the existence and
uniqueness of the solution of the integral equation of the second kind of Volterra type.

Keywords: partial differential equations, piecewise constant arguments, oscillations, and stability.

OB OJTHO3HAYHOM PASPEIIMMOCTH HAYAJIBHON KPAEBOM 3ATAYM JIJISI
YPABHEHMS JTU®®Y3UHU C KYCOUYHO-HENPEPBIBHBIM 3ATIA3JILIBAHUEM IO
BPEMEHH

Annomayus. B oaunoii cmamve mul paccmompum Ooughepenyuanvioe ypasHeHue 6 UACHHbIX
NPOU3BOOHBIX C KYCOYHO-NOCMOSHHBIM apymeHmom. Mol noayuum unmezpaibHoe ypagHeHue 6mopo2o pood
muna Bonvmeppa, sxeusaieHmHoe HAYANLHOU Kpaesou 3a0aye Ons KYCOYHO-NOCMOSHHO20 YPAGHEHUS
oughghysuu. okascem cywecmeosanue u eOUHCMBEHHOCb PeUleHUs] UHMESPATbHO20 VPAGHEHUs 8HOPO20
Pooa 801bMePpoOBCKO20 MUnA.

Knroueewvle cnosa: oughgpepenyuanvroe ypasueHue 8 4acmublx HPOU3B00HbIX, KYCOUHO-NOCIMOSHHbIE
apeymenmul, KO1e0anus u yCmou4ueoCcms.

VAQT BO‘YICHA BO‘LAKLI UZLUKSIZ KECHIKUVCHI ARGUMENTLI DIFFUZIYA
TENGLAMASI UCHUN BOSHLANG*‘ICH CHEGARAVIY MASALANING BIR QIYMATLI
YECHILUVCHANLIGI HAQIDA

Annotatsiya. Ushbu maqolada bo‘lakli o°‘zgarmas argumentga ega bo‘lgan xususiy hosilali
differensial tenglamani ko ‘rib chigamiz. Biz bo ‘lakli o ‘zgarmas argumentga diffuziya tenglamasi uchun
boshlang ‘ich chegaraviy masalaga ekvivalent bo ‘Igan Volterra tipidagi ikkinchi tur integral tenglamani
olamiz. Volterra tipidagi ikkinchi tur integral tenglama yechimining mavjudligi va yagonaligini isbotlaymiz.

Kalit sozlar: xususiy hosilali differensial tenglama, bo ‘lakli o ‘zgarmas argument, tebranishlar va
turg ‘unlik.

Introduction and problem statement. Functional differential equations with delay provide a
mathematical model for a physical or biological system in which the rate of change of the system depends
upon its past history. The theory of functional differential equations with continuous arguments is well
developed and has numerous applications in natural and engineering sciences. This paper continues our
earlier work in an attempt to extend this theory to differential equations with discontinuous argument
deviations.

In articles [1-5], ordinary differential equations with arguments having intervals of constancy have
been studied. Such equations represent a hybrid of continuous and discrete dynamical systems and combine
properties of both differential and difference equations. They include as particular cases loaded and
impulsive equations, hence their importance in control theory and in certain biomedical models Continuity of
a solution at a point joining any two consecutive intervals implies recursion relations for the values of the
solution at such points. Therefore, differential equations with piecewise continuous argument are
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intrinsically closer to difference rather than to differential equations.

In [6] boundary value problems for some linear equations with piecewise continuous argument in
partial derivatives were considered and the behavior of their solutions studied. The results were also
extended to equations with positive definite operators in Hilbert spaces.

In [7] initial value problems were studied for equations with piecewise continuous argument in partial
derivatives. A class of loaded equations that arise in solving certain inverse problems was explored within
the general framework of differential equations with piecewise continuous delay The purpose of the present
note is to investigate the asymptotic behavior of the solutions, especially their oscillatory properties, of a
boundary value problem for some equations with piecewise continuous argument of parabolic type. For a
rather comprehensive addition to the growing body of literature on equations with piecewise continuous
argument the reader is referred to [8].

A comparison of two equations with piecewise continuous argument. The equation

U (x, 1) = Py (x, ) — bu(x, t) )}
describes heat flow in a rod with both diffusion a?u,, along the rod and heat loss (or gain) across the
lateral sides of the rod. Measuring the lateral heat change at discrete moments of time leads to the equation
with piecewise continuous delay

ur(x,t) = @y (x, ) — bu(x, [t]) + q(O)ulx, ) + f(x, [t]), )
which was investigated in [6]. Here [-] designates the greatest integer function and D:= {(x, t) €
(0,1) X [0, o0)}. The problem posed in [6] for equation (2) consists of the boundary conditions
u(0,t) =u(1,t) =0 3
and the initial condition
u(x, 0) = @(x). (4)

Definition. A function u(x, t) is called a classical solution to initial boundary value problem (2) -(4),

(i) aa—;u(-,t) € C(D) foreach t > 0;

(ii) for each x € (0,1) the derivative %u(x, t) is continuous int > 0;
(i) u(x, t) satisfies initial boundary value problem (2) -(4).

We consider the weighted spaces of continuous functions

¢*1(D) = {u(x,t) € C(D): Z;u(,t) € C(D); and 2

Zu(x) € C(D)}.

By applying the Fourier method, the solution u(x, t) of the direct problem (2)-(4) can be expanded in
a uniformly convergent series in term of eigenfunctions of the form
u(x, t) = Xjzy Tj(0)X;(x), ()
where
X;(x) =V2sin(4x), 4 =nj, j =12, ... (6)

The coefficients T;(t) for j =1 are to be found by making use of the orthogonality of the

eigenfunctions X;(x). The scalar product in L,[0,1] is defined by (u,v) = fol u(x)v(x)dx. Let us note the
expansion coefficients of ¢ (x), f(x,[t]) and in the eigenfunctions of (6) for j > 1 are definded respectively
by

(@), X;(x)) = @, (F(x, [tD, X;(x)) = f;([tD, j = 1.2, ... ()
We obtain in view of (2) and with (u(x, t), X;(x)) = fol u(x, )X;(x)dx = v;(t), and we may write
v (t) = —a®Zv;(t) — by (1) + F;([t], t) (8)
and the initial condition
V() |e=0 = @}, 9)

where F;([t], £) = q(6)v;(£) + £ ([t]).
Let v, (t) denote a solution (8) on the interval n < t < n + 1, where n is a nonnegative integer Then

vy () = —azlfvnj (t) — bvy;j(n) + Fyj(n, t) (10)
and the general solution of this equation is
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— _ 232
V() = 25 (1 — e~ tyvy,;(n) (11)
J
—alA%(t— _ 4292
+ 27 ly Ui + 4@y )™ 0 de 4 €y ()™
Weputheret =n
—b _ 272
V(1) = =5 (1= e~ M)y (n)
]
1 ) ] —azlz-(n—r)d ) —a%1%n
=3 fy Ui () + (@ (D]e™ @D de + €y j(0)e™ @AM,
J
From this
Cay(0) = (1 75 (1 = =AMy (mye 4T
—a21?
a2y Uni@ +a@vn;(@]e™
Putting Cy,;(0) into the above equation with respect to v,,; (n), we get the following
—a21%(t—
U (€)= Bt = m)vnj(0) = oz g () + q(@wnj (0] HVdr
J
—a21%(t—
+ == Jy [y () + q(@vg(D)]e™ U dr, (12)
]
where
E(0)=e U - gm0, (13)
Jj
Att =n+ 1 we have
—a2x? _
Vpj(n+ 1) = B (Dvy;(n) - 7f0 [fnj () + q(@)vnj(D)]e 4 M1 Ddr
—a?)? T
tanl Un +a@vm @)™ 50 ar,
From that, we obtain
vnj(n) = E'(D)o;(0)
— k —a2A%(k—
+72k EP*(D) fy_y U1,k = 1) + q(@vgemy j(D]e ™ % Ddr, (14)
Therefore,
— k
vnj(6) = Ej(t —n)Ej* (1ve;(0) + az;ﬁEj(f —n) Xk=1 B FQD [, [fumrjk—1)
—a21%(k— —a2A%(t—
+q( V-1, (D] HEDdr — — [ [ () + q(@vn; (D] ™ D dr
]
—a21?%(t—
+ == Jy [y () + q(@Dvg(D)]e™ U, (15)
]
First we prove the following assertions:
Lemma 1. For any j € N we have the estimates
b b [fk—1,j(k—-1)]|
[vn; (O < (L + 05| + g2 Vo (W + 5 Bk C—)
x exp{aal (1 + 2 )n + 1)t} (16)
a?a? aza? ’
1 b
7oy (1 < @22 +B)ly] + (14 ) ites Vi k= DI+ L+ mIfoy )]
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b 1 b
+((1 +a2—/1?)n+n +t +a2—1?)[(1 +a2_l?)|§0j|

If (k—1)|
+ g 1+ 2 Ty el (1 + Zn + DY, (17)
Proof.
Let
IEj(t = )| < (1 + =), |E(D)] < 1,;(0) = o
J
From this fact and (13) one can obtain estimates for v, (t):
v ()] = |Ej(t — n)E](1)v;(0)
B = m Tt BHO [ VieayCe— 1)
—a?22(k-1 —a?22(t—1
4OV, D)™ O = 5 [ 1 00 + 4@y (@)™ e
—a22%(t—
gy V() +a@vn @l
[fr—1,j(k—1)]|
<@ +a2%]2_>|<p,-| + s @ +oTn, (R
+arg (L + 1) [ on (Dlde
Next, according to the Gronwall mtegral mequallty, we have
[fr—1,j(k-1)]|
[0 (O] < (1 + )19 + = |fy (D] + 5 Ty (F25—)
J ]
X exp{auziié((l + azbﬁ)n + 1)t}
This inequality is the inequality (16) in Lemma 1.
Differentiating the integral equation (15) with respect to t, we obtain
vnj'(t) = Ej'(t = n)E(1)y;(0)
+ ;2 (=) Ty B R iy [fem1 O = 1) + Q@ (D] D
+ g [y () + @@ v (D] EDdr
_ 2(¢—
+ 2 a0 + 4O (O] = [y () + a(@vy (D™ (18)
where
E'(t —n) = —a2A2e” A 4 p(1 — g @A)y
Next, we get the estimate of v,,;"(t):
vni' )] = |Ej’ (t = n)E] (1)vo;(0)
_ 21—
B €= ey B [ Vi (k= 1) + 4@ @] 0D
+Jy [y () + @@ v (D] EDdr
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+ iz Uy () + 40wy (0 = i Uy () + a0y (@]

< @ +B)loy| + (14 7757 Shes Viewsy (k= DI+ L+ mIfoy )]

+ (14 2) Zher 0o O+ (4 Ol O+ gl (O
Using the estimate (16) in the above inequality, we get
70y (O] < @22 +B)ly) + (14 ) St Vo Gk = DI+ L+ mIfoy ()]

D m+n+t+

A+ 7z

1 b
20+ 2l

|fr— 11(k D

+a2%?|fn,-(n)l+%2 1 ( Jex p{"sz((1+ 212)n+1)t}

Lemma 1 has been completely proven.
Putting (6) and (7) into (5), we get equality with respect to the function u(x, t)
u(x, t) = V2 X2, [E(t — n)E] (1)vo;(0)

2 B K —a?2%(k—
+ azll? Z;(l:l E}(t — n)EJ." k(l) fk—l [fk—l,j(k - 1) + q(T)vk—l,j(T)]e a“A5(k T)d‘[
— —a?22(t—
_azl,l? Jy [y + q(@vn;(M]e > 4 dr

+ az—l%fot [fij ) + (D) v (D]~ 4D dr]sin(4;x). (19)

Here u(x, t) designates the solution of boundary value problem (2),(3),(4) in [0,1] X [n,n + 1].
Putting t = 0, n = 0 gives
P(x) = X521 vo;(0)sin(4;x)

and
,;(0) = f01 @(x)sin(4x)dx = ;. (20)
Formally differentiating the series in formula (5), we get the following series:
ur(x,t) = B2 v, (0)X; (%), (21)
U (3, 8) = —V2 XL A v;(0X;(x), (22)

The series (5), (21), (22) we obtain the estimates:
) b b
lun (e, O < V2E21 (A4l + g oy (01 + 5 ks g

|fx— 1](k |

)

ligll
X exp{aziﬁ (1+

= Az)n + 1)t} (23)

e G, 1 £ VZE 7y (@2 + D)1y + (14 25 B Vo (e = DI+ (L4 ) fy ()

b 1 b
HA+ Epntnt e+ 5[+ Rl

|f k-~ 1](k DI

+ g g (1 + 5 B € Jexp{yzz (1 + zn + D}l (24)
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o b b
ltnax (6, O < V2 EJ0 (A + 2201 + g s W1+ 5 2k g

|- 11(k 1)|)

liqll b
X exp{aziﬁ (1 + Z@)n+ D}, (25)

Now we prove the lemma that will be used further.
Lemma 2. Let ¢(x) € C2(0,1), ¢3(x) € L,(0,1), ¢(0) =¢(1) =0, ¢"(0)=¢"(1) =0 and

f(x,t) € C(D), f(x,t) € L,(D), f(0,t) = f(1,t) = 0 be satisfied, then the following representations are
valid:

3 (p‘l”
go_] - A3f go( )COS(Anx)dx = — 21'3 :

]

ijlll

fi(t) = ‘%. fy Z f(x, )cos (Apx)dx =: -5 (26)

, fxn- are coefficients of the expansion of function ¢"’(x), % f(x,t) in series with

nr

where ¢,
respect to the function system {\/fcos(nnx)} such that
Zn 1 |(pnm|2 S ||§0’”||L2[01

ZTL 1 |fxn|2 —_ ||

27
L,[0,1]xC[0,T] 27)

Proof. We get formula (26), when applying integration by parts to the integrals (20). Estimates (27)
represent the Bessel inequalities with respect to the orthonormal system {\/icos(nnx)}n>l.

In view of lemmas 1 and 2 series (6), (23)-(25) with any (x,t) € D is majorized by the convergent
series

) |§0 III| |f |
21 Oflosl + 15O = e 22 5=+ e X7 55
Using Bessel’s inequahty, we get

=1 (AJZ|<Pj| + ”fj(t)”) < cllo” li,10.17 + 2l fell Ly [0,17xcr0,7-
Then series (5), (20), (24) converge absolutely and uniformly on D, i. e., function (5) satisfies
conditions (2)- (3).
For the initial boundary value problem the following theorem holds
Theorem 1. Let ¢(x) € C1[0,1], f(x [t]) € CY(D) and
2
+1

a2
2<bh< azﬂz(m) (28)
be satisfied, then there exists a unique solution of the integral equation (19) such that u(x,t) €
Cc>Y(D).
Proof From (15) it follows that assertion is true if |E;(1)| < 1. Solving the inequalities

—_a22? b _ 292
—1<e™ ™ -5 (1-eT M) <1
j

for b prove the proporsition. Furthermore, u(x, t) approaches zero with an exponential rate

u(x, O] < V2EFL; vy (O)sin(x)]| <

<V2ET [+ 3200 + G B (L+ ) (ficon (k= D
+a+l§(|fnj m)|(n + t))]exp{a%@ (Cro, (1+ %) +2) gt}

2SR e (1= e DB (e —m) - TR2 B4 (Dfi (sinCy)] +
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<\/_CZ]1/1+\/_CZ f’[T<\/‘czj°1(| I+ |f';[f]|),

In order for the function u(x t) to be a classmal solution of the problem under investigation, we
check the existence of derivatives of the function u(x, t)

lue(x, )| < W2 X%, IT'p;(0)sin(4x)] <
< V235, [E'j(t = n)E!(1)o;(0)

+a2;1?2 -1 E' (t—n)En k(l)f . [fre— 1](k— 1) + q(0)vy— 11(,[)] -a /1 k=D qr

L g () + @ vn(@]e™ B D
I ) + @)y (Dle D

+a2%]z,(fn,- (1) + q(D)vy; (D (n + D)

NZE2, e Ny mysin(4x)] < VZCy Il @l 01+ VZC2 Il f 01
[urx (%, )| < W2 X521 |vnj (DA sin(Ax)| <
<V2X%, Z|E;(t —n)E(1)v,;(0)

: - § —a?2%(k-
+a2—A%Z}i:1 Ei(t —EFM (D) [ [fie1,j(k = 1) + q(Dvpe_q,j(D]e ™ % Ddr

+ fon [fnj(n) + q(r)vnj(r)]e-azlf-(t—r)dr
- fot [fnj(n) + q(r)vnj(f)]e—azlf(t—r)dT

+a2%]z_(fn,-(n> + q(D)n; (D (n + D))
NVZEE, (1 - e ¥ E;(t — n) Xpzd P K () fiy (0)sin(;0)]

|\/§Z /12 —a2j(e- n))fnj(n)sm(/l x)| <\/_C1 %1 |(p1|+\/_(;2 |ﬂ| <

Aj
<V2C, 11 @ o1+ V285 Il f N0

Let us derive an estimate for the norm of the difference between the solution of the original integral
equation (10) and the solution of this equation with perturbed functions g, @,, and f,. Let ¥,;(t) be
solution of the integral equation (15) corresponding to the functions §, @,, f,; i.e.,

o) (6) = Byt = WE] (1D70/(0) + By (¢ =) en £ (D [, LG = D
+q(T)Tk—Lj(T)]e_az’ﬁ(k_ﬂdr - ﬁfo [fj () + q(f)gnj(r)]e—azzf-(t—r)dT
]

7 NN —a?22(t—
+a+lffot [fnj () + G(0) T (2)]e @ D, (29)
Composing the difference v,,;(t) — ¥,;(t) with the help of the equations (15), (29) and introducing
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the notations D,;(t) = v, (t) = U (t), § = q(t) = G(8), Pn(t) = Pn(t) = Pn(®), fu(t) = fu (&) = fu(®)
we obtain the integral equation

Onj(8) = Ej(t —m)Ef' (1)00;(0) + 57 2/12 Ej(t —n) Xioq EF (D) f:_l [fi-1,j(k = 1)

+4 (D) V1,1 (T) + G@) Py ()] A KDz

: 2 § NS —a?22(t-
_az_affon [foj () + 4@y (2) + G(0) P (D]e” T Ddr

+a2%;f(f [foj () + G000 (2) + G(0) Py (D]e ™4 HDar, (30)

from which, is derived the following linear integral inequality for Using the Lemma 2 from last
inequality, we arrive at the estimate:

~ b A b b fr-1,j(k=1)] 2 2
|17nj(t)|S(1+a2—,1?)|¢j|+a2—/1]z,(1+a2—l;)271}=1 az Tz il

A 1 b 2
131 (G (4 252) + i O ()

2 t A —a?2%(t-
+1g 1l ( mz 1+ ZAZ)Zk 1 azlz o) Jo |Pnjle™ it dg
Using the Gronoul mequallty, we arrive at the estlmate:
~ b A~ 1 b 2 A
190 (D1 < [+ 22101 + G L+ )t + st

~ 1 b .o, 6 2t b ‘ 1 ‘
H G (U Z 4 2+ Zloy )+ 7 oy ()

45 Ty (P e {";;"2((1+ e+ Dt)]

IIQII

2
Indeed, the expression (22) is stablllty estlmate for the solutlon to the problem (1)-(3). The uniqueness
of this solution follows from (22).
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THE CAUCHY PROBLEM FOR THE DIFFUSION-WAVE EQUATION WITH A TIME-
FRACTIONAL DERIVATIVE
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Abstract. In this paper, the Cauchy problem for a multidimensional diffusion-wave equation with a
time-fractional derivative is studied, and its fundamental solution is obtained. First, by using the method of
successive approximations, the existence and uniqueness of the solution to the direct problem are proved. It
is also shown that the solution of the corresponding integral equation represents the classical solution of the
problem.

Keywords: Gerasimov-Caputo fractional derivative, Fox H-function, Mittag-Leffler function, integral
equation, uniqueness.

VAQT KASR HOSILALI DIFFUZIYA-TO‘LQIN TENGLAMASI UCHUN KOSHI
MASALASI

Annotatsiya. Ushbu maqgolada vaqt kasr hosilasiga ega ko ‘p o ‘lchamli diffuziya-to lgin tenglamasi
uchun Koshi masalasi o ‘rganilgan va uning fundamental yechimi topilgan. Awvalo, ketma-ket
yaqinlashishlar usuli yordamida to‘g‘vi masalaning yechimi mavjudligi va yagonaligi isbotlangan.
Shuningdek, mos integral tenglama yechimi masalaning klassik ma 'nodagi yechimini ifodalashi ko ‘rsatilgan.

Kalit so‘zlar: Gerasimov-Caputo kasr hosilasi, Foksning H-funksiyasi, Mittag-Lefler funksiyasi,
integral tenglama, yagonalik.

3AJTAYA KOIIH JJISI JUP®Y3MOHHO-BOJIHOBOI'O YPABHEHUS C IPOBHON
MMPOU3BOJHOM 1O BPEMEHU

Annomayus. B oannoii pabome uccredyemcsa 3adaua Kowiu Ons MHO20MEPHO20 Ouphy3uoHHO-
B0IHOB020 YPABHEHU C OPOOHOU NPOU3BOOHOU NO BPEeMEHU, U NOJYUEHO €20 PYHOAMEHMANbHOE peuleHue.
CHayana memooom NOCIe008aMENbHbIX NPUOTUNCEHUN O0KA3AHbI CYUEeCMBO8AHUEe U eOUHCIMEEHHOCHD
peutenus npamotl 3adauu. Taxoce NOKA3AHO, YMO peuteHue COOMBemcmayrue20 URMeZpalbHO20 YPaeHeHUs
npedcmasisiem coOoU KIAccuyeckoe peulerue paccmampusaemon 3a0aqu.

Knroueevle cnosa: opoonas npoussoonas Iepacumosa-Kanymo, H-@yuxyus Doxca, ¢ynkyus
Mummaca-Jleghgpnepa, unmezpanvroe ypagueHue, eOUHCMBEHHOCHb.

Introduction. Today, fractional differential equations are of significant interest in both mathematics
itself and in its applications. These equations are used to model many physical and chemical processes, for
instance, the mass transfer processes in media with fractal properties (see, e.g., [1-4]).

In the domain Dy := {(x,t) € R" X (0,T]},n = 3, we consider a fractional-wave equation with a
convo- lution-type integral term

t
‘D u(x, t) — Au(x,t) = f k(x',tu(x,t —t)dt + f(x,t),(x,t) € Dy, (1D
0

with initial conditions

ult:O = ‘P(x)l utlt:O = ]I)(x)r X € Rn (2)
where f (x,t), @(x), and ¥P(x) are given sufficiently smooth functions, 1 < a@ < 2 and ¢D¥ is the
Caputo fractional derivative with respect to the time variable !
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Direct problem 1. The regular solution to the problem (1), (2) is understood as a function u(x,t) defined in a
closed domain Dt andsatisfying the conditions listed below:

1) u(x,t) is twice continuously differentiable with respect to x foreacht > 0.

2)For each x € R" the Caputo derivative “D¥ is continuous with respect tot > 0

3) u(x,t) satisfies (1), (2). !

Before we present the main material, we define the function classes and provide the known results that will
be ued further.

Preliminary information. Define the functional spaces for given and unknown functions.

Let C"™%(Dr) be a class of functions continuous in Dz , m times continuously differentiable with respect
to x , and bounded together with all their derivatives up to the order m inclusively in Dy for which there exists
a continuous derivative D, and suppose that C®(gn) = : C(gr) is a common space of continuous and bounded
functions. t

We also introduce the class H!(gn) of bounded and Holder continuous functions on R" with L € (0, 1).

The space H™*! (rn) (m is a nonnegative integer number) and the norms | - |,

| - I™*L in it are defined in ([7], pp. 16-27). By C™ ¢ [O,T],H’(]Rn))we denote the class of functions
with the values in H’(Rn) that are m times conftifuously differentiable with respect to t on the segment [0, T ].
For a fixed t the norm of the function f (x,t) in H’(Rn) is denoted by fl(t)_The norm of the function f(x,t)
in € ([0,T ], H'(Rn))

is defined as

IFH1 == max [If'(O]].

t€[0,T]
The Fox H (z) function, which is defined using a Mellin-Barnes type integral as follows [5]:

(a1,41)(ap,Ap)
(b1,B1),-(bq,Bq)

] == [, Hy"(s)z™5ds,

Hpq'(2) = Hyg'[2] 2
where
1‘[}’;1 T(bj+Bjs) [}, T(1-a;—A;s) 3)
H?=m+1l—‘(1—bj—BjS) H?=n+ll"(al+AlS)
here L is some contour separating the poles of two factors in the numerator, 0 < n < p,1 < m <
q,A;,Bj € R*:=(0,+),a;,b; € R(C),l =1,...,p,j =1,...,q,

Hpq () =

(= —<bj+v),j =12,...m;v=012,..

Bj
Ay(bj+Vv) #Bij(ap—k—1),j=12,... m;A=12,....m;;v,;k =123,.., (@)
u= Z;I=1 B] - Z;I=1 A]) (5)
a = Z;'l=1 Aj - Z?=n+1 Aj + 271:1 Bj - ?=m+1 BJ" (6)
_v4a D p—q

6= Xjc1 bj = Ljepsr 4+ (7)

Let u(x, t) be the solution to the equation
“Dfu(x,t) —Au=F(x,t), x€RY t>0, (8)

with the initial condition

ule—o = (), teleeo =(x), x R )

Pskhu [6] found a fundamental solution via the Wright functions for the operator ¢D¥ — A. In paper [5],
Kochubei investigated the Cauchy problem (5), (6) with a more general uniformly elliptic operator L instead of
A, where

n n
Li= ) ay(x) (@%)/ @xdx) + ) bx) (3)/(0%) +c(®)
ij=1 Lj=1

Itis clear that in the case a;; = §;j, 8;; is the Kronecker symbol, b; = ¢ =0,i,j =1, ..,n,L = A.For

this case it follows from [5] that the solution to Egs. (5), (6) can be represented as
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uG) = [ 2= £00©d + [ 200 £ 0w
R™ R™
+ [ [ Y(x — &t —DF(E,D)dédr, EER", >0, (10)
where the triple Z;(x,t), Z,(x, t), Y (x, t) is the fundamental solution of the n-dimensional fractional
diffusion equation with the Caputo derivative in term of the H-Fox function:

t/=t 2,0 [1x12 | G )
KA s prod =12,
e (m)z|x|™ L2 Jate | G,(11) J
1 _152.0 [[22 | (@) ]
Yot = ——t“H1p e | . 11
et (m)2|x|" L2 [4e | GO, (12)

In the study of the problem formulated in this paper, we need the estimates for the functions Z4(x, t),
Zy(x,t),and Y (x,t) and some their derivatives. They were obtained in the earlier mentioned paper [5].
Let us provide them for the case m > 3. Assume that m = (mq,..,m,) is a multiindex,
where
| | Iml=my+-+my)and
amly

axyox, 2 ... 9x,"
In what follows, the letters € and o denote different positive constants. For

n > 3 the required estimates have the form [5]

Dy = D%v = v.

DIz, (x — §,6)] < Ct~%|x — 172 Mp, (x,6,6), |m| < 3; (12)
IDYZy(x =&, 0] < CE™* b = £ 27 Mp, (,8,0), - Im| < 3; (13)
Y =& 01 < Ce772 (2l = EDpo(n 6,0, (14)
by = 6,6 < € x = 173, (.6, 1); (15)
IDPY (= €01 < Ce = £ Mo, (6,00, Il <3 (16)
|22, = &,6)| < €t x = 172y (x,€, 1); (17)
a — _
|22, = §,0)] < Ct7¢x — £ 2, (x, €, 1); (18)
a L L _a
LY (x =& 0] < CT2 P (2 lx — EDpg (. €, 1); (19)
IDE Zy(x — §,)] < CE724 x = £172 p,, (x,£,1), (20)
IDE Zy(x = §,0| < CE2 |y — €772 p, (16,0, (21)
DEY(x =& 0] < CtH x—E172 p, (0, £,8),  (22)
where
1, n=3;
U, (z2) =1 +llog z|, n=4; (23)
z n=5,
a 2
Py (x,§,t) = exp{—o(t 2|x — {|)z-a},0 > 0. (24)

We also note that it follows from the construction of the functions Z;(x,t),Z,(x,t),Y(x,t) the
following identities: [5]

Jan Z1(x, )dx =1, t€[0,T], (25)
Jgn Z2(x,)dx =t, t€0,T], (26)
Jan Y, )dx = Cot*™t,  t €[0,T]. (27)

Study of the direct problem
Lemma 1. Let k(x,t) € C(H(R"1),[0,T]), (x,t) € CH'(R™),[0,T]), fo(x) €
HY(R™),p(x) € H{(R™),l € (0,1). Then there exists a unique solution to the direct problem such that
u(x,t) € C2*(Dy).
By substituting the expression f(f k(t)u(x,t — t)dt + f(x,t) instead of F(x,t) into (10), we obtain
the integral equation
u(e,t) =ugle, ) = [J fa Y =&t =) f5 k(& Qu(é, v — {)dldédr,x' € R (28)

where
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Ug(x,8):= [ Z1(x = &)@ ()dE + [on Z2(x — & )P(§)dE
+Jy Jon Y(x = &t = Df (5, D)dédx. (29)
We show that the solution to the integral Eq. (28) satisfies the initial conditions (2). For this purpose, we
make a replacement x; — &; = t*\2y; in the fundamental solutions defined in (8):

(1)
= Zy1
(1)(11)] D,

Z,(t2y,)=t'"2 Z(y,1),
a -7 zo[lylz (L) ]
Y((t-1)2yt—1)) =02 H?0 2| @ .
<( T) Y T)> (m)Z|y|n 12] 4 (5;1),(1,1)

Consider the limit values of these expressions ast—0:
—an an

an
e t™2 20 ][ly?
Zy(tzy,t) = —s—Hj, [ 2
(mz[y"

lim | t2t2Z;(y,Dp(x — tZ)dy P (x),
t=>0 Jpn

li -7 7. (v 1 7 d
lim - t 2tz Z;(y, DYy, (x — t2)dy =

lim, o ¥((t - D2y, t —7)

t— a-1- 2
= lim f dr f ( T) (t—‘t)%)Hig [ﬁ
RrRn

t—>0

(o) o
®1),a1) 1fx—(t-1)2,1)dy

- nm . w1 - 6)e 1da fan lnﬂi‘z’ ['y' | E;‘f)) ap | fx— 2 (1-6)2,60) dy=0,

and, in the same way, we can show that
. t !
lim fodr [, Y(x—§t—1) [k@E, Ov(E T () did§ = 0.
By differentiating Eq. (28) once with respect to and putting we can similary show that the second

condition (2) also takes place.
Proof of Lemma. We use the method of successive approximations and consider a sequence of

functions

t T
Un(x,) = — fo dz fw Y —§t-1) fo K&, Dty (57— ) didE n=1,2,..., (30)

where is determined by equality (29). We introduce the following denotations: ¢@g: = ||(p||l, Yo:=
||1,b||l, fo:=lIfIIY), ko: = ||k||l. and Using (30) and (25)—(27), we estimate the absolute value of in the

domain . Then we obtain

' -1 0 for(@T1” 0
lug(x, )| < @o + thg + Co_f(t—‘f)“ fodt S(Po+¢T+m=:C,
0

S kol @
lus (x, t)| < Coko (t —7)% dt =Cy M@+ 1) T,
kol'(a) a-lpaqgr — (2 kg2 (a)
|u2 (x' t)l <C F(a+1) f (t ) Tdt = 0 r(1+2a) T2

For arbitrary j = 1,2,...,, we have .
(COkOF(a))} ja
(60 < GG
The above given estimates imply that the series u(x, t) = X%, w;(x,t)
converges uniformly in Dy, because it can majorized in by a convergent number series

o (Cokol(a)T%)
(e, O < o ey = Ea(Cokol (@7,

where E, (+) is the one parameter Mittag-Leffler function of a nonnegative real argument.
Under the conditions of the lemma and on the basis of estimates (9)-(21) u;(x,t) €

C>*(Dr)According to the general theory of integral equations, this means that this property also holds for
the function u(x, t) in D1, which is a solution to the integral Eq. (28).
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OCECUMMETPUYHBIE BOJIHBI B BA3KOYIIPYTUX ABYXCJOMHBIX
OUJINHAPUYECKHUX OBOJIOYKAX C 3AIIOJTHUTEJEM
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T'agpghapoea Paiixon Hopoxumoena,

1-u UJ[VM, Byxapckas obracme, Byxapckuil pation, Y36exucman
gafforovarayxonl@gmail.com.

Annomayua.  Koncmpykyuu — u3 — MHO2OCNIOUHBIX — 6A3KOYNpYeux — niacmuk U 000JOUEK,
83aUMOOEUCMBYIOWUX C 0ehopMUPYeMOtl CPedoll, WUPOKO NPUMEHAIOMCS 8 MeXHUKe U cmpoumenbcmee. B
pabome paccmampugaemcs pacnpocmpaHerue OCeCUMMEMPUUHLIX BOIH 6 6A3KOYNPY2ol OecKOHeUHO
ONIUHHOU OBYXCAOUHOU YUTUHOPUUECKOU 00010UKe, MeHCOY CA0AMU 0DO0AOUKA 3ANOJHEHA GA3KOYNPY2UM
mamepuanom. Llenvio pabomvl a6naemcs uccie0o8anue 3a8UCUMOCU KOMIIEKCHOU (ha30601l cKOpocmu om
B0JIHOB020 YUCA, A MAKIHCE NOCMPOEHUe COOMBEMCMBYIOWUX POPM KONOAHUT 08YXCILOUHBIX BA3KOYNPYUX
YUTUHOPUYECKUX 0DOJIOUEK.

Kniouesvie cnosa: c60600Has 601Ha, 6AKOYNPYeds YUTUHOPUYECKAs O00ONI0YKA, 3aNOJHUMEND,
NPOOOJIbHO-NONEPEYHAs BOIHA, BOIHA KPYYEHUSL.

TOLDIRGICHLI QOVUSHOQELASTIK IKKI QATLAMLI SILINDRIK QOBIQLARDAGI
O‘QGA SIMMETRIK TO‘LQINLAR

Annotatsiya. Deformatsiyalanuvchi muhit bilan ozaro ta’sirdagi ko‘p gatlamli govushoq elastik
plastina va gobiglardan yasalgan konstruksiyalar texnika va qurilishda keng go ‘llaniladi. Mazkur ishda
gatlamlari orasiga govushoq elastik material to ‘Idirilgan cheksiz uzun ikki gatlamli silindrik qobigda o ‘qga
simmetrik to ‘lginlarning tarqgalishi ko ‘rib chigilgan. Tadgiqotning magsadi kompleks faza tezligining to ‘Igin
soniga bog ‘ligligini o ‘rganish hamda ikki gatlamli gqovushoq elastik silindrik gobiglarning mos tebranish
shakllarini qurishdan iborat.

Kalit so‘zlar: erkin to ‘lgin, govushoq elastik silindrik qobigq, to ‘ldirgich, bo ‘ylama-ko ‘ndalang to ‘lqin,
buralma to ‘lgin.

AXISYMMETRIC WAVES IN VISCOELASTIC TWO-LAYER CYLINDRICAL SHELLS
WITH A FILLER

Abstract. Structures made of multilayered viscoelastic plates and shells interacting with a deformable
medium are widely used in engineering and construction. This paper examines the propagation of
axisymmetric waves in an infinitely long, two-layer viscoelastic cylindrical shell, with the space between the
layers filled with a viscoelastic material. The aim of this work is to investigate the dependence of the complex
phase velocity on the wave number, as well as to construct the corresponding oscillation modes of two-layer
viscoelastic cylindrical shells.
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BBenenne. KoHCTpyKIMK B BUi€ MHOTOCIOMHBIX BSI3KOYNPYTHX (MOJIMMEPHBIX) TUIACTHH M 000JI0YEK,
B3aMMOJCHUCTBYIOIINX C AedopMupyeMoil cpemoid, HAIUIM IIHPOKOE TMPHMEHEHHE B TEXHUKE H
CTpOMTENbCTBE. B 4YacTHOCTHM, K TakoW pacuéTHOW cXeMe IPHUBOAATCS 3aJaud, BO3HHUKAIOIIUE IPH
MPOEKTHPOBAHHUH TOJ3EMHBIX U MOJBOJHBIX EMKOCTEH 1 TpyOOonpoBoioB [1-4]. [Ipu nonyueHnn ypaBHEHUH
IBIDKEHHS TPEXCIOMHBIX TeN HCIOJIb30BaHbl TPEXMEPHbIC YPaBHEHHS TEOPHUM YIPYTOCTH U TEOPHUH
000J104€K, OCHOBaHHBIC Ha runore3ax Kupxroda-Jlsea, a takxke Tumorienko [5,6]. OxHako, 10 CUX HOp HE
ObUTH pa3paboTaHbl 00IIKE METOJUKH U AITOPUTMBI TSI pacy€Ta ABYXCIOMHBIX BI3KOYNPYTUX KOHCTPYKLMH
TIPH BO3JICHCTBUM IMHAMUYECKHUX HArpy30K.

[Ipu paccMOTpeHNMH HOPMAJIBHBIX BOJIH Ha TPAHUIC KOHTAKTA «YHPYrO€ TENO - >KUAKOCTH» OOBIYHO
pa3nuyaroT Ba Tuna nap marepuaios [7,8]. Ilapa «okécTkoe ynpyroe Teno - KUAKOCTb» XapaKTepU3yeTCs
TE€M, YTO CKOPOCTb BOJIHBI CIIBUTa MaTepHaja YIPyroro Tejia MPEBbIMAeT CKOPOCTh 3BYKa B XKUAKOCTH. s
Mapbl «MSTKOE YIPYroe Telo — KUAKOCTH» Ha00OPOT, CKOPOCTh BOJHBI CABHIa MEHBILE CKOPOCTH 3BYKa B
KHUIKOCTH.

3agaun 0 pacmpoCTpaHEHWH CBOOOJHBIX BOJH B JJIEMEHTaX KOHCTPYKIUH TPEXCIONHBIX MIaCTHH
paccMoTpeHsl B pabortax [9,10] ¢ yu€TroMm BSA3KOYIPYTHX CBOWCTB MaTepuaia TUIACTUHBI W 3aIlOJTHUTEIIS.
VYpaBHEHUS ABMKEHUS 3aIOJHUTENS ONUCBHIBAIOTCA YpaBHEHUSAMH Jlame ¢ HeNpephIBHBIMU YJI€HaMH, a It
0o0mmMBOK wucnosib3yerca runore3a Kupxroda. IlomydeHsl AucnepcHOHHbIE ypaBHEHHUS, M OINpPEETICHbI
(ha3oBbIe CKOPOCTH Il CHMMETPHUYHBIX U aHTUCUMMETPHUYHBIX BOJIH.

OcecumMMeTpUYHBIE CBOOOJHBIE BOJIHEI B OCECKOHEYHO [IMHHOW IHUIMHAPUIECKON O000J0UKE C
YOPYTHM 3allOJHUTENIEM HccienoBaHbl B padotax [11,12]. 3agaua o pacnpocTpaHeHHH CBOOOJHBIX BOJH B
CHCTEME «IUIACTHHA — YIPYroe OCHOBAHHE» MU «000J0YKa — 3aMOJHUTENb», B YIPOIIEHHONW MMOCTaHOBKE
pemena B pabotax [13,14]. [ns mocTpoeHus] AMCHEPCHOHHBIX KPUBBIX CBOOOIHBIX BOJIH HCIOJIB30BAHO
ypaBHEHUE IJIaCTUH THMA THUMOIIEHKO.

[Ipobnembl B3aMMOIEHCTBUS CIOMCTHIX BSI3KOYNPYTMX KOHCTPYKIMH CO CIUIOIIHBIMH CpelaMH
TpeOyeT JanbHeWuX uccienoBanui [15,16].

Hacrosimast paboTta mMocBfIIeHa HCCIIENOBAHUIO PACIPOCTPAHEHUS! OCECUMMETPHUYHBIE BOJIHBI B
BSI3KOYNPYTHX JBYXCIOWHBIX IMIMHAPUYECKUX O000JOYKaxX C 3alojHUTeNeM. Bs3koymnpyrue cBOWCTBa
MaTepHaloB YUUTHIBAIOTCS IPUMEHEHNEM HaCJIeICTBEHHOr0 HHTerpaia bonsumana-Bonberepa.

Metoabl.

Ilocmanoexka 3a0auu u memoovl peutenus

[lycte nana OeckOHEYHO JUIMHHAs — JBYXCIOWHAS LWIMHAPUYECKash O0OO0JOYKA, MEXKIY CIOSMH
oboiouka 3amoyiHEeHa BA3KOYIPYTHM MarepuajoM. Mcciemyercs pacrnpocTpaHeHHe COOCTBEHHBIX BOJH B
JTAHHO# KOHCTPYKIUH (PUCYHOK 1).

OcecuMMeTpUYHOE [BIKEHHE OOOJIOUKHM ONKCHIBACTCA YPAaBHEHMSMH, IOJIYYEHHBIMH Ha OCHOBE
rurnore3 Kupxroda-Jlsasa

— —
||| Ur=Pr(x=1,2) 1)
3/1ech MHIEKC k=1 OTHOCHTCS K BHYTPEHHEH IIITHHAPHUIECKOi 0000UKe, a k=2 - BHENTHeH 000I04Ke;
=
Uoi (U, Vi, W}.)- BEKTOp HepeMENIEHHI TOUEK CPEUMHHOM MOBEPXHOCTH HECYIIETO CIIOS,

8_2+1 v 0 1+voe & vok O \
82 2Rk 882 2Rk 0z06 Ry 0z
I | 14y, & 1+ % (1440 )62 (1r )62 1o w22 & @ i
IE3l= | 2R, 0200 i W Rog 5200 R o0 |
\ Voi 0 10 2oy O & 48 L <az+1 az> /
— C o (L
Ry oz Rog BTWE200" R 06 R\ R o

2 2\ 277
P _(1'”(>k)15m+(1'”019a Uok
kK~ k 2
Goxhoy Gogho  Of
vok-Kooduument Ilyaccona 00010YKH; Ri-pajguyc CpPEIMHHON MOBEPXHOCTH  OOOJNOYKH; P -
IUIOTHOCTh Marepuana 000ouku; hyy - Tommmua 0601049k, Gor-MOIYIh MTHOBEHHOTO CIBHTa 0OOJIOYKH;
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)5

—m — .
P, - BHemHss Harpy3ka, KOTopas BO3ICHWCTBYEeT Ha OOOJIOYKY; FGk=1—FCGk(wR)—iF§;k(wR);aK2 - W’

T'Gi(wg),Li(wg)- COOTBETCTBEHHO, KOCHHYC M CHHYC 00pa3za Dyphe spa peakcaliu MaTepHraa.

Wi\

b a i T

,,-——__/_‘\_..—-—--.
8
|
\'\-_--"--.._‘___./'--...J

h,

Pucynok 1. PacuéTnas cxema IBYXcJI0iiHOI 000JI0YKH € 3aN0JHUTETEM
JluneiHOE ypaBHEHHE ABWKECHUS 3aII0IHUTENS, B BEKTOPHOW (popMe, IPU OTCYTCTBUM 00BEMHBIX CHIL,

npuHuMaeT Bun [17]:
2_)

(e 201 )graddzvuc—,u rotrofii, =p, 82 , 2

rae Ry (t-1),Ry(t-1)— simpa  penakcamum; At ,~ MIHOBEHHBIE MOJYJIM YNPYrOCTH; U—BEKTOD
NIEPEMEIECHHH; p, -INIOTHOCTD CPEIbL; ﬁi(”xiauﬁj’”ri)' BEKTOP MEPEMEICHUIT TOUCK | -TO  CJIOS 3aIlOJIHUTEIIS,
V- kKoappunuent [lyaccona, KOTOpBI cYMTaeM He pelakCHpYyIolleld BeTuuanHoH [18].

Mexay closMH CTaBsTCS YCIOBHUS XKECTKOTO WM CKOJB3SILEro KOHTakTa. B ciydae sxécTtkoro
KOHTaKTa Ha TpaHHULE pa3lesia CTABUTCS YCIOBHE HENPEPHIBHOCTH COOTBETCTBYIOIIMX COCTaBIISIOLINX
BEKTOpA MEPEMEIICHHS U Ha TIOBEPXHOCTH 3aMOJHUATENS IpUHUMaeM B hopme (ipu r=a,b):

”rr:iqu;”r'ﬁ:iqwf;”rx:iqu;
u, =W uy=V,;u=U. (3)

Ecnu Ha rpanune paszgena oTCyTCTBYET TPEHHUE, TO

0,=+q, (r=a):0,,=+q (r=b);
00,0, 4)
371ech NPUHATO, YTO KOHTAKT 000JIOUEK C 3alOJHUTEIEM MPOUCXOIUT N0 CPEAMHHBIM MOBEPXHOCTIM
HECYIUX COEB; au b - BHYTPEHHHMH M HapyXKHbIA PajuyChl 3alONHUTENS;q, , ~-HOPMAIbHAs PEAKUMA CO
CTOPOHBI 3aTIOJTHUTEINA Ha KoJIeOaHus 000JIOUKH.

PaccmatpuBaercss pacrpocTpaHeHHE OCECHMMETPHUYHBIX CBOOOIHBIX BOJIH C yYETOM BS3KOYNPYTHX
CBOWCTB Marepuaia. s ocecCHMMETpHYHOTO ciydasi TUCIIEPCHOHHBIC YPaBHEHHs Ppa3JeisIFOTCsS Ha JiBa
HE3aBUCHUMBIX YPaBHEHHS M MOXKHO OTAEIBHO H3y4yaTb paclpOCTPaHEHHE NPOAOJIbHO-TIONEPEYHbIX BOJH, a
TaKe BOJIH KpyUYCHHSI.

Uk Uk,n
W, .
Wl _) " cos (n0)e'x-en (5)
Uy Ux,n
w) \w,,)
Vi _ Vi i(yx- wt)
{ue}—{Vgn}sm(nH)e (6)

sneck  UpwsWinsUnsWrnsVinsVyen - aMIUIIMTYIBI  TEpEMENIEHMH  OOOJOYKM M 3aIlOJIHMTENS;

2Go,(1-v) ]2
o= [p(()Sl—Zv;] Y=27/2 1)} 0p»C¢» -~ BOTHOBOE UHCIIO, JTHHA BOJIH, (ha30Bas CKOPOCTb.
s s

[oxcrasmsis (5) u (6) B (1), MOTYyIUM CIERYIOIYIO CUCTEMY anre6panqecr<nx ypaBHeHHﬁ:

L-vp, lv ( )
1-
Ma) V0k+ Fk an+ ( ) rkUk"+ Fkan 0;
Gy 2 LT
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12

rue Fk=[1—iF‘g(a}R)]
BuemnHsg Harpy3ka uMeeT CIeayromui BU!

2G0k;(2

h2 2 2 (1-vo) Ok) 5 Vo Lo (1-vox)
<— [y a%] Fk pOk G & +rk 2 Wkn_Hyrk Ukn ”k Vk,n_' 2Gihy qu,n (7)

rkn [1
Sl )=e3-vo x* —+”
k Ek€4 )
1 V0.1 1- Vo1 1
=|1- 2] 2 .
“ [ 3 YTTTETE
l-vo . 2 n’
= —1-— 2] 2+—;
27 [ 30]TT e
2 2
X n 1 1-V0,1 2 5
= — —_ |t —-
e :(1+v0,1) 2ﬁ-€ .
4 461 n Ei 25
_ _V01(1+V01) 5
261 ’

3necn
b b o 308k
PR™ ™0 2810 Gy’
hy=hy=h,G¢1=G2,=Go.p,=p,=p-
VYpaBHeHue (2) pemaeTcsi ¢ IOMOIIb0 peoOpazoBanust [ 'pun-Jlemba. Torna nepemereHus TOUEK
OTIPENIENSAIOTCS CICAYIOMUME HOpMYTaMu:

2 2

d y, 1 n
Uen =iy, 234 2 2
n n d){
Von L V/n d
r n (I‘)— ;Xn (8)
[ToTeHmanb nepeMenieHuid, BXOISIINE B ypaBHeHI/ISI (8), yIOBIETBOPSIOT CIAEAYIOIIMM YPABHEHUSIM:
dp, Lo, o,
1-M2)n2p =0
%rz r di’ [ P]’? q)n ’
dy, 1dy, A
Yoyl 1-M? =0,
dr2 rodr [ ]’7 Va
& X, 1 d){ )(
1-M2 |y =0,
dr2 r dr [ ]’7 Ln
: cop[l-iF‘gp(a)R)] ’
M
N Coc[l-irgc(a)R)] ’
12 12
2G, c(]' c) G c
Cop™ [pc(él-Zv‘;) 5Cos™ [ﬁ] . (9)

OO6mme penienne ypaBHeHue (9) UMEIOT BUI:
IIPH C/<Cy<Cqp,
9, (r7)=A, (K, (mnr)+B, ()1, (mnr);
w, (r0)=C, (DK, (mgnr)+D, ()1, (menr);
2, )=E, (DK, (mar)+L, ()1, (menr); (10)
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eciu cf>cop
9, (r)=4, (K, (mnr)+B, ()1, (mnr),
yw,(r0)=C, () Y, (mgnr)+D, ()1, (mgnr),
1, )=E, ()Y, (ngnr)+L, ()1, (mgnr). (11)
Ecin mn3BecTHEI IIOTCHIINAJIbI nepeMemeHI/Iﬁ, TOTrJa MOXKHO 6y,I[GT OIIpEACINTDb ,I[e(l)OpMaI_[I/II/I nu

HaIps>KCHUA:

dz(p ldp n?
Urr,n:lOc[l'iFé(wR)] 'V2(0n+ dr2n+; drn_r_Zq)n

!dz(on ; dzwn ndl//n n’

] +2ﬂ0C[1 -l (wp)]

—n,_ —
a2 Var v dr 2%

b

[
|
O-rH,n:;uoc [1 'ch (CUR)] ' i

O =t [ 1-1T%(p)] drdri o od : (12)

d
— Lty L=
2 dr 3 W”l 7 dr rX"
ITpou3BoHEIE TOCTOSHHEIE Ah,Bn,Cn,D,,,En,LHOHpeI[eJ'IHIOTCH U3 TpaHMYHBIX ycnoBui. Torma

MoJly4yaeM CHCTEMY OJIHOPOJIHBIX anredpanuecKkux ypaBHeHMHA. Jlig Toro dYToOBl cHUCTeMa HMena
HCTPHUBHUAJIILHOC PCIICHUC, HCO6XO,Z[I/IMO " AO0CTATOYHO PAaBCHCTBO HYJIFO OCHOBHOI'O OIIPCACIUTCIIA CUCTCMBbI:
det||ay|| =0(1=1.....6) (13)
DIIEMEHTHI ONIpEACIUTEN UMEIOT cne):[y}onmﬁ BUI:
(Cf<cs)

n n
ay=mnsy 'E_SZ=a12:'m’7S4' E—SS,
1 1

n
ap= msﬂsre—ss] 11,a14=a13=
1

n
:[ms’7510+—511]t1,
S
n n
aAjs——8S.A16——=—3S ad»r»1—mn-ns
15 2€, 8416 2€, 11,421=mn-nss,
azzz-m’?'"%azf[msﬂ'”S9]fl;l

n
arg=[mgntnsyr )t 255 59,026~ 5 512

azi=n[mgn€ s1-(n-1)s],

ayy=-n[mn€;s4+(n-1)ss],
ayz=n[mgn€ s7+(n-1)sg],
azg=n[mgn€;s19+(n-1)s],

2.2-~2
m (S
st 1+(n-1)n] S5,

a3s_ms71€157+[

2.2-~2
msyel

+(n—1)n] S11

agy=n[mn-(n-1)ss],
agy=-n[mn-(n-1)sq],
agy=n[mgn-(n-1)s9],
agg=n[mgn+(n-1)s1,],

m2r?
ST +(n—1)n] S9,

a36=msN€S19- [

ags=mgi+

N L
A46=M1]- T*(”-l)n 512,
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a51:m77f531+[11772+t6]sz>

_ 2
asz—mﬂf554+[f1’7 +f6]S5,

_ 2.2
053—ms'7f557+[ms’1 +l‘6]Sg,

_ 2,2
a54—ms’1f5310'[ms’7 +f6]S11,

1 [ n-1 , ] ]
=— 7s7-|—-tot
ass Eln mgnsy = 2031581 >
7hy hy
= ke
kz a21 |
Cls«sze—lﬂ[ms’?SloJr [ne—l 't2f3]S11] (14)
t= Lms ty= K t3=(1),,=(2)
1 P 5t2 1-V’ 3 st4 )
t=1-tyty,ts= ! +irt t_n(n-l) " IHt
7 28455 E] 28356 E% 6123,
tgzn(n-1)+nt214,
s :Kn+1 (m}’]EI)
: Kn+l(m77) ’
s _Kn(mnel) _ Kn(mn)
=

Kyt (mn) ™ Koy  Gm)”

B oroit pabore orpaHWIMBaEeMCsS pPacCMOTPEHHEM pacupocTpaHeHus KPYTHIBHBIX BOJIH B
Bﬂ3K0pryFI/IX Z[ByXCJlOP'IHLIX KOHCprKL[I/ISIX. CpC,Z[I/I KOMIIOHCHTOB Hany30K Ha O60J'IO‘IKy OTCYTCTBYIOT
MPOEKINU 33JJAHHON Harpy3KH, a TAKXKe 0CeBasi 1 HOpMaJIbHas PEaKIIMK 3aII0JTHUTEIS.

ﬂBH)KeHI/IC 3aI10JIHUTCIIA, B KOTOpOM BO36y>KIlaIOTC$I TOJBKO BOJIHBI pr‘leHI/Iﬂ, OIIUCBHIBACTCA OOJHUM
YpaBHEHHUEM.

52149 10ug uy azug P 52ug
> T2 2 : : (15)

ar ror 2 o2 Gol-iT§(wR)] o

OTIINYHEBIE OT HYJIs1 KOMIIOHEHTBI HAIIPSYKCHUA BIPAXKAIOTCS Y€PE3 TaHI' €CHIHUAJIbHBIC CMECIICHU A

aug Up

0,6=Goc[1-I¢ (wp)] [E_ —|

. ou
0=Goc[1-TE ()] 2. (16)
FpaHI/ItIHLIe yCJI0BUA 3alliIIEM B BHUJIC:

h
Ug= Vl + ? l//yl 70-1’0:-QQ1 [r:al]a
h
ug=Vrt 72 V,0:0r0=q gy lr=as]. 17)

B 3aBucumocTyn ot BenmuuHbl (HhazoBOi CKOPOCTH ¢y penenue ypasuenus (17) npuanmaet Bun:
ug =A(V)K1 1(mgnr yFBOL (mgnr ) (M<1),
ug =A(y) —=+B()r (M=1),

ug =AY (mgnr )+B()(mgr ) (M>1).

Omnpenensis ¢ TOMOIIBIO GopMyd (6) aMIUTUTYABI HANPSHKCHUIA B 3aII0JTHUTENE W YIOBJICTBOPSS 3aTeM
yeinoBusiM (7), TIOTy9aeM TUCIIEPCUOHHOE YpaBHEHHUE B BHUJC:

det||a;|| =0G,j=1,2)

a1 =-mgns4-ndySe,a12=mgns-ndy,

ay1=-mgnss+nyby,apn=mgnsytnybyss,

_hL(mgm)  L(mgey)  Li(mgneE)
§1= 2= 3= D
Il (msr/) 11 (msn) ]l (msi/l)
— Ky (mgi) :KZ(msrlel) — Ky (mgin) (18)
Y Kimae) ™ Kimgne) 0 Ki(mnen)”

3necs
n1=k1y1,n2=k2y2,
_Go[1-TG,] G141
M G [1-TE] 72 G [1-TE]
[Ipu M>1 s1eMeHTHI OTIpeeuTeNs] BRIYUCISIOTCS 0 (opMyJiam:
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ay=mgnY(msn)-nydsY,(mgn),
ayp=-mgnh(msn)-nydaly(mgn),
ay1=-mgnY(mgn€,)tnaby Y (mgn€),
an=-msnl(mn€ ) tnybyY(mn€y). (19)

Ecmu onnn m3 Hecynmx cno€s (0607104Km) OTCYTCTBYET, Torna B dopmyne (18) u (11) n,=0. s
City4dast abCOFOTHO KECTKOTO HECYIIETO CIIOS 1;=0.

PesyabTathl U anaau3. CoctaBieHa mporpamma Ha s3eike C**, Ha ocHOBe Meroga Miojuiepa
(unclieHHOE pelIeHHWEe TPAaHCICHJEHTHOTO ypaBHeHus), ['aycca, Jlatutaca juis  YHCICHHOTO —PELICHUS
nucniepcroHHoro ypaBHeHus (13). s BBMHCICHHUS CHEIMHAIBHBIX (PYHKIMH KOMIUIEKCHOTO apryMeHTa
Beccens u Xankens pa3paboTaH ajaropuT™, W COCTaBIeHa mporpamMma. B pacuérax HCIIOIB30BaIOCH
TpéxmapamerpHoe sapo penaxcamun KonrynoBa-Pxanumuna Ry (1)=A4,e”x/t'"%  npu cnexyromux 3HaueHmsIx
0e3pa3MepHBIX IMapaMerpax:

A4=0,048;  p=0,05; a=0,1;k1=k;=0.005;y,=y,=120.0;
p, =p, =12.0:k=50:k5=2/3;v,=v,=v,=0.3.
YucneHHble pesyJILTaTALI MIpUBEACHBI HA pUCYHKaX 2-4.

10 20 30 40 7]
Pucynok 2. U3menenue peajibHOii 1 MHUMOH YacT (a30BoOii CKOPOCTH OT BOJIHOBOTO YHCJIA

Ha pucynke 2 mokazaHbl KOMIUIEKCHBIC TUCICPCUOHHBIC KPHUBBIE BOJIH KPYYCHHUS B TPEXCIOWHOM
HWIMHAPUYECKOW 000JI0UKe JUIsi TMEPBBIX IISCTH KOMIUIEKCHBIX (pealbHble M MHHMBIC YacTH) MOJ
nBxkeHns. Kak BUIHO W3 PUCYHKA, C POCTOM MOPSAKA MOJIBI TYCTOTa PACIIONIOKEHHUS KPUBBIX Ha TIOCKOCTH
Cgr,-Cr,n yBETUUHUBACTCA.

ra 1.0 \ L=

0.75

Pk
\
[\
\

0.25

\> 11 =
%,
i P

0.2 (.4 -0.3 -0.1 0.1 0.3 -0.3 -(1.1 0.1
”n

\

PI/IcyHOK 3. TaHl"eHIIHaJ'leBIe CMCEHICHUSA TOYECK 3AIMOJHUTEIA MO TOJIIHHE TJIH TpéX MOJ

B ciyuae 5—0co mpeieNbHBIM TIEpEXoIoM U3 ypaBHeHHUs (9) moiydaeTrcs acHMITOTHUYECKas (hopmyria
IUIS OTIpENeIICHUs] PeaJIbHOH 1 MHUMOM 9acTH (a30BOi CKOPOCTH
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n2k2€1

I —,
4[1-€3]n?

Con:[l -zl“g]
Co— —Cf
cos[ 1-1T9)]

T7e n- HOMep MOJIBI KOJICOaHHHA.
Ha pucynke 3 wumoctpupyercs pacupeeieHie TaHTeHIIMAIBHBIX CMEIICHUN TOYEK 3arOJHUTEINS 110
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PucyHnok 4. U3MeHeHMe peajibHOW U MHUMOM YacTeid BOJTHOBOIO YNCJIa OT apaMeTpPoOB
3a0JTHUTEJIA

Ha PUCYHKE 4 I/1306pa)KCHO pacnpeacicHue TaHTCHIHUAJIbHBIX CMGH_IGHI/Iﬁ TOYCK 3allOJIHUTCIIA II0

TOJIIMHE JUIA MEPBBIX TPEX MOAax MABWKEHMs NpH (urcupoBaHHOW (a3oBoil ckopoctu ¢, =1.4201.
VY CTaHOBIEHO, YTO C YBEIMYEHHEM TOJIIMHBI 3alOJHUTENS pEajbHbIE M MHUMBIE YacTH IEPBOM MOJBI
CTPEMSTCS K HYJIO.

3akio4eHus.

1. Pa3paborana maremarndeckas TOCTAHOBKA, METOJUKA PEUICHUS W aNTOPUTM ISl MCCIENOBAHUS
3a7a4y paclupoCTPaHEHHs KPYTHIBHBIX BOJH B ABYXCJIOHHBIX LWJIMHAPHYECKHX KOHCTPYKLIHUAX C yYETOM
BSI3KOYIIPYTHX CBOWCTB MaTe€pHajOB.

2. YCTaHOBJICHO, YTO NPH YBEJIUYEHHH TOJIIMHBI OOOJIOUKH YaCTOTHI KOJIECOAHMH YBEINYMBAIOTCS
HE3HAYHUTENbHO. DTO MOKHO OOBSCHHTH TE€M, YTO NPH YBEIMYEHHH TOIIUHBI OOOJOYKH IEpeMEelIeHHs
BHYTPEHHHX CJOEB LWIMHIPA [0 CPABHEHHIO C MEPEMELICHHEM BHEIIHEIO CJIOSA, CKPEIUIEHHOTO C
obonoukoii, Bo3zpactatoT. CrenoBaTebHO, BO3PACTAIOT WHEPILMOHHBIC CHJIBI HWIMHAPA, NPESTCTBYIONIHE
YBEJTUYEHHIO YaCTOTHI.
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VJIK 517.984

IOPOTI'OBBIE PE3OHAHCHI U ACUMIITOTUKA COBCTBEHHBIX 3HAUEHUI
JIMCKPETHOTI'O BUJIAIIJIACUAHA HA TPEXMEPHOM PEIIETKE

Ilapoabaee Mapoon
Camapranockuil 20cyoapcmeenHblll
neoazocuyecKull UHCIMumym
p_mardon75@mail.ru
Myxammaouesa Maghmyna
Camapranockuil 20CyoapCcmeeHHbl
neoazo2uyecKull UHCIMumym
maftunachik0996@gmail.com

Annomayus. B smoii cmambe HOKA3aHO, YMO 0151 OUCKPEMHO20 OUSAPMOHUYECKO20 ONepamopa ¢
KOMHAKMHbIM  8O3MYUleHUEeM HA MPEXMEPHOU peuémKe CyWecmeyiom HUNCHUE U 6epXHUEe HOpOo20sble
xoncmanmel. Kpome moeo, noayuemvl cxooswuecs acumMnmomudeckue pasiodceHus CcoOCMEEeHHO20
SHAYeHUs IM020

A,=33-u7,  peR

onepamopa 6 OKPeCMHOCMAX J1e8020 U Npasoeo Kpaée CyWecmeeHHo20 CNeKmpd, a makxdice
UCCned08anvl NOPO206ble PE3OHAHCHL U NOPO208ble COOCMBEHHbIE 3HAYEHUS 0TI MPEXMEPHOU PeulémKiL.

Kniouesvie cnosa: ouckpemmuvlii bucapmonuyeckuti onepamop, ouckpemuwiii onepamop Lllpéouneepa,
CywecmeenHulll cnekmp, coOCmeeHHoe 3HaueHue, paziodicenue, ACUMIMoOmuKd.

UCH O‘LCHAMLI PANJARADA DISKRET BILAPLASIANNING BO‘SAG‘A
REZONANSLARI VA XOS QIYMATLARI ASIMPTOTIKASI

Annotatsiya. Ushbu maqolada uch o ‘lchamli panjarada kompakt qo ‘zg ‘alishli diskret bigarmonik
operator uchun quyi va yuqori bo‘sag‘a konstantalari hamda muhim spektrdan tashqarida xos qiymati
mavjudligi ko ‘rsatilgan. Bundan tashqari uch o ‘Ichamli panjarada ushbu

A,=24-u7,  peR

operator xos qiymati uchun muhim spektrning o‘ng va chap chekkasi atrofida yaginlashuvchi
asimptotik yoyilmalar olingan hamda uch o‘lchamli panjarada bo‘sag‘a rezonanslar va bo ‘sag‘a xos
giymatlar tadgiq gilingan.

Kalit so*“zlar: diskret bigarmonik operator, diskret Shredinger operatori, muhim spektr, xos giymat,
yoyilma, asimptotika.

THRESHOLD RESONANCES AND EIGENVALUE ASYMPTOTICS OF THE DISCRETE
BILAPLACIAN ON THE THREE-DIMENSIONAL LATTICE

Abstract. This article considers that for a discrete biharmonic operator with a compact perturbation
on a three-dimensional lattice, there are lower and upper threshold constants. In addition, convergent
asymptotic expansions of the eigenvalue of this

H,=24-u0, pER

operator in the vicinity of the left and right edges of the essential spectrum, and threshold resonances
and threshold eigenvalues for a three-dimensional lattice are also studied.

Keywords: Discrete biharmonic operator, discrete Schrodinger operator, essential spectrum,
eigenvalue, expansion, asymptotics.

BBenenue. B MHOTOYHCIIEHHBIX Hay4YHO-TPAKTUUYECKUX HCCJICIOBAHUAX, MPOBOAMMBIX IO BCEMY
MHpPY, YaCTO pacCMaTpUBAIOT HAyUYHbIE MOJIETH MPOLECCOB, MPOUCXOISIINX B MUKpoMHupe. Pazputue Teopun
KBAaHTOBBIX II0JIEH, OMNHUCHIBAIOIIUX SIBIEHUS MHUKPOMHPA, SBISUIOCH OCHOBOM BO3HMKHOBEHMSI KBAHTOBOU
MexaHuku. OHOU U3 BaKHEHIINX (PU3MYSCKUX BEIIMYMH B JIFOOOW CHCTEME KBAHTOBOW MEXAHHUKH SBJISETCS
SHEeprusa. AHalu3 CHEKTPalbHBIX CBOMCTB ONEpaTOpa, OMHUCHIBAIOLIECIO 3HEPIUI0, T. €. ONeparopa THIIA
lIpénuarepa, sSBISETCA OTHOM M3 OCHOBHBIX 33/lad KBAHTOBOM MeXaHWKH. Kpome TOro, 3JUIMITHYECKUE
OTIEPaTOPHI YETBEPTOTO TOPSAKA, B YACTHOCTH OUTapMOHUYECKUE OTICPATOPHI, UTPAIOT IICHTPATBHYIO POJb B
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IMIAPOKOM Kilacce (M3MYECKUX MOJENeH, TaKuX KakK JIMHEHHas TEOpHUs YHPYTrOCTH, MPOOIEeMBI KECTKOCTH
(HampuMep, CTPOMTENBCTBO MOJABECHBIX MOCTOB) M NpH (GopMyIupoBKe MmoTokoB CTokca (CM., HampuUMep,
[6]). TlooToMy pa3BUTHE HWCCICAOBAHWMA IUCKPETHBIX M CYIICCTBEHHBIX CIIEKTPOB OHTapMOHHUYECKUX
OIIepaTopoB, BCTPEYAIOIIMXCSH B (U3MKE TBEPAOTO Tejla, KBAaHTOBOM MEXaHMKE M TEOPHH YIPYTOCTH,
ocTaércsl BAXKHOM 3a1adeil.

HenaBame wccnemoBaHus IOKaszalli, 4TO omeparopbl Jlammaca W OWUrapMOHUYECKHE OIEepaTOpHI
00J1a71at0T BBICOKAM IOTEHIMAIOM MpPU CXATUU H300paKeHWH € ONTUMH3MPOBAHHBIMH U JIOCTATOYHO
pa3peKeHHBIMU COXPAaHEHHBIMU JAHHBIMH M TPOOJeMax CTOHKOCTH TeOopWHu yrpyroctd. HeobxomumocTs
COOTBETCTBYIOIIETO YHCICHHOTO MOJICIMPOBAHUS TIPHWBENAa K TMOSABJICHHUIO paboT (cM., Hampumep, [4])
MOCBSIMIEHHBIX Pa3HOOOPA3HBIM AUCKPETHBIM MPUOIIKEHUSAM K PEIICHUSIM YpaBHEHUN YeTBEPTOTO TOPSIKA.
Bonpoc 00 ycToW4MBOCTM TakMX MOJelied B OCHOBHOM CBSI3aH C WX CHEKTPAIBHBIMH CBOMCTBAMH, U
MO3TOMY YHCIICHHOH OlleHKe COOCTBEHHBIX 3HAUEHHWH ITOCBSIIEHBI MHOTOYHCICHHBIE HCCIEeNOBaHUS (CM.,
Hanpumep, [3,14])

Peméruareie omeparopsr Ilpénuarepa, B gacTHOCTH, pemérdateie Moaenn bose-XabOapma, cramm
Oonee TMOMyNSPHBIMH B TOCIEJHHE TONBI, IIOCKOJBKY OHH MPEACTABISIOT CO00 ecTecTBeHHBIN
TaMWIBTOHHAH B TEOPWUH YIBTPaXOJOMHBIX aTOMOB Ha ONTHYECKHX pemérkax (cM., Hampumep, [7]). B
OTIIMYME OT TPAAWIMOHHBIX CUCTeM (U3UKHU TBEPIOTO Tena, TNe CTaOMIIbHBIE COCTaBHBIE OOBEKTHI OOBITHO
00pa3yloTcs CHIaMH TPUTSDKEHUsT W TIe CHIBl OTTAJIKMBAHUS Pa3JIeSIIOT YacTUIBl B CBOOOTHOM
NPOCTPAHCTBE, YNPAaBIAEMOCTh CTOJKHOBUTEIBHBIX CBOMCTB YJIBTPAaXOJOAHBIX AaTOMOB IO3BOJIMJIA
9KCIIEPUMEHTATFHO HAOIONaTh CTAaOMIBHYIO OTTAIKMBAIONIYIO CBSA3aHHYIO Mapy yJIBTPaXOJOTHBIX aTOMOB
Ha onTudeckoil pemérke Z3 (cM., mampumep, [8,12,13]). Bo Bcex »Tux HaGMIOAEHMAX pENIETYATHIE
oneparopsl Llpénunrepa cranym CBA3YOMNM 3BEHOM MEXIY TEOPETHIECKOH 0a30i U SKCIepUMEHTaIbHBIMU
pe3yIbTaTaMu.

B wenpepriBHOM ciyqae M.Knayc u b.Caiimon (cM., Hanpumep, [9]) moiaydmin acUMOTOTHYECKHE
pa3NioKeHHsT B HIKHEH YacTH CYIISCTBEHHOTO CIHEKTpa JJisi COOCTBEHHOTO 3HAUEHHS oIlleparopa
Ipenunrepa —d?/dx? + AV B R ansa A > 0 u V, yI0BIETBOPSIOMIUX 3TOMY HEPABEHCTBY

f (1 + |x]) V() ldx < o,
R
B OTJIMYUE OT HerepBIBHOFO CHyIIaSI praBHﬂeMOCTB HapaMeTpOB B peIHeTanBIX OHepaTOan

lpeaunrepa mMO3BOJSET SIBHO BBIYUCIATH IMOPOTHM KOHCTAaHT CBA3M, TEM CaMblM yCTaHABIUBas
CYyIIIECTBOBAaHME 3TOTO sBieHUs. llomydeHsl cxondmipiecs pas3ioXeHHs EIWHCTBEHHOTO COOCTBEHHOTO
3HAUEHHs JBYXYACTHUHOTO omepartopa IlIpénunrepa na pemérke Z%, d > 1, B 1€BOM Kpaio CyIIECTBEHHOTO
CIIEKTpa, KOTJja KOHCTaHTa CBSI3U CTPEMUTCS K TIOPOrOBOMY 3HadeHuIo (cM., Hapumep, [10,11]).
IlocTtaHoBKa 321a4M U CHIEKTP AUCKPETHOr0 OWJIANIACHAHA

[Mycts Z3 - tpéxmepnas pemétka, a £2(Z3) - runs0epTOBO INPOCTPAHCTBO KBAAPATHUHO-
CyMMHpPYyeMbIX (yHKIHI Ha Z3. PaccMOTpUM ceMeHCTBO caMOCONMPSKEHHBIX OMPAHUYEHHBIX JHCKPETHBIX
OIIEpaToOpOB

A,=Ho-uV, p>0
B £2(Z3). 3nech ﬁo = AA- JUCKPETHBIN OUariacuaH, e

— 1 - - .
Bf(x) =3 z [Fa) —Fx+s)],  Feer(z®),
R |s|=1
- IUCKPETHBIN Jlaruiacuat, a V - orepaTop paHra OJIiH, KOTOPBIH 3a1aéTcs Kak

V@ =@ ) mio),
yezZ3
rae D € £2(Z3)\{0} - 3anaHHas BeluleCTBEHHO3HAYHAS ()yHKITHSL.
[ycts T3- tpéxmepusiii Top, a L?(T3)- rumbs6epToBo HpocTpaHCTBO (YHKIMH, KBaApaTUYHO-
MHTErpupyembix Ha T3,
Jamee MBI Bcera mpemonaraem, mpeoopasobanne Oypoe

1 .
v(p):=F2p) = G ~ar Z v (x)e?
x€z3
¢byHKUUS D yAOBIETBOPSIOT CIEAYIOIINAM MPEAION0KEHHSM:

a) pyuxyus v(p)-eewecmeenno-anarumuueckas na T3;
b) cywecmeyrom neompuyamenvuvie yenvie uucna n°, n, = 0 maxue, umo
D?™|p(0)|2 =0, D¥|v(0)|]?=0 gna j=0,..,n0—1 1)
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D2’ ly(@)|2 # 0, DH|v@)|2=0 ana j=0,..,,n°—1 2)
3neck D/ f (p)- maddepentman j -ro nopsiaka s f B TOUKE P,
DI £ (p)[w, w, w] = z d’f (p) iyl s
PSR 2= 0l1p10'zp,dtaps 1 T2 T3
Jj—pas iy +ip+iz=j,ix20

w=(wy,..,wg3) ER3,0=1(0,00) €T?® u 7= (m,mn) € T3.

HamomammM, 910
o(R) = 0,5s(A) = [0,6
(cm., mampumep, [1]). CremoBarensHo,
U(HO) = Uess(HO) = [0,36]
a B CHJIy KOMITIAKTHOCTH omieparopa V u Teopembl Beiinist 0 cOXpaHeHHH CYIIECTBEHHOTO CIEKTpa MpH
KOMITAKTHBIX BO3MYIIIEHHSIX
Uess(Hu) = Uess(HO) = [0,36]
i mrodoro ¢ € R.
IIpexie YeM U3JI0XKUTh OCHOBHEBIE PE3YIBTATHI, BBEIEM CIEAYIONINE 0003HAUEHHS

([ l@Pdg\" ([ @ldg)
Ho = (J;r @) ) S UT 36—e(q>> ®)

- lv(q)|*dq - lv(q)|*dq
kpi= | ——, Ry= | ——— 4
[W e(q)? f1r3 (36— s(q))2 ®
nu
b= 2 [ DPol(0) [, wld3? (w), 5)

22n%+2

LORES (24)"°+3/2 (2n0)1

Js2 P lo(@) 2 [w, w]dH2 (w),  (6)

rae S?- equnuunas chepa B R3 u
e(q) = ((1 = cosq1) + (1 — cos qz) + (1 — cos g3))*.

Crenyromasi TeopeMa yCTaHABIMBACT CYIIECTBOBAHWE W EIUHCTBEHHOCTH COOCTBEHHOTO 3HAYCHHSI
oreparopa ﬁ”
Teopema 1. Ilycms u, =0, u° < 0 zadano xax (3). Tozoa O'disc(ﬁ”) =@ ona nobwix U €
[1°, 1ol u Udisc(ﬁu) aensemes oonosnemenmuvin {e(u)} ona mobozo p € R\ [u°, u,]. boree mozo,
cobcmeennas yHKyus f# coomeemcemesyiowas cobcmeennomy snavenuio e (L), 3a0aémcesi Kax
ﬂ 1= T_lf#, 20e
v(p)

W)= oy — e

Kpome moeo,
o ecnu b < U° (cooms. u > U,), mo e(u) > 36 (cooms. e(u) < 0);

. pynxkyus € R\ [u°, u,]l » e(u) sewecmeenno-ananumuueckas, cmpoz2o yowvleaowas,
evinyraas 6 (—o, u®) u eocnymas 6 (U,, +0), u yoosnemeopsiem
lim e(x) = 0, lim e(u) =36 u lim eWw _ —f lv(q)I? dg.
WNHo u7ul uoteo U T3

Jasiee MbI UCCIIelyeM TIOPOrOBbIE PE30HAHCHI oneparopa H,.
Teopema 2. IIycmo n,,n° = 0 3adaémcs kak (1)-( 2).
(@ Iycme n, = 1. Ypasuenue H# f = 0 umeem Henynegoe peuieHue

fi=Ff € o), 20 f(p) = BB € L\(T%).

Kpome moeo,

f € co(Z3)\ £%(Z3) onan, € {1,2}; f € £2(Z3) ona ny = 3.

(b)  IIycme n° = 0. Vpasnenue I?Iuo g = 363 umeem nemnynesoe peuienue
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§:=F1g € cy(Z3), 20e
9() = (ﬂ)eﬂw%.
Kpome mozo, g € c®(Z3) \ £%(Z3) ona n° =1u GgeL:(Z®) ona n°>1.
HamomuumM, uto B nuteparypax [1,2] HeHyJIeBbIC pEICHUs YpaBHEHUH ﬁ“ f=0m I?IM@ = 4d?g, ne
NpUHaIexKaIye B £2 (Zd), Ha3bIBAIOTCS PE30HAHCHBIMHU COCTOSIHUSIMH.

Tenepsb MbI HcCleyeM CKOPOCTh CXOJAUMOCTH COOCTBEHHOTO 3Ha4YeHUs e () K Kparo CYIICCTBEHHOTO
CIIEKTpa.

Teopema 3. Eciu p > p,, mozoa onepamop H, umeem eduncmeennoe cobcmeennoe snauenue
e(pn) <0.

Ipeononoocum:

(1) ecnu ny =0, mo u, =0 u ona docmamouno Manvix U NOJOHCUMENLHBIX [, UMeem MecHO
Ppasencmeo.

n+1

Tk
(—e(w)"* = { = Cinlt
n=1

20e {c1 n} - Hexomopuie Oelicmeumenbrule KOIpGuyuenmoi;

(2) ecrun, =1, mo py > 0 uons docmamoqﬁo MABIX U NONOHCUMENLHBIX [L — Uy, EPHO
1/4

(= et)”" = —Z =)+ Y ani= )™

n=1
20e {Cyn} - Hexomopwie OelicmeumenvHvie KOIPpuyuenmol,

(3) ecnun, = 2, mo py > 0 u 0151 dOCMAMOUHO MANBIX U NOTOHCUMETLHBIX [L — [y, BEPHO

/3 n+
(_ e(ﬂ))1/4 ( 2> (# - /10)1/3 + Z C3,n(/1 - .UO)Tl'

k
vHo =
20e {c3p} - Hekomopuie Oelicmeumenvrvie Kodguyuenmoi;

(4) ecru ny, =3, mo o > 0 u 0151 dOCMAMOUHO MANBIX U NOTOHCUMENbHBIX [ — [y, UMEET MECMO
pasiodicenue

(- e(u))l/4 = (kvuo) Y- )+ z Can(p — uo)%,

n=2
20e {Cyn} - HeKOmopwie Oelicmeumenvroie KOIPpuYyUeHmbL.

3necs k, > 0 u k, > 0 onpenemnsirorest 1o Gopmyitam (4) i (5) COOTBETCTBEHHO.

Teopema 4. Ecnu p > p,, mo ona cobemsennozo snadenus e(u) onepamopa H,, eepuvi cnedyrowue
ACUMNMOMUKYU

. ecmun, =0,10 Yo =0
UL 4
e(u) = —(g)H +o(*), u-0;

. ecnnno—lTo Uo >0

e(w) = —( #2)4 (= o) +o((u =)™, 1= Ho;

. eannO—Z TO Uy >0

e() = ~ G ? (= o) + 0 (= #o)*3), 1= o

. ecnuny = 3,10 Uy >0

e() = —(uBky) " (1 —to) + 0 — o), 1 o
3neck k, > 0 u k, > 0 onpenemnsirorcst 1o Gopmyiam (4) 1 (5) COOTBETCTBEHHO.
Teopema 5. Eciu u < u°, moeoa onepamop ﬁ” umeem eOUHCMEEHHOEe COOCMEEHHOe 3HAYCHUE
e(u) > 36.
Ilpeononoorcum:
(1) ecrun® = 0, mo u° < 0 u dna docmamourno Mavix u noRoXHCUMenvhvix U° — [, 6epHo

-1
(e = 362 = (T Ko?®) ™ (00 =) + ) an (=)™,
n=1
2oe {a,} - Hekomopbie delicmaumenvHvle KOIDDuyueHmol,

(2) ecnun® = 1, mo u° < 0 u dns docmamouno Manbx U NORONHCUMeENbHbIX U° — L, 6EPHO
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(e(w) — 36)V/2 = (R,u°? )—1/2 o — )2 + Z b, (u° — )™+,

nz1

20e {b,} - Hexomopwie delicmeumenvHbvie KOIPPuUYUEHMDBL.
3nech K, u K, 3amarotcs kak (4) u (6), COOTBETCTBEHHO.
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V]IK 624.131

PACYET JEMCTBUSA BOJIHBI PEJIESI HA TPYBOIIPOBO/I (IJIMHHBINA YIIPYT U
CTEPKEHD), BJOKEHHBIN B YIIPYI'OM CPEJIE

Paxmamoe Paboum Paxmamosuu,
Tawxenmckuil yHugepcumem uH@OpMayuoHHbIX
mexHonoautl umenu Myxammaoa anv-Xopezmu,
Tawkenm, Yzb6exucman

r.raxmatovs5@mail.ru

Annomayus. B cmamve npediazaemcs meopemuuecKas MOOelb  ONUCAHUSL  COBMECHHbBIX
ceucMUYecKux KoaeoOanut no03emMHo20 mpyoonposooa (OIUHHO20 YAPY2020 CIMEPNCHS) U YRPYeo2o ePyHmA
Ha 6030elicmeue NOBePXHOCMHBIX GOH. [IpunuMaemcs, Ymo HaA NOBEPXHOCHU KOHMAKMA 6bINOIHAENCS
YCogue pageHcmea npooosbHbIX nepemMewjenull ceyenus mpyovl u uacmuy ynpyeou cpeovl. C nomowvio
MO MOOeNU 0OBACHIEMC L MEXAHU3M 603HUKHOBEHUSL KACAMETbHbIX YCUUL HA NOBEPXHOCMU KOHMAKMA.
Yonunenue ceuwenuii mpyboonpogoda npu dmom npoucxooum 6 pesyavmame e20 3auUMOOeUCmeus ¢
2pYHmMoBoll (ynpyeoti) cpedoil.

Kniwouesvie cnosa: meopemuueckas mooenn, celicmuueckue KoaeOanus, OTUHHbIL YNpyeuli Cmepiicets,
VHpyeuti 2pyHm, 6030elcmeue NOBEPXHOCMHBIX B0JH, HPOOOIbHblE NEpeMeujenus ceyenus mpyovl,
B03HUKHOBEHUE KACATNENbHBIX YCUNUL, NOBEPXHOCMb KOHMAKMA.

CALCULATION OF THE EFFECT OF A RAYLEIGH WAVE ON A PIPELINE (LONG
ELASTIC ROD) EMBEDDED IN AN ELASTIC MEDIUM

Abstract. The article proposes a theoretical model for describing the joint seismic vibrations of an
underground pipeline (long elastic rod) and elastic soil under the influence of surface waves. It is assumed
that the condition of equality of the longitudinal displacements of the pipe section and the particles of the
elastic medium is fulfilled on the contact surface. This model explains the mechanism of tangential forces on
the contact surface. The elongation of the pipeline sections occurs as a result of the interaction of the ground
with its ground (elastic) medium.

Keywords: theoretical model, seismic vibrations, long elastic rod, elastic soil, impact of surface
waves, longitudinal displacements of pipe section, occurrence of tangential forces, contact surface.

ELASTIK MUHITGA JOYLASHTIRILGAN UZUN QUVUR TIZIMIGA (UZUN ELASTIK
STERJEN) RELEY TO‘LQININING TA‘SIRINI HISOBLASH

Annotatsiya. Maqolada sirt to ‘Iginlari ta’sirida yer osti quvurining (uzun elastik sterjenda) va elastik
tuprogli muhitning birgalikdagi seysmik tebranishlarini tavsiflashning nazariy modeli taklif etiladi. O zaro
ta sir(xontakt) yuzasida quvur kesimining bo ‘ylama harakatlari va elastik muhit zarralari tengligi sharti
bajariladi deb gabul qilinadi. Ushbu model yordamida o‘zaro ta’sir (kontakt) yuzasida teginish
harakatlarining paydo bo ‘lishi mexanizmi tushuntiriladi. Bunday holda, quvur liniyasi gismlarining uzayishi
uning tuprogli(elastik) muhitining o zaro ta ’siri natijasida yuzaga keladi.

Kalit so‘zlar: nazariy model, seysmik tebranishlar, uzun elastik sterjen, elastik tuprog, sirt
to ‘lginlarining ta’siri, quvur gismining boylama harakatlari, teginish harakatlarining paydo bo ‘lishi, aloga
yuzasi.bu uning tuprog (elastik) muhitining o zaro ta ‘siri natijasida yuzaga keladi.

BBenenue. BimsHre Ha ToBeneHHWE IOA3EMHOTO TpPyOONpOBOJa M CETH TPYOONPOBOAOB IMPH
CEHCMUYECKUX BO3JEHUCTBUSAX HMMEET THIl PACIPOCTPAHSIOLIEHCS CEMCMMYECKON BOJHBL J[I MOHMMaHUA
MEXaHW3Ma BO3JCHCTBUS BONH Penmes Ha momsemHblii TpyOompoBox B pabotax [1,2] mpemmoskeHa
aHaJUTUYECKasi MOJENb ONMUCAHUS ABMKCHUS YAJIMHEHHBIX MOJ3EMHBIX TPYOOIPOBOAOB NMPHU BO3AECHCTBUU
[IOBEPXHOCTHOM BOJIHBL. PacCMOTpEHBI MEXaHU3MbI B3aUMOJICHCTBUS OJUHOYHOIO M CHCTEMBI HENPEPBHIBHO
COCAMHEHHBIX UJIMHAPUIECKUX TPYOOIIPOBOIOB C MOBEPXHOCTHHIMHU CEHCMUUECKUMH BOJIHAMU Ha TPUMEpPE
semneTpscennii Michoacan (1985r.) Iokazano, 4TO W3-3a HaAM4Ms HHU3KOH CKOPOCTH (pas3bl (BOJHOBOTO
YKciIa) MOBEPXHOCTHBIX BOJH XapaKTep paclpelesieHHs] HamlpsDKeHUs B TPyOOIpOBOJE B 3HAYMTEIHHOM
CTEeTIeHH OTJIMYaeTcs OT HaNpsDKEHUS B TPYHTOBOM cpeae 3a (pponToMm BomHBL llpn 3Tom ycraHoBieHa
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BO3MOXXHOCTh pa3pylIeHHss B MeCTaX CThIKa OTJENbHBIX dYacTeid TpyOOINpPOBOJOB TPH JOCTHKEHUH
HANPSDKCHHUS] MaKCUMAaJIbHOTO 3HAYCHUS. OJTO OOCTOSATEILCTBO TPEOYeT OTHIENBHO PACCMOTPETH BOTPOCHI
KOHTAKTHOTO B3aWMOJICHCTBHSI TPYOOIIPOBOOB C TPYHTOM IIPH OOTEKaHUH WX TIOBEPXHOCTHBIMU BOJTHAMHL.

ITocranoBKa 3axa4M. Y CTaHOBMM Hayajo KOOPJIMHAT HA CBOJIHOM MOBEPXHOCTU B TOUKE O(pI/ICyHOK
1). HammpaBum och &1 BJIOJIb OCH TPYOOIIPOBOJA, KOTOpasi 00pa3yer ¢ (PpOHTOM paclpoCTPaHSIOUICHCS

Bomubl yron O, ock (X NEPHEHAUKYJSIpPHAs K HEW CBEpXy BHU3, OCb Q/ NEPIEHAUKYJISIPHAs K ATUM
OCsIM.

a) 0)
(] . oy

Pucynok 1. Cxema pacrnoJioskeHus M03eMHOT0 TPYOONPOBO/a B yIIPYIroM MOJYNPOCTPAHCTBE,
00TeKkaeMOro CTAMOHAPHOM IJI0CKOI BOJIHOM

YpaBHEeHHE TMPOJOIBHOTO JBIKEHHS YacTHI[ TPYyHTa V\(I’ ad— Zl) (C- «Bumumas cxopocTe»
pacrpocTpaHeHuUsI BOJHBI), MOJAEIUPYEMOr0 YIPYroi cpeaoi, B HMIMHIPUYECKOM CIIOE N0 HAIPAaBICHUIO
ocu TpyOoIpoBoIa B PUOJIIDKEHNH, TIPUHITOM B padoTax [3-5], uMmeeT BUA:

é;r\év 1ow mg&OW

rie Z=CI—Zl, m= ’% Cl:\y(z,u—l—jfﬂ pn CQ:»\/,L[} p- CKOPOCTH TPOIOJIBHOM

Y TIOTIEPEYHON BOJIH B Cpelle, ILl,ﬂ u p- Kkoa¢durrenTs! Jlame 1 MIOTHOCTH YIIPYTOH Cpenpl, R- riryonHa

(A<r<R, —oo<z <o) (1)

3anokeHust TpyOBl (cTepkHs). B mampHeimem cuuraem CZQ VYpasuenue (1) wHTETpHpyeTCS TpH

YCIIOBHSIX

W:U(Z) mpn I =d 2
W=W,(2) mpn =R @3)
V\b(Z)- NMEPEMENICHUE YaCTHUIL CPEABI 3a IMalalrollyro BOJIHY.

I11. MeTon peureHus.
Beném HOBYIO yHKIHIO 11O popmyIe:

[W(@-U@)]+UE) @

YIOBJIETBOPSIOINILYIO CIEAYIOMIEMY YPaBHEHHIO!
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AU, 1A L 3u_ ntin; WU iU
1y + y

@ ra "Z WRa )[ ] ©)

Y TPAHUYHBIM YCIIOBHSIM U(R) =0 U(a): (6)

Paccmotpum  cimyuait C:Cl (mZO). B stom ciysae umeewm, uU=0 « GyHKIMS U(Z)

YIOBIIETBOPSIET YpaBHEHUIO [4]:

U'(29)£pU([2) =+pw(2)

p= 2 |
ET-M|@ - B)nR/a |
rae M :Cl/ C{)- gucino Maxa, Q’) :\/-E’m - CKOPOCTh PacHpOCTPAHCHHUS MPOJOIHHBIX BOJH B

7
CTEpIKHE. = ,d - COOTBETCTBEHHO MOIy/b FKOHIa U IIIOTHOCTh MaTepuaa CTepKHs, b, d- BHyTpeHHHil n

: dJ
BHEIIHUI pajauychl TpyObl. B ciyuae V\6 :/%Slr(@Z) JUIsl HAIPSKEHUS S:—E’E HOJIyICHBI

BBIpaKkeHus [4]

= ?P"z%aig [(IBCQZ —C0s pZ)H(Z) TUTS M>1 (cBepx3BYKOBOH CiTydail),

__EAap 1. _ E'AMP
S= OSAZ—=€ ™| upu Z>0 S= e” wpn Z2<0, s

M<1 (103BYKOBOH Cirydaii).
[Tpu 3TOM yCTaHOBJIEHO, YTO NpPHU M>1 « p:gq B TPyOONPOBOJE BO3HUKAET PE3OHAHCHOE

ABIICHME.
Tonaraem C=C /SN (O<Gf <7l 2), rae O - yron Haknona MeXx Iy (pPOHTOM BOJIHBI H OCBIO

TpyOonpoBoaa. Pemenue kpaeBoii 3agauu (6) amnst ypaBHeHus (5) noxyuum mMetogom Dypre:

U= 7R 0
e R=H(AANGN 5NN

——KOpPHH YpaBHEHUS

HAAINAR) o (4ARN(42) =0

OyHKIMN Zn(Z) YIOBJICTBOPSIIOT YPAaBHEHHSIM:

2+ 772, =Wa, +UNy, ®)

_ _ 1 r In(r/a)
zn_ﬂn/m.an_mzrmaa(r)dr,q ||R||Tq1 AR 0

IR| =IrR%(r)dr.

ypaBHCHI/IC IpoAO0JJIbHOTO ABUKCHUS CCUCHUH pr60np0B0;[a (CTGp)KHSI) U(Z) npeacTaBuM B BUC
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2u__oMaz) o
@-b)E o

[Mone3ysice pemennem (7), ypaBHeHUe (9) npuBengM K BUIY:

U=t | WU+ 53 12, @0RGA|
YuutbiBasi paBEHCTBO R,(ﬂna) :_‘]0 (ﬂna) M(ﬂna) +J1(ﬂna) No(ﬂna) :2/ ﬂﬂna, HMEEM:
U”=J_rp2LV\6(z)—U(z)+2/7zlngZZ”(z)J w0

[ToncTapsist BEIpaKCHHE U” 3 (10) B (8) , momyqaem:

Z=R2, £ PH{w@ U@ +2/ Ain3 3 Z1+aw an

Bripaxenus (8) u (11) oOpasyror OeckoHeuHYIO cucteMy Aud¢epeHIHaNbHBIX YPaBHEHUH BTOPOTO

MOpSAIKa U OTpeeNIeHUs] HEM3BECTHBIX (yHKIIUN Zn(Z) u U(Z), KOTOPYIO MOKHO PEIINTh METOIOM

yCEUEHHUS.
U3 cuctems! ypasaenuit (8) u (11) MOXKHO MOTyYHUTB:

Lo+ AL, =aW+hU"
PaccmoTpum ciyuaii M >1. YuuteiBas yciaoBus Zn(O) :O, Z,:(O) :O, AMeeM:

Zn=I&V\6(§)Sin7lq(2—§)d§+bnlg(2—§)U(§)d§ @
e Q) =(C—A s Q)sinA L] 72

[TocraBnsis BBIpaskeHUS Zn u3 (12) B ypaBuenue (10), momygaem:

U+BU=p+ 2 5 [ -+

+Z})ﬂl.9n(2 —f)U(f)de (19

VYpasuenne (13) sBisiercss uHTErpo-AndepeHnaIbHbBIM ypaBHEHUEM IJisl onpeaeicHuss (QyHKIUU
PaccMoTpum Teneph jelicTBHE CTallMOHAPHON MOBEPXHOCTHOW BOJIHBI HA TIOJ3EMHBIA TPYOOIPOBO/I.
CornacHo pabote [6], mpH pacpOCTpaHEHUH MMOBEPXHOCTHON BOJIHBI, POHT KOTOPOH COCTAaBISIET C OCHIO
1 yroi (X, B ynpyrom noynpocTpaHCTBE OTIMYHBIMU OT HyJIs OYIyT TepeMelieHus BIOMb oceil OXu
OZl, KOTOPBIX COOTBETCTBEHHO O0O3HAuUM Hepes3 U(X, Zl,t) u V\(X, Zl,t). Hcnone3yst o0o3HaYeHus,

NPUHATHIE B paboTe [6], BRIpakeHHS ATHUX [IEPEMELICHNH 3auChIBAEM B BUJIE:
Pr 2f? -y Pfl| . 291 ot
U= e — g |gn le)' W= g™ ¢ |gi(p-Ty-—72)
14 Z 4+ f2 HP 2+ f2

re X_L:X+R, hzzg, KZZ%,I—:\”Z_h{ S= f2_K2, T - Bommosoe

4HCIIOo, P—nocrosmmoe 4HCNIo, ompeerstomee  00bEMHYI  AedopMaiuioo 3a (POHTOM BOJIHBL
p/ f :CR ~TCKOpPOCTHb PAacCIpOCTpaHEHHs] TIOBEPXHOCTHON BOJIHBI Penes, KoTopas ompenensercs U3

YpaBHEHHS:
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(@/G-2F-41-G/c1-c /¢ =0,

BBoanmM mossipHBIE KOOPAWHATHI C IICHTPOM B TOYKE O x= RS'ﬂH, y:RCIBH (pucyHnox 10)

U 1ojaras X1=R(l+SIn@ YCpEIHUM [0 KOHTYpPY CE€YEHHUs BHEUIHEH UUIMHAPUYECKOTO CIIOS

(oxpy:XHOCTH pazuyca R) MepEMELICHHUS YaCTULl CPEIIbI:

W= 2Refv\d9—ﬁsmf(qqt —2) (14)

—7l2
2fP
op-Rr(t+sngJdo—=, | epl-R(L+singldo
—7tl2 —72
W3 Beipakenus (14) 3ameTnm, 9TO AEWCTBYIOmMAs Ha TPyOONPOBOA BOJHA TAaK)XE€ MMEET IIOCKHN

(GPOHT, PaCHPOCTPAHSIOLIMICA CO CKOPOCTHIO CR [0 TapMOHHYECKOMY 3aKOHY C aMIUIUTYIOH A u

BOJIHOBBIM YHUCJIOM T, €CJIN TPUHATH C 3a «BHIUMYIO CKOPOCTH» BOJIHBI, TO CJICAYCT IMPHUHATH

C=QG / SN ﬂ, rae ﬂ - YroJI HaKJIoHa (PpoHTa OBEPXHOCTHOW BOJIHBI K OcH TpyOompoBona Ecim nanee
TpeGoBaTh mpu geiicteun aByx Bons uncio |I1 ogunakossmvu, To Mexay yraamu Of u /j UMEET MECTO
ommse F=ACSING;SINX/ G).

Ha pucynke 2 mnpencraBieHbl KpUBBIE DPacHpeAeCHUS] OCEBBIX HANpsHKEHHH B TpyOompoBoze,
OTHECEHHBIX SO Z—A,E'Cq [0 NEPEMEHHON Z U1 pasiMYHKX 3HadeHWil napamerpa [T. B pacuérax

mpunsiro [1]: R=15w, a=0.3w, p=1.5(66T0HHLH71 TpyOOIpOBON), (q=1/15w AHaNIM3 KPUBBIX

MOKA3bIBACT, YTO C POCTOM mapamerpa [Tl MPOHMCXOIAT U3MEHCHHUs aMILIMTYIbI KOJIe0aTeabHOro mporecca
10 JIIMHE TPyOONpPOBO/IA, & TaK)Ke YaCTOTHBIM COCTaB KojeOaHuii. [Ipu 3TOM CyIIeCTBYeT 3HaYE€HHE YHCIa
M=IT),, npu KOTOPOM MOTYT peanr30BaThCA NapaMeTPHIECKhe KoyieOaHWs cedeHuil TpyOomposona. B

TadauIe IIPEACTaBIIEHBI 3HAYCHUSI m< JUISL pa3JIMYHBIX 3HAYEHUN Yucia p Buano, uTo ¢ poctoM napamerpa
P snauenue uncna M), cHawama GeicTpo mamaer, naiee ( p >2) €ro 3HaueHHUE MPaKTUIECKH ocTaércs 0e3

HU3MCHCHUA.

al
i
al

1.57

:E '.TW\[A[Z““ 5 Wh};ﬂzm) . ﬂﬂHVAM.“ | Mﬂrw)

-1.51

m=118: m=12
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Pucynok 2. Kpusble pacnipeneienusi IpuBeIEHHBIX HanpsikeHuid O = O / Sono AJIMHE

TpyOonpoBoaa sl pa3JIMYHbIX 3Ha4YeHUil mapamerpa [T

Ta6smua 1. Pesonanchrie 3navenns uncaa M=} s 3apucumoctn ot uncia P
p(M—l) 0.9 11 1.3 15 1.8 2.0 2.2 2.4
m 1.592 1.422 1.396 1.202 1.165 1.012 0.954 0.911

Tabauna 2. 3HavyeHns yria HaKJIOHA OI(Fp al npu M=IM, a1 pa3IMYHBIX 3HAYEHHI
k03 dunuenta I[Myaccona V u uncia [

14 0 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
P =Im? 47 42 40 37 34 30.5 27 22 16

p =15u? 404 | 35 33.5 31 28 25 22 18 125
p:2M‘1 325 | 285 26 24 22 19.5 17 135 | 105

B Tabnuie 1 mpejpcraBieHbl 3HauYeHMs NapaMerpa [T, MpU KOTOPOM BO3HHMKACT MapaMeTPHUYECKOE
BO30YXKJCHHE, B TaOmWIle 2 - COOTBETCTBYIOIIME 3HAYCHMS YIiia HAKJIOHA O(I‘p Al s pasaudHbBIX
3Ha4yeHuit mapamerpa [J u kospdurmenra [Tyaccona v.

5.2 A
5_
4.8
4.6 v=0
4.4
4.2
v=0.1
4_
v=02
3.8 v=03
Iv=£l4

04 06 08 1 12 14 16 18 2 R

Pucynok 3. 3aBucumoctu ko3¢ Ppuunenta A=TfA/P or rJIyOMHBI 3aj1eranusi Tpyoonposoaa

R(M) NMPH Pa3JINYHbIX 3HaYeHUuAX ko3P puumnenta Ilyaccona rpyHToBoii (ynpyroii) cpeasbl

Ha pucynke 3 mpencraBiieHbI KpHUBBIE 3aBUCUMOCTH Oe3pa3MepHOTo Kodddurmenra A=fAIP or

rITyOMHBI 3aJieraHusl TpyOOnpoBoaa R ms pa3nuuHBIX 3HaYeHusX kodduuuenta [lyaccona V. Bugno, uto
3TOT KO3((UIMEHT MpaKTHYECKH MO TIIyOMHE YMEHbLIAETCS MO JMHEHHOMY 3aKOHY, NPHYEM C POCTOM
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ko3¢ ¢uirenta [lyaccoHa V MHTEHCHUBHO MajacT, U HanOOoJIbllee 3HAUCHUE UMEET MPHU v=0.
AHaau3 pe3yabTaToB. Ha pucyHke 4 moka3zaHbl KpUBBIE paclpe/leNeHus MPUBEAEHHBIX HAPSLKEHUH

6= AE 10 JUIMHE TPyOONPOBOAa MPU PA3TUYHBIX 3HAYCHUSIX [NTyOUHBI 3aJIeTaHus R(Jl/l) B pacuérax

JIOTIOJTHUTENILHO HPUHATO: v=02, f = =1/ 15]1/1_1, QD = W:OZ ﬁ :25).
R=0.372m R=045u

Nl L /\A 0

i_‘YnHW V a (16 '\z(u) : \/ \/\/\/“ z(mo

-15

al

R=0.9m R=18u

S S
B_ 4_
4_ 2_ 7‘)/
] M 20 30 )\ 40 50 60 '
2 0 2(a)
w20\ 3 4 5 & 70 2]
o Z(u)
2
_6_
_4_
_a_
_5_
-1
_8_

Pucynok 4. Kpusble pacnpeneieHns npuBeIéHHbIX Hanpsokenuii © no qumne Tpy6onposoaa
JJISl pa3JIMYHBIX 3HAYEHU I IITyOHHBI 3aJierTaHust

W3 ananm3a KpHUBBIX CIleAyeT, YTO paclpelieieHUe HaNpsDKEHHUs Mo JJIMHE TpyOOompoBoaa HMMeEeT
MIEPUONIECKII XapakTep, MPUIEM C POCTOM TIyOHWHBI 3aN0KEHUS HAONIOMACTCS CHWKEHHUS aMILTUTYIBI
MPUBEIEHHOTO HAIPSDKCHUS, W YBEIWYCHUS Mepuoja koyiebanus. [Ipum 3TOM yCTaHOBIIEHO, YTO MPHU
HEKOTOpOW TIIyOWHE 3ajieraHus TPyOOIIpOBOMAa, Aajiee Ha3bIBAGMON KPUTHYECKOW, BO3MOXKEH NEPEeXO.
NEPUOAUICCKOI0 3aKOHA M3MCHCHUS HAIIPSKCHHA B YCIIOBUAX MApPaMETPHUUICCKOTO B036y)KZ[CHI/IH CeUCHUM
TpyOoTIpoBOa.

B tabmune 3 npencraBneHbl 3HAYCHUS KPUTHYECKOM TIIyOWHBI 3alleraHus TpyOompoBoia R<(M) TUTS

1
Pa3NMYHBIX JaHHBIX TapameTpa RD(M MIPH KOTOPOM TPOMCXOTUT PE30HAHCHOE siBlieHHE. BumHO, 91O
)

3HAYUTECIIbHBIN poct KpPITPI‘ICCKOﬁ T J'Iy6I/IHBI 3aJICraHuA Ha6J'IIO,Z[aCTC$I npu OOJIBIINX 3HAYCHUAX napamMmeTpa

Pro-
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Ta6auua 3. 3aBUCHMOCTH KPUTHYECKOH IJIyOUHBI 3ajieraHusl TPyOonpoBoaa R( 0T mapaMerpa
Po(MY) | 02 | 04 |06 | 08 | 10 | 12 | 14 |16 | 18 | 20
R< (m) 0372 | 045 | 0.552 | 0.705 | 0.846 | 1.125 | 1.275 | 1.548 | 1.845 | 2.214

BoiBOABI. YCTaHOBICHO, YTO CTENEHb BO3JCHUCTBUS MOBEPXHOCTHOW BOJIHBI Ha TPYOONPOBOJ B
3HAYUTENLHONW CTEIeHH 3aBHUCHT OT yria HakjoHa (POHTA BOJHBI K OCH TPYOOIIPOBOAa W TIyOHHBEI
3aJieraHusl ero B IPyHTOBOU cpepe. C pocToM riIyOMHBI 3ajieraHus aMIUIMTYAa YMEHBIIACTCS, a MEPHOJ

YBCINYUBACTCAL. B cliydae M>1 U PACUYCTHOI'O 3HAYCHUA YIJIa HAKJIOHA ﬂ:%) I KaXXKJ0ro
3HAa4YCHHUs BOJTHOBOI'O 4HCJIa RD MOKET CyHISCCTBOBATh KPHUTHUYCCKAA I‘J'Iy6I/IHa 3aJICTaHuA pr60np0130z(a,

MpH KOTOPOH cedeHHs TpyOOIpoBOoAa MO TEPEMEHHOI Z=Zl —Vot COBEpIIAIOT  KoJebaHus B

PE30HAHCHOM PEKUME.
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PEHIEHUE OJJHOI'O MHTEI'PO-JU®®EPEHIUAJBHOI'O YPABHEHUS
JE®OKYCALUU

Cadghapoe Kypaoex Ilakaposuu,
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mexHonoautl umenu Myxammaoa anv-Xopesmu,
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Axademuu nayx Yzoexucmana, yi. Yuusepcumemckasi,
46, Tawkenm 100174, Y36exucman
j.safarov65@mail.ru

Aunomauyusn. B pabome ucciedyemcs nogsedeHue NONYIUHENHO20 UHMeZPO-OupheperyuaibHo2o
VPasHeH st 2UnepooOIUYecKo20 Muna ¢ HeIUHeuHbIM noznouwenuem. Tlpu smom npeononazaomecs HaYabHble
yenosus pasuvle nynio. Ilpoyecc pacnpocmpanenus 60an uzyuaemcs Ha noaynpamou x > 0, no zadaunnomy
SHAUEHUIO NPOU3BOOHOU uckomou Qyuxkyuu no nepemennou x npu x = 0. C e8edenHuem HOBbIX QYHKYUL
3a0aya npusooumca K YOooHomy K ucciedoganuro 6udy. C HOMOWbH UHMESPUPOBAHUS 1O
Xapaxmepucmuxam noy4aromcs Heodxooumbvle YCiosus Ha OaHHble 3a0a4u. 3a0aua c80OUMCS K PeUleHur
UHMEZPATbHO20 YPAGHeHUs 601bmepposckoco muna. Cywecmeosanue u eOUHCMBEHHOCMb DeueHUs
NOCMABNeHHO 3a0ayU O0KAZBIBAEMCI METNOOOM CHCUMATOWUX OTHOODAIICEHU.

Knwuesvle cnosa: unmeepo-ougghepenyuanvroe ypaeHenue, HeauHellHoe NO2IoujeHue, s0po
unmezpana, meopema banaxa.

DEFOKUSATSIYA INTEGRO-DIFFERENSIAL TENGLAMASINI YECHISH

Abstrakt. Ushbu magolada chizigli bo'Imagan yutilishli giperbolik yarim chizigli integro-differensial
tenglama o'rganilgan. Bunda boshlang ‘ich shartlar nolga teng deb faraz gilinadi. To'lgin tarqalishi x > 0
yarim chizigda o'rganiladi, bunda noma'lum funksiyaning x o'zgaruvchisiga nisbatan hosilasisining x = 0
dagi qiymati berilgan. Yangi funksiyalarni kiritish orgali masala tahlil gilish uchun qulay shaklga
tushiriladi. Xarakteristikalar ustidan integrallashdan foydalanib, ushbu masala uchun zarur shartlar olinadi.
Masala ikkinchi turdagi Volterra tipidagi integral tenglamani yechishga keltiriladi. Bu masala yechimining
mavjudligi va yagonaligi gisqarish akslantirish usuli yordamida isbotlanadi.

Kalit so‘zlar: integro-differensial tenglama, chizigsiz yutilish, integral yadrosi, Banax teoremasi.

SOLUTION OF ONE INTEGRO-DIFFERENTIAL DEFOCUSATION EQUATION

Abstract. This paper examines the behavior of a hyperbolic semilinear integro-differential equation
with nonlinear absorption. Initial conditions are assumed to be zero. Wave propagation is studied on the
half-line x > 0, with a given value for the derivative of the unknown function with respect to the variable x
at x = 0. By introducing new functions, the problem is reduced to a form convenient for analysis. Using
integration over characteristics, the necessary conditions for these problems are obtained. The problem is
reduced to solving a Volterra-type integral equation. The existence and uniqueness of a solution to this
problem are proved using the contraction mapping method.

Keywords: integro-differential equation, nonlinear invitation, integral kernel, Banach's theorem.

Beenenue. Jlepoxycupyrtonmme — nuddepeHIInanbHble  ypaBHEHHS  THUIEPOOJMISCKOTO  THIA
MPEJICTABIISIIOT COOON BaXKHBIN KIIACC YpPaBHEHHIA, KOTOPHIE OIMUCHIBAIOT JUHAMHKY BOJH B HEIHHEHHBIX
cpenax. ITH YpaBHEHHUS 4aCcTO UCIOJB3YIOTCS B (PU3UKE, 0COOCHHO B 00JIACTH ONTHKU M TEOPHUHU COJIMTOHOB.

Jedoxycupytomme ypaBHeHHs THIIEPOOIMYECKOTO THTIA MOTYT OBITh 3aIMCaHbl B BUIIE:

Uer — Czuxx + g(u) =0,
I'ne g(u) — HeNUHEWHBIH YIeH, KOTOPBIA MOXKET OIMCHIBATH B3aUMOIEHCTBHE BOJIH.
Hedoxycupytomme nuddepeHnuansHple ypaBHEeHHS ¢ HETHHEWHOCTHIO BUIA:

U — Au+ |ulP~tu =0,
ABJIIOTCS Ba’XHBIM KJIaCCOM ypaBHeHI/Iﬁ B T€OpuUun HETUHEHHBIX BOJAH M ONTHKU. OTH YpaBHCHUA
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OTIMCHIBAIOT AWHAMUKY TIOJIEH, T/Ie HelMMHEeHHbIe 3P QEeKTh MPUBOIAT K PaCCEMBAHUIO BOJH, YTO XapaKTEPHO
IUTSE IEPOKYCUPYIOIIHUX CPEI.

B pabore [1] mccrmenoBano riobanpHOE MOBEACHHE peUIeHHUH MedOKYyCHPYIOMEro MONyINHEHHOTO
BOJIHOBOTO ypaBHeHnms O¢ = |p|P" ¢ B R¥™P, b >3. JIna caywas s>1+2/(b—1) nomydena
paBHOMEpHas B3BEIICHHAs OJHepreTndeckas OLEHKa U1 pelmieHus, a TakkKe HaileHo oOpaTHoe
MOJMHOMHUANBEHOE 3aTyXaHHe OTOKA YHEPTHHU Yepe3 THIIEPIOBEPXHOCTH BAAIH OT CBETOBOTO KOHYCA.

B pa6ote [2] paccMoTpeHO BosiHOBOE ypaBHenue 0@ + |@|P~1¢p = 0 co crenenHoil HemMHEHHOCTEIO,
ompeenéHHOe BHE €AMHHYHOTO miapa B R™, n > 3, ¢ rpaHuuHbiMu ycrnoBusimu Jupuxie. JlokasaHo, 9To
ecnu S > n + 3 ¥ HavyaJbHbIE JaHHBIE SBIAIOTCS HEpaAWAbHBIMU BO3MYIIEHHAMHU OOJBIINX paIuaibHbBIX
JAHHBIX, TO CYIIECTBYET TJI0OAbHOE TIIaJKoe pelieHHe. PelieHne eAMHCTBEHHO B Kiacce pelIeHuH,
YAOBJIETBOPSIIOIINX IHEPTETUIECKOMY HepaBeHCTBY. PaboTa [3] mocBsIeHa N3YYEHUIO aCHMITOTHIECKOTO
TIOBEJICHHs PENIEHUI 0JHOMEPHOTO BOJHOBOrO ypaBHenus OV + |v[$~1v = 0. JlokaszaHo, uTo pemrenue c
KOHEUYHOH 3HepFHeI>II CTPEMUTCA K HYJIIO B TOYCUHOM CMBICIIC, HpI/I‘IéM JJIA JOCTATOYHO JIOKAJIM30BAHHBIX
JAHHBIX, MMPUHAUICKAIINX HEKOTOPOMY BECOBOMY IHEPTeTHYECKOMY IPOCTPAHCTBY, PEIICHHE 3aTyXaeT CO
BpeMeHeM ¢ 0OpaTHOM MOJIMHOMHUAIBHOI CKOpocThio. B pa6oTe [4] usyuaercs ypasnenne Av + |[v[S~1v =0
Ha R X R ¢ rpaanuneiM ycnoBueM Hupuxie. 3aech K — 3Be3m000pa3Hoe OPEnsTCTBUE C TIaAKON TpaHUIICH.
JlokazaHO, YTO pemIeHWe paccerBaeTcs KaK B DHEPTEeTHYECKOM IPOCTPAHCTBE, TaK M B KPUTHIECKOM

npoctpancTBe CobosieBa. B pabote [5] paccMaTpuBaeTcs cMelaHHas KpaeBas 3a/1a4a Jyisl ypaBHEHUS
2
?)TZ = :—x(kz(x) Z—Z) + clulS1u,

3neck s > 1 u ¢ > 0 — koHcTaHThl. C MOMOIIBIO METOJa IHEPTreTUYECKUX HEPABEHCTB IOJYYEHBI
OIICHKH IS pemieHus auddepeHnuaIbHOl W pa3HOCTHON 3amad. B cratee [6] paccMoTpeHa ogHOMEpHAs
obOpaTHas 3amada i ypaBHeHHS Uy = (K2(X)Uy)y + q(x)|u|™ v na momyocn x >0 ¢ Hy’eBbIMH
HayaJIbHBIMH JaHHBIMH M rpaHuyHbIM ycioBueM u(0,t) = f(t). OcHoBHas Lenb — BOCCTaHOBHTH
koapduument q(x) no 3amanomy k(x) um mpoumsBomHod u,(0,t), 3amannoit npu t € [0,T]. HokazaHa
TeopeMa eJMHCTBEHHOCTH W CYIIECTBOBAHMS JJISI MPSIMOW 3ajaud, KOrJa 3aJaHbl KodduumeHTsl k(x) u
q(x), a takxke ¢ynkuums f(t). Janee uzydaercs oOpatHyro 3ajady U GOpPMYNIUpPYETCs JIOKAIbHAs Teopema
€IMHCTBEHHOCTH W CYIIECTBOBaHMs Ui dToW 3amgayn. Kpome TOro, HaXxoAumTcs OIEHKa yCTOWYHMBOCTH
pereHus 0OpaTHON 3aadm.

Pabota [7] mocBAIeHa nccie0BaHNIO HAYaIbHO-KPaeBOH 3aauul Uil ypaBHEHHS

wee =~ (K2 00wz = fy m(t — O)ul"Mu(x, 6) b,

B obmact (: = {(x,t)] x>0, 0<t<T}

IMocTaHoBKA 3214 M NMpeABapUTEIbHbIE MOCTpPoeHus. Paccmotpum B obnactu D: = {(x,t)| x >
0, 0 <t < T} HayaibHO-KpacBYIO 3374y

et = e = Jy k@™ ue(x t ~ 1) d, ®
CO CJIEAYIOIIMMHU HAYaIbHBIMU ¥ TPAaHUYHBIMH YCIIOBUSIMU:
Ulg=0 =0, Utle=0 =0, x>0,(2)
Uglx=0=9(), 0=<t<T,(3)

rre n u T TONOXWTENbHBIE 4YHcia, Kk(t) — HempepbBHO aupQepeHimpyeMas IMOJI0KUTEIEHO
omnpenenénnas Ha [0,t/2] dynkums. YpaBHenue (1) onmuchiBaeT mpouecc pacupoCTpaHEHHs aKyCTHISCKHX
BOJIH B CpeJic C HENMHEHHBIM ToTJIoneHueM. B nanpHeimem Oyaem nosaraTh, uto g(t) < 0 mis Bcex t €
[0,T].

[Ipsimast 3aqaya 3aKI0YaeTCs B OThICKaHUK perneHus 3axaqu (1)-(3) npu 3amanubix GyHkusax k(t) u
g(t). B oOpatHoii 3amaue Tpedyercs onpenenuts Aapo k(t) mo cieny peuieHus nmpsiMoi 3agauu npu x = 0:

Uly=o = f(1), 0<t<T.

Jannas pa®oTa MOCBsIEHA HCCIACIOBAHHIO NPsSMOM 3amauu, T.e. QyHkuus k(t) npenmosaraercs
W3BECTHOM.

[psimyro 3amauy Oyaem paccMaTpuBarh B obnactsix Di u D, onpenensieMbIx cleayromuM o0pa3om:

D ={(x,)[x=0,x<t<T—-x}, Dy ={(xt)|[x=00<t<ux}
Jlemma 1. u(x, t) = 0 dns 6cex (x,t) € D,.
Loxazamenvcmeo. BBeiEM B pacCMOTPEHUE IIEPEMEHHBIE
E=t—x, n=t+x.
[Ipeo6pazoBanme obpaTrMo Ha MHOKeCTBE X = (. B HOBBIX ITepeMeHHBIX UMEEM
Up = U — Uy, U = Ut Uy

IIO3TOMY
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Ut — Uyx = 4 Ugy.
Ypasuenue (1) mepenmchIBacTCS Kak:

ugy(§,m) = 5 K[u)(Em),

rae I yaoOcTBa MoJIOKHUM (depe3 oOpaTHOe IpeoOpa3oBaHue)

K] Em:= fy (@) fuel " Mue e t = 1) de.

Obnacte D, B HOBOM cucteme koopaunat (&,1) coorBerctByer € <0 un = 0 ¢ ycnoBuem t = 0.
Jlunus t = x 3agaéres, kak & = 0. [1o ycnoBuio HauaabHBIC JaHHBIC (2) paBHBI HYJIIO, 3HAYUT 110 JTUHUH t =
0 u=0 u u; =0. Uarerpupys ypaBaerue (4) mo ¢ or 0 mo & u mous3ysack TeM, 4yto Ha & = 0 umeeMm
ug(0,m) = 0, B pesynbrare nosyyaem:

wy(§,m) = 1 fy K [ul(s,m) ds.
Hanee unrerpupys (5) mo 1 ot 0 no n u ucnons3yst yciaosue u(0,0) = 0, monyyaem:
u(@n) = [ up@€r)dr =27 [§ K[ul(s,7) ds dr.

MBI TONYyYUIH OJHOPOJHOE HWHTErpalibHOE YypaBHeHHe Bosbreppa BTOporo pomaa. M3 Teopuu
WHTErpaTbHBIX YPAaBHEHUH CIEAYET, 4TO, OHO UMEET TOJILKO HYJIEBOE PEIlICHHE.

Jlemma doxazana.

Teopema 00 0THO3HAYHON pa3penIUMOCTH NMPsIMOii 3axaun. B nanbHelimem OyneM paccMaTpHUBaTh
3a7a4y TOJBKO B obmactu Dy,

yuuthiBas, 4to U(x, x) = 0. Beeném B paccMoTpeHHe HOBbIE (PYHKIIUU:

Ut + Uy = Vg, Up — Uy =Vy, W=1U = Vg + Dy (5)

BonnoBoii oneparop 0%/0t? — d?/dx? npencraBum B Buge (0/0t + 0/9x)(d/0t —d/dx). B

pe3yIIbTaTe MBI TIOIYUNM CIICIYIOIYIO cncreMy

B [ k@IW T w(n t — 7) dr,
v, 9
%+ 2 fk(r)|w|” Lw(x, t — 1) d,

rae (x,t) € Dy.
WHTerpupyst 3T ypaBHEHHUSI BIOJIb COOTBETCTBYIOIIMX XapAaKTEPUCTHK C YIETOM IPaHUYHOTO YCIOBUS
1 0003HaueHuH (5), HOJIyYrM CIIEAYIOIIEE HHTErPAIbHOE YPABHEHHE OTHOCUTENBHO GyHKIMU W (X, t):

t -

W) = 29(t =) + [ Jo REOIWIMIW(E, x + ¢ = 2§) d€ dr

-1
(t-x) w|"tw(é, t —x — 28)dé dt ~
+ fe- k(&) t w|mtw(é, t —x — §)dE dr. (6)
e i Jp K

Teopema 1 Ilycmsb @vinonnenvt ciedyroujue npeonoaoAHceHUs:
DkecC [ ] u cywecmayem koncmanma kg > 0 maxas, umo 0 < k(t) < kg onsnecext € [0,T/2];

2) g € C[0,T] u ob603nauum G: = supg<<r|g(t)|;

3)n = 1 - ¢urcuposannoe uucno.

Tozoa cywecmeyem maxoe T, > 0(3asucawee om ky,G,n), 0 <T, < T,

umo ¢ obnacmu D N0 <t <T, unmeeparvnoe ypasnenue (6) umeem eOUHCMBEHHOE peUUCHUE

npunaonexcawee knaccy C(D; N0 < t < T,). Kpome mozo, peuienue HenpeppisHo 3a8ucum om OaHHbIX § U
k.
Hoxazamenvbcmeo. T1on0KUM 151 KPATKOCTU 00JIACTh PACCMOTPEHUS
Q@=D,N0<t<T.=(xt):,0<x<t<T,,t+x<2T,
M paccMoTpuM 0aHaxoBO MpOCTpaHcTBO X:= C({1) ¢ cynpeMymM-HOPMO# |W|: = Sup(ysea|w(x, t)|.
Ompenenum orepatop A: X — X 1o mpaBoil 9aCTH HHTETPATLHOTO ypaBHEHUS (6):
(Aw)(x, t) =

2g(t —x) + J k(OwE x +t =280 w(E, x +t — 28)dédT + f
(t+x)/2 (t-x)/2

= 29" w(E, t—x—Zf)dde+J f kOIw(E,t —x = O w(E, t — —§)dédr.

CHauvana nokaxem, 410 A oroOpaxkaer map Bg: = w € X:, |[w| < R B ce0s npu moaxoasaIieM BeIoope
R u T,. ]Iy 3TOTO OIIEHUM Ka)K[[0€ M3 MHTETPATbHBIX CIaraeMbIX Mo MoIyio. [Tonb3ysce TeM, uto k(&) <
ko v |[w| < R, monydaem JJisi IEPBOTO IBOMHOTO MHTErpasa;
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k n-1 dé, d koR™ déd
f(m)ﬁf Ol 1w, dE, di| < ko f(m)ﬁf £dr.

Brruuciisst BHyTpeHHUE UHTErPAJIbl, 3aMETUM, YTO f 0 dé=tmn

t t2—(t+x)%/4 _t? _T?
= L e =
f(t+x)/2 T,dt 2 -2 2

. koT?
Takum 00pa3oMm, MEpBBI WHTErPaj OICHUBACTCS CBEPXY 4epe3 OTR”. AHaJOTMYHO BCE TPU

HUHTErpaJIbHBIX CIIaraéMbIX BMECTE OLICHUBAIOTCS CBEPXY KOHCTAHTOM
Ci:= M,
2
U II0JIyYaeM.
[(Aw)(x,t) — 2g(t —x)| < C4R™
i Beex (x,t) € Q. Orcrona
|[Aw| < 2G + C{R™.
Bri6epem pamuyc mapa R Tak, 9T00BI
R =4G.
Torna ycnoeue A(Bg) C Bg BBHINONHSAETCS, €CIH
26+CiR"<R o (C;(460)™"<2G6,
T.C.

26 1-2n,1-n
C; < a0 - =2 G . @)

[ockonbky C; nponopiuonanbHa T2, MOXKHO BBIOpaTh gocTatouno manoe T, > 0 (B 3aBUCUMOCTH OT
ko, G, n), uToOBI HEepaBeHCTBO (7) BBIMONHUIOCE. TakuM oOpa3om npu TakoMm T, oneparop A otoOpaxkaer By
B ce0s1.

Tenepp noxaxkem, 4To A sBISIETCS CKUMAIOIIUM Ha By mpu BO3MOXKHO 00Jiee CTPOrOM OTpaHUYECHUN
ua T,. Ilycts u, v € Bg. Toraa, yuuthiBas TafkocTh kK U HempepblBHOCTH | - |*~1(-) Ha oTpeske, umeeM
OIIEHKY JIJIsl pa3HOCTH (MCHOJIBb3ys HepaBeHcTBo Jlunmuna i s - |s|*~1s na otpeske [—R, R]):

lul"u = "] < Ly(R), [u—v|,  Lp(R):=n(2R)™"*.

(OTy omeHKy JIeTKO TOMy4YnuTh, AU(GEpeHIHpPYST MHOTOWICHOOOPA3HYIO (YHKITUIO WIH TPUMEHSISI

HEpPaBEHCTBO IS CTeNeHHON QyHKIuK). Toraa Amst KaXIoro u3 TpEX UHTErpajioB PasHOCTh NAET OLEHKY !

|ﬁ"”;_x 7R (™ e~ IvI”‘lv)ddeI

T T*Z
< koLn(R), [u — v dfdr < koLn(R), Ju — v| —.
(t+x)/2 2
CyMMupys 1o TpéM HUHTErpaTbHBIM cnaraeMHM, MOJTYYUM

[Au — Av| < Gy, |lu —v|, Cy:= L, (R).
[Moxacrasnss L,(R) = n(2R)" 1 uR = 4G, HonyqaeM SIBHOE BI)Ipa)KeHI/Ie i Cy:
c, = 3k0T n(8G)"1.
Torma s KaKa0ro U3 TpEX MHTETPAIIOB pa3HOCTL naéT OLCHKY:

|ﬁ"“+Tx 7 k@ (™~ |v|"-1v),dc’, dr|

3k0T

T T*Z
< koL, (R), |u —v| dde < koL,(R), |lu—v|—
(t+x)/2 2
CyMMupyst IO TPEM HHTETPATbHBIM cnaraeMmM, MOJTyYUM:
[Au—Av| < Cplu—v|, Cyp= 3"°T L.(R).
[oxacrasnss L,(R) = n(2R)" ' uR = 4G, nonyqaeM SIBHOE Bpra)KeHI/IC st Cy:
C, = 3k0T n(8G)"1.
CrenoBatenbHO, PU JOCTATOYHO MajioM T, > 0 BBITIOJNHSIETCS yCIIOBUE:
C, <1,

u onepatop A siBIsieTcs CKUMAIOUINM Ha Bp.

ITo Teopeme banaxa o HemoABWXHON Touke [8] MHTErpaibHOE ypaBHEHHE (6) UMEET eAUHCTBEHHOE
pemenue w(x, t), HerIpeprIBHOE Ha ().

3axiouenne. B naHHOW paboTe HcciepoBaHa 3ajada O pa3pelIMMOCTH HEIMHEHHOTO HHTETpo-
nrdepeHInaIbHOTO YpaBHEHUS THIIepOomdeckoro tumna. C IOMOIIBI0 METOMa CKUMAIONITAX OTOOPaKEHMI
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JTIOKA3aHO CYIIECTBOBaHWE U EIMHCTBEHHOCTh JIOKATBFHOTO (TI0 BpEMEHH) KIIACCHYECKOTO peIIeHHs.
[Tonmy4yeHHble pe3yabTaThl MOTYT CIYKUTh OCHOBOW JJIsI MCCIICNOBAHMS OOpATHBIX 3a/ad, CBSI3aHHBIX C
BOCCTaHOBJICHHEM sijipa k(t) 10 TpaHUYHBIM JIaHHBIM.

OcTanoch 3aMeTHTh HENPEPHIBHYIO 3aBHCHMOCTH peIIeHusi OT AaHHbBIX. Ilyctes g,§ — nBa Habopa
IpaHUYHbIX JAaHHBIX U k,]} — COOTBETCTBYIOLIUE sApa. HOBTOpHH OLCHKN BbIIIC I Pa3sHOCTU
COOTBETCTBYIOIIMX ONepaTopoB A 1 A ¥ NpUMeHss HEPABEHCTBO O CHKATHH, TIOydaeM CTAHAAPTHYIO OLEHKY

| — W] < ——(4]g — gl * C[0,T <] + C'lk — k| » C[0,T *x/2]),
—L2

rae C' 3aBucut ot G, kg, n, T,. OTO JOKa3bIBAET HEMPEPHIBHYIO 3aBUCUMOCTh PELIEHHS OH HAYaIbHBIX
TAHHBIX.
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MATHEMATICS

VJIK 517.984

OBPATHAS 3AJIAYA OB ONPEJAEJEHWUN ®YHKIIUU BPEMEHHU B ITIPABOM YACTH
I'MIEPBOJIMYECKOI'O YPABHEHUSA C HEPEMEHHBIMHU KOO®OUIIUEHTAMUA

Cyapoe Typcynoex Paxcabooi yenu,
Byxapcxuii 2ocyoapcmeennwiii ynusepcumem
t.r.suyarov@buxdu.uz

Kapopounoe Capoopxysca Paswan yenu,
byxapcroe omoenenue Uncmumyma
mamemamuxu AH Pecnyonuxu Y30exucman
s.r.qarordinov@buxdu.uz

Annomayus. B nacmosuyeii pabome ucciedyemcs oopamuas 3a0aia onpeoeienusi npasoi 4acmu
OOHOMEPHO20 2uUNepOOaULEeCKO20 VPABHEHUSL C NePeMEHHbLIMU KOd(Dduyuenmamu no OONOIHUMETbHBIM
UHMEZPATBHBIM  YCA0BUSAM, 3A0AHHbLIM OMHOCUMENbHO PEUEHUs NEPeoll HAYANbHO-KPAesol 3a0ayu 0
amoeo ypasnenus. Obpamuas 3a0aua NO HAXOHCOCHUIO COMHOICUMENsT NPAGOU Ydacmu, 3aeuciujeti om
BPeMeHU, IKGUBATIEHMHO PeOYYUPOBAHA K UHMeSPATbHOMY ypasHeHulo Borsmeppa nepeoco poda. B xknacce
HenpepuleHbIX PYHKYULL YCMAHOBLeH KpUMeEpUll eOUHCMEEeHHOCU peuietus 0OpamHtoul 3a0ayu, u 00KA3aHbl
meopeMbl 0 CYWecme08aHUY U YCHOUYUBOCU DeUleHUs.

Kniwouesvie cnosa: cunepbonuyeckue ypasuenus, unmezpan Bomvmeppa nepsoco poda, obpamuas
3a0aua, uHmMezpaIbHoe YCiogue.

O‘ZGARUVCHAN KOEFFITSIYENTLI GIPERBOLIK TENGLAMANING O‘NG
TOMONIDAGI VAQT FUNKSIYASINI ANIQLASHNING TESKARI MASALASI

Annotatsiya. Ushbu maqolada biz ushbu tenglama uchun birinchi boshlang ‘ich chegara giymati
masalasining yechimi uchun belgilangan qo‘shimcha integral shartlar asosida o0 ‘zgaruvchan
koeffitsiyentlarga ega bo‘lgan bir o‘lchovli giperbolik tenglamaning o‘ng tomonini aniglashning teskari
masalasini o ‘rganamiz. O ‘ng tomonda vaqtga bog ‘lig omilni topishning teskari masalasi birinchi turdagi
Volterra integral tenglamasiga teng ravishda keltiriladi. Uzluksiz funksiyalar sinfida teskari masala yechimi
uchun yagonalik mezoni o ‘rnatiladi va yechimning mavjudligi va barqgarorligi hagidagi teoremalar
isbotlanadi.

Kalit so'zlar: giperbolik tenglama, birinchi turdagi Volterra integrali, teskari masala, integral shart.

INVERSE PROBLEM OF DETERMINING THE TIME FUNCTION ON THE RIGHT-HAND
SIDE OF A HYPERBOLIC EQUATION WITH VARIABLE COEFFICIENTS

Abstract. In this paper, we study the inverse problem of determining the right-hand side of a one-
dimensional hyperbolic equation with variable coefficients based on additional integral conditions specified
for the solution of the first initial-boundary value problem for this equation. The inverse problem of finding
the time-dependent factor on the right-hand side is equivalently reduced to a Volterra integral equation of
the first kind. In the class of continuous functions, a uniqueness criterion for the solution of the inverse
problem is established, and theorems on the existence and stability of the solution are proved.

Keywords: hyperbolic equation, Volterra integral of the first kind, inverse problem, integral condition.

BBenenne u mocranoBka 3amaun. B obOmactu D:= {(t,x):0 <t < T,0 < x <}, paccmoTpum
HavaJIbHOKPACBYIO 3a/1auy omnpeaeineHus GyHKipn U(t, X), YIOBICTBOPSIONIYIO YPAaBHCHHUIO !

0’u 9 ou
S -5 (0 52) + G = F (e, (1)
C HAYaJIbHBIMHU YCHOBI/ISIMI/I
u(0,x) =), u(0,x) =9¢x),0<x<, (2)
nu I‘paHI/I“IHI)IMI/I yCJ'IOBI/IHMI/I
u(t,0) =u(t,?) =0, 0<tLT, 3)

[peanonoxum, 4to s Kod3pdHuIHeHToB ypapHeHus (1) BHIIOIHAIOTCS CIIEAYIONIHE YCIOBHS:
Al): 0 < p(x) € C?[0,£],0 < q(x) € C1[0,£], a p(x) u P(x) B (2) 3a1aHHBIE TOCTATOUHO TIIAIKUE
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(GyHKIHH.

B npsmoii 3agaue TpeOyercs onpenenuts GyHkuuo u(t, x) € Ctl’ ',? (D) N C?(D), ynoBIETBOPSIOILYIO
ypasrenusM (1)-(3) amst 3a1aHABIX J0CTaTOYHO Tankux ynkmmit ¢ (x), Y (x), F(t,x), rae D = {(t,x):0 <
t<T,0<x <4}

B pa6ote mb1 mpeanonaraem F(t,x) = f(t)g(x), ucciaenyem cienyonryo oOpaTHYyIO 3a1ady.

O6patnas 3agaya. Haiitu f(t) € C[0,T], eciu oTHOCUTENBbHO perieHus npsmoi 3amauu (1)-(3)
W3BECTHO MHTETPATBEHOE YCIOBHUE MEPEOTPEIICIICHHS .

£
f gGOult, X)dx = h(t),0 <t <T, )
0

rae h(t) - 3amaHHBIE OOCTaTOYHO Tiagkue ¢GyHKUUH. B 3TON 3amaue mHTErpanbHoe ycioBue (4)
SBISIETCSl JTOTIOJNHUTENBHBIM YyCJIOBHEM ompenenenus ¢ynkuun f(t). HectanmapTHoe momoiHuTEeNbHOE
ycioBrue (4) COOTBETCTBYET CpeNHEMY IO BpeMeHH ckopocTH (the time-averaged velocity) ¢ BecoBoit
byukiuen f(t).

YpaBHEHUE ¢ YaCTHBIMU MPOU3BOAHBIMU (1), ompesensronee Mabie MONepeyHbie KOIeOaHns TOHKOM
MeMOpaHbl WM CTPYHBI, a TaKKe JPYrHe KoyieOaTenbHBIC MPOIECChl B CIUIOIIHBIX cpenax (aKyCcTHKa,
NPEUMYIIECTBCHHO JIMHEWHAs: 3BYK B ra3aX, JKMAKOCTIX M TBEPABIX Telax) M 3JIEKTPOMarHeTusMe
(anexktpoauHamuke). OOpaTHBIE 33124l HAXOXKJICHUS HEH3BECTHBIX, OTMHCHIBAIOIINX HCTOYHHKH, SBISIFOTCS
TUHEHHBIMH 3ajadamu. Pasznuynple oOparTHble 3aJaud Uil OTICNbHBIX THUIOB, Mapa0OIMYCCKHX,
TUIEPOOTHMISCKAX M AIUTMNTHICCKUX U (EpeHIMANBHBIX YPAaBHEHUH, ObUIH JOCTATOYHO MOJHO HU3y4YCHBI
(cm. [1,2,3] B npuBeiéHHOM Tam oOmmpHON Oubmmorpadum).

OTMeTnM Takxke padoThl [4,5,6], B KOTOPBIX UCCIEOBAaH NIMPOKUN KPYT MPSAMBIX HaYallbHO-KPaeBbIX
u o0OparHbIX 331a4 00 ucrounuke st ypasHenus (1) ¢ p(x) =1 u q(x) = 0. B paborax [7,8,9,10] mns
o0mero mapaboJIMYecKoro M THIepOOIMYECKOr0 YpaBHEHUsS KoJieOaHWH IMPSIMOYTOJbHOW ILIACTHHKU
W3y4YeHbI HaYalbHO-TpaHUYHAs U 0OpaTHBIC 33/1a41 TI0 OTBICKAHHIO MPaBOH YacTH (MCTOYHHMKA KOJIEOaHU).

B Hacrosimei#t pabote A1 OJJHOMEPHOTO HEOTHOPOHOTO YPaBHEHHUS KOJICOAHUN CTPYHBI UCCIETYETCs
oOparHas 3aaua BOCCTAHOBJICHHA MCTOYHUKA IpaBoit uactu F(t,x) = f(t)g(x), c Hen3BecTHOH (yHKUMEH
f(t). dokazaHbl TEOPEMBI CYIICCTBOBAHUSA U €IUHCTBCHHOCTH PEIICHUS MOCTABJICHHBIX 3a/1a4.

HcceienoBanne HaYaabLHO-KpaeBoii 3agaun (1)-(3)

Teopema 1 (TeopeMa eTHHCTBEHHOCTH). [Ipednonoocum, umo kodgpguyuenmor p(x) u q(x)
ypasnenus (1) yooenemesopsitom ycnosusim Al). Toeoa pewenue u(t,x) nauanvio-kpaesoii 3adauu (1)-(3)
xkaacce @yukyui u(t,x) € Ctl, ;? (D) N C?(D) asrsemcs eduncmeeHHbIM.

JoxkazareabcTBo. [lycth cymecTByOT nBe (yHkiuu uq(t,x) u uy(t,x), YIOBICTBOPSIOIINE
ycnoBusM cienctBus. Toraa ux pasHocth Uq(t,x) — u,(t,x) = u(t, x) npunamiexur kiaccy u(t,x) €
Ctl’;? (D) N C?(D), ynoBneTBopseT 0JHOPOIHOMY YPABHEHHIO '

o%u(t,x) B d [ au(t,x)] Ot x) .
atz - X p(x) Ix q\x)ult, x), ( )
B D, HyJICBBIM HauajbHBIM yCIOBHUSM:
ou
Ulpeg = — =0, 6
t=0 = 3¢ o (6)
U OJIHOMY W3 TPAHHYHBIX YCIOBHIA:
u(t,0) = u(t,l) =0, (7
Breném ¢yHKImIO:
t
v(t,x) =f u(t, x)dt. (8)

0

OHa UMeeT HeMPEePHIBHbIE MPOU3BOIHBIC Vy, Vg, Uy, Uxt, Ve TIPU YKA3QHHBIX 3HAYCHHSX TTIEPEMEHHBIX.
Harmmiem mist u(t, x) ypaBHerue (5) ¥ MPOUHTETPUPYEM €ro 1o T Ha mpoMexyTke or T =0 g0 T =t. U3
BeIpakenwii (6)-(8) cienyer:
0%v(t,x) 0 [ ( )av(t, x)] Ot )

———=—|p(x) ———| — q()v(t,x
oz oax [PV T ax |71

B 3TOM ypaBHEHMH 3aMEHHM t Ha T, YMHOXXUM 00€ YacTv Ha V;(T,X) U NMPOUHTETPUPYEM MO T Ha
mpoMexyTke oT T = 0 no T = t. [Ipunumast Bo Buumanue (6) — (8), monydum:

1 t
2 —
Sve0) =

0

Uuterpupyem o6e vacti mo x Ha npomexytke [0,l] u B MOBTOPHOM HMHTErpaie MEHSEM MOpPSIOK
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WHTETPUPOBAHMS

1 l
Ef vi(t,x)dx =
0

t l 9 1 l
:j {f v,(7, x) — [p () v (7, x)]dx} dr ——f q(x)v2(t, x)dx.
o Wo ox 2 )y
WHTerpupys mo vactsM BHYTPEHHUN HHTErpajl M NpUHMMas BO BHuUMaHME (6)-(8), momywaem, 4TO
BHEHHTETPAJIbHBIA WICH PaBeH HYJIIO:

1 l
—f v2(t,x)dx =
2), Y

t l 1 l
= —f {f (X)) vy (T, X))V, (7T, x)dx} dt — —f q()v?(t, x)dx
o o 2Jo

MeHsie onsATh MNOPSIIOK HMHTEIPUPOBAHUS, MPOU3BOJS HHTETPUPOBAHME IO T M IPUHUMAS BO

BHHMaHUe, 4TO V, (0, x) = 0, momy4um:
l

! !
%L vi(t,x)dx = —%L p()v2 (T, x)dT —%L q(x)v?(t, x)dx

OTKy/Ia CJICIyeT:

!
f v2(t,x)dx <0
0

orciona, cnepyer Ve(t,x) =0 mpu 0<x <!l n 0<t<T. B cuny (8), momyusaem u(t,x) =
u(t,x) —uy(t,x) =08D.
CymecTBoBaHue pemienus. Pemenne 3agauu (1)-(3) 6yaem uckats B BUIE:

u(t,) = ) vn(OXal0), ©)
n=1
10 cOOCTBEHHBIM (DYHKIIHAM ypaBHEHUS
d dX
L0 = (h ) - a@x = —ax, (10)
C TPAaHUYHBIMH YCIIOBUSMH
X0)=X#¥)=0 (11D)

Ecmn ycnoBusi A1, BemonHeHsl, B kHUrax [11, crp. 168-215], [12, ctp. 225238] moka3aHO, 4YTO
cnektpanbHas 3agada (10), (11) B L?(0,1) uMeeT MOIHYI0 CHCTEMY OPTOHOPMHPOBAHHBIX COOCTBEHHBIX
¢ynkuuit X, (x), a MOJOXHUTENbHOCTh COOTBETCTBYIOIIMX COOCTBEHHBIX 3HAUYE€HHH A, MOXXHO [IOKa3aTb
CIIEAYIOIIMM CTaHIAPTHBIM criocoboM. YMHoxkast 00e yactu ypaBHeHus (10) Ha X = X, (x), uHTerpUpys H
NPUHUMAs BO BHUMaHUE HOPMHPOBAHHOCTh COOCTBEHHBIX (DYHKITUIA, HMEEM

== [ [ (p052) - a0 xatora

WnTerpupys mepBoe ciaraemMoe B MpaBOMl wacTu 3TOoro paBeHcTBa M yuuTsiBas (11), momydum
PaBEHCTBO:

h=| | b0 (B’ (o3| ax (12)

koTopoe o3HayaeT A, > 0,n € N. OueBugno, yro A, 00pa3ylOT CUYETHOE MHOKECTBO M TIpH
noaxojaiierd Hymepamun, umeeM 0 < Ay < A, < -+, %1_{20 A, = oo, B[11, ctp. 182], B yacTHOCTH, IOJIyueHa
OIICHKA!

min? + my, < A, < Myn? + M, (13)

rIe Tapel IMOCTOSHHBIX Mq,M,; W My, M, 3aBHCAT, COOTBETCTBEHHO, OT MHHHUMAJbHBIX U
MaKCUMaJIbHBIX 3HaueHui pyHkmid p(x), q(x) Ha orpeske [0, [].

Paznaras mpaByro dacte (1) mo coOctBenHbiM ¢(yHkImsM 3agaun (10), (11) w npupaBHHBas
BBIPDXEHHSI NPU OJIMHAKOBBIX COOCTBEHHBIX (YHKUIMSIX M3 ypaBHeHHsS (1), MBI MOJYyYHM ypaBHEHUS JUIS
onpeneneHus ko3¢ dumentos Oypwe v, (t) :

vy () + Ay vn (8) = Ey (), (14)
rne F,(t) = fol F(t,x)X,(x)dx u L(X,) = —21,X,. Pemenne ypaBuenus (14) ymoBieTBopsieT
Ha4YaJbHBIM YCIOBUSIM.
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£ £
20(0) = @ = f 0 ()X, () dx, ) (0) = Py = f YK Wdx,  (15)
0 0

ULt Kakaoro n € N, Mbl omyuum Juist vy, (t) UHTErpalibHOE YpaBHEHHUE:

(/2% 1 ft E )
— | Fy(s)siny/2,(t —s) ds. (16)
VA Jo

vp(t) = @, cosJApt + —sin /A, t +
Urak, pemenune 3amxauu (1)-(3), uto cnenyer u3 (9), MOMKHBI ObITh BEIPAXEHBI B BUIIE (POPMATBHOTO

7
psna:

u(t,x) = nZl [(pncos \/A_nt +f7lnsin \/A—nt .

)

Fy(s)sin /2, (t — s)ds] X, (%)

1 t
gl
Vo

Ecmm psn (17) cxoaumrcst paBHOMepHOB D W psnpl, IOJyYeHHbIE W3 HEro IOYJICHHBIM
nudhepeHIMpoBaHEeM 10 t U M0 X JI0 JBYX Pa3 CXOIATCS PaBHOMEPHO B D, TO cyMMa 3TOTO psjia eCTh U3
knacca C2(D) ¢ynxius, ynosnersopsromias ypasaennio (1) u ycnosusm (2), (3).

CrnpaBenuBO CIEAYIONIEE YTBEPKACHHUE.

Teopema 2. Eciu evinonnenst ycnosus Al,u@(x) € C3[0,1],9(0) = L(¢)(0) = @(1) = L(@)(]) =
0,9(x) € C2[0,1],%(0) = () =0, F(t,x) € CZ[0,T,F(t,0) =F(t,£) =0, mo  cyuyecmeyem
eouncmeennoe peuterue 3adayu (1)-(3), onpedensemoe cpopmynoii (17).

JoxazareascTBo. Kaxnaprii unen psga (17) ynmomnerBopsier ypaBHeHuto (1) mo camomy ero
MMOCTPOEHHUIO, M HaM JOCTaTOYHO MOKa3aTh PaBHOMEPHYIO M aOCOMIOTHYIO cxoauMmocTh psana (17) u pamaos,
nonydenHbIX 13 (17) nounenno auddepeHupoBaHueM 1o t U X 10 ABYX pa3 BKIIOUUTENsHO B D. JIjis storo
JOCTaTOYHO A0KAa3aTh, YTO PSIIbI

w(t) = ) t(OXa() () = ) w(OXe(),  (18)
n=1 n=1

u(t,) = ) BOX() U6 = ) WOX 00, (19)
n=1 n=1

rue vy, (t) xak cnemyer u3 (16)
vy () = —Anq)ncos\/l_nt — Jl_nwn sin \/A_nt +
t
+E,(t) — A, f Fo(s) sin /2, (t — s) ds. (20)
0

Jns  nmokasatenbcTBa paBHOMEpHOM cxoammoctu psgoB  (18),(19), mocratoyHo JoKa3aTh
PaBHOMEPHYIO CXOJAMMOCTh Ha oTpe3ke x € [0, ] ciaemyromux psjaoB:

N [Yal . IEallcior
> |Xn|[|<on|+ = (21)

2 Xl lalgnd +E (] + 1Fallcgor)] (22)

n=1
, [Ynl  Ellcpor
> |Xn|[|<pn|+ o) 23)
n=1 An An
< Wnl  NEallcror
> |Xn|[|<pn|+ | (24)
n=1 An An
W3 ypaBrenus (10) nmeem:
—p' -2
Xy ="y Iy .

CIIeIOBATEINbII0, PABHOMEpPHAs CXOIUMOCTH psinoB (23) u (24), ciemyer U3 paBHOMEPHOH CXOAUMOCTH
psmoB (21) u (22).

[Tpu sToM MBI OyIeM KCIONIB30BaTh HEPABEHCTBO, aHAIOTHYHOE HepaBeHCTBY beccens (cm. [12, ctp.
254)):
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d l
> gk < [ [pe(e'@) +ate? @] dx =D, @9)
n=1 0

KOTOPOE CHPAaBEJIUBO IS JTF000H (f)}’HKI_[I/II/I @(x) € C[0,1] ¢ ycnosusmu ¢ (0) = ¢ (1) = 0.
Janee nonb3ysch HHTETPAITLHBIM YpaBHEHHEM sl COOCTBEHHBIX QyHKIMH X, (X)
Xn(x) _ [t
S [ e xa@as, (26)
n 0
rae G(x, &) - pynkuus ['puna 3amaun (10) u (11), ynosnerBopsimeit Ha otpeske 0 < & < £ ycnoBusm

Teopemsl. [loaTomy
Xn(x)

l
e fo G )X ()€

B CHITy HepaBeHCTBa beccens orciosia BEITEKAEeT, 4To
2

> < | GEeds <My mpnx e [0,4] 28)
n=1 " 0
JlokaxxeMm Temnepb, u4To psax (2) paBHOMepHO cxomutcs Ha oTpeske 0 < & < £. [IpuMenss HepaBEeHCTBO

Komm n nom,3y;101> OIIeHKOH (27), HaxouM:

|1/Jn| |72 ”C[OT]] | X (x)|< >
|X”|[| @nl + AZI‘Pnl"'/l [Yal ) <
= Z =

k+m Xz(x)/ k+m k+m \ / k+m k+m \
Z’; \ZA%¢%+ZA%%/ \ZAM ZA%%/
n=k n =k =k =k

oTCIOfa CjlelyeT PaBHOMEpHAas CXOAMMOCTh psaa (22), Tak KaK YHMCIOBBIE PAABI Ymeq ASQZ 1

Yoy A3 cxonsares B cuiy (25).

JloxakxuM paBHOMEPHYIO CXOJUMOCTH psfia (23) C TTOMOIIIbIO HEPABEHCTBA (28) momyyaeM:
k+m

D, Wi )|(|<pn|+'1”n> LSl + V)

( kfwn kfw%) 29)
n=k

Pan Yo-; A3@2 cxumurcs B cuily HepaseHcTBa Beccenss mna dymkuun L(@)(x); pan Yeeq A2
CXOIHUTCS BCIIEACTBHE TEOpPeMbl, MpuMeHEHHON K (QyHkuuu P (x). Torma u3z (29) BbITEKaeT paBHOMEpHAas
cxoauMocTh psna (23). Teopema 2 moka3aHa.

Hccaenyem oopatuyio 3agauay (1)-(4).

Teopema 3. Ilycms gynxyuu @(x), P (x) u g(x) yoosremsopsiom ycrosusm Teopemvt 2, g(x) # 0 na
(0,£),h(t) € C?[0, T] u svinoanens ycroeus:

l l o)
fo Y()g@)dx = 1'(0) = Z It jo PG dx = h'(0) = Zl Gt

mo obpamuas 3a0a4a umeem eOUHCMBeHHOE peuletue.
Joxka3zareancTBo. Pemenue npsimoit 3agauu (1)-(3) yaoBIeTBOPUM TOTIOIHUTEIILHOMY YCIOBHIO (4),
TO TIOJTY4HM:

< My, pu x € [0, 4]. (27)

>a|><

Huddepenmupyst (26) momydaem:

f € [oe] [oe]
,x)dx = ()X, (0)dx = n n = h(t), 30
fo g(u(t, x)dx fo g(x);v ()X (X)dx Zv (O)gn = h(t), (30)

TAe gn = f(f gx)X,(x)dx. pu F(t,x) = f(t)g(x) dyakuus (16) mpuHUMAIOT B

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 168



MATHEMATICS

t
v, (t) = @, cos \/)l—nt + %sin\/l—nt + \‘/QTn_nfo f(s) sin \/A_n(t —s)ds. (31)

B (30) moxcraBmsist (31) mocie HECIOXHBIX NMPeoOpa3oBaHMN IMOJYYHM HMHTETPajIbHOE ypaBHEHHE
Boubreppa mepBoro pojia OTHOCUTENLHO Heu3BeCcTHOU (GyHKuuu f(t):

f K6 $)f(s)ds = H(D),0 < ¢ <T, (32)
34€Ch BBCCHLI CJICAYIOIIUC 0003HAYEHNS: o(:
K(t,s)=z g—%sin\//l_n(t—s),0<s<t<T, (33)
H(t) = h(t) — Z In [(pn cos \/Zt + %sinmt . (34)
n=1 n

B cuity HalloXKEeHHBIX YCIOBHE OTHOCHTENBHO GyHKIWHA @ (x), P (x) u g(x) B Teopeme 2 siapo K (t,s)
v mpaBast yacTh H(t) ypaBuenus (32) HempepblBHO AHQPDEPEHIUPYEMBI IO t B 0GNACTAX ONpEICICHHs, T.¢.
psanst B (33) u (34) cxomarcss paBHOMEPHO W JIOIYCKAIOT NmowieHHoe nuddepeniupoBanue no t. B camom
Jienie, HENpPepbIBHOCTD 3TUX (DYyHKUMH coMHeHui He BbI3biBaeT. @opmansHoe nuddepennuposanue (33) u
(34) napazamo t :

Kee(t,5) = ) g2yTnsin[Tn(s = 0), (35)
n=1

H'"(t) =h"(t) + Z gn[/lngon cos \/A_nt - \/A_nlpn sin \/A_nt] (36)
n=1
Jns psina (35) omeHKa BHITOTHSETCS CIEAYIONIM 00pa3oM:
> G Esin TG - 0| < ) Vg
n=1 n=1

UYroOb!l 10Ka3aTh CXOAUMOCTh IOCIEIHEr0 YHCIOBOTO psijia, pACCMOTPHM CIEAYIOMU (QyHKIIMOHA,
OIIPEIEIUB €ro MpaByro 9acTh (12):

2= [ [peo (5)

HO}ICT&BHHH B HCT'O BBIPAXKCHHUC!

2
+ q(x)Sz] dx.

j-1
S@) =g = ) gaka(@),
n=1

v puHUMast Bo BHUManue (12), a Takke JIerko MpoBepseMoe TOXKAECTBO !

fol [p(x) (ka (x)) (an(x)) + q(x)Xk(x)Xn(x)] dx =0,k #n,

dx dx
IOJIyYHM:
j_l 1 2
d
290 g )= [ o (G2) + e ax
n=1

j-1 i1 z
dg(x) dX,(x)
+ nZl Angrzl +2 nZl gnjo [p(x) dx dx + q(x)g(x)Xn(x)] dx.

VYuureiBas ycnosus g(0) = g(l) = 0, unTerpupyemM mo 4actsM B MOCJCIHEM HHTerpayie. [IpuHumas
BO BHUMaHue paBeHCTBO (2) mpu X = X,,(x), A1 = A,, ¥ HaXO (1M

j-1 I P j—1
d
z{ 9= gxac | = | [p(x) (22) +q(x)g2(x)] dx =" Ingh,
n=1 0 n=1

(37)
Iockonbky Z(S) > 0, To u3 popmysl (37) HEMOCPEACTBEHHO CIELyET HEPABEHCTBO:
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b l
2
Z Angn < f
n=1 0
CXOIUMOCTbD PsAa, CTOSALLETO CIEBA.

YroObl mOKa3aTb pPAaBHOMEPHYIO CXOIUMOCTh psaa B (36), IOCTaTOYHO MOOKa3aThb CXOAWMOCTD
MOKAQPaHTHOTO ISl HETO YKCIIOBOTO PSANA Ypeq AngnPn. Yiconb3ys HepaBeHcTBO Kotm, nmeeM:

> Vnlgallenl = > VZlan YElonl < | ) Vngh | Vnoi
n=1 n=1 n=1 n=1

CX0IMMOCTh PSIOB B TIPABON YaCTH 3TOTO COOTHOILECHHUS! HETIOCPEACTBEHHO CIIENyeT U3 MpPEeIblAyIInX
paccyKaeHuu.

Teneps, muddepenuupyst (32) u paspemias Hpd 3TOM MOJIY4aeMOE YpaBHEHHE OTHOCHTEIBHO
¢ynkuun f(t), momydnMm:

d 2
p(x)( J m) + q(x)gZ(x)] dx, (38)

dx

t

FO + f Ko(t, $)f (s)ds = Ho(®), (39)
0

e Ko(t,s) = Kt (t,8)/ 2me1 g2, Ho(t) = H(t)/ Y=y g2. B cuiny Teopemsl 2 ¢pynkims g(x) # 0
Ha (0, ¥), u3 paBencta [lapceBansa-CrekioBa, UMeeM:

o ?
z In = f g*(®)dx = l|gllf, o, > 0.
n=1 0

CrenoBarensHo, (39) sBHIseTCS WHTETPaIbHBIM ypaBHEHHEM BombsTeppa BTOporo poma c
HETNPEPBIBHBIMU SPOM W IpaBod 4acTbio. OUYEBWIHO, YTO TaKO€ YpaBHEHHE OJHO3HAYHO pa3peimmo B

knacce HenpepbIBHBIX Ha [0, T'| dyHKIMi:
t

£ = Ho(@ + [ REH (),
0
rae R(t,s) - pezonbBenta pynkuun —Ky(t, s). Takum oOpaszom, Teopema 3 gokazaHa.

YCTOMUUBOCTh pelieHus] oOpaTHOW 3aja4yd OT 3aJaHHbIX QYHKIWH @(Xx) u YP(x) ycraHaBIUBaeTcs
CIIEITYIOIINM YTBEPKICHUEM.

Teopema 4. ITycms {u(t, x), f ()} u {ii(t, x), f(t)} asuomen pewenusmu 3adauu (1)-(4) ¢ danmvimu
{p(), Y(x),h(t)} u {H(x),P(x),h(t)}, coomeemcmeenno, oOnbIMU memu Oce  PyHKyUAMU
p(x), q(x), g(x). Toeoa, cnpasednugut credyouue oyeHKU yCmouyuoCmu.:

If — f”c[o,T] < M1(||§0 - §5||c1[o,l] + Y - J’"cl[o,l] +lh— FL”CZ[O,T])I (40)

lu = ey < Ma(llo = @llcrpoe + 1Y = Pllcrjon + 1R = hlic2or)), (41)
20e My u M, 3asucam om ¢ynxyuii p(x), q(x), g(x).
JlokazaTeabcTBo. PaccmarpuBas ypasuenus (39) mis {¢(x),Y(x),h(t)}, a motoMm cocrasiss
Pa3HOCTh ATOTO ypaBHEeHUs ¢ (39), umeeM:

t
f(®) = f(&) = Ho(t) — f Kot 9)[f(s) = f()]ds,  (42)
0

rnue

Ho(t) = [h"(t) —RUO+ ) (@~ Gu)gnincos Tt +
n=1

/ Z 94
n=1

D (Y= ) g/ Fncos Tt
n=1

[IpeaBaputensHO MO MOAYIIIO OIICHUM H_O(t) :
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co

_ - 1
|H0(t)| < |h”(t) - h”(t)| + oo—z |(pn - (i)n”gnun +

2
n=1 9n £=4

1 <« i )
b > = Pallgal T < [h7(0) — "(0)] +
n=1 Yn £=

[ee)

— . — = N2
+M1 z Angrzl Z An((pn - (pn)z + MZ Z \/A_ngrzl Z \/A_n(lpn - l/)n)
n=1 n=1 n=1

n=1
Hanee, yantsiBas (38) numeem:
[Ho(®)] < Ik = Rllc2po + Fallgn = ulliacon + Faollon = Ball, o, <

< ||h - fl”CZ[O,T] + Mllll(pn - (ﬁn”(;l[o,{’] + Mzzlllpn - ll;n||C1[0‘f]'
Torna uz (42) c yuérom (43), ana t € [0, T] momyunm:
If () = F®OI < |Ih = hllczpo,r) + Miallgn = @ullerpo g +

t
L . MTORY{OTE

rzie nocrosiHEble M, My,, My, 3aBucar ot dynkumit p(x), q(x), g(x) u uncna T. OTciona, HCHONB3Ys
HepaBeHCTBO ['ponyoina, cnenyer onenka (40).

Iycts (t,x) € D, paccmatpuBas ypasHenue (9) mius ¥y, (t) ¥ cocTaBnss pasHOCTh U — 1 HA OCHOBAHUM
(31), (40), merpynHo momyuuTh onieHKy (41). Teopema 4 nokasaHa.

3akiouenue. B nanHoi pabote Mbl n3yunnu oOpaTHyIO 3a1ady onpeneneHusi QyHKIUU HCTOYHHUKA,
3aBHCAINEH OT BpPEMEHH, IS OJHOMEPHOTO THIEPOOJMYECKOTO YpaBHEHHUS C IE€PEMEHHBIMH
kodpdurmenTamu. Mbl [OKa3ald TEOPEMbl O CYyLIECTBOBAHHMM M EOUHCTBEHHOCTH DELIEHUH O0OpaTHOM
3amaun. VHTEepecHble pe3yJbTaThl IMOJyYeHBl OTHOCHUTENBHO YHHKANIbHOCTH OIPENETIeHHs BPEMEHHOMU
WUCTOYHUKOBOH (YHKUMM TIPU YCJIOBHM H30BITOUYHOCTH, C KO3(uIMEeHTaMu, 3aBUCSIIIUMH  OT
MPOCTPAHCTBEHHBIX MTEPEMEHHBIX.

(43)
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YK 517.95

HAYAJIBHO-KPAEBAS 3AJAYA JJ151 YPABHEHUSA JIN®PY3UU IPOBHOI'O
IHOPAIKA

Xacanoe Hopoxum Hxmuéposuu,
npenodasamensv byxapckozo eocyoapcmeennozo ynusepcumema
ihasanov998@gmail.com, i.i.hasanov@buxdu.uz

Annomayus. B Oannoti cmamve mul usyyaem ouggepenyuanvuvie ypasHenus 0pooOHO20 nopsaoka ¢
CUHSYTAPHBIMU KOIPDPuyuenmamu u nocmpoenue ux peuwlenuii ¢ ucnoavzosanuem @yuxkyuu I puna. Kpome
Mo2o, 6 cmamve AHATUZUPYEMCs GIIUSHUE CUHSYTISIPHBIX KOIDDUYUEHMO8 U MeMOO pewieHust nPAMol 3a0ayu.
Jlpobnvie ougghysuonnvie ypasHenus pacwupsiom Kiaccuyeckue mooenu Oup@ysuoHHvIx npoyeccos,
no380s  IPHEeKMUsHO ONUCLIBAMb AHOMAILHYIO Qug@y3uro u  ciodchvle @usuyeckue s61eHusl.
Paccmampusaromes ocnognvle 6udbl npouzso0HbiX OpOOHO20 NOPAOKA, UX CEOUCMEA U NPUMEHEHUe K
ougppyzuonuvim ypaguenusm. AHATUZUPYIOMCS MemoObl peuteHUsi KpaeeblX 3a0ay ¢ UCHOIb308AHUEM
@ynxyuu I'puna, a maxoice cmposames u UCCIeOVIOmcs yHOAMEHMANbHbIE PeuleHuss OPOOHbIX YPAGHEHU.
Kpome moeo, pezynomamut uccied08amuust NOKA3bIBAION WUPOKUE BO3MONICHOCU UCHONb30BAHUS OPOOHBIX
oughhy3uonnvix ypasHeruil 05t MOOETUPOBAHUS CILOJICHBIX PUZUUECKUX NPOYECCO8.

Kniouesvie cnosa: opoobnas npouszeoonas Kanymo, ¢pynxyus Mummae-Jlegppnepa, npeobpaszosanue
Jlannaca, nauanvhvie yciosus, epaHuutble YC106Us.

INITIAL BOUNDARY VALUE PROBLEM FOR THE DIFFUSION EQUATION OF
FRACTIONAL ORDER

Abstract In this article, we study fractional differential equations with singular coefficients and
construct their solutions using the Green’s function. Additionally, the influence of singular coefficients and
the method for solving the direct problem are analyzed. Fractional diffusion equations extend classical
diffusion models, allowing for an effective description of anomalous diffusion and complex physical
phenomena. The main types of fractional derivatives, their properties, and applications to diffusion
equations are considered. Methods for solving boundary value problems using the Green’s function are
analyzed, and fundamental solutions for fractional equations are constructed and investigated. Furthermore,
the research results demonstrate the wide applicability of fractional diffusion equations for modeling
complex physical processes.

Keywords: Caputo fractional derivative, Mittag-Leffler function, Laplace transform, initial conditions,
boundary conditions.

KASR TARTIBLI DIFFUZIYA TENGLAMASI UCHUN BOSHLANG*‘ICH CHEGARAVIY
MASALA

Annotatsiya. Ushbu magolada biz singulyar koeffitsiyentli kasrli differensial tenglamalar va ularning
Grin funksiyasidan foydalangan holda yechimlarini qurishni o ‘rganamiz. Shu bilan birga, maqolada
singulyar koeffitsiyentlarning ta’siri, to ‘g ri masalani yechish usuli tahlil gilingan. Kasr tartibli diffuziyali
tenglamalar diffuziya jarayonlarining klassik modellarini kengaytirish va anomaliy diffuziya hamda
murakkab fizik hodisalarni samarali tasvirlash imkonini beradi. Magolada kasr tartibli hosilalarining asosiy
turlari, ularning xossalari va diffuziya tenglamalariga qo ‘llanilishi ko ‘rib chiqilgan. Grin funksiya
yordamida chegaraviy masalalarni yechish usullari tahlil gilingan va kasr tartibli tenglamalar uchun
fundamental yechimlar qurilgan va tadqigq gilingan. Bundan tashqgari tadgigot natijalari murakkab fizik
jarayonlarni modellashtirish uchun kasr tartibli diffuziya tenglamalaridan foydalanishning keng
imkoniyatlarini ko ‘rsatadi.

Kalit so‘zlar: Kaputo kasr hosilasi, Mittag-Leffler funksiyasi, Laplas aylantirishi, boshlang ‘ich
shartlar, chegaraviy shartlari.

BBenenune. B mocnemHue mecsATHNETHS HAOMIOAaeTCs pacTylIMd HWHTEpeC K  H3YUYCHHIO
IudQepeHInanbHBIX ypaBHEHUH OpOOHOro mopsiaka. OTO CBSI3aHO C HX CHOCOOHOCTBIO aJIeKBaTHO
OITUCBIBATh CJIOKHBIC IPOUECCHI, 06naﬂanume MaMATBIO U HACJICACTBECHHOCTHIO, KOTOPKIC BCTPCUAIOTCA B
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¢busuke, OMOJIOTUM, SKOHOMUKE M HMHXKEHEPHbIX HaykaX. OIHON M3 TakUX MOZEJEH SIBIAETCS ypaBHEHUE
mupdy3nn IpoOHOTO mMopsAAKa, KOTOpoe 0000IIaeT KilacCHYeCcKOe YpaBHEHHE TEIJIONPOBOJHOCTH M
yauThIBaeT 3¢ (HEeKTH aHOMaTbHOHN nuddy3un.

OcoOblil MHTEpeC BBI3BIBACT MCCIEJOBAaHUE MPAMBIX W OOpaTHBIX 3ajad Uil ypaBHeHHH auddys3un
JIPpOOHOTO TOpSAKAa C CHHTYISApHBIMH Kod(dduumenramu. WX Hamuume ycloXXHSET aHamu3 U TpedyeT
NPUMEHEHHUS] CHEUUAIM3MPOBAHHBIX METOJOB M MW3y4YeHUS KOPPEKTHOCTH IIOCTAaHOBKHM  3ajad,
YCTOWYMBOCTH PEIICHHH W METOJOB WX HaxoxkJeHus. [10J00HBIC 3a/aud BO3HHKAIOT, HAMPHMEp, IMPH
MOJICIIUPOBAHMH IIPOLECCOB TEIUIONEpEAad B HEOJHOPOAHBIX Cpelax, MOPHUCTBIX MaTephajlax WM B
3aja4ax QUIbTPAIUHN KUAKOCTEH U Ta30B.

IIpsimass 3agmaya nst ypaBHeHMs nauddy3ur OpoOHOro MOpsAAKa MpennojaraeT HaxXOXKICHHE
pacrpeiefieHrsl TeMIepaTypbl M KOHUIEHTPALUN TP W3BECTHBIX HAYAIBHBIX U TPAaHUYHBIX YCJIOBHUSX, a
TaKXXe W3BECTHBIX Kod(p¢uuueHrax ypaBHeHus. OOpaTHas 3amada, HAaNpOTHB, TPeOyeT BOCCTAHOBJICHUS
HEM3BECTHBIX IapaMETPOB ypaBHEHHsI WIM HAYAIbHBIX YCIOBHA Ha OCHOBE HWMCIONIMXCS JaHHBIX O
COCTOSIHMM CHCTEMBI B OIIPEAEIEHHBIC MOMEHTHI BPEMEHHU WJIH B 33JJaHHBIX TOUKaX MPOCTPAHCTBA.

AKTyanbHOCTb HCCIEAOBaHHS 00YCIIOBIEHA KaK TEOPETUIECKUM HHTEPECOM K YTIIyOJIEHHOMY aHAIIU3y
IpoOHBIX Tu(depeHInaIbHbIX YPABHEHUH, TaK U IPAKTHYECKUM CIPOCOM Ha TOYHBIC MOJEIHU TSl OIIMCAHUS
CIIOKHBIX (U3MYECKHX TIpoleccoB. B maHHOW paboTe paccMaTpUBAIOTCS METOABI PEHICHHs MPSIMBIX U
0o0paTHBIX 3amad sl ypaBHEHUS TUPQPYy3un JpOOHOrO MOPSIKA ¢ CHHTYISPHBIMH KO3(QQUIUEHTAMH, a
TaKXe aHAJTM3UPYIOTCSI UX OCOOEHHOCTH U CJIOXKHOCTH.

IMocranoBka 3amaun. B gamHoit paboTe wWcchmeayercs HadadbHO-KpaeBas 3amada s
I QepeHInaTbLHOr0 YpaBHEHHUS, COIEPKAIIETO IPOOHYI0 IPOU3BOIHYIO:

2
Dfuln t) = —ulx ) + = —ulx ) + f( ), (x,t) €0y, 1)
C HAYaJIbHBIMU YCJIOBI/ISIMI/I
u(x,T) = p(x),x €[0,1], 2
nu FpaHI/I‘lHBIMI/I yCJ'IOBI/ISIMI/I
lim x* L u(x,t) = 0,u(l,t) = 0,¢ € [0, T]. 3)
x—0 dx

B 3anaue (1)-(3) D¢ ob6o3nauaer apobHY0 npou3BoaHy0 Pumana-JIuyBumuis B cmbiciae Kamyro, rie
napameTpbl IPUHUMAIOT 3HAUEHUS:

k € (-1,0), T > 0,l > 0,Qr ={(x,t)|x € (0,1),t € (0,T]}.

Metoposorusi mccjaenoBanus. J[ns aHanu3a JaHHOM 3aJadMl HCIOJB3YIOTCS METOIBI JPOOHOTO
WCUHUCIICHHS, TEOPHUsl KPAeBBIX 3aJady M YHCJICHHBIE METOAbl. B YacTHOCTH, NPUMEHSIOTCS METO.bI
MOCTPOCHUS PElIeHUH ¢ UCTIONb30BaHneM (QyHKIMHA ['puHa n crienuanbHbIX GyHKOWH. BakHbIM acriekToM
paloThI SBJISIETCS UCCIICIOBAHNE CYILIECTBOBAaHMS M €AMHCTBEHHOCTH pemieHus 3axauu (1)-(3), a Takxke ero
acumnToTHyeckoro nmosenenuss npu t > 0ut - T.

Hacrosmee wcciaenoBanne OCHOBaHO Ha (yHIAMEHTANBHBIX paboTax B 00jacTHm IpoOHOTO
VICUMCIIEHHs, B TOM YHCJIE HA TPYJaX TaKMX aBTOPOB, kak Y.A. Posukos, A.M. Xampaes, V.V. Jlxxamuios,
Jlagpa, @®. MyxammenoB u npyrux Yy4€HBIX. [lanpHeWmee pa3BUTHE MaHHOH TEOPHUH CIIOCOOCTBYET
pacUIMpEeHUI0 NPUMEHEHHs1 APOOHBIX Au(epeHInaNbHbIX YPaBHEHHH B Pa3IMYHBIX O00JACTAX HAyKH U
TEXHUKH.

IMocranoBKka NpsAMO 3aga4u:

Tpebyemces naimu pynxyuro u(x,t), npunaorexcawyio Kiaccy C,fg (27), maxyro, umo x*u,(x,t) €
C(Q7) u yoosnemeopsiowyio cuedyiowum yciosusm: oupgepenyuanvrnomy ypaenenuio (1), nauarvromy
yenosuio (2),epanuunviv yenosusm (3), 20e @(x) u f(x,t) — zadannvie docmamouno anaokue QyHkyuu.

Pemenne nannoii 3amaun (1)-(3) mmem meromom Dypre. [IpencraBuM muckomMyro (YHKIHIO B BHIE
u(x,t) = X(x)Y (t). PaccmoTpum 0HOpOIHYO YacTh ypaBHeHus (1):

92 ko

2(XY) = — (XY —— (XY
Dt( ) axz( )+xax( k)l
XDXY YX”+YkX' De¥ X”+§X, A2
= —_ = = = — .
‘ x Y X

Torna nony4um ypasHenue X'’ + %X " + A2x = 0.Mcnosnb3yeM rpaHuYHbIe yCIoBus (3):
chi_r)r(l) xfu,(x,t) = }Ci_r)r(l) x¥ X' )Y () =Y(b) }Ci_% X' (x)=0=
}Ci% xX¥X'(x)=0, ul,t)=XYt)=0=X() =0.
CoOOTBETCTBEHHO, MOJIy4aeM CJIEAYIOUIYIO CIEKTPAIbHYIO 3a/auy:
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X”+§X’+AZX=0, 4
lim x*X'(x)=0, X({)=0. (5)
X—
Ecnu B ypaBHenuu (4) BBeIEM 3aMeHY:
1-k
X=x2z2z(¢&), ¢=1A, (6)
TO TOJYYUM:
2,11 ' 2 2 2 k-1)?
£22"() +E2' () + 2 —v)z©) =0,  v?= (). )
Pemenne ypaBuenus beccens (7) mpeacraBnsiercs ClenyommuM 00pa3om:
z(§) = P1Jy(§) + PoJ - (§). 8

Bocmonp3oBaBmmich ypaBHeHrEeM (8), pemeHue ypaBHEHUS (4) IPEICTaBIISETCS CICTYIOMIM 00pa3oM:
1-k 1-k
X(x) = Pix 2 Jg—1(Ax) + Px 2 J1-1(Ax).
2 2
3aTeM, MPUMEHHUB yCIIOBUSA (3), TToJTydaeM CIeayIolee BEIpaKeHHUE:
1+k 1+k
lirr(l) x*X'(x) = lir% —PiAx 2 Jr+1(Ax) + PoAx 2 Jr+1(Ax) | = 0.
x> x> = =

Jna BemmonHeHUs ycioBus (5) JODKHO BBIMONHATHCA ciexytomiee: Py # 0,P, = 0 (B mpoTHBHOM
ciryyae He OyJeT yJOBJIeTBOpEHa NepBasi 4acTb paBeHCTBa (5)).
Orcrozia mosrygaeM:

1-k
X =Pix 2 Jima (),
2
a 3 BTOpoH "acty (5) moiydaem:
1-k
x 2 Ji-a(A) =0, 9)
2

U3 ycnoeust k € (—1,0) crienyer, 4to Bce penieHHs ypaBHEHHs (9) COCTOST M3 YHOPSAOYCHHO-
MOJIOKUTENBHBIX 4HceN. Takke OTMETHM, YTO AJsl Hyned ypaBHeHus (9), cornacHo [2], mpu OonpmMX n
CIpaBeIBa aCUMITOTHYECKas popMya.

T T
Up = TN+ > k — T
Jns ymoberBa 0003HaumM ux Kak U, n =1,2,3,..., 4, = % Torpa orcroga noayyum
1-k 1-k
Xn(2) = Pix 2 Jics (M%) = Py 7 Juoa (220). (10)
2 2
st yno6erBa koaddunmeHt P; BbIGepeM Tak, 4TOOBI ||Xn (x)|| = 1. Hampumep,
l E I 3
P = ( | xfﬁ_l(zmdx) - ( | xJ,%_l(Amdx) ,
0o 2 0o 2
1-k
2 ]E(Anx)
X, (x) = 2 - (11)
2
l
(fo x]é&n@‘“)
2

Jdemma 1. Ilocredosamenvrocmo {X,(x)}° sensiemcs noanou opmoHOPMUPOBAHHOU CUCMEMOU 8
npocmpancmee L,[0,1].
Crpoum pemmenne 3amauu (1)-(3) B Bune psina @ypre—beccens, TO €CTh:
(00}

U0 = ) un(OXa(3). (12)
n=1
[Mocne sToro, yunThiBas paBeHCTBO (12), W3 ypaBHeHust (1) momydnm crenyromiee OOBIKHOBEHHOE
muddepeHImanbHOe ypaBHEHNUE:
Dfuy + A?lun = fu(O), 13)
U YCIIOBHIO
un(T) = @n, (14)
rae
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1
run(t) = f u(x, t)x*k X, (x)dx,
0

A

l
fn(t) = f f(x, )x* X, (x)dx, n=123,.. (15)
0

l
on = f 90Xk X, (),
0

Takum 00pa3oM, MBI TPUIITH K OOBIKHOBEHHBIM IpOOHBIM nuddepeHnnanbHbpM ypaBHeHUsIM (13)
OTHOCHTEJIPHO HEHM3BECTHBIX (DYHKIMH Uy (t) ¢ ycmoBusimu (14). Jns ux pemieHus OyaeM HCIOJIb30BaTh
(dopmanbpHOE IpUMeHeHUe ipeoOpazoBanus Jlamnaca. B pesynbprare nomydum cieayromiee BhpaKeHue:

§%in(s) = s MU (0) + Atin(s) = fo(s), (16)
rie
an(s) = L[un(t)]: fn(s) = L[fn(t)]-
Pemas ypaBuenue (16) momyanm:
~ Un(@s¥h | ()
Un = sA+A2 SA+AZ’ (17)

[Ipumenus oOpaTHoe mpeoOpaszoranue Jlamnaca k Gopmyse (17), kak nokazaHo B KHure [1], moaydum

pemrenue ypaBaenus (13), kotTopoe ynoBneTBopsieT ycinosuio (14), B ciaemyromeM Buie:

t
un(t) = un (0)Eq (—25t%) + f (t = D Eq o (25 (t — D) fu(Ddr. (18)
0

OTcroa HaXO0INM, 9TO

T
u, (0) = (Ea(_AnTa))_l <(pn - f (T - T)a_l Ea,a(_A%(T - T)a)fn(‘[)d‘[)
0

(19)
Torna pemenue U, (t) MOXHO 3alUCaTh B CIICAYIOIIEM BHJIE:
T _ 12+
a-1 2 a Ea’( Ant )
Un t) = Pn — (T—-1) Ea,a(_/ln (T-1) )fn (t)dr
0

Ea (_A%Ta)
t
+ f (t = D%y o (~22(t — DD fu(Ddr.  (20)
0

Hemma 2: /s 0ocmamouto 6016uiux N cnpasednusa Ciedyouids OYeHKa:
lun (O] < lonl + Cllfullcon T + Cllfallcromt® (21)
IDEu (O] < Blonl + CARIfallconT® + CAallfallciomt® + 1@ (22)
20e C — nonoscumenvHas KOHCMAanma.
Ha ocHoBanmm HaiimeHHBIX yacTHbIX pemeHuid (20) m (11) pemenme 3amaum (1)-(3) 3ammmem
¢dopmanbHO B BUIE psija Dypee—beccens:

u(x, t) = Z X, ()1 (8). (23)
n=1
Bwmecre ¢ psgom (23) paccMOTpUM CIETYIOIINE PSIIIBL:
(50 = ) Xa(un(®), el
n=1

(68 = ) XL (un(®),  DEu(r,) = ) Xy (IDF y(8). (25)
n=1 n=1

JloKa)keM PaBHOMEPHYIO CXOIUMOCTB psitoB (24) u (25) B o6macti O, ecmu bynxmn @ (x) u f(x,t)
MOTYUHSIOTCS HEKOTOPBIM JONOJHUTEIBHBIM YCIOBHUSIM.
Jdemma 3: (cm. [3]) Jna docmamouno 6onvuwux 1 u ons ecex x € [0, 1] evinonnena oyenxa:
X, (I <C, 1X,(0)| < Chy, X ()| < C23.(26)
Ecau BOCHONB30BAaThCS MPUBEACHHBIME BBINIE JIEMMaMH, TO JUIA Kaxaoi Touku (x,t) € Qp
¢yHkuoHaNBHBIE psAbI (23), (24) u (25) MOTYT OBITH MaXKOPUPOBAHBI CIETYIONTMMHU YHUCIOBBIMH PSIIAMH.
(o0}

6 ) (on+ 1all o) 27)

n=1
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€2 ) 2 (o + il o) (28)
n=1 '
n
¢ > 2 (on+ fall oy ) 29)
n=1

Teopema 1: Ilycmov pynkyuu @(x) u f(x,t) ;npeaeﬂeHa u @(x) €CH0,l]) u flxt)e
Cc*1([0,1] x [0, T]), npuuém

k-1 d | k1 az [ k=t
1) x2 ¢(x) =0,—|x 2z p(x) =0,—5(x 2 o) =0,
x=0 dx x=0 x x=0
(30)
k-1 d [ k-1 d? [ k-1
x 2 f(x,t) =0,—x2 f(x1t) =0,—=|x 2 f(x0) =0,
%=0 dx B dx _
x=0 x=0
31)
k-1 d [ k1
2o =0L(xTew) =o (32)
x=l * x=1
k-1 d [ k1
x 2 f(x,t) = O'E x 2 f(x,t) = 0. (33)
x=l x=1
Tozoa ons ko3pPuyuenmos Pypve-beccens ynxyuu @ (x) u f(x,t) cnpasediuso nepasencmeso:
loal < 2572, (O] < 575 (34)

JoxazaTenscTBO Teopemsl | cienyer u3 kuuru [2], maparpad 6, reopema 1, crp. 283.
Teopema 2: Ecnu ¢pynxyuu @(x) u f(x,t)yooeremsopsiom yciosusim meopemvl, mo cCyuwecmeayem

eouncmeennoe peutenue u(x, t) sadauu (1)-(3),onpedensemoe psoom (23), npu smom u(x,t) € C,E_Zt’l) 027).
Jloka3aTenbCTBO TEOpEeMbl 2 OYJIeT aHAIOTUYHO JI0Ka3aTeNIbCTRY, MPUBEIEHHOMY B padoTte [3].
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UDC 512

ON THE CLASSIFICATION OF TWO-DIMENSIONAL FLEXIBLE ALGEBRAS OVER
ARBITRARY FIELDS

Asrorov Diyorjon Usmonovich,
Samarkand State University named after
Sharof Rashidov, Samarkand, Uzbekistan

Abstract. In this work, we consider two—dimensional algebras over an arbitrary field and investigate
structural properties related to the flexibility identity (xy)x = x(yx). Flexible algebras form a natural class
that contains associative and alternative algebras, as well as Jordan and power-associative algebras. They
arise in the study of nonassociative geometry, differential equations, and genetic algebras. As a result, we
obtain an effective method for the classification of all two—dimensional flexible algebras over an arbitrary
field.

Key words: two-dimensional algebra, flexible algebra, structure constants.

IKKI O‘LCHAMLI EGILUVCHAN ALGEBRALARNING IXTIYORIY MAYDONLAR
BO“YICHA TASNIFI HAQIDA

Annotatsiya. Ushbu ishda ixtiyoriy maydon ustida aniglangan ikki o‘lchovli algebralar ko ‘rib
chigiladi va (xy)x = x(yx) ko ‘rinishidagi flexiblelik sharti bilan bog ‘liq tuzilmaviy xossalar o ‘rganiladi.
Flexible algebra assotsiativ va alternativ algebralar, shuningdek Jordan va darajaviy assotsiativ
algebralarning tabiiy umumlashmasi hisoblanadi. Ular noassotsiativ geometriya, differensial tenglamalar va
genetik algebralarda qo ‘llaniladi. Natijada, ixtiyoriy maydon ustidagi barcha ikki o ‘Ichovii flexible
algebralarni tasniflash uchun samarali usulga ega bo ‘lamiz.

Kalit so‘zlar: ikki o ‘Ichovli algebra, flexible algebra, struktur konstantalar.

O KITACCU®PUKALIMU IBYMEPHBIX ITNBKUX AJITEBP HA/{ ITPOU3BOJIbBHBIMHU
HOJISIMHA

Annomayus. B oannoii pabome paccmampusaiomes 08ymepHvle aneebpvl HAO NPOU3BOTbHLIM NOLEM,
U UBYUAIOMCS CMPYKMypHble Colcmea, ceéazanhvle ¢ modicoecmeom cudkocmu (xy)x = x(yx). Tubkue
aneebpvl 06pa3zyIOM ecmecmeeHHbll KIAcCc, 8KI0YAOWULl accoyuamugnvle U aibmepHamueHole anebpbl, a
makdice aneebpvl Kopoana u cmenenno-accoyuamugnvle aneeopvl. OHU BO03HUKAIOM 6 HeACCOYUAMUBHOU
ceomempui, OuPOepeHyuanvHblX YPAGHEeHUsSX U 2ceHemuveckux aneedopax. B pesyromame nonyuen
ahpexmusHbll Memoo Kraccuhurayuy cex 08YMepHuIX UOKUX aleeOp HAO NPOU3BOTbHBIM NOLEM.
Knwouesvie cnosa: osymepnas ancebpa, eubkas aneebpa, CmpyKkmypHvle KOHCIAHbL.

Introduction. The study of nonassociative algebras forms an important direction in modern algebra,
where the usual associativity identity is relaxed in order to describe richer algebraic structures. Among these,
flexible algebras occupy a distinguished position. An algebra Aover a field F is said to be flexible if it
satisfies

(xy)x = x(yx), Vx,y € A.

This identity ensures that the binary multiplication operation is symmetrically balanced when one of
the factors repeats. Flexible algebras include several significant subclasses of nonassociative systems, such
as associative algebras, alternative algebras, Jordan algebras, and power-associative algebras. Because of
this, flexible algebras appear naturally in the study of nonassociative geometry, differential equations,
continuous transformations, and particularly in the algebraic modeling of genetic inheritance processes.

The foundations of nonassociative algebra theory were laid in classical works of Albert [1,2], Schafer
[5], Okubo [3], and McCrimmon [4]. The concept of flexibility and its implications for algebraic structure
were further developed in the works of Mayne [9], Benkart [10], Darp6 [11], Elduque [12], and Petersson
[19], where flexible algebras and flexible division algebras were studied from both structural and geometric
viewpoints. The general study of low-dimensional nonassociative algebras was initiated in the works of
Vasilyeva [13], Koch [14], Holgate [15], Walcher [16], Sagle and Walde [17], and Carter [18]. In recent
years, major progress has been achieved in the classification of two-dimensional algebras, especially in the
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works of Kaygorodov and Volkov [6], Bekbaev and Ahmed [7], and Bekbaev [8], as well as Liu and
Rakhimov [20], where explicit structure constant matrices and isomorphism classes are described.

A key property of flexible algebras is that every element generates a power-associative subalgebra,
meaning that all powers x™are unambiguously defined. Moreover, flexibility is stable under algebra
isomorphisms and scalar field extensions, which makes it suitable for structural and classification analysis.

Preliminaries. We begin by shortly recalling some concepts which will be using in the paper.

Definition 1. Let V be a vector space over a field F equipped with a function =V Q@ V > V

((x,y) = x - y) such that,

(ax+By)-z=a(x-2)+B(y-2),z - (ax+ By) =a(z-x)+ B(zy),

if forall x,y,z € V and a, B € FF,then the pair A = (V,-)is called an algebra over F.

Definition 2. Let A = (V,-3) and B = (V,-) be two algebras over the field F. The algebras A and B
are said to be isomorphic if there exists an invertible linear map f: V — V such that,

fx-py) =f(x) g f(y), wherex,y € A.

Let A be an two-dimensional algebra over F and e = e4, e, be its basis. Then on the basis e the

algebra A is represented by a 2 x 4 matrix (called the matrix of structure constant, shortly MSC)
a; a; az o0,
A= )

Bi1 Bz Bs Ba

as follows
e e =Yr_, aﬁ‘j e, Where i,j = 1,2,
Therefore, the product on A with respect to the basis e is written as follows
x-y=eAd(xQ®y) (1)

for any x = ex,y = ey, where x = (x,x,)7, and y = (y,,v,)T are column coordinate vectors of x
and y, respectively with respect to the fixed basis e = e, e,. Throughout the paper, we assume that the basis
e is fixed, and therefore we will not distinguish between the algebra A and its structure constants matrix A.

Lemma 1. An algebra A4 is flexible if and only if

AAQI-IQAx Ry ®x) =0

where A is MSC of A.

A be its MSC on a basis e = (e, e5), x = (x4, x3) and y = (y4, y2). Then flexible algebra condition is
nothing else

{A1x1y1x1 + Axx1Y1%2 + Asx1Y2X1 + Agx1YaXx HAsxzy1%1 + AgXaY1X2 + A7xayax1 + Agxayax, =0

Bix1y1x1 + Bax1y1X2 + B3Xx1Y2X1 — Agx1Y2X2+ByXoy1%1 + BsXay1X, — A7X3 Y001 — AgXaY2X, = 0

2)
where
Ay = Bi(as — ay), By = B1(B3 — B-),
Ay = ayfy — @z, By = Bray — Bray + BaPr — BE,
Az = ay(az — az) + asf, — azfs, B3 = B2(B3 — B2),
Ay = aj — ara, + ayfy — azfs, By = Bras — Bzay + BF — BaPr,
As = azfz — aup, Bs = Byas — fsaz + Pa(B3 — B2).

Ag = ay(B3 — o),
Ay = ayay — af + azfy — ayfa,
Ag = ay(a; — as),

Note that the set of functions {x;y1x1, %1 Y122, X1Y2%1, X1YV2X2, X2Y1%1, X2Y1%X2, X2 V2 X1, X2Y2X2} S
linearly independent. Therefore, the system (2) in terms of the structure constants a;, 5;, (j = 1,4) the
system (2) is written as follows

( pi(az —ay) =0, a1 — a2 =0
ar(a —az) + azf, —afs =0, af — s+ asfy — By =0
a3fz — ayf1 =0, ay(B3—P2) =0
3 a1y — a3 + azfy —ayP3 =0, au(a; —as) =0 3)
B1(Bs — B2) =0, Baay — Bray + Bufy — B5 =0
B2(Bs — B2) =0,
\ Boa3 — Bzaz + Ba(Bs —B2) =0 hras = Fsan ﬁ§ ~hib =0

In the sequel, we refer to (3) as the general system of equations characterizing two-dimensional
flexible algebras. In this paper, we make use of the results presented in [8]. The result that we are going to
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use in the paper was given as follows.
Theorem 2.1. Any non-trivial 2-dimensional algebra over a field IF (Char(FF) # 2,3) is isomorphic to
only one of the following listed, by their matrices of structure constants, such algebras:

a «a 1+« a
. A1(C)—<ﬁ 2 2 4

—a1 1 —a; —ay
Ay _ 3
A,(c) = ( ﬁz 1— 061 0 ) where ¢ = (aq, a4, 2) EFanday, # 0

as\ _(a; O 0 a2a4>
A3(c) = (0 B, 1—a1 0)‘(0 B, 1—a, 0 )
wherec=(a1a4,,82)€[F3aeIFanda;tO

), where ¢ = (a1, az, a4, B1) € F*

- A= ( ) where ¢ = (B, B2) € F?
0 0
. )—( 2a1—1 1—a 0>,Wherec—a1€]F
o Ag(o) = ( 1— a1 —(f)h 0(() ), where ¢ = (a;,a,) € F2and ay # 0
(© = ( 0 a4) _ (a1 0 0 a2a4)
47(c) = 1—a1 -a; 0)"\0 1-a; —a; 0 )

where ¢ = (a;,a,) EF?, a€Fanda # 0

. Ag(c)—< 1 (1) _01> wherec=p, €F

L] A9=

= Wil

0
2
3

. 4 _ (0 1 1 1 ) N ( 0 1 1 1 )
0@ =g 0 0 -1)gi@ o0 0 -1)
where ¢ = B, € F, the polynomial (8,t3 — 3t — 1)([?1152 + Byt + D(BEE3 + 6B1t2 + 3Byt + 1 — 2)
(B2t3+6P1t?+3B1t+f1— 2)
(B1t2+p1t+1)3
0 0 0 1 0 0
- no=(9 88 )~
11(C) ﬁl 0 0 0 a3ﬁlil
F,a,c=p,€Fanda,p; #0
0 1.1 0 0 1
4@ =(g o o 1)=(ap,

+ 4a=(] ¢ o of

Theorem 2.2. Any non-trivial 2-dimensional algebra over a field F (Char(IF) = 2) is isomorphic to
only one of the following listed by their matrices of structure constants, such algebras:
. (a1 ay 1+a, 0(4) 4
A12(0) = <ﬁ1 @, 1+a, a)Vherec=(a,aza,p)€F
_f(a; O 0 ay _
Azn(0) = ( 1 B, 1+a, 0 ), where ¢ = (@, ay,B;) € F3and a, # 0

a; O 0
° AZ 2(“1: 0:1) = (11 1 1 + a,

_ 0 0 a\ _(a; O 0 a’a,
As2(c) = (0 Pa 1+ay 0)‘(0 B, 1+a; O )
where ¢ = (@, a4,B;) EF3,a € Fanda # 0

hasno rootin F, a € Fand B;(t) =

o
o

1 . .
0), where the polynomial g; — t3 has no root in

(e}
S =

0
_1),where a,c=p,€Fanda #0

8) where a; € F

A ( 1 1 0)~< ay 1 1 O)
2©O=p g, 1+a 1) Bi+(1+pB)a+a® B, 1+a, 1)
Where Cc= (al, Bl,ﬁz) € ]F3
0

. _( ay _ )
As,(c) = ( 1 1+a, a 0 ) where ¢ = (aq, ) € FPand a, # 0

100 0

© A0 =( ¢ 1 o)

. _(a; O 0 a4)~<a1 0 0 a2a4>
AG'Z(C)_(O 1+a; a; 0)°\0 1+, o 0 )
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where ¢ = (ay,a4) EF?,a € Fanda # 0

(1 10y o 1 10
) A7'2(C)_(31 1+a; a 1>_(ﬁ1+aa1+a+a2 1+a; a 1)'
where ¢ = (a;, ) EF?anda € F

. 4 ()_(0 1 1 1)~< 0 1 1 1)
828¢)={p, 0 0 1)7\Bl(@) 0 0 1

. , B2t3+p,t+5,)°

(B1t3 +t + 1)(B1t? + Byt + 1) hasnorootin F, a € F and B (t) = W

0 0 0 1 0 0 0 1
. Ag'z(c)—<ﬁ1 0 0 O)—(agﬁlil 0 0 0),Wherea,c—ﬁleIFanda¢0,

the polynomial 8; + t2 has no root in FF

1 1 1 0 1 1 1 0
. AlO,Z(C)—<Bl 1 1 1>_(,81+a+a2 11 1),Wherea,c—ﬁle]F
0 1.1 0 0 1 1 0
A11,(c) = <.31 0 0 1) ~ (bz(ﬁl +a?) 0 0 1), wherea,b e Fand b # 0
(0 0 0 O
A2 = (1 0 0 o)'

Theorem 2.3. Any non-trivial 2-dimensional algebra over a field F (Char(IF) = 3) is isomorphic to
only one of the following, listed by their matrices of structure constants, such algebras:
a; a; a+1 ay
o A C :(
1'3( ) ‘81 _Oal 10_ al _a’z
. = (% Ay _ 3
Ay3(0) = ( 1 B, 1-a; 0 ), where ¢ = (q,a4,52) EF°,and ay # 0
. _(a; O 0 a4) ~ (al 0 0 a2a4>
15:0=(3 g, 1-0, 0)=(5 5 100 07
where ¢ = (@, a4,B;,) EF3,a€ Fanda # 0

c A0 = (’[?1 312 1 _01)' where ¢ = (B4, 8;) € F?

), where ¢ = (aq, a5, ay, f1) € F*

. _ [ 0 0 O) _
A5_3(c)—(1 2a,-1 1—a; 0 ,wherec = a; € F
0 0 ay

. — (% — 2
Ag3(c) = ( 1 1-a;, —a 0 ), where ¢ = (@, ) € FPand ay, # 0

. _(a; O 0 a4) _ (al 0 0 a2a4)
A73(c) = ( 0 1-a; -y 0) " \0 1-a; —-a; 0 )
where ¢ = (a;,a,) EF?, a€Fanda # 0

0 1.1 0
4 A8’3(C) = (‘81 1 0 _1), Where cC= ﬁl € ]F

0 1 1 1 0 1 1 1
15569=(g, 0 0 -1) =gt 0 0 1)
where the polynomial (B; — t3)(B1t? + Bit + 1)(B%t3 + B, —2) has no root in F, a€F and

! _ (ﬁ%t3+ﬁl_2)2
A = (B1t?+B;t+1)3

0 0 0 1 0 0 0 1

© A02@=(g ¢ o o)= (a3ﬁlﬂ 0 0 o)

where the polynomial g; — t3 has no root, a,c = g; € Fand a, 8; # 0

. 4 (C):(Oll 0)2(0 11 0

113 B, 0 0 -1 a?f; 0 0 -1
1 0 0 0

R R L

© Ais= (1 0 0 o)'

Complete classification of 2-dimensional flexible algebras. In this sections we present isomorphism
classes of two-dimensional flexible algebras over the of characteristic is not 2,3, the characteristic 2 and the
characteristic 3, respectively.

Theorem 3.1. Any non-trivial 2-dimensional flexible algebra over a field F (Char(F) # 2,3) is
isomorphic to only one of the following listed, by their matrices of structure constants, such algebras:

aaon=( b 0
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o000
- a(300)=(2 )
00 % 0
2
%000:4 %OOa2a4
M al = )
4 o X1 o o L1
2 2 2 2

where a4, a € Fand a # 0
/0 0 0 0
A13_(1 0 0 0)'

To classify the two-dimensional flexible algebras it suffices to solve the general system of equations
(3) with respect to MSC of each 4;, (i = 1,2,...,13) given in Theorem-2.1.
It is easy to see that A5 is flexible. For algebras A,,A, and A, — A;, the system of equations (3) is
inconsistent.
_ (a0 0 0l4) _ (a1 0 0 a’a,
ForA—A?,(c)—(0 B 1-a; 0)=\0 5, 1-a, 0
F3, a € Fand a # 0, the system of equations 3 looks like
a4(2a1 - 1) = 0
[ B2(1—a;—B2) =0
i ay(fz—a1) =0

), where ¢ = (a1, a4, B,) €

ay(1—a; —p)=0
B2(Bz —a1) =0
\(1 = a))2a,—1) =0
which admits the following solutions: A5(1,0,0), A3 (E,O,O) A3( , Ay, ) The description of two-

dimensional flexible algebras over F for the cases Char(F) =2 and Char(F) =3 can be obtained
respectively. Therefore, we give here the results without proof.

Theorem 3.2. Any non-trivial 2-dimensional flexible algebra over a field F (Char(F) =2) is
isomorphic to only one of the following listed by their matrices of structure constants, such algebras:

) A3,2(1,0,0)=(1 00 0)’

1 110 1 110
A4,z(1,[91.0)—(31 0 0 1)_<,81+a+a2 0 0 1)""’“”‘331EIF

100 0
¢ A62(110)=( ),
: 00 1 0
o ©@=(0 DL (ol b L Ouhereabcrandh o
12l =g 0 0 1) B2B+a® 0 o 1)pVEEBOETA
/00 0 0
’ Am_(1 0 0 0)'

IR

(2 0 0 aay
2 0

), where a4, a € Fanda # 0
0 2

Theorem 3.3. Any non-trivial 2-dimensional flexible algebra over a field F (Char(F) = 3) is
isomorphic to only one of the following, listed by their matrices of structure constants, such algebras:
AR
 A33(200) = ( )
. 2 0 0 a
A3,3(2' Ay, 2) - (0 2 2 0)

Conclusion. We studied two-dimensional algebras over an arbitrary field through their matrix of
have provided the complete classification of two—dimensional flexible algebras over an arbitrary field in the
cases char(F) # 2,3, char(F) = 2, and char(F) = 3. Future research directions include: a more detailed
study of degenerations and orbit closures in the variety of two—dimensional algebras, the classification of
simple or division flexible algebras in dimension two, and the development of computational tools to

1 0 0 O
+ A35(1,00) = ( )
0 0 2 0/
0 0 O 0)
structure constants (MSC) and obtained an intrinsic characterization of flexible algebras. In this paper, we
case—by—case analysis depending on the characteristic (particularly for char(FF) = 2and char(FF) = 3), the
automate solving the defining polynomial identities and performing orbit reduction under the action of
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GL(2,TF). These lines of investigation extend the present framework toward a complete and computable
taxonomy of flexible algebras in low dimensions.
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UO‘K 517.984
IQTISODIY NAZARIYADA DIFFERENSIAL HISOBNING ROLI VA AHAMIYATI

G ‘ulomov Ulug ‘bek Hikmatullayevich,
Profy university Navoiy filiali

“Iqtisodiyot va aniq fanlar kafedrasi” mudiri
Ulugbek.gulomov04197 @gmail.uz

Annotatsiya. Ushbu magolada igtisodiy nazariyada differensial hisobning roli, uning igtisodiy
jarayonlarni tahlil gilish va bashoratlashdagi ahamiyati keng yoritilgan. Differensial hisob igtisodiy
o ‘zgaruvchilarning uzluksiz va vaqtga bog ‘liq o zgarishlarini ifodalash imkonini beruvchi matematik vosita
Sifatida qaraladi. Ishda igtisodiy funksiyalar daromad, ishlab chiqarish, iste’'mol, investitsiya, narx, foyda va
talab o ‘zgarish tezligini aniglash orqali igtisodiy qarorlar qabul qilish jarayonining nazariy asoslari
ko ‘rsatib berilgan. Shuningdek, differensial hisob yordamida ishlab chigilgan klassik va zamonaviy igtisodiy
modellarga (masalan, Keyns modeli, o ‘sish modeli, Laffar egri chizig ‘i, marjinal tahlil konsepsiyasi)ga ilmiy
izoh berilgan. Ularning barqarorlik sharoitlari, o'‘sish sur’atlari hamda igtisodiy muvozanat holatlari
differensial tahlil vositalari yordamida ko ‘rsatilgan.

Kalit so‘zlar: differensial hisob, iqtisodiy tahlil, igtisodiy model, marjinal tahlil, igtisodiy o ‘sish,
igtisodiy muvozanat, differensial tenglama, igtisodiy bargarorlik, dinamik tizim, ishlab chigarish funksiyasi,
iste’'mol funksiyasi, investitsiya funksiyasi, Keyns modeli.

POJIb U BHAYEHUE JUPPEPEHIIUAJIBHOI'O HCUHUCJIEHUS B
YKOHOMUYECKOUN TEOPUU

Aunnomayus. B Oannoti cmamve nOOpoOOHO pAcKpvima poib OuphepenyuanbHo2o UCHUCIeHUs 8
IKOHOMUYECKOU MEOPUU, 4 MAKIICe e20 3HAYEHUEe 8 AHANU3e U NPOSHOZUPOSAHUU IKOHOMUUECKUX NPOYECCO8.
Jlupppepenyuanvroe ucuucienue paccmampueaemes Kax MameMamuyeckuil UHCMpyMenm, Nno360s0uull
ONUCHIBAMb HENPEPbIBHblEe U 3ABUCIYUE 0N BPEMEHU USMEHEHUsT IKOHOMUHEeCKUX nepemennvix. B pabome
NOKA3aHbL meopemuiecKue OCHO8bL NPUHAMUSL DKOHOMUYECKUX peuieHuti yepes onpeoeieHue CKopocmu
UBMEHEHUSl MAKUX IKOHOMUYECKUX QYHKYULl, KaK 00X00, NPou3800Cme0, nompedieHue, uHeecmuyul, yeHda,
npubwlis u cnpoc. Kpome mozo, oano mayumnoe obvscHenue K1acCUdeckux U COBPEeMEeHHbIX IKOHOMUYECKUX
Mooenell, paspabomanHbix ¢ UCNOAb308aHUeM Oupgepenyuanvhoco ananusza (nanpumep, modeau Keiinca,
MoOenu IKOHOMUHecKko2o pocma, kpusou Jlaggepa, ronyenyuu npedenvnozo ananusa). Ycioseus
VCMOUYUBOCU, TMEMNbL POCIA U COCMOSIHUSL IKOHOMUUECKO20 PABHOBECUsL NPEOCMABTIeHbl ¢ NPUMEHEHUeM
UHCMPYMEHMO8 OUPPEPEHYUATLHOLO AHAIU3A.

Knwuesvle cnosa: ouggepenyuanvroe ucuucienue, SKOHOMUYECKUL AHAU3, IKOHOMUYECKASL MOOeb,
nPeoebHblll AHAU3, IKOHOMUYECKUL POCM, IKOHOMUYECKOEe pasHogecue, oughpepenyuanvioe ypasHeHue,
9KOHOMUYECKASL  YCMOUYUBOCMb, OUHAMUYECKAS. —CUCmeMad, NpOU3800CMEeHHas (QYHKyus, GyHKyus
nompebnenus, ungecmuyuonnas yuxyus, mooensv Keiinca.

THE ROLE AND SIGNIFICANCE OF DIFFERENTIAL CALCULUS IN ECONOMIC
THEORY

Abstract. This article provides a comprehensive analysis of the role of differential calculus in
economic theory and its significance in analyzing and forecasting economic processes. Differential calculus
is viewed as a mathematical tool that enables the representation of continuous and time-dependent
variations of economic variables. The study presents the theoretical foundations of economic decision-
making by determining the rates of change in such economic functions as income, production, consumption,
investment, price, profit, and demand. Furthermore, scientific explanations are given for classical and
modern economic models developed using differential analysis (for instance, the Keynes model, growth
model, Laffer curve, and marginal analysis concept). The conditions of stability, growth rates, and states of
economic equilibrium are illustrated through the use of differential analysis techniques.

Keywords: differential calculus, economic analysis, economic model, marginal analysis, economic
growth, economic equilibrium, differential equation, economic stability, dynamic system, production
function, consumption function, investment function, Keynes model.
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Kirish. Igtisodiy jarayonlar o‘z tabiatiga ko‘ra uzluksiz, o‘zgaruvchan va dinamikdir. Shu sababli
ularni chuqur tahlil gilish, bashoratlash hamda optimallashtirishda matematik vositalar, aynigsa, differensial
hisob alohida o‘rin tutadi. Iqtisodiy nazariya bu jarayonlarni umumiy qonuniyatlar asosida o‘rganar ekan,
ularning o‘zgarish tezligi, yo‘nalishi va turg‘unlik darajasini matematik tarzda ifodalash zarur bo‘ladi.
Differensial hisob bu o‘zgaruvchan miqdorlarning o‘zaro bog‘ligligini, ularning o‘sish yoki kamayish
tezligini aniglashga imkon beruvchi matematik analiz bo‘limidir. Iqtisodiy nazariya esa ishlab chiqarish,
iste’mol, jamg‘arma, investitsiya, talab va taklif kabi jarayonlarning o‘zaro ta’sirini o‘rganadi. Shu bois
differensial hisob igtisodiy nazariyaning asosiy analitik vositasiga aylangan.

Bugungi kunda yurtimizning rivojlanga davlatlari qatoriga kirishga intilishi oliy ta’lim tizimiga bir
qator qo‘shimcha talablarni qo‘yadi. Bu talablar, jumladan, matematik ta’lim sifatini oshirishga
yo‘naltirilgan. Zamonaviy iqtisodchi miqdoriy tahlil usullarini puxta egallagan bo‘lishi kerak. Bunday
xulosaga iqtisodiy nazariyani o‘rganishning o°zi yetarli bo‘lmaydi. Bunda nafaqat an’anaviy matematik
fanlar (matematik tahlil, chiziqli algebra, ehtimollar nazariyasi) bo‘yicha bilimlar, balki amaliy iqtisodiyot va
igtisodiy tadgiqotlarda zarur bo‘lgan bilimlar (matematik va iqtisodiy statistika, o‘yinlar nazariyasi va
boshqalar) ham muhim ahamiyatga ega. Matematika iqtisodiy ta’limning asosiy poydevori hisoblanadi. Agar
talabalar differensial hisob nazariyasini chuqur o‘zlashtirsalar, ular uchun ilmiy istigbollar va kasbiy
imkoniyatlar keng ochiladi.

Igtisodiyot jamiyat hayotining asosi bo‘lib, uning tuzilmasida differensial hisob alohida o‘rin
egallaydi. Matematik tahlilning ushbu bo‘limi asosan funksiyaning hosilasi va differensiali tushunchalari
bilan bog‘liq bo‘lib, u iqtisodiy jarayonlarni miqdoriy tahlil qilish va modellashtirishda eng muhim vosita
hisoblanadi.

Engels F. ta’kidlashiga ko‘ra “Faqat differensial hisobgina tabiiy fanlarga nafaqat holatlarni, balki
jarayonlarni — harakatni ham matematik tarzda ifodalash imkonini beradi. “Shu munosabat bilan ushbu
tadqiqot ishida iqtisodiy masalalarni yechishda differensial hisobning qo‘llanilishiga har tomonlama
yondashish hamda uning amaliy qo‘llanilishiga oid aniq misollar keltirish maqgsad qilingan [1,2].

Masalan: Soliglar oshirilganda yoki import bojlari joriy etilganda davlat daromadi qganday
yo‘nalishda o‘zgaradi?

Korxonaning ishlab chigargan mahsuloti narxi oshirilganda uning tushumi ortadimi yoki kamayadimi?

Qo‘shimcha uskunalar qanday nisbatda ishchi kuchini almashtira oladi?

Bunday masalalarni yechish uchun ushbu jarayonlarda ishtirok etuvchi o‘zgaruvchilar o‘rtasidagi
bog‘lanish funksiyalari tuziladi va keyinchalik ular differensial hisob usullari yordamida tahlil gilinadi.

Iqtisodiyotda qo‘llaniladigan differensial hisobning muhim usullaridan biri bu chegaraviy tahlil
usulidir. Igtisodiy chegaraviy tahlil bu ishlab chiqarish, iste’mol va boshqa jarayonlar hajmidagi o‘zgarishlar
natijasida xarajatlar yoki natijalar o‘zgarishini ularning chegaraviy giymatlarini tahlil gilish asosida o‘rganish
usullari majmuasidir. Igtisodiyotdagi chegaraviy kattaliklarga quyidagilar kiradi: chegaraviy daromad,
chegaraviy xarajatlar, chegaraviy foydalilik, mehnatning chegaraviy unumdorligi. Ular igtisodiy obyektning
holatini emas, balki jarayonni, ya’ni uning o‘zgarishini tavsiflaydi [3,4].

Differensial tahlil. Bu iqtisodiy ko‘rsatkichlar orasidagi uzluksiz o‘zgarishlarni aniqlash, ularning
o‘zaro ta’sirini baholash hamda iqtisodiy jarayonlarning barqarorligini tahlil gilishda asosiy vosita
hisoblanadi.

Igtisodiyotda bu usul foyda, talab, taklif, xarajat, ishlab chigarish hajmi, narx va inflyatsiya kabi
ko‘rsatkichlarning marjinal o‘zgarishlarini aniqlashda keng qo‘llaniladi.

Differensial yondashuvning mohiyati iqtisodiy funksiyalarning hosilalarini hisoblab, ularning
o‘zgarish tezligini tahlil qilishdir.

Masalan: Igtisodiy modelda biror ko‘rsatkichning o‘zgarishini aniglash uchun quyidagi ifoda
ishlatiladi (1-jadval):

1-jadval.
y=fk) c_dy
y' == =)
x — mustaqil o‘zgaruvchi Igtisodiy nuqgtai nazardan f'(x) >0
(resurslar,mehnat, kapital, narx) bu hosila marjinal x ortganda y ham
y — iqtisodiy natija (foyda, daromad, | giymat sifatida talgin ortadi (ijobiy
ishlab chigarish hajmi) qgilinadi ya’ni, iqtisodiy marjinal ta’sir).
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ko ‘rsatkichning kichik f'(x) <0
o‘zgarishlarga nisbatan y kamayadi salbiy
sezgirligi. (marjinal ta’sir).

Umumiy naflilik biror ne’matdan ketma-ketlikda iste’mol qilib borilganda ulardan olingan jami
naflilik yig‘indisini ifodalaydi va u o‘sib borish xususiyatiga ega. Shu bilan birga iste’mol to‘yingan
sharoitda umumiy naflilik o‘zining maksimal qiymatiga erishadi.

Chekli naflilik ne’matdan qo‘shimcha bir birlik iste’mol gilish natijasida olinadigan qo‘shimcha naf
miqdorini ifodaladi. Chekli naflilik - bu naflilik funksiyasidan biror ne’mat o‘zgaruvchisi bo‘yicha olingan

xususiy hosilaga teng:
ATU

Muzm.

Bu yerda: M Llj - i-ne’mat bo‘yicha chekli naflilik darajasi; ATU — umumiy naflilik darajasining

o‘sgan qismi; A><| - 1 -ne’matni iste’mol qilish migdorining o‘sgan qismi.
Umumiy va chekli naflilikning o‘zgarishi 1-rasmda keltirilgan.

4

TJ max TU(Q*)

a)

MU

b)

*
1-rasm. Umumiy naflilik va che%i naflilikning o‘zgarishi

1-rasmdan ko‘rinib turibdiki, iste’mol gilinadigan ne’mat miqdorining (Q) oshib borishi bilan umumiy
naflilik (TU) ham oshib boradi (a-rasm). Bunda chekli naflilk (MU) kamayib boradi (b-rasm). Umumiy
naflilik Q* nuqtada maksimal darajaga erishganda, chekli naflilik (MU) nolga teng bo‘ladi.

Odatda, biror ne’matni iste’mol qilish oshganda (boshqa ne’matlar iste’moli hajmi o‘zgarmaganda),
umumiy naflilik darajasi oshadi. Demak chekli naflilik musbat MU0, shu  bilan  birga,  biror
ne’matdan qo‘shimcha bir birlik iste’mol qilganda (boshga ne’matlar iste’moli hajmi o‘zgarmaganda),
go‘shimcha iste’mol gilingan birlik oldingisiga nisbatan kamroq naf beradi va uning bu xususiyatiga chekli
naflilikning kamayish gonuni deyiladi. Matematik tilda bu naflilik funksiyasining ikkinchi tartibli hosilasi

noldan kichik degani:
U
(MU =g <0

Talabni aniglashning asosida chekli nafligining kamayish qonuni yotadi. Shu sababli ishlab
chiqaruvchilar mahsulot sotish hajmini ko‘paytirishlari uchun qo‘shimcha sotiladigan mahsulotlar narxiga
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chegirma berishlari kerak bo‘ladi.

Endi makroigtisodiyotdagi differensial hisobning qo‘llanilishiga to‘xtalamiz. Makroiqtisodiyot bu
igtisodiyot fanining bir yo‘nalishi bo‘lib, u milliy miqyosdagi iqtisodiy hodisa va jarayonlarni o‘rganadi. U
iqtisodiy tizimdagi umumiy ishlab chiqarish, iste’mol, investitsiya, bandlik, inflyatsiya, iqtisodiy o‘sish,
tashqi savdo va pul muomalasi kabi jarayonlar o‘rtasidagi o‘zaro bog‘liglikni tahlil qiladi.
Makroiqtisodiyotning asosiy magsadi milliy iqtisodiy barqarorlik va muvozanatni ta’minlash, ya’ni ishlab
chigarish, narxlar va bandlik darajasini optimal holatda ushlab turishdir. Makroigtisodiyotda iqtisodiy
o‘zgaruvchilar (daromad, investitsiya, iste’mol, inflyatsiya, foiz stavkasi va boshqalar) vaqt o‘tishi bilan
dinamik ravishda o‘zgaradi. Bu jarayonlarni o‘rganish uchun differensial tahlil, ya’ni oddiy differensial
tenglamalar va oddiy differensial tenglamalar sistemalari ishlatiladi.

Makroiqtisodiy tizimda asosiy bog‘lanish tenglamasi quyidagicha:

Y=C+I1+G+X—-M)

Bu vyerda: Y —milliy daromad, C —iste’mol, [ —investitsiyalar, G — davlat xarajatlari,

(X — M) — sof eksport, r —foiz stavkasi. Lekin vaqt o‘tishi bilan ushbu kattaliklar o‘zgaradi ya’ni:
Y=Y(@),C=C(),I=I(),r =7r(t).

Igtisodiy tizimda milliy daromadning vaqt bo‘yicha o‘zgarishi Keyns modeliga ko‘ra quyidagi birinchi

tartibli oddiy differensial tenglama bilan ifodalanadi:

dy
T alCY)+I1(r)+ G —Y]

bunda a > 0 — muvozanatga yaginlashish tezligini ifodalovchi parametr. Istemol va investitsiya
funksiyalarini chizigli deb gabul gilsak:
CY)=co+ciY ,I(r)=1y—br
co —mustaqil istemol, c¢; —istemolning chegaraviy moilligi (0 < c¢; < 1), b —investitsiya foiz
stavkasi sezgirligi. U holda yuqoridagi differensial tenglamani quyidagicha yoza olamiz:

dy
i al(c; —1)Y —br + (co + 1y + G)].

Pul bozori muvozanatini hisobga olsak foiz stavkasining dinamik modeli quyidagi ko‘rinishga ega:

dr_ YY — M
dt_ﬁ( r P)

bunda: kY — hr — pulga talab, %—real pul taklifi, 8 — moslashuv koeffitsiyenti.
Yuqoridagi ikki differensial tenglamani birlashtirsak makroiqtisodiy muvozanatning vaqt bo‘yicha
evolyutsasini ifodalaydigan quyidagi sistemaga ega bo‘lamiz:

dy
i al(c; —1D)Y —br+ (co+ 1y + G)]

dr M
E—ﬁ(kY—hr—F)

Xulosa. Differensial hisob zamonaviy iqtisodiy tahlilning metodologik asosi bo‘lib, iqtisodiy
nazariyada chuqur ilmiy ahamiyat kasb etadi. Igtisodiyotning murakkab dinamik tizim sifatida faoliyat
yuritishini hisobga olsak, bu tizimdagi barcha o‘zgarishlarni aniqlash, ularning yo‘nalishi, tezligi va
barqarorligini o‘rganishda differensial hisob vositalarining roli beqiyosdir. Avvalo, differensial hisob
yordamida iqtisodiy jarayonlarning chegaraviy (marjinal) o‘zgarishlari aniglanadi. Bu esa iqtisodiy qarorlar

gabul gilishda, resurslardan ogilona foydalanishda va foydani maksimal darajaga yetkazishda asosiy vosita

bo‘lib xizmat qiladi. Masalan, ishlab chiqarish nazariyasida ishlab chiqarish funksiyasi Q = f(L,K),

ko‘rinishida ifodalanadi. Bu yerda L — mehnat, K — kapital. Funksiyaning xususiy hosilalari Z—f va :—If -

mehnat va Kkapitalning chegaraviy mahsuldorligini bildiradi. Ushbu differensial tahlil igtisodiy
samaradorlikni aniglashning eng asosiy vositasidir. Bundan tashqari, differensial hisob yordamida
iste’molchi xatti-harakatlari, bozor muvozanati, foyda maksimallashtirish, xarajatlarni minimallashtirish,
hamda narxlarning elastikligi masalalari ham tahlil gilinadi. Iqtisodiy muvozanatning turg‘unligi, talab va
taklif egri chiziglarining o‘zaro kesishish nugtasi ham differensial hisob vositalari orgali aniglanadi. Bu
jarayon igtisodiy tizimning bargaror yoki begaror ekanligini baholashda katta amaliy ahamiyatga ega.
Makroigtisodiy miqyosda differensial hisob milliy daromad, inflyatsiya, foiz stavkasi, investitsiyalar va
ishlab chiqarish hajmlarining vaqt bo‘yicha o‘zgarishini modellashtirish imkonini beradi. Masalan, Keyns
modeli yoki IS-LM tizimi differensial tenglamalar orqali ifodalanib, iqtisodiy tizimning vaqt o‘tishi bilan
muvozanat holatiga yaqinlashish jarayonini matematik tarzda ko‘rsatadi. Bu esa iqtisodiy siyosat yuritishda
(pul-kredit siyosati, fiskal siyosat, soliq siyosati va boshgalar) ilmiy asoslangan garorlar gabul qilish
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imkonini beradi.
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Abstract. In this paper, we investigate the class of p—adic 1-Lipschitz functions, which play a
significant role in non-Archimedean analysis and [J-adic dynamical systems. We provide a general

representation of such functions and examine their algebraic and topological properties. Particular
attention is given to their dynamical behavior, including the analysis of fixed points, periodic orbits, and the
structure of the corresponding dynamical systems. The results contribute to a deeper understanding of the
qualitative nature of p-adic dynamics and lay the groundwork for further research in the area of p-adic

models in number theory and mathematical physics.
Key words: P-adic numbers, [J-adic norm, 1-Lipschitz functions, dynamical systems, fixed point.

O IMHAMUKE 1-JIMIIIIULEBBIX ®YHKLIMI B KOHTEKCTE [J-AJMYECKOW
TEOPUM YUCEJ

Annomayusn. B Oannotl pabome ucciedyemcsi Kuacc p-aéuqeacux 1-nunwuyesvix Qynxyutl,
KOMOpble UZpaiom 6ajCHyio poib 6 Heapxumedosol anamsze u [J-aduuveckux ounamuueckux cucmemax.

IIpeocmasneno obwee npedcmasieHue makux QyHKyull, u uzyiensl ux areebpauyecKue u monoocuyecKue
cgoticmea. Ocoboe gHuManue y0ensiemcs ux OUHAMUYECKOMY NOBEOeHUI0, BKII0UASL AHANU3 HENOOGUINCHbIX
moyeK, NepuooudecKux opoum u CmMpyKmypvl COOMBEMCMEYIOWUX OuHamuyeckux cucmem. llonyuennvie
pe3ynomamel  cnocobcmsyiom 6onee  2ny60KoMy HOHUMAHUK KauecmeeHHoU npupodst [-aduueckoil

OUHAMUKU U CO30a0m OCHO8Y ONisi OdNbHeumux ucciedosanutl 6 obracmu [J-aouueckux moodeneii 6 meopuu

yycen u mamemamuyeckou gusuxe.
Knruesvie cnosa: P-aouueckue uucna, P-aduuveckas wnopma, l-nunwuyesvr  @ynkyuu,

ouHamuyeckue cucmemaul, HEeNnoOBUICHASL MOYKA.

P-ADIK SONLAR NAZARIYASI KONTEKSTIDA 1-LIPSCHITZ FUNKSIYALAR
DINAMIKASI HAQIDA

Annotatsiya. Ushbu maqolada P-adik 1-Lipschitz funksiyalar sinfi o ‘rganiladi. Bunday funksiyalar
noarximed tahlilida va P-adik dinamik tizimlarda muhim rol o ‘ynaydi. Magolada ushbu funksiyalarning

umumiy ifodasi keltiriladi hamda ularning algebraik va topologik xossalari tahlil gilinadi. Aynigsa, ularning
dinamik xatti-harakatlari — sobit nugtalar, davriy orbitlar va mos dinamik tizimlarning tuzilmasi — batafsil
o ‘rganilgan. Olingan natijalar P-adik dinamikaning sifat jihatidan tabiati hagida chuqurroq tushuncha

beradi va sonlar nazariyasi hamda matematik fizika sohalarida [-adik modellarga oid keyingi tadgiqotlar

uchun asos yaratadi.
Kalit so‘zlar: P-adik sonlar, P-adik norma, 1-Lipschitz funksiyalar, dinamik tizimlar, sobit nugta.
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Introduction. The concept of [J-adic numbers was first introduced by the German mathematician

Kurt Hensel in 1897 as a new tool in number theory. His idea was to define a system of numbers in which
the properties of divisibility by a fixed prime number [J play a central role, thereby allowing the

construction of number systems that are complete with respect to the p—adic norm.
Originally, [J-adic numbers were studied primarily within the framework of number theory,

particularly in problems related to congruences, Diophantine equations, and local-global principles.
However, over the course of the 20th century and into the 21st, the scope of applications of [J-adic numbers

expanded significantly. As a result, several independent branches of mathematics and mathematical physics
emerged, including but not limited to:
» P-adic number theory,

+ P-adic analysis,
. p-adic differential equations,
» P-adic functional analysis,
« P-adic dynamical systems,
+ [P-adic probability theory,
+ P-adic measure theory.
Furthermore, [J-adic methods have found fruitful applications beyond pure mathematics. In
theoretical physics, particularly in quantum mechanics and string theory, [J-adic models have been used to

describe hierarchical structures and non-Archimedean space-time geometries. In signal processing and
harmonic analysis, p-adic wavelets provide an alternative to classical methods for analyzing functions with

ultrametric structures. In stochastic processes, [J-adic models are employed in the study of random walks
and branching processes on ultrametric spaces. Recent studies also show that p-adic tools are relevant in

the modeling of complex systems with multiscale or hierarchical behavior, such as protein dynamics,
cognitive processes, and evolutionary biology.
Thus, the theory of [J-adic numbers has evolved from a number-theoretic curiosity into a rich and

active field of interdisciplinary research.
Several significant contributions have been made to the study of [J-adic Gibbs measures for lattice

models in statistical physics. In particular, G‘anihojaecv N.N., Roziqov U.A. and Muxamedov F.M.
constructed [J-adic Gibbs measures for the Ising model on the integer lattice Z establishing a rigorous [0
-adic probabilistic framework for the model [9; P. 23-29]. Moreover, they proved a p-adic analogue of

Kolmogorov’s extension theorem, which plays a fundamental role in the construction of consistent
probability measures on infinite product spaces.
In subsequent work, Hakimov O.N. investigated the existence and uniqueness of p-adic Gibbs

measures for the Ising model with four-body interactions on certain tree-like structures. He demonstrated that
under specific conditions, a unique [J-adic Gibbs measure exists for this model [10; P. 194-203].

Additionally, the structure of the set of generalized invariant [J-adic Gibbs measures for the Ising

model on the Cayley tree of order three was described in [11; P. 1521-1530]. This analysis provided new
insights into the phase space and symmetries of [J-adic statistical systems on non-Euclidean graphs.

Furthermore, the dynamical properties of the [J-adic Ising-Potts model (for p7’—'2) have been
studied, revealing complex behavior in the system’s evolution. In particular, it was shown that, depending on
certain parameter values, the p-adic Ising-Potts model can exhibit chaotic dynamics.

These results highlight the richness of [J-adic statistical mechanics and demonstrate the applicability

of non-Archimedean methods in the analysis of phase transitions, invariance, and chaos in lattice models.
The theory of dynamical systems over non-Archimedean fields is a natural extension of classical
dynamical systems into the realm of non-Archimedean analysis. It provides a powerful framework in which
the iteration of functions can be studied in settings endowed with ultrametric topologies.
In 1997, A.Yu. Khrennikov proposed the application of [J-adic dynamical systems to model

cognitive and information processing mechanisms, particularly within the theory of mental states and
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decision-making processes. This opened up new interdisciplinary directions involving the use of [J-adic

methods in mathematical psychology, cognitive science, and physics.
It is worth noting that for any natural number, one can define and analyze dynamical systems on the
ring of p—adic numbers, which significantly broadens the class of applicable models [12; P. 55-68].

Initially, studies in [J-adic dynamics focused primarily on simple mappings, such as monomials and linear
transformations. More complex functions were less explored, leaving a gap in the development of general p

-adic dynamical theory.
Recent work by E. Yurova and A. Khrennikov has investigated [J-adic dynamical systems generated

by 1-Lipschitz functions, which satisfy strict non-expansion conditions under the [J-adic norm. These
functions are particularly well-suited for constructing contracting maps in [J-adic spaces and for modeling

systems with stable behavior under iteration[13; P. 217-233].
Despite this progress, the study of dynamics generated by more intricate [J-adic functions, beyond

simple algebraic forms, remains an active area of research with many open problems.
This paper presents an overview of [J-adic 1-Lipschitz functions and their fundamental properties. A

general form of such functions is provided, and their behavior under iteration is studied within the
framework of [J-adic dynamical systems.

Preliminaries. Let us assume that we are given a field (K,-|—,)

Definition 2.1 A mapping P-PK—R, is called a norm on the field K if it satisfies the following
properties:

1. PXP=0 < x=0
2. Forall X,yEK, we have PXyP—'PXPPyP
3. Forall X,yEK, we have PX-I-yPSPXP-I-PyF.

A field K equipped with such a norm PP is called a normed field, and is denoted by the pair

(KPH

Definition 2.2 Let (K,PF) be a normed field. If for all X, yEK the following inequality holds:
Px+yEmaxdPxPPyR} 1)

then the norm PP is called a non-Archimedean norm.

Let P denote the set of all prime numbers, and let peP be a fixed prime. For any nonzero integer
an\{O}, we introduce the notion of the p—adic order of d.

Definition 2.3 If aE(erm [j<) but A= (XITU:] [j<+1), then the integer K €Z, is called the

P-adic order of d, and is denoted by Ordp(a).
If =0, then since aE(erm pk) for all K EZ, we define ord,,(0):=+ec.

. . _a o .
Given any rational number X_E EQ, we define its [J-adic order as:

ord,(X):=ord, (@) —ord, b).

Definition 2.4 On the field of rational numbers Q consider the mapping | . |p defined by:

1 .
X0,
|X|,=1 p™P® 2
0, ifx=0.
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The mapping given by (2) defines a non-Archimedean norm on Q and is called the [J-adic norm.
The completion of the field Q with respect to the [J-adic norm is called the field of P-adic numbers
and is denoted by Qp-

Definition 2.5 The set of [J-adic numbers with norm less than or equal to 1 is denoted by Zp, and is

defined as:
Z,={aeQ,|a| <1}
Definition 2.6 The set of p-adic numbers with norm exactly equal to 1 is denoted by Z;) and is
given by:
Z ={a<Q, ]a|,=1}

From this definition, it follows that:

Z,cZ,, ad Z,=Z,\pZ,
Recall that in any metric space (X,d), the open ball centered at a point aeX with radius >0

is defined by: B (a) :{X eX: d(x, a) < r}'

Inthe [J-adic metric space Qp’ this becomes:

B (@ ={x<Q,|x—-al,<r}.

Definition 2.7 Let f :Zp —)ZID be a function. If there exists X E€R such that:
[ F)—f(Y)[,<p*[x-y|, fodlxyeZ,

then T iscalleda pa-Lipschitz function. In particular, if CZ:O, then:

[ TO)—-T(Y) |, Ix-yl, TodlixyeZ, ©

and T iscalled a 1-Lipschitz function.
Several equivalent conditions for the 1-Lipschitz condition are known:

| TX+Y) =T, Y, foran X yeZy;
‘ Tx+ Vz/‘f(x) <L XeZ,, YeZ,\ 0

f (X+ anp) f (X) + H‘Zp for all XEZp, n>1.
f (X) =f (y)(mlj ph') whenever X= y(mxi [T) forall N>1,

Let DCQp be a domain, and let f :D—)Qp be a function. Studying the dynamical system
(T ,D) means investigating the behavior of the sequence:

% =1"0), n=123_,

for some initial point Xy €D.
Definition 2.8 A point )Q) €D is called a fixed point of the dynamical system (T ,D) if

f00) =%

Definition 2.9 Let Xy be a fixed point. If there exists a neighborhood Ur ()Q)) D such that
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imi"() =%, vkeU, (%),
then X is called an attractive fixed point. The set
Ao) =tXeD: limf"(x) =}
is called the basin of attraction (or attractor) of X .

Definition 2.10 Let X be a fixed point of the function T(X) . Then:
1 If | f’()%)lp<1 then Xg is an attractive point;

2. 1f | f’()%)lp:]. then Xg is a neutral point;
3. If | f’()(0)|p>1 then Xg is a repelling point.
Proposition 2.1 For any X, yEQp, the following statements hold:

115 | X[ A Y], then | XY, =] X, | Y]}

2. If p:2and |X|2:| ylz,then |X+y|2S%|X|2,
3. 1f P£2and | X|, Y, then | X+Y [, X],.

Lemma 2.1 Let X2 —d be a polynomial over ZQ. Then this polynomial has a root in 22 if and
only if d can be written as

a=2(a+a2+a2+a2+..),
where XEZ, isevenand & =& =0,
Lemma 2.2 Let f :Zp —)Zp be a function. If T isa polynomial whose coefficients belong to
Zp, then T isa 1-Lipschitz function.

Main Results. Lemma 3.1 Let the function fy, Qp —)Qp be defined as
ax+1
f(X)= , aez,
X+a

Then for K=2 and K=3, the function fa,k (X) is 1-Lipschitz on the set Z;,
Proof. We first consider the case K=2. Define

axX+1
o= %27,
We will verify the 1-Lipschitz condition in the form:
| T =TI %=V, @
Let us compute the expression:
2axy+@+D)(x+y)+2a &1
[0~ =
In order for faz(X) to satisfy the 1-Lipschitz condition, we must have
2ay+@+)(x+y)+2a a1
(x+a)(y+a) (x+a)y+a)|,

| X_ylp .
p

()
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Note that for )(,yEZ we have |X|,9Y|,=1, and since anp, we have |a|p£1. Then
|X+a|pSn'BX{l,| a|p}Sl and similarly for Y=+@. Hence, all the terms in ?? are of norm <1, and

by Proposition 2.1, their products are also of norm <1. Therefore, inequality ?? holds.
Now consider the case K=3. We have:

f.09= (ax+1)

X+a

The difference can be expressed as:

_| a-1 3.+l ay+l
| fa'3(x)_fa3(y)|p_ (x+a)(y+a)' ((x+a)(y+ )( Y)j x:a ?/:a] | _Y|p.

To satisfy the 1-Lipschitz condition, the expression inside the norm must be bounded by 1:

&-1 3. &+l ay+l
%(x+a)(y+a) [((x+a)(y+ A y)j 33 ?/:a]p_

2 _
As before, since X,yEZ; and anp, all terms such as aX_-I-l and & —1 are
Xx+a = (x+a)y+a)

bounded in norm by 1. Thus, the full expression satisfies the required bound.
Hence, f,(X) is 1-Lipschitz for both K=2and K =3 on the domain Z; W

Theorem 3.1 Let the function
ax+1Y
ak( ) anp,
X+a
be defined on Qp- Then, for K=3, the function f,, (X) is 1-Lipschitz on Q,\pZ, if and only if

wxeQ, \ pZ,.
Proof.

Sufficiency. To verify the 1-Lipschitz condition, we examine:

_ 21 1 1
| fas(X)—fas(y)lp— (x+aa)(y+a) .[((X-l-a)(y-l- )( y)j ?(X_:_a ?/y_:_aJpl X_ylp'

If x,yer\pr, then |X|p,| ylp—l Therefore, by ultrametric properties, each term in the
expression has [J-adic norm at most 1, and hence the entire expression satisfies the 1-Lipschitz condition.
Necessity. If Xe pr, ie., |X|p<1, the norms of the involved expressions can become greater

than 1, violating the Lipschitz condition. Therefore, for fak to be 1-Lipschitz, it is necessary that

xeQ,\ pZ,.
Now let us analyze the dynamics of f,, for the case p=2, K=3.
To find the fixed points, we solve the equation f(X)=X:

(ax+l)
X+a

& -3a+(@-IaZ -4 X, = & -3a—(2 -4
2 ’ 2 '

This yields the fixed points:
x=L %=1 %=
For X and X, to exist in @, the term x/c’:l2 —4 must also belong to Q,. According to known criteria,

this holds if and only if |a2—4|220 ie., |a|2 . However, in many such cases the square root does not
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existin Q,, hence X and X, may not be valid fixed points.
Theorem 3.2 Let XI for | :1, 2,3,4 denote the fixed points of the function

F(x)= (ax+1)

X+a

where E€Z,. Then the nature of the fixed points % =1 and X, =—1 is characterized as follows:
1. For X =1.

- X is attracting if a€2Z,,

- X is neutral if a€Z,.
2. For % =—1:

- X is attracting if a2/ ,

- %, is repelling if A€Z,,

Proof To determine the nature of the fixed points, we analyze the derivative of the function:

11wy — 3@ —D(ax+17
) x+af
We use the following facts about P-adic norms in Z,:

ae2, :*a|2—— |at1},=1,

acZ,=fa, =1 |atll<;

Case 1: For X =1 we have:

(a+1y°
if a2z, then:
L3 <
S0 X is attracting.
. If aeZ,, then:
| F'DL=1,
S0 X is neutral.
Case 2: For X, =—1, we have:
3
=2,
-1f A€/, then:
/ 3
— = <
FEDb=
so X is attracting.
o If an; then:
| T'(-DL>1,

so X is repelling.
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3
Theorem 3.3 Let f,5(X) :(?(XT—?) be a function defined on Z,. Suppose that a€2Z,. Then:

1. f,5(X) isa l-Lipschitz function on Z;;
2. There exists a non-empty open ball B.(1) centered at X =1 such that for all X& B,(l) the
iterated sequence )Q] — f£3(X) converges 2—adically to the fixed point X=1, i.e.,
limf5(9 =1
N—e0
That is, X=1 is an attracting fixed point and the basin of attraction A(1) contains an open ball around
X=1.
&3
Proof From Lemma 3.1, fa’3(X) is a 1-Lipschitz function on 22 if ac2Z,.
We compute the derivative:

f1) =3 —1)(ax+1)2’ T )

(x+a)’ (a+ly
Since a€2Z,. we have |a|2£% and |ail|2:1, S0:
oL ReD

Hence, by the [J-adic contraction principle, there exists a ball Br(l) such that
limf"(X)=1 foralixeB (1),
N—»0

which proves that X=1 is an attracting fixed point.
Remark. The presented lemmas and theorems demonstrate that the function

ax+1
X
0= 2]
under certain conditions on the parameters anp and KEN, satisfies the 1-Lipschitz condition

on the set Qp\pr. This allows for a rigorous investigation of its dynamical properties, including the

existence and classification of fixed points. In particular, for p:2 and K:3, the system exhibits both
attractive and repelling behavior depending on the value of the parameter d. This approach provides a
useful framework for modeling non-Archimedean dynamics and contributes to the broader study of p-adic

transformations.
Conclusion. In this paper, we studied the dynamics of 1-Lipschitz functions defined over the field of
[2-adic numbers. We focused on a specific class of rational functions of the form

(2.

and analyzed their fixed points, local behavior, and stability properties. Our results demonstrate that
these functions exhibit rich dynamical behavior depending on the parameters d, K, and the prime p

We provided a detailed investigation for the case [0 =2, which revealed interesting phenomena such

as the existence of attracting and repelling fixed points, as well as possible periodic orbits. These results
contribute to the growing body of work in [J-adic dynamical systems and open up new directions for future

research.
Possible extensions of this work include a complete classification of periodic points, a measure-
theoretic analysis of invariant sets, and applications to cryptography and p-adic models in physics.
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EYLER FORMULASINING MATEMATIKA VA FIZIKA FANLARIDAGI BA’ZI BIR
TATBIQLARI

Xolikov Suyunjon Xamroqul 0‘g‘li,

Navoiy davlat universiteti Matematika kafedrasi dotsenti
Qodirova Madinabonu Zokirjon qgizi,

Navoiy davlat universiteti magistranti

Annotatsiya. Ushbu maqolada Eyler formulasining e = cosx + isinx ko rinishi hamda uning
matematika va fizika fanlaridagi asosiy tatbiglari yoritilgan. Eyler formulasi trigonometriya va kompleks
analizni o zaro bog ‘lovchi eng muhim matematik tengliklardan biri hisoblanadi. Maqgolada bu formuladan
trigonometrik funksiyalarni eksponent shaklida ifodalash, differensial tenglamalarni yechish, to‘lgin
jarayonlarini modellashtirish, elektr zanjirlar va tebranish tizimlarini tahlil gilishda foydalanish usullari
ko ‘rsatib o ‘tilgan. Shuningdek, Eyler formulasining Furye qatori, Muavr formulasi, kvant mexanikasi va
signal tahlilidagi o ‘rni ham tahlil etilgan. Ushbu tadqgiqot Eyler formulasining nazariy ahamiyatini
chuqurroq yoritish bilan birga, uning amaliy qo ‘llanilish sohalarini kengroq ochib beradi.

Kalit so‘zlar: Eyler formulasi, trigonometriya, eksponenta, to‘lgin jarayoni, Furye qatori, fizika,
algebraik ko ‘pxad.

HEKOTOPBIE CO®EPBI IPUMEHEHUSA ®OPMYJIbI SUJIEPA B MATEMATHUKE U
PU3UKE

Annomayus. B dannoii cmamve paccmompena opmyna Diinepa e = cosx + isinx u eé ocnoeuvie
npumenenuss 6 mamemamuke u ¢usuxe. Dopmyra Dinepa A6NAEMCSL  OOHUM U3 BANCHEUUUUX
MamemMamuyecKux pagencms, CeA3bl8AIOUUX MPULOHOMEMPUIO U KOMIJIEKCHBII ananu3. B cmamwve noxasano
UCNOMb306aAHUE IMOU POPMYIbL OIS NPEOCMABTIEHUSI MPUSOHOMEMPULECKUX QYHKYULL 8 IKCNOHEHYUATLHOL
Gopme, peutenus OuppepeHyuanbHvIX ypasHeHull, MOOCTUPOBAHUS BOTHOBLIX NPOYECCO8, d MAKIHCE AHANU3A
NeKmpudecKux yenetl u xorebamenvuwvix cucmem. Kpome mozo, paccmompena poav gopmyiast Dinepa 8
pade Dypve, opmyne Myaspa, keanmosou mexanuxe u anamse cueHanos. Ilposedénnoe ucciedosanue me
MobKo OoNlee 2IYOOKO packpvleaem meopemudeckoe 3Hawenue opmynvt Jiaepa, HO U OeMOHCmMpUpyem
WUPOMY e€ NPAKMU1ecK020 NPUMEHEHUS.

Knwueswvie cnosa: opmyna Diinepa, mpuconomempus, SKCHOHEHMA, 60IHOBOU npoyecc, psio Pypove,
Qusuxa, areebpauieckuii MHO2OUIEH.

SOME APPLICATIONS OF EULER’S FORMULA IN MATHEMATICS AND PHYSICS

Abstract. This article examines Euler’s formula e™ = cosx + isinx and its main applications in
mathematics and physics. Euler’s formula is one of the most important mathematical relationships
connecting trigonometry and complex analysis. The paper demonstrates how this formula is used to express
trigonometric functions in exponential form, solve differential equations, model wave processes, and analyze
electrical circuits and oscillatory systems. Furthermore, the role of Euler’s formula in Fourier series, De
Moivre’s formula, quantum mechanics, and signal analysis is discussed. This study not only highlights the
theoretical importance of Euler’s formula but also reveals the broad scope of its practical applications.

Keywords: Euler’s formula, trigonometry, exponential function, wave process, Fourier series, physics,
algebraic polynomial.

Kirish. Ushbu formula hagiqgiy o‘zgaruvchili funksiyalar nazariyasi va kompleks o‘zgaruvchili
funksiyalar nazariyasi fanlari orasidagi bog‘liglikni ifodalovchi ko‘prik vazifasini o‘taydigan va bu formula
matematikaning keyingi bosgichlarini rivojlantirishda o‘ta muhim rol o‘ynaydi. Ushbu maqolada Eyler
formulasi yordamida ba’zi bir ko‘phadlarning ildizlarini aniglash hamda ularni ko‘paytuvchilarga ajratish
masalalari gqaraladi. Bu turdagi masalalar Eyler formulasi orgali hal etiladi. Shuning uchun biz dastlab ushbu
formulani bir necha xil isbotlarini keltirib so‘ngra ba’zi amaliy masalalarga tatbiq etamiz.

Teorema: Quyidagi munosabat o‘rinli

e™ = cosx + isinx (1)
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Isbot: teoremani isbotlash uchun bizga ma’lum bo‘lgan ajoyib limitlardan foydalanaylik [1].
o

lim (1 +-)" =e?, (2)
n—oo n
. sinx . arcsinx ) sinx . tgx . arctgx
lim — = lim = lim ———— = lim — = lim =1, 3)
x-0 X x>0 X x-0 arcsinx x-0 Xx x-0 X

(x + iy) = r(cos@ + ising),r =+/x% + y?,

arctg%, agarx >0
¢ = y (4)
T+ arctg;, agarx <0

(2) ga a = ix deb garasak

. \*
lim (142) =eix, (5)
1+ 2 + ising),r = 12 = arctg>
= r(cosg + ising),r = 2 ¢ = arctg—,
x\"
(1 + ;) = r"(cosng + i sinng), (6)
(6) ni (5) ga qo‘yib, limitga o‘tsak
n
_ ix\" x%\2 .
lim (1 + —) = lim | 1+—| (cosng + isinng), N
n—-oo n n—oo n
n? x?
_ xP\Zn 2
X
arctg

=X, )

X

lim ng = lim n- arctgf = x lim
n—-oo n—-oo n n—oo
n

(7) va (8) formulalarni hisobga olib (6) ni quyidagicha ifodalash mumkin. Bu yerdan (1) formulani
o‘rinli ekanligi kelib chiqadi.

2-usul. Quyidagi funksiyani olamiz:

F(x) = e"™*(cosx + isinx)
Ikkala tarafidan hosila olamiz:
F'(x) = (=i)e ™ (cosx + isinx) + e *(—sinx + icosx) = 0

Eknaligidan F(x) = C = const xulosaga olib keladi. Bunday holat fagatgina F(0) = 1 o‘rinli

bo‘lganligidan
F(x) = e"™(cosx + isinx) = 1 = e™* = (cosx + isinx)

Tenglik o‘rinli ekanlligi kelib chigadi.

Endi yuqoridagi teorema va formulalarni ba’zibir amaliy masalalarni yechishga tatbiq etaylik.

Trigonometriyada:

e™* = (cosx + isinx)
e~ = (cosx — isinx)
Tenglikning ikkala tarafini ko‘paytirsak :
e®e™ = (cosx + isinx)(cosx — isinx) = cos? x +sin? x = 1.
Yugoridagi usul bilan cos(x + y) = cosxcosy + sinxsiny formulalarni oson isbotlash mumkin.
Matritsa va vektorlar bilan ishlashda: quyidagi almashtirish 2D aylanishli kompyuter grafikasi va

robototexnikada ishlatiladi
cosf —sin@)

RO = et = ("
sin@ cos6O

Elektr texnikada: Eyler formulasi yordamida sinusoidal tok va kuchlanishlar eksponenta shaklida
quyidagicha ifodalanadi:

V= Voei“’t,l — Ioei(wt+(p0)

Shunda faza farqi, reaktiv va aktiv quvvatlarni hisoblashni ancha soddalashadi.

Signal va tizimlar nazariyasida: har ganday sinusoidal signal Eyler formulasi yordamida kompleks
ekspanenta sifatida yoziladi:
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x(t) = Ae'*t = A(coswt + isinwt)

bundan Furye gatori, Laplas almashtirishi, Furye spektori tushunchalari kelib chigadi.

Algebrada ba’zi yuqori darajali tenglamalarni yechishda:

1 f(x) = x™ = C4x™ 1 + Cpx™ 2+, +(—1)™CEm

Ko‘pxadning ildizlarini aniglang va R hagigiy sonlar maydonida ko‘paytuvchilarga ajrating.

f(x) ko‘pxadni haqiqiy ildizlarini aniqlash uchun quyidagi yordamchi funksiyani kiritib, ular
vositasida f(x) ni quyidagicha ifoda etish mumkin:

Fi(x + 1) = (Wx + D?™ Fy(x + i) = (Vx — i)2™
1
G = 5 (R + D) + F(x + )
Fi(x+ i) = (Wx + )%™ = r?™(cos2me + isin2me)
Fy(x +1) = (Wx — i)?™ =r?™(cos2me — isin2me)

Yugoridagi munosabatlarni hisobga olib f(x) ni ko‘rsatkichli ko‘rinishini quyidgicha ifoda etish

mumkin.

f(x) = r¥m(e2mel 4 ¢=2mel) /2 = 2Mcos2me;
Buyerdar =vx+1,x > 0,¢ = arctg\/% = arcctgx
f(x) = 0= r?"cos2mp = 0,7 # 0 = cos2me =0
U n
2me = cos (5 = —(1+ 2k);
cos2me cos(2+nk) =@ 4m( + 2k);

arcctg\x = %(1 +2k) = Vx = ctg%(l + 2k) = x = ctg? <% 1+ 2k)>

Bu yerda cosx = 0, tenglama ildizlarining davri mk ekanligini hisobga olib: f(x) = 0 tenglamaning
har xil ildizlarini ushbu ko ‘rinishda ifodalash mumkin.

T _
xXp = ctg? <E(1+2k)>'k =0,m-—1

Algebraning asosiy teoremasiga ko‘ra f(x) ni ko‘paytuvchiga ajratiladi.

m-—1
flx)=2 l:l (x —ctg? <% (1+ 2k)>>

2.f(x) =(x+cosB+isinf)*+ (x+cosf — isinH)"
Ko‘pxadni haqiqiy koeffitsiyentli ekanligini isbotlang, ildizlarini aniglang ko‘paytuvchiga ajrating.
D;(x) =(x+cosf +isinh)", P,(x) = (x+cosf —isinh)";
f(x) = @1(x) + P (x)
X+ cosf +isin@ =+/x%+ 2xcos 6 + 1(cos ¢ + i sin @) == /x2 + 2x cos 6 + 1e'¥
X +cosf —isind = x2+ 2xcos B + 1(cos g — i sing) == /x2 + 2x cos 6 + 1e'¥

sin 8 x + cos O
= arcctg = ———

= t
¢ =arctg_

+ cos @ sin @

n .
D, (x) = (\/x2 + 2xcos6 + 1) (cosng + isinng) = rte™®

n .
D, (x) = (\/x2 + 2x cos 6 + 1) (cosng —isinng) =rte "¢
Asosida almashtirishlar va belgilashlar asosida f(x) ni quyidagi ko‘rinishda yozish mumkin.

n ein® 4 g=ing n
= 2 (\/xz + 2xcos @ + 1) cosng,

fx) = (\/x2 + 2xcos O + 1)
f(x) = 0 tenglamani yechaylik.
Jx2 + 2x cos 6 + 1 cosng = 0

T
x2+2xcos@+1%0,cosng =0=np =—=+nk

2
. x+cos€_n 14 2k
arcetg sin @ _Zn( )
X+ oSt o142k infctg —— (1 + 2k 0
_— — = x = — -
s cgzn( ) x = sin C‘an( ) —cos

I _—
Xi =sin96th(1+2k) —cosf,k=0n—-1
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n-1

T
f(x) = Zn(x + cos 6 — sinectg%(l + 2k) )
k=0
yuqoridagi usuldan foydalanib:
fx) = Cax™ 1 = C3x" 3 4+ xS+
Ushbu ko‘pxadni ko‘paytuvchiga ajratish mumkin.

n-1

k
f(x) =Cix™ 1 = C3x™ 3 + Cox™5+....=C} n(x —ctg 7)
k=1

Yugqoridagi usuldan foydalanib ba’zi bir yuqori darajali algebraik tenglamalarni ildizlarini aniglash
mumkin, va ularni amaliy masalalarga tatbiq etish magsadga muvofiq.[2]

Xulosa. Eyler formulasi matematik analiz, kompleks sonlar nazariyasi va fizikaning ko‘plab
yo‘nalishlarida markaziy o‘rin tutadi. Ushbu formula yordamida trigonometrik va eksponent funksiyalar
o‘rtasidagi chuqur bog‘lanish aniqlanadi, bu esa ko‘plab nazariy va amaliy masalalarni soddalashtiradi.
Matematikada Eyler formulasi yordamida trigonometriya, differensial tenglamalarni yechish hamda Furye
qatorlarini qurish mumkin. Fizikada esa u tebranishlar, elektromagnit to‘lqinlar, kvant holatlar va elektr
zanjirlarni tahlil gilishda muhim ahamiyat kasb etadi. Shunday qilib, Eyler formulasi nafagat nazariy
matematikaning chiroyli natijasi, balki tabiiy jarayonlarni modellashtirishda, muhandislik va ilmiy
hisoblashlarda keng qo‘llaniladigan universal vosita sifatida ham alohida ahamiyatga ega.

ADABIYOTLAR:
1. Jlawko UHU. u dOp. Beedenue 6 ananus, npousgoonas unmezpan. Kues, uzo. “Beiwya wkona”, 1984.

Cmp.456.
2. K. ®aooees U.C Comuncruti Coopruk 3a0au no svicuiell aneeope, Mocksa: 1977. 288 cmp.
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TURG‘UN QONUNLARNING XARAKTERISTIK FUNKSIYALARI HAQIDAGI TEOREMA

G ‘aniyev Doniyor Musurmonovich,

Samargand davlat universiteti Urgut filiali

Biznesni boshqarish va aniq fanlar kafedrasi o ‘qituvchisi
Abdumannonova Sohiba Kamoljon qizi,
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Annotatsiya. Ushbu maqolada turg ‘un tagsimotlarning xarakteristik funksiyalari hagidagi teorema
yoritilgan. Tadgiqotda turg ‘un tagsimotlarning zaruriy va yetarli shartlari, ularning limitik xossalari hamda
tasodifiy migdorlar yig‘indilari uchun qo ‘llanishi batafsil ko rib chiqiladi. Shuningdek, tagsimot
Sfunksiyalarining turg ‘unlik holatini aniglashda xarakteristik funksiyalarning o ‘rni va ularning matematik
asoslari isbotlar yordamida tahlil gilinadi.

Kalit so‘zlar: turg‘un tagqsimot, xarakteristik funksiya, limit teorema, tasodifiy migdor, tagsimot
funksiyasi, matematik isbot.

TEOPEMA O XAPAKTEPUCTUYECKHUX @ YHKIUAX CTAIIMOHAPHBIX 3AKOHOB

Annomayua. B cmamve paccmampusaemcs meopema O XAPAKMEPUCMUYECKUX — DYHKYUAX
yemouuuswlx  pacnpeoenenui. Hccnedyiomes neodxooumvie u O0OCMAMOUHbIE VCI08UA YCMOUYUBOCTU
pacnpeoenenutl, ux npeoenvHvle CeOUCMEA U NPUMEHEHUE K CYMMAM HEe3a6UCUMbIX CAYUAUHLIX GENUUUH.
Ocoboe eHUMaHUe YOeneHo poau XAPAKMEepUCmuueckux @QyHKYui npu onpedeneHuu ycmoudugocmu
pacnpeoenenutl u ux Mamemamuyeckomy 060CHOBAHUIO.

Kniwouesvie cnosa: ycmotiuugoe pacnpedenenue, Xapakmepucmuueckdas QYHKyusa, npeoenvHas
meopema, CIy4anHas 8eruduna, QyHKyus pacnpeoeienus, Mamemamuieckoe 00Ka3ameibCmeo.

THEOREM ON CHARACTERISTIC FUNCTIONS OF STATIONARY LAWS

Abstract. This article discusses the theorem on characteristic functions of stable distributions. The
study examines the necessary and sufficient conditions for stability, the limiting properties of such
distributions, and their application to sums of independent random variables. Special attention is given to
the role of characteristic functions in determining the stability of distributions and their mathematical
justification through proofs.

Keywords: stable distribution, characteristic function, limit theorem, random variable, distribution
function, mathematical proof.

Kirish. Turg‘un tagsimotlar nazariyasi Ehtimollar nazariyasining muhim tarmogqlaridan biridir. Bu
nazariya tasodifiy miqdorlar yig‘indilarining limitik qonunlarini o‘rganadi va ko‘plab tabiiy jarayonlarni
modellashtirishda muhim ahamiyatga ega

Ushbu yo‘nalishning asoschilari sifatida P.Levy (1925), A.Ya Khinchin (1938), B.V.Genedenko
(1948), A,N.Kolmogorov (1954), W.Feller (1971) kabi olimlar e’tibor etiladi. Aynigsa, Levy tomonidan
kiritilgan “Turg‘un tagsimotlar” tushunchasi va ularning xaraktristik funksiyalar orqali ifodalanishi hozirgi
zamonaviy statistik modellarning nazariy asosini tashkil etadi.

Turg‘un taqsimotlar normal taqsimotning umumlashtirilgan shakli bo‘lib, ular “cheksiz dispersiyali”
jarayonlarni, masalan, moliyaviy bozor tebranishlarini, signallarni, tabiiy hodisalarni tasvirlashda
go‘llaniladi.

Masalaning qo‘yilishi:

51, 52, e gn,
tasodifiy miqdorlar ketma — ketligi berilgan bo‘lsin. Ushbu
5=t oh

yig‘indini tuzamiz. Sn' yig‘indining tagsimot funksiyasi Fn(X) bo‘lsin, A] va Bn lar normallovchi
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koeffitsientlar.
%tl’ 932, . fn, +— tasodifiy miqdorlarga ma’lum shartlarni qo‘ymasdan, umumiy holda, Fn(X)
funksiyaning asimptotik tahlili juda mushkul masaladir.

é:l, éjz, .y g”, +— tasodifiy miqdorlar ketma — ketligi bir xil tagsimlangan va o‘zaro bog‘liq
bo‘lmagan hol juda ham batafsil o‘rganilgan, ya’ni o‘zaro bog‘ligmas tasodifiy migdorlar ketma — ketligi

uchun I\/I’;:l =a, D§1 =0 mavjud bo‘lsa, u holda yig‘indining ko‘rinishi

S ME)
5

Ushbu holda F,(X) funksiya N—>oC da N(& 0) normal gonunga intiladi. Ushbu holni | — bobda
batafsil o‘rganib chiqildi.

51, 52, . 5”, +— tasodifiy miqdorlar ketma-ketligi har xil tagsimlangan bo‘lsa, ya’ni N@ =a,

Dé:k =07 , k=l2, — bo‘lgan hol ham ancha yaxshi o‘rganilgan, mos markaziy va lokal teoremalar

isbotlangan, bu teoremalardagi yaqinlashish tezliklari ham aniglangan, bu holda jamlovchi (limitik) funksiya
normal qonundan iborat bo‘ladi. Biroq, A]va 31 koeffitsientlarning ganday aniglanishiga garab,

L Erb b,
. B;

yig‘indining Fn(X) tagsimot funksiyasi normal tagsimotdan boshqga tagsimotlarga intilishi mumkin.

O‘zaro bargaror bog‘langan (xususan, o‘zaro bog‘ligmas va bir xil tagsimlangan) tasodifiy
miqdorlarning — yig‘indisi, limitik funksiya sifatida, faqat turg‘un qonunlarga intiladi.

Bu aytilganlardan kelib chiqadiki, yig‘indilar tagsimot funksiyasining limiti bo‘lmish — turg‘un
gonunlarni har tomonlama tahlil etish magsadga muvofiqdir.

Ta’rif. Agar ixtiyoriy & >0, b, @, >0, b, —lar uchun

FHax+0)*H@x+b,)=Fax+h) (1)

tenglik o‘rinli bo‘lsa, u holda F(X) tagsimot funksiya turg‘un tagsimot deyiladi, bu yerda a>0vab
— lar qandaydir o‘zgarmas sonlar.

F(X) tagsimot funksiyaga mos xarakteristik funksiyani f(t) orqali belgilaymiz va ixtiyoriy & >0,

@, >0 sonlar uchun
GEe -

tenglikka ega bo‘lamiz, bu yerda a>0va b -1ar qandaydir o‘zgarmas sonlar.
O‘zaro bog‘ligmas é:k — tasodifiy miqdorlar ketma-ketligi uchun quyidagi tasdiq o‘rinli:

Teorema F(X) tagsimot funksiya o°‘zaro bog‘ligmas bir xil taqsimlangan fk tasodifiy migdorlarning
ko‘rinishdagi yig‘indilariga limitik funksiya bo‘lishi uchun F(X) ning turg‘un tagsimot bo‘lishi zarur va

yetarlidir.
1

Bu yerda dagi 51 o‘zgarmaslar 31 :nah(n) — ko‘rinishga ega bo‘lib, O<a<?, h(n) — sust
o‘zgaruvchi (Karamat ma’nosida) funksiya.

Zarurlikning isboti: 31 — normallovchi koeffitsientning ko‘rinishini  keyingi punktlarda
aniglashtiramiz. F(X)tagsimot funksiyaga mos xarakteristik funksiyani ¢ft) — deb belgilaylik, & -
tasodifiy migdorning xarakteristik funksiyasini esa f(t) — deylik.
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i B
m_w lim—=%2 =1 ®3)

N0 Bn
munosabatlarni isbotlaylik.
(3) munosabatlarning birinchisi o‘rinli emas, deb faraz qilaylik. U holda Bq

ketma — ketlikdan shunday 31( — gismiy ketma — ketlik ajratib olish mumkin,

e, ~B

munosabat o‘rinli bo‘ladi.
Teorema shartiga ko‘ra barcha Ular uchun K —00 da

f%]m —gft)-(L+ol).

demak, barcha U lar uchun

70) =ik B, ) -0l

tenglik| f(t) = ) =1 bo* lgandagina bajariladi, ya’ni
F(X) — xosmas tagsimot bo‘lganda bajariladi. Bunday bo‘lishi mumkin emas, chunki F(X) — X0S
tagsimot funksiya deb garalmoqda.

Demak, r|‘|_r;ran =00 bajarilmaydi deb qilgan farazimiz noto‘g‘ri ekan.

Endi, (2.2.3) dagi ikkinchi munosabatni isbot gilamiz.
Yugorida ishotlangan r|‘|_f1).[)‘Bn =00 munosabatga asosan, barcha Ular uchun

ol
& ] <)o)
(| k-Gl

Bu tengliklarning birinchisida Uni—== 3”1 ‘T bilan, ikkinchisida esa T ni B‘ ‘T bilan almashtirib,

B B

va demak, N—eoc da

quyidagilarni isbotlaymiz:

(4)

Ag -t
rl,'i_I;'p Bn+1 =1.

Bii . B

Agar, K vags— Bm ketma — ketliklardan hech bo‘lmaganda, bittasi uchun
1

Ilmﬁ #1

e B,

bo‘lsa, u holda, bu ketma-ketliklardan B« songa intiluvchi gismiy ketma-ketlikni ajratib olish
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mumkin.

Ushbu olingan ketma-ketliklarda (4) — bo‘yicha limitga o‘tib, |dt) Z‘ABnt)tenglikka ega bo‘lamiz,
bu jarayonni nmarta takrorlansa, barcha n lar uchun

At) FeABt)—5—30d0) =1

munosabat hosil bo‘ladi. Ammo, xosmas tagsimotlar uchun oxirgi munosabatning bo‘lishi mumkin

B . B

emas. Demak, ? va =1 ketma-ketliklardan B<1 ga intiluvchi gismiy ketma-ketlik ajratib olish

By

mumkin, — degan farazimiz noto‘g‘ri, shuning uchun (4) — dagi ikkinchi munosabat ham o‘rinli.
Shunday qilib, (4) — dagi ikkinchi munosabat ham isbotlandi.
Endi, agar F(X) — xos tagsimot funksiya bo‘lsa, uning turg‘un bo‘lishini isbotlaymiz.

d < — ixtiyoriy musbat sonlar, h, b2 — lar ixtiyoriy haqiqiy sonlar bo‘lsin.
(4) — o‘rinli bo‘lgani uchun m:n(n) ketma-ketlikni shunday tanlash mumkinki, Nn—ec da
quyidagilar o‘rinli bo‘ladi:

B 3 m_

B, a° B
Quyidagi yig‘indini qaraymiz:

%.(é +5u G _Q)+ & .(gl+émz...+% A _szzé%gfmm A G

B, B,

bu yerda

Bz%, Az_é-(m +B.A,+hB, +h,B,).

Teoremada talab gilingan shartlarga asosan (5) — ning chap tomonidagi yig‘indilar, mos ravishda,
F(31X+Q)va F(&2X+b2) tagsimot funksiyalarga intiladi. Demak, (5) ning o‘ng tomonidagi yig‘indi ham
yaginlashadi va uning tagsimot funksiyasi F(81X+Q)* F(BQX—I—bZ) kompozitsiyadan iborat bo‘ladi.
Ammo, oxirgi yig‘indi quyidagi ko‘rinishga ega
+&.. A
S5t B g (A A,)
Demak, uning tagsimot funksiyasi F(ax+b) ko‘rinishda bo‘ladi, u holda
Fax+h )Hax-+b,)=Fab)
ya’'ni F(X)— tagsimot funksiya turg‘un tagsimot ekan (ta’rifga asosan).
Yetarlilikning isboti. F(X) — turg‘un tagsimot bo‘lsin. Tagsimot funksiyalari F(X) dan iborat

bo‘lgan
G & G
tasodifiy migdorlar ketma — ketligini garaymiz. (1) — tenglikka asosan éfl-l-é -i-...+§1 yig‘indining
tagsimot funksiyasi F{(@,X-HD, ) ko*rinishga ega bo‘ladi, demak

§+§2;:...+§n h,

normallangan yig‘indining tagsimot funksiyasi F(X) bo‘ladi.

Magqolada turgun tagsimotlarning xarakteristik funksiyalari haqidagi teorema matematik nuqtayi
nazardan asoslab berildi. Tadqiqot davomida tasodifiy miqdorlarning yig‘indilari uchun limitik tagsimotlar
mavjud bo‘lishining zarur va yetarli shartlari tahlil qilindi hamda ularning turg‘un qonunlarga intilish
xususiyatlari isbotlar yordamida yoritildi.

Tahlillar shuni ko‘rsatadiki, turg‘un tagsimotlar normal taqsimotning umumlashtirilgan shakli bo‘lib,
ular cheksiz dispersiyali jarayonlarni ifodalashda muhim ahamiyatga ega. Aynigsa, moliyaviy bozor
tebranishlari, tabiiy jarayonlar va signallarni modellashtirishda bunday tagsimotlar samarali natijalar beradi.
Turg‘un tagsimotlar uchun xarakteristik funksiyaning mavjudligi, uning limitik qonunlar bilan bog‘liqligi
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hamda tasodifiy miqdorlarning yig‘indilari uchun qo‘llanishi matematik asoslar yordamida isbotlab berildi.
Shuningdek, teorema asosida o‘zaro bog‘ligmas va bir xil tagsimlangan tasodifiy miqdorlar yig‘indilari
turg‘un qonunlarga intilishi qat’iy ko‘rsatib berildi. Olingan natijalar turg‘un tagsimotlarning mohiyatini
chuqurroq anglash, ularning matematik modellardagi o‘rnini aniglash va ehtimollar nazariyasi hamda
statistik tahlil sohalarida amaliy qo‘llanishini kengaytirishga xizmat qiladi. Mazkur natijalar, ayniqsa,
ehtimollar nazariyasi, statistik modellashtirish, igtisodiy jarayonlarni tahlil gilish va tabiiy tizimlardagi
tasodifiy hodisalarni o‘rganishda nazariy asos sifatida foydalanilishi mumkin.

Xulosa. Umuman olganda, turg‘un tagsimotlar haqidagi teorema va ularning xarakteristik funksiyalari
bo‘yicha keltirilgan ilmiy tahlillar ushbu yo‘nalishdagi nazariy izlanishlarni boyitadi hamda tasodifiy
jarayonlar nazariyasini yanada rivojlantirishga ilmiy zamin yaratadi.
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Annotatsiya. Bu ishda dyeformatsiyalanuvchi muhitda joylashgan bo ‘lakli bir jinsli suyuqlikli silindrik
gobiglarning xos tebranishlari masalasini materialning fizik mexanik xossalarini hisobga olgan holda masala
yechilgan. Kompleks chastotalar Myuller usuli bilan sonli topilgan. Sonli natijalar jadval ko ‘rinishda
keltirilgan.

Kalit so “zlar: silindrik qobig, xos tebranish,suyuglik, kompleks chastotalar, Myuller usuli.

XAPAKTEPHBIE KOJIEBAHUSI B YIIPYT' O CPEJAE HWIMHAPUYECKOI'O CJ1041,
3AIIOJIHEHHOI'O UJAEAJIBHOU KUJIKOCTBIO

Annomauyusn. B oOannoii pabome pewiena 3a0aua 0 COOCMBEHHbIX KOJNEOAHUAX YUTUHOPUHECKUX
000704eK ¢ 0OHOPOOHOU HCUOKOCHBIO 8 OehopMUpyemol cpede ¢ Y4émom QU3UKO-MEeXAHULECKUX CEOUCME
mamepuana. Komnaexcuvie uacmomsl Haxooamces yucienno memooom Mioanepa. Pesynomamul uucnenuvix
pacyémos npedcmaesieHvl 8 mabaudHou gopme.

Knwuesvie cnosa: yununopuueckas o060n0uka, cobCcmeeHHvle KOAeOAHUs, HCUOKOCMb, KOMNIEKCHbIE
yacmomul, memoo Mrwiiepa.

CHARACTERISTIC OSCILLATIONS OF A CYLINDRICAL LAYER FILLED WITH AN
IDEAL FLUID IN AN ELASTIC MEDIUM

Abstract. This paper solves the problem of natural vibrations of cylindrical shells containing a
homogeneous fluid in a deformable medium, taking into account the physical and mechanical properties of the
material. Complex frequencies are found numerically using the Muller method. The results of the numerical
calculations are presented in tabular form.

Keywords: cylindrical shell, natural oscillations, liquid, complex frequencies, Muller method.

Kirish. To‘lqin dinamikasining masalalarining qo‘yilishi elastiklik nazariyasi, tutash mubhitlar
mexanikasi va qovushqgoglik nazariyasining gonunlari va tenglamalariga, matematik fizika tenglamalarining
yechish usullariga asoslanadi. Bu masalalarni qo‘yishda cheksizlikda Zommerfeldning yutilish sharti qo‘yiladi
[1,2]. Yerosti quvurlarini uzunligi, qolgan o‘lchamlaridan bir necha barobar katta bo‘lganligi sababli ko‘pgina
ishlarda [3,4,5] qo‘yilgan masalalar elastiklik nazariyasining tekis deformatsiya holati masalalariga olib
kelinib yechiladi. [6] ishda ko‘ndalang kesimi halqa ko‘rinishda bo‘lgan quvur masalasi, Vinkler asosli
inersiyasiz va inersiyali halqani hisoblashga olib kelingan. Qo‘yilgan masalalarning xususiy hosilali
differensial tenglamalari ko‘chish potensiallari orgali ifodalanib, Gelmgols tenglamasiga olib kelinib yechilgan
va halqgani statsionar holati o‘rganilgan. Masalani bunday yechish usulini V.D. Kupradze o‘tgan asrning 30-
yillarida tavsiya etgan. To‘lqin uzunligi quvur radisudan katta bo‘lgan hollar uchun Dashevskiy M.A. limit
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(to‘lqin uzunligiga nisbatan) holati “Releyning statik yaqinlashi”, ya’ni kvazistatik yechimni tavsiya etgan.
Muhit bilan alogada bo‘lgan silindrik, sferik va boshqa ko‘rinishdagi jismlarga elastik to‘lqin difraksiyasi
masalalarini A.N. Guzya, V.D. Kubenko va M.A. Cherevko ishida keltirilgan. Bu ishda elastik muhitda
joylashgan tekis deformatsiya holatida bo‘lgan silindrik jismga R- va SV-tekis garmonik to‘lginlar ta’siridagi
statsionar to‘lqin maydoni o‘rganilgan. Xuddi shunday plastinka silindrik teshiklardan tashkil topgan
masalalar ham ko‘rilgan. Qo‘yidagi [7,8] elastik muhitda joylashgan absolyut gattiq sirpanuvchi kontakli
silindrik jismni ko‘ndalang SV to‘lgin bilan o‘zaro ta’sirini o‘rgangan. Elastik muhitda joylashgan bitta
bo‘shliq yoki jismga (silindrik, sferik, eliptik va parabolik ko‘rinishdagi) bo‘ylama va ko‘ndalang to‘lqin
difraksiyasi masalalari 1.X. Pao va S.S. Maoning fundamental ishida xam keltirilgan. Bu yerda keltirilgan
masalalar matematik fizikaning maxsus funksiyalari yordamida yechiladi. Xuddi shunday turg‘un bo‘lmagan
bo‘ylama to‘lqin ta’siridagi silindrik qobiqning atrofidagi turg‘un bo‘lmagan jarayon o‘rganilgan. Ko‘rilgan
masalalarning sonli natijalari olingan va tahlil etilgan [9,10]. Qattiq silindrik jismdagi bo‘ylama va ko‘ndalang
to‘lqin bilan o‘zaro ta’siri parametrlarga bog‘liq o‘rganilgan.

Masalaning qo‘yilishi. Silindrik qobiq va uni o‘rab turgan muhit uzun bo‘lganligi sababli,
o‘rganilayotgan masalani elastiklik nazariyasining tekis deformatsiya masalasiga olib kelish mumkin. U
holda harakat differensial tenglamasi silindrik kordinatalar sistemasida beriladi. U holda ko‘chishlar
bo‘ylama va ko‘ndalang to‘lqin potensiallari orqali quyidagicha ifodalanadi[8]:

Ofk | 10yk _10fk aYk
U = ?-F;E, qk—raq + ==, k=1,2. (1)
Bo‘ylama va ko‘ndalang potensiallar (., /. lar to‘lqin tenglamasml ganoatlantiradi:

1 &

Ve =,
’fﬁ Fy, @)

VA, ~Z a =2
K

bunda % Z(& +2,L4<)/,0K,C,§2 :HJ,OK-

Uning harakat tenglamasi elastiklik nazariyasining tekis masalasi uchun Kirxgof-Lyav
gipotezasini qanootlantiradi va quyidagi ko rinishni egallaydi:

AU Lav_ R X
® 0B -
AW ~PU R?
+b2[ +2—&7+W]+W 5%

bunda

W,
=N az’

— rﬁ - :—tho -
S - T R

| = 1Sp 18§0+1621// rﬁ}@l/l
FArRrTAHN9TE@T oo ||\ e ' ar
> o(l1lo
OT’Ar:R :{ﬂcvzwzﬁé[a?zo a\r 8'79” ]:H
r=R (4
V2= 15(r5(ﬂ) 1%

ra\l a) r?o6*
Bunda R- qobigning o‘rta sirt radiusi, m- qobiq zichligi, V0 -gobigning Puasson koeffitsiyenti, Eo -

X =0y

r=R poh) a:21 Xo =—0Oy;

gobigning elastiklik moduli, oy va Oyg - muhitning qobigga ko‘rsatadigan normal va urinma kuchlanishlarni

tashkil etuvchilari. Muhit va qobiq orasidagi kontakt sharti, ko‘chish va kuchlanishlarni tenglik sharti
hisoblanadi :
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Ul g=W | Wls=U| ¢ (®)

Sirpanuvchi kontakt sharti uchun

W| .= . Orol r—r=0 ©)
Differensial tenglamalar sistemasi (2) va (3) ning yechimi r — oo da quyidagi shartni ganoatlantiradi

!mm(%%iaqazo, i) (%W +i,Bt//J:O o

bunda ¢ va [ to‘lginlar soni,

o :g, Vi =§, @=(hr2) pE=plp

To‘lqin tenglamasining yechimini (2) va (3) quyidagi ko‘rinishda izlaymiz:

u :Z:\/rl (R)sinnée«

WZZW (R)cosnée -t

¢:Zg@(r)cosm§k““‘
WZZ;% (Nsinn@e-iet

bunda (O=0R () - kompleks xos chastota; \/n(R), \M(R) - ko‘chishning amplituda
funksiyasi; df] (r) ) % (r) - ko‘chish potensiallarini amplituda funksiyasi bo‘lib, Gelmgols tenglamalarini

ganoatlantiradi:
Vedh +c? ¢, =0 Veyy, + Pys, =
Gelmgols tenglamalarini yechimlari Xankelnlng 1- va 2- jinsli funksiyasi orgali ifodalanadi:
I I 2)
d?\ Aull_lfg)(ar)+aﬂl_lfg (0[) Wh= A]Z O(ﬁ)"“aﬁ @ (ﬂ) (10)

bunda Ani (=1, 2) va Bni - ixtiyoriy o‘zgarmaslar bo‘lib (5) va (6)

chegaraviy shartlardan topiladi; H,(]l) (Kir), Hr(]z) (Kir)— Xankelning 1- va 2 - jinsli n-chi tartibli
funksiyasi [7]. Yuqorida keltirilgan (10) yechimni tahlil qilamiz. Quyidagi xususiy yechimni ko ‘ramiz:

h= Re[e*'a‘ H (0&’ )J _ (11)

Bu funksiyani argumenti r -ning katta giymatlarida Hél) (O(l’ ) funksiyasi uchun qo‘yidagi asimptotik

formula o‘rinli bo‘ladi [5]
) (@)~ Z o]
(o)~ Zheor]

Bu yerda Qr“) bilan u kattalikning shunday munosabati belgilanganki,

[6]:

(8)

(12)

Ir—ec intilganda r—)a/k— nisbat chegaralanganligini saglaydi. (11) va (12) munosabatlarni hisobga

olsak, u holda
i
A= JEJ 2l 1+dr— J t/ 2 cosa{ — jJ 1+dr— )]
Bu funkSIya Intllganda s tezlik bilan jismdan uzoglashuvchi to 1q1nn1 ifodalar ekan. [7] dan

foydalanilsa, xuddi shunday (11) yechimdagi ikkinchi hadni ham fizik ma’nosini ko‘rsatish mumkin

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 208



MATHEMATICS

= Réte*"Jt HP (O(I’ )J Bu had cheksizlikdan jismga yaginlashuvchi to‘lginni ifodalaydi. Agar
I'—XC zommerfeldning yutilish shartidan foydalanilsa, u holda B; =B, =0 bo‘ladi. Misol sifatida
cheksiz elastik muhitda joylashgan mustahkamlanmagan bo‘shligni tebranishlarini ko‘ramiz. U holda r=R
kuchlanishlardan ozod bo‘lish sharti qo‘yiladi, ya'ni

Grr‘ r=R— Gr@‘ —R =0, (13)

Agar (10) ni (11) hisobga olib (13) chegaraviy shart qo‘yilsa, u holda kompleks koeffitsiyentli bir
jinsli algebraik tenglamalar sistemasini olamiz. Bu bir jinsli tenglamalar sistemasi yechimga ega bo‘lishi
uchun, uning noma’lumlar oldidagi koeffitsentlardan tuzilgan asosiy aniqlovchi nolga teng bo‘lishi kerak.

Asosiy aniglovchining elementlari kompleks parametr (U ning funksiyasi hisoblanadi. Bu munosabatdan
kompleks parametr @ p aniqlash uchun qo‘yidagicha chastota tenglamasini olamiz:

D, =xH,, | ~DyH,,(v) (" —n+y?/2H, () |- 14)
—H, 0l —n+y2 1 2yH, 1 () —(? +n—y2/4y?H, (y)|=0
bunda X=aR(,0/(ﬂ.+2y))”2,y:aR(p/y ]jz, A va U-Lamye koeffitsiyentlari; O -

material zichligi. Yuqoridagi (14) tenglamani qiyin bo‘lmagan almashtirishlardan so‘ng quyidagi
ko‘rinishdagi transendent tenglamaga olib kelamiz:

(* —DFOIF(Y)—(y* /R +H(Y)+r? —(? —y?/2)* =0, (15)
bunda F(X) =xH, (X)/H,(X), n=123... Kompleks parametrli chastota tenglamasi (15) Myuller

usuli yordamida yechiladi [8]. Bu transendent tenglama (15) ni ildizlari ikki gismdan iborat. Haqigiy (Re Q)
va mavhum (Im32) gismlar Kompleks chastotaning haqigiy gismi mexanik sistemani tebranishlar
chastotasini ifoda qilsa, mavhum qismi esa dempfirlash koeffitsiyentini ifodalar ekan (so‘ndirish

koeffitsiyenti) [11,12]. Hisoblash natijalari n=>0 (Vl =O,25) 1- jadvalga keltirilgan.

1 -jadval.
Kompleks chastotani n ga nisbatan o‘zgarishi
n=0 n=I n=2 n=3
0,4529D+00 0,10927D+01 0,19075D+01 0,27565D+01
-i0,47651D+00 -i0,76538D+00 -i0,89782D+00 -i0,99155D+00
0,28621D+00 0,72325D+01
-i0,17852D+00 -i0,32283D+01
0,404607D+00 0,12307D+00
-i0,178552D+00 -i0,22283D+00
2 -jadval.
Natijalarni taggoslash (V=0,25)
No Muallifning natijasi Pao va Mao Bnron va Parnes
1,09272-0,77653 i 1.09272-0.7653 i 1.0929-0.441 i
1,907554-0,89782 i 1.90754-0.8978 i 1.9076-0.897 i

2,75652-0,99151

2.75652-0.9915 i

3,63132-1,06662 i

3.63132-1.0666 i

QB |WIN|F-

4.52440-1.13140 i

4.52440-1.1314 i

Xulosa. Jadvaldagi natijalarni tahlilidan n ni ortib borishi bilan kompleks chastotaning hagiqiy va
mavhum gismlari ham ortib borar ekan. Chastota tenglamasi (15) fagat Puasson koeffitsiyentiga (V)bog‘liq

bo‘lar ekan. Puasson koeffitsiyentining qiymati OSVSOA- oraligda o‘zgarganda chastotaning haqiqiy va
mavhum qismlari 27% gacha o‘zgarishi topildi. Silindrik bo‘shliq uchun olingan (L1=v2, p1=p2, E1=E>)
natijalar (2 -jadval) verguldan keyingi to‘rtinchi ragamidan boshlab ustma-ust tushadi (N=25, V= ,25).

Chastotaning xos sonlarning haqigiy va mavhum gismlari gattiq mahkamlanganlik va sirpanuvchanlik
shartlarida 15% gacha farg qilinishi topildi. Qobiq galinligini oshishi ham xos sonlarni hagigiy va mavhum
gismlarini 20% gacha oshirishi mumkin ekan.
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VJIK 517.984

BbBIBOl MHTET'PAJIBHOI'O YPABHEHUSI BUHEPA-XOII®A U BBIYUCJIEHUE
ETO UHAEKCA

Mupcabyposa I'yroaxop Mupaxmamosna,

Odoyenm kageopor “Mamemamura” Ynusepcumema
Peneccanc, Tawxenm, Y3zbexucman
mirsaburovagulbahor26@gmail.ru

Anamamyua. B cmamve nonyuennvie memooom pecynapusayuu Kapnemama-Bexkya cuneynapHule
UHMe2PaIbHblE YPABHEHUS C HEPPEO2OIbMOBbIM ONEPAMOPOM 8 NPABOU YACMU C8EOEHbl K UHMESPALbHOM)
ypasHenuio Bumepa-Xonga, u ooxasano, umo unoexc ummecpanvHo2o ypasuenus Bumnepa-Xonga pasen
nymo. Taxoce ummezpan @ypve, KOmopbwlii 6CmMpeyaemcs NPU GbIYUCIEHUU UHOEKCA UHMeSPalbHO20
ypasuenus Bunepa-Xonga, éviuucnsemcs ¢ nomowpio meopuu 8bluemos, meopuu QyHKYull KOMHIEKCHO2O
nepemMeHHO20.

Kniwouesvle cnoea: pecynspuvlii onepamop, 2unepeeomempuueckas QyuKyus, ummespan, Gopmyia
Fonvya, ypasuenue Bunepa-Xonga, negppedzonvmoswiii onepamop, npeobpazosanus Qypuve.

WINER-XOPF INTEGRAL TENGLAMASI VA UNING INDEKSINI HISOBLASH

Annotatsiya. Ushbu maqolada Karleman-Vekua tartibga solish usulidan foydalanib, o ‘ng tomonda
Fredgolm bo ‘lmagan operatorga ega olingan singulyar integral tenglamalar Wiener-Xopf integral
tenglamasiga keltirildi va Wiener-Xopf integral tenglamasining indeksi isbotlandi. Shuningdek, Viner-Xopf
integral tenglamasining indeksini hisoblashda yuzaga keladigan Furye integrali goldig nazariyasi, kompleks
o ‘zgaruvchining funktsiyalari nazariyasi yordamida hisoblanadi.

Kalit so‘zlar: regular operator, gipergeometrik funksiya, integral, Bolza formulasi, Viner-Xopf
tenglamasi, Fredgolm bo ‘Imagan operatorilar, Furye o ‘zgarishlari.

DERIVATION OF THE WIENER-HOPF INTEGRAL EQUATION AND CALCULATION OF
ITS INDEX

Abstract. In this article, using the Carleman-Vekua regularization method, the obtained singular
integral equations with a non-Fredholm operator on the right-hand side are reduced to the Wiener-Hopf
integral equation and it is proved that the index of the Wiener-Hopf integral equation is equal to zero. Also,
the Fourier integral, which occurs when calculating the index of the Wiener-Hopf integral equation, is
calculated using residue theory, the theory of functions of a complex variable.

Key words: regular operator, hypergeometric function, integral, Bolza formula, Wiener-Hopf
equation, non-Fredholm operators, Fourier transforms.

Beenenue. IlepBbie (yHIaMeHTadbHBIE HMCCICIOBAHMS JJIs YPAaBHEHHS CMEIIAHHOI'O THIA OBLIH
BBITIOJIHEHBl WTaNbsHCKUM MareMaTukoM @.Tpuxomu. Ilocme ortoit paboThl Teopust 3amad i
BBIPOXKJIAIOUIMXCST TUIEPOOIMYECKHUX, JJUIMNTUYECKUX YPAaBHEHHH U YpaBHEHHH CMEIIAHHOTO THIIA
pa3BuBaiach B (PyHIaMEHTAILHBIX HCCIENOBaHUAX 3apyOekHbIX yu€HbIXx J.XommrpeHa, C.lemnepcrenra u
nu3 OTECYCCTBCHHBIX yT-IéHI)IX CYHIeCTBeHHI)II\/'I BKJIaJl B Pa3BUTHUC TCOPUU ypaBHeHI/IfI CMCHIaHHOI'0 THIIa
BHec/M B cBoux paborax M.C.Canaxuraunosa, T.J[.J[xypaes, P.P.Anryposa u b.Mciomosa [2].

I[JISI I[EUII)HGI\/'IIHCFO Pa3BUTHUA TCOPHHU KPACBBIX 3aJa4 IJIA ypaBHCHI/II\/'I CMCEUIaHHOI'O THUIIa BA)KHOE€ MECTO
3aHsIa paborta (3amava co cmemeHneMm) A.M.HaxymeBa, rie B TrUNepOOIMYECKOW YacTH HEIIOKaIbHOE
YCJIOBHUE NOTOUCYHO CBA3LIBACT 3HAUCHUA UCKOMOI'O PCIICHUA Ha O6CI/IX XapaKTCpUCTUKAX.

PaccmoTpum ypaBHeHueE:!
7(X)=C08 a7, (X)+

sirRozf( (C—X)(L+X)? “(l—cx)“( 1 1 j 3
o ﬂj;( o7 ) (i=ct) \tox 1oxg @O0t xetHo. o
Teopema. 3a0aua TF (—m/2< ﬁ) <1) npu evinonnenuu yenosui a(X) =IX)() =a=00nst,
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ﬂﬂkz Hc)osar<l , *)
OOHO3HAYHO PaA3PewUMda, 20e /Izcosﬂm’ 7Z(1+S|nﬁ7a

Hoka3zateabctBo. Hccmegyem cootHomenune (1) u, TOACTaBiIsIS BBIPAXKCHHE IS gO(X) u3

0 (X) = /1] p(s)&'isf)s)f(s)*+qr]+F(x) XE(=10) & (1), meen:
)= oaszayz[ | p(S)M(S)T(S)OB+F{T]+F1(x)J+
{ehiese)- Ip(S)M(S)T‘S)OB+R[r]+F1(t)Jdt, CET

p(s)—t

Brimenus xapakTepuCTHUECKHE YaCTH B ypaBHEeHUH (2), IpeodpazyeM ero K BUIY:

7(X) =—A008 mj‘ PEuE)HS)ES

4 ps)—x
in2cr 1+x)? |
2 [uroe] ((Ef; gglitx)%j (e
R[J+KHK), 3)

rae

| RlA-os ar -
e o] |18 4 e
B oo

-peryJIsIpHBIA OIIEPATOP,

F3(x) =008"(az) F(X) +

(2007 1—)(1+X2 ¥
S (S oe

-M3BeCTHAs (QYHKIIHS.
VYpasuenue (3), ¢ y4€ToM paBeHCTBa p(X) =0—kX, TIEPETUIIIEM B BUIE:

o) = ko (o | LS
+Ak&22;”) jl M(S)dS)CBI((C X)(1+x)2ja (t 1) o

C=0@H)? ) \T=x Tx Jo—fs—t
HA+FEX), xe(-10). (5)
BrrunucnuM BHYTpEeHHUI I/IHTCFI)(&J’I )(1 )za 1 \ +
C—X)*(L+X
AxS)= j )~ (t XI5t ©)

PanmonanbpHBIN MHOKHTENb ITOABIHTETPATBHOTO BBIPAXKEHUS PA3IIOKUM Ha MPOCTHIE APOOH:

(1_1 1_1(1+1)+ 1 (x_l)
t—x 1% JoTdo—t o—to—x\i—x o—ds—t) I-Oxths\I—xt O—ks—t

1 C y4€TOM 3TOTO Pa3yI0KEHUS MOITYIHM:
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Ax9)=CR ENE )19+
(C X)* (1+x)

G (-0 "
ne 4
T(X) :;[ O ==X’ xe(-10), ®)
ck
T,(5) :_]1 (D = (0T’ se(-1.0), ©)
ot
T:(X) :]1 P ) xe(-1,0). (10)

BbIUKCITUM HHTETPAITBI Tl(X), TZ(S), T3(X):

- ot ct
T.(X) =li —] +j . 11
19 ﬂi | crarreaye ooy | @
B nepBoM u BTOpoM MHTerpajiax npasoii yactu (11) cienas 3aMeHy IEPEMEHHOIO MHTErPUPOBAHMS
tZ—l-l-(l-l-X)G , tZC—(C—X)O' , COOTBETCTBEHHO, TOJTyYHM:

T =lin (f*‘):) !‘2“(1—<ﬁ‘“ (1—1%‘ ajﬂ do+

0 il g c X )™
-0y 1->—20o| do
(C X) (1-o) T+ ,
OTCIOZIa, HCIOJIB3Ysl MHTErpajibHOE MPEACTaBICHUE TUIepreoMeTpryeckoil pyHkuuu [50] noxyunm:

T(X)= Iln{ éljx o 1}(11‘222[(65)) F(l 200120+ S T x)

140y - .C—X
PR

K (12), npumensist opmyny aprorpanchopmanui [1 ,¢.10]
F@ab,cX)=1—-X°***Fc—ac—hcX), (13)
MIMeeM:

(= hﬂ Lk ];((11_2221?))(& ) F(é,l—SaJré‘, 1—2a+5;_%’3+

G G C) (—” x)m F(&l 3+ 1-0+ 5. x)J

(c X)*° [{l—a+0) \1+ "1+
[Ipumenss hopmyry bombiia k mepBoMy claraeMoMy MpaBOi YacTH TOCIEIHETO PaBEHCTBA!

Fabc2) =%§5§&2’:§3 Fab,a+h—c+L 1—z)+[(?1(}§’;(g)‘c) (—2F*x
xHc—a,c—hc—a—-h+11-2), c—a—-b=01,+2 , (14)

npeoOpasyeM ero K BUAY:

Tl(x)zliﬂ(lﬂa ()Eaé“) F(51—3a+5 a5 g) n@(ra(l;a)é) f(;(z;)@
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1+0)* [(0-a)[{1-20; e
iy 10| *

Jlerko yoenuThCs, 94TO

. 1— _
ol iy -
b sin(a—o0)r—sin
=i/ t+0) 5sinwrﬂglr(aa é)ﬂﬂa)%)—a+é) Agor. (19

Teneps B (15), mepexoast K Ipeaeny npu o —)O ¢ yuérom (16), OKOHUATETHHO TIOJTyIHM

140)“Tl-a) 124
L :‘(1+;[)?ag(€0—zx)a+( 9 ﬂsa)‘gg)w )F@‘Zm”“l ) an

B wunTerpamax TZ(S), T3(X) C/leNaB 3aMeHy IEPEMEHHOrO HHTErpHpOBaHms [ =— 1+(1+C)O' ,

t=C—(1—|—C)O , COOTBETCTBEHHO, HETPYTHO BBIYKCIIUTH, YTO
(O IL-20) ) (_ o, Lte )
1) TO-3) oA "o\ S @33 s ) 9
_ (o)l (1-20) (_ A _(1+c)x)
=T a ey (A ) 69
Tenepsb BeIpaXeHUsI 1151 Tl(X), TZ(S), Tg,(X) u3 (7), (8) u (9) moxacrasinss B (7), morydnm:
_(c—X)*(@+x)> dgar
A A N v o
(1+C)ﬂf(1—a)1'(1—2a) ( )
TR T\ Fmalars

1+0f-* [{1-0)[ (120, l+c
+[(2(—4381(1+§—1§)£((5—16)— ) (1_“1_30‘ 2301 5% lcs)J+3’(x’ o)

rae

B(9) =N (1,91, (9).

Teneps (20) moacTapmsis B (5), Nody4nm:

) ﬂk(asz(m) sin2or) mg(m)jj/«i(S)f(S)ob

/lklﬂ“ sin2cur(1+C)- 3“1“(1—05)1“(1—205) j (A+x)>
2r1(2—-30) (1+5—ks)1ﬂ

xF[l—al—sa 2-30t7 +15+E|<s)(c:§) ;_(SK)SOEX+R2[T]+FZ(X), (21)

rae 08 (0) ) ety o) =0

RI=RI A2 LA U-20),

xF(l—Za al+a Lé)j (c- 55);1(8))56 /1kS|n2m j REUOS @

-perymspHBIN Oneparop.
BrigenuB xapakTepuCTHYIECKYIO YacTh ypaBHEHUS B (21), C y4€ToMm TOXKIeCTBa
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(CIBZ (002') —M ﬂdg(wz)j =0, npeodpazyewm ero k Buxy:

1= ﬂklﬂommj(c X) T(S)d_s RIA+R) , xe(19. @

e

c-S/) o—ks—x
AR sin2or(1-+0)- ) 1-20) j( M (B
27112-3) o)

xF(l—a,l—Soa 2-30 ) ((1118))1«1 F(l-al 3 2_3041)J;45(i)_kzs(s_)§ts__

RIA-RIA K- sinan) ][ % A9 MO oy

peryJspHbI oneparop.
Yuntsias Toxaectso O—KC+HC= 0 ypaBHeHue (23) npeobpazyeM K BUAY:

Lo ds
-] R e

+=(X), xe(-Lo). (24)
B ypaBuenun (24), crmemaB 3aMeHy NEpEMEHHBIX S=C—(:|.+C)e_t , X=C—(1+c)e‘y U BBEIA

1
0003HaueHHE p(y) ZT[C—(1+C)€_Y]€[Q_2)y, TIOJIYYUM:
AY)=AK“(c)osar I ke(w/)?z(?rgt—(w)/z +RIA+E(). (25)

s !
rae R4(p) = %[T]e( 2)y -perynsapHBIN OIEpaTop, |:3(y) = FZ(X)e( 2jy -U3BECTHAs QYHKLMS.

1
Bgens o6o3Hauenue K(X) ZW ypaBHeHHe (25) 3anuiiem B BUIE!

p(y)=/?k1““o&mIK(y—t)p(t)dt+R4[p]+F3(y) ye[0-+9). 26y

Tpomssonras dysxman  K(X) merpepeisra n mmeer mokasatensHeii mopstok yGbIBaHHs Ha
OECKOHEYHOCTH, TI0ITOMY K(X) elbmH, :{O} [8,c.12].

VYpaBHeHnue (20) sBIseTCS MHTETPAIBbHBIM ypaBHeHHeM Bunepa-Xonda. [3, C. 55], 310 ypaBHEeHHE ¢
noMoIIbIo mpeodpazoBanust Pyphe, MOJ0OHO UIBECTHOMY XapaKTEPUCTHIECKOMY 0COOOMY MHTETPaIbHOMY
ypaBHeHu1o ¢ siapomM Koiuu, npuBoauTcs K KpaeBoi 3aade Pumana u Tem camMbIM pemaercs B KBaaparypax.

3aKmouaeTcs B paspbise mpi L =X, TO CHHTyISpHOCTE Aapa

Ecnu cunrynsprocts sinpa Komm T—x
K(t —X) WHTETPAJbHOIO YpaBHEHUS THIIAa CBEPTKH BBI3BAaHA HEOTPAHWYEHHOCTHIO IPOMEXKYTKa
WHTETPUPOBAHUS, W O3TO SAPO, B OTIMYHE OT PEryjsipHOrO sijApa, HE YObIBaeT, €ClIM JBUraTbCcid K
6eckoneunoctn Boms npsivbix L =X+00SL.

Teopembl @penronsma it MHTETPAIbHBIX ypaBHEHHH THMA CBEPTKU OyAyT BBIMOJIHATHCS JUIIbL B
OJIHOM YacCTHOM CITy4ae, KOTla MHIEKC 3THX YPaBHEHUH paBeH HYJIIO.

Wnpnexcom ypasaenus (26) OyneT WHACKC BBIPaKEHHUS:

1-A> ()oK (x), —oo<x<+ex, 27)
B3SATHINA C 0OPATHBIM 3HAKOM: :—Ird(l— KA(X)) [8, c.56], rme
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KA(X) = ]Qﬁ—rkeI ° (28)
WnaTerpan @ypbe (28) BBUUCIUM C MOMOIIBI0 TEOPHH BBIUETOB IO OIMPEAEICHHUI0 HECOOCTBEHHOTO
HMHTErpaja.
NS
K (X)_L'LQJN’ (29)
-] _gd o0
NT ) T2 o2
A ke +e

Ha xommekcHON 1uiockocTH Z=t+|?] pPaccMOTPUM YETBIPEXYTONBHUK ABCD ¢ BEpLIMHAMH B

rouxax A=A-N,0), B=B(N,0), C=C(N,47), D=D(-N,47).

N

¥

eixz
BHyTpu ueThipéxyroyibHUKa ABCD GbyHKIHSA f(Z) :W AMEET TOJBKO JIBE OCOOBIE

TOUKH-TIONIOCHT Z; =—Ink+7d u Z =—Ink+37.
ITo Teopeme o BbrdeTax, muTerpai o koutypy npamoyromsanka ABCD pasen

[ =it e t). -
Jlerko npocnenurb, 4TO

€72+ 72 —g P2(Lrke?) =& P21+ iKe2)(1-iKe??) =
_e—z/2(l ezlze|n(—|\/E))(1 ez/geml\/ﬁ) e_z/2(1 2/2+InJK— 2|)(1 z/2—HnJR—7|)_

e 2 P e’ 7 D), (32)
OTCrO1a
ixInk
resf(z0)=fipy(z-2) 1 =577~ @
. 37zx ixInk
resf(2) = linz-2)f (== 2 — @
B cuny (33) u (34), uz (31) umeem:
eixzdz _ Zﬂeixlnk X o3
_ 26?2 K E™—e),
Xz ixink
(j\ +I+I+i kez?zl _S:rz/z = 2723/% ™ _ersm()- (35)
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31eck Ha CTOPOHAX YETHIPEXYTONBHUKA

AB:y=0 -N<x<N, BC:x=N,0<y<4r,
D:y=4r, —-N<x<N, DA:x=-N, 0<y<4r.

IlepBoiii naTEerpan neBoit yactu (35) paBeH ‘]N- B tperbem mHTETpane Z=X+4rl u c Y4€TOM, 4YTO

GyHKIH g2, g2 nepuoauunsl ¢ nepuogom 771, sakmouaem, uto Tperuii mHTErpan paseH -+ ﬂi\]N.
Bo BTOpOM M 4eTBEPTOM HMHTErpaiax, COOTBETCTBEHHO, Z=N+i77 u Z=—N+i7], OS?]S47Z' ,
JUTS IO/IBIHTETPATTbHBIX (DYHKIIHI MMEET MECTO CIIeIYIONIast OLCHKA:
e || e
“ez/2 +e—z/2‘ +N2+|y e +N2Hy
N U3 3Toii OLICHKH HETPYAHO yOCIUTHCS, YTO BTOPOW M YETBEPTHII MHTETrPANbl CTPEMSTCS K HYIIO MPU
—C,

Takum 06pazom, nepexoas K npeneny npu N —)OC HMeeM

N R

ﬂ.e—|xlnk
Jkawrx

nim

K (X)= (36)

TeHepB BBIYMCJIMM MHACKC BBIPAKCHUA
1-AkE= 14(c)asor K (x). (37)

B cuny ycnoBust TeOpeMbI, UMEEM

Re( k= pa(Q)oosarr K () = Ak py () oosarr P XInk o

Jkahex
A roosaor
<&/ oA
JK
Ipruém F@KA(X) Zq:l./ d’(ﬂX)) JUTA TOCTATOYHO OOJIBIIINX |)€1 . OTcro1a moJIyaum:
Re(1— AKX 14(c) s arr K (x)) >0.
CreroBarenbHO,
| V= A — i Irr(l_ K (X)) —
Ind (1—- Ak cosar K™ (X)) = 5 ardg R(I=K"(¥) =0,
T.€. U3MEHEHHE apryMeHTa 1- K~ osar K’\(X) Ha JIEHCTBUTENLHOM OCH, BHIPAXKEHHOE B MOJIHBIX

oboporax, paBHO Hymo [3,c.28], oTclola M W3 EAMHCTBCHHOCTH pCUICHHS 3aJa4u [F serrexaer
OIHO3HAYHAS Pa3pemrMOCTh ypaBHeHU (26), a, 3HAUUT, U 3a0a91 F. Teopema gokazaHa.
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FRIDRIXS MODELLARI OILASIGA MOS FREDGOLM DETERMINANTINING ASOSIY
XOSSALARI

Umirqulova Gulhayo Husniddin gizi,
Buxoro davlat universiteti, Buxoro, O zbekiston
g.h.umirqulova@buxdu.uz

Annotatsiya. Ushbu magqolada bir o ‘Ichamli panjaradagi uchta zarrachalar sistemasiga mos model
operatorlarning spektral xossalarini o ‘rganishda muhim bo‘lgan chizigli, chegaralangan va o ‘z-o ziga
qo ‘shma Fridrixs modellari oilasi garalgan. Uning Fredgolm determinanti qurilgan. Fredgolm
determinantining yoyilmasi, monotonlik xossasi hamda yana bir gancha asosiy xossalari tahlil gilingan.

Kalit so‘zlar: zarrachalar sistemasi, model operator, Hilbert fazo, Fridrixs modeli, muhim spektr, xos
giymat, diskret spektr, Fredgolm determinanti.

OCHOBHBIE CBOMCTBA JETEPMUHAHTA ®PEJTOJIbMA /151 CEMEMCTBA
MOJIEJIEIl ®PUIPUXCA

Annomayua. B oOaunoli cmamve paccmMampueaemcs cemelucmeo IUHEUHbIX, OCPAHUYEHHLIX U
camoconpadicénnvix  moodeneti  Dpuopuxca, Komopoe uspaem 6adNCHYIO pOlb  NPU  UCCIe008aAHUU
CHEeKMPANbHBIX CEOUCME ONepamopos MoOely, COOMBEMCMBYIOWUX Ccucmeme u3 mMpex yacmuy Ha
o0O0HoMepHOU pewémke. [locmpoen demepmunanm @Ppedeconrvma. [lpoananusuposanvl eco pasiodcenue,
MOHOMONHbBIE CBOUCMEA U PO OPY2UX KTIOUEBbIX XAPAKMEPUCTUK.

Kniwouesvie cnosa: cucmema uacmuy, onepamop Mooeiu, 2uibbepmoso NpoOCMpanHcmeo, Mooensb
Dpuopuxca, cywecmeennviii Cnekmp, cOOCmMEeHHOe 3HaAueHue, OUCKPemHbull CNeKmp, OemepMUHaHm
®@peodzonvma.

MAIN PROPERTIES OF THE FREDHOLM DETERMINANT FOR A FAMILY OF
FRIEDRICHS MODELS

Abstract. This paper studies a family of linear, bounded, and self-adjoint Friedrichs models, which
play a crucial role in analyzing the spectral properties of model operators corresponding to a three-particle
system on a one-dimensional lattice. The Fredholm determinant is constructed. Its expansion, monotonicity,
and several other fundamental properties are analyzed.

Keywords: particle system, model operator, Hilbert space, Friedrichs model, essential spectrum,
eigenvalue, discrete spectrum, Fredholm determinant.

Kirish. Zamonaviy matematik fizikaning dolzarb yo‘nalishlaridan biri uch zarrachali kvant
sistemalarining matematik modellarini o‘rganishdir. Bunday sistemalar uchun panjaradagi model
operatorlarining spektral xususiyatlarini o‘rganish, nafaqat nazariy, balki amaliy jihatdan o‘rganish ham
alohida ahamiyat kasb etadi. Shu sababli, Fridrixs modellari oilasining muhim va diskret spektrlarini,
shuningdek, xos qiymatlarning soni, joylashuvi va mavjudlik shartlarini o‘rganish dolzarb hisoblanadi.
Panjaraviy modellar ko‘plab ishlarda o‘rganilgan, xususan to‘rt zarrachali Shryodinger operatori [1]
maqolada, ikkita Fridrixs modelining tenzor yig‘indisi [2] maqolada, umumlashtirilgan Fridrixs modeli [3]
ishda o‘rganilgan. Ushbu ishlarda Fridrixs modeli va uning umumlashtirilgan shakllarining xos giymatlari
tahlil gilingan.

Bundan tashqari [4] maqolada qo‘zg‘alish operatori ikki o‘lchamli Fredgolm integral operatori bo‘lgan
Fridrixs modeli tadgiq gilingan. Uning Fredgolm determinanti qurilgan va monoton emasligi isbotlangan.
Fridrixs modeli xos qiymatlarining soni, joylashuv o‘rni va mavjudlik shartlari topilgan. Bu natijalar
panjaradagi lokal bo‘lmagan potensialga ega uchta zarrachalar sistemasiga mos model operator muhim
spektrining ikki va uch zarrachali tarmoqlarining joylashuv o‘rni, tuzilishi va uni tashkil giluvchi kesmalar
sonini aniglash imkonini bergan.

[5] magolada uch o‘lchamli panjaradagi ikkita bir xil zarrachalar sistemasiga mos keluvchi ikkita
chizigli, chegaralangan va o‘z-0°‘ziga qo‘shma bo‘lgan bir o‘lchamli qo‘zg‘alishga ega Fridrixs modellari
oilasi o‘rganilgan. Muhim spektrdan chapda yotuvchi xos qiymatlarning mavjudlik shartlari topilgan.
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Fridrixs modellari oilasi uchun bo‘sag‘aviy xos giymat va nol energiyali rezonansning mavjudlik shartlari
tahlil gilingan. Fredgolm determinanti uchun asimptotik yoyilma topilgan. Olingan natijalar panjaradagi
uchta bir xil zarrachalar sistemasiga mos model operator xos giymatlari sonining chekli yoki cheksiz
ekanligini ko‘rsatishda hamda xos qiymatlar soni uchun asimptotik formula topishda qo‘llanilgan.

[6] magolada d — o‘lchamli panjaradagi uchta zarrachalar sistemasiga mos model Hamiltonian
Hilbert fazosidagi chiziqli, chegaralangan va o‘z-o‘ziga qo‘shma operator sifatida o‘rganilgan. Bu model
Hamiltonianga mos ikkita kanal operatorlar aniglangan va bu operatorlarning spektrlari Fridrixs modellari
oilasining spektri orgali tavsiflangan. Model Hamiltonianning muhim spektri ikkita kanal operatorlar
spektrlari birlashmasiga teng bo‘lishi isbotlangan.

[7] maqgolada kompakt qo‘zg‘alishli Fridrixs modelining spektral xossalari o‘rganilgan. Xususan,

uning muhim spektri topilgan, muhim spektr absolyut uzluksiz spektr bo‘la olmasligini ko‘rsatuvchi U(,)

parametr funksiyaga misol keltirilgan. Qo‘zg‘alish operatorining musbat operator ekanligi isbotlangan va
uning musbat kvadrat ildizi topilgan. Nollari to‘plami qaralayotgan Fridrixs modelining diskret spektri bilan
ustma-ust tushuvchi Fredgolm determinanti umumiy holda qurilgan. Fridrixs modeli uchun olingan natijalar
panjaradagi uch zarrachali model operator muhim spektrining joylashuv o‘rnini aniqlashda qo‘llanilgan.
Mazkur magolada Hilbert fazosida chiziqli, chegaralangan va o‘z-0‘ziga qo‘shma bo‘lgan Fridrixs

modellari oilasi Fredgolm determinantining asosiy xossalari tahlil gilingan bo‘lib, Fridrixs modeli uchun
quyidagi natijalar olingan: Veyl teoremasi yordamida muhim spektri o‘rganilgan. Muhim spektrdan chapda
joylashgan xos giymatlar soni haqida ma’lumot berilgan hamda Fredgolm determinanti uchun asimptotik
yoyilma olingan.

Panjaradagi uchta zarrachalar sistemasiga mos model operator. T := (—m; ] orqali bir o‘lchamli
torni belgilaymiz.

Mazkur magqolada T2 to‘plamda aniglangan kvadrati bilan integrallanuvchi (umuman olganda
kompleks giymatlarni qabul qiluvchi) simmetrik funksiyalarning Hilbert fazosi bo‘lgan LS (T?) fazoda

H,E,ﬁ): = H — (v, + V) — Vs (1)
tenglik orqgali ta’sir giluvchi Hamiltonianni garaymiz. Bunda u,A > 0 ta’sirlashish parametrlari, H((,Y)
qo‘zg‘almas operator E,, () funksiyaga ko‘paytirish operatori:
(HPF) (o) = By G y)f (. 9),
Ey(x,y) = e(x) + e(y) +ye(x + ),
g(x):=1— cosx.
V., « = 1,2,3 operatorlar lokal bo‘lmagan potensial operatorlari bo‘lib, quyidagi ko‘rinishdagi xususiy
integralli operatorlardir:

Vi), y) = sin(y) f sin(t)f (x, £)d,
T
W) y) = sin() f sin(Of (&, y)dt,
T
V3, y) = ff(t.x +y —t)dt.
T

Ta’kidlash lozimki, L5(T?) Hilbert fazosidagi ixtiyoriy f va g elementlar uchun ularning skalyar
ko‘paytmasi

f.9) = f £ y)g G, y)dxdy @
TZ

kabi, f € L5 (T?) element normasi esa

11 = (falf o ) Pdxdy)? )

tenglik orgali aniglanadi.
(1) tenglik yordamida ta’sir qiluvchi H;%l) operator L$,(T?) Hilbert fazosida chizigli, chegaralangan va

0‘z-0‘ziga qo‘shma operator ekanligi funksional analiz kursidan ma’lum bo‘lgan mos ta’rif va teoremalar
hamda (2), (3) tengliklar yordamida tekshiriladi. Odatda bu operatorga panjaradagi uchta zarrachalar
sistemasiga mos model operator deyiladi. Qaralayotgan model operator uch zarrachali diskret Shryodinger
operator uchun o‘rinli bo‘lgan ayrim xossalarga ega. Shu sababli bunday modellarning spektral xossalarini
o‘rganish zamonaviy matematik fizikada muhim hisoblanadi.

Fridrixs modellari oilasiga mos Fredgolm determinanti. Ishning asosiy natijasini bayon qilish
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magsadida L, (T) Hilbert fazosida chizigli, chegaralangan va o‘z-o‘ziga qo‘shma Fridrixs modellari oilasini
garaymiz:

m(k): = hg” (k) = o,
bunda h(())/) (k) operator E,, (-,-) funksiyaga ko‘paytirish operatori:
(R GOf) ) = By (k,0)f (), f € Ly(T),

v operator esa lokal bo‘lmagan potensial operator:
Wf)(x) = sin(x) f sin(O)f(t,)dt.
T

Chekli o‘lchamli qo‘zg‘alishlarda muhim spektrning o‘zgarmasligi haqgidagi Veyl teoremasiga
ko‘ra hf]')(k) operatorning muhim spektri h((,” (k) operatorning muhim spektri bilan ustma-ust tushadi va
quyidagi

Gess (R (1)) = [my (k); My (k)]
tenglik o‘rinlidir, bu yerda
m,, (k): = r;lelp E,(k,x), M,(k):= max E, (k,x)
Har bir fiksirlangan u,y > 0 sonlari va k € T element uchun C\[my(k);My(k)] sohada analitik

bo‘lgan
)
) sin“(t)dt
A4/ (k,z):=1- _—
w (o) H jTEy(k,x)—z

yordamchi funksiyalarni Kiritamiz.
Xususiyatiga ko‘ra Af}’) (k,) funksiyaga hf}’) (k) operatorga mos Fredgolm determinanti deyiladi.
Fridrixs modellari oilasiga mos Fredgolm determinantining xossalari.
1-lemma. Har bir fiksirlangan k € T element va w, y > 0 sonlari uchun C\[my(k);My(k)] soni
) . . . s - W) _ 1r - P
h,”” (k) operatorning xos qiymati bo‘lishi uchun 4,/ (k, z) = 0 bo‘lishi zarur va yetarlidir.
1-natija. hf]')(k) operatorning diskret spektri uchun
daise (h () = {z € C\[m,, (k); My (1)]: 4 (h, 2) = 0 }
tenglik o‘rinlidir.
_ f-l# (k) Fridrixs modellari oilasining xos qiymatlarini tahlil gilishda muhim bo‘lgan lemmani
keltiramiz.
2-lemma. Har bir fiksirlangan p,y > 0 va k € T lar uchun A,(]/)(k;-) funksiya (—oo;m, (k)) va
(My(k) ;+ oo) oraliglarda monoton kamayuvchi funksiyadir.

Isbot. Af]’) (k ;) Fredgolm determinanti uchun
d d sin?(t)dt sin?(t)dt
d_A;(p(k;Z) =d—<1—ﬂf—k( ) >= —Mf—( ) 7
z z rEy(k,t) —z 1 (E, (k,t) — 2)
tenglik o‘rinli bo‘ladi. Yuqoridagi tenglikdan ko‘rinib turibdiki, ixtiyoriy =z € (—00; my(k)) u
(M, (k) ; + o) sonlari uchun
d
WMy, .
EA“ (k;2) <0
munosabat bajariladi. Bu esa Af}’)(k; ) funksiyaning (—oo; my(k)) va (My(k) ; + o0) oraliglarda monoton

kamayuvchi funksiya ekanligini bildiradi.
Lemma to‘liq isbotlandi.

3-lemma. Har ganday o‘zgarmas u,y > 0 va k € T sonlari uchun hl(ly)(k) Fridrixs modeli m,, (k)
nugtadan chapda ko‘pi bilan bitta oddiy xos qiymatga ega va M, (k) nugtadan o‘ngda xos giymatga ega
emas.

Har ganday y > 0 soni uchun E, (-, funksiyaning yagona global minimumi (0,0) € T2 nuqtada
erishiladi va uning qiymati nolga teng. Shuning uchun quyidagi yoyilma o‘rinli bo‘ladi:
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1(02E,(00) , _02E,(00)  9%E,(00) , ,
Ey(x,y) = E(wx + way +az—yzy ) + O(X ) + O(y )

ya’ni x,y - 0 bo‘lganda yuqoridagi tenglik bajariladi. Shu sababli, shunday C;(y),C,(y) > 0 o‘zgarmas
sonlar va §,, > 0 soni mavjud bo‘lib, quyidagilar munosabatlar bajariladi:

N2 +y?) S E (x,y) < GO (2 +y2), (x,y) € (=6,;6,) x (=68,;68)), (4)
(4), (5) tengsizliklar va x — 0 bo‘lganda sinx ~ x asimptotik munosabatga tayangan holda, quyidagi
integral

sin?(t)dt
J; E,(k,t)
har ganday y > 0 va k € T sonlar uchun musbat va chekli bo‘lishini hosil gilamiz. Shuning uchun integral
belgisi ostida limitga o‘tish haqidagi Lebeg teoremasiga ko‘ra A&V)(O; 0) = ’l(iir(l) Al(ly)(k; 0) tenglik bajariladi,
ya’ni Al(}')(- ; 0) funksiya T torda uzluksiz.
Quyidagicha belgilash kiritamiz:

sin?(t)dt \ _
w=0+y) j—f(t) -
T

Aniglanishiga ko‘ra faqat 4 = p) munosabat bajarilganda Al(ly)(O; 0) = 0 tenglik o‘rinli bo‘ladi.
Endi Fridrixs modellarining k = 0 bo‘lgandagi xos qiymatlari haqidagi teoremani keltiramiz.

1-teorema. Agar 0 < u < u)‘i bo‘lsa, u holda hf]’)(O) operator xo0s giymatga ega emas, ixtiyoriy
u> ,u$ soni uchun hf]’)(O) operator yagona manfiy xos giymatga ega.

2-bo‘limda kiritilgan Hl%) model operatorning xos qiymatlari sonini o‘rganishda muhim bo‘lgan
teorema va undan kelib chigadigan natijani bayon gilamiz.

2-teorema. Faraz qgilaylik, u, y > 0 o‘zgarmas sonlar bo‘lsin. Quyidagi yoyilma

2u(1+ 2y —y?%) k2_2(1+y)z
A+y)2/1+2y 1+2y
+0(k2)+0( |z|)

A9 (k; 2) = 40(0; 0) +

x = 0 vaz - —0 bo‘lganda bajariladi.
2-natija. Shunday C;(y), C;(y) > 0 va é, > 0 sonlari topilib

kI < [4%) (6 0)| < G 1kl k € U, (0)
go‘sh tengsizlik o‘rinli bo‘ladi.
Xulosa. Ushbu maqolada bir o‘lchamli panjaradagi ikki zarrachali Sistema Hamiltonianiga mos
hfty)(k), w,y >0, k€T Fridrixs modellari oilasi garalgan. Bunda hf]’)(k) operator L,(T) Hilbert

fazosidagi chiziqli, chegaralangan va o°‘z-o‘ziga qo‘shma operator sifatida aniglangan. Dastlab hP(LY)(k)

operatorning muhim va diskret spektrlari topilgan. hf]’)(k) operatorga mos Fredgolm determinantining
monotonlik xossasi isbotlangan. Bu operator muhim spektrdan chapda ko‘pi bilan bitta, o‘ngda esa xos
giymatlarga ega emasligi ko‘rsatilgan. k = 0 bo‘lgan holda xos giymatning mavjudlik shartlari topilgan.
Fredgolm determinant uchun asimptotik yoyilma olingan hamda z = 0 bo‘lgan holda baholash topilgan.
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AHAJIOT YPABHEHUSI BAUHBEPT A JIJISI CEMEACTBA OINNEPATOPHBIX MATPHI]
TPETBETO ITIOPAJKA

Toweea Hapeuza Axmeodoena,
byxapckuii 2ocyoapcmeennwiti ynusepcumem, byxapa, Yzbexucman
n.a.tosheva@buxdu.uz

Annomayus. B Oannoii cmamve PACCMAMPUBAEMcss CEMEUCME0 ONepPamopHbIX MAMpuy mpemvbe2o
nopsioKa, 0eucmaylouux Ha 00pe3aHHOM MpEeXUacmuyHom noonpocmpancmee npocmparncmea Doka. dma
Mampuya CcOOmeemcmeyem Ccucmeme UYacmuy HaA peuiémke, YUCIO KOMOPbHIX He COXPAHAemcs U He
npegvluiaem mpéx. Onucan cyujecmeentulil Cnekmp 3a0aHHol OnepamopHol Mampuybl, U HalldeHvl eé 08YX-
u mpexuacmuunvle gemeu. Ilocmpoeno ypaenenue Batinbepea, coomeemcmeayoujee coOCMEeHHbIM 6eKMOp -
yHryusim.

Knwuesvie cnosa: npocmpancmed @oka, npamas cymma, ONepamopHas Mampuyd, CywecmeeHHblil
cnekmp,cobcmeennasn eekmop-gynkyus, ypasuenus Batinbepea.

ANALOGUE OF THE WEINBERG EQUATION FOR A FAMILY OF OPERATOR
MATRICES OF THE THIRD ORDER

Abstract. In this paper, we consider a family of operator matrix of order three acting on the three-
particle truncated subspace of Fock space. This matrix corresponds to a system of particles on the lattice
whose number is not conserved and does not exceed three. The essential spectrum of a given operator matrix
is described and its two- and three-particle branches are found. The Weinberg equation corresponding to the
eigenvector functions is constructed.

Key words: Fock space, direct sum, operator matrix, essential spectrum, eigen-vector-function,
Weinberg equation.

UCHINCHI TARTIBLI OPERATOR MATRITSALAR OILASI UCHUN VAYNBERG
TENGLAMASINING ANALOGI

Annotatsiya. Ushbu maqolada Fok fazosining qirgilgan uch zarrachali gism fazosida ta’sir giluvchi
uchinchi tartibli operatorli matritsalar oilasi garalgan. Bu matritsa panjaradagi soni saglanmaydigan va
uchtadan oshmaydigan zarrachalar sistemasiga mos keladi. Berilgan operatorli matritsaning muhim spektri
tavsiflangan va uning ikki hamda uch zarrachali tarmoglari topilgan. Xos funksiyalarga mos Vaynberg
tenglamasi qurilgan.

Kalit so‘zlar: Fok fazosi, to'g'ri yig‘indi, operatorli matritsa, muhim spektr, xos vektor funksiya,
Vaynberg tenglamasi.

Beenenue. lccienoBanus, NOCBAIIEHHBIE CIIEKTPAIILHOM TEOPHUU CEMENCTBA MAaTPUUYHBIX OIIEPATOPOB
B 00pE3aHHOM IOANPOCTPAHCTBE (POKOBCKOTO MPOCTPAHCTBA, OBUIM MPOBENEHBI TAKUMHU YUEHBIMH, Kak X.
mon, K. M. Curai, A. Codep, B. bax, P. A. Munnoc, }0. B. XXykos, X. He#inxapar, C. H. Jlakaes, T. X.
Pacynos, M. 3. MyMHHOB 1 MHOTUMH JPYTUMHU.

B nacrosiee BpeMs 3aava MccieIOBaHMS YHCia COOCTBEHHBIX 3HAUEHUI ceMelcTBa OmepaTOpHBIX
MaTpHILl SABJSIETCS OMHUM M3 ITyOOKO M3y4aeMbIX 0OBEKTOB TEOPUHU OJOYHBIX ONEpaTOpHbIX Marpuu. OxHoH
W3 OCHOBHBIX MPOOJIEM CIEKTPaJbHOTO aHaIM3a TAKUX OIEPATOPOB SIBIACTCA HM3YYCHHE CYIECTBOBAHHS
KOHEYHOTO MM OECKOHEYHOrO0 4YHCJIAa COOCTBEHHBIX 3HAYCHUH, pACHOJOKEHHBIX ClleBa OT HX
CYIIIECTBEHHOTO CIIEKTpa.

CymiecTBoBaHHE OECKOHEYHOTO 4YHCiIa COOCTBEHHBIX 3HAUEHHWH BIEpBbIE ObLIO mccienoBaHo B. H.
EdumoBbIM A71s1 cucTeMbl U3 TPEX YacTHIl U BIIOCICACTBHU Moy4nio Ha3zBanue 3ddext Edumona. Ctporoe
MaTeMaTH4YEeCKOe JO0KAa3aTelIbCTBO CYIECTBOBAaHMA IaHHOro 3(dekra BrepBele Obuio mnpuseneHo [I. P.
SdaeBeiM. B panpHelimem cymectBoBanue 3¢dexkra EdumoBa mis TpEXUaCTHYHOTO HENPEPHIBHOTO
oneparopa Upémunarepa m3yuamoce FO. H. OpumaHmKOBBIM, M. M. Curamom, X. Tamypoi, A. B.
Co001eBBIM U APYTHUMHU YUEHBIMHU.
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B ¢usuke TBEPABIX Tel, a Tak)Ke B TEOPUH PEIIETOYHBIX TTOJIEH TIOSBISIOTCS OTIEPATOPhI, Ha3bIBaEMbIC
auckpeTHbIMU omnepatopamu LlpénuHrepa, KoTopble MPEACTaBISIOT COOOH pemETOYHbIE aHaJOTH
HENPEPHIBHOTO TPEXUaCTHUHOTo oneparopa IlIpémurepa B eBKINI0BOM npoctpanctae RY,

Brepsrie C. H. JlakaeBbIM OBLIO CTPOTO JOKAa3aHO C MaTEMaTU4ECKON TOUKH 3PEHHs CYIIECTBOBAHHE
s¢pdexkra EdumoBa mms cucteM TpEX TPOM3BONBHBIX M TPEX OIWHAKOBBIX YAaCTHI[, IOTApPHO
B3aMMOJIEHCTBYIOIINX KOHTAKTHBIM 00pa3oM Ha TpEXMEPHOH peléTke.

B pab6orax C. H. Jlakaera, C. AnbbeBepuo, XK. 1. A6ayminaea u 3. O. MyMUHOBa ObUTH ITOJTyUEHBI
ACHMITTOTHYECKUE BBIPAKEHHS IO CIEKTPATBbHBIM MapaMeTpaM K W z A 9uciia COOCTBEHHBIX 3HAYeHUH
N (K, z), nexxamux jeBee TOUKH Z, TpEXYAaCTUIHOTO AUCKpeTHOro oneparopa Llpéaunrepa.

B pabote M. D. MyMHHOBA JI0Ka3aHO CYIECTBOBaHHE OECKOHEYHOTO YKCIIa COOCTBEHHBIX 3HAYCHHH B
CHEKTPaJIbHOM JIAKYHBl TaMIIBTOHMAHA, COOTBETCTBYIOIIETO CHUCTEME TpPEX TPOU3BOJIBHBIX YaCTHUI] B
pELIETKE.

B pabore 0. X. DmkobmioBa nokazaHo cymniectBoBaHue 3¢dekra EdumoBa s ITUCKpETHOTO
oneparopa llpénuurepa TpEéx4acTUUHOW MOJENM, BO3HHMKamOIIEH B Moxaenu XabOOapma. [Ipu sToM
KCIOJIb30BaHbl METOAbl MUHUMAKCHOI'O MPUHIMIA JJII CAMOCOIPSKEHHBIX OTPAaHUYEHHBIX ONEPATOPOB U
CBOIICTBA MOJIOKUTENBHBIX HHTETPAIbHBIX OIIEPaToOpOB.

B paborax C. H. Jlakaea, C. AnpbeBepro u T. X. PacynoBa nokazaHo cymectBoBaHue 3ddexra
Edumoa 11 MaTpUUHOTO OTlepaTopa TPETHEro MOPSIKa, a TAKXKE UCCIeJ0BaHa aCUMIITOTHYeCKast popMyIa
JUTS 9uclia CcOOCTBeHHBIX 3HadeHwil. B pabore X. Heiimxapara, M. MymunoBa u T. PacymoBa c
UCTIOJIb30BAaHUEM DPE3YJIbTaTOB, TMONYYEHHBIX Ui MaTPUYHBIX OINEPaTOPOB TPETHETO IMOPSAAKA, MOAPOOHO
M3yYeH CHEKTp CMH-O0030HHON Mojnenu Ha pemérke ¢ He Oomee yem nByms ¢otoHamu. B paborax M. .
MymunoBa u T. X. PacynoBa HaiiieHbl ycJOBUS CYIIECTBOBaHHs OECKOHEYHOTO 4YHCIa COOCTBEHHBIX
3HaYeHWH BHYTpPH (B JJAKyHE) WJIHM CJIEBA OT CYIIECTBEHHOTO CIEKTpa JJISi MaTPHYHBIX ONEpaTOPOB JAHHOTO
THIA.

B paborax T. X. PacymoBa m 3. b. [lunMmypomoBa m0Ka3aHO CYIIECTBOBAaHUE IBYXCTOPOHHETO
a¢dekra EdumoBa i MaTprHIHOTO omepaTopa BTOPOTO TOPSAKA, CBI3aHHOTO C CHCTEMOU YacCTHII, YHCIIO
KOTOPBIX HE COXPAHSAETCS U HE MPEBBIIIAET TPEX.

B atux uccnenoBanusx ypaBHeHue DanpeeBa BayKHO JUIS JIOKa3aTeIbCTBO OECKOHEYHOCTH 4YHCIA
COOCTBEHHBIX 3HAYEHWH M BBIBOJA ACUMNITOTHYECKON (HOPMYNbI IS AMCKPETHOTO CIEKTpa. YpaBHEHHE
BaiinGepra Tak:xe MOKHO HCIIOJIB30BaTh,9TOOBI TIOKA3aTh, YTO YUCIO COOCTBEHHBIX 3HAYEHHH KOHEYHO. B
JIAHHOM CcTaThe pacCMaTpPUBAETCs MOCTPOCHUE ypaBHeHUS BaiiHOepra i ceMelicTBa onepaTOpHBIX MaTPHIl
TPETHEro Mopsiaka.

ITpocrpancrBa Poka u omneparopHble MaTpuubl. Ilycts XcR U3MEPUMOE MHOXKECTBO,
XM =XxXx..xX JIEKapTOBO INPOU3BEACHUE LZ(Xn)—aTo mpocTpancTBo ['mikbepra, cocrosiee U3

(GyHKIUH, onpeIeNéHHBIX U KBaJPaTHYHO-UHTEIPUPYEMBIX (B OOIIEM clydae MPUHUMAIOUINX KOMILIEKCHBIE

3HaueHus) Ha MHOXKecTBe X'
Breném crnenyroniie 0003Ha4YCHUSI.

H, =C;
H =L(X"), n=12,...

H=GH
i=0

H® =bH
i=0

31ech:

[l =%ol:

H fi”i =

B aTom ciydae nosydaercs Hz{f Z(fo, fl,...,fn,...): 2' fi h? <oq fi EHi, |=O,l2,},
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HO ={f =(f i) DU fif<on i eH, 1=012.N)

I'map6epTOBO MPOCTPAHCTBO H nassizaercs npoctpancTBoM Doka.

N
FI/IJ'IB6€pTOBO MMPOCTPAaHCTBO H( ) Ha3bIBACTCs O6pe3aHHI>IM NoANpPOCTPAaHCTBOM NIPOCTPAHCTBA ®doxka.

B runs6epToBbIX IPOCTPaHCTBAX Hu HV OIIPENEINM CKAIPHOE IIPOU3BEICHHUE IBYX JJIEMCHTOB
Y HOpMY 3JIEMEHTA.
CxansipHoe npoussenenue npoussombhbix onementos T =(fo, ... fyer), 9=(00, %, --Gns--) €H

(F.9u =210, -

3necy  depes (-,-)in 0003HAYEHO CKAIPHOE TMPOM3BEICHUE, OMNPEACIEHHOE B THIHOEPTOBOM

OTIPECIISACTCS CIACAYIOIUM 00pa3oM:

IIPOCTPaHCTBE Hn, nu B
(0, 90)o = o o
(fn’gn)n :J fn(S)gn(SﬂS n=12,...
Xn

JInst  MpOM3BOJIBHBIX  3JIEMEHTOB f =(fo, fl, . .fN), g =(g0, Oiy- gN) eHN  pumonnsiercs

CJIEAYIOIIEEC paBEHCTBO!:
(@ =24 Fn G-

Hopwma npoun3BosbHOTO 31€MeHTa f Z(fo, fl! . .fn, o k H oTIpesieTIsIeTCs CIEAYIOMNM 00pa3oM:

[l = 2}

JIro0oii MMHEWHHBIN OrpaHMYCHHBIN ONlepaTop A, JEeWCTBYIOIINI B THIILOEPTOBOM IPOCTPAHCTBE H ,
HPEACTaBIISAETCS CIEAYIOIUM 00pa3oM:
Ao A A

= R A

neck Ay - M i -, |= .. — JMHEHHBIE, OTPAaHNYEHHBIE OTIEPATOPHI.
3nees A TH; —>H, 1, =012,

B COBpeMeHHOI‘/'I MaTeMaTHU4YECKOM (I)I/I3I/IKC OTIepaToOphbl A| Ha3bIBaIlOTCs1 HECMCIIaCMbIMU (I/IJ'II/I

HCHO,I[BI/I)KHI)IMI/I) ornepaTropamu.
Ecnm BeImoHseTcs yciioBue 1< J , TO OI€paToOphbl Aj Ha3bIBAKOTCA «OIEPATOPAMHU YHUUTOXKCHU .

Ecnu BeIoONHSAETCS JaHHOE yCJ10BUC I > J, TO TAaKUC OICPATOPLI Aj Ha3bIBAKOTCA «OII€paToOpaMu

POXKIEHUSD.
N o A< H(N)
Ecnu paccMoTpeTh JIMHEIHHBIN, OrpaHUYEHHBIN onepaTtop /\p B rHIbOEPTOBOM IIPOCTPAHCTBE ,

AOO AOl AOZ AON
Ao Ai Ay . A,
Av=(A) = Ao A Ar o A

TO €ro BUj OyAET CIeIyIONTIM:

Ac A Az - An

3,[[605 oriepaTro i K1 omepartro | :O SIBIITIOTCS  IMHEHMHBIMH ~ OT'paHUYCHHBIMU
J 1 ?
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OnepaTopaMH.
Ecan 11 HpOU3BOJBHBIX HIEMECHTOB f=(fo, f,, fz), g=(go,g1,g2)€H(2) BBIMOJIHSICTCS

Ao(f +Q) =Aof +As0

TO OIEpaTop Ag Ha3bIBACTCA aJJUTUBHBIM OIIEPATOPOM.
Ecnu a1t Bcex 31eMeHTOB f Z(fo, flv f2) eH® y JUIS BCeX yucea (X BBIMOJHSAETCS PABEHCTBO

TO omeparTop /AQ Ha3bIBACTCA OJHOPOJHBIM OIIEPATOPOM.

Or[epaTopLI, KOTOPBIE ABJIAKOTCA aAAWUTUBHBIMU W OJHOPOJIHBIMH, HA3BIBAOTCA JIMHEHHBIMHA
oriepaTopamMu.

AmHaJjior ypaBHenus BaiinOepra /1 ceMelicTBa onepaTopHbIX MaTpHMIl TPeThero nopsiaka. Yepes

v _— o
C o603naunm OJHOMEPHOE KOMIUIEKCHOE IPOCTPAHCTBO, YEpe3 T —[—ﬂ;ﬂ] V-mepHbIi TOp, a depe3
v
LZ(T ) — TuUIb0epTOBO  TPOCTPAHCTBO  KBAaApaTHYHO HMHTETpUpyeMbIX (B olOmeMm  ciydae
o = T M2 | _
KOMIUIEKCHO3HAYHbBIX) (QYHKIMH, ONpeneiéHHbIX Ha a depes THJIOEPTOBO TPOCTPAHCTBO
KBaJIpaTHYHO MHTETPUPYEMBIX (KOMILIEKCHO3HAYHBIX) CHMMETPHYHEIX (yHKIMui, onpenenéuusix Ha (T V)z.

B sToMm cityuae, mis I—SZ(G-V)Z)I/IMGGT mecto pasencto fo(P;0)=T,(G; P) mpu Beex pgel”.
Breném crnenyroniie 0003HaYCHUS:
Hy=C

H1:|—2(Tv)?
H, =L()):
H=H, ®H, ®H,.

I'ume6epToBO  TIPOCTPAHCTBO H nassiaercs 00pe3aHHBIM TPEXYACTHYHBIM OANPOCTPAHCTBOM
(hOKOBCKOTO MPOCTPaHCTBA.

B runs6epToBOM IpoCTpaHcTBe H paccMOTpUM TPEXIMAroHANBHYIO OJIOUHO-OMEPATOPHYIO MAaTPHILY

3><3, 3371aBa€MyI0 COOTHOIIICHHUEM
AK) A O

A= A AK A (1)
0 A MK

3neck oneparopsr A i Hj —H,;, 1, J=012 neiictayror cornacko cienyommm paencTsam:
Ao(K)To=ve(K) o, Aufi=] s(t)fi(t)at;
(M) L) (P)=w(Kp)fu(p). (Aef)(p)=] Mt Ta(p )
(A2(K) R )(pa)=ws(K:p.a)fo(pa), fieH, =012

A;; (i < j) conpspxérmpiii onieparop k oneparopy Aj a Gy W () u \ (), I =0 1pemectrennosnaunsie
orpaHuYeHHbIe QYHKIMK Ha T' , a QyHKIUH V\i(-; ) 5 V\Q(,) OIpelleTICHb] PABEHCTBAMMU.

w(K;p)= Ilg(% - p)+l2 (§+ p)+h

V\é(K P, Q) = |15(% + pj+|1 % +QJ+|2 % - p‘Q),

coorsercteenno, A b, >0u
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)= o). a-{d.d%.d?)er, nen

[pu Takux ycnoBusiX, HaloXkeHHbIX Ha napametpbl, oneparop AK) neiicTByromuii B runbs6eproBoM
1

npoctparctee H mo ¢opmyne (1), sBnsercs JNMHEHHBIM, OTPAHMYEHHBIM M  CAMOCONPSKSHHBIM
OIIEPaTOPOM.
ITycts

M(p)=min, cx(pia); M(p)= mex (P

3aM€TI/IM, 4YTO OmeparopHas MaTpula A( K) CBsjA3aHa C TOMMIBTOHHOHOM CHCTEMBI C

HECOXPAHSIONIMMCS U He 0oJiee TPEX JacTUI] Ha peniéTke.
Paccmotpum crnepyroyo GyHKIHMIO:

A2 =t 1-2-3 [0S,
peryasipuyio B o6mactu C\[rm(p), M(p)].

Beeaém cJIeayrommue 0003HAYCHUS: qucepes

m=minc(p;); M= Imax (pi0).

Uepe3 O ob6o3Haunm MHOkectBo Tex Touek Z€C, s koTopex mpu HekoTopom pETV
BBIIOJIHAETCS A(p; Z) =0.

Jlnst cymectsennoro crektpa oneparopa A(K) cripasennusa crenyromas Teopema.

Teopema 1. Jlna cymectsennoro crektpa Ous(A(K)) omepatopa AK) crnpasenmmso pasenctso
s (AK) =[M(p); M(p)] o". MuOKecTBO O cocTonT N3 06BEIMHEHHS HE GoJIee IBYX OTPEIKOB.

Crenyet otmetuth, uto MHOXKectBo on [M(P); M(p)]Hasbisatorcs aByxuacTHunas u TpéxdyacTHuHas
BETBM CyllecTBeHHOro crektpa oneparoproit Mmarprusl  A(K), cooTserctBenno. Jlns  kaxaoro

duxcuposannoro uncna Z€C\ o (AK)) pacemorpum B rumsGeproBOM mpocTpaHCTBE 3x3 6rouno-

Wo(2) Wa(2) O
Wi (@ ={Wo(2) Wa(2) O
Wo(2) Wa(?) O
MarpuuHble JIEMEHTHI ONIPEAEIEHBI CIEAYIOIM 00pa3oM:

Wo@)Todo =(e(—2+D
M@)o = | (&) )b
v

OIIEPATOPHYIO MATPHUILY, IPH STOM

(0ol =526

L\ 1 Vf

D0 =54 [ A

)= P wOf wE) WP
YooM= 25099 AGD) Aapa—2 ApD °

= @ v@  [vwPuP) 4
Va@0PD="4,(m=2) XG2) ) wlGp-a >
—w® v [ w@h@ g,
Hap(Pia)-2) Ap2) 3 a(pa)-z

ITo onpexnenenuto oneparopsl V\[D(Z) ,\/\61(2),\/\10(2), V\éo(Z) SIBJISIFOTCS. OTHOMEPHBIMH.
Onpenenenne 1. Vpasuenne f=W(Z)f, coorsercrByromee cobcTBeHHBIM BEKTOP-(yHKIHAM
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omeparopa AK)e, naswisaercs ypasuenuem Baiinbepea.

CdopMynupyeM OCHOBHOM pe3yibTaT paboTHI.
Teopema 2. Eciu uucno Z seisercs cobcrtBennbiM 3Hadennem onepatopa AK), a f —

COOTBETCTBYIOIINM €My COOCTBEHHBIM BEKTOPOM, TO BEKTOP f YIOBJIETBOPsIET ypaBHeHHIO BaitHOepra
W@)f =f.

Hcnons3ys TeopemMy 2, MOXKHO JI0Ka3aTh, YTO YHCIO COOCTBEHHBIX 3HAYEHHUN ONEPATOPHON MaTpPHUIIBI
A(K) xoHe4HO NpH HEKOTOPHIX ECTECTBEHHBIX YCIOBUAX, HAK/IAIBIBAEMBIX HA MAPAMETPBI.

3akiarouyenne. B nmaHHON paboTe TPOBEACHO HCCICIOBAHHE CIEKTPAIBLHBIX CBOWCTB CEMEHCTBA
OTIEPATOPHBIX MATPHI] TPETHETO TOPSIKA, NCHCTBYIOMMX HA 00pPE3aHHOM TPEXYACTHIHOM IOANPOCTPAHCTBE
npoctpaHcTBa Doka. [lonydyeHbl yciioBHs, ONPENENAIONIME CTPYKTYPY CYILLUECTBEHHOTO CIIEKTpa, a TaKXKe
BBIZICIICHBI ¥ TIOIPOOHO U3YUCHBI ABYX W TPEXYACTUIHBIC BETBH CIEKTpa. Ha ocHOBe MpoBEAEHHOTO aHAIM3a
MOCTPOCHO ypaBHeHHWe BaifHOepra, COOTBETCTBYIOIIEE COOCTBEHHBIM BEKTOP-(OYHKIMSAM OIEpaTOPHOU
MAaTpHIIbI, YTO MO3BOJIUJIO OMUCATh MOBEACHUE CBS3AHHBIX COCTOAHUU cucTeMbl. [lojlyueHHbIE pe3ysbTaThl
MOTYT OBITh MCIIOJIL30BaHbI MPH JaJbHEUIIEM U3yUYSeHHH MHOTOYaCTUYHBIX KBAHTOBBIX CHCTEM Ha PEHIETKAax
U B 3aja4ax, CBS3aHHBIX C TeOpUEH BO30YXKICHUU W B3aMMOJCHCTBUN B MOJCIAX C IEPEMEHHBIM YHCIOM
JaCTHII.

JIHTEPATYPA:
1. V.A. Malishev and R.A. Minlos, Linear infinite-particle operators. Translations of Mathematical

Monographs. (American Mathematical Society, Providence, RI, 1995).
2. D.C. Mattis, Reviews of Modern Physics, 58(2), 361-379 (1986).
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VJIK 517.984
COOTHOIIEHMS JUISI CIIEKTPA OIIEPATOPHOI MATPHUIIBI TPETHETO MOPSIIKA

Hlapunosa Myouna Illoomonoena,
byxapckuii 2ocyoapcmeennuiii ynugepcumem
m.sh.sharipova@buxdu.uz

Aunomayus. B cmamve uccnedyemcs 3 X3 onepamopnas mampuya Ay, céazanHas ¢
2aMUIbIMOHUAHOM CUCEMbL MPEX Hacmuy HA OOHOMEPHOU peulémke. [ uzyuenus cnekmpa OAHHOU
OnepamopHol mampuyvl paccmompera 0606uénnas modenv Ppudpuxca. Ha ocnose meopemvr Beiina u
memooda onpedenumens Ppedzonbma YCMAHOBIEHbL CEOUCMBA CYUECMBEHHO20 CNEeKmMpa ONepamopHoll
mampuyol A, U NOKA3AHO, YMO OH MOJICEM COCMOAMb He bonee uem u3 mpéx ompeskos. JJononHumenvro
00KA3aHbl  CNEKMPATbHble COOMHOWEHUS MeJCcOy OonepamopHou mampuyer A, u eé OrouHbIMU
NeMEHMAMU.

Knroueevle cnoea: onepamophas mampuya, OI0YHblE 3lleMeHMbl, CHEKMPAlbHble COOMHOUIeHUS,
npocmpancmeo Qoka, cyujeCmeeHHbll CHeKMp, OUCKPEMHbILI CHEKmp.

RELATIONS FOR THE SPECTRUM OF A THIRD-ORDER OPERATOR MATRIX

Abstract. The paper investigates a 3 x 3 operator matrix A, associated with the Hamiltonian of a
system of three particles on a one-dimensional lattice. To study the spectrum of this operator matrix, a
generalized Friedrichs model is considered. Based on Weyl’s theorem and the Fredholm determinant
method, the properties of the essential spectrum of the operator matrix 4, are established, and it is shown
that it can consist of no more than three closed intervals. In addition, spectral relations between the operator
matrix A, and its block elements are proved.

Keywords: operator matrix, block elements, spectral relations, Fock space, essential spectrum,
discrete spectrum.

UCHINCHI TARTIBLI OPERATOR MATRIXASI SPEKTRIMI UCHUN ALOQALAR

Annotatsiya. Ushbu maqolada bir o ‘Ichovli panjara ustidagi uch zarrachali tizimning Gamiltonian
bilan bog ‘langan 3 %3 operator matritsasi A_m ko rib chigiladi. Ushbu operator matritsasining spektrini
o0 ‘rganish uchun umumlashtirilgan Fridrix modeli ko ‘rib chigiladi. Veyl teoremasi va Fredgolm determinant
usuli asosida A_m operator matritsasining muhim spektrining xossalari o ‘rnatilib, u uchtadan kop
bo ‘Imagan segmentdan iborat bo ‘lishi mumkinligi ko ‘rsatilgan. Bundan tashgari, A_m operator matritsasi
va uning blok elementlari orasidagi spektral munosabatlar isbotlangan.

Kalit so'zlar: operator matritsasi, blok elementlari, spektral munosabatlar, Fok fazo, muhim spektr,
diskret spektr.

BBenenue. lI3BecTHO, YTO MO OMEPATOPHBIMH MAaTPHUIIAMH TOHWMAIOTCS MAaTPHLL, 3JIEMEHTHI
KOTOPBIX SBIISIOTCS JIMHEWHBIMH OIEpaTopaMH, TEPEBOMIIMMUA OJUH OaHaxOB WIH TWIHOEPTOBO
MPOCTPAHCTBO B jApyroe. OOBIYHO Takue MaTpUllbl BeTpedaroTcss B (usmke TBEpmoro Ttenma [1],
cTatucTUdeckoil Qu3mke [2], KBaHTOBOW Teopuu mmoisi [3], a Takke BO MHOTHUX JAPYrUX 00OIacTsix
COBpEMEHHON MaTeMaTHuecKol (u3uku. B kadecTBe mpuMepa Ba)KHBIX KJIACCOB OINEPATOPHBIX MAaTPHIL
MOXXHO TIPUBECTH TaMWJIBTOHHAHBI CHUCTEM C HECOXPAHSIOMMMCS YHCIOM 4YacTHII Ha EBKIUIOBOM
npoctpanctee R? nmn Ha pemérke Z%. [Ipu 5TOM 4HCII0 YaCTHI] MOKET OBITh THO0 HEOTPAHHYEHHBIM, KaK B
MOJIeJIH CIIHH-0030Ha [4, 5] 1100 OrpaHWYCHHBIM, KaK B yCEUEHHON Moienu cnuH-0030Ha [6, 7]. B nepBom
cilydae BO3HHKAIOT OECKOHEYHOMEPHBIE OIEpPAaTOPHBIE MATPHIBIL, a BO BTOPOM — KOHEYHOMEpPHEIC
omnepaTtopHbele MaTpuibl. [lo3TOMy uCcIenoBaHNe CIIEKTPAIbHBIX CBOHCTB OMEPATOPHBIX MATPHI[ CUATACTCS
aKTyaJbHOU 3a1a4eil.

Takum 00pazoM, HM3Y4YEHHE CIIEKTPAIBHBIX CBOWCTB OINEPATOPHBIX MATPHIl BaXHO HE TOJBKO C
TEOPETHUYECKON TOYKM 3peHHs, HO W JJIs aHalun3a KOHKPETHBIX (M3WYECKHMX cHUCTeM. B wacTHOCTH,
CYIIIECTBEHHBIN CIEKTP TaMUJIBTOHHAHOB (MaTPUYHBIX OIEPAaTOPOB) B MpocTpaHcTBe DoKa SBISETCS OJHUM
u3 Haubojiee aKTUBHO HCCIENyeMBIX OOBEKTOB B TeopuH oneparopoB. OOHONH W3 BaXKHBIX 3ajad
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CHEKTPaIbHOTO aHaIM3a ITHX OMNEpPAaTOPOB SBIAETCS OMNMCAHHE PACIMOJOKEHHs CYIIECTBEHHOTO CIEKTpA.
OfHUM W3 W3BECTHBIX METOJIOB H3YYCHUS IMOJIOKEHUS CYIIECTBEHHOTO CIEKTpa ONEPAaTOPHBIX MATPHIIL
SIBJITIOTCST KpuTepuit Beitns m Teopema Xynnukepa-an Buarepa-Kucimaa (HWZ). C ucnonp3oBanuemM
3TUX METOJIOB BO MHOTHX pabOTaxX MUCCIEAYETCS CYIICCTBEHHBIN CIIEKTP OMEPATOPHBIX MATPHUI] pa3MEPHOCTH
3x3 u 4x4, cm., Hampumep, [8-11]. B gactHOCTH, B pabote [11] ommcaH cyIecTBeHHBIH CrieKTp 4x4
OTIEpaTOPHON MAaTPHIBl Yepe3 CHEKTPhl COOTBETCTBYIOIIMX KaHAJBHBIX OMNEpaTOpPOB, a TaKKe JOoKa3zaHa
teopema HWZ. B [12] pa3zpaboTaHsl TeOMETpHUECKUE METOIBI U METOIBI KOMMYTATOPOB JIJISI OTIPECIICHUS
MECTOIIOJIOKEHHS CIIeKTpa M JI0Ka3aTelNbCTBA OTCYTCTBHSI CHHTYJSPHOTO HEMPEPHIBHOTO CIIEKTpa JUIs
raMUJIBTOHUAHOB CUCTEMBI C HECOXPAHSFOIIMMCS YACIIOM YaCTHII.

CriekTpanibHble CBOWCTBA ONEPATOPHBIX MATPHUIl U TaMUIIBTOHHAHOB CHUCTEM C HECOXPaHSIONIUMCS
YUCIIOM YaCTHI] SIBIISTIOTCS MPEIMETOM HMHTECHCHUBHBIX HccienoBanuil. B paborte [13] 010 mpoBemeHO
JIETAIbHOE M3YYECHHE CTPYKTYpPhl CYIIECTBEHHOTO CIIEKTpa TaMWIbTOHHMaHa B npocrtpaHcTBe Doka, u
MOJy4eHBl pe3ysbTaThl 00 aCUMIITOTHUKE YHCIa COOCTBEHHBIX 3HAUEHHWH HW)KE HW)KHEH TPaHUIBI CIEKTpa.
[TokazaHo, 94TO CYIIECTBEHHBIH CIIEKTP MOYKET OBITH OTFCAH Yepe3 CIIEKTPHI BCIIOMOTATeIbHBIX OTEPaTOpPOB,
a TaKk)Ke YCTAaHOBJICHO KPUTEPUH CYIIECTBOBAHUS KOHEUHOT'O MIIM OECKOHEYHOTO AUCKPETHOTO CIIEKTPA.

B cratee [14] wuccnenoBaiics 3¢dekTr OduMoBa, BOZHHKAONIMK TPH HAIHMYAA HYJIEBOTO
SHEPreTHYECKOT0 pe3oHaHca. BpIIo J0Ka3aHo, YTO B 3TOM cClydae B CIIEKTPE BO3HHKAaeT OECKOHEUHas
MOCIIEI0BATENIbHOCTh COOCTBEHHBIX 3HAYCHWH, HAKAIUIMBAIONIMXCA K HWKHEH TpaHUIEe CYHIECTBEHHOTO
cnektpa. JlaHHBIM pe3ynbTaT MOMYEPKUBAET BAXKHOCTh y4Y€Ta PE30OHAHCHBIX COCTOSHUN TpU aHAIH3C
JIUCKPETHOTO CIIEKTPa ONepaTOPHBIX MATPHII.

Ocoboe mecTo 3aHuMaeT pabota [15], rae paccMaTpuBaeTcs ceMelcTBO 3x3 omepaTopHBIX MAaTPHIL.
[Mony4yeHo aHaIMTHYECKOE OIMUCAHWE CYIIECTBEHHOI'O CIEKTpa, yYKa3aHa €ro MHTEpBalbHAs CTPYKTypa M
MOKAa3aHO, KAKMM 00pa3oM OJIOUHBIE DJIEMEHTHI U BCIIOMOTATENIbHbIE OTIEPATOPBI ONPEACTSAIOT CIIEKTPAIbHEIC
TpaHMIIBL. JTa CTaThsl OJIM3KA K HACTOAIIEMY MCCIIEOBAHHUIO KaK MO0 00BEKTY, TaK M 10 METOJaM, U CITYKHT
TEOPETHUYECKON OCHOBOU I MalbHEWININX YTOYHEHHIA, BKJIFOYAs JOKa3aTelIbCTBO OTPaHUYECHHOCTH YHCIa
OTPE3KOB U YCTaHOBJICHUE CBS3EH MEX/Ty JUCKPETHBIM U CYIIECTBEHHBIM CIICKTPAMH.

B nannoit pabore paccmarpusaercs 3 X 3 omepaTopHas Marpuia A, 3aBUCAIIAA OT CIEKTPATLHOTO
mapamerpa (4 > 0, pgelicTByromas B TPEXYACTUYHOM OOpE3aHHOM ITOANIPOCTPAHCTBE (POKOBCKOTO
NPOCTPAHCTBA. YKazaHHash MaTpHla BO3HMKAeT TMPH HCCICAOBAaHMM TaMHJIbTOHMAaHA CHCTEMBI C
HECOXPAaHSIONINMCS YUCIOM YacTHI], B KOTOPOH [OIyCKaeTcs He Ooiyiee TpEX YaCTHI] Ha OJHOMEPHOMH
pemiérke. OCHOBHOE BHHUMAaHHE YJENSETCS OMMCAHHIO CYLIECTBEHHOTO CIEKTpa TOW MaTpHIBI, IJIsl Yero
WCTIOJIB3YIOTCI MeTOIbI onpeaenurens Openromsma u Teopema Beiins o crabunmsHOCTH ciekTpa. Hapsimy c
3TMM HCCIENYIOTCS CIEKTPAIbHBIE COOTHOIICHHMS MEXIy CaMOH ONepaTtopHOM Martpuued A, u e
OJIOUHBIMU DJIEMEHTAMHM, YTO MO3BOJIAET BBISBHTH B3aMMOCBSI3b MEXKIY JHUCKPETHBIM W CYLICCTBEHHBIM
CHEKTPaMHU M YTOUYHHUTH UX CTPYKTYPY.

CylecTBeHHbII CHEKTP ONEpPaTOPHOIl MaTpuubl TpeTbero nopsiaka. O6o3HaunmM yepes T =
(—m; ] omnomepHblii TOp. Ilycte H4:= C - ogHOMEpPHOE HPOCTPAHCTBO KOMIUIEKCHBIX uucen, Hy:=
L,(T) - runp0epTOBO MPOCTPAHCTBO KBAJAPATO-UHTETPUPYEMBIX (KOMIICKCHO3HAYHBIX) (YHKIWH,
ompenenénnbix Ha T u Hz:= Ly(T?) - rums6eproBo NPOCTPAHCTBO KBaAPATHIHO-HHTETPUPYEMBIX
(KOMIIIEKCHO3HAUHBIX ) QyHKIHi, onpenenénubix Ha T2, O603HaunM yepe3 H IpsAMYyIo CyMMy TIPOCTPAHCTB
Hi, Hy u H3z, te. H:=H,{ P H, @ H3. O0buro npoctpancTBO H HA3BIBAIOT TPEXUACTUUHBIM
o0Ope3anHbIM moanpoctpancTBoM mnpoctpanctBa Doka F(L,(T)) wam L,(T), te. F(Ly(T)):=CP
Ly(T) @ Lp(T?) @ Lp(T?) @ ---.

JIro6oii anement f € H wumeer Bun f = (foy, f1, f2),  fi € H;, i = 0,1,2, 1 ero HOpMa BBIYUCIISIETCS
o opmyure:

1/2
LF = (1fol? + f; 1A@I? dx + [, 1/ (0012 dx dy)
CkaysipHOe MpoM3BeICHHE B MpocTpaHcTBe H 3a1aéTCst paBEHCTBOM
(£,9)=fogo+ [ 1(x) g1 (x) dx + [1o f2(x,¥) g2(x, y) dx dy,

rre f = (fo. f1, f2), 9 = (90, 91,92) EH.
Harnpumep, MycThb 3aaHbl BEKTOPBI:

f=0ff), =1L ALW=1 fey)=1

9 =(909092 Go=2 G()=e  goxy)= e,
TOF}.‘La HX CKaJIApHOC HpOI/ISBe,Z[eHI/IeI
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f.9) = fods + fT fG0 5100 dx + fT fo(oy) 526y dxdy =

Vs Vs ™
=1-2+j 1-e-ide+f j 1- e i dxdy=2+0+0=2.
-1 T Y—-T
Haxonum HOpMy BekTOpa g:
gl = lgol* + [lguGP ax + [ lgaey)l? dxdy =
T T2

T T T

22 4+ J |e""|2 dx + j f |ei(x+3’)|2dx dy =4 + 2m + 4n?,
=TT —TTvY—T

T.C.,

gl =4 + 2 + 4n2.
Pacemorpum oneparopryto Marpuily Ay, 4 > 0, onpenenéunyro 8 H kak
A1n pAg 0
Ay = HAi,  Azy  pAys 1)
0 HAzs  Asz
CO CIIEYIOIMMH MATPUYHBIMHU dsieMenTamu A;j: H; — Hy, i, j = 1,2,3:

Anfi=¢fi (Anfy) = fT (O f(Odt;

(Apafo @) = (e + UG, (Assfy) () = jT (©)fs (Dt @

(A33/3)(x,y) = (e +u(x) +u¥)fs(x,y), fi € Hy, =123,
3neck € € R; u(+) u v(-) — BemecTBeHHO3HAYHBIE HenpepbIBHbIC (yHKINYU Ha T.

JIerko MOXHO yBHJIETh, YTO ONEPATOPHAs MaTpuua A, onpenenénnas no popmyse (1) ¢ snemMmenTamMu
(2) siBIIsIETCSl MMHEHOM, OTPaHMYEHHONW U CaMOCOTIPsHKeHHOH B .
Jlist u3yueHuns CrieKTpa ONepaTopHOM MaTpulbl A, BBENEM CIEIYIOUIYIO MATPHIly B MMILOEPTOBOM

npoctpanctee H; D H,:
ho— <A11 .UA12>
u - .

*
HA12 Az
CormacHo 3HaMeHHWTON TeopemMe Beiins o0 CcTaOWIBHOCTH CYMIECTBEHHOTO CIHEKTpa IpH
KOHEYHOMEPHBIX BO3MYLICHHSAX, IMEET MECTO PABEHCTBO O¢ss(hy) = [ + m; € + M], rne

m: = min u(x), M:= maxu(x).
x€T

x€T
Juns pukcupoBanaoro y > 0 onpenenum perynspuyto B C\[e + m; ¢ + M| dynknuro
v2(t)dt
A i=e—z—pu? f _
uz)i=e—z—u setu(t)—z

T1

OO6bruHO Qynkmmio A, (+) HazpBaOT onpeseaureneM Ppenronbma, COOTBETCTBYIOIMM ONEPATOPHOM
matpuue hy,. Jlerko MOXkHO nokasath, 4to uucio z € C\[e + m; & + M] aBnsercs cOOCTBEHHBIM 3HAYEHHUEM
OnEpaTopHON MaTpuikl hy, Torna u Tonbko Toraa, korma A, (z) = 0. TlosToMy ayist AUCKPETHOTO CIEKTpa
OTEPATOPHON MaTpHIIbI i, UIMEET MECTO PABEHCTBO:

Ogisc(hy) ={z € C\[e + m; e + M]: A, (z) = 0}

Bunno, uro ¢ynkums A,(-) obmagaeT cBOHCTBOM MOHOTOHHOCTH, MO3TOMY ONeparop h, umeer He
Oosiee 1Ba IPOCTBIX COOCTBEHHBIX 3HAYECHUS, OJHO U3 KOTOPBIX PACIIOJIOKEHO JIEBEE € + M, a Jpyroe npasee
e+ M.

Tenepp chopmynrpyeM TeopeMy, OMUCHIBAIOIIYIO CYIIECTBEHHBIH CIIEKTP OINEPATOPHOW MaTpHIIBI
Ay

Teopema 1. /[ns cywyecmeennozo cnekmpa onepamopnou mampuysl A, umeem mecmo paseHcmeso

Oess (C’qu) = Uxer (Udisc(hu) +u(x)) U [e+2m,e+2M].

Bonee mozo, mnoscecmso Ogss(Ay,) A61semen odvedunenuem ne bonee uem mpeéx ompeskos.

Jna nokazarenbcTBa paBEHCTBA MPUMEHSIOTCS METOJbl ompenenurens PpearosbMa U KpUTEpUS
Beiuns. CHavana npu NOMOIIY MOCTPOEHUS M1OCIEN0BATEILHOCTEH OPTOHOPMAIIBHBIX 3JIEMEHTOB (KpUTEpHS
Beiins) mokaspiBaeTcsl BKIIOUCHHE
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U (adisc(h#) + u(x)) U [e+2m, &+ 2M] C 0pss(A,).

x€T
O6paTHOG BKJIFOYCHHUC TOJTYYACTCAd U3 MPCACTABIICHUA YaCTHU OHCp&TOpHOﬁ MaTpulbl B BUAC IIPAMOTO

WHTErpajia U WCIOJb30BaHUS TEOPEMBI O CIEKTPE Pa3jIoKMMBIX OMEpPaTopoB. B uTOre mojydyaeMm mMoJjiHOE
OTHCAHUE CYNIECTBEHHOTO CIIEKTPa, MPUBEAEHHOE B POPMYITUPOBKE TeopeMsl [16].
3ameuanue: Tak kak Im u = [m; M|, umeem

| (catsc () + 200 = {ouisc() + s p1),

x€T
CuoexTpajibHble COOTHOINEHHUs /ISt onepaTopuoi marpuubl A, Ilepeiiném teneps K U3ydeHuto

B3aMMOCB3H MEKIY CIIEKTPOM IOJHOW OMEPATOPHON MATPHIILI A, U CIEKTPaMH €€ OJIOYHBIX IJIEMEHTOB.
Kak mokaszaHo BBINIE, CYIIECTBEHHBIA CHEKTP Oegs(cAy) HMEET MHTEPBAIBHYIO CTPYKTYpPY U MOXKET
COCTOSITh HEe OoJiee 4eM M3 TPEX OTpe3KoB. s yTOYHEHHS KapTHUHBI MOJIE3HO BBECTH BCIIOMOTATENIbHBIC
OIIepaTophl, AEHCTBYIOLINE B HOANPOCTPAHCTBAX MPOCTPaHCTBA ', U COMOCTaBUTh UX CIEKTPHI CO CIICKTPOM
UCXOMHON Marpulbl.C LENbI0 M3yYeHHs CIICKTPa ONEPaTOpHON Matpuibl A, B mpocrpanctBax Hjz u

HED: =3, D Hj npu i < 2 BBENEM CIIENYIONINE BCTIOMOTATENBHBIE ONEPATOPHI:
1 1
AV Hy - Ha, A= A

(), 20(2,3) (2,3) @), _ (All MA12>
AT H ->H , A= x , > 0.
: K pAi, Az ¢
Hcnonb3yst COOTBETCTBYIONIUE —OINpEeNeHUs, ONepaTophl cﬂl(la),a =1,2 Ha cBoeil oOmactu

OTIpeIeTIeHHS SBIISIOTCS JIMHEHHBIMH, OTPAHIHYEHHBIMU H CAMOCOTIPSHKEHHBIMH OTNlepaTOpaMH.

Hnst yncen a = 1,2 u3ydaeM CIEKTPHI ONIEPATOPOB c/lfla).

€Y

U3 xypca (yHKUMOHANBHOIO aHali¥3a M3BECTHO, YTO Ul CIEKTPA ONEpPaTopa YMHOXKECHHS A,

CIPaBe/IUBO:
1 1
0(ASY) = Gess (AL = [+ 2m; & + 2M].
Onuinem CIIEKTP ONEPATOPHON MATPHIIBLI A,
2 .

Teopema 2 Onepamopuas mampuya c/ll(l) uMeem Yucmo CYyujeCmeEeHHblL CHeKmp U umeen Mecmo

PABeHcmeo.
)y _ )y _ . .
U(Jl” )= aess(cfl# ) = [e+2m; e + 2M] U {ogisc(hy) + [m; M]}.

Hoxazamenvcmeo. Ilycts C(T) - 6aHaxOBO MPOCTPAHCTBO HEMPEPBIBHBIX (YHKLMWH, OnpeaeaEHHBIX
o 2 .
Ha Tope T. IlokaxeM, 4TO AJIs ONEPATOPHOM MaTPHULIBI A ), BBIMOJIHSIETCS] CBOWCTBO MEPECTAHOBOYHOCTHU C
JF0OBIM OIIEpPaTOpOM BHUIA!

Uo (2 Efc)y)) - (gggg g)y))

rae ¢ (-) € C(T), f; € H;, i = 1,2. UupimMu cnoBamu, ais modoro ¢ € C(T) umeer mecto paBeHCTBO
(2 _ ©)
Ay Up=Up A7,
YTO U BBIPa)KaeT YKa3aHHOE CBOMCTBO MEPECTaHOBOYHOCTH. JleHCTBUTENRHO,
©) (fl (x) ) _ 4@ (fp(x)ﬁ(x) ) _
AU =A =
RGN 1CH)) L o) fa(x,y)
_ ((8 +u())e()f1(x) + 1 [ v f2(x, t)dt ) _
() fi(x) + (e +ulx) + u(¥)e()f2(x,y)

+ + t ,t)dt
oo HON@ | vORE0E ) _ (B ),
RPOIAG) + (2 + 1) + 1)) o0, 9)

Taxkum 06pa3om, U3 NPeACTaBIEHNs THILOEPTOBA MPOCTPAHCTBA B BUJIE IPAMOIO MHTErPaia
H, ® ¥, =j D (3, ® 1) dx
T

) « .
CJICAYCT, 4YTO OICpAaTOpHAasa MaTpulia A u TAKXKC NOITYCKACT PA3JIOKCHUC B IIPAMOUN MHTCTpAJL:
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AP = fT ® (w()I + h,) dx 3)

rzie | 0603HauaeT TOXKAECTBEHHBIIT OepaTop B ruiIbOepToBoM npoctpanctee H (12,

. ©)
U3 pasnoxenust (3) omepaTopHod Matpuipl A, M B CHIYy TEOPEMBI O CIEKTPE PA3IOKHMBIX
omneparopos [17] ans e€ cnekTpa moxy4acM paBeHCTBO!

o(AP) = U {u@) + o(h)}.

x€T
ITpu sTOM

a(hy,) = [e + m; e + M] U agisc(hy),
1, yIUTHIBasi PABEHCTBO

U fe+tm+ulx);e+ M+ulx)}=[e+2m;e+ 2M]

x€T
oJIry4a€M UTOTOBOC COOTHOIICHUE

0(AD) = Oess (AL = [ + 2m; & + 2M] U {0gisc(hy) + [m; M]}.

Takum oOpa3om, A BCIIOMOTATENBHOTO OmepaTopa c/ll(f) MOJIYYEHO SIBHOE OMHCAHHUE €ro CIEKTpa,
YTO TIO3BOJIAET MPOCIIEIUTh CBA3b MKy HUM U TOJIHOM MaTpuei A,. B 4acTHOCTH, 5TH pe3ynbTaThl 1al0T
OCHOBAHHME Il YCTAHOBJICHHUS CTIEKTPAIILHBIX COOTHOIIEHUA MEXKIY A, U €€ OIOYHBIMH JJIEMEHTAMH, YTO
(dhopMyUpyeTCs B CIEAYIONICH TeopeMe.

Teopema 3. /[lna onepamopnou mampuysl A, Mmexncoy cnekmpamu e€ ONOYHBIX IIEeMEHMO8
BLINOIHAIOMCA CIEOVIOUUEe CNEKMPAIbHble COOMHOULEHUA !

a(A) € a(AD) € a(A).
Joxazamenvcmeo. VIcxons u3 SBHOT'O OMUCAHUS CIIEKTpa orepaTopa c/lftl), BHJIHO, YTO OH COBIQJAcT C

2
otpeskoM [+ 2m, e+ 2M]. B To Ke BpeMs CHEKTp c/lfl) BKJIFOYAET JTOT OTPE30K BMECTE C
TOTIOJIHUTENILHBIMA  C/IBUTAMM, BO3HMKAIOIIMMHU 33 CYET JIMCKPETHOTrO crekrpa omeparopa hy,. ITostomy

@® (2) N
nepBoe BKmoyenne o(A, ") € a(A, ") ABIETCS HENOCPEACTBEHHBIM CJIEACTBUEM ITHX ONHMCAHHUI.
Jlanee, Kak ObLIO MOKa3aHO BBIIIE, CYIIECTBEHHBIH CHEKTp onepartopa <A, COBMAIAET CO CIEKTPOM

o 2 o
BCIIOMOT'aTCJIbHOU MaTpHUILbI CA/S ) HOCKOHBKy CYHICCTBCHHBIN CIICKTP BCCraa COACPIKUTCA B IOJHOM

CIIEKTPE CaMOCOMPSKEHHOTO OIepaTopa, OTCIOJa HEMEIJIEHHO CJEeAyeT BTOPOE BKJIIOUYEHHE a(c/l!(lz)) [
0 (Ay)- Tem cambiM 062 BKITIOYEHHS IOKA3AHbL.

3akirovenne. B pabore paccMOTpeHa oreparopHas MaTpHIia A, CBsA3aHHAs C TaAMHIBTOHHAHOM
CHUCTEMBbl C HECOXPAaHSIOIIKUMCA YUCJIOM YacTHUI] Ha OJHOMEpHOH pemérke. s He€ MOMydyeHO OINKCaHUE
CYIIECTBEHHOTO CIIEKTpa, MOKA3aHO, YTO OH COCTOUT HE 00jiee 4eM U3 TPEX CErMEHTOB, M yCTAHOBIICHBI
CIIEKTPAJIBHBIE COOTHOLICHUS MEXKITY c/l“ # €€ OJIOYHBIMH dJIEMEHTAMU. TaKoW IMOIXOJ ITO3BOJIHII BBISIBUTE
BHYTPEHHIOIO CTPYKTYpY CHEKTpa M YTOYHUTHh B3aUMOCBS3b MEXAY IUCKPETHOH U CYIIECTBEHHOH €ro
YaCTSAMHU.

[ToxyyeHHsle pe3ynbTaTbl JAOMOJNHAKOT U3BECTHBIE HUCCIEOOBAaHUS  CIEKTPAlbHBIX  CBOMCTB
ONEPATOPHBIX MATPHUIl U PACHIUPSIIOT NOHUMAHHE MX MOBEACHHS B MHOTOKOMIIOHEHTHBIX cucTeMax. OHH
MOTYT OBITh WCIIOJIB30BaHBI TPU JAITbHEHIIEM H3yYEeHHWH OIEPATOPHBIX MOJEICH KBAHTOBBIX CHCTEM C
MEPEMEHHBIM YHCIIOM YacTHLL.
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VJIK 517.984

AHAJIN3 AHAJIOT' A 3AJJAYU I'EJUIEPCTEATA U151 YPABHEHUSA TPETBEI'O
HOPAAKA JVIMIITUKO-THUITIEPBOJIMYECKOI'O THITA

Yemonoe baxmuép 3oxuposuu,
Ypeymexuit punuan Camapkanockoeo 2ocyoapcmeenio2o
yHusepcumema umernu Lllapogpa Pawuoosa

Annomayus. B Oawnnoii pabome paccmampueaemcs anaioe 3aoauyu Iennepcmeoma 01s 00HO20
K1acca ypasHenull mpemve20 nopsaoka daaunmuko-unepoonuiecko2o muna. [Ipoeedén ananus cmpykmypul
VPABHEHUs. U CBOUCME XAPAKMEPUCMUYECKUX TUHUL, d MAKHCe UZYYEHbL YCI06US CONPANCEHUS PeuleHUll 6
obnacmax  paszmunoco muna. ITlocmpoenvi  @ynKyuonanibuvie coommouileHus, — odecneuugaroujue
KOPPEKMHOCHb NOCMAHOBKU 3a0ail, U UCCIe008AHbl YCI08US CYUWeCMBO8AHUS U eOUHCIMEEHHOCTU PeuleHUs]
6 02paHuieHHol 061acmu, 02PAHUYEeHHOU XaPaAKMEPUCIUKAMU U 2N1A0KOU KPUBOLL.

Ilonyuennvie pesyromamovl pacuiupsaOm KiaccudecKkue memoovl meopuu VpAaeHeHUll CMeuaHHo20
muna u moz2ym Oblme UCNONL306AHbL NPU AHANU3E OOJee CIONCHLIX PUIULECKUX NPOYECCO8, ONUCLIBAEMbIX
VPABHEHUAMU 8bICUUIUX NOPAOKOS.

Kniouesvie cnoga: ypasuenus cmeuwianno20 mund, 1IUNMUKo-2unepooiuyeckoe ypagrnerue, 3a0aia
I'ennepcmeoma, ypasnenus mpemve2o NopsAoKd, Kpaeguvle 3a0ayul, YCI08Us CONPANCEHUS, CYyuecmeosanue u
€0UHCMBEHHOCIb PEUEHUS.

ANALYSIS OF THE GELLERSTEDT PROBLEM FOR A THIRD-ORDER ELLIPTIC-
HYPERBOLIC EQUATION

Abstract. In this paper, an analogue of the Gellerstedt problem is considered for a certain class of
third-order elliptic-hyperbolic type equations. The structure of the equation and the properties of its
characteristic lines are analyzed, and the conditions for matching the solutions in regions of different types
are studied. Functional relations ensuring the correctness of the problem formulation are constructed, and
the conditions for the existence and uniqueness of the solution in a bounded domain, limited by
characteristics and a smooth conjugation curve, are investigated.The obtained results extend the classical
methods of the theory of mixed-type equations and can be applied to the analysis of more complex physical
processes described by higher-order equations.

Key words: mixed-type equations, elliptic-hyperbolic equation, Gellerstedt problem, third-order
equations, boundary-value problems, conjugation conditions, existence and uniqueness of the solution.

UCHINCHI TARTIBI ELLIPTIK-GIPERBOLIK TENGLAMA UCHUN GELLERSTEDT
MASASINI TAHLILI

Abstrakt. Ushbu maqola uchinchi tartibli elliptik-giperbolik tenglamalar sinfi uchun Gellershtedt
muammosining analogini ko ‘rib chigadi. Biz tenglamaning tuzilishini va uning xarakterli chiziglarining
xususiyatlarini tahlil gilamiz va har xil turdagi sohalardagi yechimlar uchun konjugatsiya shartlarini ko ‘rib
chigamiz. Muammoni qo yishning to‘griligini ta’minlaydigan funksional alogalar quriladi va
xarakteristikalar va sillig konjugat egri chizigi bilan cheklangan cheklangan hududda yechimning
mavjudligi va o ziga xosligi uchun shartlar o ‘rganiladi.

Olingan natijalar aralash tipdagi tenglamalar nazariyasining klassik usullarini kengaytiradi va undan
yugori tartibli tenglamalar bilan tasvirlangan murakkabroq fizik jarayonlarni tahlil gilishda foydalanish
mumkin.

Kalit so‘zlar: aralash turdagi tenglamalar, elliptik-giperbolik tenglama, Gellerstedt muammosi,
uchinchi tartibli tenglamalar, chegaraviy giymat muammolari, konjugatsiya shartlari, yechimning
mavjudligi va o ziga xosligi.

BBenenue. /{uddepeHimanbabie YpaBHEHUS CMEIIAHHOTO M MEPEXOJHOTO THUIIOB 3aHMMAalOT 0c000e
MECTO B COBPEMCHHOH TEOPHWM YpPAaBHCHHH B YACTHBIX MPOM3BOAHBIX. OCOOBINM HWHTEpEC MPEICTABIISIOT
3aJ1a4u JUIS YPaBHEHUH, KOTOPBIE B PA3IMYHBIX YACTAX 00JIACTH U3MEHSIOT CBOM THUI — OT 3JUTHIITHIECKOTO
K TUNEpOOTNIecKOMy MM HaoO0opoT. Takue ypaBHEHHS BO3HHKAIOT MPH MOJETUPOBAHUHU PAa3HOOOPa3HBIX
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(Gu3MUECKNX INPOLECCOB, B YAaCTHOCTH, B 3a7adax Ta30BOM OUHAMHKH, aKyCTHKH, TE€OPUH YIPYTOCTH U
¢unpTpanyy, rae XapakTep ABMKSHUS Cpellbl N3MEHSETCS B 3aBUCMMOCTH OT MapaMeTpOB.

OpHUM H3 KIACCHYECKMX HANpaBlICHUH B TEOPUH YPAaBHEHHWH CMEIIAHHOIO THIIA SIBISETCA
ucclieloBaHue 3agauu | emepcrenra, MPENJIOKEHHOHM W NOAPOOHO W3YyYEHHOW AJIsl BTOPOTO IOpsAKa
AIUTATITHKO-THIIEPOOTMIECKUX ypaBHEHUN. DTa 3a7a9a MpeCTaBisieT co00it KpaeBylo 3a1ady 0coO0ro THIIa,
B KOTOPOH pelleHue NOJDKHO YIOBIETBOPATH PAa3IMYHBIM YCJIOBHSAM Ha I'paHHLAX 00JacTedl pa3iIudHOTrO
THTA, a TaKXKe YCIOBUSIM «CKIICMBAHWS» HA JMHHUM Tepexoja. [loo0HbIe 3agadyll HWMET BaKHOE
TEOPETUYECKOEe W MPHUKIAJHOE 3HAUYEHHE, IIOCKOJIbKY OHH OTPAKAIOT INEPEXOJHBIE MPOLECCHl MEXKAY
YCTOHYMBBIMH (IITUITUYECKUMH) U BOJTHOBBIMH (THIIEPOOINIECKIMH) PEKIMAMH.

B knaccnueckux paborax A.B. bumanze [6-8], a Taxoke B coBMecTHBIX uccienoBanusx A.B. bumnanze
u M.C. CanaxurauHosa [9] ObuIH 3a710K€HBI OCHOBBI TEOPHU YPaBHEHHH CMEIIAHHOTO THIa. B 9THX Tpymax
paspaboTaHbl 001Ie METOABI IOCTPOEHHSI PEIICHUH U N3yYeHBbl BOIPOCH! KOPPEKTHOCTH COOTBETCTBYIOIIMX
KpaeBbIX 3amad. OmHaKo OOJBIIMHCTBO CYIIECTBYIOIIMX PE3YJIbTATOB IOCBSALICHO YpPaBHEHHUSM BTOPOTO
NOpsiiKa, TOrZJA Kak JUId YpaBHEHHH Ooyiee BBICOKOIO MOPSIAKA AaHAJOTUYHBIE BOIPOCHI OCTAIOTCS
HEI0CTaTOYHO MCCIIEJOBAHHBIMH.

B cBs3u ¢ 3TUM npeacTaBiIseT MHTEpEC NIOCTAaHOBKA M MCCIIEAOBaHME aHaiora 3afaqu ['emrepcrenta
JUIE OJHOTO KJlacca YpaBHEHHMH TPETHEro IMOPAAKA SIUIMITHKO-TUEPOOIHMYECKOro THMa. Y paBHEHUS
MOJJOOHOTO POJIa €CTECTBEHHBIM 00pa30oM BO3ZHHKAIOT TPU PACCMOTPEHHH 0oliee CIIOXKHBIX (HU3NYIECKUX
MOJIEIIEH, I'/Ie HapsAy C BOJHOBBIMH M CTAIMOHAPHBIMU TPOLIECCAMU CYIIECTBEHHYIO POJb UIparoT 3(dexTs
JUCIIEPCUH U BSI3KOCTH.

B nactosmeit paboTte paccMaTpuBaeTcsl ypaBHEHHE TPETHETrO MOPSAKA IUTUIITHKO-THUIIEPOOIMYECKOTO
TWMa, I KOTOPOrOo B PAa3NMYHBIX YACTSIX IJIOCKOCTH W3MEHsIeTcs Xxapaktep omeparopa. OOmacTh
WCCIICIOBAHUSl BKJIIOYACT IOJMHOXECTBA, OrPAaHUYEHHBIE XapaKTEPUCTHYECKUMHU JIMHUSIMHA JaHHOT'O
YpaBHEHUS, a TaKXe TJIaJKyl0 KpHBYIO, Ha KOTOPOH HAaKIJIaJbIBAIOTCS YCIOBUS compsikeHus. B pabote
BBOJAATCSL HEOOXOAMMBIE O0003HAYCHHUS, TOJNYYAIOTCd OCHOBHBIC (YHKIMOHAJIBHBIC COOTHOIICHHS H
YCTaHaBJIMBAIOTCS CBOMCTBA pEIIeHHH, YIOBIETBOPSIOMINX 3a/laHHBIM KPAeBbIM U CKJICUBAIOIINM YCIIOBHSM.

Lespr0 HACTOSIIIIETO MCCIIEAOBAHNUS SBJIIETCS (POPMYIMPOBKA U aHAIW3 aHasora 3afa4yn [ emnepcreara
JUIST YKa3aHHOTO KJlacca ypaBHEHHUH TPEThEro Mopsijaka, a TaKKe IMOJyuyeHHe YCIIOBUM CYIIIECTBOBAaHHS U
eIMHCTBEHHOCTH pemeHus. s 3TOoro paccMaTpUBAIOTCA [Ba pPAa3jIMUHBIX PEKUMa ypaBHEHUS (B
SIUTMITHYECKOH U THUIEPOOIMYECKO dYacTsx 007acTH), CTPOATCS OOLIME pelleHHs B KaKIOM W3 HUX H
HCCIIETYIOTCS YCJIOBHS COIUIACOBaHMS Ha JIMHUH pa3zena.

[Tonmy4yeHHble pe3ybTaThl MOTYT CIIY>KUTh OCHOBOM IS JajbHEHIIEro n3ydeHus 3afgad oosee o0mero
BUJA, CBSI3aHHBIX C YPaBHEHMSMM CMEIIAHHOI'O WJIM COCTaBHOI'O THUIIA BBICHIIMX HOPSIKOB, a TaKXKe IS
pa3pabOTKH YMCIEHHBIX METOAOB PEUICHUs Takux 3afad. PaboTa mpomoinkaeT M pa3BHBACT KIIACCHUECKHE
nneu bunagze u ['ennepcrenTa, pacumpsis X MpUMEHEHHE Ha HOBBIE KJIACCHI OIIEPaTopoOB.

IMocTtanoBKka 3axaun

PaccmoTpum ypaBHeHue

%)
&(uxx +uyy)’ npu y>0,

OE< (1)

@0+ by), puy<0
e & CER\I0), R=(-og409..

IIycTs Q-KOHGHH&H OJHO3HAYHAsI 00JIACTH B INIOCKOCTH (X, y), OorpaHuydeHHas kpuBol O npu

y>0 C KOHIIAMH B TOYKAaxX A(—l, O), al O) 1 OTPE3KOM AB ocu X g)ﬂ - XapaKTEpUCTUUECKUI

TPEYTOJbHUK, OTPAaHHMYEHHBIH  OTPE3KOM A(—l O)CXO, O) ocu X u IBYMsI XapaKTePUCTUKaMU

AQ - X+ y :—l (I:l . X_y :O YpaBHEHUS (1.1), BBIXOISATITIIME u3 TOYKH
—1, 0 ) O, 0 u MEPECEKAIONIUMHUCS B TOYKE Cl (—; ,—!-) ; - XapaKTePUCTUYCCKHIA
2" 2

TPEYrOJIbHUK, OrPAHMYEHHBIA  OTPE3KOM CXO, O)alO) ocu X U JBYMS XapaKTEPUCTUKAMHU
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OQ:X+y=0, BQ:X—yzl ypaBHenuss (1.1), BBIXOIAIIMMU H3 TOYEK CX0,0), al())
11

[IEPECEKAIOLIUMUCS B TOUKE Q(? ’_E); gzzg-xapaKTepHCTquCKHﬁ YEeThIPEXYTOJIBHUK, OTPaHUYEHHBIN

XapaKTEPUCTUKAMMU Cx:i, CI:Z u QC X+y:_1, CI:Z . X_y:]. ypaBuenus  (1.1),
MePeceKaroUMKCs B TOUKax O, q_, Q u C(O,—:ann y<0

[Ipennonoxxum, uro kpuBas O yHHPOpPMa OTHOCHTEIBHO OCH y, TOYKa N(O,:D 3TOW KpHUBOH

SIBJISIETCA €AWHCTBEHHOM MaKCUMAalIbHO YJIalIeHHOW OT OCH X TOYKOW, YacTu AN u BNz[ym (o}

yHH(OPMBI OTpE3Ka ONocu y
BBeném o0o3HaueHUS:

AB=J={X.—1<x<l], J={x-1<x<0}, J,=x:0<x<1},
Q= U], Q=02 D LD, T =CY Y D, .

3.BI>IBO)1 OCHOBHBIX (l)y}IKIII/IOHaJII)HbIX COOTHOIIEHUH

Uk (YD,
“(X’y)‘{ by, (Y)<D

Torna ypasHenue (1) MoxHO nepenucaTb B BUAE ABYX CHCTEM:

WX Y)=u(x y)+a(y),
Y+, =0 (XY)eh,
Uy =15(X,Y),
avtcu=0, (xy)eb,

rae l&(x, y) —IpOM3BOJIbHAS JOCTATOYHO Tiiajgkas (GpyHKOus, a (q(y) — MPOW3BOIBHAS JBAXKBI
HenpepeIBHO muddepeHiupyemas QyHKIus, TPUIEM

4O =aB=0 ©

Hepr,Z[HO 3aMCTUTDh, YTO 06Luee peUICHNUEC YPABHCHUA

av, +Cu,=0
v y)=aYen-gx) ®

rae @(—y) —TIpOW3BOJIbHAS HETIPEPBIBHAS (yHKIHSL.

TTonoxum

@)

@)

(4)

VIMEET BUII.

B oOmactu Q rccienyeM anaior 3afadu [ emnepcrenra ans ypasHerns (1).
3amaua Gac Haiitu dyakmmro U(X, y) CO CIEAYIOINMH CBOMCTBAMM:

1) U(X, y) qu; 2) U(X, y) EC%BZI(Q LXZZ), l&yy qu %L,é%) U YAOBJIETBOPSET
ypaBHeHuio (1) B 00macTsx Qi u QJ (J :I?));

3) Ha uHTEpBaJE J semommsiores YCIIOBUS CKJIEUBaHU:

7(X)=lImu(x y)=limu(x, y), xJ. ™
M=, 00y) =M 0 y), xeJ @

4) U(X, y) YAOBIIETBOPSIET KPAEBBIM YCIIOBUSAM
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uxy), =¢xy), xyeo, ©)
U Yoy =a(Y), 0<yJ (10)
U Wieg, =wA(Y),  UX Yoo, =w6(Y) — <y<0 1)
U Yoo =%(Y), —1<y<0 (12)

rae (AX, y), gj (y), I)VJ(X) (J :l 2)-3a,Z[aHHBIe (yHKIIMY, TIPUYEM
A0 =aM), uO=w0)=a0=%0) (13)
0,(Veyd-yay), a(<Col], dxy)=y2akxy) aXy)<do), ws
V09| 50|, () eC-L0] =

4. Ucenenosanue 3a1a4u Gac

Jloka3zaHa cieayioniasi Teopema.
Teopema 1.4. Ecnu BemmonHens! ycnoBust (13)-(15), To B obmactu Q CYIIIECTBYET €IUHCTBEHHOE
pEeryJsipHOE pelleHue 3a1a4n

Jlokazamenscmeo meopemut 1.4. Kax Ham nuzBectHO [1], pemrenne 3anaun Komm qiis ypaBaeHus (4)
c yu€rom (6) B obmactu glz UMeeT BUJ:

(kY=g x5 | UG+
Ao

[MocraBnss (16) B (11) u (12) nonyvaem:

b Voq =¥(§ = 7W)+O 1+
s ol el
(%Yo, =y =3O+ 5 ] U+

AT dg‘g@(é—nj L_C(ém) [o

(X y)|oc =g 0)=3[ 1)+ 5 Udde+

Aol o 51 o

Orcrona muddeperumpys o Y , Haxoanm:

oW=5 (I 4)-20)  Asy<0
z’(x)+1(x):gd_[(x)—1i (Lzﬂj [—C(” )Jdn 1<x<0, as)
R L A Rl
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@®opmyna (18) u (19) maér mepBoe (QyHKIMOHAIBHOE COOTHOLICHHE MEXIY T’(X) u V(X)
npruHECEHHOE U3 00J1aCTH % u g)ﬂ Ha ‘Jl u ‘J2 COOTBETCTBEHHO.

[pexnonoxum, uto kpusas O OKaHYMBAETCA CKOJIb YIOAHO MAaIbIMH JyraMd OKDPY/KHOCTH

X2 +y2 Il yZO He orpannuuBas o6LIHOCTH, MOYKEM HPEJIOoNararh, 4To

U0=ul0=uH)=ul0=0. 20)

Perrenue ypaBaenust (3), yI0BICTBOPSIONIEE YCIAOBUAM
L)l(X,Y)Ifcﬂ(XY) —a(y), vy(x40)=u(x), xg-11), yq01] @

B o0mactu BBIpakaeTcsi popmMyIon:

4 y) [t ox i+ COX @) -a@)]b e
PORTECTO)

GEmxy)=3 k|

- ¢yukimu [puna st ypaBHenust Jlamiaca, yaOBJCTBOPSIOIIYIO OJHOPOAHOMY yciioBuio (9) u
1 (x-0}=0
PGPy, RGP HyP, PR
B=(-P+y-P B=(x-P+yp X=X, y=,

IMonoxwus B (1.27) y:O TIOJTYYHM:

q(x)zij‘[|n|x—t|—|n(1—>¢)] yOd+fxa), —1<x<L ey
'q(X) =4(X+0)

fi(x )= I@—@é@w P)-0f9) s 2

C yuéroMm (21) u (22) monyduM BTOpPOW (PYHKIIMOHATIHHOE COOTHOIICHHE MEXITY Zj,_(X) u H_(X)

npruHecEHHOE U3 001acTH Ql ma J .

q0=51) ¢ x5 OX+HHx @), L<x< 29
rae ]_,(X, @)—onpeﬂenﬂeTCH u3 (24), a Hen3BecTHas QYHKIHS a{(y) HaxXOgUTCS U3

A)=g0m)- ML 0<y<l e

Jlemma 1. 3amaua GaCB obmactu S 2 HE MOYKET UMETh 0oJIee OJTHOTO PEIICHHS.
Hckrouns T,(X) m (18) , (19) u (23) ¢ yu€rom (17) aHANOTHMYHO TOIYYHM CHHTYJISPHOE

WHTETPAJIbHOE ypPaBHEHUE OTHOCUTEILHO (DYHKIIUU V(X) ITonyyeHHOE CHHTYISPHOE HMHTETPAIBLHOE
YpaBHEHUE HW3BECTHBIM MeETOAOM peryispusauun Kaprnemana-Bekya [2] cBenéM K SKBUBaJCHTHOMY
ypaBHeHUt0 DpeAronbMa BTOPOTO poOJia OTHOCHUTENBEHO X , Oe3yclioBHas pa3pemmMocTb KOTOPOTO

cleayeT u3 JeMMbl 1.

Taxim obpasom, nocne onpexencrms (X), 7(X) u a (Y)(U=12) ws 26). (17) - (19) m(19),

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/10 (127) 239



MATHEMATICS

(19) peUICHUC 3aaaun C-:bCMO)KHO BOCCTaHOBHUThL B 00JIaCTH g% KaK pCHICHUC 3adavun N C YCJIOBUAMH

(1.124) u L!Ly(X,O) Z\/(X), (X,O) €J s ypasnenns (1), a B o6ractsx S)QJ (J =], 2) u SZB
kak pemenne 3agaun Komm-I'ypca ¢ yciousmu (11), Lby(X,O)IV(X), (X,O) E‘llu‘]Z u I'ypca ¢

yenoBusimu (11) st ypaBaenus (1).
CnenoBarebHO, 3a1a4a OJIHO3HAYHO pa3pelruma B 00J1acTu D

Teopema 1 ooxazana.
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VJIK 517.984

INPUMEHEHUE ITPUHIINUIIA BUPMAHA-IIBUHT'EPA JIJI51 3 X 3 OIIEPATOPHOM
MATPUILIbI HA HEIIEJIOYUCJIEHHOU PEIIETKE

Hevmamoea Illoxuoa boooscon xusu,
Byxapckuii cocyoapcmeennuiii yHugepcumenm,
byxapa, V3bexucman
s.b.nematova@buxdu.uz

Annomayusn. B nacmoswel cmamve paccmMampuéaemcs ONepamopHas MAampuya mpemvbezo
NnopsiOKa, KOmMopdas COOMEEemcHeyem cucmeme ¢ HeCOXPAHIIOWUMC U He Oojlee Mpéx yacmuy Ha
HeyelouUCieHHOU peulémke. Dma mampuya oeticmeayem 6 npsamol CyMme HYIbUadCmUdHOM, 0OHOYACMUYHOM
U 08yXuacmuyHoM noonpocmparcmee 6030un020 npocmparcmea Poka. OnpeodenreHo MeCmononodiceHue eé
CYWeCmB8eHH020 cnekmpa, U 00Ka3aH avanoe npunyuna bupmana-1llsunecepa. dmom npunyun ucnorv3yemcs
0 00KA3AMenNbCmea KOHEUYHOCMU UMY OEeCKOHEeYHOCMU YUCLAd COOCMBEHHbIX 3HAYEeHUll U O 6ble00d
acumMnmomuyeckou opmyinst 01 OUCKPEMHO20 CHeKmpd.

Knioueevie cnoea: oOnouno-onepamopnas mampuya, mooenu Ppudpuxca, npunyun bupmana-
Lllsunzepa, cyujecmeeHHblll U OUCKPEMHbILI CHEKIMPBb.

BUTUN SONLI BO‘LMAGAN PANJARADAGI 3x3 OPERATOR MATRITSA UCHUN
BIRMAN-SHVINGER PRINSIPINI QO‘LLASH

Annotatsiya. Mazkur maqgolada butun bo ‘Imagan panjaradagi soni saqlamaydigan va uchtadan
oshmaydigan zarrachalar sistemasiga mos uchunchi tartibli operatorli matrisa garalgan. Bu matrisa bozonli
Fok fazoning nol zarrachali, bir zarrachali va ikki zarrachali qism fazolari to ‘g ri yig ‘indisida ta’sir giladi.
Uning muhim spektri spektrining joylashuv o ‘rni aniglangan va Birman-Shvinger prinsipining analogi
isbotlangan. Bu prinsipning xos qiymatlar sonining chekli yoki cheksiz bo ‘lishini isbotlashda hamda diskret
spektr uchun asimptotik formula keltirilib chigarishda qo ‘llanilishi asoslangan.

Kalit so‘zlar: blok-operatorli matrisa, Fridrixs modeli, Birman-Shvinger prinsipi, muhim va diskret
spektrlar.

APPLICATION OF THE BIRMANN-SCHWINGER PRINCIPLE FOR A 3x3 OPERATOR
MATRIX ON A NON-INTEGER LATTICE

Abstract. In the present paper an operator matrix of order three, corresponding to a system with non-
conserved and no more than three particles on the non-integer lattice. This matrix is acting in the direct sum
of zero-particle, one-particle and two-particle subspaces of the bosonic Fock space. The location of its
essential spectrum is defined and an analogue og the Birman-Shwinger principle is proved. This principle is
used to prove whether the number og eigenvalues is finite or infinite and to derive an asymptotic formula for
a discrete spectrum.

Key words: block-operator matrix, Friedrichs model, Birman-Schwinger principle, essential and
discrete spectra.

BBenenne. OnHUM W3 BaKHEWIIMX HANpaBICHHH COBPEMEHHOW MaTeMaTHUeCKOW (GHU3UKH U
(YHKIIMOHAJIFHOTO ~aHaNM3a SBIIETCS TOAPOOHOE M3ydeHHWE CHEKTPaJbHOW TEOpPHH OMepaTOpOB.
CrnexTpasipHasi TEOpHsl IIUPOKO NPUMEHSETCA NpU aHauu3e (PU3NYECKUX MPOIECCOB C HCIOJIB30BAaHHEM
nuddepeHInaIbHBIX ONEePaTOPOB, MHTETPAIBHBIX ONEPAaTOPOB W OINEPATOPHBIX MAaTpHIl, B YaCTHOCTH, B
3amadax (usuku TBEpAOro Tena [1], kBaHTOBOM MexaHUKH [2] u craructudeckor pusuku [3]. OnepaTopHas
MaTpulla — 3TO MAaTpHIa, 3JEMEHTaMH KOTOPOW SBIAIOTCS JIMHEHHbIE ONepaTophl, NEHCTBYIOLINE MEXIY
HEKOTOPHIMH 0aHAXOBBIMH WM THUIHOEPTOBBEIMH TIpocTpaHcTBamu [4,5]. OrmepaTropHble MaTpHIIBI
€CTeCTBEHHBIM 00pa30M BO3HHKAIOT MPH HCCIEIOBAHWU CHCTEM YpPaBHEHHWH B YaCTHBIX NPOU3BOJHBIX,
MHOTOKOMITOHEHTHBIX (DM3MYECKUX MOJENe, 3ama4y MEeXaHWKH U KBAaHTOBOW Teopun mons. Ux
CHEKTpaJbHBIE CBOWCTBA TECHO CBS3aHBI CO CHEKTpPaMM BXOJSIIMX B HHUX OINEPATOPOB, UTO NENIAET HX
YAOOHBIM HHCTPYMEHTOM B CIIEKTPAIILHOM TEOPUHU B TEOPUH BO3MYIICHUI.

B uccnenoBanusix mpo0OiieM BhIIIEYKa3aHHBIX 001acTsSxX 0co00e MECTO 3aHMMaeT NMprHUIUN bupmana-
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[IBunrepa. JlaHHBI NPUHUKI yCTaHABIMBAET CBSA3b MEXIY COOCTBEHHBIMHM 3HAUCHHUSMHU (MM CIIEKTPOM)
oriepaTopa M CHEKTPOM COOTBETCTBYIOLIETO €My KOMIAKTHOro omepatopa. I[Ipuammn bupmana-IlIBunrepa
ObUI WM3HAYaNbHO pa3paboTaH B KBAaHTOBOW MEXaHMKE, B YaCTHOCTH, MAJSl HCCIEIOBAHHUS CBSI3aHHBIX
cocrosiHui onepartopos Ilpénunrepa [6,7]. BrnocneactBuu 3TOT npuHIMI Obl1 0000MIEH HA pa3IUYHBIC
THITHI IMHEWHBIX U HETMHEWHBIX OMIEPaTOpPOB, BKIIOYAs OIIepaToOpHbIe MaTpHIIH [8,9].

IIpumenenne npuHnuna bupmana-llIBuHrepa K ONEpaTOPHBIM MAaTpUIlAM HMEET HE TOJIBKO
TEOPETHUECKOe 3HAUECHHUE, HO U CYIIECTBEHHYIO ITPAKTHYECKYIO IIEHHOCTh, OCKOJBKY IMO3BOJISIET YIPOCTUTH
BBIYHCIIUTENBHBIE METOABI M OLIEHKY CHEKTpalbHBIX TpaHull. C TMOMOINBIO JaHHOTO TNPHUHIMIA 3agada
M3yYEHHUs CTIEKTpa OINEepaTOpHOIl MaTpHIIbIl BO MHOTHX CIIy4asX CBOJHUTCA K aHAIM3Y CHEKTpa KOMIAKTHBIX
OTIEpaTOPOB, YTO 3HAYHTENHHO YAOOHEEe C MaTeMaTH4ecKOW Touku 3peHus. B cratesax [8-10] mpuHIMD
Bupmana-1lIBuarepa Obi1 3PEKTHBHO UCIIONB30BAH MPH JA0KA3aTEIbCTBE KOHEUHOCTH MU OECKOHEYHOCTH
gyucina COOCTBEHHBIX 3HAUCHWH OIEPAaTOPHOM MATpHLBl, a TaKkKe IPH IOJYYCHUH ACHUMITOTHYECKON
(dopMyIIbI ISt Ynciia COOCTBEHHBIX 3HAYCHUH.

B nmanHO# cTaThe M3y4eH KJIAcC ONEPaTOPHBIX MaTpHIl TpeThero nopsjaka Hy (K), COOTBETCTBYIOMIMX
OIepaToOpy SHEPTUHU CUCTEMBI YAaCTHIl HA HELIETOYUCIEHHON pEeIETKE, YUCI0 KOTOPBIX HE COXpaHIETCA U HE
npeBbimaeT Tpéx. CHavana aHa XapaKTepUCTHKA CYIECTBEHHOTO CIIEKTPa 3TOTO oleparopa. 3aTeM JoKa3aH
aHamor npuHiuna bupmana-llIBuHrepa s Kjacca ONEPAaTOPHBIX MAaTPHL, U PACCMOTPEHBI €ro
MIPHUIIOKEHUSL.

OmnepaTtopHasi MaTpua H eé cymecTBeHHbIN cekTp. [ kaxaoro ¢ukcupoBanHoro h > 0 gepes
T3 o6o3naunm ky6 (—m / h; T / h]® —c COOTBETCTBYIONINM OTOXKIECTBICHHEM MPOTHBOMOJIOKHBIX TPAHEH.

[ycts L, (T3)-rusib0epToBO MPOCTPAHCTBO KBAAPATUYHO-UHTErPUPYEMBIX (KOMILIEKCHO3ZHAYHBIX)

dynximit, ompemenémmpix wa T; u LS (('JI‘?L)Z) —TWIB0EPTOBO  MPOCTPAHCTBO KBaJlpaTUYHO-
WHTETPUPYEMBIX CHMMETPUYHBIX (KOMIUIEKCHO3HAYHBIX) (YHKINH, OMPEAeTEHHBIX Ha (']I‘,31)2. 0O603H2UNM
uepes H npaMyio cymmy mpoctpancTs Ho: = C, Hy: = L,(T3) u Hy: = LS ((']I'?L)Z), Te H:=Hy, D H; P
H,. IlpoctpanctBa Hy, H; m H, Ha3pIBalOTCS HYJNbYACTUYHOW, OJHOYACTUYHOW M JABYXYACTHUHOH

MOJIIPOCTPAHCTBAMU 0030HHOTO POKOBCKOTO MpocTpaHcTBa Fy (Lz (T;”l)) no L, (’]I‘?l), COOTBETCTBEHHO, I/I¢
Fy (Lo(T3)) = @ Lo(T3) ® 13 ((13)°) @ . @ 13((T3)") & ...
3mece mpu n =3 dYepes L%((’]I‘?l)n) 0003HaUEHO THIIHOEPTOBO MPOCTPAHCTBO CHMMETPHUIHBIX

(V3 . n
(OTHOCHTEINIFHO JTIOOBIX ABYX MEPEMEHHBIX) GYHKLIUH 7 MEPEMEHHBIX, ONPEIeIEHHBIX Ha (T%) .
B rtunebeproBoM mpocTpanctBe H mpu  KaxkiaoMm QukcupoBaHHoM h > 0 paccmarpuBaeTrcs
CIIEAYIOIIEe CEMEHCTBO TPEXANAroHAIBHBIX OJIOYHO-ONEPATOPHBIX MAaTPHULL:

Hoo(h; K)  Hoy1(h) 0
Hp(K) == Hgi(h) H11.(h; K) Hypy(h) |, K€ T?L.
0 Hfz(h) sz(h; K)

TAC MaTpUYHBIC 3JICMCHTHI OIIPEACTIAOTCA 110 (bopMynaM:

Hoo (s 0y = 0o, Hoa (Wi = [ wo(®) e,

(Hya (s K)FD®@) = wn (K YA @), (s @) = f vi(0) f5(p, ),

(Haz (s K) f2) (0, @) = w2(K; 0, ) f2(p, D).
3nmece f; € H;, i =0,1,2; wo(*) mv;(+), i = 0,1 —BemecTBeHHO3HAYHBIE OTPAHUYEHHBIE (PYHKIMH Ha

T3, a byskmun w, (- ; *) 1 w,(+; *) onpeneneHs Mo popMyIam:
w1 (K;p) = Lien(p) + Len(K —p) + 1,
w2(K;p, @) = lign(p) + +len (K —p = q) + Lien(q),
rae l; > 0,i = 1,2, u dyskums €, () UMeeT BHUI;
3

1
en(q):= ﬁz (1 —cos(hg), q=(41,92.93) € T;.
i=1
Hpu stom H;j(h): 3; — H;, i < j conpsixénupiit oneparop k H;j(h) 1 jerko MOXKHO MPOBEPUTE, YTO

1
(Ho(Wfo)®) = vo®)fo,  (Hiz(Wf) (@) = E(Ul(p)fl(Q) +ui(@fip), fi€eH;, i=01

31eck U B JanpHeieM HHTErpall 0e3 yKa3aHus MpeAesioB BCIOLY O3HaYaeT HHTETPHPOBAHUE IO BCei
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00J1aCTH U3MEHEHUS IEPEMEHHBIX HMHTETPUPOBAHMUSL.

B oatux mpeamnonoxeHusx Oi0uHO-omepatopHas wMartpuua Hy(K) sBisiercs OrpaHHYCHHBIM H
caMOCONpsKEHHBIM B H .

OG603HaYUM Yepe3 Oess(*) M Ogisc(*)  CYNIECTBEHHBIN W JUCKPETHBIH CHEKTPHI OrPAHHYECHHOTO
CaMOCONPsDKEHHOTO OIlepaTopa.

Yr10o0Obl U3YYUThH CIICKTpallbHBbIC CBOMCTBA omeparopa Hy(K), Mbl BBOAUM CEMEUCTBO OrpaHHYCHHBIX
CaMOCOTPSKEHHBIX omepaTopos (Monemu Ppunpuxca) Ay (k), k € T3, npu kaxaoM pukcuposanHoM h > 0
neiictByrontyio B Hy @ H; no npasuiny:

Ago(h k) Agy(h)
An(k): = ( *00 )I
0= a5y Ak
rue oneparopsl A;; (h; k): H; - H;, i = 0,1 u Agq(h): Hy = Hy onpenensoTes 1mo npaBuiiaMm:

1
Ago(h; k) fo = (Len(k) + Dfo, Aor(W)fi = ﬁf v1(t) f1(t)dt,

(A k) f1)(q@) = En(ksp) fi(q), En(k; q):= Lien(q) + Len(k — q).
Crenyromasi TeopeMa OITMCBIBAET PACIIONIOKEHHE CYIECTBEHHOrO criekTpa omepatopa Hp(K) mo
crekTpy, moaeneit ®punpuxca Ay (k).
Teopema 1. /[na cywecmeennozo cnexmpa onepamopa Hy (K) umeem mecmo pasencmeo:

ess (H () = | {Gatsc(An (K = p)) + Lien@)} U [ (0); M ()]
p€eT}
2oe yucna myg(h) u Mg (h) onpedensromest:
mg(h):= min w,(K;p,q), Mg (h):= max w,(K;p,q).
q,p€T} q.p€ET},

ITycts 7/ (K) HmKHSA rpaHb cyuiecTBeHHOro cnektpa omeparopa Hp(K) u Ny(K;z) uucno
COOCTBEHHBIX 3HAUCHHI (C yuéroM KkpatHOCTH) omeparopa Hy (K), nexamux neBee Touku z,Z2 < Tp (K).
pu xaxmom duxcupoBansoM k € T3 onpenenum perynspayio B C\[Emin(k); Emax(k)] dyHkmmo
(merepmunanT OpearonbpMa, aCCOMMUPOBAHHBIN ¢ orepatopoM Ap (k))
1 vE(t)dt
Ah(k; Z): = lzé'h(k) +1—z-— E_[ m,
rae yncna Epin(h; k) v Epax (h; k) onpenensitorcst ciieyonmm oopa3om:
Emin(h; k): = mi% En(k; q), Emax(h; k): = max En(k; ).
q€Ty q€T},

Otm™eTM, uTo s Mo6bIX p € Tj 1 z < 7,(K), dynxums Ap(K — p; z — L, (p)) nonoxurensha u
CIIeIOBATEIbHO, CYIIECTBYET €€ MOJIOKUTEIBHBIN KBaAPATHBIH KOPEHb.

punnun bupmana-llIBunrepa. Jlng moOpix A € R U orpaHuueHHOrO CaMOCOMNPSIKEHHOTO
oneparopa A, IeHCTBYIOIIEr0 B THILOEPTOBOM MpocTpaHcTBe R, onpenenum uuciio n(4, A) kak

n(A,A) = sup{dimF : (Au,u) > A, u € F c R, ||lu|l = 1}.

Uwucno n(4, A) paBHO OeckOHEYHOCTH, eciiid A < MaX Oegs(A) U ecnu yucno n(4, A) KoHeuHO, TO OHO
PaBHO YMCITY COOCTBEHHBIX 3HaYCHHH orepaTopa A, OoNmbIIuX 4eM A, ¢ y4ETOM KPaTHOCTH.

Mo onpeneneuuto uncia Ny (K; z) umeem, uro

N,(K;z) = n(—z, —Hh(K)), z < 15, (K).

B wuccrnenoBanusix auckpeTHoro crekrpa omnepatopa Hy(K) OCHOBHYIO poOJib MIpaeT KOMIAKTHBIN

(cummerpuzoBannsiii) oneparop Ty (K, z), z < t,(K), neiictByromimii 8 Hy @ H; cnemyromum o6pazom

~ o Too(K, h, Z) Tol(K' h, Z))
Tn(K,2) = (T(;*l(K, h;z) Ty(K, h;z))
rie oneparopsl Ty (K, h; 2): Hj - H;, i = 0,1,z < 1,,(K) onpenensorcs paBeHCTBAMU:
vo(t)g1(t)dt
Too(K, h;2)go = (1 +z-— wo(K))go' To1(K, h;2) g, = —f 2 = ;
Ah(K —t;z— llgh(t))
v1(p) vo(t) gy (D)dt

(T11(K, h; 2)g1)(p) =

280(K=piz = Len () [Bu(K = t52 — Len()(@(K; p. ) =)

3necs g; € H;, i =0,1.
Crienyromiasi TeopeMa sIBJISIETCS peanusaiiueii n3pectHoro bupmana-IlIsunrepa st oneparopa Hy, (K).
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Teopema 2. Ilpu ecex z < Ty, (K) onepamop Ty (K, z) a61saemcs KOMRAKMHBIM U HERPEPbIEHbIM N0 Z U
ons yucen Ny (K; z) u n(1, T (K, z)) cnpaseonuso pasencmeo:

Nn(K;z) = n(1, Ty (K, 2)). €]
HoxkazaTtenbcBo. Chauana oneparop Hy, (K) mepemnminem B BUjE:
Hyo(h; K) 0 0 0 Ho1(h) 0
Hy(K) = 0 Hy1(h; K) 0 +| Ho1(h) 0 Hy,(h)
0 0 Hy,(h; K) 0 Hfz(h) 0

Uepez [; obo3HaunmM eauHuuHbii oneparop B Hj, i = 0,1,2 u yepes I = diag{ly, 1} (cooT. | =
diag{ly, I1, I;}) 0603HauuMm equum4HbIA oneparop B Hy @ H; (coor. ).

Jnst mo6oro z < T, (K) oneparopst Hy1(h; K) — zI; u Hyp(h; K) — zI, monoxuTeabHbl 1 00OpaTHMBI,
W CIeJ0BaTeNbHO, KBAJPATHBIH KOPCHb R11{2 (K,h;z) (Rzlé2 (K, h;z)) pesomsBenTol Rq1(K, h;z) =
(Hy1(K) — zI) ™Y (Rya (K, h; z) = (Hyp(h; K) — zI,)™1) oneparopa Hy4 (h; K) (Hy, (h; K)) cymectsyer.

Iycte My, (K; z), z < t5,(K) — 3 X 3-omeparopHast MaTpHIla ¢ dJIEMEHTaAMHU

Moo(K, h; 2) = (1 + 2)ly = Hyy (5 K), Moy (K, h; 2) = —Hoy ()R (K, hs 2);
Mi,(K, h; z) = —R:{Z(Z)Hu(h)Rzléz(K, h; z), M10(K, h; z) = M§1(K, h; z),
My, (K, h; z) := M5 (K, h; z);

a B ocTalbHEIX citydasx Map(K, h;z) =0, a,f = 0,1,2,

ITpocThie paccyXIeHUs MOKa3bIBatOT, uTo UMeeT mecto paseHctBo ((Hy(K) —z))f,f) <0, fEH
Torma u Tombko Torma, korna ((Mn(K,z)—z])g,9) >0, g = (91,92 93), 91 = f1, 9i = (Hy(h K) —
zIDY?f,, i = 1,2. Orciona nomydaem

Ny (K;2) = n(1, My(K, 2)). (2)

ITycte omeparop Ly (K,z), z < 1, (K) meiicteyer B Hy @ H; kak 2 X 2-omeparopHas MaTpHIia C
anemenTamu Ly1 (K, h; z) := Mq5(K, h; )M, (K, h; z), B octanbhbix cnyydasx Leg(K, h; z) == Mqg(K, h; 2),
a,f =01

O6o3nauum uepes F:=F, @ F; € Hy P H{ NOANPOCTPaHCTBO, [Jisi KOTOPOTO CIPaBEIIUBO
paserctso dimF = n(1,L,(K,z)). Torma (My(K,2z)g,9) = (Ln(K,2)f,f) ans Beex f = (fy, fo) €F nu
g = (fi, f2, My1(K, h; ) f,). Kpome Toro ((Mh(K,Z) - Z])g,g) = ((Lh(K,z) - zI)f,f) — ||f2J'|| U1 BCEX
f=U1) €EFug=(f,fo Ma1(K, h; 2) [, +f2J'): fzJ' L My (K, h; 2) fs.

CnenoBareibpHoO,

n(1,Mp(K,2)) = n(1,Ly (K, 2)). 3)

OueBHAHO, YTO COOTHOIIEHHE ((Lh(K, z) — Do, (p) >0, ¢ = (@1, 02) € Hy ® H; umeer Mmecto

TOI'JIa ¥ TOJIBKO TOT/a, KOTa

W1, Y1) + ((H11(h; K) - 211)1/12’1/12) < (Moo (K, h; z) —(Ho1 (W2, Y1) —(Hio(W) Y1, ¥2) +

+(Hy2(WR22 (2)Hiz (M2, ¥2) 4)
npu P = @q, P, = Rlll/2 (z)¢,. D10 03HauaeT, 4TO
n(l, Ly (K, z)) = n(—z, Gn(K, z)), (5)

rue
_ (—Hoo(h; K) ~Hoy (h)
Gn(K,z) = ( —H§, (h) Hyz(R)Ry2(2)Hiz(h) — Hyy (h; K)). 2)

Teneps onepatop Hi,(h) mpeacraBum B BUJE CYMMBI JIBYX OIEPATOpOB Hl(;)(h) 5§ H§1 (h) w3
Ly(T3) 8 L5 ((T3)") xax
&) 1 ) 1
(HYWH) .0 = 50:0k@.  (HS 0F) @.0) = 50@L@)-

Omneparop Dy(K,z) == Hy;(h;K) —z— Hy,(h)R,, (K, h; Z)Hz(i) (h), z < th(K) SABIISIETCS
onepaTopoM yMHOKeHHs Ha GyHKIHIO Ay (+; z), onpenenéunyio Ha T , ¥ M0ToMy OH 06paTuM. OueBUIHO,
9TO TOJOXKHUTEIbHBI KBaJpaTHBIH KopeHb D, 1/2 (K,z) omeparopa D;'(K,z) sBnsercs omepaTopom
YMHOKCHUsI Ha ()yHKIHIO A,_ll/ 2( 2).

Takum o6paszom, (G, (K, z)@,p) > —z(@, @) Torma u toabko toraa, korna (Tn(K,z)n,n) > (n,n)

npun, = @1, Ny = D,:l/z (K, z) @, ¥ cllenoBaTeIbHO
n(—z Gy(K,2)) = n(1, T(K, 2)). (6)
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U3 pasencts (2), (3), (4) u (5) nomyqaem (1).

Otmernm, uto oneparop Ty (K, z),z < T,(K) — KOMIAKTeH U HEMPEPhIBEH M0 Z.

Ecnmu BBIMONTHEHBI YCIIOBHS, YTO YHCIO COOCTBEHHBIX 3HAYEHUH, JIGKAIIUX JIEBEE CYIIECTBEHHOTO
criekTpa omneparopHoit matpuisl Hy(K), To monb3ysack npuHnunoM bupmana-1lIBuHrepa 1 HEpaBEHCTBOM
Beiina

n(A; + 1,, A1 + 4,) < n(d4,47) +n(4y, 4,)

IUTSL CYMMBI KOMITAKTHBIX ONepaTtopoB A; u A, 1 A7t MOOBIX MOJIOKUTEIBHBIX Yucel Ay U A, MOXHO
MOKa3aTh, YTO YHCIO COOCTBEHHBIX 3HAYCHHH, JISKAIIUX JeBEee CYIIECTBEHHOTO CIEKTpa ONepaTOpHOU
marpuisl Hy, (K).

[Ipuniun bupmana-IlIBuHrepa TakXke HCIOJIB3YeTCS Uil IOKa3a OECKOHEYHOCTH IUCKPETHOTO
CIIeKTpa oreparopHoii Matpuilbl Hy, (K) 1 HaX0XJCHHs U1 HETO aCHMITOTHIECKOM (hOPMYIIBI.
3akmiouenne. B nanHoii paGoTe paccmarpuBaercs omepatopHas matpuuma Hy(K),h > 0,k € TS,
JieficTByroasl B MpsIMOM CyMM€ HyJIbYaCTUYHOTO, OJHOYACTHUYHOTO M JBYXYaCTUYHOTO NMOANPOCTPAHCTBA
0o3onHOrO0 TmpocTpancTBa Doka. ITOT omepaTop COOTBETCTBYET TaMHJIbTOHMAHYy CHUCTEMBI C
HECOXPAHAIOIIMUMCS U He OoJiee TPEX YacTUL] Ha HELeJOYHCIEHHOH pemérke. OnpeneaeHo MeCTONOI0KEeHHE
CYIIECTBEHHOTO CreKTpa orepatopHoit Marpuisl Hy (K). loka3an aHanor npuHuumna bupmana-IIIsunrepa
st oneparopHoit mMarpuisl Hy (K). Vcmonk3yst 9TOT NPHHIMUIL, YTBEPKIACTCS, YTO IHUCKPETHBIN CIIEKTP
omneparopHoii Matpuibl Hp(K) Moxer ObITh KOHEYHBIM MHOXECTBOM, M MOXET OBbITh IIOJyueHa
acuMNTOTHYeCKast (opMyIia AJst JUCKPETHOTO CIETKpa.
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BJINSTHUE TAPAMETPOB CMEIIAHHOM 3AJTAYH JIJISI TUITEPBOJIMYECKOM
CUCTEMBI C HEJIOKAJIBHBIMHU XAPAKTEPUCTHYECKUMHU CKOPOCTSAMMU HA
JUCKPETHYIO ®YHKIHUIO JIAITYHOBA

Anumosa Bacuna baxooupoena,

doxkmopanm Hayuonanwnozo ynusepcumema Y3oexucmana
umenu Mupso Yuyeoexa, Tawxenm, Y36exucman
vasilarobiyaxon@gmail.com

Annomayus. B oannou pabome ucciredosana 3adaua cmabuiuszayuy NOJONCEHUs pasHO8ecusi OJis
2unepboIUYecKoll cucmemsbl ¢ NOJOHCUMENbHBIMU HELOKANbHbIMU XAPAKMEPUCMUYECKUMU CKOPOCMAMU U
nozpewHocmyio usmepenus. Illpusedena nocmanoska 3a0auu CMEWAHHO20 YNpaeienuss Ol OAHHOU
eunepbonuueckoll cucmemvl. Ilocmpoena oOuckpemnas @yukyus Jlanynoea, u npusedena meopema

YCMOUYUBOCMU — COCOSHUS  PABHOBECUs  HAYANLHO-KPAEBOU pPA3HOCMHOU 3a0a4u npu |2—Hopﬁ4e
OMHOCUMENLHO OUCKPEMH020 803myujenus. [lonyuenvl pe3yibmamel YUCIEHHO20 peulenus eunepooIuiecKon
cucmemol, cocmosawel U3 08yX YPAGHEHUll C NOJONCUMENbHLIMU HENLOKANbHLIMU XAPAKMepUCmUuyecKkumu
ckopocmamu. H3yueno eiusHue napamempos 3a0ayu Ha YCMOUHUBOCMb HUCIEHHO20 pPeuleHus 3motl
cucmemul.

Knroueevle cnoea: cunepbonuyeckoe ypasHeHue, HeNOKAAbHAS XAPAKMEPUCTNIUYECKAS. CKOPOCHLb,
VCMOUYUBOCb, ABHASL PA3HOCIMHAS cXeMda, OucKpemuas Qynxyus Jlanynosa.

INFLUENCE OF MIXED PROBLEM PARAMETERS ON THE DISCRETE LYAPUNOV
FUNCTION FOR A HYPERBOLIC SYSTEM WITH NONLOCAL CHARACTERISTIC
VELOCITIES

Abstract. In this work, the problem of stabilizing the equilibrium position for a hyperbolic system with
positive nonlocal characteristic velocities and measurement error is investigated. The problem of mixed
control for a given hyperbolic system is presented. A discrete Lyapunov function is constructed and the

theorem for the stability of the equilibrium state of the initial-boundary difference problem at the 1 —norm
relative to the discrete perturbation is given. Results of the numerical solution of a hyperbolic system
consisting of two equations with positive nonlocal characteristic velocities were obtained. The influence of
the problem parameters on the stability of the numerical solution of this system was studied.

Keywords: hyperbolic equation, nonlocal characteristic velocity, stability, explicit difference scheme,
discrete Lyapunov function.

NOLOKAL XARAKTERISTIK TEZLIKLARGA EGA BO‘LGAN GIPERBOLIK SISTEMA
UCHUN QO‘YILGAN ARALASH MASALA PARAMETRLARINING DISKRET LYAPUNOV
FUNKSIYASIGA TA’SIRI

Annotatsiya. Ushbu ishda musbat nolokal xarakteristik tezliklarga va o ‘Ichash xatoligiga ega bo ‘Igan
giperbolik sistema uchun muvozanat holatini turg ‘unlashtirish masalasi o ‘rganilgan. Berilgan giperbolik
sistema uchun boshqaruv aralash masalasining qo ‘vilishi keltirilgan. Diskret Lyapunov funksiyasi qurilgan

va diskret qo ‘zg‘alishga nisbatan 12 —normada boshlang ‘ich-chegaraviy ayirmali masalaning muvozanat
holatining turg ‘unlik teoremasi keltirilgan. Musbat nolokal xarakteristik tezliklarga ega bo ‘lgan ikkita
tenglamadan iborat giperbolik sistemani sonli yechish natijalari olingan. Ushbu sistema sonli yechimining
turg ‘unligiga masala parametrlarining ta’siri o ‘rganilgan.

Kalit so zlar: giperbolik tenglama, nolokal xarakteristik tezlik, turg ‘unlik, oshkor ayirmali sxema,
Lyapunov funksiyasi.

BBenenne m mocrtaHoBka 3agauM. PaccMOTpUM CIIEAYIOIIYI0O CHMMETPHUYECKYIO THIEPOOIMUECKYIO
cucreMy:
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SMAW)S, =0 te[0-), xe[od] ®

M(A(t))0 dizg (s (a (1), (& (1)).- .14, (a (1)),
O0(W -4, Ao @ (t).a(t)..a.0))

TAC XapaKTCPUCTHUCCKHUE CKOPOCTH M(A(t)) 3aBUCAT OT HUHTCTrpaja HCU3BCCTHOI'O BCKTOpPa

rae

(hyHKIINY TI0 BCEH 00J1acTh 01
A(t)=]'0(tX)ck, te(0-40). @
Hauanpable ycmoBust 1t cucteMsl (1):
U (O, x):ﬁb(x), X e[O,l]. 3)
3nece D(X)[1(@(X), @ (X);. - @, (X)) - sanannan navansmas sexrop dymcums.

B o310l pabore orpaHnumMBaeMcs ciy4daeM, Korga (QYHKUMH XapaKTEPUCTHYECKHX CKOpPOCTEH
MOJIOKUTENBHBIE, T.€. M(A(t)) >(. B takom ciyuae U3 TeOpHH THIEPOONIUECKEX CHCTEM H3BECTHO, UTO

TpaHUYHbIEC YCIOBHS st cucTeMsbl (1) TpeOyroTcs TONBKO Ha JIEBOW TpaHHIIe, IPU x=0:
M(A(t))O(t,0)=Mt), 8
rae V(t)D (V1 (t),V2 (t),. . .,Vm (t))T - BEKTOP-(QYHKIUS YNPaBICHHUS, KOTOPasi UCTIONB3YETCs IS
yIpaBlieHHs CHCTEMOM, T.e. 0OecrmedeHneM YCTOHYMBOCTH PaBHOBECHOTO COCTOAHUS cucTeMbl. Ha ocHoBe
pe3ynbTaToB padot [1-2], mpu COOTBETCTBYIOLIEM BBIOOpE M(A(t)), U(t,O), V(t) MOKHO JI0Ka3aTh

KOPPEKTHOCTh MOCTAHOBKHU cMelIanHo# 3amaun (1)-(4).

B sT0ii paboTe paccMOTpUM OJWH YacTHBIM Ciy4all 3aJaHusl TPaHUYHBIX ycIOBUH. OTHOCHTENBHO
runepoonnyeckor cucreMsl (1) ¢ HEMTOKaIbHBIMH XapaKTEPHUCTHYECKUMH CKOPOCTSMH 3/I€Ch HCCIelyeM
rIo0aIbHYI0 00paTHYIO 33/1a4y CTa0MIN3aiK 3aMKHYTOH cucTeMbI (1) o 3akoHy 00paTHOM CBS3H:

v(t)-M0 =R{MAO)0E)+ 3] -MO Y, te@e). @

M MO )=deg(u(u) a(1h).- 4 (11)).
O (Ut o Rodag(pn,ar),

At)a(a(t).a)....a0)).

u riE[O,l), |=l_m - ko3 unmeHTH 00paTHOW CBs3U, a U*, I q* >O, i:Lm_ 3aJaHHOC

rue

paBHOBECHE W Z(t - OFPaHMYEHHOE BO3MYIIEHUE. 3aMETHM, YTO MpPH 33JaHHOM PaBHOBECHHM 3HAUCHUE
XapaKTEePUCTUIECKOH BEKTOP-(PYHKINY BEIYUCISETCS CIEAYIONINM 00pa3oM:

MAWD),. =M(0)

B mactosmelt paboTe OrpaHMYHMBAEMCS CIEIYIONIMM CEMEHCTBOM XapaKTEPHCTHUECKHX CKOPOCTEH
THNA

H(S):Qilrs’ Se[O,+oo), i=Tmc P>0 Q>0 We{lz..,m}. (6)

Utak, paccMOTpUM CIEIYIOUIYIO 33/1a4y YIPABICHUS
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%+M(A(t))% —0, te(0,40),xe(02),

0(0,x)=0,(x), xe(021),

V(t)-MU =R{MAL)[0(t)+A{L)]-MU'}, te(040), @
M(A(1))0(t,0)=W(t), t€[0,40),
| A)=[0(tx)ck, te(0+0)
re U -nomeramas  onperenermo  nexrop-gymaun,  M(A(t)) €C([0400),R ™).

N\

mxm
AuaroHajibHasi Marpuna (I)YHKI_II/IPI XapPaKTCPUCTHICCKUX CKOpOCTeI/I,]{+ - HNPOCTPAHCTBO KBAAPATHBIX

Matpurl pasmepHocTd [TIXIT], 3JIEMEHTBI KOTOPBIX SIBISIOTCS OTPAaHUYCHHBIMU  TOJOXKHUTECIHHBIMU
(YHKIHMSIMH OT L, A(t)- WHTETpai 1o X mo Bceit obmactu 0,1 OT HEU3BECTHOW BEKTOP (hYHKIIMU U (t, X),
V(t)— SIBISIETCS.  KOHTPOJLIEPOM, R -IUaroHaNbHash MaTpUIla OOpPATHOW CBSI3HM, DJEMEHThI KOTOPBIX

*
MMpUHAJICKAT IIOJYHHTCPBAILY [O,]-), U - ABJIACTCA COCTOAHHMEM PAaBHOBECHUS, Z(t)- ABJISACTCA

OTPaHWYEHHBIM (33JaHHBIM ) BO3MYIIIEHHUEM.

DKCNOHEHINAJIBHAS YCTOWYMBOCTh YMCJIEHHOTO pelleHusi. B 3ToM pasnene Mbl pacnpocTpaHsieM
MOJTyYeHHBI HAMHU Pe3yJbTaT 3KCIOHEHIMATBFHOW YCTOWYHBOCTH pemeHus auddQepeHnanTbsHON 3a1adm.
Crnenyromue pe3yyibTaThl OCHOBAaHBI HAa TEX K€ OICHKAX, YTO M B TPEABIAYIIEM pa3jieie, W SBISIOTCS
HEOOJIBITTNM PACITUPEHUEM JOKa3aTeILCTBA, IpeacTaBiaeHHOro B ([2], pa3aen 4.2).

Kak u B ([2], pasznen 4.2), Mbl IpUMEHHUM JJII YUCICHHOTO pacdyéra cucTembl (7) MPOTUBOTIOTOYHYIO
pasHOCTHYIO cxemy. JlIsi 3TOro AWCKPETH3MpPYEM IPOCTpaHCTBEHHYIO ob6macts [0,1] ¢ momorsio

1) . —
PaBHOMEPHOI CETKH Qﬁ = XJ =)= h, J:lJ , h—1ermo X
2
AnnpokcumMupyem Alt no ¢opmyse:

A D(lak,zak,. . ,mak)T, a =h2u?, k={012..}. ®)
=i

Jlanee onpenenuM JUCKPETHOE 3HAUCHHE M

MDM(AK)Ediag(lﬁf,zmme),
Ao d ) yore-2ileds Q>0 i=Im ©)

IIpennonoxum, uro BeioHEHO yciaoBusa Kypanra-Opunpuxca-JleBu:
T
0<Rp M <E k={12..4,
k 1 k k k
A =d|8g(1/1 A e e a g A ) (10)
7 =11Hr 110 BpCMCHIL

J1 9ricneHHOTOo perieHus ciucTeMsl (7) mpeaiaraeM IpOTHBOIIOTOYHYIO Pa3HOCTHYIO CXEMY:
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0 =(1-7 )0 + RO, j=13; ke{01..);

0 =RO +(E-R)(M ) MU +R&", ke{01..);
\ UjO:UO(Xi)’ j=0J.

R=dig(,r,,f,-..,F), M :diag(ly(lu*),Zy(zu*),..,my(mu*)), (11)
v) =(1u*,2u*,.., mu*)T, o :(1ujk, T mujk)T A (15*, O mé*)T.

BBGI[éM B paCCMOTPCHUC CICAYIOINEC MATPULIBIL:

I\

k

U AU e U s e U U 1),

mxJ
A

* * * * )

U ey U yeeeey U Uy U,

U diag| U, ,U,.., U, U, U,.., .

K -
A dlag(lé*,zé*,..,mé*).
r— *
Onpenenenue 1. Ilyctb d>0. CocrosHIE PaBHOBECHS U Ha4YaJIbHO-KPaeBOil pa3HOCTHOM 3a7auu
o 2 .
(11) saBnseTcs yCTOHYHMBEIM B | -HOpM€ OTHOCHTEIHHO JHCKPETHBIX BO3MYIIEHHH, KOTOPBIE

k —
YAOBJIICTBOPAIOT MaTpUYHBIM HEPaBCHCTBaM Z S:ﬁ kE{lZ-oo}, €CJIN CYHICCTBYIOT IIOJIOKHUTCIILHBIC

BEIIECTBEHHBIE KOHCTAHTEI ;>O, ; >0 u é’s >0 Takme, yTO M MOOOTO HAYANBLHOTO YCIOBHS

Ujo, j e{lZ, . ,J} peliieHue Djk, k e{lZ . }, j E{].,Z, . ,J} HayaJbHO-KpaeBOM pPa3HOCTHOU

3amaun (11) ynoBieTBopseT HEpaBeHCTBY:

[0-0], <ze¥ |0 -0, +Zm(a]), kella.d, w2
rac _
U U
U % U % , A =rrax|ié‘|.
O U
nu

|o-o hZ([Uf ol[o-o]) kefor.}

R Y,
Onpenenenne 2 (Juckpernas ¢pynkuus Jlsnynoa). ['oBopsr, yto QpyHKIMSA L:y™ —)y; SIBJICTCS

IACKpeTHOW PyHKIHeH JIamyHOBa 71 Ha9aIbHO-KpaeBoi pasHocTHOH 3anaun (11), ecu
0] CYIECTBYIOT MOJIOKHUTEIbHbIE KOHCTAHTBI ] >0u 2 > 0 Taxwue, uro wms

peex K E{O,l. }
7o o <U(0)<z|u -u], )

(i) CYLIECTBYIOT MOJIOKUTEIIbHBIE KOHCTAHTHI 77>0 u V>0 TaKue, 4TO I

BCEX kE{O,l . }:
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L(U*lk |—(U ) < _,7|_(U )+ V(Zk A )2 :

I[Jlﬂ YIpOUICHUA 0003HauCHUI B ﬂaﬂbHeﬁIﬂeM MbI 6yI[CM OMMpeACIAThL MMOCICA0BATCIBHOCTD

JIUCKPETHBIX 3HAYEHUI Lk KaK
L=L(T), kefod,..}
k o .
urne U sagannoe peleHne HadaubHO-KpaeBoil pasHocTHOU 3amaun (11).

Teopema. (uckpeTHas ycTOMYUBOCTD AJIS CIy4ast U ZO). [Ipennonoxum, uto ycinoue KOJI (11)

BEITIOTHEHO. [lycTh Ea>0. Jna xaxmaoro U, YAOBJIETBOPSIONIETO MAaTPUYHOMY HEPaBEHCTBY UZO

KaXJ10TO R YAOBJIETBOPSIIOLIETO MAaTPpUYHOMY HEPABEHCTBY OSR <1, Ka)XJ10ro U>0 W Ui JIIOOBIX

Ha4vYaJIbHBIX JAHHBIX U) YAOBJIETBOPAKOIIMX MATPUIHOMY HCPABCHCTBY C -UJ 20, u

| -U

pasHocTHOM 3amaum (11) ymoBieTBOpsieT MAaTPUYHBIM HEPaBEHCTBAM U ZO, kE{O,l}, a

’ <U (14) pemenue U HavyallbHO-KpaeBon

o o o 2
CTallMOHAPHOC COCTOSAHUC U Ha4YaJIbHO-KPAaC€BOW PA3HOCTHOMU 3adaqun (11) SABJIACTCA YCTOUYHBBIM B I -

. . k .
HOpPME OTHOCHUTEIHHO JII000H JUCKPETHOW (QYHKIMH BO3MYIICHHUS Z, kE{O,l} , TaKOW dYTO

CIpaBeJIMBO MaTPUYHOE HEPABEHCTBO A <=

BorunciaurtenbHblii  3KkcmepuMeHT. B 3TOM pasgene B obnactu XE[O,].] paccMoTpuM
JUAarOHAIBHYIO THIEpOOJIMYECKyI0 cHucTeMy 2X2 Juii uHBapuaHToB Pumana U u V. Hcnonb3yem
MOJIOXKUTEINIbHBIC HEJIOKAJIbHBIE XaPAKTEPUCTHUUECKHE CKOPOCTH ﬂi, ﬂz 3aBUCSIIUE OT MPOCTPAHCTBEHHBIX

uHTerpanoB U u V. IIpuMeHsieM auccUmaTHBHBIE TpaHudHble yeiaoBus mpu X =0 suaa U(0,t) = -k* mean(u),
v(0,t) = -k* mean(v). uckpeTu3upyeM rurnepO0InIecKy0 CUCTEMY C MOMOIIBIO SIBHOW Pa3HOCTHOM CXEMBI
NPOTUB IOTOKAa (3Ta CXeMa MOJXOIHUT, IOCKOJBKY XapaKTEPUCTUYECKHE CKOPOCTH IOJIO0KUTEIbHBI).

1
2
BrluucisieM JUCKPETHYIO 3HEPIHIO E(t)zjo(u +V2)d>( U YHCIIEHHO IOKAa3bIBAEM HKCIIOHEHLUAILHOE

yObIBaHME. 3HAUCHHUS MMapaMEeTPOB 3aJa4dl BBEIOpAHBI Ui HArJSAHOTO OTOOPaKEHHS SKCIOHECHIIMAIBLHOTO
yOBIBaHUSL.

B o6mnactu {(X,t):XE[O,l],tZO}paCCMOTpHM JMaroHaJIM30BaHHYIO (B TMepeMeHHbIX Pumana)

CUMMETPHUUECKYIO 2X2 CUCTEMY:
qu+4(t)ou=0,
ov+4,(t)ov=0
I7I€ XapaKTepHUCTUYECKHE CKOPOCTU ﬂi(t), /’Iz(t) 3aBUCST HEJNOKAIBLHBIM 00pa3oM OT pelleHHs

(depe3 nHTErpajIsl Mo MPOCTPAHCTRY):

A)=a+aluxta  A0=b+] Wtk
c a,b>0 u  kodpdummenramun O ﬁ TakUMH,  4TO ﬂlz (t)>0 (rapanTHpyeTcs

OTCEUYKOM/TIONI0KHUTENBHON KOHCTPYKIIUEH).

Hauansnsle ycioBus:
UX0=4(, VX0 =Yy(x)

Y JIMCCUNATHBHbIE TPaHUYHbIE YCJIOBHS Ha BXOJSIIEM KOHIIE x=0 (Tak Kak XapakTepuCTUYECKHUE
CKOPOCTH TOJIOKUTENIbHBI — XapaKTEPHUCTUKU UCXOJIAT CIEBA):

uO) :—k—i_LLu(x,t)dx, v(O1) =4<% [rvxtyo

rie K>0— ko3 ument auccunanum (oOpaTHas CBS3b), L=1 5w TpaHUYHBIE YCIOBUSA
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obecnieunBarOT paccessHUe SYHEPTHH Yepe3 TpaHuIly (JTMHeHas oOpaTHas CBS3b M0 CpeTHEMY 3HAYECHHIO).
OHeprus (B HENPEPHIBHOM IMOCTAHOBKE):

B = [ +)o

Lenp: moka3aTh SKCHOHEHLIMATFHOE YObIBaHNE TUCKPETHOM SHEPTHUH NTPH BEIOPaHHOH cXeMe.
Cerka: paBHoMepHast, mar mo X—/X, o Bpemenn AL .

Tak kax 212 (t) >0, MIPUMEHUM OJTHOCTOPOHHYIO MTPOTUBOTOYHYIO PA3HOCTHYIO CXEMY:

Al .
W=y - L AW-), i=1lN-L
u IJOthl 3a/1aéTCsl TPAHUYHBIM YCIOBHEM L{}nﬂ =—k'(;[ﬁIlI-E€(Un ) Ananorn4no st V. Vciosue

CFL: MBX, ﬂ(t)%( <1 (na npakrtuke B3sto CFL=0.9).

JuckperHass omeHKa YObIBaHWsl JHepru. JUi1 NpPOTHBONOTOYHOM pa3HOCTHOM CXEMBI IpU
MOJIOKUTENBHBIX XapaKTEePUCTHUECKUX CKOPOCTAX CTaHAAPTHO MOJIydaTh AlpHOPHYIO OLEHKY SHEpruu 3a
c4€T rpaHuyYHOro BKiaja. [Ipocreiimas nuckpeTHas SHEPIus

_ n\2 2
B = S (W + o) )

i=0 )
mpu OOHOBJIEHWHM MA€T WIEH, COAEPIKANINA pa3HOCTh KBajpaTa W TPAHUYHBIA BKIAX OT 1=0.

1 N
Bbmaromaps AHUIHOM ciopmro U Z—kUn MOJIy4aeTcsl BKJIAN IIOpsiaKa —CkAtEn JIMHENHBIA
psa 1p yy JTyd p

OTpHHaTGHBHBIﬁ BKJIaJd B 3Hepr1/110) npu HEOOIBIIINX OpCANOJIOKCHUAX O 3HAKaX — 3TO ,I[aéT HCEPABCHCTBO
BHUIa

E* <(-cA)E

C HEKOTOPBEIM c>0 HPOMOPLUUOHATBHBIM K (M 3aBHCAIIUM OT Pa3MEPOB MHOYKHTENCH), OTKYAa IO

HATEpAIUn
E'<P(l-cA)' ~Be™ =E¢*.

To ecTb SKCIIOHCHIMAJIbHAs yCTOfI‘lI/IBOCTB AUCKPETHOTO PCHICHU.

I/ITaK, YUCJIICHHO IIOKa3aHO, 4YTO IpH BI)I6paHHI)IX TMOJIOKUTCIBHBIX HCEJIOKAJIBHBIX CKOPOCTAX H
JIMHEHHO AUCCUIIATUBHBIX I'PAHUYHBIX YCJIOBHUAX OUCKPETHasA SHEPIUsd y6I:IBaCT OKCIIOHCHIMAJIBHO. 9t0
HNOATBEPKAAET UHTYUTUBHO KOPPEKTHOCTh JUCKPETHOTO JIAImyHOB-aprymeHra.

Hrax HImKe I[aéTCfI YHCIICHHBIN MpUMEp U CMOJACINPOBaHa MOBEACHUEC JUCKPETHOTO P CIICHMSA. Hixe

HpI/IBe)IéM (I)OpMyJ'II/IpOBKy 3aa4ud, AJUCKPCTU3ALNIO, OICHKA yCTOfI‘IHBOCTH n JaauM KpaTKo€ pPE3roME
IMOJIYYCHHBIX YHUCJIICHHBIX PE3YJILTATOB.

Exponential decay of discrete energy (semilog plot)

Jlu™2+v~2) dx
= = =
¥ 99

i
o
A

1075}
lo—b -

10—!’ L

Discrete energy E(t)
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Snapshots of u(x,t)

uiet)

0.2

o1

oo e, — e — —

0.0 0.2 0.4 0.6 0.8 1.0
*

Snapshots of v(x.t)
0.2
v att=0.00
vatt=2.00
v at =400
vatt=800

wix
s

-0.31

o0 0.2 0.4 0.6 0.8 10

Baunsinue mapamerpoB 3agaun. Vzyuum BimsHue mapamerpoB ( kK , ¢, f, a , b) U HavyalbHBIX
naHHbIX Ha Y . [IpoBeném cepuio SKCIepUMEHTOB (TapaMeTpHIECKUI aHaIN3).
ITpoBoaum mapamerpuyeckuii aHanu3 (one-factor-at-a-time) mis mapamerpos (K,a', /f,a,b) u

AMIUIUTYAbI HA4adbHBIX JaHHBIX.
Effect of k on gamma

gamma (decay rate)

0.5 1.0 15 20 25 30 35 40
K

Effect of alpha on gamma

T

1.9075

1.9070 |

1.9065 |

gamma (decay rate)

1.9060 |

1.8055¢k

0.0 0.2 0.4 0.6 0.8 1.0 1.2
alpha
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Effect of beta on gamma

0.0 0.2 0.4 0.6 0.8 1.0
beta

3akmouenue. B nanHO# paboTe mccienoBaHa 3ajada cTaOMIM3ALMM TOJIOKEHUS PaBHOBECHS IS
TUIEPOO0INIECKONl CUCTEMBI € MOJOXHUTEIBHBIMU HEJOKATbHBIMH XapaKTEPUCTHYECKHMMHU CKOPOCTSIMH U
MOTPENIHOCTRI0 HM3MepeHud. [IpuBeneHa mNocTaHOBKA 3ajjaud CMEIIAHHOIO YIpPaBIEHUS AN JAHHOM
runepbonndeckoil cuctembl.  Iloctpoena nuckperHas ¢ynkuus JlamyHoBa, M IpuBeneHa Teopema
YCTOMUMBOCTH PaBHOBECHOTO COCTOSIHHS HA4aJbHO-KPAaeBOM pAa3HOCTHOM 3ajaud NpH HOPMaJIbHOM
OTHOCHUTENHHO AMCKPETHOI'O BO3MYIIeHUS. [loTydeHbl pe3ysibTaThl YUCIEHHOTO PEICHHS TUIepOoIndecKon
CUCTEMBI, COCTOSILIEM M3 JByX YpPaBHEHUH C IOJIOKHUTENbHBIMH HEJIOKAJIBHBIMH XapaKTE€PUCTUUYECKUMU
CKOpOCTSIMH. [3y4eHO BIMsAHME MapaMeTpOB 3aJaydl Ha YCTOWYMBOCTb YHCJICHHOTO DELICHUs AaHHOW
CUCTEMBI.
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MATHEMATICS
VK 519.633.6

O HETEPOBOCTHU CUHI'YJISIPHBIX UHTET'PAJIBHBIX OITIEPATOPOB C
PACTATUBAIOIIMM CJIBUT'OM B OBOBIIEHHBIX TPOCTPAHCTBAX I'EJIbJEPA

Mamamoe Illamcuoun Kapuiueguu,

Ypeymcekuii ¢punuan Camapranockoeo 20cyoapcmeeHHo2o
yHusepcumema umernu Lllapogpa Pawuoosa

Yemonoe baxmuép 3oxuposuu,

Ypeymcekuu ¢punuan Camapranockozo 20cyoapcmeeHHo2o
yHugepcumema umenu Lllapogha Pawuoosa

Yayz6exoea A3uza Yny2oex kusu,

Ypeymcexkuii ¢punuan Camapranockoeo 20cyoapcmeeHHo2o
yHusepcumema umernu Lllapogpa Pawuoosa

mamatov shamsiddin @ samduuf.uz

Annomayua. B cmamove paccmampugaiomcs 60npochl HemepOo8OCMU CUHRYIAPHBIX UHMESPAIbHbIX
onepamopog ¢ HeoOpamumMbiM  cO8UCOM U obpamumocmu 00HO20 onepamopa 6 0000w EHHbIX
npocmpancmeax 1 envoepa. Pesynomamul obpamumocmu @QYHKYUOHANLHLIX ONEPAmMOpPO8 HANpAasieHsvl Ha
NPULOACEHUS K MEOPUU CUHYTIAPHBIX UHMESPATbHBIX ONepamopos ¢ HeOOPAMUMBIM COBULOM 8 000OUEHHBIX
npocmpancmeax I envoepa.

Kniouesvie cnoea: Banaxoeo npocmpancmeo, Qymkyus cosuea, A0po, KoAOpo, CHeKmpaibHblil
paouyc, 0bpamumbvlii.

UMUMLASHTIRILGAN GYOLDER FAZOLARIDA CHO*‘ZILGAN SILJISHLI
SINGULYAR INTEGRAL OPERATORLARNING NEYTERIYA XOSSASI HAQIDA

Annotatsiya. Magolada teskarilanmovchi siljishli singulyar integral operatorlarning Nyoter operatori
bo ‘lishlik shartlari o ‘rganilib,dastlab tatbiqgi teskarilanmovchi siljishli singulyar integral operatorning
Nyoter operatori bo ‘lishlik shartlarida qo ‘llaniladigan  bir funksional operatornining teskarilanuvchi
bo ‘lishlik shartlari umumlashgan Gyolder fazolarida konturning siljish funksiyasi cho zuvchi bo ‘lgan hol
uchun qaraladi. So‘ngra, cho zuvchi siljishli singulyar integral operatorning umumlashgan Gyolder
fazolarida Nyoter operatori bo ‘lishlik shartlari o ‘rganiladi.

Kalit so‘zlar: Banax fazosi, siljish funrsiyasi, yadro, koyadro, spectral radius, teskarilanuvchi.

ON THE NOETHERIAN PROPERTY OF SINGULAR INTEGRAL OPERATORS WITH
STRETCHING SHIFT IN GENERALIZED HOLDER SPACES

Abstract. The article considers the Noetherian properties of singular integral operators with
irreversible shift and the invertibility of one operator in generalized Holder spaces. The results on the
invertibility of functional operators are aimed at applications to the theory of singular integral operators
with irreversible shift in generalized Holder spaces.

Keywords: Banach spase, bounded function, operator Noetherian, kernel,cokernel.

BBenenne. IHTeHCUBHOE CHUCTEMAaTHYECKOE M3YUEHUE YPaBHEHH, B KOTOPBIX MpeJesIbHbIC 3HAUCHUS
WUCKOMBIX (DYHKIIMA BBIYUCISIOTCS B PA3JIMYHBIX TOYKAX HECYIIEro KOHTYpa, CBSI3aHBI C CHHTYISPHBIMHU
HUHTErpo-(QyHKUUOHAILHBIMU yPaBHEHUSIMH M COOTBETCTBYIOIIMMH UM OIEPaTOpPaMHu, Y KOTOPBIX JIMHUU
0COOCHHOCTEH sep 3a0ar0TCs 0TOOPaKEHUSAMH (CABUTAMH ) KPUBOW HHTETPUPOBAHMS HA CeOsl.

Merton HcclenoBaHUS W XapakTep MOIy4aeMbIX IUIS CHUHTYJSPHBIX HHTETPajbHBIX OIEpPaTOpOB CO
CIBUTOM pE3yJIbTATOB CYIIECTBEHHO 3aBHUCAT OT TMPOCTPAHCTB, CBOWCTB KO3 ¢uuuentos a, d
(YHKIIMOHAIILHOTO OTepaTopa, PYHKIUHU CIBUTA U KOHTYPA UHTETPUPOBAHUSL.

B ocHoBomosararomux st 3toi npodnemaruku uccnenoanusx I'.C. JlntBuHuyka[1], mocBAmEHHBIX
MOCTPOCHUIO Teopuu HeTepa CHHTYISIpHBIX MHTETPALHBIX ONEPATOPOB, U3YYaJCs CIIydald TepUOIUIeCKOTO
muddeomMopdu3Ma Py MPEAIOI0KEHHH HETPEPHIBHOCTH KO PHUIIUCHTOB.

HamomHnM,4TO THHEHHBIN OrpaHUYEeHHBIA OMEpaTOp HA3BIBAETCSI HETEPOBBIM, €Clii 00pa3 omeparopa
3aMKHYT, a Pa3MEPHOCTb sIIpa U KOsApa KOHEUHBI.
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BecoMmblii BKJIan B Pa3BUTHE TEOPUM CHHIYJISIPHBIX HWHTETPAIBHBIX OINEPATOPOB C TaKUM CIBUTOM
srecnn H.K. Kapanersui u C.I'.Camko [2 — 4] , H.A. Kpynauk u B.U. Hsra [5] u apyrue. [Togdepkuém,
9T0 BO BCex paboTaxX, TMOCBANIEHHBIX CHHTYJSIPHBIM HMHTETPaJbHBIM OlepaTopaM CoO  CIBUTOM,
NPEANOJIaraisoch, YT0 0TOOpaXkeHue (CIBUT) IEHCTBYET Ha KOHTYpE HOCHTEINIEH roMeoMOp(HO.

Teopusi ¢ HeoOpaTUMBIM CABUTOM TOJBKO HAYMHAET CO3JaBaThCsl. B 3TOM HanpaBleHWU NEpBbIN 1I1ar
cneman ObuT B padotax FO.Jl. Jlarymkwmna [6] B mpocTpanctBe Lp. UTO KacaeTrcss TEOPUH HETEPOBOCTH
VHTerpajbHbIX ONIEPaTOPOB € HEOOPATUMBIM CIABUIOM B OOBIYHBIX M OOOOLIEHHBIX NPOCTPAHCTBAX
I'enpaepa, To OHa 10 MOCJIEAHEr0 BpeMEHH He u3yvaiack. TakuM 00pa3oM, B HACTOSIICH CTaThe pe3yabTaThl
0 (QyHKIMOHANBHBIX OIEpaTopax M 00 omepaTropax B3BELICHHOI'O HEOOpaTUMOTO CIABUra HAIpaBJICHbI Ha
MPUIOKEHHS K TEOPUH CUHTYJSIPHBIX WHTETPAIBHBIX OTNIEPaTOPOB ¢ HEOOpATUMBIM CIBUTOM. B To e Bpems
HCCIIeIOBAHUE TAKUX ONEPAaTOPOB IPENCTABIISIET 3HAUUTEIbHbIN CAMOCTOSTENbHBIA HHTEPEC.

IIycte I'- mpocroit 3aMKHYTHIA Thagkuii — koHTyp,d — suametrp',a — muddepenumupyemoe
otobpaxenne ( caur ) I Ha cebs, a ()= 0, t€T. Cormacmo [1] uepes ® oGo3HaumM Kmacc
HeoTpuuarenbHbIX QyHKuuid w(6) # 0 3aganubiX B mpoMexxyTke (0,d | ¥ yIOBIETBOPSIONIHMX YCIOBUSIM:

a) w (9) sBIseTCS MOJYJIEM HETIPEPHIBHOCTH,

5 cd w(t)
6) SuplSE(O,d]mfo mdt< +o0 .

B kadecTBe xapakTepuUCTUKH HenpepbIBHBIX Ha I” hyHKUMil BEIOMpaeTcs MOoYIb HENPEPHIBHOCTH
w(f,8) = supje—r<slf () = f(DI, § € (0,d].

Omnpeneaenue 1. Kommnekcrnas ¢pynkmus f(t) npuramiexur kiaccy H,,(I'), ecnu oHa omnpeneneHa Ha
KpuBoii m ynosnerBopsier ycnosuo  w(f,6) < crw(6),6 € (0,d], rae w(8) € ®,cr— mnocrosHHas,
3aBucsmas or Gpynkuuu f(t).

HUssectho, uto H,, () craHoBuTcst GaHAXOBBIM MPOCTPAHCTBOM, €CIHM BBECTH HOPMY CIICAYIOIIHM
obpazom:

-— _f'6
1f ey, ) = Nf leery + supseco,al waf((;)) :

IMpocrpanctBo H,,(I') HazoBéM 0000ImEHHBIM TpocTpancTBOM Ienbiepa. B wactHocTH, ecmn w(d) =
6* (0< u < 1), 10 Hy,(I') mpespamaercs B o0ObaHOe npoctpancTtso Ienbaepa H,(I'). 3amerum,uro s
moboi pyakimuw (§) € © cymecTByrot nocrosiHubie 0< yu < v < 1, ¢4, ¢, > 0 takue ,uto € € (0; 1)

u § € (0; d] BemonHseTcs

B v < w(&8) < "
Cre¥ S U5 S GE (1)
[lyctp £-MHOXeECTBa (PUKCHPOBAHHBIX TOUeK | .

Omnpenenenne2. Oyukmusa ©(5) NpUHAAIEKUT MHOKeCTBY Dy, ecnmt w(6) € ® u s mobdoro

. w(kd
nocrosiaHoro k> 0 cymecTByeT mpenen (lslrr(l) OR

3ametum, uto MHOKECTBO  Ugyep, Hy  HAMHOTO LIMPE MHOXKECTBA OOBIYHBIX TENbIEPOBCKHX
Gymxuuit H, , (0< p < 1). lng Toro utoObl BHMHCIHThL CrEKTpaibhblil paguyc R, (T,) onepatopa T, B
Hy(T),w € @y, cHavama BBHMUCIMM CHEKTpalbHBIA pammyc R, (T;) B mpocTpaHcTBe HY(T, 1) =

{f(t) eH,(T): f(r) =0}, 7 €T - mobas puxcupoBanHas HenoaBMKHas Touka a(t). Cormacuo [1], Hopmy
w(f,6)
w(5)
BBIYUCIICHHs CTICKTpanbHoOro pamuyca Ry, (Ty) 1 R (T,) oneparopa Ty COOTBETCTBEHHO B MPOCTPAHCTBAX

B 9TOM MPOCTpaHCTBE ompenenseM paBeHCTBOM || f 7, = supse(o,q] ,t,x € I' [Ipennaraemslii criocod

Hy(T) u HY(T,7),w € @y, cBaA3an, c OfHOH CTOPOHBI, ¢ HeoOpaTUMOCThIO ciapura a(t), a ¢ Apyroi
cTOpoHsl, co creuuduxoit npoctpancts Hy, (I). Hopmst [|-ly9 1 |-l 4,, sxBuBanenTHBI B npocTpancTse HY(

I,£). B camom nene |If |0 gy < IIf Il r).C mpyroit croponsi juis f(t)€ Hg)

Ifllery = @@ -liflle

H, CJICA0BATCIIbHO,

sl < Wfllsg e < 1@

Otmetum, uto HY(T,£) Toxke sBAseTCS GAHAXOBBIM MPOCTPAHCTBOM.

IIycts ¢ N — muCcTHOE coxpaHsIOlee OpPHUEHTAINI0 Heocoboe auddepeHITpyeMoe pacTATHBAIOIICE
(|a'(t)| > 1)oToGpakeHne MPOCTOro 3aMKHYTOTO TIagKoro koHTypa I' Ha ce6s,NE€ N,a ()= 0,t €T, N >
2.Yepe3 W o0o03HauuM oreparop HeoOpaTHUMOro ciusura, aciicrByromnmii mo mpaswiy (WI)(t)= f(a(t)), te
I',4epe3 Ty onepaTop yMHOX€EHHsl Ha 06061IEHHO IeJibJiepOBCKYI0 GYHKIHIO.

OmnepaTop B3BELIEHHOTO HEOOpaTMMOro capura Oyaem HaswiBath Ty = gW.
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Omeparop W orpanudeHHo aewictByeT B H,,(I7), 1 U1 ero HOPMBI CITpaBeIIiBa CIICIYIONas OTICHKA!

w(la®)—a(x)])
IWla,, @ < max {1' SUPtxer — =D }

Teopema 1 . Cnexrpainbubiii paguyc oneparopa Ty B Hy, ('), w € @y BeIumCIsAETCS 10 HOpMyIIE!

1
Ry(Tg) = Supkensupzer, {Gi{ k(T)} : @)
rae  Fp — MHOXECTBO HENOJBWKHBIX TOYEK @ Ha I, @y K- urepauus orobOpaxenus a, Gy (t) =
K307 (@0), 97 =lg ()] - Jim 201D

Jloka3zaTenbeTBo. [Ipekie WeM NPUCTYNUTHh K JOKA3aTeNbCTBY TEOPEMBI, NMPHUBOIMM HEKOTOPHIE
BCIIOMOTATEJIbHBIC YTBEPKICHUSL.

[lycth a -pactaruBaroniee orobpaxenue ' Ha ceOsl.

Paccmotpum aeitctByromnimii B mpoctpancree H, (M), w € @, onepaTop B3BEIIEHHOT0 HEOOPATUMOTO
cuura Tg=g W . rae g(t) € H,(I'). Jua TOoro 4roObl BBIMHUCIHTL CHEKTpaibHbIH pamuyc R, (Tg),
oneparopa Tg B Hw (I'), o€ ®,, cHavanma BerauciuM crektpanbHbiii paauyc R(Tg) omepatopa Tg B
MPOCTPAHCTBE:

HY (r,7) &{f(t)e H,(T): f (1) = 0 :f(r)=0.
7- mo6ast PUKCUPOBAHHAS HEHOBIKHAS TOUKA }

10p).
Baeném crienyromue obosnauenus: g~ (t) = |g(t) I(lsin%%%,

k-1 _ k-1 w(|ai(t)|-6)
a0=|| g@® ao=]] g @eslceim==Eo2 @)
j=0 j=0 5-0 wb
roe K € N. Go(t) =1, ter
_ limmax (x 1/k
Rw g = koo te C{Gk(t)} ) (4)
OtMmertum, uto §(t) nenpepbiBHa Ha I'. JlelicTBUTENbHO, Tak Kak @'(t) HenpepsiBHa Ha I, TO

Ve>0 38> 0uro npu [t - X|<§ umeem |a’(t) — a’(x)| To cornacHo nonyamgautusHocTH W(6) U

HEPaBEHCTBY IOJIyYacM:
. ow(ad'(t)o . o(|la’ ()]s . o(ld'®-a'x)]-8) . w(ed)
i 25— im S < oy ST < i S5 <ot pec0)

CnenoBarenbho, §(t) HempepbIBeH Kak MPOM3BEIACHHE IBYX HENpepbiBHBIX (GyHKIuUi. Kpome Toro,
HAIIOMHHUM, YTO TIPEJeN B TIPaBoii yactu (4) cyIiecTByeT COTIacHO u3BecTHOM Jemme [lofs.

Jlemma 1. CrexrpanbHblii paguyc oneparopa Ty B npocrpanctsax H (I, 7), w € ®, Bbluncisercs
COOTBETCTBEHHO MO (opMmyIe:

RO(Tg) = limmax{G, ()} " (5)
O06o03HaYNM:
Ye(t, %) = |G, () flag () — Gk(x)f(ak(x))|m, rie t,x€l, t#x,k€EN,
f(t) € (Hy (T, 1))

Crietyromye JIEMMBI CIIPABEUIMBEI JUTSI PACTATHBAIONIMX OTOOPaKEHHI.
Jlemma 2. TTycte k , ko €N; k> ky; 8>0, £>0; t, X - npousBosbHbIe Touku I'. Eciu 171t 10CTaTO9HO
Mayoro & >0 BEBIIOIHEHO |aj(t) —a; (x)| <8, j=o0, k—ky,To BEpHO HEPABEHCTRO:
1 MY\ ~ 1
G(t <C(1+20) + . (e8)") Gr(®) ————.
RiO prirery (8) + Ci(e(®)" ) G0 w(lax () -ak(®)])
31ech 1 HIKe OykBoit C 0003HaYar0TCst OCTOSIHHBIE, He 3aBucsinue ot k, @yukuus £(5) — 0 npu
6—-0;ue(0).
Jloka3aTeibecTBO. BOCIOb3yeMes TOKIECTBOM:
k-1

(6).

wl“j+1(f)—“j+1(x)

e o (o) s o)
w(lt-x]) g\% o(|aj®)-a;)|)o(ar®)-ar())

j=0
ITpu 10CTaTOYHO MAJIOM 8>0 | JIIOOBIX t, X € ' 1st KOTOpBIX [t-X| < & , BBIMIOJIHEHO
la(t) = aCOllt — x| < lat ()] + £(8)
Cornacno ompenenenuto kinacca o (cm. onp.1.3 § 1) u Bropomy HepaBeHCTBY (1.3)
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w('a(t) oc(x)| (- x))

w(|t—x|)

< @@ O e=xl) | wE@)It-x])

w(la'(®)]8) u
w(le==0) o] S Um=C = *e(@) + +Ci (@) <

w(a'®]8) (1L€(5)+C1(€(5))”)
6-0 w(6) mey '

_ w(la(®)]6)
rae Mg, = min(lm =725

[Toatomy, cornacHo (7), neBast 4acThb (6) OIEHUBAETCS CBEPXY BBIPAKEHUEM
M

~ w(8)+ ((8)) k*—ko max Sup |, w(a@®)-a@)]) . - 1
Gk—k0+1(t)(1 + ( mw) ) (t E Flg(t)l) kot t .XEF ( w(lt_xl) )k L w(|a’k(t)—“k(x)|) :

4TO U Tpedyercs Aokas3arb. JleMma mokazaHa.

3adukcupyem & > 0

Jlemma 3. Tlycte ayra 7 = [tX) € ' TakoBa, 4TO Al HEKOTOPOH KOMIIOHEHTBI CBSI3HOCTH Y
muoxectsa C npu j = 0,k , Haiinércs Takas kommonenTa cessuoctn ¥ K/) o6paza y mpu otoGpaxennn
@ j, TOTJA IS IOCTaTOYHO OOJIBIINX K BEPHA OLEHKA!

) Y (t,%) < Ce(RuC(9) + OFIIf 115 (@)
rae Ck/2 -1+ (e+C,e*) - my! npuk— oo,
JoxazaTtenbeTBo. COrNiacHO yCIOBUIO JIEMMBI, TI0 JIo0oMy & > 0 Haiaércs Takoit kg , Ui KOTOPOTO
npu j = 0,k — kg BeImonHsAETCS:

la;j(©) — a;(x)| < 6—;(8) < 8 9)
Bribepem § Tak, 4TOOBI BHITIOJHSIOCH HepaBeHCTBO £(8) < € . JIerko BUAETbH, 4TO
|f (e (1)) — f(ak(x))
Y 0 < )

116, (1)) - 1Le ) o)l |Gy (@1 ) |1 (i ()] (10))

w(lt=x|)

Hna v =1,k nmeewm:

0 <o(1+225 ) 6,© (11)

w(|t—x]) — w(lau(t) ap())
Iycth 7 — nexaruii B y(k) mpoo6pa3 KOHIIA Y — KOMITOHEHTa CBSI3HOCTH MHOXecTBa [
Nmeem
1

|Gk—v—1(av+1(x))|' |f(ak(x))| = Gk—v—l(av+1(x)) ' 0(|ay41() —ps1 ()] ' w(lav+1(x) -
@1 (D |f (@ @))] - [f (e )] - w(larx) = @ (X)) - w(jae(x) — ar(r)]) < (1 +

(e + Cieb) /my,)* v 1615“1;+11(x))||f||w _

CornacHo, pu k — o
nggx{Gk(t)}l/k — R, (Ty).
Jlemma mokasana.
[Mycts g(t)#0. tel'. 3adurcupyem t€ I', u Onmkalmyo K t TOUKy TEF -KOHEI KOMIOHEHTBI CBSI3HOCTH
y € I', congepxaiieii t€ y.
Jlemma 4. J{ns moctaTouHO 00JIbIINX K BepHa OlIEHKa!

. 1 E— Clgu
60| o 2 ) (1 - Z2) (12
Lk w(la(®)]-6)
rae C;'" - 1npuk — oo, M, —’?&x(é‘i’é w(8) )

JoxazareanctBo. J[ns modoro § > 0 Haiinércs takoi kg, s kotoporo j = 0,k — k, BBIIOIHEHO
HEPAaBEHCTBO |aj (") —qj < 8, Tak kak Moy |a'(t)| ornanén ot Hyns ua I, To mis
|t — x| < & npu mocraTouno manom § BeimonHeHo |a(t) — a(x)||t — x|~ = |a’(t)| — ()
rae €(6)— 0 upu § —0. Torma
w(a®) —ah) _ w@lx] |t —x)  w(e-lt—x))

w(|t —x|) B w|(|t—|x|) w(|t —xI])
. w(d' ®]8 e—Cy et
>
=im="e T, )
Bocnonb3oBasimck ToxaecTBoM (7), I/IMeeM'

> Ci Gy o1 () (1 — =2 Yk

1Gi (D] (|t* r) = Mgy
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Jlemma nokaszana.

Bepuémes x nokazarensctBy teopembl 1. Otmernm, uto Ty € tr(F, |- B) B H,,(I) , rae tr-matpuia
HWKHeTpeyronbHas , P, u I- P,— B3aumHuo gomnonHutenbHbie npoekTopsl B H,, (7). Cnektp P, TgP, B m P,
coctour W3 eauHCTBeHHOM Touku (7). IlockombKy @ — OTOOpaXKeHHWEe PpacTATUBaoIIee,
JJIS CIIEKTPaIbHOTO paZiuyca RY(T,) omneparopa T, B HY(T',7), noNb3yAch BhIlIe
/loKa3aHHbIMH JieMMaMH, uMeeM R)(T;) = |g(t)|. Orcrona cmenyer nokashiBaeMoe PaBEHCTBO, YTO
3aBepIaeT JI0Ka3aTeIbCTBO TEOPEMBI.

B kagecTBe cieACTBUS TEOPEMBI TTOTYYUM.

Caencreue. Crekrp omeparopa Ty B H,(I') npencrasnser coboii Kpyr ¢ LEHTPOM B Hayaje
xoopauHar paauyca R, (Ty).

Paccmotpum dyukimoHa bpHbii onepatop Buga K= al — dW,rne a,d € H,(I')

OCHOBHBIM PE3yJIbTaTOM JJAHHOTO MUCCIIEOBAHUS SABIISETCS CIEAYIOIas

Teopema 2. Cnemyronue yTBepKICHIS SKBUBAJICHTHBI;

1) Oneparop K=al-dW obparum B H,(I'), w € Py .
2) Mns dykumit a v d BeimosHAwTca (i) a(t) # 0,t € T (1) Ry (T4-14)< 1.

JoxazatenscTBo. UMmmukanus 2)— 1) oueBuzHa. JokaxeM 1) — 2). [lycTb yciosue (i) 1oKa3aHo.
Tornaa B cuity Teopemsl 1, mpeanoaoKum.uto R, (Tg) > 1. MHO>KeCcTBO 06paTHMbIX ONIEPATOPOB
d(t)
a(t)
0,tel'm  R,(Ty)>1. Vuureiag (i), 1pu HEOOXOAMMOCTH  Malo  Bo3Mymas  (QyHKIMIO
g, AJis HEKOTOPOH TOYKH T € Fj, umeem: 1)Gi(7) # 1;2)G, > 1.

Terneps MBI HaXOOWMCA B YCIOBHSX TEOpeMBbl 1, 4TO MPOTHBOpEYHT oOparnmocTh omeparopa K.
Wmmmukanus 1)— (il) mokazaHa. Joka3aTenbCcTBO WMITIMKAIIMH IOJydaeTcsl aHajJormdHo. Teopema 2
JI0Ka3aHa.

CaenctBue. Ilycteb  « — pactaruBarwliee oTo6paxkeHue I'Ha ce6sa.a(t) =0, d(t)+ 0,t €T

OTKPBITO PaBHOMEPHOU Tomosoruu. [103ToMy He yMeHbIas OONIHOCTH, MOKHO cuuTath g(t) = *

d
Oneparop K o6patum Tonsko ciesa (PF -oneparop) Torna u Tonsko toraa, koraa R, (Ty)> Lrae g = =

JleficTBuTENBHO, €civ BIMONHEHO yciosue R, (Ty)> 1, To B cuiy Teopembl 1 K obpatum
B H,T), €®, , tomko cnepa. Ilyctb Temepr K oOpatum Tosnbko creBa, HO R, (Ty) >
1. MHOeCTBO 06paTHUMBbIX TOJIBKO CJIeBAa OIIePaTOPOB OTKPHITO B PaBHOMEPHOW TOMOJOTHMH. YUYHUTHIBAs
d
a(t) # 0, 1pu HeO6XOAUMOCTH MaJio Bo3Mylast GyHKLUHUIO g = — HMeeM Ry(Tg)< 1.

Torma B cumy Teopemsl 2 K 1BycTOpoHHE OOpaTHMBIM ONEpaTop M TEM CaMbIM IOJYYHM
YTBEpPXKACHUE CIIEACTBHUA.

Tenepr nokaxkeM Kputepuii HerepoBocTH omneparopa U= K P, + K,P_ rpe P;Z%(FS),I -

TOX/]eCTBEHHbIN ONepaTop S — OMepaTop CHUHTYJSAPHOTO HHTErprupoBaHud ¢ aapoM Komu
nIercTByIONHi o hopmyIe:
(SHW=— [ Z2axxteT
Koaddumment K;-hyHKIIMOHAIBHBIA OTIepaTop BHUIA
Ki = ail-diW,i:1,2.
a;,d; € H,,(I')-oniepatopbl yMHOXXeHHS Ha QYHKIMU, W-0IepaTop CABUra onpeaeisieMblit popmynoi
(WF)(t)=f(a (1)) te T.
Teopema 3. Ilyctp -coxpaHsioliee OpHEHTALMIO OTOOpakeHHe O€3 MepHOINYECKUX OJOKOB.
Crenyroniue yTBepK/ICHHS SKBUBAJICHTHBI
1) U wrepos B Hy, (I, w € ®p;
2)K; obparum B H,(T),i = 1,2.
3) aiis GyHKIMNA a; ¥ d; BBIOJIHSICTCS
a)a; # 0,t €T; 6) R, (Ty,)< 1,i =1,2rze g;(t) = %,i = 1,2 Tlpu BbimoseHun ycioBuit 1)-2)
uHneKc oneparopa U BeUucseTcs o GopmyIe:
Ind U= indr% (13)

1
HMoxkazatenbcTBo. MMmmkaiun 3)=2)=1) u 2)= 6) npu ycmosuu a;(t) #0, t €T, i=1,2,

c1enyoT u3 KoMnakTHOCcTUWS—SW u teopembl 2. dopmyrna Ajii MHAEKCA JOKA3bIBAETCS TOMOTONMEN
oneparopa U ceMeliCTBOM OIepaToOpoB
UA = (a1|-ﬂ.d1W)P+ + (azl - de)P_,A € [O; 1],
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K omeparopy a, P, +a,P_, HHIEKC KOTOPOTro paBeH mpaBoii gacTu (13)
(cm.[7]) e

ind; ax(t) _ i{arg az (t)} ,
a;(t) 2m a; (D),

yepes {*}r 0003HaueHO NpupaiieHue HyHKITUH Zi—ig BIIOJIB .

Joxaxem umrmukaruio 1) = 3).I1ycts U nerepos B H,, (I') u 1)= a) nokasaHo.

JlocTaToYHO 1OKa3aTh YTO U3 HETEPOBOCTU
Ug)=(I-Ty)P. +P,g ="
cnenyet HepaseHCTBO R, (Ty) < 1,rae B ycrnous a) u 0) omymieH UHaeKe “i” .

IIpennomoxxum, 91O R, (Tg) > 1.MHOXeCcTBO HETepOBBIX (00paTUMBIX) OMEPAaTOPOB OTKPHITO B
PaBHOMEPHOH TOMOJOTUH .Y4HThIBas a) , popmyiy (1) U mpu HEOOXOAUMOCTH MO BO3MYIIask ()yHKIIHIO
g(t) nns HeKoTOpod Touku T € F, rae Fjp-MHOXeCTBO K-EpHOJMYECKHX TOYEK OTOOpaXXeHUs «
TpeNnoiaraeM BHIIOTHEHHBIMHA HEPABEHCTBA !

Gi(®) > 116G, ()] # 1.

Teneps Mbl HaxomuMces B yenoBusix 1) G (1) # 1 (VT € I); 2)  supgerGg (r) > 1.

Torna maiinérca nyra AC T u Takoii neBblif oOpartneiid k omepatopy A=I-T, B H, (') omeparop
A~ uto nna seex f(t)€ H,, () ¢ nocurenem suppfC A soinosnseno f€ Ker A™1 | u Mbl HaxoauMcs B 9THX
ycnoBusix. Beioepem nyry A, a Takke JieBblii 00paTHBIN K A=I-T; 8 H, () oneparop A~ L.

B cuny mereposoctu U~ = U(1,g) = (I — T4 omeparop U ~ = P,A™1 + P_ saBnsercs npaBbIM
perymsipusaropom s U~. ®ukcupyem f€ H,y,suppfc A, u touky t, mis xoropoit f(ty) # 0, f(t) €
KerA™1.

Nmeem:

FP, = P.fl = P+U~U~_1f1 ~ P, (AP, + P.)(P, A1+ P)fI =
=P, AP, A7 1=0

CrenoBarensro, omeparop f(tg)l — f(t)Py=(f(ty) — f(t)Py + f(to)P- HerepoB Kak cymma
obparumoro u kommakTHoro onpatopoB Ho (f(ty) — f(t)) Py + P_ merepos (cm[7]) B poctpanctee H,, (T)
TOr/Ia ¥ TOJIbKO Toraa koraa f(ty) — f(t) # 0,t € T..

Tak xak npu t=t; yka3zaHHbBIH orepaTop He HeTepoB. [lomydyeHHOE MPOTHBOpEUHE NOKA3BIBAET, YTO
R,(Ty) < 1.

3aBepmM TeEMeph MTOKA3aTeNbLCTBO TEOPEMBI, yCTaHOBHB uTo 1)=, a). CoriacHo CKa3aHHOMY,
JOCTAaTOYHO TI0Ka3aTh YTO U3 HETEPOBOCTH OIIEpaTopa:

U(a,d)=(al-dW)P, + P_,a,d € H,,(I')
cnenyer a(t)# 0,t € I'.
Tak xak U nerepos B H,, ('), To U(a,d) Toxe HETEpOB 1
IndU(a,d) =---{arg a(t)}r. (14)

ITycte a(ty) =0, t € . MOXeCTBO HETEPOBBIX OINEPATOPOB OTKPHITO B PABHOMEPHO# TOMOJOTHH.
Beibepem nocratouno Omuskue Kk a(t)  dynkuum a~(t) u a~(t) tak utodsr a~(t) # 0,a~(t)# 0,t €
["Torna u3 nereposoctu U(a,d) Oynets cnemoBaTh HeTepoBocTh onepatopa U(a™, d) u U(a™, d).

3ameTnM, 4TO Ui QyHKOMKA a~ ¥ a™ OyAyT BBIOJHEHBI YCIOBHS TeopeMbl. OJJHAKO JIETKO BHIOPAThH
a” u a” rak,uto inda” # inda™ a3To npotuBopeyrt (2)u TeopeMe 00 YCTOHYMBOCTH MHICKCA HETEPOBOIO
orneparopa. Teopema oka3aHa.

3aMeTuM, UYTO TpH JI0Ka3aTeNbCTBE TEOPEeMbl 2 ObUIO (PaKTHUECKH IOKAa3aHO 4YTO HETEpOBOCTH

omeparopa U ¢ HeoOpatumbiM caBuroM B H,(I') sSkBuBaneHTHa oOpaTuMocTu omepatopoB K; ,K, B
He, (D).
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