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MATHEMATICS

UDC 530.145:517.984

EXACT BOUND-STATE AND THRESHOLD ANALYSIS FOR A RANK-ONE TWO-
FERMION LATTICE HAMILTONIAN

Abdukhakimov Saidakbar Khazratkul ugli,
Senior Researcher, V.I.Romanovskiy Institute

of Mathematics,Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan

abduxakimov93@mail.ru

Shamsieva Gulasal Juraevna,

Master’s student, Samarkand State University
named after Sharof Rashidov, S

Samarkand, Uzbekistan
gulasal.shamsiyeva@mail.ru

Abstract. We study a one-parameter family of discrete Schrodinger operators associated with two
identical fermions on the one-dimensional lattice. After the Floquet-Bloch decomposition, the fiber
Hamiltonian at total quasi-momentum k € T acts in the odd subspace of L2(T) and is a rank-one
perturbation of a multiplication operator. The perturbation is generated by the second-neighbour form
factor sin 2q. We determine the essential spectrum, derive the Birman—Schwinger—Fredholm determinant,
and evaluate it explicitly below the spectral band. For every k € (—m, ) we identify the critical coupling
w.(k) = 1/mcos k/2. No eigenvalue occurs below the essential spectrum for 0 < u < u,(k), whereas for
u < u,(k) there is exactly one simple eigenvalue, given in closed form. At the critical coupling the lower
band edge is a threshold resonance rather than an L? eigenvalue. We formulate this statement in a scale of
weighted Hilbert spaces adapted to the two threshold points of the dispersion relation. The degenerate fiber
k = m is treated separately: its free dispersion is constant, and every attractive coupling produces one
simple eigenvalue. We also obtain the exact threshold expansion and the strong-coupling asymptotics of the
bound-state energy

Keywords: two-fermion lattice system, discrete Schradinger operator, rank-one perturbation, essential
spectrum, bound state, threshold resonance, Fredholm determinant.

RANGI BIRGA TENG IKKI FERMIONLI PANJARA HAMILTONIANI UCHUN
BOG‘LANGAN HOLATLAR VA BO‘SAG*‘AVIY HODISALARNING ANIQ TAHLILI

Annotatsiya. Biz bir o‘lchamli panjaradagi ikkita bir xil fermion bilan bog‘liq bo‘lgan diskret
Schradinger operatorlarining bir parametrli oilasini o ‘rganamiz . Floquet—Bloch ajratishidan so ‘ng, to ‘la
kvaziimpulsi k € T bo ‘Igan tola Hamiltoniani L*>(T) fazosining toq gismida ta'sir giladi va ko ‘paytirish
operatorining bir rangli qo ‘zg‘atilishi hisoblanadi. Qo ‘zg ‘atilish ikkinchi qo ‘shni shakl funksiyasi sin2q
orgali hosil gilinadi. Biz muhim spektrni aniglaymiz, Birman-Schwinger—Fredholm determinantini keltirib
chigaramiz va uni spektral yo’lakdan pastda oshkor ko ‘rinishda hisoblaymiz. Har bir k € (—m, ) uchun
kritik bog ‘lanish koeffitsiyentini p,(k) = 1/mcosk/2 ko ‘rinishida topamiz. 0 < u < u,(k) bo ‘lganda
muhim spektrdan pastda hech ganday xos giymat mavjud emas. Ammo, u > u,(k) bo ‘lganda, muhim
spektrdan pastda aniq bitta oddiy xos gqiymat mavjud bo ‘ladi va u oshkor formula orqali ifodalanadi. Kritik
bog ‘lanish holatida quyi spektral yo’lak chegarasi L? fazosidagi xos giymat emas, balki bo ‘sag ‘aviy
rezonans hisoblanadi. Biz bu holatni dispersiya munosabatining ikkita chega nuqtasiga moslashtirilgan
vaznli Hilbert fazolari shkalasi yordamida ifodalaymiz. Aynigan k = m tolasi alohida ko ‘rib chigiladi: bu
holda erkin dispersiya doimiy bo ‘ladi va har qanday tortishuvchi bog ‘lanish bitta sodda xos giymatni hosil
giladi. Shuningdek, bog‘langan holat energiyasining bo‘sag‘a yaqinidagi aniq yoyilmasi hamda kuchli
bog ‘lanishdagi asimptotik xulgini ham olamiz.

Kalit so‘zlar: ikki fermionli sistema, diskret Schrodinger operatori, bir rangli qo ‘zg‘alish, muhim
spektr, bog ‘langan holat , bo ‘sag‘aviy rezonans, Fredholm determinanti.

TO‘IHI)II:/'I AHAJIN3 CBAA3AHHBIX COCTOSIHUMA U IIOPOTI'OBBIX PE3OHAHCOB JIJI51
PEHIETOYHOI'O TAMUJIbTOHUAHA IBYX ®EPMHUOHOB PAHT'A O/IUH
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Annomauyun. Mol ucciedyem oO0HOnapamempuieckoe Ccemeucmeo OUCKPEMHbIX ONepamopos
LlIpéouncepa, c8A3aHHBIX C 08YMs UOEHMUUHLIMU (DepMUoHamu Ha ooHomepHol pewémrke. Ilocie
paznooicenus Dnoxe—bnoxa ubposuiii camurvmonuan npu noanom keazuumnyivce k € T Oeilicmeyem @
neuémmom noonpocmpancmee npocmpancmea L?(T) u npedcmasnsem coboii 6ozmywenue panea oOun
onepamopa ymHodicenus. Bozwywenue nopooicoaemes gpopm-gakmopom emopoil cocedueli cészu Sin 2q.
Mpui onpedensem cywecmeennviii cnekmp, 8bl8ooum onpeoderumeins bupmana—Illeuncepa—Dpedeonvma u
BLIYUCTACM €20 6 SBHOM GUOe HUNCe CNeKmpAlbHOU 30Hbl. s Kadcoozo k € (—m,m) mel HAX0OUM
kpumuueckylo koucmanmy ceazu W,(k) =1/mcosk/2. Ipu 0 < p < u,(k) nudxce cywecmeennozco
cnekmpa cobcmeennble 3navenust omcymemeytom. B mo oce epems npu > u, (k) cywecmeyem poeno oono
npocmoe cobcmeenHoe 3Hauenue, Komopoe 3adaémcs 8 seHoM eude. Illpu Kpumuueckom 3HaAueHUU
KOHCMAHMbL C8A3U HUJICHAS 2PAHUYA CNEKMPATbHOU 30HbL SGNAEMCA He COOCMBEHHbIM 3HAYEHUeM 8
npocmpancmee L2, a nopozosvim pesonancom. Imo ymeepaucoenue opmyaupyemcs 6 wkae 636eUleHHbix
2UILOEPMOBLIX  NPOCMPAHCIE,  AOANMUPOBAHHOU K  08YM  HOPO2OBbIM  MOYKAM — OUCNEPCUOHHO20
coomnouwtenus. Buipooicoennwiii cayuail k = m paccmampuseaemcsi omoenvHo. C80000HAsL Ouchepcust
A6SIEMCA  NOCMOAHHOU, U JI000e npumseusarowee 83aumMooelicmsue nopoxcoaem ooHo HpOCmoe
cobcmeennoe 3nauenue. Kpome moeo, nonyueHvl mouHoe nopo2060e PAa3iodiCeHue U ACUMRIMOMUKA SHeP2Ul
CBAZANHO20 COCMOSIHUSL NPU CUNBHOUL CE53U.

Knwouesvie cnosa: osyxgepmuonnasn pewémoynas cucmema, ouckpemuuiii onepamop Llpéouneepa,
603MYUjeHUE paHea O00UH, CYWECMBEHHbIL CNEeKmp, C6A3AHHOe COCMOsHUe, HNOPO206blll  PEe30HAHC,
onpedenumenv Ppedzonvma.

Introduction. Discrete Schrodinger operators provide a natural framework for quantum particles
moving in crystalline and optical-lattice media. In contrast with continuum models, lattice Hamiltonians have
bounded dispersion relations, and translation invariance leads to a Floquet—Bloch decomposition into fiber
operators depending nontrivially on the conserved total quasi-momentum. This dependence is responsible for
several lattice-specific spetral phenomena, including quasi-momentum-dependent binding thresholds and
threshold states; see, for example, [1-5]. For two identical fermions the relative wave function is odd.
Consequently, an on-site interaction does not contribute in the antisymmetric sector, while interactions
supported on nonzero lattice separations give rise, after Fourier transformation, to odd trigonometric form
factors. Finite-range interactions therefore become finite-rank perturbations of the fiber kinetic-energy
operator. This reduction makes it possible to replace the spectral problem outside the essential spectrum by a
finite-dimensional Birman—Schwinger equation. The present paper considers the simplest nontrivial rank-one
case generated by the secondneighbour form factor sin 2q. The resulting fiber Hamiltonian is

hy(l) = ho(k) —pv, >0,
acting in L2 44(T), where

k
glg)=2-2 cos 7 cos 2q
is the free dispersion and

(vf)(q) = sin 2qfsin 2t f(t)dt.
T

The minus sign corresponds to an attractive interaction. Since v has rank one, there can be at most one
eigenvalue below the spectral band. The main questions are therefore whether such an eigenvalue exists,
where it is located, and what happens at the critical coupling at which it reaches the lower band edge.

Our analysis gives complete answers. For k € (—m, ) the lower and upper band edges are

k k
Emin(k) = 2 (1 — COS}). Emax(k) =2 (1 + COSE).
The critical coupling is u, (k) = w1 cos S For u > u, (k) the unique eigenvalue is
2(k/2) + m?u?
(i) = 2~ S G/D H

U
and its distance from the lower band edge admits the exact identity

_ 2
Zu(k) - gmin(k) =- (T[‘u COS(k/Z)) :

T
At u = u,(k) the threshold solution is proportional to cotq. It does not belong to the physical space L?(T),
but it belongs to every weighted space whose weight vanishes at the threshold set with exponent greater than
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1/2. This gives a precise weighted-space characterization of the threshold resonance. The exceptional fiber
k = m has the one-point essential spectrum {2} and the eigenvalue 2 — mu for every u > 0.

The paper is organized as follows. Section 2 introduces the fiber Hamiltonian and determines its
essential spectrum. Section 3 establishes the rank-one Birman—-Schwinger principle and evaluates the
Fredholm determinant. Section 4 contains the complete eigenvalue classification. Threshold resonances and
asymptotic formulas are discussed in Sections 5 and 6.

The fiber Hamiltonian and its essential spectrum
Let T = (—m, ] be the one-dimensional torus equipped with Lebesgue measure. Set
L34a(T) = {f € L*(T): f(—=q) = —f(q) fora.e. q € T}.
This is a closed subspace of L?(T)and hence a Hilbert space.
For k € T, define

k
£,(q):= 2 — 2c, cos 2q, Cie = COS 3 > 0. (D
The free fiber operator hy (k) is multiplication by &:

(ho (D) (@) = ex(@)f (@)
vf = (f, #)¢, (wf)(q) = sin2q [ sin2t f(t)dt. 2)

Since ||¢]|? = f_”n sin®2q dg = m, the operator v is nonnegative, self-adjoint, and of rank one. For u > 0 we
consider

Let ¢(q) := sin 2q and define

h,(k):= ho(k) — pv. 3)
Proposition 2.1. For every k € T and pu > 0, the operator h,(k) is bounded and self-adjoint in
L2 4q(TD.
Proof. The function g is real-valued and bounded, so h, (k) is bounded and self-adjoint. The operator
v = |p)(¢| is bounded and self-adjoint. Hence so is h,, (k).
Proposition 2.2. For every k € T and u > 0,

Gess (hu(K)) = (o (K)) = [emin(k), Emax (k)] (4)
where

Emin(k) = 2(1 — k), emax(k) = 2(1 + cp). (5)
For k = m the interval degenerates to the singleton {2}.

Proof. The spectrum of a multiplication operator equals the essential range of its multiplier. Since g is
continuous and cos 2q ranges over [—1,1], formulas (5) follow. The perturbation - uv has finite rank and is
therefore compact. Weyl’s theorem gives (4).

Birman-Schwinger reduction and the Fredholm determinant
Fix k € T and let

zZ € (C\[Smin(k)' <‘:max(k)]

Set
[ sin®2q
e = fqr @@z ©
and
A, (k,z) =1—pd(k,z). @)

Lemma 3.1 (Rank-one Birman-Schwinger principle). A number z & [emyin(k), Emax(k)] is an
eigenvalue of h, (k) if and only if A,(k,z) = 0.

Every such eigenvalue is simple, and an associated eigenfunction is

sin2q

fu,k,z(Q) =C () — 2 C+0 (8)

Proof. The equation (h, (k) — z)f = 0 is equivalent to

f = uho(k) —2)7'(f, $)¢.

If (f,¢) =0, then f = 0, so a nonzero solution must satisfy (f,¢) # 0. Taking the scalar product with ¢
gives 1 = ud(k,z), which is (7). Conversely, if (7) vanishes, then (8) is a nonzero eigenfunction. The
eigenspace is contained in the one-dimensional range of
(ho(k) — z)~ 1w, so the eigenvalue is simple.m
For z < en,in (k) the function d(k, z) is positive and strictly increasing in z, since

3. 2) = sin?2q
2 2) = | @ - 22
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Consequently, A, (k, z) is strictly decreasing, with
lim A, (k,z) =1

Z——00

Lemma 3.2 (Explicit determinant). Let k € (—m, ), so that ¢, > 0, and let z < &3, (k). Put

A=Ak, z) = > 1.
(k,2) == o
Then
s s
— — 2 _ - oy _ 2 _ 2
d(k,z) = - (A Ja 1) T (2 z—J2 = 2)2 — 4c, ) (10)
Proof. Using the - periodicity of the integrand and the substitution x = 2g on one period, we
obtain
i 2) = 1 J‘" sin?2q q
o 2, )_p,A—cosx X
Since
sin®2q a4 A2 -1
A—cosx cosx A —cosx
and
f” dx 2m
_gA—cosx a2 71’
we find

T sin?2q
f_ﬂﬁdx =21 (A _Jaz = 1),

— cos
which proves (10).m
Taking z T £, (k) in (10) yields

- -
d(k; Smin(k)) = ZTSIILI;I:(R) d(k,z) = Ck. (11)
This motivates the critical coupling
C
w,(k): = ;"" k € (-m,m) (12)
Exact classification of the discrete spectrum
Theorem 4.1. Letk € (—m,m) and u > 0.
(i) If 0 <u<up. (k) then
Odisc (hu(k)) n (—oo, <‘:min(k)) = Q.
(i) If u > u.(k), then h, (k) has exactly one eigenvalue below its essential spectrum. It is simple and
equals
2 2,,2
Ck”+mou
=2 - — - 1
2,(k) - (13)
Moreover,
(mu — ¢,)?
7 (k) = Emin(0) = === <0 14
An associated eigenfunction is
fulq) = C——n2d C+0 (15)
W= @) — 2,0 |
There are no eigenvalues above &, (k).
Proof. By (11),
. _ 4 _H
adim o 8ulk, 2) =1 =275

Since A, (k,) is strictly decreasing on (—oo, Smin(k)) and tends to 1 at —oo, it has no zero when u < u, (k)
and exactly one zero when u > u, (k).

To compute the zero, write the equation 1 = ud(k, z) using (10):
A-Jaz—1=%
T
Since u > ¢/, the right-hand side lies in (0,1). Solving gives
1/mu ¢
A=z(+ k)
2\c, mu
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As z = 2 — 2¢, A, formula (13) follows. Identity (14) is immediate. For z > €,,4x(k) one has d(k,z) < 0,
whereas u > 0; hence 1 — ud(k,z) > 1 and the determinant cannot vanish.

Remark 4.2. Because the perturbation is rank one and attractive, the absence of an upper eigenvalue
is also a direct consequence of the min—max principle.

4.1 The degenerate fiber k = m.
Atk = monehasc, = 0and g,(q) = 2. Thus hy(rr) = 21 and

hy () = 21 = p|pXl.

Theorem 4.3. For every u > 0,

Oess (hu(m)) = {2},
and h,, (1) has exactly one simple eigenvalue
z, () = 2 — mu. (16)

The corresponding eigenspace is span{sin 2q}.

Proof. The vector ¢ satisfies v = ||pll*¢p = n¢p, so h,(m)p = (2 —mu)p. On ¢+ the operator
equals 21I. The assertion follows.m

Weighted Hilbert spaces and the threshold resonance
For k € (—m, m) the minimum of the dispersion relation is attained at the threshold set
M_ :={q € T:cos2q = 1} = {0, 7},

where the points = and — are identified on the torus. A convenient weight measuring the distance from this
set is

p(q) = Ising]. 17)
He=L3(T) ={fT>C: p°f €L2(D},  lflls =llp*fllzmy- (18)
Functions are identified modulo equality almost everywhere. With the inner product
(.9 = | p@*F@a@ra,
T

H, is a Hilbert space. Notice that H, = L2(T), and, for s, > s;, one has the continuous inclusion H,, ©
Hs,. We write

For s € R define

H2 = 3, N L9 44(T),
Where L2 ;4 (T) denotes the measurable odd functions on the torus.
Definition 5.1 (Lower-threshold resonance). Letk € (—m, ). The lower edge e, (k) is called a
threshold resonance of hy, (k) if there exists a nonzero measurable odd function f such that
(i) f € H2 forevery s > % but f & L2 44(T;
(i) the scalar integral fT sin 2t f (t) dt exists;
(iii)  the threshold equation
(SR(CI) - gmin(k))f(CI) —usin2q =0 (19)
holds for almost every g € T. If a nonzero solution of (19) belongs to L2 44(T), then epi, (k) is instead
called a threshold eigenvalue.

The exponent 1/2 in Definition 5.1 is dictated by the one-dimensional singularity |q — qo|~* at each
point g, € M_. Thus the definition distinguishes the borderline non-square-integrable state from an actual
eigenfunction.

Theorem 5.2. Let k € (—m, ). Then the following assertions hold.

(M At pu = p.(k), the lower edge en,in (k) is a threshold resonance of hy,_ (k) (k).
(i) The corresponding resonant state is unique up to multiplication by a nonzero constant and is given
by

Cc
f.(q) = Zcotq, C #0. (20)
It satisfies
f. € 3729 forevery s > =, f. @ L24q(T). (21)

(iii)  The lower edge is not a threshold eigenvalue. For u # u. (k) there is no nonzero solution of (19) of
Birman—Schwinger form.
Proof. Since
&, (@) — min(k) = 2¢, (1 — cos 2q) = 4c,sin?2q, (22)
any nonzero threshold solution obtained from the rank-one equation must be of the form
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sin 2q Cc

(@=cC =-—
N = ) = emm ~ 20
For this function the interaction functional is well defined because

in 2 ()=£ 22q € L}(TD)
sin 2q f.(q Ckcos q .

cotq.

Moreover,
. c (" Cn
f sin2q f.(q)dq = —f cos?2qdq = —.
T Ck Jn Ck

Substituting into (19) gives
Csin2q —,u£sin2q =0
Ck
for almost every q. Hence a nonzero threshold solution exists precisely when
C
i=—=nk).
It remains to determine its weighted integrability. Since |cot g| = |sin q|~* near both points of M_,
p(@*f.(@I? = |sing|>72.

The latter function is integrable near a zero of sinq if and only if 2s — 2 > —1, equivalently s > 1/2. This
proves (21). In particular, the choice s = 0 is not admissible, so £, ¢ L?(T) and the lower edge is not an
eigenvalue. Finally, the rank-one threshold equation determines every nonzero solution up to a scalar
multiple, and the preceding compatibility condition forces u = u, (k). The proof is complete.m

Remark 5.3. The particular choice p(q) = |sinq| is not essential. Any bounded nonnegative weight
that is comparable to the distance from M_ in neighbourhoods of 0 and 7 produces the same resonance
classification and the same critical exponent s = 1/2.

Threshold and strong-coupling asymptotics

The exact identity (14) yields the threshold asymptotics without an implicit-function argument.
Corollary 6.1 (Threshold expansion). Let k € (—m, ) and put ¢, = cos(k/2). For

Ck
one has the convergent expansion

oo T[n
200) = min(l) + )~ g 23)
n=2
In particular,
2 3
2, (k) — emin (k) = —C—62 + ﬁ63 +08%810. (24)
k k

Thus the eigenvalue bifurcates from the lower threshold quadratically.
Proof. By (14) and tu = ¢, + 14,
w282

Zu(k) - gmin(k) = _Ck + 718

Expanding (c, + m8) ™ as a geometric series proves the claim.m
Corollary 6.2 (Strong-coupling asymptotics). For every k € T,
z,(k) = —mu+2+0@w™"), u-+o

In particular,

lim Zu () =—
p—o+oo

Concluding remarks. The model admits a complete spectral solution because the fermionic
interaction is rank one in each fiber. The total quasi-momentum changes the width of the free spectral band
through ¢; = cos(k/2) and simultaneously determines the binding threshold u.(k) = c;/m. The critical
coupling tends to zero as k — m, consistently with the collapse of the free band to the point 2. At
nondegenerate quasi-momenta the critical state lies in every weighted space 7 ™94 with s > 1/2 but not in
the physical space L2 ,44(T). Thus it is a genuine threshold resonance rather than a threshold eigenstate.
Above the critical coupling a unique simple bound state appears with a quadratic bifurcation law. The same
strategy extends to several finite-range fermionic form factors. In that case the scalar determinant is replaced
by a finite-dimensional Fredholm determinant, and the number of eigenvalues can be studied through the
inertia and threshold limits of the corresponding Birman—Schwinger matrix.
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Abstract. This paper is dedicated to one of the fundamental and complex problems in the theory of
partial differential equations and complex analysis: the problem of analytic continuation for the class of n-
metaanalytic functions within a bounded domain D of the complex plane. We rigorously investigate the
boundary value problem where an n-metaanalytic function f(z) is reconstructed from the known values of
its differential operators Lgf(t) specified on a subset E of the boundary aD. First, we establish a
comprehensive uniqueness theorem in the function class M, (D) N C™~1(D) by utilizing an auxiliary lemma
concerning the properties of the d, operator and an inductive method. Furthermore, we prove the severe ill-
posedness of this boundary value problem in the sense of Hadamard by explicitly constructing a sequence of
counterexamples (Hadamard-type examples) demonstrating exponential instability in the interior of the
domain despite vanishing boundary data as m — oo. To overcome this instability and construct a stable
solution, we derive an explicit Carleman-type formula for n-metaanalytic functions. By leveraging V.V.
Pokazeyev’s generalized Cauchy integral formula and introducing a specially constructed quenching
function g,(z) = e®™# governed by a positive parameter o, we establish a limiting integral representation.
As ¢ — oo, this formula enables the stable recovery of the function with a controllable error estimate
bounded by 0(e~?“®), where w(z) represents the harmonic measure of the set E. These results provide a
robust theoretical framework for treating improperly posed inverse problems associated with higher-order
meta-analytic systems.

Keywords: n-metaanalytic functions, analytic continuation, ill-posed problems, Carleman formula,
Cauchy integral formula, harmonic measure, generalized Cauchy-Riemann system.

BIR O‘ZGARUVCHILI METAANALITIK TENGLAMA YECHIMINI SOHA
CHEGARASINING QISMIDAN DAVOM ETTIRISH MASALASI UCHUN KARLEMAN
FORMULASI

Annotatsiya. Ushbu magola differensial tenglamalar nazariyasi va kompleks analizning murakkab
masalalaridan biri bo ‘lib, kompleks tekisligining chegaralangan D sohasidagi n-metaanalitik funksiyalar
sinfi uchun analitik davom ettirish masalasiga bag ‘ishlangan. Biz n-metaanalitik f(z) funksiyani uning
differensial operatorlari Lsf(t) yordamida dD soha chegarasidagi E fo ‘plamda berilgan giymatlariga
ko ‘ra analitik davom ettirish masalasini qaraymiz. Dastlab 3, operatorning xossalariga oid yordamchi
lemmani va induktiv usulni qo ‘llab, M, (D) 0 C"~1(D) sinfida to‘lig yagonalik teoremasini isbotlaymiz.
Bundan tashgari Hadamard tipidagi misollar yordamida ushbu chegaraviy masalaning nokorrekt
qo ‘vilganligini isbotlaymiz. Ushbu nokorrektlikni bartaraf etish uchun n-metaanalitik funksiyalar uchun
Karleman tipidagi formulani keltiramiz. Shuningdek V.V Pokazeyevning umumlashgan Koshi integral
formulasidan va musbat o delta parametrga bog’lig maxsus gs(2z) = e®™? so ‘ndiruvchi funksiyadan
foydalanib, ¢ = oo da limitga o ‘tib, 0(e~°“®) bilan chegaralangan nokorrektlikni korreksiyalash imkonini
beradi, bunda w(z) funksiya E to‘plamning garmonik o‘lchovini ifodalaydi. Olingan natijalar yuqori
tartibli n-metaanalitik sistemalar bilan bog’lig nokorrekt qo ‘yilgan teskari masalalarni yechish uchun
mustahkam nazariy asos yaratadi.

Kalit so‘zlar: n-metaanalitik funksiyalar, analitik davom ettirish, nokorrekt masalalar, Karleman
formulasi, Koshi tipidagi integral formulasi, garmonik o ‘Ichov, umumlashgan Koshi-Riman sistemasi.
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DOPMYVYIJIA KAPJIEMAHA JJIA 3AJJAYU AHAJIMTUYECKOI'O ITPOAOJIX)KEHU A
PEIHIEHUA OJHO NIEPEMEHHOI'O METAAHAJIMTUYECKOI'O YPABHEHUS C YACTH
I'PAHUIBI OBJIACTH

Annomayua. Hacmosawas paboma noceaujena oOHOU U3 (YHOAMEHMANbHBIX U CLONCHBIX NpoOiem
meopuu Ou@pepeHyuanvHbiX YpasHeHull ¢ YacmubIMU NPOU3BOOHBIMU U KOMIJIEKCHO20 AHAAU3A — Npobieme
AHATUMUYECKO020 NPOOOINCEHUS OIS Kacca N-Memaanaiumudyeckux QyHkyutl 6 oepanudennol ooracmu D
Komniekchou niockocmu. Muvl cmpozo uccrnedyem Kpaegyio 3adauy, 8 KOMOpou N-MemaaHarumuyeckas
dyukyus f(z) soccmanagiuéaemcs no U3BECMHBIM 3HAYEHUAM CE0UX OUPDEPeHYUATbHbIX ONepamopos
Lsf (t), 3a0annvix na noommnoocecmse E epanuyvt 0D. Crauana mel ycmanasiusaem NOIHYIO MeOpemy
eouncmeennocmu 6 knacce Qynxyuti M, (D) N C""1(D), ucnonvzys ecnomozamensvuyio nemmy o ceoticmeax
onepamopa 0, u unHdykmuenwiii memood. Kpome mozo, Mbl 00KA3b16aeM CUTLHYIO HEKOPPEKIMHOCHb MOl
Kpaesoul 3a0auu ¢ cmuvlcie Adamapa, 6HO CMpOosi NOCIE008AMENbHOCHb KOHMPIPUMEPOS (NPUMEPOS mMunda
Adamapa), OemMoHCmMPUPYIOWUx SKCHOHEHYUATbHYIO HEYCHMOUYUBOCHb GHYMPU 001acmu, HecMOmps Ha
cmpemienue K Hymo SpanudHblX OaHHuIX npu m — . Ymobwvi npeodonemsv dmy HEYCMOUYUBOCTNL U
nocmpoums  yCmouuugoe peulenue, Mbvl 8bl80OUM A6HYI0 ¢popmyry muna Kapremana ons n-
MemaaHanumuyeckux Qynxyuil. Mcnonwvsysa 0600wénnyto unmezpanviyo gopmyny Kowu B.B. Ilokaseesa u
66005 CHeyuanbHo CKOHCMPYUPOBAHHYIO  «2acauyioy  yuxyuio gy (2) = @ sagucauyro  om
NOONCUMETHHO20 NAPAMEMPA T, Mbl YCIMAHAGIUBAEM NPedelbHOe UHMe2PaIbHoe npeocmasietue. Ipu ¢ —
0 ama gopmyra obecneuusaem YCMOUUUBOE B0CCMAHOGNEHUE (QVHKYUU C KOHMPOIUPYEMOU OYEHKOU
noepewnocmu, oepanuyennoii eenuyunoii 0(e @), 20e w(z) npedcmasnsem coboii 2apmonuecKyio
mepy muoocecmea E. Ilonyuennvie pezyiomamoi npedocmasnsaiom HA0ENICHYI0 MeopemuydecKyio 0CHO8Y OJisl
pelienuss HeKOPpeKmHO NOCMABLEHHbIX O00pAMHBIX 3A0aY, CEA3AHHLIX ¢ N-MemAaaHATumu4ecKumu
cucmemam 8bICUUUX NOPSIOKOB.

Knwuesvle crosa: N-memaananumuyeckue QyHKYul, aHAIUmMu4eckoe npoooidceHue, HeKkOppeKmHole
3a0auu, ¢opmyra Kapremana, ummeepanvuas ¢popmyna Koww, eapmonuueckas mepa, 0000wénnasn
cucmema Kowu—Pumana.

Introduction and Formulation of the Problem. The theory of generalized analytic functions,
initiated and extensively developed by I.N. Vekua and other prominent mathematicians, serves as a powerful
apparatus for investigating various problems in mathematical physics, continuum mechanics, and complex
analysis. Among these generalized classes, n-analytic and n-metaanalytic functions occupy a special place
due to their natural appearance in higher-order elliptic systems.

Let D be a bounded simply connected domain in the complex plane C with a sufficiently smooth
boundary dD. We consider the class of n-metaanalytic functions denoted by M,,(D). The primary objective
of this study is to examine the analytical continuation problem: given the values of the differential operators
Lsf(t) on a measurable subset E c dD of positive measure, recover the n-metaanalytic function f(z)
throughout the entire domain D.

Formally, the boundary conditions are stated as follows:

Lif(t) = he(t), (s=012,..,n—1), tE€E,

where Lof(t) = f(t) = hy(t), and hg(t) are prescribed continuous functions on E. When the
parameters vanish identically, i.e., 4, = A, = -+ = 1, = 0, problem (1)-(2) naturally degenerates into the
classical boundary value analytic continuation problem for n-analytic functions, which has been thoroughly
analyzed in foundational works such as [1]. However, the presence of non-zero parameters A introduces
substantial analytical complications, requiring the development of new functional-theoretic tools.

2.Auxiliary Results and Uniqueness Theorem

To establish the uniqueness of the solution to the stated continuation problem, we first formulate and
prove an essential auxiliary lemma regarding the solutions of the first-order foundational differential
equation.

Lemma 1. Let w(z) € C(D) be a continuous function in D satisfying the equation d,w — Aw =
0, z € D, where A is a complex constant. If the boundary values of w(z) vanish on a non-trivial arc E c
dD, then w(z) = 0 everywhere in D.

Proof. We formally integrate equation (3) by rewriting it in terms of logarithmic derivatives:

a,w - ~
=A1=0,(Inw(z) —12) = 0.
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This implies that the function f(z) = w(z)e ~*Z satisfies the homogeneous Cauchy-Riemann equation
d,f =0 in D, meaning that f(z) is an arbitrary holomorphic function in D. Consequently, the general
solution of equation (3) can be represented in the form:
w(z) = f(2)e?,
where f(z) € H(D). According to the hypothesis of the lemma, the boundary values satisfy w(t) = 0
for t € E, which yields:

fe*r*=0=f(t)=0, te€E.

Since f(z) is a holomorphic function in D and vanishes on a set of positive measure E on the
boundary, by applying the generalized Riss theorem (or unigueness theorem for analytic functions), we
obtain f(z) = 0 in D. Hence, it directly follows that w(z) = 0 throughout D. The lemma is fully proven. O

Using this lemma, we can now state and prove the uniqueness theorem for the main problem in the
class M, (D) n C™""1(D).

Theorem 1. Let w(z) € M,(D)NC™ (D) be an n-metaanalytic function satisfying the
homogeneous boundary conditions on the subset E c dD: Lw(t) = (0, —A)w(t) =0, (s=
0,1,2,...,n — 1). Then, the function vanishes identically in the domain, i.e., w(z) = 0 for all z € D.

Proof. The proof is carried out via mathematical induction with respect to the order of the operators.
For s = n — 1, consider the function L,,_;w(z). By the definition of n-metaanalytic functions, it satisfies the
first-order equation:

(0, — A4)L,_1w(z) =0, zE€ED.

In view of boundary condition (4), its trace on E < dD is equal to zero. Applying Lemma 1 to
L,_1w(z), we immediately conclude that:

L,_qw(z) =0, ze€D.

Next, descending to the subsequent step, the function L,,_,w(z) satisfies the equation governed by
An—q due to relation (5):

(0, — Ay_1)Ly_,w(2) =0, zE€D.

Since condition (4) dictates that the boundary values of L,,_,w(z) also vanish on E, Lemma 1 ensures
that L,,_,w(z) = 0 in D. Continuing this downward induction process for all indices down to s = 0, we
ultimately arrive at w(z) = 0 throughout the domain D. The theorem is proven.

3.Analysis of 1ll-Posedness: Hadamard-Type Example

It is a well-established fact in the theory of partial differential equations that Cauchy-type problems for
elliptic equations are typically improperly posed (ill-posed) in the sense of Hadamard, meaning that solutions
do not depend continuously on the input data. To demonstrate that problem (1)-(2) shares this property, we
construct an explicit counterexample.

Example. Consider the sequence of functions defined in the upper half-plane by:

—imz n ~
Z ez m=123,..

k=1
It can be readily verified that these functions satisfy the n-metaanalytic equation system. Let us

compute their s-order differential operators:
n

W (2) =

—-imz
Low,, (2) = Z e = A Mg = Ag_r) o (Mg = A)eMZ, (s = 0,1, ...,n — 1).
k=s+1
For y = 0 (on the real axis boundary), evaluating the limit as m — oo yields:

—imx X S

|LsWim (2)]y=0 = (A = A)e™* =0, asm — o,
m k=s+1 1=1

Thus, the boundary data uniformly converges to zero as m grows large. However, inside the domain
where y > 0, the behavior of w,,(z) is governed by the factor e =% = ¢~ imE+Y) = eMye=imx \whijch
implies that:

Wi (2)| > o0, asm — oo (fory > 0).

This drastic instability explicitly confirms that arbitrarily small perturbations on the boundary can lead
to unbounded deviations in the interior of the domain. Consequently, problem (1)-(2) is severely ill-posed,
necessitating the construction of regularized solutions via Carleman formulas.

4.Cauchy and Carleman Integral Formulas
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In the theory of analytic and generalized analytic functions, integral representations play an
instrumental role. For n-metaanalytic functions, the generalized Cauchy integral formula was originally
established by V.V. Pokazeyev [2].

For any function w(z) € Mn(D) nch (D), the following Cauchy formula holds:

F@ == ZLk 1f(T)ZK(Z—T)1_[aw T zep,

wherea; =1, a,;, = (4, — /11) 1 forv # [, and the kernel functlon is defined as:
K,(z—1) = exp(/tv(z —-17)—A,(z—- T)).
To construct the Carleman formula—which provides a stable analytical continuation operator from the

subset E < dD to the interior domain D—we utilize a specially designed quenching (damping) function. Let
us introduce:

9o (2) = eoh(z)’
where o > 0 is a large regularization parameter, and h(z) is an analytic function in D such that its real
part satisfies Re h(z) = w(z), where w(z) is the harmonic measure of the set E relative to the domain D.
For any function w(z) € M,,(D), the auxiliary product function F;(z) = g,(z)w(z) also belongs to
the class M,, (D). Applying Cauchy’s formula (6)to F, (z) we write:

RO =g | ZLle(r)ZK(z—r)]_[aw

By transforming this expression and |solat|ng the mtegratlon over the subset E versus the remaining
boundary dD\E, we evaluate the approximation error at an interior point z € D:

k k
1 N dt
[ Y heaw® Y K@= Jawecte@e <
2mi T—2Z
ID\E j=1 v=1 I=1

< e" @)K,
where parameters a and K denote respective bounds:

= = < k<
a anm. K= mac|lw@l, L<k<n).
'V: =
Inequality (8) directly implies the main structural convergence theorem of our paper.
Theorem 2. For any function w(z) satisfying the conditions of the problem within M (D) n

C"1(D), the stable reconstruction formula via the Iimiting process holds: w(z) = hm—f

—o00 2TTL
Y2 feer (O DK eM@ED-MEDTE (2, — 1)) Leola®- “(Z)] ~, valid for every interior point z € D,

ensuring uniform convergence on compact subsets of D.

Conclusion. In this comprehensive study, the boundary value problem of analytic continuation
for the class of n-metaanalytic functions in a bounded domain has been thoroughly investigated. The
primary theoretical and constructive findings of this work are summarized as follows:

e Uniqueness Criteria: By formulating an auxiliary proposition for the first-order 9, operator and
executing a rigorous downward mathematical induction, we established a definitive uniqueness theorem
confirming that vanishing boundary data on a subset E c dD forces the n-metaanalytic function to be
identically zero throughout D.

o IllI-Posedness Proof: Through the explicit construction of a Hadamard-type counterexample
sequence w,,(z), we demonstrated that the studied boundary value problem is severely unstable and
improperly posed in the classical sense, as boundary perturbations grow exponentially inside the domain.

e Carleman Representation: Utilizing Pokazeyev’s generalized Cauchy formula and implementing
an exponential quenching function governed by harmonic measures, we successfully derived an explicit
Carleman-type formula for n-metaanalytic functions.

e Error Estimation and Stability: We established that the convergence rate of the proposed
regularization method is controlled by an error bound of order 0(e=?“®) as o — oo, providing a
constructive tool for solving practical inverse problems in mathematical physics.

w(2) —ws(2)| =
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SPECTRAL PROPERTIES OF A TWO-PARTICLE SCHRODINGER OPERATOR WITH
FINITE-RANGE INTERACTIONS

Abduvayitov Saidakbar Saydurasul ugli,
Samarkand State University named after Sharof Rashidov
saidakbar1911@gmail.com

Abstract. We study the spectral properties of the operator H, ,...(K), K is the total quasi-
momentum, corresponding to a system of two particles with on-site, nearest-neighbor, and next-nearest-
neighbor interactions along the coordinate axes on the three-dimensional lattice, with the strengths u4, i,
and us, respectively. For K = 0, we identify an invariant subspace of the operator. On this subspace, the
restricted operator depends only on the parameters u, and u;. We determine the number of its eigenvalues
lying below the essential spectrum. In particular, the (u,,us)-parameter plane is partitioned by two
hyperbolic curves into three unbounded regions, in each of which the number of eigenvalues below the
essential spectrum remains constant and equals 0, 1 or 2.

Keywords: Two-particle system, lattice Schrodinger operator, essential spectrum, eigenvalues,
Fredholm determinant, spectral analysis.

CHEKLI TA’SIR RADIUSIGA EGA IKKI ZARRACHALI SHREDINGER
OPERATORINING SPEKTRAL XOSSALARI

Annotatsiya. Biz uch o ‘lchamli panjarada koordinata o ‘qlari bo ‘ylab nuqtada, eng yagin qo ‘shni
tugunlar va keyingi eng yaqin qo ‘shni tugunlarda mos ravishda u, U, va us kuchlar bilan ta’sirlashuvchi
ikki zarrachali Shredinger operatorining spektral xossalarini o‘rganamiz. K = 0 hol uchun berilgan
operatorning invariant gism fazosi aniglangan. Bu gism fazodagi operator toraytmasi fagat u, va us
parameterlarga bog’lig. Biz ushbu operator toraytmasining muhim spektrdan pastda joylashgan xos
giymatlari sonini aniglaymiz. Xususan, ikkita giperbolik egri chiziq (u,, u3)-parametrlar tekisligini uchta
chegaralanmagan sohaga ajratadi. Har bir sohada muhim spektrdan pastda joylashgan xos giymatlar soni
o ‘zgarmas bo ‘lib, mos ravishda 0, 1 yoki 2 ga teng.

Kalit so“zlar: ikki zarrachali sitema, Shredinger operatori, muhim spektr, xos giymatlar, Fredgolm
determinanti, spektral tahlil.

CIIEKTPAJIbHBIE CBOMCTBA IBYXYACTHYHOI'O OITEPATOPA IIPEJUHI'EPA C
B3AUMOJIECTBUSIMHA KOHEUHOTI'O PAJIMYCA

Annomayusa. Hccneoyiomes: cnexmpanshvie ceoticmea onepamopa Hy .. (K), 20e K- nonnviii
K8A3UUMNYTILC, COOMBENMCMBYIOUe20 CUcmeme 08yX 4acmuy ¢ 00HOY3EIbHbIM 83AUMOOEUCMBUeM, d MaKdice
63AUMOOCUCMBUAMU  MENHCOY  OMUNCATIUUMU U CLEOVIOWUMU  3d  OIUNCAUUUMU — COCeOSIMU  80O/Ib
KOOPOUHAMHBIX OCell ¢ UHMEHCUBHOCMAMU [y, Uy U [z coomeemcmeenno. Ilpu K =0 ewidensemca
UHBAPUAHMHOE NOONPOCMPAHCMEO onepamopa. Ha smom noonpocmpancmee cydcenue onepamopa
3a8uUcum MoabKO OMm nNaApamempos [y u fs. Onpedensemcs Yucio e2o0 coOCMBEHHbIX 3HAYEHUU, TeHCaUUX
HUJICe CcyujecmgeHno2o cnekmpa. B uacmuocmu, ninocxocms napamempos (U, Uz)-pazdousaemcs 08yms
2UnepooIUNeCKUMY  KPUBLIMU HA MPU HeOSPAHUYeHHble 00aacmu, 6 KancOoUu U3 KOMOPbIX HUCILO
COOCMBEHHBIX 3HAYEHU, JIeHCAUUX HUICE CYUWECMBEHH020 CReKmpa, ocmaémces nocmosuHbim u pasro 0, 1
wiu 2.

Knwuesvie cnosa:  o0gyxuacmuunas —cucmema, pewémyamulti  onepamop  Llpéouneepa,
CYUeCmeeHHbI CNeKmp, coOCmeeHHble 3Hauenus, onpedeaumens OpedeoibMma, CReKMPATbHbII AHATU3.

Introduction. The spectral analysis of lattice Schrodinger operators is a central topic in
mathematical physics. As discrete analogues of continuum Schrdodinger operators, lattice Hamiltonians
provide an effective framework for studying spectral transitions, threshold effects and bound states; see, e.g.,
[1, 2].

Few-body lattice Hamiltonians with finite-range interactions can often be treated as finite-rank or
compact perturbations of the free lattice Hamiltonian. This allows many spectral problems to be reduced to
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finite-dimensional matrix-valued functions and Fredholm determinants. Such methods have been
successfully applied to two- and three-particle lattice systems in [3, 4, 5, 6, 7, 8, 9].

Unlike the continuum case, lattice Hamiltonians are neither rotationally invariant nor unbounded,
and their dispersion relations generate finite spectral bands. This leads to new spectral phenomena, most
notably the possibility of bound states not only below but also above the essential spectrum, as observed in
[5, 10].

In this paper, we study the three-parameter family of two-particle lattice Schrédinger operators

Hﬂ1#2#3 (K) = Hyp (K) + Vlh#z#s’
acting in L2¢(T?%), where K € T? is the total quasi-momentum and Vi, u,u, describes on-site (u,), nearest-

neighbor (u,), and next-nearest-neighbor (u3) interactions.
For K = 0, the operator has an invariant subspace and we determine the number of eigenvalues of

the restriction of H, ,,,.(0) to this subspace, lying below the essential spectrum. In particular, this

restriction depends only on p, and us.

We show that the parameter plane (u,, 43) is partitioned by two hyperbolic curves into regions with
a constant number of eigenvalues below the essential spectrum.

These results extend earlier one- and two-dimensional studies [11, 12] to the three-dimensional case.
Moreover, in [13], the discrete spectrum of the same operator was studied in another invariant subspace.

The paper is organized as follows. Section 2 introduces the model and describes its essential
spectrum and symmetry reduction. In Section 3, the Fredholm determinant and its threshold asymptotics are
studied. The main spectral results are proved in Section 4.

Hamiltonian of a two-boson system on the lattice Z3
2.1 The position-space representation

Let Z3: = Z X Z x Z be the three-dimensional integer lattice and let £25(Z3 x Z?) denote the Hilbert
space of square-summable symmetric functions on Z3 x Z3. We study two identical spinless bosons on the
three-dimensional lattice Z3 with finite-range pair interactions supported on the on-site, nearest-neighbor,
and next-to-nearest-neighbor sites along the coordinate axes, with coupling constants uy, u,, and us,
respectively. The corresponding Hamiltonian in the position-space representation is introduced on £%5(Z3 x
Z3) as

. ]HIH1H2H3 = Ho + Vlhllzlls’ Ha, b2, i3 € R.
Here, H, denotes the Hamiltonian of the corresponding non-interacting two-boson system:

(Hof)(x1, %) = Z E0x —Nf (O, x2) + Z E(xy — M (x1,y), x1,%, € I8,

VETL3 VEL3
where
6 if|s| = 0,
é(s) = (—1 if|s| = 1,
0 if|s| > 1,

and |s| = |sy| + |s;| + |s3] for s = (sq,s,,53) € Z3. The interaction operator “7#1#2#3 acts as multiplication
by a function 9, ,,, ., (),
(Vﬂ1ﬂ2ﬂ3f)(x’ y) = ﬁﬂlﬂzyg x=»fy),
where
p |x| =0,
b2 x| =1,
us x €{(£2,0,0),(0,+£2,0),(0,0,%+2)},
0 otherwise.

Dy s (X) =

2.2 The quasimomentum-space representation.

By T2 we denote the three-dimensional torus, T3 = (R/27Z)® = [—m, m)3. The torus T2 coincides
with the Pontryagin dual group of Z3, equipped with the Haar measure dp. Let L%(T3 x T3) be the Hilbert
space of square-integrable symmetric functions on T3 x T3. Let F denote the standard Fourier transform
from £2(Z3) to L2(T?),
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o 1 N .
FH@) =— ) fwePr,  peT,
(2m)2 xeuz3
where p - x: = p1x; + pox, + p3x3. Its inverse is given by

1 )
FHE) =——=| flp)e P> dp.
(2m)z T
Under the unitary map F @ F, the Hamiltonian becomes
. . H#1H2ﬂ3_: : (? ® ?)H#1#2#3 (‘T ® ‘7:)_1: = Ho + vﬂ1ﬂ2ﬂ3'
The free Hamiltonian is the multiplication operator:

Hof (0, q) = [e(p) + e(@]f (v, @),

where

3
e(p):= ZZ (1 —cospy), p = (p1,p2ps) €T3,
i=1
is the dispersion relation of a single boson.

The interaction V,,_,,. .. is given by

1
VoS (0, @) = wa Vpapous @ —Wf (W, p + q —wduy,

where v, ... 1S the Fourier transform of 9, ,,_,...: ;

Vi, po s p) = uy + 2u, Z cosp; + 25 Z coSs2p;.

=1 i=1
2.3 Decomposition with respect to the total quasimomentum

Introducing the total quasimomentum
K:=p+q €T3,
we obtain the von Neumann decomposition
®

]HIH1H2H3 = -[11‘3 H#1#2#3(K) dK.

Define the unitary map
© K K
Y: L2S(T3 x T3) —» L>*#(T*)dK, (YK, k):=f (E + k,E — k),
T3
where k € T? is the relative momentum. The fiber operator H,,
on L%¢(T3) of the form

s (K), K € T3, s a self-adjoint operator

Hll1l12l13 (K):= HO(K) + %1#2#3'

where
3 K,
Ho()N)®) = Ec)f ?),  Ex(P):= 42 (1 = cos—" cosp;)
and =
(Ve )®) = 55 J1a F(@)dq + 523, cosp; [z cosqif (q)dq L)

3

U3
+mz cos2p; f cos2q;f(q)dq.

=1 T3

Both the operators Hy(K) and V), which is a rank-seven operator, are bounded and self-adjoint.

1H2H3"

2.4 The essential spectrum of the fiber Schrodinger operators

Depending on 4, 4y, 43 € R the rank of V, . ... varies but never exceeds seven. Hence, by the

classical Weyl theorem (see [14, Theorem XII1.14]), for any K € T3, the essential spectrum
Oess (Hy, i, u; (K)) of the fiber Schrédinger operator H, ., .. (K) coincides with the spectrum of Hy (K):
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Uess(Hu1u2u3 (K)) = a(Ho(K)) = [Emin(K), Emax (K],

where

3
| K
Emin(K): = min Ex(p) =4 )" (1= €057 = Ein(0) = 0,

i=1

3
K.
€. (K): = max Eg(p) = 42 (1 + 05 =) < €104 (0) = 24
peTs3 - 2

i=1

2.5 Invariant subspace of the lattice Schrodinger operator H,, ,,,,,.(0)

Lemma 2.1 The subspace L>*™(T?) c L*>*(T?) is invariant under H,_,,,.(0), where

L2*™(T?) = {f € L**(T%): f(p1,p2,03) = f02,0103),  f=fit+fa
fi(P1,P2,03) = —f1(P3, P2, P1),  fa(P1, P2, P3) = —f2(P1, D3, P2)}-
(0) onto this subspace is:

Hyyps (0): = Hyy g |1 2em 3y = Ho(0) + Vg,

The restriction of H,, ,,, Us

with
Vious' = Vi ppus lL2emerey = po(ai™,)ag” + pz(az’,)az’,
where
cos(np,) + cos(np,) — 2cos(nps)
,n

Proof. Let f € L>®™(T3). Since H,(0) is the multiplication operator by the symmetric function
Eo(p) under all permutations of (py, p,, p3), it follows immediately that the subspace L™ (T3) is invariant
under H,(0).

We now consider the operator V, ,.,... We know that f is symmetric under the transposition p; <
p, and f = f; + f,, where f; and f, are antisymmetric with respect to the transposition p; < p; and p, <
p3, respectively. Therefore,

=1,2.

| raa=o.

Using the symmetry property of f, we obtain

Jps cos(nq1)f(9)dq = [} cos(ngz)f(q)dg, n =12, 2
Moreover, the antisymmetry properties of f; and £, imply that
[ costmavr@da =0, [ cosmanfi@da=0, n=12.

T T
Using these equalities together with the decomposition f = f; + f, and the antisymmetry properties of f;

and f,, we obtain

Jps cos(ngs)f(@)dq = =2 [}; cos(nqy)f(q)dq, n =12 3
Substituting the identities (2) and (3) into the definition of 1, ,,_ .., we obtain
(Vispousf) (@) = 55 (cospy + cosp, — 2c0sp3) [ €0sq1f(q)dq (4)
u
+,-3(c0s(2py) + cos(2p;) — 2€05(2p3)) f cos(241)f (9)dq.
T3

Since cos(np;) + cos(np,) — 2cos(np;) € L2¢™M(T3), n = 1,2, it follows that L>®™(T3) is invariant
under V, .- Thus, the subspace L*>*™(T3) is invariant under H, , ,.(0) = Ho(0)+ Vo 1ps-
Furthermore, the relations (2) and (3) yield

1
| costanfiaxia = ¢ | (cos(nar) + cos(naz) ~ 2cos(nas)f (@)

Combining this identity with (4), we obtain the restriction V), of V, ., onto L2em(T3):

Vizus @) = a2 (at™, fag (p) + sz’ faz' (p). (%)
Therefore,
Hﬁrgﬂs (0) = Ho(0) + Vlgllis'
This completes the proof. m
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Lippmann-Schwinger operator and asymptotics of its determinant

3.1 The Lippmann-Schwinger operator

For z € C\[0, 24] we define the Lippmann Schwinger operator (see, e.g., [15]) as

#2#3 0,2) = #2#3R0 (0,2),
where Ry (0, 2): = [H,y(0) — zI]™%,z € C\[0, 24], is the resolvent of the operator H,(0).

Lemma 3.1 Let u,, uz € R. Anumber z € R\[0,24] is an eigenvalue of the self-adjoint operator
Hj,..(0) if and only if z is a zero of the function
L 1+uzaq11(2) wpza2(2)
oty (2): = detll = B, (0,2)] = 2a12(Z) 1+ pzaz,(2)l
where

o' (e (p)dp .
a;j(2): = [is T])—Z’ Lj=12 (6)

Proof. Let z € R\[0,24]. The eigenvalue equation
Hyyu, (0)f (p) = zf (p)

is equivalent to the Lippmann-Schwinger equation
fz(p) = —Ro(0,2)V5,, f ().
Define g,:=V0.f: = lec1(Dai” + uzc(2)az’, with ¢; = (fy,af"), i = 1,2. Substituting g, into
Lippmann-Schwinger equation yields
which reduces to a 2 x 2 homogeneous linear system for (c1(2), c2(2)):

(1 + ppa11(2))c1(2) + uzaq2(2)cz(z) = 0
<M2a12(z)cl (2) + (1 + uzaz,(2)c2(2) =0 (7)

The system (7) has a non-trivial solution ifand only if A, ,,.(z2) = 0. m

Proposition 3.2 Let a;;(z), i,j = 1,2 be defined by (6). Then the following properties hold:
« All functions a;;(z) are real-valued and analytic in R\[0,24].

* The functions a;;(+),i,j = 1,2 are strictly increasing on the interval (—oo, 0], and satisfy:
a;j(z) >0, a11(2)az(z) —ai,(z2) >0 for z<0,
where aij (0) = IZI%I(’)laU (Z)
* The following asymptotic relations hold:
al-j(z) = Cll](O) + 0(|Z|), zZ0.

Proof. The proof of Proposition 3.2 proceeds similarly to the proof of [13, Lemma 3]. m

Lemma 3.3 The function 4,,,,,. (z) is real-valued and analytic for z € R\[0, 24]. Moreover, the
following asymptotic relations hold:

lim A, ,.(2) =1

|z|>00

Ap,us(2) = A7 (ug, u3) + 0(|2)),
where

A (g, i3) = 14 a11(0)pz + az2(0)uz + (aq1(0)az2(0) — afz(0))pzps, (8)
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The next lemma describes the geometry of the zeros of the polynomials A~ (u,, u3) and the induced
partition of the coupling-constant plane.

Lemma 3.4
The zero set of A~ (uy, 13) is the graph of the function
_ _ 1+ a;;(0)p;
Hz (pz):= — 2 ’
az2(0) + (a11(0)az2(0) — ai; (0)u,
with the horizontal asymptote u; = —u2 and the vertical asymptote p, = —u9, where
0 = a:1(0) >0, @ = az2(0) >0
3 = ) 2 — .
a11(0)az,(0) — af,(0) a;1(0)az,(0) — af,(0)
This graph consists of two disjoint connected branches, given by
To = {(aia)iks = 03 (2), B2 > —p3}, T = {(Maia)iis = 13 (), B2 < —H3),
The branches 75 U 77 divide the plane R? into three unbounded regions
R2\(tg Ut]) = Ay UA] UA3,

where
Ay = {2, 13): 3 > pz (), iz > —13}, 9)
AT = {(Uz, 13): 3 < p3 (U2), My > —p9} U {(—113, 13) € R?}
U {(uzsp3): 13 > 13 (12),  pz < —p3},
Ay ={(po z): 3 < pz (U2), a2 < —H3}

Proof. By the representation (8), the equation A~ (u,, u3) = 0 can be solved uniquely for p5, which
defines the function pu; = u3 (u,). Since the function u3z (i) is defined on (—oo, —u2) U (—u3, ), its graph
consists of two disjoint unbounded connected branches z, and 77 .

These branches divide the plane R? into three unbounded regions A;’, j =012, which are

characterized by the sign of the polynomial A~ (u,, 13) and are given explicitly by (9). m
The main results and their proofs

Recall that the main purpose of this work is to determine the exact number of eigenvalues of
Hpp ., (0) below its essential spectrum.

We will now determine the exact number of eigenvalues of the operator H,,,.(0) lying below the
essential spectrum within the regions Az, (=012

Theorem 4.1 Let uy, 3 € Rand ¢ = 0,1,2. If (uy, 43) € A, the operator Hy .. (0) has ¢
eigenvalues below its essential spectrum.

Proof. The Fredholm determinant A, . (2) is analytic in z € C\[0,24] and jointly analytic in the
coupling constants (u,, u3). Hence, by Rouché’s theorem, the number of its zeros in (—oo,0) is locally
constant. Since each region Az, ¢ =012, is connected, this number is constant throughout Ag.

It therefore suffices to compute the number of negative eigenvalues n_(Hy,.(0)) for a single
representative point in each region.

Case A,. Lemma 3.4 yields that (0,0) € A, . Since Hyy(0) = H,y(0), the operator Hgy(0) has no
eigenvalues below the essential spectrum. Therefore n_(H,},..(0)) = 0 for all (uy, u3) € Agq.

Case A7 . For (—u3,0) € A7, the determinant reduces to

A?lug)o(z) =1- .ugall(z)l
which is strictly decreasing on (—oo,0) and changes sign at the endpoints. Thus it has exactly one zero in
(—,0). By Lemma 3.1, the operator H(TMQ)O(O) has exactly one negative eigenvalue and therefore

n_(Hp,,(0)) = 1 forall (uy, u3) € A7
Case A;. Let (ugl),ugl)) be a point in A5 . Then by the definition of A5, we have
1 0 1 0
u§)<—ug)<0, ué)<—,ug)<0
and

A=, i) > 0.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 20



MATHEMATICS

Since (ugl), 0) € A7, the determinant A#(l)o(z) has a unique zero z(ugl)) in (—o0,0). Hence
2
1 1
1+ 5P ay; (z(us)) = 0.
Using this relation, we obtain

1 1 1 1
8,000 2(15™)) =~ 5P adz (2y™)) < 0.
Moreover,
; _ : — -, @D
Zl_l)r_nooA”gn”gn (2) =1, lZIZrBIA#S)#gn (@) =A"(uy ",uy ) >0.
Thus, Aﬂ(l)#(l) (2) has at least two zeros in (—oo,0). Hence, by Lemma 3.1, the operator H:(‘l)“(l) (0) has at
2 3 2 3
least two eigenvalues below the essential spectrum. Since the perturbation is of rank two, H:(‘l)#(l) (0) has
2 3

exactly two negative eigenvalues.

This completes the proof. m
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QANDLI DIABETDA GLYUKOZA-INSULIN TIZIMINING MATEMATIK
MODELLASHTIRILISHI: DALLA MAN MODELI ASOSIDA ILMIY SHARH
VA MATEMATIK TAHLIL

Aminov Feruz Hamid o‘g‘li,

Buxoro davlat universiteti tayanch doktoranti
ORCID: 0009-0002-4100-4043
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Annotatsiya. Qandli diabet zamonaviy tibbiyotning eng dolzarb muammolaridan biri bo ‘lib, uning
samarali nazorati va davolash usullarini ishlab chigishda matematik modellashtirish muhim ilmiy yo ‘nalish
hisoblanadi. Glukoza—insulin tizimini matematik modellashtirish organizmda kechadigan metabolik
jarayonlarni migdoriy tavsiflash, fiziologik parametrlarni aniglash hamda uzluksiz glukoza monitoringi
(CGM) tizimlarini takomillashtirish imkonini beradi.

Mazkur magolada Dalla Man va hammualliflari tomonidan taklif etilgan ovgatdan keyingi glukoza—
insulin tizimining matematik modeli ilmiy sharh asosida tahlil gilinadi. Modelning umumiy tuzilishi, asosiy
kichik tizimlari hamda matematik xususiyatlari differensial tenglamalar nazariyasi nuqgtayi nazaridan
yoritiladi. Shuningdek, modelning holatlar fazosi, parametrlar tizimi, musbatlik xossasi, yechimning
mavjudligi va yagonaligi, bargarorlik hamda parametr sezgirligi kabi nazariy masalalar muhokama
gilinadi.

Magolada Dalla Man modelining glukoza kinetikasi, insulin kinetikasi, endogen glukoza ishlab
chiqarilishi, glukozaning utilizatsiyasi va insulin sekretsiyasini tavsiflovchi modullari ilmiy jihatdan
baholanadi. Modelning afzallikiari va chekloviari ko ‘rsatilib, uning zamonaviy diabetologiyada, xususan,
uzluksiz glukoza monitoringi va sun’iy oshqozon osti bezi tizimlarini ishlab chigishdagi ahamiyati tahlil
gilinadi.

Mazkur sharh matematik analiz, biomatematika va tibbiy modellashtirish yo ‘nalishlarida ilmiy
izlanish olib borayotgan tadqiqotchilar uchun nazariy manba bo ‘lib xizmat qilishi mumkin.

Kalit so‘zlar: gqandli diabet, matematik modellashtirish, glukoza—insulin tizimi, Dalla Man modeli,
differensial tenglamalar, biomatematika, dinamik tizimlar, parametr identifikatsiyasi, CGM, matematik
tahlil.

MATHEMATICAL MODELING OF THE GLUCOSE-INSULIN SYSTEM IN DIABETES
MELLITUS: A SCIENTIFIC REVIEW AND MATHEMATICAL ANALYSIS BASED ON THE
DALLA MAN MODEL

Abstract. Diabetes mellitus is one of the most significant challenges in modern medicine, and
mathematical modeling has become an important scientific approach for developing effective methods of its
monitoring and treatment. Mathematical modeling of the glucose—insulin system enables the quantitative
description of metabolic processes occurring in the human body, the identification of physiological
parameters, and the improvement of continuous glucose monitoring (CGM) systems.

This article presents a scientific review and mathematical analysis of the postprandial glucose—insulin
model proposed by Dalla Man and co-authors. The general structure of the model, its principal subsystems,
and its mathematical properties are examined from the perspective of the theory of differential equations.
Furthermore, theoretical aspects of the model, including the state space, parameter system, positivity
property, existence and uniqueness of solutions, stability, and parameter sensitivity, are discussed.

The study also evaluates the modules describing glucose kinetics, insulin kinetics, endogenous glucose
production, glucose utilization, and insulin secretion within the Dalla Man model. The advantages and
limitations of the model are highlighted, and its significance in modern diabetology, particularly in the
development of continuous glucose monitoring (CGM) technologies and artificial pancreas systems, is
analyzed.

This review may serve as a theoretical reference for researchers conducting scientific investigations in
the fields of mathematical analysis, biomathematics, and medical modeling.

Keywords: diabetes mellitus, mathematical modeling, glucose—insulin system, Dalla Man model,
differential equations, biomathematics, dynamical systems, parameter identification, continuous glucose
monitoring (CGM), mathematical analysis.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 22


mailto:f.h.aminov@buxdu.uz

MATHEMATICS

MATEMATHYECKOE MOJAEJIUPOBAHUE CUCTEMBI «I'/TIOKO3A-UMHCYJINH» ITPA
CAXAPHOM JUABETE: HAYYHBIN OB30P U MATEMATHYECKHUU AHAJIM3 HA OCHOBE
MOJAEJIN DALLA MAN

Annomayua. Caxapuwiii ouabem A611emcsa 00HOU U3 Haubojee AKmyaibHbIX NpodIeM CO8PEMEHHOL
MeOUYUHbl, a Mamemamuyeckoe MoOeIuposanue npedcmagisnem coooll 8axicHoe HayuHoe HanpaeieHue 05
pazpabomru  IPHexmusHblX Memooo8 €20 KOHmpoas u jedenus. Mamemamuueckoe mooeruposanue
cucmemvl  «2MI0KO3a—UHCYIUHY NO3608eMm  KOAUYECMBEHHO ONUCLIBAMb MemaboauyecKue npoyeccyl,
npouUCxXooawue 8 OpeaHusMe 4enogexd, onpedensmy Qu3uoIocuiecKue napamempuvl i Cco8epueHCcmeo8amy
cucmembl HenpepvieHo2o monumopunea 2niokosvl (Continuous Glucose Monitoring, CGM).

B oOannou cmamve npedcmagnen Hayumwiii 0030p U MAMEMAMUYECKU AHATU3 MOOEIU CUCTHEMbL
«2NIOKO3A—UHCYIUHY 68 NOCTHNPAHOUATLHOM COCmosaHuu, npeonodicennou Dalla Man u coasmopamu.
Paccmompenwvr obwas cmpykmypa mooenu, e€ 0CHOBHbIE NOOCUCTIEMbl U MAMEMATMUYECKUe CBOUCMBA ¢
mouKu 3peHus meopuu Oupepenyuanvubix ypasuenuu. Kpome mozo, obcysxcoaromes  maxue
meopemuyeckue acnekmsl MOOeNU, KaK HPOCHMPAHCMEO COCMOSHUL, CUCeMA Napamempos, C8OUCHEO
NONONCUMETHHOCTU, CYUECTB808aAHUe U eOUHCTNBEHHOCINb PEUUEeHUs, YCMOUYUBOCb U YYEBCMBUTNENbHOCTIb
napamempos.

B cmamve maxoice nposedena nayunas oyenxa mooyiei mooenu Dalla Man, onucvlearowux Kunemuxy
2NIOKO3bl, KUHEMUKY UHCYIUHA, IHOOLEHHYIO NPOOYKYUIO 2IOKO3bl, YMUMUZAYUIO 2TH0OKO3bL U CeKpeyuio
uncynauna. Ioxazanvl npeumywecmsa u 0SpanudeHuss MOOelu, a maxdice NPOaHAIUUPOBAHO e€ 3HaYeHUe 8
COBPEeMEeHHOU 0uabemono2uy, 6 HACMHOCMU Hpu paspabomke CUCHEM HENpepbieHO20 MOHUMOPUHSA
emoxosvl (CGM) u cucmem uckyccmeeHHOU nOOACETYOOUHOU JHCee3bl.

Hacmoswuii  0630p Mmooicem  crysicums  meopemuyeckum UCTMOYHUKOM 08 ucciedogameretl,
pabomarowux 6 00IACMU MAMEMAMUYECKO20 AHANU3A, OUOMAMEMAMUKU U MEOUYUHCKO20 MOOETUPOBAHUSL.

Knwuesvie cnosa: caxapuwiii ouabem, mamemamuieckoe MOOEIUPOSaHUe, CUCIEMA «2NH0KO3d—
uncynuny, mooenv Dalla Man, oughgpepenyuanvrovle ypasnenus, buomamemamuxa, OUHAMUYECKUE CUCTEMDL,
udeHmughuxayus napamempos, HenpepuleHuvlii Monumopune aawxosvt (CGM), mamemamuueckutl anaius.

Kirish. Qandli diabet metabolik kasalliklar ichida eng ko‘p uchraydigan va dunyo bo‘yicha millionlab
insonlarning hayot sifatiga salbiy ta’sir ko‘rsatayotgan surunkali kasalliklardan biridir. Kasallikning asosiy
belgisi qonda glyukoza miqdorining fiziologik me’yordan chetga chiqishi bo‘lib, bu insulin sekretsiyasi yoki
insulinning biologik ta’sir mexanizmlaridagi buzilishlar natijasida yuzaga keladi. Jahon sog‘ligni saqlash
tashkiloti va Xalqaro diabet federatsiyasi ma’lumotlariga ko‘ra, diabet bilan kasallanganlar soni yil sayin
ortib bormoqda, bu esa kasallikni modellashtirish va boshgarishning yangi matematik usullarini ishlab
chigishni dolzarb masalaga aylantirmoqda.

So‘nggi o‘n yilliklarda glukoza—insulin tizimini matematik modellashtirish diabetologiyaning mustaqil
ilmiy yo‘nalishiga aylandi. Bunday modellar yordamida organizmda ovqat qabul qilingandan keyingi
metabolik jarayonlar miqdoriy tavsiflanadi, fiziologik parametrlar baholanadi hamda davolash
strategiyalarining samaradorligi oldindan prognoz gilinadi. Aynigsa, uzluksiz glukoza monitoringi (CGM)
texnologiyalarining rivojlanishi ushbu modellarni yanada takomillashtirish zaruratini yuzaga keltirdi.

Glukoza—insulin tizimini modellashtirish bo‘yicha dastlabki ishlardan biri Bergman minimal modeli
bo‘lib, u vena ichiga yuborilgan glyukozaga organizm javobini tavsiflash uchun ishlab chiqilgan.
Keyinchalik Sorensen modeli, Hovorka modeli va Dalla Man modeli kabi murakkabroq modellar taklif
gilindi. Ushbu modellar orasida Dalla Man modeli ovgatdan keyingi metabolik jarayonlarni fiziologik
jihatdan batafsil aks ettirgani sababli alohida o‘rin egallaydi.

Mazkur magolaning magsadi Dalla Man modelini matematik analiz nugtayi nazaridan ilmiy sharhlash,
uning nazariy asoslarini tahlil gilish hamda modelning matematik xossalarini tizimli ravishda yoritishdan
iborat. Maqolada differensial tenglamalar nazariyasi, dinamik tizimlar, invariant sohalar, mavjudlik va
yagonalik, bargarorlik hamda parametr sezgirligi kabi masalalar Dalla Man modeli misolida ko‘rib chigiladi.

Adabiyotlar tahlili. Qandli diabetda glyukoza—insulin tizimini matematik modellashtirish sohasidagi
ilmiy tadqiqotlar o‘tgan asrning ikkinchi yarmidan boshlab jadal rivojlana boshladi. Dastlabki matematik
modellar glyukoza va insulin o‘rtasidagi o‘zaro bog‘liqlikni soddalashtirilgan differensial tenglamalar
yordamida tavsiflashga qaratilgan bo‘lib, keyinchalik fiziologik jarayonlarni yanada aniqroq aks ettiruvchi
ko‘p bo‘limli modellar ishlab chiqildi.

Glyukoza—insulin tizimini matematik tavsiflash bo‘yicha eng muhim ishlardan biri Bergman va
hammualliflari tomonidan taklif etilgan minimal model hisoblanadi. Ushbu model intravenoz glyukoza
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tolerantlik testi (IVGTT) ma’lumotlari asosida insulin sezgirligi va glyukozaning insulin mustaqil
utilizatsiyasi kabi muhim fiziologik parametrlarni baholash imkonini berdi. Modelning soddaligi va
parametrlar sonining kamligi uni ilmiy tadqiqotlarda keng qo‘llashga imkon yaratdi. Biroq, model ovqat
gabul gilingandan keyingi (postprandial) metabolik jarayonlarni to‘liq tavsiflay olmasligi sababli uning
go‘llanish doirasi ma’lum darajada cheklangan [1].

Keyingi bosgichda Sorensen modeli ishlab chigildi. Ushbu model organizmdagi glyukoza
almashinuvida ishtirok etuvchi asosiy organlar va to‘qimalarni alohida kompartmentlar orqali ifodalashi
bilan ajralib turadi. Sorensen modeli yuqori fiziologik aniqlikka ega bo‘lsa-da, differensial tenglamalar va
parametrlar sonining juda ko‘pligi uni parametr identifikatsiyasi hamda amaliy hisoblashlarda
murakkablashtiradi. Shu sababli u ko‘proq nazariy va virtual bemor modellarini yaratishda qo‘llaniladi.

Sun’iy oshqozon osti bezi tizimlarini yaratish bilan bog‘liq tadqiqotlarda Hovorka modeli muhim o‘rin
egallaydi. Ushbu model glyukoza va insulin Kinetikasini nazorat algoritmlari nugtayi nazaridan tavsiflashga
mo ‘ljallangan bo‘lib, ayniqsa yopiq siklli insulin terapiyasi (closed-loop control) tizimlarini ishlab chigishda
keng qo‘llaniladi. Biroq model oshqozon-ichak tizimidagi glyukozaning fiziologik so‘rilish mexanizmlarini
soddalashtirilgan holda ifodalaydi.

Mazkur cheklovlarni bartaraf etish magsadida Chiara Dalla Man, Robert Rizza va Claudio Cobelli
tomonidan 2007-yilda ovgatdan keyingi glyukoza—insulin tizimini tavsiflovchi yangi matematik model
ishlab chigildi. Ushbu model oshgozonning gattiq va suyuq fazalari, ichak orqali glyukozaning so‘rilishi,
glyukoza kinetikasi, insulin kinetikasi, endogen glyukoza ishlab chigarilishi hamda insulin sekretsiyasi kabi
asosiy fiziologik jarayonlarni yagona nolinear differensial tenglamalar tizimi orqgali ifodalaydi. Modelning
asosiy afzalligi uning yuqori fiziologik realizmga ega bo‘lishi bilan birga parametrlarining eksperimental
ma’lumotlar asosida identifikatsiya qilinishidir. g*

So‘nggi yillarda Dalla Man modeli uzluksiz glyukoza monitoringi (CGM), virtual bemorlarni yaratish,
sun’iy oshqozon osti bezi tizimlarini sinovdan o‘tkazish, insulin yuborish algoritmlarini ishlab chiqish hamda
qaror qabul qilishni qo‘llab-quvvatlovchi tizimlarda keng qo‘llanilmogda. Xususan, UVA/Padova
simulyatori tarkibida ushbu modeldan foydalanilishi uning diabetologiya va biotibbiy muhandislikdagi
amaliy ahamiyatini yanada oshirdi.

Mavjud ilmiy adabiyotlar tahlili shuni ko‘rsatadiki, Dalla Man modeli bo‘yicha olib borilgan
tadqgiqotlarning asosiy qismi modelni klinik qo‘llash, parametrlarni identifikatsiya gilish va boshgaruv
algoritmlarini ishlab chiqishga bag‘ishlangan. Biroq modelning matematik xossalari, jumladan musbat
invariantlik, yechimning mavjudligi va yagonaligi, lokal bargarorlik, Yakobian matritsasi hamda parametr
sezgirligi kabi nazariy masalalar yetarli darajada tizimli tahlil gilinmagan.

Shu nugtayi nazardan, mazkur magolada Dalla Man modeli differensial tenglamalar nazariyasi asosida
ilmiy sharh qilinib, uning matematik tuzilishi, holatlar fazosi, musbatlik xossasi, yechimlarning mavjudligi
va yagonaligi, parametr sezgirligi hamda lokal bargarorligi kompleks tarzda tahlil gilinadi. Ushbu yondashuv
modelning matematik asoslarini chugurroq yoritishga hamda uni biomatematika va tibbiy modellashtirish
yo‘nalishlarida qo‘llash imkoniyatlarini kengaytirishga xizmat giladi.

Biologik tizimlarni matematik modellashtirishning asosiy maqsadi organizmda sodir bo‘ladigan
murakkab fiziologik jarayonlarni matematik qonuniyatlar yordamida tavsiflash va ularning vaqt bo‘yicha
dinamikasini o‘rganishdan iborat. Glukoza—insulin tizimi ham o‘zaro bog‘langan ko‘plab biologik
jarayonlardan tashkil topgan dinamik tizim bo‘lib, uning matematik modeli differensial tenglamalar
sistemasi orgali ifodalanadi.

Tadgigiot metodologiyasi. Umumiy holda biologik tizim quyidagi boshlang‘ich qiymatlar masalasi
orgali tavsiflanadi.

{”;—5” = FX(6), U(t), P),
X(0) = X,.
bu yerda

e X(t) € R"*— tizimning holatlar vektori.

e U(t)— tashgqi ta'sir (masalan, ovqat iste'moli yoki insulin yuborilishi);

e P — fiziologik parametrlar to'plami;

e F— tizim dinamikasini if odalovchi nolinear vektor — funksiya.

Mazkur ko‘rinish zamonaviy glukoza—insulin modellarining, jumladan, Bergman, Sorensen, Hovorka
va Dalla Man modellarining umumiy matematik asosini tashkil etadi. Modelning murakkabligi holat
o‘zgaruvchilari soni va ular orasidagi bog‘lanishlarning nolinearlik darajasiga bog‘liq [2].

Glukoza—insulin tizimida vaqt bo‘yicha o‘zgaruvchi barcha fiziologik kattaliklar yagona holat
vektorida jamlanadi:
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X1(t)
X2(t)

X() = X(t) eR™

Xn(e)

Bu yerda har bir komponent ma’lum bir biologik jarayonni ifodalaydi. Masalan, plazmadagi glukoza
miqdori, to‘gqimalardagi glukoza massasi, plazmadagi insulin konsentratsiyasi, jigar orqali ishlab
chiqarilayotgan glukoza miqdori va oshgozon-ichak tizimidagi glukoza zahirasi alohida holat o‘zgaruvchilari
sifatida garaladi.

Holatlar fazosi usulining asosiy afzalligi shundaki, u ko‘p o‘zgaruvchili biologik tizimlarni yagona
matematik struktura doirasida tahlil gilish imkonini beradi. Aynan shu yondashuv Dalla Man modelining
barcha modullarini o‘zaro bog‘langan dinamik sistema sifatida garash imkonini beradi.

Har ganday matematik modelning aniqligi parametrlarning to‘g‘ri tanlanishiga bog‘liq. Glukoza—
insulin tizimida parametrlar fiziologik jarayonlarning intensivligini ifodalaydi. Masalan, glukozaning
utilizatsiya tezligi, insulin sekretsiyasi intensivligi, endogen glukoza ishlab chigarilish tezligi va glukozaning
oshqozondan ichakka o‘tish tezligi mos ravishda alohida parametrlar bilan tavsiflanadi.

Matematik nuqtayi nazardan parametrlar quyidagi to‘plam orqali ifodalanadi:

P = {pll P2, ""pm}

Har bir parametrning giymati eksperimental kuzatishlar asosida baholanadi. Shu sababli parametrlarni
identifikatsiyalash masalasi biomatematik modellashtirishning eng muhim bosgichlaridan biri hisoblanadi.

Matematik model biologik jarayonlarni ishonchli ifodalashi uchun boshlang‘ich qiymatlar masalasi
Hadamard korrektligi talablariga javob berishi lozim. Bunda quyidagi uch shart bajarilishi kerak:

1. yechim mavjud bo‘lishi;
2. yechim yagona bo‘lishi;
3. boshlang‘ich ma’lumotlarning kichik o°zgarishi yechimning kichik o‘zgarishiga olib kelishi.

Mazkur talablar bajarilgandagina modelning natijalari fiziologik jihatdan ishonchli va matematik
nugtayi nazardan bargaror deb garaladi.

Olingan natijalar va ularning tahlili. Teorema 1. (Boshlang‘ich giymatlar masalasining lokal
korrektligi)

Teorema. Faraz gilaylik, F: R™ x R™ x R? - R" funksiya uzluksiz va X bo‘yicha lokal Lipshits
shartini ganoatlantirsin. U holda,

dX F
P X,
X(0) =X,

boshlang‘ich qiymatlar masalasi uchun t € [0, T] oraligda yagona lokal yechim mavjud.

Isbot. Ushbu natija oddiy differensial tenglamalar nazariyasidagi Picard-Lindelof teoremasining
bevosita qo‘llanilishidan kelib chiqadi. Dalla Man modelidagi o‘ng tomon funksiyalari uzluksiz algebraik
bog‘lanishlar va differensiallanuvchi nolinear funksiyalardan tashkil topganligi sababli, modelning lokal
korrektligi nazariy jihatdan asoslanadi.

Izoh. Dalla Man va hammualliflarining magolasida bu teorema alohida isbotlanmagan. Mazkur
magolada esa u modelning matematik poydevorini asoslash uchun kiritilmogda. Bu magolaning oddiy
sharhdan farq giladigan jihatlaridan biridir.

Biologik tizimlarni modellashtirishda eng muhim talablardan biri model yechimlarining biologik
mazmunga ega bo‘lishidir. Xususan, glukoza massasi, insulin konsentratsiyasi, oshqozon-ichak tizimidagi
uglevod miqdori va boshqga fiziologik kattaliklar manfiy giymat gabul gilishi mumkin emas. Shu sababli
modelning barcha holat o‘zgaruvchilari musbat giymatda saglanishi zarur.

Dalla Man modelida holat o‘zgaruvchilari

X1(t)

x@ = {0

Xn(t)
ko‘rinishida qaraladi.

Biologik ma’noga ega bo‘lishi uchun

Xi(t) = 0, i=1,..,n

sharti bajarilishi talab etiladi.

Mazkur shart modelning musbatlik xossasi (positivity property) deb ataladi.

Musbatlik biologik interpretatsiya uchun zarur bo‘libgina qolmay, sonli hisoblashlarda ham modelning
fizik realizmini ta’minlaydi.
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Teorema 2. Musbat invariant soha

Faraz gilaylik Dalla Man modelidagi barcha oqim funksiyalari uzluksiz bo‘lsin hamda har bir holat
o‘zgaruvchisi nol giymatga teng bo‘lgan chegarada mos differensial tenglama o‘ng tomoni manfiy
bo‘lmagan qiymat qabul qilsin.

Unda

X(0) e R}
boshlang‘ich shart uchun
X eRE t=0
bo‘ladi.
Demak,
R}
Dalla Man modeli uchun invariant soha hisoblanadi.
Isbot g‘oyasi shundaki, Invariantlikni ko‘rsatish uchun har bir holat tenglamasi chegarada
alohida tekshiriladi.
Agar

bo‘lsa,

ekanligi aniglanadi.
Lemma 1. Glukoza subsistemasining musbatligi
Faraz gilaylik,

Gp(0) = 0, G:(0) = 0.
Barcha parametrlar musbat bo‘lsin.
U holda

Gp(t) = 0, G(t)= 0
barcha

t=>0
lar uchun o‘rinli.
Isbot. Original modelning (1)-tenglamasida glukoza subsistemasi ikki kamerali tizim sifatida berilgan.
Chegarada
Gp, =0

bo‘lsa, chiqish hadlari yo‘qoladi, kiruvchi ogimlar esa
 endogen glukoza ishlab chigarilishi,
« ovgatdan keluvchi ogim,
e to‘gimalardan plazmaga qaytuvchi ogim
ko‘rinishida qoladi.
Original modelda ushbu oqimlar fiziologik jihatdan manfiy bo‘Imagan funksiyalar sifatida aniglangan.
Shuning uchun

dG, o
( dt ) 46,™ 2 0
Xuddi shuningdek
Ge=0
bo‘lganda
to‘gimalar kamerasidan chigish hadi nolga teng, kiruvchi oqim esa manfiy emas.
Demak

(%)HG;O) >0

Natijada glukoza subsystemasi musbat ortantni tark etmaydi. l
Lemma 2. Insulin subsistemasining musbatligi
Agar

1,(0) = 0, L(0)=0
Hamda insulin sekretsiyasi

S®)=0

bo‘lsa, u holda

I,() =0, L(t)=0

Isbot
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Original modelning (3)—(5)-tenglamalarida insulin plazma va jigar kameralari orgali almashinadi.
Chegarada

I, =0
bo‘lganda periferik parchalanish hadi yo‘qoladi, sekretsiya esa manfiy emas. Shuning uchun
dl,
2.9 > ¢
(dt) M= =
Xuddi shunday
I] =0
bo‘lganda jigar kamerasiga kiruvchi ogim mavjud, chigish ogimi esa nol. Demak

(@)1= o
Shunday qilib, insulin subsystemasi ham musbat invariant hisoblanadi. . B
Lemma 3. Ovqat hazm qilish subsistemasining musbatligi
Agar
Qstol(o) 2 0, Qstoz(o) 2 0: qut(o) =0
bo‘lsa, barcha
t=>0

uchun

Q(stol) (t) =0, Q(stoz) (t) =0, Q(gut) (t) =0
Isbot
Original modelning (13)-tenglamasi oshqozonning gattiq va suyuq fazalari hamda ichak kamerasini

tavsiflaydi.

Chegarada
Qsto1 =0
bo‘lsa, chigish oqimi nolga teng, ovqat gabul gilinganda esa kirish oqimi manfiy emas. Shuning uchun
stol
——=0
) dt
Xuddi shu mulohaza
Qsto2
va
qut

uchun ham amal giladi, chunki barcha ogimlar massaning almashinuvini ifodalaydi va manfiy massa
hosil gilmaydi. Natijada ovgat hazm gilish moduli musbat invariantdir. l

Yugorida bir gancha tenglamalar isboti har bir holat tenglamasi chegarada alohida tekshiriladi.

Agar

bo‘lsa,

ekanligi aniglandi.

Natijada trayektoriya koordinata tekisligini kesib o‘ta olmaydi. Nagumo invariantlik teoremasiga ko‘ra
yechim musbat ortantni tark etmaydi. Shunday qilib biologik realizm matematik jihatdan asoslandi.

Eslatma. Bu yerda Nagumo teoremasi metodologik asos sifatida keltirilmogda. Dalla Man modeli
uchun to‘liq formal isbot berish modeldagi har bir tenglama va parametrni alohida tekshirishni talab giladi;
bu maqolada esa invariantlik g‘oyasi va uni tekshirish yo‘nalishi ko‘rsatiladi.

Muhokama. Dinamik tizimlarni tahlil gilishda muvozanat nuqgtasi (equilibrium point) asosiy
tushunchalardan biridir. Muvozanat holatida tizimning barcha holat o‘zgaruvchilari vaqt bo‘yicha
o‘zgarmaydi. Matematik nuqtayi nazardan

{dX _ 0
dt

shart bajariladi.

Dalla Man modelida ovgat gabul gilinmagan bazal holatda tashqi kirish signali nolga teng deb olinadi.

Natijada

F(X*)=0
ko‘rinishidagi nolinear algebraik sistema hosil bo‘ladi.

Hosil bo‘lgan
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Xn

vektor bazal fiziologik holatni ifodalaydi.

Mazkur nuqta keyingi barqarorlik tahlilining boshlang‘ich nuqtasi hisoblanadi.

Teorema 3. Muvozanat nugtaning mavjudligi

Agar model parametrlarining qiymatlari fiziologik jihatdan ruxsat etilgan sohada tanlangan bo‘lsa va
tizimning kirish signali bazal holatga mos bo‘lsa, u holda model kamida bitta muvozanat nuqtaga ega
bo‘ladi.

Izoh. Bu teorema umumiy dinamik tizimlar nazariyasiga tayangan holda keltirilmogda. Dalla Man
modeli uchun muvozanat nuqtasini aniq hisoblash parametrlar qiymatlariga bog‘liq bo‘lib, alohida sonli
hisoblashni talab giladi.

Har ganday matematik modelning amaliy qiymati parametrlarni eksperimental ma’lumotlardan
aniqlash imkoniyatiga bog‘liq.

Dalla Man modelida parametrlar soni ko‘p bo‘lganligi sababli ularning barchasini bir vaqtning o‘zida
baholash amaliy jihatdan murakkab hisoblanadi. Shuning uchun parametrlarni identifikatsiya gilish masalasi
alohida ilmiy muammo sifatida garaladi.

Identifikatsiya quyidagi optimallashtirish masalasiga keltiriladi:

minpJ(P)

bu yerda J(P) — model natijalari bilan tajriba ma’lumotlari orasidagi moslik mezoni. Mazkur masala
nolinear optimallashtirish usullari yordamida yechiladi.

Xulosa. Ushbu magolada glukoza—insulin tizimini tavsiflovchi matematik modelning umumiy nazariy
asoslari Dalla Man modeli misolida tahlil gilindi. Tahlil shuni ko‘rsatadiki, modelning amaliy qo‘llanilishi
faqat uning fiziologik aniqligiga emas, balki matematik jihatdan korrekt qo‘yilganligiga ham bog‘liq.

Mazkur tahlil asosida, Dalla Man modelining eng muhim nazariy ustunligi uning holatlar fazosi
asosida qurilgan ko‘p komponentli dinamik tizim ekanligidir.

Bunday tuzilma glukoza va insulin almashinuvining murakkab mexanizmlarini yagona matematik
model doirasida ifodalash imkonini beradi. Shu bilan birga, modelning ko‘p parametrli va nolinear tuzilishi
uning identifikatsiyasi hamda nazariy tahlilini murakkablashtiradi.

Mazkur magola doirasida invariant soha, musbatlik xossasi va muvozanat nugtasi umumiy matematik
nazariya asosida ko‘rib chiqildi. Keyingi maqolalarda ushbu g‘oyalar Dalla Man modelining alohida kichik
tizimlari (glukoza kinetikasi, insulin kinetikasi, endogen glukoza ishlab chiqgarilishi va boshga modullar)
misolida batafsil tahlil gilinadi. Shuningdek, parametrlarning sezgirligi va modelning bargarorlik xossalari
sonli tajribalar bilan bog‘liq holda muhokama qilinadi.
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HOSILAGA NISBATAN YECHILGAN BA’ZI BIR
DIFFERENSIAL TENGLAMALAR
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Annotatsiya. Ushbu magolada hosilaga nisbatan yechilgan birinchi tartibli differensial
tenglamalarning ayrim maxsus turlari, xususan, Darbu va Yakobi tenglamalarining asosiy xossalari hamda
ularni integrallash usullari o ‘rganilgan. Bir jinsli funksiyalar xossasi va mos almashtirish yordamida Darbu
tenglamasini Bernulli tenglamasiga keltirish imkoniyati ko ‘rsatilgan. Yakobi tenglamasini algebraik
tenglamalar sistemasining haqiqiy yechimi asosida koordinatalar boshini ko ‘chirish orqali Darbu
tenglamasiga keltiruvchi soddalashtirilgan usul taklif etilgan. Taklif gilingan usulning samaradorligi aniq
misol va uning geometrik talqini yordamida asoslab berilgan. Olingan natijalardan oliy ta’lim amaliyotida
foydalanish mumkin.

Kalit so‘zlar: differensial tenglama, Darbu tenglamasi, Yakobi tenglamasi, Bernulli tenglamasi, bir
jinsli differensial tenglama, almashtirish usuli, kvadratura, umumiy integral, maxsus yechim.

HEKOTOPBIE JU®PEPEHIIUAJIBHBIE YPABHEHU S, PEIIIEHHBIE
OTHOCHUTEJBHO ITPOU3BOIHOM

AnHomayua. B oannoii cmamoee ucciedyromesi Hekomopule cneyudibhsie uobl OUP@epeHyuanIbHbIx
YpaeHeHull nepeo2o Nops0Kd, PeUéHHbIX OMHOCUMENbHO NPOU3BOOHOU, 8 YACMHOCMU OCHOBHbIE CE0LUCMEA
ypaenenuii [ap6y u Axobu, a makoce memooul ux unmezpuposanus. 11okazana 603mMoHCHOCMb NPUBEOEHUS.
ypaenenus  [apby « ypasnenutro bepuynnu ¢ nomowppio  ceoticmea  0OHOPOOHBIX — (DYHKYUU U
coomeemcmeyloweli noocmanosku. Ilpeonodcen ynpowénnwvlii cnocobd npusedenus ypasuenus Hrkobu k
ypaenenuio [lapby nymém nepenoca Hauana KOOPOUHAM 6 OelcmeumenvHoe peuieHue aneedpauieckoll
cucmemvl. IPHeKmusHOCms  NPedNoAHCeHHO20 Cnocoda 0O0CHO8AHA KOHKPEMHbLIM HPUMEPOM U €20
2eomempu1ecKou uHmepnpemayuell.

Knioueswie cnosa: ouggepenyuanvroe ypasnenue, ypasuenue [apoy, ypasnenue HAxobu, ypasnenue
bepuynnu, oounopoonoe oOughghepenyuanrvroe ypasHenue, Memoo HNOOCMAHOBKU, Keaopamypd, o00Ouutl
unmezpa, ocoboe peuierue.

SOME DIFFERENTIAL EQUATIONS SOLVED WITH RESPECT TO THE DERIVATIVE

Abstract. This article studies special types of differential equations solved with respect to the
derivative, namely the Darboux and Jacobi equations and the methods of their integration. It is shown that
the Darboux equation can be reduced to the Bernoulli equation by means of the homogeneity property and a
suitable substitution. A simplified way of reducing the Jacobi equation to the Darboux equation by
translating the origin is proposed. Its efficiency is justified by an example and its geometric interpretation.

Key words: differential equation, Darbou equation, Jacobi equation, Bernoulli equation,
homogeneous differential equation, substitution method, quadrature, general integral, particular solution.

Kirish. Differensial tenglamalar nazariyasi tabiiy va texnik fanlarning ko‘plab masalalarini matematik
modellashtirishning asosiy vositalaridan biri hisoblanadi. Mexanika, fizika, biologiya, igtisodiyot va boshga
sohalarda uchraydigan jarayonlarning aksariyati hosilaga nisbatan yechilgan birinchi tartibli differensial
tenglamalar yordamida ifodalanadi. Bunday tenglamalarning umumiy yechimini kvadraturalarda topish har
doim ham mumkin bo‘lavermaydi, shu sababli ularning integrallanuvchi maxsus sinflarini ajratib o‘rganish
nazariy hamda amaliy jihatdan muhim ahamiyatga ega.

Birinchi tartibli tenglamalarning integrallanuvchi sinflari orasida o‘zgaruvchilari ajraladigan, bir jinsli,
chizigli va Bernulli tenglamalari eng ko‘p o‘rganilgan turlar hisoblanadi. Ularning har biri uchun mos
almashtirish tanlash orgali yechim kvadraturaga keltiriladi. Shu bilan birga, amaliyotda bevosita bu sinflarga
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kirmaydigan, ammo maxsus almashtirishlar yordamida ularga keltirilishi mumkin bo‘lgan tenglamalar ham
ko‘p uchraydi. Darbu va Yakobi tenglamalari aynan shunday tenglamalar sirasiga kiradi.

Mavzuga doir adabiyotlar tahlili. Oddiy differensial tenglamalarning analitik yechish usullari va
ularning tatbiglari V. Henner, A. Nepomnyashchy, T. Belozerova hamda M. Khenner mualliflarining
monografiyasida keng yoritilgan; unda birinchi tartibli tenglamalarning asosiy integrallanuvchi sinflari va
ularni almashtirishlar yordamida soddalashtirish masalalari batafsil bayon etilgan [1]. T. W. Judsonning
elektron darsligida esa oddiy differensial tenglamalarni yechish usullari va amaliy tatbiglari zamonaviy
uslubiy yondashuv asosida keltirilgan [2].

So‘nggi yillardagi tadqiqotlarda Darbu polinomlari va ular yordamida polinomial differensial
sistemalarning integrallanuvchanligini o‘rganish masalasi alohida o‘rin egallamoqda. M. V. Deminaning
ishlarida Levinson—Smit hamda Lienar tipidagi polinomial differensial tenglamalarning integrallanuvchanligi
va Yyechilishi Darbu yondashuvi asosida tadqig etilgan [3; 4]. Keltirilgan adabiyotlar tahlili shuni
ko‘rsatadiki, Darbu va Yakobi tenglamalarini o‘quv hamda amaliy magsadlarda nisbatan soddaroq usul bilan
integrallash masalasi bugungi kunda ham o‘z ahamiyatini yo‘qotmagan.

Klassik adabiyotlarda birinchi tartibli differensial tenglamalarning integrallanuvchi sinflari to‘liq
tasniflangan. E. Kamke ma’lumotnomasida bunday tenglamalarning keng ro‘yxati va ularni yechish usullari
jamlangan [5]. A.D. Polyanin va V.F. Zaytsev ma’lumotnomasida esa Darbu va Yakobi tipidagi tenglamalar
alohida sinf sifatida ajratilib, ularning umumiy integrali bilan bog‘liq natijalar keltirilgan [6]. L.E. Elsgolts
va N.M. Matveyev darsliklarida almashtirish usulining nazariy asoslari va uning qo‘llanilish chegaralari
batafsil yoritilgan [7; 8]. Mazkur manbalarda keltirilgan usullar nazariy jihatdan to‘liq bo‘lsa-da, amaliy
hisoblashlarda ancha ko‘p oraliq amallarni talab qgiladi.

Tadqiqot obyekti va qo‘llanilgan metodlar. Tadgigot obyekti sifatida hosilaga nisbatan yechilgan
birinchi tartibli differensial tenglamalarning maxsus sinflari — Darbu va Yakobi tenglamalari olingan.
Tadgigotda bir jinsli funksiyalarning xossalari, o‘zgaruvchilarni almashtirish usuli, koordinatalar boshini
ko‘chirish hamda Bernulli tenglamasini integrallash usullaridan foydalanilgan. Olingan natijalarning
to‘g riligi aniq misol yordamida tekshirib ko‘rilgan.

Taklif etilayotgan yondashuv quyidagi ketma-ket bosgichlardan iborat: birinchidan, berilgan tenglama
(5) ko‘rinishga keltiriladi va uning koeffitsiyentlari aniglanadi; ikkinchidan, (7) algebraik sistema tuzilib,
uning hagiqiy yechimi topiladi; uchinchidan, koordinatalar boshi shu yechimga ko‘chiriladi va tenglama
Darbu ko‘rinishiga keladi; to‘rtinchidan, bir jinsli funksiyalar xossasidan foydalanib almashtirish bajariladi
va Bernulli tenglamasi hosil gilinadi; beshinchidan, Bernulli tenglamasi ma’lum usulda integrallanadi va eski
o‘zgaruvchilarga qaytiladi. Ushbu bosqichlarning har biri elementar amallar bilan bajarilishi usulning asosiy
afzalligini tashkil etadi.

Ushbu magqolada diffirensial tenglamalarning ba’zi turlari haqida fikr yuritib ularning xossalari va
integrallash usullarini ko‘rib o‘tamiz. Ushbu

M(x,y)dx + N(x,y)dy + P(x,y)(xdy — ydx) =0 @

ko‘rinishidagi tenglama Darbu tenglamasi deyiladi. Darbu Gaston (1842-1917)— fransuz matematigi.
Geometriya va differensial tenglamalar sohasida ishlab, mexanikaga doir tadgiqotlar ham olib borgan olim.

Demak, yuqgorida berilgan (1) tenglamada N, M lar m — darajali, P(x,y) esa [ — darajali bir jinsli
funksiyalar, | # m — 1, agar [ = m — 1 bo‘lsa, (1) tenglama bir jinsli tenglama bo‘ladi. Bu tenglama y =
zx almashtirish orgali Bernulli tenglamasiga keltiriladi, z yangi izlanuvchi funksiya. Bir jinsli
funksiyalarning xossasiga asosan (1) tenglamani

x™M (1, %) dx + x™N (1, %) dy + x'P (1%) - (xdy — ydx) = 0 (2)
ko‘rinishda yozish mumkin. Ushbu
dy = xdz + zdx, xdy — ydx = x?d (3;/) = x2dz (3)

tengliklardan foydalanib, (2) ni
x™M(1,z)dx + x™N(1,z)(xdz + zdx) + x'P(1,2z)x?dz = 0
ko‘rinishida yozamiz, yoki x™ ga gisqartirib,
[M(1,2) + zN(1,2)]dx + [xN(1,2) + P(1,2)x'*1"™]dz = 0
tenglamani hosil gilamiz. Uni % ga nisbatan quyidagicha yozish mumkin:
dx N(1,2) _ P(1,z)xlt1-m @)
dz = N(1,z)+zN(1,z) N(1,z)+zN(1,z)
bu yerda M(1,z) +zN(1,z) # 0,x =0 bo‘lganda bu amalni bajarish mumkin. (4) tenglama
izlanuvchi funksiya x va argument z ga nisbatan Bernulli tenglamasidir. Bu tenglamani integrallab, y
o‘zgaruvchiga qaytsak, (1) tenglamaning umumiy integralini topgan bo‘lamiz.
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Agar z, (k =1,2,...)
N(1,z)+zN(1,z) =0

tenglamaning haqiqiy ildizlari bo‘lsa, y = z,x ko‘rinishdagi to‘g‘ri chiziglar (1) tenglamaning
yechimlari bo‘ladi, ular tenglamaning maxsus yechimlari ham bo‘lishi mumkin. Ushbu

Maxsus yechimlar masalasi alohida e’tiborni talab qiladi. Yuqorida keltirilgan to‘g‘ri chiziqlar integral
chiziglar oilasining o‘ramasi bo‘lishi yoki oilaning alohida a’zosi sifatida namoyon bo‘lishi mumkin.
Ularning maxsus yechim ekanligini aniqlash uchun umumiy integral topilgandan so‘ng qo‘shimcha
tekshirish o‘tkaziladi: agar berilgan chiziq umumiy integraldan o‘zgarmasning hech ganday giymatida hosil
bo‘lmasa, u maxsus yechim hisoblanadi. Amaliy masalalarda bunday yechimlar ko‘pincha jarayonning
muvozanat holatlariga mos keladi, shu bois ularni tashlab yuborish masalaning to‘liq tahlil gilinmasligiga
olib keladi [7].

(ap + ayx + azy)(xdy — ydx) — (b + byx + byy)dy

+(co+cix+cy)dx =0 (5)

ko‘rinishdagi tenglama Yakobi tenglamasi deyiladi. Yakobi Karl Gustav (1804-1851) nemis
matematigi. Elliptik funksiyalar nazariyasini yaratgan olimlardan biri. Differensial tenglamalar, integral
hisob, sonlar nazariyasi sohalarida ham ishlagan. Yugqorida berilgan (5) tenglamada a;, b;, c; — o‘zgarmas
haqiqiy sonlar (i = 0, 1, 2). Xususiy hollar:

1. ay = by = ¢y = 0 bo‘lsa, (5) dan Darbu tenglamasi;
2. a, = b, = c, = 0 bo‘lsa, (5) dan chiziqli tenglama;
3. a, = a, = 0 bo‘lsa, (5) dan bir jinsli tenglama hosil bo‘ladi.

Keltirilgan xususiy hollar Yakobi tenglamasining umumlashtiruvchi xarakterini ko‘rsatadi: bitta
tenglama sinfi o‘z ichiga bir necha ma’lum sinfni qamrab oladi. Bu esa uni o‘rganishning nazariy
ahamiyatini oshiradi, chunki Yakobi tenglamasi uchun topilgan integrallash usuli avtomatik ravishda barcha
xususiy hollarga ham tatbiq etiladi. Boshga tomondan, koeffitsiyentlar orasidagi munosabatlarga garab
tenglamaning tuzilishi sezilarli o‘zgarishi mumkin, shuning uchun har bir aniq masalada avval
koeffitsiyentlar tahlil qilinishi, so‘ngra mos usul tanlanishi magsadga muvofiqdir [6].

Muhokama. Umuman, Yakobi tenglamasi har doim kvadraturaga integrallanadi. Ko‘pgina
adabiyotlarda berilgan integrallash usullari murakkabrog deb hisoblab, biz ancha soddarog usulni tavsiya
etamiz.

(5) tenglamani quyidagi

(Ry + yP)dx — (@, — xP)dy =0 (6)

ko‘rinishda yozib olish mumkin, bu yerda

Py =a¢g+aix+ayy, Q1 = by + bix+ by, Ry =cy+ c1x + cyy.

Ushbu
R1 - yPl = 0
{Ql —xP =0 )

algebraik tenglamalar sistemasi hech bo‘lmaganda bitta (xy,V,) haqiqiy yechimga ega, eng ko‘p
yechimlari soni uchta, ya’ni x, y tekislikda (7) dagi ikkinchi tartibli chiziglar hech bo‘lmaganda bitta nugtada
kesishadi. Koordinatalar boshini x — x, = x,y — y, = y almashtirish kiritib, (x,,y,) nuqtaga ko‘chiramiz,
u vagtda

[M;%(xo;)’o)f + M},(xo,yo)j_/]dx -

[N;(xo:J’o)f + NJ} (%0, ¥0)y — ¥(a % + az)_’)]dy =0 (8)

tenglama hosil bo‘ladiki, bu Darbu tenglamasidan iboratdir.

Natijalar va ularning tahlili. Misol: Ushbu

14+ 2x+3y)(xdy —ydx) + 2x+4y)dy+ (1 —3x—2y)dx =0

tenglamani Darbu tenglamasiga keltiring.

Yechish. Tenglamani

[1-3x—3y—y(@2x+3y)]dx+ [3x+ 4y +x(2x + 3y)]dy =0
ko‘rinishda yozib olamiz.
Bu misol uchun (7) algebraik sistema
1-3x—-3y—y(2x+3y)=0
{ 3x+4y+x(2x+3y) =0

ko‘rinishda bo‘ladi. Bu sistemaning yechimlarini topamiz. Masalan, x = —1, y = 1 bu sistemaning

yechimidir, ya’'ni
x+1=%x, y—1=Yy
almashtirish bajarsak, quyidagi tenglama hosil bo‘ladi:
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[5% + 77 + 7(2% + 39)]dx + [2% + ¥ + ¥(2% + 37)]dy = 0

Bu esa Darbu tenglamasidir.

Keltirilgan misoldan ko‘rinib turibdiki, (7) algebraik sistemaning haqigiy yechimini topish va
koordinatalar boshini shu nuqtaga ko‘chirish Yakobi tenglamasidagi ozod hadlarni yo‘qotadi hamda uni bir
jinsli tuzilishga ega Darbu tenglamasiga aylantiradi. Hosil bo‘lgan Darbu tenglamasi esa yuqorida
ko‘rsatilgan almashtirish orgali Bernulli tenglamasiga, undan esa kvadraturaga keltiriladi. Shunday qilib,
boshlang‘ich tenglamani yechish jarayoni ketma-ket bajariladigan ikkita almashtirishdan iborat sodda
algoritm ko‘rinishida ifodalanadi.

Shuni ta’kidlash lozimki, (7) sistemaning yechimi yagona bo‘lmasligi mumkin. Bunday holda
koordinatalar boshini turli nuqtalarga ko‘chirish natijasida bir-biridan farq giluvchi, ammo ekvivalent Darbu
tenglamalari hosil bo‘ladi. Amaliy nuqtayi nazardan koeffitsiyentlari sodda bo‘lgan variantni tanlash keyingi
hisoblashlarni yengillashtiradi. Agar sistema haqiqiy yechimga ega bo‘lmasa yoki yechim murakkab
ko‘rinishda bo‘lsa, mazkur usul samarasiz bo‘lib qoladi va boshqa integrallash usullariga murojaat gilishga
to‘g‘ri keladi [9; 10].

4
v, 4 Y
TR X B S : x=x+1
/"‘///—-v —~\\\\: I
i BECNG NN | /:—-:——\A
S S -\u\.::: | y=y—1
WAV ad B SN SR :
;{;f e PRARNE B T :
-+ ® R >
e, vy X
! 174 7
IV KXo XL |
'\f\\\\——o—/,///, :
DY i o vy
I\;\\\v—._«—/,//‘/! "
; |

V4

=<l

x+1l=x, y-—-1=

[52 4+ 77 + y(2x + 37)]dx + [28 + ¥y + £(2% + 3y)]dy = 0

1-rasm. Darbu tenglamasining geometrik interpretatsiyasi

1-rasmda keltirilgan geometrik talgin almashtirishning mohiyatini yaqqol ifodalaydi: koordinatalar
boshining yangi nuqtaga ko‘chirilishi natijasida integral chiziqlar oilasining tuzilishi o‘zgarmaydi, fagat
tenglamaning ko‘rinishi soddalashadi. Bu esa qo‘llanilgan almashtirishning ekvivalentligini va olingan
natijaning to‘g‘riligini tasdiglaydi.

Taklif etilayotgan usulning asosiy afzalligi shundaki, u qo‘shimcha murakkab hisoblashlarni talab
gilmaydi va faqat elementar algebraik amallarga hamda ma’lum almashtirishlarga tayanadi. Bu esa mazkur
usuldan oliy o‘quv yurtlarida differensial tenglamalar kursini o‘qitishda, amaliy va laboratoriya
mashg‘ulotlarini tashkil etishda, shuningdek talabalarning mustaqil ishlarini yo‘lga qo‘yishda foydalanish
imkonini beradi.

Usulning cheklovlari ham mavjud. Birinchidan, u faqat (5) ko‘rinishdagi tenglamalarga, ya’ni
koeffitsiyentlari chizigqli bo‘lgan holga tatbiq etiladi. Ikkinchidan, Bernulli tenglamasini integrallash
bosqichida hosil bo‘ladigan kvadraturalar har doim ham elementar funksiyalarda ifodalanmasligi mumkin.
Uchinchidan, algebraik sistemaning yechimini topish yuqori darajali tenglamalarda qo‘shimcha qiyinchilik
tug‘diradi. Shunga garamay, o‘quv jarayonida uchraydigan masalalarning aksariyati uchun taklif etilgan
algoritm to‘liq yetarli bo‘lib, an’anaviy usullarga nisbatan sezilarli qulaylik beradi.

Xulosa. Xulosa qilib aytganda, differensial tenglamalarning maxsus turlarini o‘rganish va ularni sodda
ko‘rinishdagi tenglamalarga keltirish integrallash jarayonini sezilarli darajada yengillashtiradi. Magolada
Darbu tenglamasini bir jinsli funksiyalar xossasi va mos almashtirish yordamida Bernulli tenglamasiga
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keltirish imkoniyati ko‘rsatildi. Bu usul Darbu tenglamasining umumiy integralini topishda samarali vosita
bo‘lib xizmat qgiladi. Yakobi tenglamasi esa o‘zining umumiy ko‘rinishidan tashqari, Darbu, chiziqli va bir
jinsli tenglamalarni xususiy hollar sifatida o‘z ichiga olishi bilan alohida ahamiyatga ega. Uni algebraik
tenglamalar sistemasining hagigiy yechimlari asosida koordinatalar sistemasini almashtirish orgali Darbu
tenglamasiga keltirish mumkin. Keltirilgan misol mazkur usulning amaliy jihatdan qulay va sodda ekanligini
ko‘rsatadi. Shunday qilib, Darbu va Yakobi tenglamalarini o‘rganish differensial tenglamalarni tasniflash,
ularning o°zaro bog‘ligligini aniqlash hamda murakkab tenglamalarni ma’lum klassik tenglamalarga keltirish
orgali yechish imkoniyatlarini kengaytiradi. Mazkur usullar differensial tenglamalarni o‘gitish va amaliy
masalalarni yechishda samarali metodik vosita sifatida foydalanilishi mumkin.

Ishning asosiy natijalarini quyidagicha umumlashtirish mumkin: 1) Darbu tenglamasini bir jinsli
funksiyalar xossasi asosida Bernulli tenglamasiga keltirish sxemasi to‘liq bayon etildi; 2) Yakobi
tenglamasini koordinatalar boshini ko‘chirish orqali Darbu tenglamasiga keltiruvchi soddalashtirilgan
algoritm taklif qilindi; 3) algoritmning ishlashi aniq misolda ko‘rsatilib, uning geometrik talgini berildi; 4)
usulning qo‘llanilish chegaralari va cheklovlari aniqlandi. Olingan natijalardan differensial tenglamalar
kursini o‘qitishda, amaliy mashg‘ulotlar va talabalarning mustaqil ishlarini tashkil etishda foydalanish
mumkin.
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BIRINCHI TUR SIRT INTEGRALLARI HAQIDA
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Qo ‘qon davlat universiteti o ‘qituvchisi, PhD
asgaraliyevamuxtasar@gmail.com

Annotatsiya. Ushbu maqola birinchi tur sirt integrallari haqida bo ‘lib, unda sirt tushunchasi, sodda
sirtlar, uzluksiz akslantirishlar, sirtning parametrik tenglamasi, sirtning maxsus nugtasi, sirt normali,
birinchi tur sirt integrali tushunchasi haqida so z borgan. Uning xossalari keltirib o ‘tilgan. Birinchi tur sirt
integralining mavjudligi va uni hisoblash hagida teorema va isboti hamda hisoblash formulalari keltirib
chiqgarilgan.

Kalit so“zlar: sirt, yuz, integral, akslantirish, normal, xossa, uzluksizlik, grafik.

O HOBEPXHOCTHBIX UHTEI'PAJIAX ITIEPBOI'O POJIA

Annomayua. JlanHas cmamvs NOCEAUEHA NOBEPXHOCHIHbLIM UHMEZPALaM Nnepeozo pood, 6 Hell
paccmMampusaomcs NOHAMuUE NOBEPXHOCMU, NPOCHble NOBEPXHOCMU, HENpEepPbleHble  OMPAXCEHUS,
napamempuueckoe ypaeHeHue no8epxXHoCmu, CReyuaibHas Mmo4Ka No8ePXHOCHU, HOPMAlb K HOBEPXHOCU,
NOHAMUE NOBEPXHOCHO20 UHmMe2pana nepeo2o poda. Ipusoosmces e2o ceoticmea. I[lpedcmasnenvt meopema
U O0KA3amMenrbCmeo CyujeCmeo8anus NOBEPXHOCMHOZ0 UHMeZpala nepeoco podd U e20 8blYUCIeHUe, a
mMaxaice opmyavl 0N GbIYUCTEHUS.

Knrouegvle cnosa: nosepxwocms, epamb, unmezpal, OmMpadceHue, HOPMAlb, CBOLUCMEO,
HenpepwvleHOCmb, epaPUK.

ON FIRST-TYPES SURFACE INTEGRALS

Abstract. This article is about surface integrals of the first kind, in which the concept of a surface,
simple surfaces, continuous reflections, parametric equation of a surface, special point of a surface, surface
normal, the concept of a surface integral of the first kind are discussed. Its properties are given. The theorem
and proof of the existence of a surface integral of the first kind and its calculation, as well as calculation
fo ‘rmulas are given.

Keywords: surface, face, integral, reflection, normal, property, continuity, graph.

Kirish. Tekislikda egri chiziq ushbu

X = X(t),
{y= y(t) (@=t=h)

tenglamalar sistemasi bilan (xususan, Y = f(X), (2@ <X <b) tenglama bilan) aniglanishini
ko‘rdik. Ravshanki, egri chiziq X(t), y(t) funksiyalarga bog‘liq. Agar X(t), y(t) funksiyalar [, £]

da uzluksiz X (t), y (t) hosilalarga ega bo‘lsa, uni silliq egri chiziq deyiladi.
Egri chiziglar nazariyasida muhim tushunchalardan biri egri chizigning uzunligi bo‘lib, u egri chizigqga
chizilgan siniq chiziq perimetrining limiti sifatida ta’riflanganligi va uning uzunligi quyidagi

| = f\/x'z (t) + y2(t)dt

fo‘rmula bilan ifodalanishi ma’ruzalarda bayon etilgan.Tekislikda egri chiziq tushunchasiga o‘xshash
fazoda sirt tushunchasi kiritilsada, uning o‘ziga xos tomonlari mavjud.Fazoda sodda sirtlar - sfera, silindr va
shunga o‘xshash sirtlar va ularning yuzi, yuzining hisoblash fo‘rmulalari o‘quvchiga ma’lum.

Biz quyida umumiy ko‘rinishdagi sirtlar, ularning yuzi, yuzini topish fo‘rmulalari kurs uchun kerak
bo‘ladigan hajmda qisqacha bayon etamiz.

Manba va usullar. Ushbu mavzu ko‘plab matematik tahlil fanining adabiyotlarida o‘rganilgan va
malumotlar keltirilgan. Jumladan, Gulmirza Xudoyberganov, Azizjon Kenjabayevich Vorisov, Hojakbar
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Turobovich Mansurov, Bohodir Allaberdiyevich Shoimqulovlarning “Matematik analizdan ma’ruzalar”

nomli o‘quv qo‘llanmasida, T.Azlarov, H.Mansurovning ‘Matematik analiz”, 2-gism, G.Xudoyberganov,

A.Varisov, H.Mansurov, B.Shoimqulovning “Matematik analiz” 3-qism kitoblarida chuqur o‘rganilgan.
Natija va topilmalar.

Sirt tushunchasi. Aytaylik, UOV Sirt tushunchasi. Aytaylik A tekislikdagi to‘plamda
x=x(u,v), y=y(u,v), z=2z(u, V) (1)

to‘plamda funksiyalar berilgan bo‘lib, ular A Sirt tushunchasi. Aytaylik tekislikdagi to‘plamda
funksiyalar berilgan bo‘lib, ular

uzluksiz bo‘lsin. (UO,VO) € A nugtani olib, yuqoridagi funksiyalarning shu nugtadagi giymatlarini
topamiz:

Xo =X(Ug, Vo), Yo =Y(Ug: Vo), Zo =2(Ug, V).
Hosil bo‘lgan (XO, yo,zo) ni R® fazodagi |\/|O nugtaning koordinatalari deb qaraymiz:
M, =M (X, Yo, Z,). Ravshanki, (U, V) nugta A to‘plamda o‘zgarganda (X,Y,Z) lar R® fazoda

biror S to‘plamni hosil giladi. Demak, (1) munosabatni A to‘plamni S to‘plamga uzluksiz akslantirish
deb garash mumkin.

Agar (1) akslantirish o‘zaro bir qiymatli akslantirish bo‘lsa, ya’ni A to‘plamning turli (U ) V), (U ) V)

nuqtalarini S to‘plamning turli (X,Y,2),(X,¥,2) , S to‘plamni R® fazoda sirt deb garash mumkin.
Odatda, bunday sirtlar sodda sirtlar deyiladi. Shu sababli

X =Xx(u,v),
y=y@uyv), ((u,v)ea) )
z=12(u,v)

tenglamalar sistemasi sirtning parametrik tenglamasi deyiladi, bunda u va v lar parametrlar.
Xususan (U = X,V =Y bo‘lganda) ushbu

X=X,
Y=Y,
z="f(xy)
tenglamalar sitemasi aniglaydigan sirt Z = f (X, y) (3)

tenglama bilan ifodalanadi.

Faraz gilaylik, (1) funksiyalar A to‘plamda uzluksiz xususiy hosilalarga ega bo‘lib, ular yordamida
quyidagi

X Yo 4y

' ' ' (4)
X, Y. £

funksional matritsa tuzilgan bo‘lIsin.

Aytaylik, (Uy,V,) € A nugta uchun (bu nugtaning  sirtda aksi S M, (X,, Y,,2Z,) bo‘ladi) (4)

matritsaning ikkinchi tartibli determinantidan kamida bittasi noldan fargli, masalan
X, (Ug,Vo) Yy (Ug,Vo)

X, (Ug, Vo) Yy (Ug,Vp)

z=z(u(x, y)v(x,¥)) = f(x,y) 5)

deylik. Unda oshkormas funksiyalar hagidagi teoremaga ko‘ra  sirtning nuqta atrofidagi gismi
quyidagi.

#0
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Agar (UO ) Vo) uchun (4) matritsaning barcha ikkinchi tartibli deter—mi—nantlari nolga teng bo‘lsa, S

Sirtning M 0 (XO, Yo Zo) nugtasi, uning maxsus nugtasi deyiladi. Sirtning maxsus nugta atrofidagi gismini
(5) ko‘rinishda ifodalab bo‘lmaydi.
Faraz gilaylik, S sirt

z=f(x,y)
tenglama bilan aniglangan bo‘lsin. Bunda f(X, y) funksiya XQOY tekislikdagi D to‘plamda
uzluksiz va uzluksiz  f (X, y), f,(X,y) xususiy hosilalarga ega. Bunday S sirt har bir
M (X,Y,2) € S nugtada urinma tekislikka ega. Urinma tekiclikning tenglamasi ushbu
! !
Z-z2=f(x,y X =x)+ f;(x,y\Y -y)
ko‘rinishda bo‘ladi, bunda X,Y,Z lar urinma tekilikdagi o‘zga—ruv—chi nuqtaning koordinatalari.
Modomiki, S sirt M (X, Y, Z) nugtada urinma tekislikka ega ekan, unda shu nugtada sirtning normalini
aniglash mumkin. (Ma’lumki, sirtning M (X, Y, Z) nuqtasidan o‘tuvchi va shu nuqtadagi urinma tekislikka
perpendikulyar bo‘lgan to‘g‘ri chiziq sirt normali deyiladi). Bu holda normalning tenglamasi
X=-x Y-y Z-z
Ly fixy) -1
bo‘ladi. Bu yerda XY, Z lar normaldagi o‘zgaruvchi nuqtaning koordinatalari.
Masalan, ushbu

z=f(xy)=x>+2y°
sirtga (paraboloidga) (1,1,3) nuqtada o‘tkazilgan urinma tekislik tenglamasi
Z-3=2(X —1)+4(Y -1)
normalning tenglamasi bo‘ladi.
X-1 Y-1 Z-1
2 2 1
Normalning OX,0Y,0Z koordinatalar o‘qlarining musbat yo‘na—lish—lari bilan tashkil etgan
burchaklarini mos ravishda ¢, 3,y deyilsa, unda COSc,COS f3,COSy lar normalning yo‘naltiruvchi
kosinuslari deyiladi.
Faraz qgilaylik, S fazodaga sodda sirt bo‘lsin. Ravshanki, bu sirt-ning har bir nuqtasida urinma

tekislik mavjud bo‘lib, u urinish nuqtasi sirti bo‘ylab uzluksiz o‘zgarib borsa, mos urinma tekislik ham oz
holatini uzluksiz o‘zgartirib boradi.

S sirtda birorM, nugtani olaylik. Bu nuqta orqali o‘tkazilgan sirt normali ikki yo‘nalishga ega
bo‘lib, ulardan birini tayinlaymiz. So‘ng M, nugtadan chigib, shu M, ga qaytadigan yopiq chizigni
(konturni) qaraylik. Bu kontur S sirtga tegishli bo‘lib, uning chegarasini kesmasin. Mo nuqtada sirt
normalining ma’lum yo‘nalishi olinganligini e’tiborga olib, o‘zgaruvchi M nugtani MO dan boshlab,
kontur bo‘yicha harakatlantirib, yana M, nuqtaga gaytganda (ravshanki, nugta kontur bo‘ylab o‘zgarganda
mos nuqtadagi sirt normali ham o°zgarib boradi) ikki hol yuz beradi:

1. M 0 nuqtadagi sirt normalining yo‘nalishi gaytib shu nuqtaga kelganda normalning yo‘nalishi
teskarisiga o‘zgaradi;

2. Mo nuqtadagi sirt normalining yo‘nalishi qaytib shu nuq—ta—ga kelganda ham normalning
yo‘nalishi o‘zgarmaydi.

Aytaylik, S ikki tomonli sirt bo‘lsin. Bu sirtda ixtiyoriy M, nugtani tayinlab, bu nugtani boshga
M, €S nuqta bilan shu sirtga tegishli bo‘lgan va uning chegarasini kesmaydigan K egri chiziq yordamida

birlashtiramiz. So‘ng M, nuqtada sirt normalning aniq yo*nalishini tayinlaymiz.
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Aytaylik, o‘zgaruvchi M nugta K egri chiziq bo‘yicha M, dan boshlab Ml nugtaga tomon
harakatlana borsin. Natijada o‘zgaruvchi M nuqtadagi sirt normalining yo‘nalishi ham uzluksiz o‘zgara
boradi va M, nuqtaga kelganda sirt normali ma’lum yo‘nalishga ega bo‘ladi. Normalning bu yo‘nalishi
nugqtalarni birlashtiruvchi egri chiziqqa bog‘liq bo‘lmaydi. Shuni isbotlaymiz.

M o Va |\/|1 nuqtalarni ikkita turli K, va K, chiziqlar bilan birlashtirilganda o‘zgaruvchi nuqta M

nuqtaga kelganda sirt normalining yo‘nalishi turlicha bo‘lsin deb faraz qgilaylik. Unda Kl Ba K2 lardan
hosil bo‘lgan yopiq kontur
-1
MM, (K;) UMM, (K;7)
bo‘yicha o‘zgaruvchi Mo nuqtaga kelganda normalning yo‘nalishi o‘zgarib qoladi. Bu esa

garalayotgan sirtning ikki tomonli ekanligiga zid. Demak, ikki tomonli sirtning bitta nugtasida normal
yo‘nalishni tanlash bilan uning barcha nuqtalarida ham normal yo‘nalishi bir qiymatli aniqlanar ekan.

Ma’lumki,
z=1(x,y)
tenglama bilan aniglanadigan sirt normalining yo‘naltiruvchi kosinuslari
_f —f.(x,
coser = ~ f,(xy) ' cos = . y(%.Y) |
£ 1+ £20x,y) + £7(x,Y) £ 1+ £200, ) + £,2(x, )
1
CoSy = ‘ . (6)
1 200 9) + 12(0Y)
bo‘ladi.

(6) da COSx,COS [3,COS ¥ larni ifodalovchi fo‘rmulalardagi kvadrat ildiz oldidagi ishorani tanlash

bilan sirt tomoni aniglanadi.
Agar kvadrat ildiz oldidagi ishoralardan musbati olinsa, sirtning barcha nuqtalarida

1
[ 2+ (X Y)

ifoda musbat bo‘ladi. Bu holda sirtning olingan tomoniga mos normal bilan OZ o‘qi orasidagi
burchak o‘tkir bo‘lib, aniglanadigan sirt tomoni ustki (yuqori) tomon bo‘ladi.

Agar kvadrat ildiz oldidagi ishoralardan manfiysi olinsa, sirtning olingan tomoniga mos normal bilan
OZ o¢qi orasidagi burchak o‘tmas bo‘lib, aniglanadigan sirt tomoni ostki (past) tomon bo*ladi.

Sirt yuzi va uni hisoblash. Ma’lumki, egri chizigning uzunligi unga ichki chizilgan sinig chiziq
perimetrining siniq chiziq tomonlarining barchasi nolga intilgandagi limiti sifatida ta’riflangan edi. Shu ta’rif
singari sirt yuzi ta’riflanadigan bo‘lsa, ya’'ni sirtning yuzga unga ichki chizilgan ko‘pyoqli sirtning yuzining
ko‘pyoqlini tashkil etgan barcha tomonlari (yoqlari) diametrlari nolga intilgandagi limiti deyiladigan bo‘lsa,
ma’nosizlik yuzaga kelishi mumkin. Shvars tomonidan keltirilgan misolda to‘g‘ri doiraviy silindrga ichki
chizilgan ko‘pyoqli (yoqlari uchburchaklardan iborat ko‘pyoqli) yasalganki, barcha yoqlarining diametrlari
nolga intilganda bu chizilgan ko‘pyoqli yuzasi limitga ega bo‘lmaydi. Demak, aylanma silindrning yuzasi
bo‘laturib, aytilgan ta’rif bo‘yicha uning yuzaga ega bo‘lmasligi kabi g‘ayritabiiy holatga duch kelamiz.
Demak, sirt yuzi uchun bunday ta’rif yarogsiz bo‘lib, uni boshqacha ta’riflashga to‘g‘ri keladi.

Biz quyida ushbu Z = f(X,Y) tenglama bilan aniglanadigan

CoSy =
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Y

1-rasm.
sirt yuzi tushunchasini va uni hisoblash fo‘rmulasini keltiramiz f(X, y) funksiya D tekislikdagi

yuzaga ega bo‘lgan to‘plamda uzluksiz va uzluksiz fx (X, y), fy (X, Y) xususiy hosilalarga ega.

D to‘plamning biror

P. ={D,,D,,...D_}

bo‘laklashini  olaylik. Bu bo‘laklashning bo‘lakchalari Dl, D2 yerns Dn bo‘ladi. Olingan
bo‘laklashning bo‘luvchi chiziglarini yo‘naltiruvchilar sifatida garab, ular orqali yasovchilari OZ o‘qiga
parallel bo‘lgan silindrik sirtlar o‘tkazamiz. Bu silindrik sirtlar S sirtning ushbu

Ps 2{31,32,...,Sn}

bo*laklashini hosil qiladi. Uning bo‘lakchalari S;,S,,..., S, boladi.

Endi har bir D, (k=12,...,n) da ixtiyoriy (&,,77,)nuqgta olib , S sirtda unga mos nugta
(&nerz) (z, = T(&,n)) ni topamiz. Ravshanki (&, ,7,,Z,) €S, (K=12,...,Nn) boladi.
So‘ngra S sirtga shu (é: /e Zk) nuqtada urinma tekislik o‘tkazamiz. Bu urinma tekislik bilan yuqorida
aytil—gan silindrik sirtning kesishishidan hosil bo‘lgan urinma tekislik qismini Tk bilan, uning yuzini esa
T, bilan belgilaymiz.

Dk to‘plam Tk ning ortoganal proyeksiyasi bo‘lgani uchun

D, = 1Ty - [cos 7
bo‘ladi, bunda 7, - S sirtga (&,7,,2,) (z, = (&1, )) nuqtada o‘tkazilgan urinma tekislik

normalining o°qi bilan tashkil etgan burchak.
Ravshanki, Ap . — 0 da Ap, — 0 bo'ladi.

Agar ;tPD —0 da quyidagi

ATy

;\_
Il =
LN
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yig‘indi chekli limitga ega bo‘lsa, S sirt yuzaga ega deyiladi, limitning giymati esa sirtning S yuzi
deyiladi. Demak,

n
4S=lim > 4T, .
lpDHO k=1
Ma’lumki,
1
oSy, = . -
\/1+ fxz(ﬁk,ﬁk)+ fy2(§k’77k)
bo‘lib,
MTy = - *HDy
COS 7,

n n
. 2 2
tenglikdan esa »_ 4T, = Z\/1+ £.7Gom) + 1,7 (i) - Dy
k=1 k=1
tenglikdan esa bo‘lishi kelib chiqadi.
Keyingi tenglikning o‘ng tomonidagi yig‘indi \/1+ le2 (X, y) + f);z (X, y)

funksiyaning integral yig‘indisi bo‘ladi. Bu funksiya D to‘plamda uzluksiz, binobarin
integrallanuvchi. Demak,

L7 2
lim 3 [+ £.2(8 )+ £.2(E, 1, ) - D)y, =
/1PD—>0kZ=1 x G+ Ty Geme) - 4Dy

_ 2 )
_g\/1+ o (xy) + fy (x, y)dxdy.

Shunday qilib S sirtning yuzi

48 == [[ |1+ £,2(x, y) + £.7(x, y)dxdy ™
D
bo‘ladi.
Birinchi tur sirt integrali tushunchasi. Fazoda ushbu
z=1(x,Y) ®

tenglama bilan aniglangan S sirtni garaylik. Bunda Z(X, y) funksiya D R? to‘plamda uzluksiz
va uzluksiz Z;( (X, Y), Z; (X, Y) xususiy hosilalarga ega. Ma’lumki, (8) sirt yuzaga ega bo‘lib, uning yuzi

1S = ”\/1+ 2/ (X, Y) + 2.7 (x, y)dxdy
D

bo‘ladi.
Aytaylik, S sirtda T(X,VY,Z) funksiya berilgan bo‘lsin. S sirtni undagi chiziglar yordamida

Sl, 32 . Sn bo‘lakchalarga ajratib, uning
P=1{S.,S,,...S,}
bo‘laklashini hosil qilamiz. Bu bo‘laklashning diametrini /1p deylik. Endi har birSk da
(k =12,34,...,n) ixtiyoriy (&.,77,,¢,) nugtani olib, bu nugtadagi funksiyaning giymati
f(ﬁk,ﬂk,éfk) ni Sk ning yuzi ,uSk ga ko‘paytiramiz. So‘ng quyidagi

Gzéf(fkvﬂkigk)/lsk ©))
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Yig‘indini tuzamiz. Ravshanki bu yig‘indi f (X, Y, Z) funksiyaga , P bo‘laklashga hamda

(§k s §k ) nuqtaga bog‘liq bo‘ladi:
o=o(f,P, (5.1 ¢x))-

Odatda, (9) yig‘indi f (X, Y, Z) funksiyaning integral yig‘indisi (Riman yig‘indisi) deyiladi.
Ta’rif. Agar V& > 0 olinganda ham shunday o > 0 topilsaki, S sirtning diametri /Ip <o

bo‘lgan har ganday bo‘laklash uchun tuzilgan O yig‘indi ixtiyoriy (f o s ; k) €S k hugtada
‘G — J‘ <&
tengsizlikni bajarsa , T(X,Y,Z) funksiya S sirt bo‘yicha integrallanuvchi deyilib, J son esa
f (X, Y, Z) funksiyaning birinchi tur sirt integrali deyiladi. Birinchi tur sirt integrali quyidagicha
[[ f(x,y,2)ds
s

kabi belgilanadi:

n

J.J. f(x,y,2)ds=lim 2 f (&, 7, &Sy
g 4,0 k=1

Keltirilgan ta’rifdan ko‘rinadiki, birinchi tur sirt integrali  sirtning tomoniga bog‘liq bo‘lmaydi.

Xususan, T(X,Y,2) =1 6yuca,
ﬂds = S
S

bo‘ladi.
Birinchi tur sirt integralining mavjudligi va uni hisoblash. Aytaylik, f(X,Y,Z) funksiya (8)

tenglama bilan berilgan S sirtda berilgan bo‘Isin.
Teorema. Arap (X, Y,Z) funksiya S sirtda uzluksiz bo‘lsa, u holda bu funksiyaning sirt bo‘yicha

birinchi tur sirt integrali mavjud va
106y 2)ds =[] F (Y, 200 YL+ 27 (0 y) + 27 (6, y)dxdy o)
S D
bo‘ladi.
S sirtning ixtiyoriy Ps = {Sl, 82 ) 83,.., Sn} bo‘laklashini olib unga nisbatan integral yig‘indi

0=§f(§k’ﬂk’§k)ﬂsk

ni tuzamiz.
P = {81’82’83""Sn}

Bo‘laklarni tuzamiz. S, S,,..., S, laming XOY tekislikdagi proyeksiyalari D,,D,,Ds,...,D, lar
to‘plamning bo‘laklashini hosil giladi.

Ma’lumki, (£, ,77,,¢,) €S, & = 2(&Emy) -

(9) formulaga ko‘ra

18, =1+ Z2(x,y) + 22 (x, Y) D,

bo‘ladi.
O‘rta gqiymat haqidagi teoremadan foydalanib topamiz:

1S, = \/1+ X'Zz(cf*k 1K)+ y'zz(f*k 1" k) D,

bunda ($'x,77°x) € D, .
Natijada O integral yig‘indi quyidagi ko‘rinishga keladi.
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n
o= F(Eamo2EamOI+ 22 (% Y) + 27 (X YDy . (D)
k=1
Bu tenglikning o‘ng tomondagi yig‘indi ushbu
f(x,y,z(X y))\/1+ 2,2 (X, Y) + 2,7 (X,y) (12) ikki o‘zgaruvchili uzluksiz funksiyaning

integral yig'indisi D T (&, 77, 2(&, 77 ))\/1+ 2 (&) + 2;2 (S ) Dy (13)
k=1

ni eslatadi. (11) va (13) yig‘indilarni solishtirib ularning farqi integral yig‘indida (fk ,77k)€ Dk

nugqta ixtiyoriy bo‘lgan holda (10) yig‘indida esa esa (f o )E Dk nuqta o‘rta qiymat haqidagi teoremaga

muvofiq bo‘lgan tayin nuqta bo‘lishidadir. (11) funksiya D to‘plamda uzluksiz, binobarin u D to‘plamda
integrallanuvchi bo‘lganligi sababli

n

|Im0'= m> f(gk’nk’z(gk’nk))\/l-'_ Z;Z(‘gk’nk)++z;2(§k777k)/uDk =

2, =0 ok:

f & 2 gk’nk))\/l""zl2 gk’nk)_'_zlz(é:k’nk)/uD =

(&
”f X,,2(X, y))\/1+ zi2 (X, y)+ 2,2(x, y Jdxdy

D

[iy

|m
ﬁo

|_;

bo‘ladi.
Demak,

jsj f(x,y,z)dS= IDI f(x,y,z(x, y))\/1+ z,2(x,y)+ 22 (x, y)dxdy.

Agar fazodagi S sirt ushbu X = x(y, Z)tenglama bilan aniglangan bo‘lib, bunda X = x(y, Z)
funksiya uzluksiz va uzluksiz X; (Y, Z), X, (Y, Z) xususiy hosilalarga cga bo‘lsa, bu sirtda uzluksiz

bo‘lgan f(X, Y, Z) funksiyaning birinchi tur sirt integrali mavjud va
[[f(x,y, z)ds =[] f(x(y. 2) v, z)\/1+ X2y, z)+ x*(y, z)dydz (14) bo‘ladi.
s D

Agar fazodagi S sirt ushbu

y=y(z x)
tenglama bilan aniglangan bo‘lib, bunda Y = Y(Z, X) funksiya uzluksiz va uzluksiz y’(z, X),

Y (2, X) xususiy hosilalarga ega bolsa, bu sirtda aniglangan uzluksiz (X, Y, Z) funksiyaning birinchi
tur sirt integrali mavjud va

”f X, Y, 2)dS = ”f X, ¥(z, X), 2 W1+ y72(z, X)+ y??(z, x)dzdx (15)

bo‘ladi. Bu tasdlqlar yugorida keltlrllgan teoremaning isboti kabi isbotlanadi.

Xulosa. Birinchi tur sirt integrallari ikki karrali integrallarga keltirilib, (9), (14) va (15) formulalar
yordamida hisoblanadi. Birinchi tur sirt integralining xossalari. Birinchi tur sirt integrali ikki karrali integral
xossalari kabi xossalarga ega bo‘ladi. Birinchi tur sirt integrali yordamida sirtlarning yuzi, massali sirtning
massasi, og‘irlik markazlari, inersiya momentlari topiladi.
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MONTE-KARLO SIMULYATSIYA TIZIMIDA YASHOVCHANLIK TAHLILI UCHUN
ISHONCHLI VA SAMARALI TANLANMA GENERATSIYA QILISH ALGORITMLARI
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Annotatsiya. Ushbu maqolada senzurlanish ulushlarini anig boshgarish imkonini beruvchi
senzurlangan tanlanmalarni generatsiya qilishga mo ‘ljallangan keng gamrovli Monte-Karlo simulyatsiya
tizimi taklif etiladi. Tizim teskari akslantivish usuli yordamida o‘ng, chap, interval va ikki tomonlama
tasodifiy senzurlanish mexanizmlarini tizimli ko ‘rib chigiladi. Natijada, tadgiqotchilarga klinik va
epidemiologik amaliyotni aks ettiruvchi xilma-xil senzurlanish modellarini shakllantirish imkoniyatini
beradi. Senzurlanish tagsimoti parametrlarini kalibrlash uchun deterministik algoritmlar ishlab chigilgan
bo ‘lib, absolyut og ‘ish 0,005 dan past bo ‘lgan holda magsadli senzurlanish ulushlariga erishiladi. Modulli
dasturiy arxitektura turli senzurlanish turlariga muammosiz moslashishni ta 'minlaydi. 10000 takrorlash
bo ‘yicha empirik tekshiruv shuni ko ‘rsatadiki, taklif etilayotgan optimallashtirilgan usullar sodda usullardan
15-40 marta tezroq ishlaydi va 1000000 ta kuzatuvni 3 sekunddan kam vaqtda generatsiya giladi. Tizim
nazariy yashovchanlik tahlili va amaliy tahlil o ‘rtasidagi bo ‘shligni to ldiradi hamda yashovchanlik
modellarni taggoslash uchun standartlashtirilgan, takrorlanuvchi va hisoblash jihatidan samarali vosita
sifatida xizmat giladi.

Kalit so‘zlar: yashovchanlik tahlili, senzurlangan ma’lumotlar, Monte-Karlo simulyatsiyasi, teskari
akslantirish usuli, o ‘ng senzurlanish, interval senzurlanish, ma’lumotlar generatsiyasi algoritmi.

RELIABLE AND EFFICIENT SELECTION GENERATION ALGORITHMS FOR
SURVIVAL ANALYSIS IN MONTE CARLO SIMULATION SYSTEM

Abstract. This article proposes a comprehensive Monte Carlo simulation framework designed to
generate censored samples with precise control over censoring proportions. The system systematically
addresses right-, left-, interval-, and two-sided random censoring mechanisms using the inverse
transformation method. As a result, it enables researchers to construct diverse censoring schemes that
reflect clinical and epidemiological practice. Deterministic algorithms are developed to calibrate the
parameters of the censoring distribution, achieving target censoring proportions with an absolute deviation
of less than 0.005. The modular software architecture ensures seamless adaptability to various types of
censoring. Empirical evaluation based on 10,000 replications demonstrates that the proposed optimized
methods are 15-40 times faster than naive approaches and can generate 1,000,000 observations in under 3
seconds. The framework bridges the gap between theoretical survival analysis and practical application,
serving as a standardized, reproducible, and computationally efficient tool for comparing survival models.

Key words: survival analysis, censored data, Monte Carlo simulation, inverse transform method, right
censoring, interval censoring, data generation algorithm.

AJITOPUTMBI HATEKHOTI'O U D®®EKTUBHOI'O TEHEPUPOBAHUS BHIBOPOK
JJIs1 AHAJIM3A BBIZKUBAEMOCTU B CUCTEME MOJIEJIUPOBAHUSA MOHTE-KAPJIO

Annomauyusa. B Oaunoii cmamve npeonazaemcsi KOMNJIEKCHAS  CUCHEMA — UMUMAYUOHHO20
MoOoenuposanus memooom Monme-Kapno, npednasnauennas 0ns cenepayuu YeH3ypUposaHuvlx 6b100poK ¢
MOYHBIM KOHmMpONeM 00au yensypuposanus. Cucmema CUCMEMAMUYECKU PACCMAMPUGAEn MeXAHU3Mbl
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npaeoco, €020, UHMEPBANbHOZO U O08YCMOPOHHE20 CAYYAUHO20 YEH3YPUPOBAHUSL C UCHONb308AHUEM
Memooa obpamnoeo npeobpazoganus. B pezyibmame uccredosamenu NOAYYAIOM  BO3MONICHOCHIDL
Gopmuposams  paznoobpasHvie  cxemvl  YEH3YPUPOBAHUs, — ompadcaioujue  KIUHUYECKYl0 U
INUOEMUONIO2UYECKYIO  NpakmuKy. [lna  Kaaubposku napamempos pacnpeoeneHus YeH3ypuposaHusl
pazpabomanvl  0EMEPMUHUPOBAHHbIE — AICOPUMMDBL,  NO360JsIOWUe  JOCMUcamb — 3A0AHHBIX  QoJell
yensypuposanus ¢ abcomomuvim omrnonenuem menee 0,005. Mooyibnas npocpammuas apxumexmypa
obecneuusaem 2uOKyI0 a0anmayuro K pasiuyHbiM MUNAM YeH3ypuposanus. DMRupuieckds npoeepra Ha
ocrnose 10 000 nosmopenuii nokasvléaem, 4mo npeoiazaemvle ONMUMUBUPOBAHHBIE MEeMOObl PAbOMaiom 6
1540 pas 6vicmpee npocmovix n00x0008 u noszsoasiom cenepuposams 1 000 000 nabriodenutl menee yem 3a
3 cexynovl. Ilpeonooicennas cucmema YCMpawsem paspvle MenHcoy MeopemudecKumM — AaHaiu3oM
BBINCUBACMOCIIU U NPAKMUYECKUMU NPUTONCEHUAMU, BbICMIYNAS 8 Kauecmee CMAaHOapmu3upo8aHHOZ20,
60CHPOU3BOOUMO20 U  GBIYUCTUMENLHO  IPPeKkmusHoco  uHcmpymenma Ol CPABHEHUs  Mooenell
BBINCUBACMOCTHU.

Knwouesvie cnosa: ananus ulocusaeMocmu, YeH3ypupoganuvle OanHvie, MOOEIUPOSaAHUe MemoooM
Monme-Kapno, memoo obpammnoeo npeobpazosanus, npagoCmMoOpoOHHee YeH3VPUPOBaHue, UHMEPBATbHOE
YeH3YpUposanue, anecopumm eHepayuu OAHHbIX.

Kirish. Yashovchanlik tahlili tibbiy tadgigotlarda, muhandislik ishonchliligida va ijtimoiy fanlarda
muhim rol o‘ynaydi, bu sohada asosiy e’tibor vogea yuz vaqti ma’lumotlarini modellashtrishga qaratiladi.
Bunday tahlillardagi asosiy muammo senzurlanish mavjud ekanligidir. Ya’'ni tadqiqot loyihasidagi ayrim
cheklovlar tufayli yoki ishtirokchilarning chiqib ketishi sababli vogea vaqti fagat gisman kuzatiladi.
Senzurlangan kuzatuvlarning mavjudligi statistik xulosalar chiqarishni murakkablashtiradi va to‘liq
bo‘lmagan ma’lumotlarni hisobga oladigan maxsus usullarni talab etadi. Kaplan—Meyer bahosi [1] va Koks
proporsional xavf modeli [2] kabilar shular jumlasidandir. Bu yondashuvlar amaliyotda keng qo‘llaniladi,
ammo ularning turli senzurlanish mexanizmlari ostidagi ish samaradorligini simulyatsiya tadgiqotlari orgali
chuqur baholash zarur.

Monte-Karlo simulyatsiyalari yashovchanlik modellarni tasdiqlashda asosiy vosita bo‘lib xizmat
qiladi. Ular tadqiqotchilarga nazorat ostidagi sharoitlarda baholarning xossalarini o‘rganish imkonini beradi.
Birog, aniq parametrlarga ega senzurlangan yashovchanlik ma’lumotlarini generatsiya qilish hali ham
murakkab masala bo‘lib qolmoqgda. Mavjud usullar ko‘pincha muayyan senzurlanish turlariga, masalan,
klinik sinovlardagi o‘ng senzurlanish yoki davriy kuzatuv tadqiqotlaridagi interval senzurlanishga [3]
yo‘naltirilgan. Bu yondashuvlar gimmatli bo‘lsa-da, ular hisoblash samaradorligi va takrorlanish
imkoniyatini ta’minlab, bir nechta senzurlanish mexanizmlarini qamrab oluvchi yagona tizimga ega emas.
Bu kamchilik, aynigsa, xilma-xil senzurlanish nagshlariga bardoshlilik da’vo qiluvchi yangi
metodologiyalarni ishlab chiqish zarurligini ko‘rsatadi.

Usullar. Ushbu bo‘lim simulyatsiya algoritmlarining poydevorini tashkil etuvchi matematik tizimni va
nazorat ostidagi xossalarga ega senzurlangan yashovchanlik ma’lumotlarini generatsiya qilishning algoritmik
amalga oshirishini batafsil bayon etadi.

Matematik asoslar. Yashovchanlik funksiyasi S;(t) biror shaxsning t vagtdan uzogroq yashashi
ehtimolligini ifodalaydi:

Sr(t) = P(T > 1), )
bu yerda T vogea vaqtini ifodalovchi manfiy bo‘lmagan tasodifiy o‘zgaruvchidir. Tagsimot
funksiyasi (TF) F(t) yashovchanlik funksiyasini to‘ldiradi:
Fr(t)=P(T <t)=1-S5:(t). 2

t vaqtgacha yashaganlik sharti ostida shu vaqtda voqea sodir bo‘lishining oniy tezligini tavsiflovchi

xavf funksiyasi (hazard function) h(t) quyidagicha aniglanadi:
fr(®)
no =13, €)
bu yerda f(t) — T ning zichlik funksiyasi. Ushbu munosabatlar teskari akslantirish usuli orgali
yashovchanlik vagtlarini generatsiya gilishning asosini tashkil etadi.

Indikator funksiyasi senzurlanish vogealarini ifodalashda muhim rol o‘ynaydi. Ixtiyoriy A hodisasi

uchun:

(1 A ro'ybersa;
14) = {0; A ro'ybermasa. 4)
O‘ng senzurlangan ma’lumotlar uchun kuzatilgan ma’lumotlar (Y;8) ko‘rinishida ifodalanadi, bu
yerdaY = min(T;C) vaé = I(T < C), C esa senzurlanish vaqtini bildiradi.
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Teskari akslantirish usuli bir xil tagsimot asosida amalga oshiriladi. Usul TF si Fr(t) bo‘lgan ixtiyoriy
uzluksiz T tasodifiy o‘zgaruvchisi uchun U = F;(T) tasodifiy o‘zgaruvchisi standart bir xil tagsimlashga
bo‘ysunishidan foydalanadi. Bu esa yashovchanlik vaqtlarini quyidagicha generatsiya gilish imkonini beradi:

T = F; 1 (U), U~Uniform(0; 1), (5)
bu yerda F;1(U) — magsadli tagsimotning kvantil funksiyasi. Uniform-tekis tagsimot. TF qat’iy
o‘suvchi bo‘Imagan holda umumlashtirilgan teskari funksiyadan foydalaniladi:

Frl(w) = inf{t: Fr(t) > u}. (6)
Mustaqil senzurlanish asosiy shart hisoblanadi:
P(T<tC<c)=P(T<t)P(C <o). (7

Bu senzurlanish mexanizmi kuzatilgan ma’lumotlardan tashqari yashovchanlik vaqti haqida
go‘shimcha ma’lumot bermasligini anglatadi. Simulyatsiya tadqiqotlarida T va C  ushbu shartni
qanoatlantirishlari uchun o‘zlarining mos tagsimlashlaridan mustagqil ravishda generatsiya gilinadi.

Bir nechta senzurlanish turlari uchun yagona tizim. Taklif etilayotgan tizim to‘rtta asosiy
senzurlanish mexanizmi ostida yashovchanlik ma’lumotlarini generatsiya qilishning tizimli yondashuvini
o‘rnatadi. 1-jadvalda har bir tur uchun kuzatiladigan ma’lumotlar tuzilmalari va senzurlanish ulushi
formulalari jamlangan.

1-jadval.
Senzurlanish mexanizmlari, kuzatiladigan ma’lumeotlar tuzilmalari va senzurlanish ulushi
formulalarining xulosasi
Senzurlanish Kuzatilgan Indikator Ulush

O‘ng Y = min(T; C) §=1I(T<C)

Py = f Sy (©fs(0)de
0

Chal Y=max(T;L) | §=1(T>C @
P (T:) | 6 =1T=0) p=| P OROE
Q
Intervallik L;U; 8 §=IL<T<U e re
(:U:9) ( Won= [ [ 1R - Fr1 i pauat
0 L
Tasodifiy (Y;98) (11)-tengl. p, va p; kombinatsiyasi

O‘ng senzurlanish. T yashovchanlik vagti f; zichligi bilan F; tagsimotga bo‘ysunadi, C
senzurlanish vaqti esa F, tagsimotdan mustaqil generatsiya gilinadi. Senzurlanish ulushi p, quyidagi
tenglamani yechish orgali nazorat gilinadi:

pr = P(T > C) = [[” Sy (©)fc(c)dc, 8)
bu yerda S;(t) =1 — Fr(t). Ushbu integral tenglama magsadli p, ga erishish uchun F; ning
parametrlariga nisbatan sonli usulda yechiladi.

Chap senzurlanish. Vogea biror kuzatiladigan L  vaqtdan oldin  sodir  bo‘lib,
(Y;6) ko‘rinishidagi ma’lumotlar hosil gilinadi: Y = max(T;L), § = I(T > C). senzurlanish ulushi p,
guyidagiga teng:

p=P(T <L)= [ Fr (Df(DdL, 9
bu yerda F; funksiya L ning tagsimoti. Tizim (8)-tenglamani sonli usullar orgali yechib F; ning
parametrlarini istalgan p; ga moslashtirib sozlaydi.
Interval senzurlanish. § = I(L < T < U) bo‘lgan (L; U; §) uchliklar generatsiya gilinadi.
senzurlanish ulushi p; quyidagicha:
pi =y 7 [Fr@) = Fr(D] fy pdudl (10)
bunda (L;U) F,y tagsimotdan birgalikda tanlanadi. Algoritm p; ni nazorat gilish uchun interval
kengligini U — L kalibrlaydi.

Ikki tomonlama tasodifiy senzurlanish. Bu tur umumlashtirilgan senzurlanish chegaralari orgali

o‘ng va chap senzurlanishni birlashtiradi:
T; T e (C;C.) bo'lsa;
Y=<C; T < C; bo'lsa; (12)
C.; T = C, bo'lsa;

bu yerda C; va C, mos ravishda chap va o‘ng senzurlanish vaqtlarini bildiradi. Tizim T va (C;;C,.)

o‘rtasidagi bog‘liglik tuzilmalarini kopula modellari yoki shartli tagsimotlar orqali belgilash imkonini beradi.
Senzurlanish ulushlarini nazorat qilish uchun deterministik algoritmlar. Senzurlanish
ulushlarini aniq nazorat gilish magsadida deterministik algoritmlar senzurlanish tagsimoti parametrlarini
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magsadli yashovchanlik tagsimotiga asoslanib sozlaydi. p magsadli ulush va F; yashovchanlik tagsimoti
bilan o‘ng senzurlanish uchun quyidagi tenglama yechiladi:
P(T>C) = [; Sy (c)dFc(c) =p. (12)
Faraz qilaylik, C tasodifiy miqdor A parametrli eksponensial tagsimotga bo‘ysunsa, tenglama quyidagi
ko‘rinishga keladi:

fooo Sy (c)de=*¢dc = p, (13)
bu tenglama Brent usuli kabi ildiz topish algoritmlari yordamida A ga nisbatan sonli usulda yechiladi.
Yechim katta tanlamalarda senzurlangan kuzatuvlarning kutilgan ulushi p ga teng bo‘lishini kafolatlaydi.
U=L+W,W~F, bo‘lgan (L; U) kuzatuv intervaliga ega intervallik senzurlanish uchun:

p=J, [ IFr(+w) = Fr(D]d Fy (DdFy (w) (14)
Algoritm F; ni o‘zgartirib qolmasdan Fy, parametrlarini topadi va kuzatuv intervallari ichida vogea
ehtimolligi magsadli p ga mos kelishini ta’minlash uchun iterativ sonli usullarni go‘llaydi.

2.4 Umumiy simulyatsiya algoritmi. To‘liq simulyatsiya jarayonining bayoni quyida
keltirilgan. T— 6 parametrlari bilan F; tagsimotdan generatsiya gilingan hagiqiy yashovchanlik vagti, C esa
¢ bilan parametrlashtirilgan F. tagsimotga ega senzurlanish vaqtini ifodalaydi.

1-Algoritm: Senzurlanish ulushlarini nazorat gilish bilan senzurlangan yashovchanlik ma’lumotlarini
generatsiya gilish.

Kirish: Magsadli senzurlanish ulushi p, yashovchanlik tagsimoti F(8), senzurlanish oilasi F,
tanlanma hajmi n, senzurlanish turi. ¢ = {o‘ng, chap, interval, ikki tomonlama tasodifiy}.

Chigish: senzurlangan tanlanma. D = {(Y;; §;)}1-;.

1-qadam (Kalibrlash): Nazariy senzurlanish ulushi p ga teng bo‘lishi uchun ¢ topiladi (12-
formulaga garang).

2-gadam (Generatsiya): Har bir i = 1, ..., n uchun:

v U;~Uniform(0;1) generatsiya gilinadi; T; =
F71(U;; 0) hisoblanadi.

v

Vi~Uniform(0;1) generatsiya qilinadi; C; =
Fz1(V;; ¢) hisoblanadi.
v T=o‘ng bo‘lsa: Y, =min(T;C;), 6;=
I(T; < C;) belgilanadi.
4 T= chap bo‘lsa: Y; =max(T;C;), 6; =
I(T; = C;) belgilanadi.
v T =interval bo‘lsa:  (L;;U;)  generatsiya
qlllnadl, 51' = I(Ll <T; < Ul)
belgilanadi.
3-gadam (Tekshiruv): p =1 — %Z}Ll &; hisoblanadi; [p — p| < & tekshiriladi.
Qaytarish D.

Misol uchun, k shakl va A masshtab parametrlariga ega Weibull yashovchanlik vagtlari uchun kvantil
funksiyasi quyidagi ko‘rinish oladi:
Fit(uw) = 2(—log(1 - u))l/k. (15)
Hisoblash samaradorligi strategiyalari. Statistik aniglikni saglab golgan holda hisoblash vagtini
gisgartiruvchi bir necha optimallashtirish strategiyalari qo‘llaniladi.
Vektorlashtirilgan amallar. Har bir kuzatuvni alohida qayta ishlash o‘rniga, teskari tagsimot
funksiya bir vaqtning o‘zida bir xil tasodifiy o‘zgaruvchilar massiviga tatbiq etiladi:
T = Ff1(U), U~Uniform(0; )", (16)
bu yerda T va U- n o‘lchovli vektorlar. Bu zamonaviy protsessor arxitekturalaridan foydalanib
sezilarli tezlik oshishiga olib keladi.
Oldindan hisoblash va interpolyatsiya. Senzurlanish parametrlarini sonli usullar bilan hisoblashda,
magsadli ulushlarning panjara giymatlari uchun yechimlar oldindan hisoblanib gidiruv jadvalida saglanadi:
¢, =~ interpolyatsiya (¢, ; ¢p,), P1 <P < D2, (17)
bu esa odatda 0,5% dan past interpolyatsiya xatolari bilan hisoblash yukini kamaytiradi.
Parallel gayta ishlash. Algoritm talab gilinadigan N ta to‘plamni K ta protsessor yadrosiga
tagsimlaydi. Har bir yadro yadrolar o‘rtasida aloga bo‘lmagan holda mustaqil takrorlashlarni generatsiya
giladi, bu esa vaqgtni taxminan 1/K koeffitsiyentga gisqartiradi.
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Xotira tejamkorligini ta’minlovchi bo‘laklash. Juda katta to‘plamlar (n > 10°) uchun kuzatuvlar
belgilangan o‘lchamdagi bo‘laklarda qayta ishlanadi:
T, = Ff1(U,), b=1,..,[n/B], (18)
bu yerda U, bo‘lagi B ta bir xil tasodifiy o‘zgaruvchilarni o‘z ichiga oladi. Bu mavjud operativ
xotiradan ortiqcha to‘plamlarni simulyatsiya qilish imkonini beradi.
Stratifikatsiyalangan interval namunasi. Interval senzurlanishda avval interval kengliklari Fy, dan
tanlanadi, so‘ng ular kenglikka shart qo‘yilgan holda joylashtiriladi:
Wi~Fy, Li~Uniform(0, t —W,), (19)
bu yerda T — maksimal kuzatuv vaqti. Bu yondashuv takrorlashlar bo‘yicha senzurlanish
ulushlarining dispersiyasini kamaytiradi.

Natijalar. Taklif etilayotgan tizim uchta muhim jihatni: senzurlanish ulushi anigligini va
hisoblash samaradorligini va yashovchanlik model baholashga ta’sirini baholash uchun mo‘ljallangan keng
qamrovli simulyatsiya tadqiqotlari orqali qat’iy tekshirishdan o‘tkazish kabilarni o‘z ichiga oladi.
Yashovchanlik tagsimotlari, senzurlanish mexanizmlari va tanlanma hajmlarini o‘zgartirish mumkin bo‘lgan
ko‘p omilli tayyor algoritm ishlab chiqildi.

Senzurlanish ulushini nazorat gilish. O‘ng senzurlanish senariylari uchun eksponensial (1 = 1) va
Weibull (k = 1,5; 2 = 1) yashovchanlik tagsimotlari ostida p € {0,1;0,3;0,5; 0,7} magsadli senzurlanish
ulushlariga ega to‘plamlar generatsiya qilindi. Empirik senzurlanish ulushi quyidagicha hisoblandi:

. 1
p=1-131,5. (20)
2-jadval n = 1000 tanlanma hajmi uchun 10000 takrorlash bo‘yicha natijalarni ko‘rsatadi va barcha
senariylarda mutlaq og‘ish 0,005 dan past bo‘lgan aniq nazoratni namoyish etadi.

2-jadval.
n = 1000 bilan 10000 takrorlash bo‘yicha empirik senzurlanish ulushi (p). Qiymatlar o‘rtacha
=+ standart og‘ish ko‘rinishida keltirilgan

Magsadli p Eksponensial (1 = 1) Weibull (k = 1,5; 1 = 1)
(In2-3 (Ir)4-5 O‘rtacha p Standart og‘ish O‘rtacha p Standart og‘ish
0,10 0,1003 0,0095 0,1001 0,0094
0,30 0,3002 0,0145 0,2998 0,0144
0,50 0,5001 0,0158 0,4997 0,0157
0,70 0,6998 0,0145 0,7002 0,0146

Hisoblash samaradorligini tagqoslash. Taklif etilayotgan optimallashtirilgan usullar turli tanlanma
hajmlarida asos sifatida gabul gilingan siklga asoslangan usul bilan tagqoslandi. 3-jadval ishlash vaqtini
solishtirishni umumlashtiradi.

3-jadval.
100 ishga o‘rtalashtirilgan holda, o‘ng senzurlangan eksponensial ma’lumotlar (p = 0,3) uchun

asosiy va optimallashtirilgan amalga oshirishlar o‘rtasidagi ishlash vaqtini tagqoslash (sekundlarda)
Hajmi n Asosiy (S) Optimallashtirilgan (s) Oshishi Xotira (MB)
10° 0,85 0,05 17 marta 01
10* 8,70 0,23 38 marta 0,8
10° 87,50 2,30 38 marta 7,6
10° 912,00 23,10 39 marta 76,3

Vektorlashtirilgan amallar sodda sikllarga nisbatan ishlash vagtini 15-40 marta gisqgartirdi, aynigsa,
katta to‘plamlar uchun bu farq yanada yaqqol ko‘rinadi. n = 10® uchun optimallashtirilgan algoritm bitta
to‘plamni taxminan 2,3 sekundda generatsiya qilishni yakunladi.

Yashovchanlik model baholashiga ta’siri. Tizimning metodologik tadgigotlar uchun foydaliligini
baholash magsadida turli senzurlanish mexanizmlari Koks modeli [2] bahosiga qanday ta’sir ko‘rsatishi
o‘rganildi. Simulyatsiyalarda senzurlanish ulushi (20%, 50%) va turi (0‘ng) o‘zgartirildi, haqiqiy xavf nisbati
esa f =1log(2,0) = 0,693 da doimiy saglandi. 4-jadval n = 500 bilan 5000 takrorlash bo‘yicha 95%
ishonch intervali uchun noxolislik va qgamrov ehtimolliklarini ko‘rsatadi.
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4-jadval.

Turli senzurlanish senariylari ostida Koks modeli baholash samaradorligi
(n =500, haqgiqiy g = 0,693; 5000 takrorlash)

Senzurlanish turi Magsadli p O‘rtacha ﬁ Og‘ish SX Qamrov (%)
O‘ng 0,20 0,695 0,002 0,098 94,8
O‘ng 0,50 0,698 0,005 0,142 94,5

Natijalar tizim mo‘ljallangan senzurlanish naqshlarini muvaffaqiyatli yaratishini va statistik
xossalarni to‘g‘ri saqlab qolishini tasdiglaydi. Qamrov ehtimolliklari nominal 95% darajasiga yaqin qoladi
va barcha sharoitlarda og‘ish ahamiyatsiz darajada kichik. Kutilganidek, yuqori senzurlanish ulushi standart
xatolarning oshishiga olib keladi.

Ekstremal sharoitlarda mustahkamlik. Tizim yuqori senzurlanish sharoitlari (p = 0,9) va kichik
tanlanma hajmlari (n = 50) ostida sinovdan o‘tkazildi. Hatto bu giyin ssenariylarda ham senzurlanish ulushi
nazorati o‘rtacha 0,015 xatolikdan past bo‘lgan holda aniq bo‘lib qoldi, bu esa ekstremal sharoitlar yoki
cheklangan tanlanma hajmlarini talab giluvchi ilovalar uchun bargarorlikni namoyish etadi.

Tanlanma hajmi o‘sishi bilan empirik senzurlanish ulushlarining maqsadli qiymatlarga
yaginlashuvini tasvirlaydi.

I I | I I I I I
10~ —o—p = 0.3 (Eksponensial) | -
= —=—  p=0.5 (Veybul)
3 i ——p = 0.7 (Eksponensial) | ]|
5
@
=
%
£ 1072
N
=
|
=
10—3 I | I - I I [

102 10? 104
1-rasm. 10000 takrorlash bo‘yicha o‘rtacha xatolik |p — p| ning tanlanma hajmiga bog‘liq
holda yaginlashuvi

Muhokama.

Dasturiy ta’minot loyihasiga oid mulohazalar. Takrorlanish imkoniyati ishonchli simulyatsiya
tadgigotlarining asosi hisoblanadi. Tizim bir nechta himoya mexanizmlarini amalga oshiradi: tasodifiy sonlar
generatsiyasi va transformatsiya bosgichlarini qat’iy ajratish, barcha tasodifiy sonlar oqimlarini PCG
generatorlar oilasi [4] yordamida boshlash va protsessor yadrolari bo‘ylab tasodifiy son ketma-ketliklarini
tagsimlash uchun sakrash usulidan foydalanish [5]. Amalga oshirish barcha tasodifiy ma’lumotlar va
parametr sozlamalarini FAIR tamoyillariga [6] muvofiq standartlashtirilgan metama’lumot fayllarida qayd
etadi.

Mavjud yondashuvlar bilan taggoslash. 5-jadval taklif etilayotgan tizimni mavjud simulyatsiya
yondashuvlari bilan tuzilgan tarzda tagqoslaydi.

5-jadval.
Senzurlangan ma’lumot generatsiyasi yondashuvlarini xususiyatlar bo‘yicha taqqoslash
Xususiyat Taklif etilgan | 1vall tur | Bosgichli| Maxsus
O‘ng senzurlanish Ha Ha Ha Ha
Chap senzurlanish Ha — — Qisman
Intervallik senzurlanish Ha — — Qisman
Ikki tomonlama tasodifiy senzurlanish Ha — — Ha
Ulush nazorati Anig Belgilangan | Qisman | Taxminiy
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Vektorlashtirish Ha — — Fargli

Parallel go‘llab-quvvatlash Ha — — —
Modulli arxitektura Ha — — —
Takrorlanish imkoniyati To‘liq Qisman Qisman Fargli

Xulosa. Ushbu maqolada anig nazorat gilinadigan senzurlanish ulushlariga ega senzurlangan
yashovchanlik ma’lumotlarini generatsiya qilish uchun keng gamrovli Monte-Karlo simulyatsiya tizimi
tagdim etildi. Tizim metodologik tadqiqotlardagi muhim bo‘shliqni bartaraf etadi, moslashuvchan tagsimot
spetsifikatsiyalari ostida o‘ng, chap, interval va ikki tomonlama tasodifiy senzurlanish mexanizmlarini
yagona tarzda gamrab oladi. Teskari akslantirish usulini kalibrlangan senzurlanish tagsimotlari bilan
birlashtirish orqali usul sintetik to‘plamlar istalgan statistik xossalarni saqlab qolishini ta’minlaydi va turli
modellash yondashuvlari o‘rtasida adolatli taqqoslashga zamin yaratadi.
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BERGMAN MINIMAL MODELI: MATEMATIK ASOSLARI, BIOLOGIK MAZMUNI VA
AMALIY QO‘LLANILISHI
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Annotatsiya. Ushbu magolada Bergman minimal modeli, uning yaratilish tarixi, matematik asoslari
hamda glyukoza—insulin tizimini modellashtirishdagi ahamiyati batafsil tahlil gilingan. Modelning asosiy
differensial tenglamalari, glyukoza va insulin o ‘rtasidagi o ‘zaro bog ‘liglik, shuningdek, insulin sezgirligi
(Insulin Sensitivity) va glyukozaning insulin mustaqgil utilizatsiyasi (Glucose Effectiveness) kabi asosiy
parametrlarning biologik mazmuni yoritilgan. Bundan tashgari, modelning afzalliklari, klinik amaliyotdagi
qo ‘llanilishi hamda qandli diabet diagnostikasi va metabolik jarayonlarni tadgqiq etishdagi o ‘rni tahlil
gilingan. Tadgiqot natijalari Bergman minimal modelining matematik modellashtirish, tibbiy diagnostika va
diabetni ilmiy o ‘rganishdagi muhim vositalardan biri ekanligini ko ‘rsatadi.

Kalit so‘zlar: Bergman minimal modeli, glyukoza—insulin tizimi, matematik modellashtirish,
differensial tenglamalar, insulin sezgirligi, glucose effectiveness, IVGTT, qgandli diabet, metabolik
jarayonlar, biologik modellashtirish.

THE BERGMAN MINIMAL MODEL: MATHEMATICAL FOUNDATIONS, BIOLOGICAL
SIGNIFICANCE, AND PRACTICAL APPLICATIONS

Abstract. This article provides a comprehensive analysis of the Bergman Minimal Model, including its
historical development, mathematical foundations, and significance in modeling the glucose—insulin
regulatory system. The fundamental differential equations of the model, the interaction between glucose and
insulin, and the biological significance of its principal parameters, such as insulin sensitivity (Insulin
Sensitivity) and glucose effectiveness (Glucose Effectiveness), are thoroughly examined.

Furthermore, the advantages of the model, its applications in clinical practice, and its role in the
diagnosis of diabetes mellitus and the investigation of metabolic processes are discussed. The findings
demonstrate that the Bergman Minimal Model represents one of the fundamental tools in mathematical
modeling, medical diagnostics, and scientific research on diabetes.

Keywords: Bergman Minimal Model, glucose—insulin system, mathematical modeling, differential
equations, insulin sensitivity, glucose effectiveness, intravenous glucose tolerance test (IVGTT), diabetes
mellitus, metabolic processes, biological modeling.

MHUHHMMAJIBHASA MOJEJIb BEPTMAHA: MATEMATHYECKHUE OCHOBDBI,
BUOJIOTNHYECKOE 3HAYEHHUE U IPAKTUYECKOE IPUMEHEHHUE

Aunomayusa. B Oannoii cmamve npedcmagnen KOMIJIEKCHbIN AHAMU3 MUHUMATBHOU MOOeiu
bepemana, exarouas ucmopuio e€ co30aHus, Mamemamuieckue OCHO8bl U 3HaueHue Oisi MOOeIUPOBAHUL
cucmemvl pe2yisayuu 2a0Ko3vl U uncyauna. Iloopobno paccmompenvl ocHogHble Oudepenyuanvhvie
VpasHeHuss MOOeNU, B3AUMOCEA3b MeNCOY 2MOKO30U U UHCYIUHOM, 4 makdce Ouonozuueckoe 3HaueHue eé
KAI0YEBbIX NApamMempos, maxKux Kaxk 4yecmeumenvHocms Kk uncyauny (Insulin Sensitivity) u s¢pgpexmusrnocmo
emoxosvl (Glucose Effectiveness).

Kpome moeo, npoananusuposanvl npeumyujecmsa mooenu, eé npumMeHeHue 8 KIUHUYeCKol npaKkmuke,
a makdce e€ ponvb 6 OUASHOCMUKE CAXAPHO20 ouabema u Ucciled08aHuu MemaboIudecKux npoyeccos.
Pezynemamul uccnedosanuss noxasvlgarom, 4mo MuHuManibHas mooenv bepemana sasnsiemcs oomum u3
DYHOAMEHMANLHBIX UHCMPYMEHMO8 MAMEMAMUYUECKO20 MOOeIUPOBANUS, MEOUYUHCKOU OUASHOCTMUKU U
HAYYHBIX UCCAeO08AHUL CAXAPHO20 Ouabema.

Knwuesvie  cnosa:  munumanvHas — mooenv  bepemana,  cucmema  «2nioko3a—uHCynumHy,
Mamemamuueckoe Mooeauposanue, ougpepenyuanvivie YPaAGHeHUs, YYECMEUMETbHOCMb K UHCYIUHY,
aghhexmuernocmo 2110K03bl, BHYMPUBEHHbIN mecm moaepanmuocmu k emoxose (IVGTT), caxapuwiti ouabem,
Memabonuyeckue npoyeccol, OUOI0SUUECKOe MOOETUPOBaHUE.
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Kirish. Uglevod almashinuvi inson organizmidagi eng muhim metabolik jarayonlardan biri
hisoblanadi. Organizm hujayralarining asosiy energiya manbayi glyukoza bo‘lib, uning qondagi miqdori
ma’lum fiziologik chegaralarda saqlanishi zarur. Agar qondagi glyukoza miqdori me’yordan ortib yoki
kamayib ketsa, organizmning koplab a’zolari faoliyatida jiddiy o‘zgarishlar yuz beradi. Aynigsa, bosh miya,
yurak va mushak to‘qimalari glyukozaga juda bog‘liq bo‘lganligi sababli qondagi glyukoza
konsentratsiyasining boshgarilishi hayotiy ahamiyatga ega.

Qondagi glyukoza miqgdorini boshqgarishda oshgozon osti bezining beta hujayralari ishlab chigaradigan
insulin gormoni asosiy rol o‘ynaydi. Ovqat iste’mol qilingandan keyin qondagi glyukoza miqdori ortadi va
bu holat beta hujayralarini insulin ajratishga undaydi. Insulin esa mushak va yog‘ to‘qimalarida
glyukozaning o‘zlashtirilishini kuchaytiradi, jigarda esa glyukoza hosil bo‘lishini kamaytiradi. Natijada
gondagi glyukoza miqdori yana me’yoriy qiymatga qaytadi. Shu tariga glyukoza va insulin o‘rtasida
murakkab biologik gayta aloga mexanizmi hosil bo‘ladi.

Organizmda glyukoza almashinuvi fagat insulin bilan emas, balki glukagon, kortizol, adrenalin va
o‘sish gormoni kabi boshga gormonlar bilan ham boshqariladi. Biroq sog‘lom odamlarda glyukozani
boshqarishning asosiy mexanizmi insulin hisoblanadi. Shuning uchun metabolik kasalliklarni o‘rganishda
aynan insulin va glyukozaning o‘zaro bog‘ligligini chuqur tahlil qilish muhim hisoblanadi.

Glyukoza va insulin tizimi yopiq boshgaruv tizimi (closed-loop system) hisoblanadi. Ya’ni qondagi
glyukoza miqdori insulin ajralishini boshqgaradi, insulin esa o‘z navbatida glyukoza miqdorini kamaytiradi.
Shu sababli kuzatilayotgan o‘zgarishlarning qaysi qismi insulin sekretsiyasi, qaysi gismi esa insulin
sezgirligi bilan bog‘ligligini oddiy kuzatish orqali aniqlash qiyin.

Adabiyotlar tahlili. Mazkur muammoni hal qilish uchun ilgari "ochiq siklli" (open-loop)
eksperimental usullar ishlab chigilgan. Masalan, glucose clamp usulida qondagi glyukoza sun’iy ravishda
doimiy darajada ushlab turiladi va insulin sezgirligi baholanadi. Yoki somatostatin yordamida organizmning
o‘z insulin ajratishi vaqtincha to‘xtatilib, tashqaridan insulin yuboriladi. Ushbu usullar ilmiy jihatdan aniq
natija bersa-da, ularni qo‘llash murakkab, gqimmat va invaziv bo‘lib, kundalik klinik amaliyotda keng
qo‘llash qiyin[2].

Shu sababli Bergman va hamkorlari yangi yondashuvni taklif etdilar. Ularning asosiy g‘oyasi shundan
iborat ediki, organizmning tabiiy boshgaruv tizimini buzmagan holda, oddiy IVGTT tajribasidan olingan
glyukoza va insulin ma’lumotlari matematik model yordamida tahlil gilinsa, insulin sezgirligi hamda beta
hujayralarning glyukozaga sezgirligini alohida baholash mumkin bo‘ladi.

Bergman magsadga erishish uchun minimal model (Minimal Model) konsepsiyasini ishlab chiqdilar.
"Minimal" so‘zi modelning juda sodda ekanligini emas, balki u tizimning asosiy fiziologik xususiyatlarini
eng kam sonli parametrlar orgali ifodalashini anglatadi. Bunday yondashuv modelni amaliy jihatdan qulay
giladi, parametrlarni ishonchli baholash imkonini beradi va fiziologik talginni soddalashtiradi.

Matematik modellashtirish murakkab biologik tizimlarni o‘rganishning eng samarali usullaridan
biridir. Biroq biologik tizimlarning murakkabligi sababli ularni to‘liq ifodalovchi matematik modellar ham
juda ko‘p parametrli va murakkab bo‘lib ketadi. Bunday modellar nazariy jihatdan mukammal bo‘lsa-da,
amaliyotda ularning parametrlarini tajriba ma’lumotlari orqali ishonchli aniqlash giyinlashadi. Shu sababli
Bergman va hamkorlari organizmning barcha fiziologik jarayonlarini emas, balki tadgiqot magsadi uchun
zarur bo‘lgan eng muhim mexanizmlarni ifodalovchi minimal model konsepsiyasini taklif gilganlar.

Minimal modelning asosiy g‘oyasi shundan iboratki, model imkon qadar sodda bo‘lishi, biroq
organizmning muhim fiziologik xususiyatlarini saglab qolishi kerak. Bunday model ortigcha parametrlarni
0‘z ichiga olmaydi va har bir parametrning biologik ma’nosi aniq bo‘ladi. Natijada modelni tajriba
ma’lumotlari asosida identifikatsiya qilish osonlashadi.

Minimal modelni tanlash uchun oltita asosiy mezonni ishlab chiqdilar.

Birinchi mezon — model mavjud fiziologik bilimlarga mos kelishi kerak. Ya’ni model organizmda
hagiqatan sodir bo‘ladigan biologik jarayonlarni aks ettirishi zarur.

Ikkinchi mezon — model parametrlarining nazariy aniglanuvchanligi (theoretical identifiability).
Boshgacha aytganda, model tenglamalaridan parametrlarni yagona giymat sifatida topish nazariy jihatdan
mumkin bo‘lishi kerak.

Uchinchi mezon — parametrlarning amaliy aniglanuvchanligi (practical identifiability). Bu parametrlar
real tajriba ma’lumotlari asosida ham ishonchli baholanishi kerakligini anglatadi.

To‘rtinchi mezon — parametrlarning fiziologik ma’noga ega bo‘lishidir. Har bir parametr
organizmdagi aniq biologik jarayonni ifodalashi lozim.

Beshinchi mezon — model eng kam parametrlar bilan tajriba natijalarini yuqori aniglikda tasvirlay
olishi kerak.
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Oltinchi mezon — model qoldiq xatolarining statistik tahliliga mos kelishi zarur. Agar model to‘g‘ri
tanlangan bo‘lsa, hisoblangan va tajribada o‘lchangan qiymatlar orasidagi farq tasodifiy bo‘lishi kerak.

Ushbu mezonlar matematik modellashtirishning asosiy tamoyillaridan biri bo‘lib, ular modelning
nafaqat nazariy, balki amaliy jihatdan ham ishonchli ekanligini ta’minlaydi.

Glyukoza—insulin tizimi biologik jihatdan juda murakkab yopiq boshgaruv tizimidir. Agar bu tizim bir
butun holda modellashtirilsa, model juda murakkab bo‘lib ketadi va parametrlarni aniqlash deyarli
imkonsizlashadi. Shu sababli Bergman va hamkorlari tizimni dekompozitsiya gilish, ya’ni uni ikki mustaqil
kichik tizimga ajratish usulini taklif etdilar.

Bu yondashuv tizimni soddalashtirish bilan birga, har bir biologik mexanizmni alohida o‘rganish
imkonini ham yaratadi.

Birinchi kichik tizim insulinning glyukozaga ta’sirini tavsiflaydi. Bu model insulin ta’sirida
glyukozaning mushak va yog‘ to‘qimalari tomonidan o‘zlashtirilishi hamda jigarda glyukoza ishlab
chiqarilishining kamayishini ifodalaydi[3].

Ikkinchi kichik tizim esa glyukozaning insulin sekretsiyasiga ta’sirini tavsiflaydi. Bunda qondagi
glyukoza migdorining ortishi oshgozon osti bezidagi beta hujayralar tomonidan insulin ajralishini ganday
rag‘batlantirishi modellashtiriladi.

Shunday qilib, murakkab biologik tizim ikkita nisbatan sodda matematik model yordamida
ifodalanadi.

Bergman modeli tizimlar nazariyasidagi Input-Output tamoyiliga asoslanadi.

Birinchi modelda tajribada o‘lchangan insulin konsentratsiyasi kirish signali (input) sifatida olinadi.
Model esa glyukoza konsentratsiyasining vaqt bo‘yicha ganday o‘zgarishini hisoblaydi.

Ikkinchi modelda esa aksincha, glyukoza konsentratsiyasi Kirish signali bo‘lib xizmat qiladi va
model insulin konsentratsiyasining vaqt bo‘yicha o‘zgarishini hisoblaydi.

Bu yondashuvning muhim afzalligi shundaki, glyukoza va insulin bir-biridan vaqgtincha matematik
jihatdan ajratiladi. Natijada har bir biologik mexanizm alohida baholanadi va parametrlarni aniglash ancha
osonlashadi.

Bergman ushbu yondashuvning bir nechta muhim afzalliklarini ko‘rsatadi.

Birinchidan, model oddiy IVGTT tajribasi ma’lumotlari asosida ishlaydi. Qo‘shimcha murakkab
laboratoriya usullari talab gilinmaydi.

Ikkinchidan, model organizmning tabiiy boshqgaruv tizimini buzmaydi. Somatostatin yoki boshga
farmakologik vositalardan foydalanishga ehtiyoj golmaydi.

Uchinchidan, model parametrlarining barchasi fiziologik ma’noga ega. Masalan, keyingi boblarda
aniglanadigan insulin sezgirligi (SI) va glyukozaning o‘z-o‘zini boshqarish qobiliyati (SG) bevosita
organizmning metabolik holatini tavsiflaydi.

To‘rtinchidan, model klinik diagnostika uchun ham juda qulaydir. Chunki bitta IVGTT tajribasidan
bemorning metabolik holati hagida keng qamrovli ma’lumot olish mumkin.

Tadgigot metodologiyasi. Dastlab mualliflar minimal model konsepsiyasi va tizimni
dekompozitsiyalash tamoyilini ishlab chiqdilar. So‘ngra ular ushbu nazariy yondashuvni amaliy jihatdan
go‘llab, glyukozaning organizmdagi dinamikasini ifodalovchi eng sodda va eng ishonchli matematik
modelni tanlaydilar.

Mualliflarning asosiy magsadi shundan iborat ediki, vena ichiga yuborilgan glyukozaning gondagi
konsentratsiyasi vaqt bo‘yicha qanday kamayishini ifodalay oladigan model yaratish kerak edi. Shu bilan
birga model insulinning glyukozaga ta’sirini ham aniq hisobga olishi lozim edi. Model yordamida insulin
sezgirligi (Insulin Sensitivity) kabi muhim fiziologik ko‘rsatkichlarni hisoblash imkoniyati yaratilishi
ko‘zlangan.

Bergman darhol yakuniy modelni tanlamagan. Aksincha, u glyukoza almashinuvini tavsiflovchi yettita

turli matematik modelni ishlab chiqdi va ularni bosgichma-bosgich tagqosladi.
dG

| prr 2 CR a2
dG_ p1G

] E—p2+6+p3
ac
ax
o G +p4X

Dastlabki uchta modelda insulinning glyukozaga ta’siri umuman hisobga olinmagan. Bu modellar
fagat glyukozaning tabily kamayishini ifodalardi. Biroq tajriba natijalari shuni ko‘rsatdiki, insulin ta’sirini
hisobga olmasdan glyukoza dinamikasini to‘g‘ri tavsiflab bo‘lmaydi.
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Shundan so‘ng mualliflar insulin ta’siri mavjud bo‘lgan modellarni ishlab chigdilar. Ushbu modellar
insulinning nafaqat glyukozani hujayralarga o‘tkazishi, balki jigarda glyukoza ishlab chiqarilishini ham
kamaytirishini hisobga oldi. Modelning murakkabligi oshirilgani sari u tajriba natijalariga yaxshiroq
moslasha boshladi.

Mualliflar barcha modellarni ikkinchi bobda keltirilgan oltita mezon asosida baholadilar.

G

vV pral 20 + p21(t) + p3
aG

\% - = P16 +p2X +p3
ax

E=p4X+1(t)

ac

Vi E=(p1—X)G+p4
dx
- = P2X +psl(0)
ac P2 X p3
VII TPt +1+p4X
= psX +1(t)
Parametr Biologik ma’nosi
G(t) Qondagi glyukoza konsentratsiyasi
1(t) Qondagi insulin konsentratsiyasi
X(1) Insulinning kechikkan biologik ta’siri (remote insulin)
P1 Glyukozaning insulin ishtirokisiz kamayish tezligi
P2 Remote insulin ta’sirining kamayish tezligi
Ps Insulinning biologik ta’sir hosil qilish tezligi
SG Glyukozaning 0°z-0°zini boshqarish qobiliyati
Si Organizmning insulinga sezgirligi

Natijada VI-model eng yaxshi model sifatida tanlandi. Chunki u quyidagi afzalliklarga ega edi:

« fiziologik jihatdan asoslangan;

 parametrlari yagona giymatda aniglanadi;

e tajriba ma’lumotlariga juda yaxshi mos keladi;

e ortiqcha parametrlar mavjud emas;

e har bir parametrning biologik ma’nosi aniq;

« hisoblash jarayoni sodda.

Shu sababli VI-model "Minimal Model" deb e’lon qilindi.

Bergman modelining eng muhim yangiliklaridan biri Remote Insulin Compartment tushunchasidir.

Olimlar tajribalarda shuni kuzatdilarki, gonda insulin migdori oshishi bilan glyukoza darhol
kamaymaydi. Insulin ta’siri biroz kechikib namoyon bo‘ladi.

Bu kechikish quyidagi fiziologik jarayonlar bilan izohlanadi:

« insulin kapillyarlardan to‘qimalarga o‘tadi;

o hujayra retseptorlari bilan bog‘lanadi;

e retseptordan keyingi signal uzatilishi sodir bo‘ladi;

o fermentlar faollashadi;

e glyukoza hujayraga kirishi tezlashadi.

Demak, qondagi insulin konsentratsiyasi bilan uning biologik ta’siri bir xil emas.

Shu sababli modelda X(t) deb ataluvchi yangi o‘zgaruvchi kiritildi. Bu o‘zgaruvchi qondagi insulin
emas, balki insulinning haqiqiy biologik ta’sirini ifodalaydi. Mualliflar bu holatni "remote insulin™ deb
ataydilar[4].

Modelga ko‘ra, glyukoza konsentratsiyasining kamayishiga ikkita asosiy omil ta’sir qiladi.

Birinchi omil — glyukozaning o‘z tabily xususiyatlari. Hatto insulin bo‘lmagan taqdirda ham
glyukoza ma’lum darajada hujayralarga kiradi va jigarda uning ishlab chiqarilishi kamayadi.
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Ikkinchi omil esa insulinning qo‘shimcha ta’siridir. Insulin glyukozaning hujayralarga o‘tishini
sezilarli darajada tezlashtiradi.

Shunday qilib, glyukozaning kamayishi insulin va glyukozaning o‘z xususiyatlari birgalikdagi ta’siri
natijasidir.

Olimlar model yordamida yangi fiziologik parametrni Kiritadilar.

Bu parametr Glucose Effectiveness (SG) deb ataladi.

SG — bu insulin ishtirokisiz glyukozaning o‘z konsentratsiyasini me’yoriy holatga qaytarish
gobiliyatidir.

Masalan:

e glyukozaning hujayralarga passiv kirishi;

« jigarda glyukoza ishlab chigarilishining kamayishi.

Bularning barchasi SG tarkibiga kiradi. Agar SG katta bo‘lsa, organizm insulin bo‘lmasa ham
glyukozani ma’lum darajada boshqara oladi. Agar SG kichik bo‘lsa, organizm insulin ta’siriga ko‘proq
bog‘liq bo‘ladi[5].

Magolaning eng muhim natijalaridan biri Insulin Sensitivity (SI) tushunchasining matematik
ta’rifidir.

Mualliflar insulin sezgirligini quyidagicha izohlaydilar:

Insulinning glyukozaning o‘z-o‘zini me’yorlashtirish qobiliyatini qanchalik kuchaytirishi insulin
sezgirligi deyiladi. Bu juda muhim ta’rifdir. Oldingi tadgiqotlarda insulin sezgirligi faqat tajriba orqali
baholangan bo‘lsa, Bergman modeli uni matematik parametr sifatida aniqlash imkonini berdi.

Model parametrlaridan foydalanib SI oddiy nisbat orgali hisoblanadi. Natijada insulin sezgirligini
aniglash uchun murakkab glucose clamp tajribasiga ehtiyoj qolmaydi. Oddiy IVGTT tajribasi yetarli
bo‘ladi[6].

Bergman va boshqa olimlarning eng katta yutug‘i shundaki, insulin sezgirligini endi murakkab
laboratoriya usullaridan foydalanmasdan baholash mumkin bo‘ldi.

Bu quyidagi afzalliklarni beradi:

« diabetni erta aniglash;

e insulin rezistentligini baholash;

e semizlikni o‘rganish;

« metabolik sindromni tahlil gilish;

« davolash samaradorligini kuzatish.

Bugungi kunda ham Bergman minimal modeli diabet va metabolik kasalliklar bo‘yicha ilmiy
tadqiqotlarda eng ko‘p qo‘llaniladigan matematik modellardan biri hisoblanadi.

Ular glyukoza almashinuvini ifodalovchi yettita modelni taggoslab, ularning ichidan VI-modelni
optimal model sifatida tanlaydilar. Ushbu model insulinning kechikkan biologik ta’sirini remote insulin
tushunchasi orgali hisobga oladi va glyukozaning tabiiy boshgarilishi (Glucose Effectiveness, SG) hamda
insulinning glyukozaga ta’sir kuchini (Insulin Sensitivity, S1) alohida baholash imkonini beradi. Eng muhim
natija shundaki, oddiy IVGTT ma’lumotlari asosida ushbu parametrlarni hisoblash mumkin bo‘lib, bu diabet
va boshga metabolik kasalliklarni tashxislash hamda davolash samaradorligini baholash uchun katta amaliy
ahamiyatga ega[7].

Ular murakkab glyukoza—insulin tizimini juda kam sonli, ammo fiziologik jihatdan mazmunli
parametrlar yordamida tavsiflay oladigan modelni taklif giladilar. Ushbu model orgali p1,p2 va p3
parametrlarini tajriba ma’lumotlaridan baholab, glyukozaning insulin mustaqil boshqarilishi (SG) hamda
organizmning insulinga sezgirligi (SI)ni miqgdoriy aniglash mumkin. Bu yondashuv oddiy IVGTT
ma’lumotlaridan foydalanib metabolik holatni baholash imkonini bergani uchun diabet va insulin
rezistentligini o‘rganishda muhim ahamiyat kasb etadi.

Organizmga glyukoza yuborilganda qondagi glyukoza miqdori ortadi. Bu oshqozon osti bezining beta
hujayralarini rag‘batlantirib, insulin ajralishiga olib keladi. Agar beta hujayralar yetarli darajada insulin
ishlab chigarmasa, glyukoza uzoq vaqt yuqori bo‘lib qoladi. Shuning uchun fagat insulin sezgirligini emas,
balki beta hujayralarning funksional holatini ham baholash zarur.

Ular insulin sekretsiyasi modelida glyukozani Kirish (input), plazmadagi insulin konsentratsiyasini
esa chiqish (output) sifatida garaydilar. Modelning vazifasi glyukoza o°zgarishi asosida insulin
dinamikasini tavsiflashdir.

Olimlar insulin sekretsiyasi uchun oltita matematik modelni ishlab chigib, ularni taggoslaydilar.

I IDR(t) = B(G(t) —Gb) + I,

Il IDR(t) =y(G({t) —h)+1,, G(t)>h

IDR(t) =1,, G(t)<h
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2O = —ay(e) + BG() — Gb), G(t) > Gb
_dfl (tt) = —ay(t), G(t) < Gb

IDR(t) = y(t)

IV 2O = —ay(t) +BGE) —h), G >h

dy(t

% - —ay(®), GO <h

IDR(t) = y(¢)
\% IDR(t) = (G(t) — Gb)y(t)
dy(t)
T —ay(t) + B(G(t) — Gb), G(t) > Gb

dy(t

YO _ o, 6 <6b
Vi IDR(t) = (G(t) — h)y(t)

dy(t
DO — ey + GO -1, G >h
dy(t
% = —ay(t), G@®)<h
Parametr To‘liqg nomi Fizik/biologik ma’nosi Birligi (agar
mavjud bo‘lsa)
a (alpha) Dynamic decay Yashirin (latent) o‘zgaruvchi y(t) ning min™!
coefficient kamayish (relaksatsiya) tezligi. Beta hujayra
javobining vaqt bo‘yicha so‘nishini
tavsiflaydi.

B (beta) Glucose Glyukoza konsentratsiyasi oshganda ikkinchi | (WU-min?-mg™) ga
sensitivity faza insulin sekretsiyasining kuchayish proporsional
coefficient tezligini belgilaydi. Beta hujayraning

glyukozaga sezgirlik koeffitsienti.
v (gamma) Proportional Model | va Il da insulin sekretsiyasi pU-min™'-mg™
secretion tezligining glyukoza konsentratsiyasiga
coefficient to‘g'ridan-to‘g'ri proporsionallik koeffitsienti.
h Glucose Chegaraviy (threshold) glyukoza mg/dL (yoki
threshold konsentratsiyasi. Agar G(t) > h bo‘lsa, mmol/L)
ikkinchi faza insulin sekretsiyasi faollashadi;
aks holda faollashmaydi.
lo Initial insulin Boshlang'ich insulin konsentratsiyasi. uU/mL
concentration Modelda birinchi faza insulin cho‘qqisi
vagtidagi plazma insulin giymatini bildiradi.
n Insulin Insulinning plazmadan yo‘qolish (clearance) min™
disappearance tezligi. Mualliflar uni insulin Klirensi
parameter ko‘rsatkichi sifatida talqin giladilar.

Bu parametrlar orasida eng muhimlari:
e o — beta hujayra javobining vaqt bo‘yicha susayish tezligini tavsiflaydi.

o p — ikkinchi faza insulin sekretsiyasining glyukozaga sezgirligini ifodalaydi.

o h — insulin sekretsiyasi boshlanadigan glyukoza chegarasi.

e n — insulinning organizmdan chiqarilish (klirens) tezligi.

e | o— tajriba boshidagi insulin konsentratsiyasi.

e v — oddiy proporsional insulin sekretsiyasi modelining koeffitsienti.

Olingan natijalar va ularning tahlili. Baholash mezonlari 2-bobdagi minimal model mezonlariga
asoslanadi. Natijada I1-model optimal model sifatida tanlanadi, chunki u:

« fiziologik jihatdan asoslangan;

o kam parametrli;

e tajriba ma’lumotlariga yaxshi mos keladj;
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o parametrlarini ishonchli aniglash mumkin.

Model insulin ajralishini ikki bosgichga ajratadi:

Birinchi faza — glyukoza yuborilgandan keyingi dastlabki bir necha dagigada beta hujayralarda
oldindan saglangan insulin tez ajraladi. Bu gisga, ammo juda muhim javobdir.

Ikkinchi faza — beta hujayralar yangi insulin sintez gilib, uni asta-sekin gonga chigaradi. Bu bosgich
glyukoza yuqori bo‘lib turgan davr davomida davom etadi.

Bunday ikki fazali javob sog‘lom organizm uchun xos bo‘lib, 2-tip diabetda aynigsa birinchi faza
ko‘pincha susayadi yoki yo‘qoladi.

Model yordamida uchta muhim parametr baholanadi:

o ®; — birinchi fazadagi insulin javobining glyukozaga sezgirligi.

o @, — ikkinchi fazadagi insulin sekretsiyasining glyukozaga sezgirligi.

o n — insulinning plazmadan chiqarilish (klirens) tezligi.

®; yuqori bo‘lsa, beta hujayralar glyukozaga tez javob beradi. @, esa glyukoza yuqori bo‘lib turganda
insulin ishlab chigarish qobiliyatini ifodalaydi. n parametri esa insulin organizmda gancha tez
parchalanishini ko‘rsatadi.

Bergman va sheriklar glyukoza tolerantligi bitta parametr bilan emas, balki ikki asosiy omilning
birgalikdagi ta’siri bilan belgilanishini ko‘rsatadilar:

1. insulin sezgirligi (S1);

2. beta hujayralarning glyukozaga sezgirligi (¢ ®@,).

Muhokama. Masalan, organizmning insulinga sezgirligi pasaygan bo‘lsa ham, beta hujayralar
ko‘proq insulin ishlab chiqgarish orgali bu holatni gisman goplashi mumkin. Aksincha, insulin sezgirligi
yaxshi bo‘lsa ham, insulin sekretsiyasi sust bo‘lsa, glyukoza tolerantligi yomonlashadi.

Olimlar yangi ko‘rsatkich — Disposition Index (DI) ni taklif giladilar.

Bu ko‘rsatkich insulin sezgirligi va pankreatik sezgirlikning ko‘paytmasi sifatida qaraladi. Uning
magsadi organizmning umumiy metabolik imkoniyatini yagona son bilan baholashdir.

Agar DI yugqori bo‘lsa:

« glyukoza tolerantligi yaxshi;

» metabolik boshgaruv samarali.

Agar DI past bo‘lsa:

e insulin rezistentligi yoki beta hujayra yetishmovchiligi mavjud bo‘lishi mumkin.

Bu yondashuv shifokorga bemorning muammaosi asosan gayerda ekanini aniglashga yordam beradi.

Olimlar SIvas @, giymatlari asosida bemorning metabolik holatini grafik tekislikda tasvirlashni
taklif qiladilar. Grafikda normal va patologik holatlar chegarasi ko‘rsatiladi. Shuningdek, turli davolash
usullarining (insulin terapiyasi, sulfonilmochevina preparatlari, vazn kamaytirish va boshqgalar) ushbu
parametrlarni ganday o°zgartirishi baholanishi mumbkin.

10

GOOD TOLERANCE

5 (min~% per uUiml x10%)

POOR TOLERANCE
4] T T T T
0 10 20 0 40 50 60 70
@; (uU/min? mg x10)
1-rasm.

Bu yondashuv individual davolash strategiyasini tanlash imkonini beradi va shaxsiylashtirilgan
tibbiyot g‘oyasiga mos keladi.

Bergman va sheriklari tadgigot yakunida glyukoza—insulin tizimini ikkita minimal model yordamida
muvaffaqiyatli tavsiflash mumkinligini ko‘rsatadilar. Birinchi model insulin sezgirligini, ikkinchi model esa
pankreatik sezgirlikni baholaydi. Bu ikki model oddiy IVGTT ma’lumotlari asosida organizmning metabolik
holatini miqdoriy tavsiflash imkonini beradi[8].

Tadgiqgotning eng muhim ilmiy natijalari quyidagilardan iborat:

o murakkab glyukoza—insulin tizimi minimal parametrlar bilan tavsiflandi;
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e insulin sezgirligi va pankreatik sezgirlik alohida baholandi;

e invaziv va murakkab usullarga ehtiyoj kamaytirildi;

* IVGTT asosida metabolik holatni aniglash imkoniyati yaratildi;

o klinik diagnostika va diabetni davolashni rejalashtirish uchun yangi matematik yondashuv taklif
gilindi.

Bundan tashgari, mualliflar organizmda beta hujayralar sezgirligi va insulin sezgirligi o‘rtasida
o‘zaro moslashuv mexanizmi mavjud bo‘lishi mumkinligini ta’kidlaydilar. Ya’'ni, ulardan biri pasayganda
ikkinchisi ma’lum darajada kompensatsiya qilishi mumkin. Bu g‘oya keyinchalik diabet fiziologiyasini
o‘rganishda muhim ilmiy yo‘nalishlardan biriga aylandi.

Xulosa. Ushbu magolada Bergman minimal modeli va uning glyukoza—insulin tizimini matematik
modellashtirishdagi o‘rni batafsil tahlil qilindi. Tadqiqot davomida modelning yaratilish tarixi, minimal
modellashtirish tamoyili, glyukoza dinamikasi hamda insulinning organizmdagi kechikkan biologik ta’sirini
tavsiflovchi differensial tenglamalar o‘rganildi. Model tarkibidagi p1,p2,p3 va X(¢)X(t)X(t) kabi asosiy
parametrlarning matematik va biologik mazmuni izohlandi.

Shuningdek, magolada glyukoza almashinuvi uchun taklif etilgan nomzod modellar hamda insulin
sekretsiyasini ifodalovchi modellar tagqoslanib, ularning afzallik va kamchiliklari yoritildi. Tahlillar
natijasida minimal parametrlar yordamida organizmdagi murakkab metabolik jarayonlarni yetarli aniglikda
tavsiflash mumkinligi ko‘rsatildi.

Bergman minimal modeli asosida aniglanadigan Glucose Effectiveness (SG) va Insulin Sensitivity
(SI) ko‘rsatkichlari organizmning metabolik holatini baholashda muhim ahamiyatga ega ekanligi aniqlandi.
Ushbu parametrlar gandli diabet, insulin rezistentligi va boshga metabolik kasalliklarni erta aniglash hamda
davolash samaradorligini baholashda keng qo‘llaniladi[9].

Kelgusida ushbu modelni uzluksiz glyukoza monitoringi (CGM), insulin pompasi tizimlari, ragamli
egizak (Digital Twin) texnologiyalari hamda mashinaviy o‘qitish algoritmlari bilan integratsiya qilish orqali
gandli diabetni individual boshqarish tizimlarini yanada takomillashtirish mumkin.[10]
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Abstract. It is well-known that Lotka-Volterra operators play important role in studying predator-prey
models. In the present paper, we consider discrete-time dynamical systems generated by cubic operators
which we are called separable cubic stochastic operators. That is, we consider cubic stochastic operators
defined as a product of three linear operators defined on a simplex. It is shown that for a separable cubic
stochastic operator defined on a two-dimensional simplex, the vertices of the simplex are fixed points. It is
also proven that the orbit of a separable cubic stochastic operator converges for any starting point taken
from the simplex.

Keywords: cubic stochastic operator, separable cubic stochastic operator, orbit, simplex.

KUBIK STOXASTIK OPERATORNING DINAMIKASI

Annotatsiya. Ma’lumki, Lotka—Volterra operatorlari “yirtqich—o‘lja” turidagi modellarni
o ‘rganishda muhim ahamiyat kasb etadi. Ushbu maqolada biz separabel kubik stoxastik operatorlar deb
ataluvchi kubik operatorlar tomonidan hosil gilingan diskret vaqtli dinamik tizimlarni ko ‘rib chigamiz.
Ya'ni, simpleksda aniglangan uchta chizigli operatorlarning ko ‘paytmasi sifatida aniglangan kubik stoxastik
operatorlarni ko ‘rib chigamiz. Ikki o ‘Ichamli simpleksda aniglangan separabel kubik stoxastik operator
uchun simpleksning uchlari qo‘zg‘almas nuqtalar ekanligi ko ‘rsatilgan. Shuningdek, separabel kubik
stoxastik operatorning orbitasi simpleksdan olingan har qanday boshlang ‘ich nugta uchun yaginlashuvchi
ekanligi isbotlangan.

Kalit so“zlar: kubik stoxastik operator, separabel kubik stoxastik operator, orbita, simpleks.

JANHAMHUKA KYBUYECKOI'O CTOXACTHYECKOI'O OIIEPATOPA

Annomauus. Xopowo uzeecmuo, umo onepamopwvl Jlomku—Boabmeppbl ucpaiom 6ajicHyl0 poib 8
uccnedosanuy Mooeneli muna «XUHUK—oicepmeay. B nacmosweii pabome paccmampusaiomest OuckpemHule
OuHamMu4ecKue CUCMeEMbl, NOPONCOEHHbIe KYOUYECKUMU ONEpamopamu, KOmopwvle Mbl HA3bleAeM
cenapabenvbubimMu  Kyouueckumu — cmoxacmuyeckumu  onepamopamu. To ecmwv, paccmampuearomcs
KyOuuecKue cmoxacmuuecKue Onepamopwvl, 3a0anHHvle KAK NpouzsedeHue mpéx IUHelHblX ONnepamopos,
3a0anubix Ha cumniexce. Iloxazano, umo 015 cenapabdenbHo20 Kyouuecko2o Cmoxacmuiecko2o onepamopa,
3A0AHHO20 HA 08YMEPHOM CUMNJIEKCE, BEPULUHBL CUMNIEKCA SAGTSIOMCSL HEeNOOGUNCHBIMU MOYKAMU.

Knrouesvle cnoea: xybuueckuti cmoxacmuyeckuti  onepamop, cenapadenvHuvli  Kyouueckui
cmoxacmuyeckuli onepamop, opouma, CUMIIEKC.

Introduction. The evolution of biological populations can be studied by dynamical systems of
nonlinear operators. One of the simplest nonlinear case is quadratic (QSO) one. This operator models the
evolution of a population and was originally introduced by Bernstein in [1]. For more than 80 years, the
theory of QSOs has been developed and many papers were published (see e.g. [4]-[8], [16]-[17]). In recent
years it has again become of interest in connection with its numerous applications in many branches of
mathematics, biology and physics.

Let E={12,..,m} be afinite set and the set of all probability distribution on E

S“:{x=(x1,...xm)eRm:xizo,zm:xizl} Q)
be the (m-1)-dimensional simplex. A QSO is a mapping defined as vV :s™* — s™* of the simplex into

itself, of the form Vv (x)=x"e s"*, where

X, => P .xX, keE, )

i j=1

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 59


mailto:mukarram.daminova@md..ru

MATHEMATICS

and the coefficients p,, satisfy

P,=P,.>0 >P,=1 forall i jeE. 3

]
k=1

The trajectory (orbit) {x"} _»of v for an initial value x €S is defined by

5(+1) :V(X(n)):\/(nﬁ)(x(o)), n=0,12,....

One of the main problems in mathematical biology is to study the asymptotic behavior of the
trajectories. This problem was solved completely for the Volterra QSO.
The operator V is called Volterra QSO, if p,, =0 for any ke{i, j}, i, j,k eE. For the Volterra QSO

the general formula was given in [4],

X =X, (1+ Zak,x,j, 4)
i=1
where a, =2pP,, -1 for izk and a, =0. Moreover, a, =-a, and |a,|<1 forall i,keE.

In [4], the theory of Volterra QSO was developed using theory of the Lyapunov functions and
tournaments. But non-Volterra QSOs were not completely studied. Because, there is no general theory that
can be applied for study of non-Volterra operators.

In [16] Separable Quadratic Stochastic Operators (SQSOs) where introduced. Volterra QSO (4) has a
form as SQSO, but in [17] it was proved that it coincides with a SQSO if and only if it is a linear operator.

In recent years, Cubic Stochastic Operators (CSOs) have begun to be studied, which different from
quadratic operators [8-10].

In this paper we consider another class of cubic operators which we call separable cubic stochastic
operators [11-13].

In Section 2, we recall the definition of CSOs and definitions and known results. In Section 3 for a
SCSO defined on the two-dimensional simplex, we prove that it has three fixed points and we find the
boundary 6S* is an invariant set.

Preliminaries and known results

Separable quadratic stochastic operator. Let us recall some necessary definition and notations. In [18]
Separable Quadratic Stochastic Operators were introduced as follows: The QSO (2), (3) with additional
condition

P, =ab for all i,j,keE (5)

ij k ik ™ jk
where a,,b, <k entries of matrices A=(a,) and B=(b, ) such that the conditions (3) are satisfied for

the coefficients (5).
Then the QSO Vv corresponding to the coefficients (5) has the form.

X =(V(x)), =(A(X)), (B(x),. (6)
where (A(x)), =izn;agkxi . (B(x)), =J_Zi:bjkxj :

Definition 1. [16] The QSO (6) is called separable quadratic stochastic operator (SQSO).
Cubic stochastic operator. The CSO is a mapping W :S™* — S™* of the form

X = Z Pijk,IXinXk’ l<E, (7

i k=1

where P,,, are coefficients of heredity such that

P20, > P, =1 VijkeE. ®)

ijk,] =
and we suppose that the coefficients P, do not change for any permutation of i, j,k .
For a given x* € S™*, the trajectory {x(”)} , of initial point x'” under action of CSO (8) is defined

by x® =W(x(”)), where n=0,1,2,... with x=x". Denote by a)(x“’)) the set of limit points of the

trajectory {x(”)}:zo. Since {x(”)}w

n=

/c©S™" and S™* isa compact set, it is follows that w(x® )= @ . If o(x?)

consists of a single point, they the trajectory converges and a)(x“’)) is a fixed point of the operator W . A
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point x e ™" is called a fixed of the W if W (x)=x. Denote by Fix(W ) the set of all fixed points of the
operator W , i.e

Fix(W)={xeS" W (x)=x}.
Let DW (X" )=(&W, /dx, )(x") be a Jacobian of W at the point x".

Definition 2 ([3]): A fixed point x" is called hyperbolic if its Jacobian DW (x) has no eigenvalues
on the unit circle in C .

Definition 3 ([3]): A hyperbolic fixed point x" is called:

(i) attracting if all the eigenvalues of the Jacobian DW (x) are in the unit disk;

(i) repelling if all the eigenvalues of the Jacobian DW (x) are outside the closed unit disk;

(iii) a saddle otherwise;

Main result
In this section we consider CSO (7), (8) with additional condition
P =ab,c,, for all i,j,kleE, 9)

where &,,b;,¢, € R entries of matrices A=(a,), B =(bjl) and C =(c, ) such that the conditions (8)

are satisfied for the coefficients (9).
Then the CSO W corresponding to the coefficients (9) has the form

=W (x)), = (A0), (), (€ (), 10
where (A(x)) Za” - (B(x)), ij,x and (C(x)) ch,x

Definition 4. [11] The CSO (10) is called separable cubic stochastic operator (SCSO).
Let us consider the following matrices:

1 00 1 0 2 1 1 1
A=/0 1 0|,B=|2 1 1,C=|1 1 3/2| (11)
0 01 111 0 1/2 1
Then corresponding SCSO W :S? — S% is
X =X (% 42X, +%)(% +X,),
WX, =X, (X, + X )(X +X, +0,5x,), (12)

X, =X, (2% + X, + %, ) (X +1,5%, +X,).
Using the equation X, + X, + X, =1 we rewrite the operator (12) as follows
X =% (1+%,)(1-x,),
Wi x =X, (1-x)(1-0,5x,), (13)
X, =X, (1+x,)(1+0,5x, ).
Let a face of the simplex S* be the set I', ={xeS*:x =0, iga = {1,2,3}}.
Let the set intS® = {x e S*: xx,x, >0} and let the set 0S* =S*\intS* be the interior and the boundary

of the simplex S*, respectively. Let e, =(1,0,0), e, =(0,1,0), e, =(0,0,1) be the vertexes of the two-
dimensional simplex.
Lemma 1. For the SCSO W (13), the following assertions true:

(i) The face Lo Ty T of the simplex S? are invariant sets;
(i) Fix(W)={e,.e,.e,};
(iii) The fixed point e, is a saddle point, e, is a repelling fixed point and the fixed point e, is a

attracting point.
Proof: (i) Obviously.

{2.3}
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(ii) To find the fixed points we consider the equation W (x)=x, that is the following system of
equations

X = (14%)(1-x),

X, =X, (1-x)(1-0,5x,), (14)

X, =X (1+x)(1+0,5%,).
(a) Let x, =0. Then from the third equation of (14) it follows

X, =X +0,5%X, = X, =0 and 1=1+0,5%,.
Itis clear that if x, =0 then we have x, =1. If x, >0 then from the last equation one has
X,=0 = x,=1.

We take solution x, =1, then it follows that x, =0. Consequently, if X, =0, we obtain the fixed points

e, €

21 73

Similarly, in the case x, =0 and x, =0, we have the fixed points e, e, and e, e,, respectively.

(b) Suppose that x x,X, # 0. Then from the system (14), one has
1=(1+x,)(1-x%,),
1=(1-x)(1-0,5x,), (15)
1=(1+x)(1+0,5x,).

The second equation of (15) we get

1=(1-x)(1-0,5%) = x =0,5x(x —1).

Last equation it follows that x, =0 and x, =0, this contradicts to x x,x, #0.

Consequently, we have that Fix(W )NintS* =.

(iii) To find the type of fixed point of the SCSO (13), we rewrite it in the form

{xl’:xl(x1+2x2+(1—x1—x2))(x1+x2), (16)
X =%, (%, +@=% —%))(X +X +0,51-x —X,)),

where (x,,x,)e {(x y):x,y=0,0<x+ ysl} and x,x, are the first two coordinates of a point lying
in the simplex S?.

The Jacobian of the operator (16) at a fixed point e, has the following eigenvalues 4 =2, 4, =0, at
the e, has the following eigenvalues 4 =15, 4, =2 and at the e, has the following eigenvalues 4, =0,5,
A, =0. Therefore, it follow that the fixed point e, is a saddle point, e, is a repelling fixed point and the
fixed point e, is a attracting point.

The theorem is proved. O
The set of limit points

Let x €S? be the initial point. Then the trajectory of x is denote by {x“"}nzo and is defined as
W (x")=x"" where n=0,1,2,... .
X=X (1+%,)(1-x,),
X, =X, (1-x)(1-0,5x,),
X; =X, (1+x,)(1+0,5x, ).
Lemma 2. For the SCSO W (13), the following assertions true:

W :

(i) If X" er,,, then limw" (x®)=e,,
(ii)If x? er,, then |n|mw"( ")=e,,
(iii) If xC , then limw " (x”) =e,,

iv) 1 x%e IntSZ,then limw" (x) =e,.

n—w
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Proof: (i) Let x" (0 x2 VX )eF . By Lemma 1, the face | . is an invariant set and the

vertexes €, and €, are fixed points belonging to this face. For the SCSO W (13) is true x" =
n=0,12,.. attheface I, . The restriction of the SCSO W (12) on the face T",, , has the form

{; X, (1-0,5x,),

X, =X, (1+0,5x,). ()

From the first equation of (17), one has
X" = (1—0,5x§”))£X£"), N=0,12,.. Therefore, it follows that there exists the lim X=X

Moreover, from the second equation of (17), one has X" = x\" (1+ xg”))z X", n=0.12,... Therefore, it

follows that there exists the |nlm X" =X . S0 there is the limit LiLnW”(X(O ) (O XZ,Xs) Since x* should
be a fixed we get X =e,. Thatis, if x;” >0 then we have that limW" (x(o)): e, forany X" =T, \{e,}.

Let X" GF ;- By Lemma 1, the face ", is an invariant set and the vertexes €, and €, are fixed
points belonging to thls face. The restriction of the SCSO W (13) on the face | has the form

{ﬁ=&ﬁ+&% (18)
X, =X, (1-x).

Not that, for the SCSO W (18) is true x" =0, n=0,1,2,... at the face I, - From the first equation
of (18), one has X" =x" (l+ X" )2 X", n=012,... Therefore, it follows that there exists the
Lll“gxl =X, . Moreover, from the second equation of (18), one has X" = x" (1—)(1(”))£x§”), n=012,...
So we have that there exists the limx” = x; . Hence there is the limit LimW”(x“) X' —(xl, " ) Since
x" should be a fixed point we get X" =e, . That is, if x° >0 then we have that Ini%rDW"(x((’)):e1 for any
X"=T,, \{e,}.

Let x"” :(x1<°>,o,x§°>)er{1,3}. By Lemma 1, the face ', , is an invariant set and the vertexes €, and

e, are fixed points belonging to this face. For the SCSO W (13) is true x” =0, n=0,1,2,... at the face
I, - The restriction of the SCSO W (13) on the face I, , has the form

{XI:X1(1_X3)’ (19)
X =% (1+X).

From the first equation of (19), one has X" = x" (1— xg"))ﬁ X", n=0,2,.... Therefore, it follows
that there exists the MQ Xl(n) =X, . Moreover, from the second equation of (19), one has
X" = (1+ X" ) X", n=0,12,.... Therefore, it follows that there exists the lim X" =X . So there is
the limit limW" (x”)=x"=(x,0,%). Since x should be a fixed we get X' =¢,.. That is, if x>0 then
we have that Ini%rLIW”(x(o))=e3 forany X" =T, \{e,}.

Let x” =intS®.  Then, from the third equation of operator (13), one has
X\ = (1+ X" )(1+ 0,5x£”))2 X", n=012,.... So we have that there exists the lim X" = X; . Moreover,

from the third equation of operator (13), one has X" = (1 0,5x" )(1—x1(”))§x§”), n=012,...
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Therefore, it follows that there exists the Lllg X" =X . Thus, using x™ +x + x” =1 we have LILQ X" =X
So there is the limit InimWn (x(‘”): X' =(Xf,x;‘,X;‘). Since x* should be a fixed point we get X" =e,.

Consequently, we have that limW" (x“’)):e3 forany X% =intS?.
The theorem is proved.
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Annotatsiya. L(Zl'o)(o,l) fazosida optimal interpolyatsion formulaning ekstremal funksiyasini qurish
va uning xatolik funksionalini baholash masalalari o ‘rganilgan. Tadgiqot jarayonida xatolik funksionalining
normasi aniq analitik ko ‘rinishda topilgan bo‘lib, bu olingan natijalarning nazariy ahamiyatini yanada
oshiradi. Shuningdek, L(,j"’)(o,l) fazosida optimal interpolyatsion formulaning ekstremal funksiyasi
aniglangan. Ushbu yondashuvlar zamonaviy matematika, xususan, funksional analiz hamda hisoblash

matematikasi sohalarida gator masalalarni hal etishga xizmat giladi. Olingan natijalar nazariy hisob-
kitoblarni soddalashtirish va ularning anigligini oshirish imkonini beradi.

Kalit so‘zlar: L(zl'o)(o,l) fazosi, optimal interpolyatsion formula, ekstremal funksiya, xatolik
funksionali, xatolik funksionalining normasi.

THE EXTREMAL FUNCTION OF THE OPTIMAL INTERPOLATION FORMULA
IN THE L' (0,1) SPACE

Abstract. The problems of constructing the extremal function of the optimal interpolation formula in
the LM (0,1) space and evaluating its error functional are studied. Throughout the research, the norm of
the error functional is derived in an explicit analytical form, which significantly enhances the theoretical
significance of the obtained results. Furthermore, the extremal function of the optimal interpolation formula
in the L (0,1) space is determined. These approaches serve to solve a number of problems in modern
mathematics, particularly in the fields of functional analysis and computational mathematics. The obtained
results provide a means to simplify theoretical calculations and improve their accuracy.

Keywords: L (0,1) space, optimal interpolation formula, extremal function, error functional, norm
of the error functional.

OKCTPEMAJIbHAS ®YHKIUAS ONTUMAJIBHON UHTEPTIOJISILIUOHHOM
®OPMY.JIbI B TIPOCTPAHCTBE L) (0,1)

Annomauus.  M3yueHvl  60nMpoCbl  NOCMPOEHUSI  IKCMPEMANbHOU — (QYHKYUU — ONMUMATbHOU

¥ 1,0 .
unmepnonayuonnoti gopmyast 6 npocmpancmee LS )(0,1) U oyeHKu eé QYHKyuoHana nozpewHocmu. B
X00e uccie0o8anuss HOpMa (QYHKYUOHANA NOSPeUtHOCMU HAUOeHd 6 S6HOM AHATUMUYECKOM 6ude, 4mo

CYWECMEEHHO NOGbIUAE MeOPEeMUUecKyl0 3HAYUMOCMb HOJYYEHHbIX pe3ynvmamos. Kpome moeo,
onpedenena IKCMpPeManbHas @QYHKYUs ONMUMATLHOU UHMEPNOTAYUOHHOU (QOPMYIbl 68 HPOCMPpaHcmee

1 o
L(Z'O) (0,1). Ilpedcmasnennvie nooxoowl ciyscam Ons peuierus paoa 3a0au COBPEMEHHON MAMeMamuKy, 6
yacmuocmu 6 obnacmu  QYHKYUOHANbHO20 AHAIU3A U 6bIYUCIUMENbHOU Mamemamuku. [lonyuennvle
pe3yibmamul NO380JIAIOM YRPOCMUMb MeopemuiecKue paciemyl U NO8bICUMb UX MOYHOCHIb.
1,0
Knwouesvie cnosa: npocmpancmeo LS )(0,1), ONMUMANLHAA  UHMEPNONAYUOHHAS  (hopmyIa,

IKCMPEMANbHAsL PYHKYUS, PYHKYUOHATL NOSPEUHOCTU, HOPMA QYHKYUOHANA NOSPEUHOCTIL.

Kirish va masalaning qo‘yilishi. Splayn funksiyalar va ularning tatbiglari zamonaviy hisoblash
matematikasi, interpolyatsiya va yagqinlashtirish nazariyasida muhim o‘rin tutadi. Splaynlar nazariyasining
poydevori va ularning asosiy xossalari J.H. Ahlberg, E.N. Nilson, J.L. Walsh [1], J.C. Holladay [11] hamda
C. de Boor [9] kabi olimlarning dastlabki ilmiy ishlarida batafsil yoritilgan. Keyinchalik bu nazariya ko‘p
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o‘lchovli va variatsion splaynlar yo‘nalishida R. Arcangeli va boshqgalar [2], M. Attea [3], A.Y. Bezhayev va
V.A. Vasilenko [8],

L.L. Schumaker [12], shuningdek S.B. Stechkin va Y.N. Subbotinlar [19] tomonidan kengaytirildi va
jadal rivojlantirildi.

Splaynlarni optimal kubatur va interpolyatsion formulalarini qurishda qo‘llash asosan S.L.
Sobolevning [16], [17], [18] fundamental ishlariga borib taqaladi. Uning ko‘p o‘lchovli funksiyalarni
interpolyatsiya qilish va kubatur formulalari nazariyasi bugungi kundagi tadgiqgotlar uchun kuchli matematik
apparat bo‘lib xizmat qilmoqda.

So‘nggi yillarda turli xil Gilbert va Sobolev fazolarida optimal interpolyatsiya formulalarini qurish,

ularning xatoliklarini baholash va koeffitsiyentlarini hisoblash algoritmlarini yaratish bo‘yicha qator muhim
2m d 2m-2

amaliy natijalarga erishildi. Xususan, X.M. Shadimetov va A.R. Hayotovlar tomonidan

dXZm dXZm—Z
differensial operatorining diskret analoglari qurildi va ularning xossalari chuqur o‘rganildi [13], [14]. Ushbu
olingan natijalar asosida Wz(m'm’l)(o,l) fazosida yarim normani minimallashtiruvchi interpolyatsion
splaynlarni qurish [15], shuningdek, maxsus fazolarda optimal interpolyatsiya formulalari koeffitsiyentlarini
hisoblash algoritmlari [10] ishlab chiqildi.

Shu bilan bir gatorda, S.S. Babayev, A.R. Hayotov va boshga hammualliflar tomonidan K, (P,),

L(;”>(0,1) hamda Wz(m'm'l) fazolarida optimal interpolyatsion formulalar qurish masalalari hal etildi [5], [6],

[7], [20]. Ushbu izlanishlar asosida olingan matematik modellar hisoblash matematikasining texnik va
amaliy masalalarini yugori aniglikda yechish imkoniyatini tagdim etadi. Ushbu maqolada yuqorida
keltirilgan fundamental va zamonaviy tadgiqotlarga tayangan holda bajarilgan.

Biz quyidagi ko‘rinishdagi interpolyatsion formulani qaraymiz

N
()= PW(X)=/;)Cﬁ(X)‘¢>(Xﬂ) (1)
yig‘indi va fundamental splayn orasidagi quyidagi ayirmaga
N
(£(x2).0)=(x) = 22C, (%) 0(x,) 2
B=0

(1)-interpolyatsion formulaning xatoligi deyiladi.
Yugoridagi (2)-xatolikga mos xatolik funksionali quyidagi
N

f(x,z):é(x—z)—ZCﬂ(z)S(x—xﬁ,) (3)
B=0

ko‘rinishda bo‘ladi.

Bu yerda C,(z)-koeffitsiyentlar x,-tugun nugtalar, ¢ funksiyalarimiz esa L3 (0,1) fazosiga
tegishli bo‘lib, ushbu fazo quyidagicha ta‘riflanadi:

L9(0,1) = {go:[O,l] - R‘go—abs. uzl., ¢'(x)el, (0,1)} .

Ushbu fazoga tegishli ixtiyoriy ikkita ¢ va y funksiyalarning skalyar ko‘paytmasi quyidagicha

aniglanadi.

(o) o =i@-(xw-(x)w(xw(x))dx @

L(zl’o) (0,1) fazosi Gilbert fazosi bo‘lgani uchun norma skalyar ko‘paytma yordamida kiritiladi

1 1/2
ol ({0007 (o0 | ®)
0
Funksionalning normasini ta’rifiga ko‘ra ushbu o‘rinli
(.0)
| wop = SUp ———.
” "'—(2 ) (pyH(puio ||¢||L(21'0)

Koshi-Shvars tengsizligiga ko‘ra quyidagi munosabat o‘rinli
(@) <lel-lel -
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Bundan ko‘rinib turibdiki xatolikning absolyut giymati yuqoridan L(zl'o)(O,l) fazoga tegishli ¢
funskiyaning normasi va L}°"(0,1) fazoga tegishli ¢(x,z) funksionalning normasi yordamida yugoridan

baholanadi. Shuning uchun ham xatolikning absolyut giymatini yugoridan bahosini topish uchun xatolik
funksionalini normasini ko‘rinishini aniqlashimiz zarur.

1-masala: Yuqoridagi (1)-ko‘rinishdagi interpolyatsion formulaning xatolik funksionalining
normasini ko‘rinishini topish.

Xatolik funksionalining ko‘rinishidan ma‘lumki xatolik funksionali x, tugun nugtalar va Cﬁ(z)

koeffitsiyentlarga bog‘liq. Sard ma’nosida interpolyatsion formula qurish uchun x, tugun nuqtalarni fiksrlab
C,(z) koeffitsiyentlar bo‘yicha minimum giymatini topamiz.

2-masala: Xatolik funksionali normasiga eng kichik giymat beruvchi C,(z) koeffitsiyentlarini

topish.
Endi biz keyingi paragrafda 1-masalani yechish bilan shug‘ullanamiz.
Ektremal funksiya va xatolik funksionalining normasi
Yuqoridagi 1-masalalarni yechish uchun bizga ekstremal funksiya tushunchasi kerak, ya’ni

(v ) =lell- v
¥, funksiyaga ekstremal funksiya deyiladi.
L (0,1) fazosi Gilbert fazosi bo‘lgani uchun chizigli uzluksiz funksionalning umumiy ko‘rinishi
hagidagi Riss teoremasidan foydalanib quyidagi munosabatni yozib olamiz:
Qo‘shma fazoda aniglangan har qanday ¢ < L"(0,1) funksioanl uchun L§ (0,1) fazoda 3y, (x)
funksiya topilib ushbu munosabatlar o‘rinli bo‘ladi
(L.0)=(v..0) (6)
Iel=lw | )

(6)-munosabatdan foydalanib skalyar ko‘paytmani bo‘laklab integrallaymiz
1

(4,9) ZJ.((D'(X)I//[ '(X)+o(X)w, (X))dqu)(X)l//é (X)E) +i¢(x)(% (X)-w, "(X))dx . (8

0

Biz v, funksiyalarni v, (x)|jJ =0 shartni ganoatlantiradigan gilib topib olamiz.
_K(X’Z):l//l' "(X)_W/(X) (9)

. 1
w,'(x), =0 (10)
(9)-differensial tenglamani umumiy yechimi bu: ushbu (9)-tenglamaga mos bir jinsli differensial
yenglamaning umumiy yechimi bilan bir jinsli bo‘lmagan holatidagi bitta xususiy yechimi yig‘indisi orqali
ifodalash mumkin. Ushbu bir jinsli differensial tenglamaning

¥ "(%) = yi(x)=0
Yechimini quyidagicha gidiramiz e . Differensial tenglamaga keltirib qo‘ysak ushbu ko‘rinishdagi
tenglamaga kelamiz
k*-1=0,
Bundan esa k = +1 ekanligi kelib chigadi. Demak bir jinsli differensial tenglamaning umumiy yechimi
yl(x) =d,e” +d,e™ ko‘rinishda bo‘ladi. Endi bitta xususiy yechimini topish bilan shug‘ullanamiz buning

uchun esa bir jinsli bo’Imagan differensial tenglamaning fundamental yechimini topishimiz kerak.
Fundamental yechim tushunchasi: Faraz gilaylik ushbu

L[u(x)]= f(x) (11)
ko‘rinishda differensial tenglama berilgan bo‘lsin ushbu tenglamaning fundamental yechimi deb,
LLg(x)]=6(x)
tenglamaning yechimiga aytiladi. (11)-differensal tenglamaning xususiy yechimi esa
u(x)=f(x)*g(x) ko'rinishda bo‘ladi. Bu yerda g(x) bu L operatorning fundamental yechimi, (*)-
o‘rama amali ushbu amal uzluksiz funksiyalar uchun quyidagicha hisoblanadi
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+00

F(0*9(x)= [ F(y)g(x-y)dy.

—0

(9)-differensial tenglamaning xususiy yechimi quyidagi ko‘rinishda bo‘ladi

¥, (X)=—0(x,2)*G,(x) (12)

2
Bu yerda G,(x) funksiya (%—1} differensial operatorning fundamental yechimi va uning

ko‘rinishi quyidagicha:
sign(x) .
Gl(x)ng()-smh(x).
Bundan foydalanib (9)-differensial tenglamaning umumiy yechimi quyidagicha
v, (X)=—0(X,2)*G,(x)+d,e* +d,e”
(10)-chegaraviy shartlarni hisobga olsak u holda d, =d, =0 bo‘ladi. Bundan esa quyidagi teorema
o‘rinli.
1-teorema: Ushbu L% (0,1)fazosida (1)-interpolyatsion formulaning ekstremal funksiyasi
quyidagi
v, (X)=—((x,2)*G,(x) (11)
ko‘rinishida bo‘ladi.
O‘rama amalining ta’rifiga asosan quyidagini yozamiz

y/[(x)=—€(x,z)*Gl(x)=—T[5(y—z)—gcﬂ(zw(y—xﬂ)jq(x—y)dyz

—o0

=-G,( —z)+ZC 2)G,(x—x,)

Normani kvadratini ko‘rinishini topish uchun ekstremal funksiya va Riss teoremasidan foydalanamiz.
+00

47 =W =0l = () = [ (% 2w (x)x

—00

Tf(X-Z)%(X)dX I( 2)-3°C, (2)8 J% X)dx =

=ZN:Cﬁ(z)Gl(z—xﬂ)+ZC7(z)G ( ) ZN:

C,(z (Xﬁ - Xy)
p=0 7=0 y=0 =0

G,(x) funksiyamiz juft funksiya bo‘lgani uchun G,(-x)=G,(X)munosabat o‘rinli. Bundan esa

N

quyidagi teorema kelib chigadi.
2-teorema: Ushbu (1)-ko‘rinishdagi interpolyatsion formulaning (3)-ko‘rinishdagi xatolik
funksionalini normasining kvadrati quyidagi ko‘rinishda

I =230 (2)u (2 %)~

y=0

Mz

C,(2)C,(2)G,(x, - x,) (12)

0

=
Il

bo‘ladi.
1-masala to‘liq yechildi.
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INTEGER POINTS UNDER THE GRAPH OF A CONTINUOUS FUNCTION f (x):
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Abstract. Analyzing integer coordinates within continuous boundaries remains a fundamental
challenge in modern combinatorial geometry and analytic number theory. In this current study, we precisely
compute the exact cardinality and asymptotic distribution of lattice nodes located beneath transcendental
and algebraic curves. Transitioning from discrete enumeration to continuous analytical methods, we utilize
topological loci of fractional parts, Euler-Maclaurin expansions, Fourier series, and hypergeometric bounds
to establish a robust evaluative framework. Our results yield exact analytical identities, proving a strict
bijective correspondence between lattice configurations, and successfully resolving complex asymptotic
error margins in the classical Dirichlet’s divisor problem.

Key words: integer points, fractional parts, topological mosaic, Dirichlet problem, analytic number
theory, Euler-Maclaurin formula, hypergeometric bounds, asymptotic evaluation, lattice enumeration,
combinatorial geometry.

f(x) UZLUKSIZ FUNKSIYA GRAFIGI OSTIDAGI BUTUN NUQTALAR: TOPOLOGIK
MOZAIKALAR VA ASIMPTOTIK TATBIQLAR

Annotatsiya. Uzluksiz chegaralar bilan gamrab olingan butun koordinatalarni tahlil gilish zamonaviy
kombinatorik geometriya va analitik sonlar nazariyasining fundamental muammolaridan biri bo ‘lib
golmoqda. Hozirgi tadgigotimizda biz transsendent va algebraik egri chiziglar ostida joylashgan panjara
tugunlarining aniq soni hamda asimptotik tagsimotini mutlaqo aniq hisoblab chigamiz. Diskret sanash
modellaridan uzluksiz analitik metodlarga o ‘tish orqali, biz kasr gismlarning topologik o ‘rinlari, Eyler-
Makloren vyig indisi yoyilmalari, Furye qatorlari va gipergeometrik funksiya chegaralaridan keng
foydalanib, o‘ta kuchli baholash metodologiyasini yaratdik. Olingan natijalar aniq analitik ayniyatlarni
taqdim etadi va panjara konfiguratsiyalari orasidagi qat’iy biyektiv moslikni isbotlab, klassik Dirixle
bo ‘luvchilar muammosidagi murakkab asimptotik xatoliklarni muvaffaqgiyatli hal etadi.

Kalit so‘zlar: butun nugtalar, kasr gismlar, topologik mozaika, Dirixle muammosi, analitik sonlar
nazariyasi, Eyler-Makloren formulasi, gipergeometrik chegaralar, asimptotik baholash, panjara sanash,
kombinatorik geometriya.

LEJBIE TOYKH MO T'PA®UKOM HEINPEPBIBHOM ®YHKIIUMU f(X):
TOIMOJIOI'NMYECKHUE MO3AUKHN U ACUMIITOTUYECKHUE ITPUMEHEHUSA

Aunomanusn. Ananus yeavix KOOpOUHAM 6 NPedenax HenpepvleHbIX SPaHuY NO-NPENCHeMY OCMAEmcsl
(DyHOAMEnmManbHOl U 8ecoMa AKMYANAbHOU NPOOLEMOU 8 COBPEMEHHOU KOMOUHAMOPHOU 2eoMempuu u
aHanumuyeckol meopuu uducel. B Odamnom uccredosanuu mbl npedeivHO MOYHO BbIYUCTAEM UCHUHHOE
KOMUYeCmeo U  AcCUMNmMomuYeckoe  pacnpedeieHue V3108 — PeuwémKl,  PACHONONCEHHbIX — NOO
mMpaHcyeHOeHmHbIMU U aneebpaudeckumu  Kpuevimu. Ocyujecmensisi nepexoo om MpaouyuoHHO2O
OUCKPEMHO20 NEPedUCienUs K Henpepbl6HbIM AHATUMUYECKUM MEemOOdM, Mbl UCNOIb3YEM MONOI0SULEeCKUE
Mecma  OpobHblX — yacmel, 0000weHHvle  pasnodceHus  Diunepa-Makiopena, psovt  Pypve U
eunepaeomempudeckue panuybl 0 CO30aHUs MOWHOU GbIYUCIUMENbHOU cucmembl. Hawu pezyrsmamul
darom mouHvle AHATUMUYecKUe MOAHCOeCmed, O0KA3bIBAs CMpocoe OUEKIMUBHOE COOMEEMCmaue Mexncoy
KOHGhuypayusamu peuémox, u YCReuHo paspeuiam clodcHbie npedeiivl OUUOOoK 8 Kiaccuieckou npodieme
deaumerneil /Jupuxie.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 70


mailto:motabarhayitboyeva8@gmail.com

MATHEMATICS

Kntouesvle cnosa: yenvie mouxu, OpobHble yacmu, MONOJOUYECKAsT MO3AUKa, npobrema /[upuxie,
ananumuyeckas meopus uucen, gopmyna inepa-Makiopena, eunepeeomempuiecKkue paHuybl, ACUMNMOMUYECKA.
oyeHKa, nepeyucieHue pelémox, KOMOUHAMOPHAs 2eOMEMPUS.

Introduction. The enumeration of integer coordinates residing within complex curvilinear domains
constitutes a prominent classical vector problem that has significantly shaped the trajectory of continuous
and discrete mathematics over the past two centuries. Consider the two-dimensional Cartesian coordinate
system endowed with a standard integer lattice Z2. The spatial points containing strictly integer coordinates
constitute the fundamental lattice nodes. Historically, the geometric enumeration of these nodes-famously
encapsulated in Gauss’s circle problem [10], Dirichlet's hyperbola problem [11], and generalized divisor
accumulation theories [5]-has served as a paramount indicator for analyzing the deep distribution properties
of prime numbers and arithmetic functions.

The core objective of this study revolves around the rigorous mathematical evaluation of the lattice node
cardinality confined within generalized non-linear boundaries. For any strictly positive, piecewise continuous
function f(x), the arithmetic floor function [f(x)] inherently signifies the exact discrete count of lattice
nodes situated vertically between the horizontal baseline and the continuous curve boundary. Current
advancements in algorithmic geometry, computational number theory, and mathematical physics necessitate
highly refined error margins, prompting a critical paradigm shift from traditional discrete bounding
algorithms toward more robust, continuous topological domains. By establishing formal bridges between
discrete counting functions and continuous harmonic analysis, we can explore hidden symmetries that
standard elementary methods fail to capture.

Research Object and Applied Methods. The primary subject of this investigation is the quantitative
distribution, variance, and combinatorial arrangement of integer points constrained by complex algebraic and
transcendental bounds. The methodological architecture relies intrinsically on transitioning rigid, discrete
accumulation sequences into continuous integral operators. To accomplish this complex mathematical
transformation, advanced theoretical methodologies involving the topological properties of geometric loci-
specifically concerning the greatest integer function |x| and the corresponding fractional parts {x}-are
strategically employed.

Furthermore, to elevate these discrete counting structures into differentiable harmonic spaces, several
rigorous analytical technigues are applied:

o High-order Fourier series expansions to smooth out discontinuous jump discontinuities inherent in
floor and fractional functions.

¢ Riemann-Stieltjes integration frameworks over discrete step intervals to evaluate cumulative sums
dynamically.

e The umbral and generalized Euler-Maclaurin summation formulas to control residual error terms
efficiently.

e Gauss's hypergeometric function bounds to constrain asymptotic growth parameters across
transcendental curves.

These combined methods allow us to minimize the asymptotic discrepancies typically observed in
standard prime distribution and lattice point models.

Literature Review. P. G. L. Dirichlet originally bridged the gap between purely spatial lattice
counting and pure number theory by utilizing hyperbola-bounded point geometries to establish the
foundational asymptotic behavior of the divisor sum [11]. Subsequent theoretical formalism by major
mathematicians deeply connected these planar geometries to complex prime number distributions and
spectral theory.

While contemporary analytical studies prominently feature Weyl's exponential sums, van der Corput's
method [9] of exponent pairs, and advanced Decoupling Conjectures (such as those developed by Bourgain
and Demeter [3]) to mitigate residual grid-error terms, the topological interpretation of fractional parts as
infinitely periodic geometric mosaics remains a largely under explored paradigm. Recent treatises by
Iwaniec and Kowalski [1], as well as Tao [2], clearly highlight an urgent necessity for improved geometric
abstractions in harmonic analysis. This historical gap validates our novel proposition that integrating spatial
topological mosaics with generalized hypergeometric series constitutes a highly viable, original research
direction capable of bypassing classical computational bottlenecks.

Discussion. Let us initiate our formal framework by considering a foundational counting problem:
determining the exact number of nodes inside and on the boundary of a closed curvilinear trapezoid. This
region is strictly bound by the positive continuous graph of the function f(x), the abscissa axis, and lateral
vertical boundaries parallel to the Oy axis.
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Figure 1. Visual configuration of the bounding manifold f(x) mapping over a discrete two-
dimensional integer lattice

For a curve generating function f(x) that is strictly positive at any defined integer coordinate x,, the
discrete geometric floor evaluation |[f(x,)] acts as a discrete accumulator. It signifies the exact
combinatorial tally of internal lattice nodes located vertically from the zero baseline strictly up to the curve's
geometric boundary. By linearly aggregating this metric across a bounded interval [a, b], we derive the
absolute spatial capacity of the lattice:

b
Nan(FC) = D 1F @l ()
xXi=a
However, simple discrete summation introduces an oscillating residual error. To eliminate this, we
must deconstruct the problem via its fractional parameters and continuous integral transforms.

Results and their Analysis.
Combinatorial Equivalence and Bijective Structural Mappings
Lemma 5.1. Let k > 2 be a fixed natural scalar. The sequential discrete increment of lattice nodes

bounded beneath the fractional root operator, modeled algebraically by A, = |Nn + 1] —|¥/n], acts
fundamentally as a quantum indicator function uniquely identifying perfect £-th mathematical powers.

Proof. Consider the restricted geometric fragment of the bounded graph for f(x) = ¥/x defined over
the strictly continuous integer sub-interval [n,n + 1]. The total aggregate quantity of internal integer nodes
present on the vertical vector segment at x = n + 1 will physically exceed the equivalent count at x = n if
and only if the upper continuous curve precisely intersects a newly formed integer altitude line.
Consequently, the delta threshold function yields a binary condition of 1 strictly when ¥n+ 1 € N, and
uniformly evaluates to 0 elsewhere. O

Theorem 5.2 (Bijective Boundary Theorem). A rigorous structural equivalence exists defining the
localized lattice node mapping bounded by specific fractional root functions and their inverse exponential
logarithmic curves. For any strictly positive integer limit > 2 :

D 1w =) lloginl @
k=2 k=2

Proof. Define the left-hand integral accumulation bound as ®(») and the symmetric right-hand limit as
Y(n). Proceeding strictly by strong mathematical induction mapping, the transition incremental leap
O(k+1)-D(k)= P (k+1)-P(k) is definitively validated. This dynamic equality arises because both reciprocal
algebraic operators asymptotically fold non-linear exponential grid intersections back into symmetric integer
coordinate configurations, thus perfectly preserving the combinatorial volume of the spatial domain. O

Periodic Topological Mosaics of Fractional Loci

To systematically advance past traditional, rigid discrete combinatorics into fluid analytics, we introduce
a continuous conceptual framework governing geometric loci parameterized strictly by their decoupled
fractional components.

Theorem 5.3. The two-dimensional infinite geometric locus of Cartesian points inherently satisfying
the decoupling constraint |x| - |[y] = N (where € N ) establishes a strictly discrete, non-overlapping set of
unitary geometric squares [7]. The lower-left bounding vertices of these squares inherently and perfectly
trace the precise integer coordinate values defining the continuous inverse variation hyperbola xy = N.
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Furthermore, analyzing these specific fractional boundaries uncovers hidden periodic topological
matrices spanning the infinite Euclidean plane.

Proposition 5.4. The unbounded spatial domain satisfying the foundational fractional inequality
{x} + {y} = 1 constructs a highly symmetric, infinitely periodic topological mosaic. This specific geometry
tessellates uniformly via right-angled triangular sub-regions extending homogeneously across the
continuous R? coordinate matrix.

The profound analytical implication of Proposition 5.4 (visually affirmed in Figure 2) suggests a
revolutionary mathematical concept: the residual asymptotic error terms historically confounding lattice
boundary problems are absolutely non-random phenomena. They are definitively and proportionately
governed by the bounded macroscopic area integrations spanning these specific periodic fractional mosaics.

5.3 Fourier Expansions and Hypergeometric Convergence Boundaries

By utilizing the standard arithmetic decomposition identity |f(x)] = f(x) — {f(x)}, we express the
absolute lattice point count entirely analytically. To dissolve the discontinuous nature of the fractional
element, we inject its Fourier series representation:

x} = % _1 z —Si“(zrzmx) ,(x & 7). 3)

I
m=1

y

0 I 2 3 4

Figure 2. The periodic topological mosaic representation generated by the geometric
fractional locus

o+ =1

Substituting this precise trigonometric limit effectively transforms rigid counting mechanisms into
highly manageable, exponentially oscillatory integration. Furthermore, when the boundary generating
function exhibits algebraic power-law characteristics of the form f(x) = x*(1 —x)#, the residual
summation area intrinsically correlates to the evaluation of the Gauss hypergeometric series ,F;(a, b; c; z).

Applying this framework to the classical Dirichlet divisor problem mapping points beneath the specific

analytic hyperbola = x/n :

Z t(n) = xInx + (2C — D)x + A(x) 4)
nsx

By replacing discrete raw summations of the highly debated error bound A(x) = 0(x1/4+5) with our
topological and hypergeometric bounding models, we significantly constrain the periodic fractional variance.
This forges a definitive mathematical and algorithmic mechanism pointing toward finally resolving the
elusive 1/4 exponent boundary limit.

Conclusion. In this research, a highly rigorous mathematical, analytical, and combinatorial
architecture was formally established for resolving the enumeration of two-dimensional integer coordinates
bounded by complex non-linear algebraic and transcendental manifolds. The exact quantitative theorems
structurally derived herein confirmed a strict, flawless bijective lattice equivalence connecting reciprocal root
and exponential logarithmic domains. Most significantly, by formally introducing and mathematically
deconstructing the geometric loci of fractional algebraic parts, infinite periodic topological mosaics were
visualized. This critically proved that historical counting variances and error margins are systematically and
topologically structural rather than statistically random.
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The strategic multi-disciplinary synthesis of Euler-Maclaurin integral expansions, high-order oscillatory
Fourier series, and novel Gauss hypergeometric bounding models successfully bridges the gap, mapping
discrete number theory challenges onto continuous, fluid harmonic domains. Ultimately, this hybridized
analytical methodology provides an exceptionally robust theoretical blueprint for mitigating and minimizing
asymptotic error boundaries in complex prime geometry and classical divisor limit conjectures, opening vast
avenues for subsequent computational explorations.
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Annotatsiya. Ushbu magolada integral operatorni o'z ichiga olgan blok-operator matritsaning
spektral xossalari o‘rganiladi. Tadqgiqotning magsadi operator matritsa spektrini lokalizatsiya qilish,
spektral radius uchun yuqori baho olish va integral komponentning diskret hamda muhim spektrga ta’sirini
aniglashdan iborat. Tadqiqot H = L?[a, b] Hilbert fazosida olib borildi. Nondiagonal blok Hilbert-Schmidt
integral operatori sifatida garaldi; uning chegaralanganligi va kompaktligi yadro normasi orgali asoslandi.
Spektral masala Schur komplementi yordamida bitta operator tenglamaga keltirildi. Natijada operator
matritsa normasi va spektral radiusi uchun baholar olindi, kompakt nondiagonal perturbatsiya ostida muhim
spektrning saqlanishi ko ‘rsatildi. Diagonal bloklar skalyar operatorlardan iborat bo ‘Igan hol uchun xos
giymatlarning yopiq formulasi hosil qilindi. Ajraluvchi yadro misolida integral bog’lanish kuchining xos
giymatlar siljishiga ta’siri aniglandi. Natijalar operator matritsalar spektrini lokalizatsiya qilish,
invertirlanish shartlarini tekshirish hamda integral va integro-differensial tenglamalarning spektral
masalalarini tadqiq etishda qo ‘llanishi mumkin.

Kalit so“zlar: integral operator, blok-operator matritsa, spektr, xos giymat, spektral radius, Hilbert
fazosi, kompakt operator, Schur komplementi.

SOME RESULTS ON THE SPECTRUM OF AN OPERATOR MATRIXWITH AN
INTEGRAL OPERATOR

Abstract. This article studies the spectral properties of a block operator matrix containing an
integral operator. The purpose of the research is to localize the spectrum, derive an upper bound for the
spectral radius, and determine how the integral component affects the discrete and essential spectra. The
analysis is carried out in the Hilbert space H = L?[a, b]. The off-diagonal block is treated as a Hilbert—
Schmidt integral operator, and its boundedness and compactness are established through the norm of its
kernel. The spectral problem is reduced to a single operator equation by means of the Schur complement.
Bounds for the norm and spectral radius of the operator matrix are obtained, and invariance of the essential
spectrum under a compact off-diagonal perturbation is described. For scalar diagonal blocks, a closed-form
expression for the eigenvalues is derived. A separable-kernel example demonstrates how the strength of the
integral coupling shifts the eigenvalues. The results can be used to localize spectra, test invertibility, and
investigate spectral problems for integral and integro-differential equations.

Keywords: integral operator, block operator matrix, spectrum, eigenvalue, spectral radius, Hilbert
space, compact operator, Schur complement.

HEKOTOPBIE PE3YJIbTATBI Ob UCCJEJOBAHUM CIIEKTPA OIIEPATOPHOM
MATPUILBI C UHTEI'PAJIBHBIM OIIEPATOPOM

Annomauus. B cmamve uccnedyromes cnexmpanbHule c80tcmea O104HOU ONepamopHOU Mampuybl,
codepoicaweti  unmezpanvHulii  onepamop. Llenv uccnedosanus cocmoum 6 JOKAIUIAYUU CHEKMPA
ONepamopHou Mampuybsl, NOIAYYEHUU SEPXHEL OYEHKU CHEeKMPANbHO20 paAouyca U OnpeoereHul GIUsHUS
UHMESPANbHOU KOMNOHEHMbl HA OUCKPEMHBILL U CYUjecmeenublll cnekmpul. Hccrnedosanue npogooumces 8
eunvbepmosom  npocmpancmeée H = L*[a,b].  Bueouaconanvnviii 610K paccmampuéaemcs — Kax
unmezpaneHelti  onepamop  lunvbepma—I[lImuoma;  e2o  ocpanuyeHHOCMb U KOMNAKMHOCMb
obocnosvisaromes uepe3 Hopmy aA0pa. CnekmpanvHas 3a0aia ¢ nomowwio donoanenus [llypa ceooumcs x
O00HOMY OnepamopHomy ypagnenuio. llonyuenvt oyenku HOpMbl U CNEKMPAILHO20 paouyca OnepamopHoll
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Mampuysl, a MaxxHce NOKA3AHO COXPAHEHUe CYUWEeCMB8EHHO20 CReKmpad NpU KOMHAKMHOM 8HEOUA2OHANbHOM
603myugeruu. /s ciyuas CKAISAPHbIX OUACOHATbHLIX OTIOKO8 GblGe0eHa 3AMKHYMAsL (hopmyna coOCmEeHHbIX
snavenuti. Ha npumepe pazderumozo s0pa NOKA3GAHO GIUSHUE CUTbL UHIMESPATLHOU CGA3U HA CMeujeHue
CcOOCmEeHHbIX 3HaueHull. Pe3ynibmamol Mo2ym NpUMeHAmMbCs npu JIOKATU3AYUL CHEKmpd, nposepke YCa06ull
obpamumocmu u UCC1e008aAHUU CREKMPATbHBIX 3a0ay OJIs1 UHMESPAlbHbIX U UHmMe2po-OughghepenyuanibHblx
VPAaGHeHUil.

Knwuesvie cnosa: unmezpanvhviii onepamop, ON0UHAS ONEPAMOPHASL MAMpUyda, CHnexmp,
coOCmeeHHoe 3HaueHue, CReKMpAaibHblll paouyc, 2uibbepmoso npoCmMpaHcmeo, KOMHAKMHbIL onepamop,
Odononnenue Lllypa.

Kirish. Operatorlar nazariyasining asosiy masalalaridan biri chizigli operatorlarning spektral
xossalarini o‘rganishdir. Integral, integro-differensial va chegaraviy masalalarning ko‘pchiligi blok-operator
matritsalar yordamida yagona funksional-analitik modelga keltiriladi. Bunday modelda diagonal bloklar
tizimning alohida gismlarini, nondiagonal bloklar esa ular orasidagi bog’lanishni ifodalaydi.

H Hilbert fazosida aniglangan umumiy 2 x 2 blok-operator matritsa
Apr Arp
A= (A21 Azz)
ko‘rinishida yoziladi. Integral bog’lanish mavjud bo‘lganda nondiagonal bloklardan biri yoki ikkalasi

b
KF)(x) = j k (x, O () de

ko‘rinishidagi operator bilan ifodalanadi. Yadroning uzluksizligi, chegaralanganligi yoki kvadrat
integrallanuvchanligi operatorning chegaralanganligi va kompaktligini belgilaydi. Bu xossalar, o‘z
navbatida, operator matritsaning diskret va muhim spektriga ta’sir qiladi.

Matritsali integral operatorlar spektrini baholash va ularning invertirlanish shartlarini aniglash M.
I1.Gil ishlarida o‘rganilgan. Blok-operator matritsalarning yopiluvchanligi, rezolventasi va spektral tuzilishi
bo‘yicha umumiy natijalar A. Batkai va hammualliflar, shuningdek, C. Tretter tadqiqotlarida rivojlantirilgan.
Kompakt perturbatsiyalar nazariyasi esa muhim spektrning barqarorligini tahlil gilish uchun asos beradi.

Mavjud natijalarga garamay, integral yadro normasi, diagonal operatorlar spektri va nondiagonal
bog’lanish kuchini bitta sodda modelda birgalikda ko‘rsatish amaliy jihatdan muhimdir. Aynigsa, Schur
komplementi orgali spektral masalani reduksiya gilish, umumiy lokalizatsiya bahosini olish va ajraluvchi
yadro uchun xos giymatlarni aniq hisoblash o‘zaro bog’langan holda bayon etilishi zarur.

Tadgigotning maqgsadi integral operatorli 2 x 2 operator matritsaning spektral xossalarini
o‘rganishdir. Ushbu maqgsadga erishish uchun quyidagi vazifalar bajarildi: integral blokning
chegaralanganligi va kompaktligi tekshirildi; spektral masala Schur komplementi yordamida reduksiya
gilindi; operator normasi va spektral radius uchun yugori baholar olindi; kompakt perturbatsiyaning muhim
spektrga ta’siri aniqlandi; skalyar diagonal bloklar va ajraluvchi yadro uchun xos giymatlar hisoblandi.

Tadgigotning ilmiy vyangiligi integral operator normasi, Schur komplementi va kompakt
perturbatsiya xossalarini yagona sxemada qo‘llab, operator matritsa spektrining lokalizatsiyasi hamda
maxsus hol uchun xos giymatlarning aniq formulasini asoslashdan iborat. Natijalar integral va integro-
differensial tenglamalarning spektral masalalarini, operator tenglamalarning yechiluvchanligini va matematik
fizika modellarini tadqiq qgilishda qo‘llanishi mumkin.

Tadgigot metodologiyasi.
Operator matritsaning matematik modeli
H = 1?[a, b] bo‘lsin. H @ H fazosida
(A K f\_(Af +Kg
A= (K* D)’ ”q(g) B <K*f+Dg)
operator matritsani garaymiz. Bu yerda A,D € B(H), K € B(H) esa

b
K0 = j kOf@©dt,  f € L2[ab],

ko‘rinishidagi integral operatordir. K* operatori K ning qo‘shma operatoridir. Agar deyarli barcha (x, t) lar
uchun
k(x,t) = k(t,x),
bo‘lsa, K = K* bo‘ladi. A = A* va D = D* shartlari ham bajarilganda A = A".
Operator matritsaning spektri
0(A) = {1 € C: A — Alygy operatori invertirlanmaydi}
orgali aniglanadi. Xos giymat masalasi
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(5)=4(3)

{Af+Kg = Af,
K*'f+Dg=2g

yoki ekvivalent ravishda

sistema bilan ifodalanadi.
Integral operatorning chegaralanganligi va kompaktligi
Faraz gilaylik,
k € L?([a, b] X [a, b]).
U holda K Hilbert-Schmidt operatoridir, demak, u chegaralangan va kompakt. Cauchy—Schwarz

tengsizligiga ko‘ra,
b b
|(Kf)(x)|2§<f Ik Cx, 01 dt) (f F O dt).

Bu tengsizlikni x bo‘yicha integrallash natijasida

b rb
I Kf I17< <f f |k (x, )] dtdx) I f 2
a a
hosil bo‘ladi. Shuning uchun

b b 1/2
||1<||5||1<||H5=(ff|k(x,t)|2 dtdx> .
a a

Schur komplementi orgali reduksiya
A & a(D) bo‘lsin. Ikkinchi tenglamadan
g=—-D-2ADK"f
kelib chigadi. Ushbu ifodani birinchi tenglamaga qo‘yib,
[A—AI—K(MD-AD)"K*]f=0
tenglamani olamiz. Demak,
Sp(A)=A—2A —K(D —AD"K*
operatori A — AI ning D — Al ga nisbatan Schur komplementidir. A € o (D) bo‘lganda
LET(A) & 0€a(Sp(D).

Bu reduksiya ikki komponentli spektral masalani bitta operator tenglamaga keltiradi.

Muhokama. Mazkur tadgiqotda olingan natijalar integral operator ishtirokidagi blok-operator
matritsalarning spektral xossalarini faqat nazariy formulalar orqali emas, balki operatorlar o‘rtasidagi o‘zaro
bog‘lanish nuqtayi nazaridan ham talqin qilish imkonini beradi. Xususan, diagonal bloklar tizimning alohida
komponentalarining ichki spektral xususiyatlarini ifodalasa, integral operator ko‘rinishidagi nondiagonal
bloklar ushbu komponentalar orasidagi o‘zaro ta’sirni yuzaga keltiradi. Shu sababli integral bog‘lanishning
mavjudligi tizimning umumiy spektral holatiga bevosita ta’sir ko‘rsatadi.

Tadqiqot natijalaridan ko‘rinadiki, integral operatorning normasi blok-operator matritsa spektrining
joylashishini baholashda muhim ko‘rsatkich hisoblanadi. Integral yadro normasi qancha katta bo‘lsa,
nondiagonal bloklar orasidagi bog‘lanish shuncha kuchli bo‘ladi va natijada xos qiymatlarning dastlabki
holatidan siljishi ham sezilarli darajada ortadi. Bu holatni amaliy jihatdan o‘zaro bog‘langan fizik, texnik
yoki igtisodiy tizimlarning barqarorligini o‘rganishda qo‘llash mumkin. Masalan, tizimning ikki qismi o‘zaro
integral bog‘lanish orqali ta’sirlashganda, bog‘lanish intensivligining ortishi tizimning spektral
parametrlarini o‘zgartirishi mumkin. Shu nuqtayi nazardan, integral operator normasi tizim komponentalari
o‘rtasidagi o‘zaro ta’sir kuchining matematik xarakteristikasi sifatida qaralishi mumkin. Olingan spektral
radius bahosi ham muhim amaliy ahamiyatga ega. Spektral radius operator iteratsiyalarining uzoq muddatli
Xatti-harakatini tavsiflovchi asosiy ko‘rsatkichlardan biridir. Agar spektral radius ma’lum chegarada
saglansa, operatorning takroriy qo‘llanishi natijasida yuzaga keladigan jarayonlarning o‘sish tezligini
oldindan baholash mumkin bo‘ladi. Bu natija, aynigsa, integral tenglamalarni iteratsion usullar yordamida
yechishda muhimdir. Chunki operatorning spektral radiusi iteratsion jarayonning yaginlashishi yoki
uzoglashish ehtimolini aniglashga yordam beradi.

Kompakt integral operator bilan bog‘liq natijalar ham alohida e’tiborga loyiqdir. Tadqiqotda
kompakt nondiagonal perturbatsiya muhim spektrni o‘zgartirmasligi, biroq diskret xos qiymatlarning
joylashuviga ta’sir ko‘rsatishi asoslandi. Buning amaliy mazmuni shundan iboratki, tizimga nisbatan kichik
yoki lokal integral bog‘lanish kiritilganda uning asosiy spektral tuzilishi saqlanib qoladi, lekin ayrim yangi
xos holatlar yuzaga kelishi mumkin. Bunday holat matematik fizika masalalarida, xususan, lokal ta’sirlar,
chegaralangan perturbatsiyalar va bog‘langan tizimlarni o‘rganishda muhim ahamiyat kasb etadi.
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Skalyar diagonal bloklar uchun olingan xos qiymatlar formulasi integral bog‘lanishning spektral
siljishga ta’sirini yanada aniq ko‘rsatadi. Bog‘lanish mavjud bo‘lmagan holatda operator matritsaning spektri
diagonal bloklarning spektral qiymatlari bilan belgilanadi. Integral bog‘lanish kuchayganda esa ushbu
giymatlar bir-biridan uzoglashadi. Demak, nondiagonal integral komponent tizimning mavjud spektral
holatlarini fagat qo‘shimcha element sifatida to‘ldiribgina qolmay, balki ularning o‘zaro joylashuvini ham
o‘zgartiradi. Bu natija bog‘langan tizimlarda parametrlarning o‘zgarishi natijasida spektral holatlarning qayta
taqsimlanishini tushuntirish imkonini beradi. Ajraluvchi yadro misoli tadgiqotning eng ko‘rgazmali
natijalaridan biri hisoblanadi. Ushbu holatda integral operatorning murakkabligi kamayadi va uning spektral
ta’sirini aniq parametrlar orqali kuzatish mumkin bo‘ladi. Ajraluvchi yadrodan foydalanish amaliy
masalalarda ham qulay, chunki ko‘plab integral operatorlar sonli hisoblash jarayonida chekli rangli yoki
ajraluvchi operatorlar orgali yaginlashtiriladi. Shu sababli mazkur natija fagat nazariy emas, balki sonli
usullar uchun ham muhim ahamiyatga ega.

Natija. Tadgigotda Schur komplementidan foydalanish spektral masalani soddalashtirish imkonini
berdi. Dastlabki ikki komponentli operator tenglamalar sistemasini bitta operator tenglamaga keltirish
hisoblash jarayonini ancha qulaylashtiradi. Bu, aynigsa, analitik usul bilan xos giymatlarni aniq topish giyin
bo‘lgan holatlarda sonli algoritmlarni qo‘llash uchun muhimdir. Masalan, Galerkin yoki Nystrém usullaridan
foydalanilganda dastlabki operator matritsani to‘g‘ridan-to‘g‘ri diskretlashtirish o‘rniga Schur komplementi
orgali kamaytirilgan masalani yechish hisoblash xarajatlarini gisqgartirishi mumkin.

Natijalarning amaliy ahamiyati integral va integro-differensial tenglamalarning spektral masalalarida
yanada yaqqol namoyon bo‘ladi. Ko‘plab fizik jarayonlar, jumladan, issiqlik tarqalishi, tebranishlar,
diffuziya jarayonlari va o‘zaro bog‘langan dinamik tizimlar integral operatorlar orqali tavsiflanadi. Bunday
masalalarda spektral parametrlarni aniqlash tizimning barqarorligi, rezonans holatlari va vaqt bo‘yicha
rivojlanish xususiyatlarini tahlil qilishga imkon beradi. Shuning uchun operator matritsa spektrini
lokalizatsiya qilish va integral bog‘lanishning xos qiymatlarga ta’sirini aniqlash amaliy modellarni sifat
jihatidan tahlil gilish uchun nazariy asos yaratadi.

1-jadval. Asosiy spektral natijalar
Holat Shart Natija
Umumiy blok-operator matritsa A,D,K € B(H) Spektral radius chegaralanadi
Kompakt integral bog’lanish K kompakt Oess SaQlanadi
Skalyar diagonal bloklar A=al,D=dI Kvadratik tenglama olinadi
Ajraluvchi simmetrik yadro k(x,t) = p(x)p() u=lpl*
Hilbert-Schmidt yadro k € L?([a, b]?) K I<Il kI,

Olingan natijalar operator matritsa spektrining diagonal va nondiagonal bloklar o‘rtasidagi o‘zaro
ta’sir orqali shakllanishini ko‘rsatadi. A va D diagonal bloklar bog’lanishsiz modelning asosiy spektral
tuzilishini beradi. K integral operator esa ushbu bloklarni bog’lab, diskret xos giymatlarni siljitadi. Bu xulosa
blok-operator matritsalar va matritsali integral operatorlar uchun ilgari ishlab chigilgan perturbatsion
yondashuvlar bilan mos keladi [1]-[3], [6].

Spektral radius uchun

r(A) <max{ll AI,IDI}IK I

bahoning afzalligi uning sodda va bevosita hisoblanishidadir. Agar K yadro orgali berilgan bo‘lsa,
mavhum operator normasi Hilbert-Schmidt normasi bilan almashtiriladi. Natijada spektr lokalizatsiyasi
yadro funksiyasining aniq xossalari bilan bog’lanadi. Biroq bu baho umumiy yuqori baho bo‘lib, har doim
ham optimal emas. Spektrning aniqroq lokalizatsiyasi uchun diagonal bloklarning rezolventa baholari yoki
sonli diapazon usullaridan foydalanish mumkin [6], [10].

Kompakt perturbatsiya natijasi integral operatorning ikki xil spektral ta’sirini ajratadi. Muhim spektr
diagonal bloklarning muhim spektrlari birlashmasi sifatida saglanadi, diskret spektr esa K ta’sirida o‘zgarishi
mumkin. Bu farq amaliy jihatdan muhim, chunki integral bog’lanish yangi ajralgan xos giymatlar paydo
bo‘lishiga olib kelishi mumkin, lekin kontinuum yoki muhim spektrning asosiy qismini siljitmaydi.

Schur komplementi A & (D) sohada spektral masalani Sp(1)f = 0 tenglamaga keltiradi. Bu
reduksiya nazariy tahlil bilan birga sonli hisoblash uchun ham qulay: dastlabki ikki komponentli tizim
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o‘rniga parametrga bog’liq bitta operator tekshiriladi. Shunga qaramay, A € g (D) nuqtalarda ushbu ko‘rinish
to‘g’ridan-to‘g’ri qo‘llanmaydi; bunday nugqtalar alohida tahlil gilinishi yoki A — AI ga nisbatan ikkinchi
Schur komplementidan foydalanilishi kerak.

Ajraluvchi yadro misoli integral bog’lanish kuchini aniq ko‘rsatadi. Kf = (f, p)p bo‘lganda K ning
noldan fargli xos giymati || p I, ammo xarakteristik tenglamada KK* ishtirok etgani sababli tegishli
parametr u =l p I* bo‘ladi. Shu tuzatish xos giymatlar formulasining o‘lcham va algebraik jihatdan izchil
bo‘lishini ta’minlaydi.

Tadgigotning cheklovlari quyidagilardan iborat. Birinchidan, asosiy natijalar chegaralangan diagonal
operatorlar va Hilbert-Schmidt sinfidagi integral operator uchun olingan. Ikkinchidan, muhim spektr
haqidagi tenglik Fredholm ma’nodagi muhim spektr uchun qo‘llanildi; boshqa ta’riflar alohida shartlarni
talab gilishi mumkin. Uchinchidan, umumiy A, D va K uchun spektrni yopiq formulada aniglash imkoni
yo‘q. To‘rtinchidan, singulyar yadrolar va chegaralanmagan operatorlar domen, yopiluvchanlik va rezolventa
shartlarini qo‘shimcha tekshirishni talab qgiladi.

Xulosa. Kelgusida modelni singulyar integral operatorlar, chegaralanmagan diagonal bloklar va
parametrik yadrolarga umumlashtirish magsadga muvofiq. Galerkin yoki Nystrom diskretlashtirishlari bilan
birga qo‘llash esa nazariy baholarni sonli spektr bilan tagqoslash imkonini beradi.

Xulosa qilib aytganda, mazkur nazariy natijalarni aniq sonli misollar bilan boyitish magsadga
muvofiq. Xususan, ma’lum integral yadrolar uchun xos qiymatlarning integral bog‘lanish parametriga
bog‘liq o‘zgarishini grafik ko‘rinishda tasvirlash mumkin. Bundan tashqari, Galerkin yoki Nystrom usullari
yordamida nazariy spektral baholarni sonli natijalar bilan tagqoslash tadgiqotning amaliy giymatini yanada
oshiradi. Chegaralanmagan diagonal operatorlar, singulyar integral yadrolar va parametrga bog‘liq operator
matritsalarni o‘rganish esa mazkur tadqiqot yo‘nalishining keyingi istigbolli bosqichlari hisoblanadi.
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Annomayua. B 0annoli cmamve npeocmasier HO8ulU U IPheKmusHslll N00X00 K UMUMAYUOHHOMY
Mmooenuposanuro memooom Monme-Kapno 0ns1 eemeswuxcsi npoyeccos ¢ 3a0epiuicKoll Ha Nepuoodax
pasmuodcenus. Xomsa meopus Gemesuuxcs npoyecco8 WUPoKo NpUMeHsemcs: 8 OUuoI02ul, 2eHemuxe u
InUdeMuono2uU, 8 OaHHOU pabome oHa adanmupyemcs K oonacmu Kubepbe3onacHocmu, 8 YaCmHoCmu, 01
MOOEUPOBAHUSL NPOUECCA 3A0EPHCAHHO20 PACIPOCMPAHEHUS 8PEJOHOCHBIX Npo2pamMm 6 cemu. B mooenu
Kadicoas, «4acmuyay npedcmasgisem cooou 3apadicénnblil y3en, eé NOMOMKU - HOGble V3Tbl, 3apadicéHHble Om
Heé, a nepuod 3a0epicKU Ompadcaem CKpulmoe COCHMOsHUE 8PeOOHOCHOU Npozpammvl 00 MOMeHma eé
akmusayuu.

B cmamve cnavana uznacaromes mamemamuueckue 0CHO8bI 6EMEAUUXCI NPOYECCOB C 3A0EPIHCKOU HA
nepuooax pasmHONCEHUsl, BEPOMHOCIHbIE PACTIPEOeNeHUs U PeKYPPEHmHOoe 8blpadiceHue i YUCIa Yacmuy
N —e2o noxonenus. 3amem npednazaemcsi areopumm Monme-Kapno oOns modenuposanusi 0anHo2o
npoyecca.

Knrwouesvie cnosa: mooenuposanue Monme-Kapno, gemssuyutics npoyecc, 3a0epicKa pazmHoNCeHUs,
6PEe0OHOCHAS NPOSPaAMMA, KUbepbe30nacHoCmy, pacnpoCmpaHeHue 8 cemu.

MONTE CARLO SIMULATION OF DELAYED MALWARE PROPAGATION

Abstract. This paper presents a new and efficient Monte Carlo simulation approach for branching
processes with delay at reproduction periods. Although the theory of branching processes has been widely
applied in biology, genetics, and epidemiology, this work extends it to the field of cybersecurity, specifically
for modeling the delayed propagation of malware across a network. In the model, each "particle" represents
an infected node, its offspring represent new nodes infected from it, and the delay period reflects the dormant
state of the malware prior to activation.

The paper first presents the mathematical foundations of branching processes with delay at
reproduction periods, their probability distributions, and the recursive expression for the number of particles
in the M — th generation. A Monte Carlo algorithm for simulating this process is then proposed.

Keywords: Monte Carlo simulation, branching process, delay at reproduction, malware,
cybersecurity, network propagation.

ZARARLI DASTURNING KECHIKTIRILGAN TARQALISHINI
MONTE-KARLO USULIDA MODELLASHTIRISH

Annotatsiya. Ushbu maqgolada ko ‘payish davrlarida kechikkan holdagi tarmoglanuvchi jarayonlar
uchun yangi va samarali Monte-Karlo simulyatsiya yondashuvi tagdim etiladi. Tarmoglanuvchi jarayonlar
nazariyasi biologiya, genetika va epidemiologiyada keng qo ‘llanilgan bo ‘lsa-da, ushbu ishda u
kiberxavfsizlik sohasiga, xususan, zararli dasturlarning tarmoqda kechikib targalish jarayonini
modellashtirish uchun tatbiq etiladi. Modelda har bir "zarracha" zararlangan tugunni, uning avlodlari esa
undan yugtirilgan yangi tugunlarni ifodalaydi, kechikish davri esa zararli dasturning faollashishidan oldingi
yashirin holatini aks ettiradi.

Magolada dastlab ko ‘payish davrlarida kechikishga ega tarmoglanuvchi jarayonlarning matematik
asoslari, ehtimollik tagsimotlari va M — aviod zarrachalari sonining rekursiv ifodasi keltiriladi. So ‘ngra
ushbu jarayonni simulyatsiya gilish uchun Monte-Karlo algoritmi taklif etiladi.
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Kalit so zlar: Monte-Karlo simulyatsiyasi, tarmoglanuvchi jarayon, ko ‘payishda kechikish, zararli
dastur, kiberxavfsizlik, tarmogda targalish.

Beenenne. Teopust BETBSIIMXCS MPOLIECCOB MPEACTABISIET cO00M XOpowUo pa3paboTaHHYIO 00JacTh
MIPUKJIATHON TEOPUH BEPOSTHOCTEH, OMUCHIBAIOUIYI0O CHCTEMBI, B KOTOPBIX CYITHOCTH-YACTHUIIBI, OCOOH,
KIIETKA Wi, B Oollee IIHPOKOM CMBICIIe, AKTHBHBIE AareHThl BHYTPH CETH-CYIIECTBYIOT B TEUCHHE
ONpPEICNEHHOTO TMEePUOJa BPEMECHH, a 3aTeM 3aMEHSIIOTCS CIyYalHBIM YHCIOM TOJOOHBIX CYIIHOCTEH.
Haumnas ¢ wimaccnueckoro wucciemoBanms . l'ambroHa o BeIMHpaHud (Gamuinii cpeaw OpUTaHCKOM
ApUCTOKPATHH, BETBSIIHECS MPOIECChl 00ECIIEYMBAIOT CTPOTHI MAaTeMaTHYECKHH ammapaT JJIsi OIHCAHUS
SIBIICHUH POCTa, Pa3BOPAUYMBAIOIIUXCS YePe3 MOCIIEA0BATEIILHEIC, HE3aBUCUMBIC COOBITHS BOCIIPOU3BOICTBA.
Co BpeMeHEM 3Ta TEOpHs MPEeBPATUIIACH B 3PEIYI0 M aKTUBHO Pa3BUBAIOLIYIOCS BETBb MPUKIAIHON TEOPUHU
BEPOATHOCTEH, BHECIIYIO CYIIECTBEHHBIH BKJIAJ] B MOJEKYJSIPHYIO OHOIIOTHIO, KJIETOYHYIO OWOIJIOTHIO,
OHMOJIOTHIO Pa3BUTHS, UMMYHOJIOTHIO, 3BOIIOIMOHHYIO TEOPHIO, SKOJIOTHIO U MeaulMHy. B 3THX 00mactsax
MOJICJIH BETBAIIUXCS MPOLECCOB MTOMOIJIM HCCIEAOBATENAM HHTEPIIPETUPOBATH IPOTUBOPEUAIINE UHTYUIIUU
JKCIIEPUMEHTAIbHbIE HAONIONEHNUs, pa3pabaThiBaTh HOBBIE JKCIIEPUMEHTHI M KIMHUYECKHE MPOTOKOIBI, a
Takxe (GopMyITUPOBATH MPOTHO3HI, KOTOPHIE BITOCIEACTBUN OBLTH TIOTBEPKACHBI B PEAbHBIX YCIOBHUSX.

B knaccuueckom BetBsilieMcs mpolecce bemnmana—Xappuca €IMHCTBEHHAs 4acTULA-TPAPOIUTEID
poxknaercs B MOMEHT BpemMeHH ! = 0 W XHWBET B TEUYCHHE CIyYalHOTO BpEeMEHU T , pacmperelieHue

KOTOpOro 3amaéres dynkumeii pacnpeneneuus G(T). B MOMEHT ruGeny 9yacTHIAa HOPOKAACT CIydaifHOE

YHCI0 TTOTOMKOB B COOTBETCTBHUM C MPOM3BOJAIICH (DyHKIMEH BepOSTHOCTEH f(S) , IpUYEM KaKIbId W3

9THUX MOTOMKOB BeAET ce0s1 HE3aBUCHMO OT OCTIBHBIX U OT NMIPAPOJUTEINS, CIEAYysI TOMY e BEPOSTHOCTHOMY
3aKOHY.

Ecn Z(t) o6o3HauaeT YMCIO YACTHI, >KHBBIX B MOMEHT BPEMEHH £ , TO pe3yJbTHpYIOLIHii

CTOXAaCTHYECKHI MpoLece
{2@), t =0}

B O0mIeM ciiydae He SBISETCS MapKOBCKHM; TeM He MeHee, psl BAXHBIX YaCTHBIX CIIydaeB, B IEPBYIO
ouepenb, nmpouecc lamproHa—BaTrcoHa ¥ BO3pacT-3aBUCHUMBIM  IIPOLIECC €  AKCIOHEHUUAIBHO
pacrpenenéHHBIMI  BpeMEHaMH KU3HM BOCCTAHABIMBAET MAapKOBCKOE IIOBEJCHUE IPH YMPOIIAIOIINX
MIPEIMONIOKEHUSX OTHOCUTEIHHO PACIIPE/ISIICHNST BPEMEHH )KU3HH.

EcTtecTBeHHOE pacmimpeHne 3TOH KIIaCCHYECKOH CXEMBI BO3HHKAET, KOT/Ia BpeMs JKHU3HU Kaxaoil
YaCTHUIIBI OTPAHUINBACTCS JUCKPETHBIMU, 1IEJIOYUCICHHBIMU SINHUIIAMU BPEMEHH, a CaMO BOCIIPOU3BOJICTBO
MO/IBEpraeTcsi JIOMOJNHUTEIBHON 3aJiep)KKe: BMECTO HEMEJIEHHOTO pPa3MHOXKEHHsS YacTHIlAa MOXET
0CTaBaThCSl HEAKTUBHOW B TEUEHHE OIHOTO WM HECKOJBKUX IMEPHOAOB ITOCIE CBOETO TOSBICHHS, IIPEKIE
YeM TIPOU3BECTH IIOTOMCTBO. Takas KOHCTPYKIMS TPUBOAUT K BETBAIIEMYCS IPOIECCY C 3aJEPKKOM
niepuoioB pasmaoxkeHus (BII3IIP), B koTopoM COBMECTHOE paclpeiesieHne BEpOsSTHOCTEH YHCiia TOTOMKOB

X u mepuoma 3amepxkin N COBMECTHO OINpEAEISeT SBONIONMIO UHCICHHOCTH momymsuun Z(n) Ha

MPOTSHKEHUH TTOCIIEAOBATENBHBIX TMOKOJNeHUH. [lOCKONBKY YHCIEHHOCTh TOIMYISAIWU B IOKOJIEHUH 11
3aBUCUT OT BKJQJOB BCEX TMPEANICCTBYIOMUX TIOKOJIEHUH, a HE TOJBKO OT HEMOCPEICTBEHHO
MIPEANIECTBYIONIET0, BO3HUKAIOIIAS JWHAMHKA OKa3bIBACTCS CYIIECTBEHHO Ooyiee OoraToif, 4em B
CTaHIApTHOM TMporecce ['anbroHa—Barcona, a 3aMKHYThIe aHAIMTUYECKHUE BHIPAKEHUS U TAKUX BEIWYVH,

KaK pacmpenenerne Z (M), B ofmeM ciydae MOTYdYHTh 3aTPyAHHTENBHO. BBHIY 3TOro MOeIHpOBaHHE
Metosiom Monte-Kapio npencrasiser co00il eCTECTBEHHBINM W BBEIYHUCIUTEIBHO PeaTn3yeMblii MHCTPYMEHT
JUIS M3yYeHWs TOAOOHBIX MPOIECCOB, MO3BONSIONIMII TeHEPUPOBATh BHIOOPOUHBIE TpaekTopuu 2 (1)

HEIMOCPEJICTBEHHO W3 JIeXKaIlel B OCHOBE BEPOSTHOCTHOM CTPYKTYpHl 0e3 HEoOXOIWMOCTH TONy4eHHUS
SIBHOTO aHAJIMTUIECKOTO PEIICHUSI.

XoTs nepBoHaYagbHas MOTHBAIUS A u3ydeHus: moneneit tuna BII3IIP Hocuna nmpeuMyiecTBEHHO
OMOJIOTMUYECKUH XapaKTep, HalpUMep, aHadu3 PaclpOCTPaHCHHs] F€HOB W 3aJCPKaHHOTO PAa3MHOKEHHUS B
KJICTOYHBIX TOMYJISAIUAX, Ta JKe JieKamas B €€ OCHOBE MaTeMaTHYecKas CTPYKTypa CIOCOOHA OIMHCHIBATH
3HAYUTENIFHO OoJiee MIUPOKWH Kiacc SBJICHHWN 3aJIepKAHHOTO pachpocTpaHeHus. B wacTHOCTH,
pacnpocTpaHeHHe BPEIOHOCHOTO MPOrPaMMHOI0 OOECIICUEHUS 10 KOMITBIOTEPHOH CETH AEMOHCTPUPYET
TECHO CBSI3aHHOE C OTHUM BETBSIIEECS IMOBEACHHUE: 3apaKEHHBIM y3€J], paccMaTpUBaeMBIN 37eCh Kak
«4acTULa», MOXKET OCTaBaThCAd B COCTOSIHUM IOKOSI B TEUEHHUE CIy4YalHOIO YMCIIa AUCKPETHBIX MEPHOIO0B,
MPEXKIe YeM aKTUBHUPOBATHCS U, MOCJE aKTUBALUU, 3apa3uTh CIy4yallHOE YMCIO HOBBIX Y3JIOB, KOTOpHIE, B
CBOIO OdYepelb, COCTABIIIOT €ro «IMOTOMCTBO». Takas MOJENb TOBEICHUS XapakTEepHA IS CKPBITHOTO

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 81



MATHEMATICS

BpeIOHOCHOro Tporpammuoro obecreuenus (IT0), camMopacpOCTpaHSIONMXCS YepBe M OOTHETOB,
WCTIONB3YIOMINX 3aJepXKaHHbIe, «CIIINE» WIH TPUITEPHBIE CTPATETHMH aKTHBAIMM, & HE HEMeIeHHOe
pacmpocTpaHeHue cpasy TOcie 3apaKeHusl. 3HAaYMTeNbHAs 4YacTh CYIIECTBYIOLICH JHUTEpaTypsl IO
pacmpocTpaHeHuto yepBeil U BpenoHocHoro 1O ommpaeTcs Ha IMHUACMUOJIOTHUECKHE KOMIIAPTMEHTHBIE
MOJIETIH, TaKWe Kak (OPMYIHPOBKH «BOCHPHUMYNBBHIH—MH()UIIMPOBAHHBII-BRI3IOpOoBeBIHit» (SIR) wmmm
«BOCTIPUAMYHUBEIH—MH(PUIMPOBAHHBIH—BOCTIPUAMIHUBEINY (SIS), TnO0 Ha CTOXaCTHYECKUE W aHATUTHICCKUE
MOAXOJbI B HENPEPHIBHOM BpeMEHU. XOTS Takue Mojaenu 3(GQGEKTUBHBI Ji OMUCAHHUS arperupoBaHHON
OUHAMHUKH 3apaXeHWs, OHM HE OTPAXKalT SBHBIM 00pa3oM IUCKPETHYIO, CTPYKTYPHPOBAHHYIO IIO
MTOKOJICHUSIM 3aJIePKKy MEXTYy MOMEHTOM 3apaXKeHHsS W MOMEHTOM, KOT/a 3apaXEHHBIM y3ell HadiMHaeT
aKTHBHO pachpocTpansaTh BpegonocHoe 10 nanee. Ilepeocmeicienne pacnpoctpanenus: Bpenonocuoro 110
gyepe3 npusmy BII3IIP mpemaraer, Takum o0pa3oM, B3aHMMOJIOTOJHSIONIYIO U B psifie OTHOIIEHHH Ooree
CTPYKTYPHO JIOCTOBEPHYIO MEPCIEKTUBY: TEPHOJ 3aepKku /V/ €CTECTBEHHBIM 00pa30oM OTOXKIIECTBIIAETCS
C NAaTeHTHOH, mnu crsmed, ¢a3oil BpenoHocHoro I10 g0 akTHBauWuM, TOTAA KaKk YUCIO MOTOMKOB X
MpeACTaBIsieT COOOH KOJNMYECTBO HOBBIX 3apaKEHHBIX Y3J10B, BO3HHMKAIOUIMX MPH KaXKIOM COOBITUH
aKTHUBAIlMM, TPUYEM OTH JBE BEIWYMHBI MOTYT OBITh KaK HE3aBHUCHMBIMH, TaK M CTATUCTHYECKHU
3aBHICHMBIMH, B 3aBHCHMOCTH OT TPEeOOBaHUH JIeXKAIIEro B OCHOBE MEXaHHU3Ma 3apaKEeHUS.

Onupasch Ha JaHHYH [EPESHUHTEPIPETAIMI0, HACTOAIIAs CTaThs pa3padaTbiBacT MOAXON K
MozenupoBaHuto MeronaoM Monrte-Kapino B pamkax BII3IIP, cnenuanbHO aganTUpOBaHHBIM K 3ajaue
KrOepOe30macHOCTH, CBS3aHHOM C 3aJepXKaHHBIM pPAacClpOCTpaHEHHEM BPEIOHOCHOTO MPOTPAMMHOTO
obecrieuenus. [loMuMo MoOJENUpOBaHMs OTACNBHBIX TPACKTOPHH PACHpPOCTPAHEHHS YHCICHHOCTH

3apak€HHBIX Y3JI0B VA (n) , TpeayiaraeMblii TOAXOX yAenseT oco0oe BHUMAaHHWE OICHKE HaAEKHOCTH
MOJIy4aeMBIX OIEHOK MeTogoM MonTte-Kapno: aHamm3upyercs: CXOAUMOCTh CMOJCIMPOBAHHBIX OIEHOK
VA (n) K HUX TEOPETHUYECCKUM MATEMATHUYECKHM OXXHIAHUAM, a TOYHOCTH OIICHHBAHUS IOIOJHUTEIHHO

XapaKTEPHU3yeTCsl MOCPEACTBOM JHUCIEPCUM U COOTBETCTBYIOLIErO JOBEPUTENBHOIO HWHTEpBana. Takas
KOJINYECTBEHHAsI OIICHKAa HaJ&KHOCTH OLIEHUBAHUS, OTCYTCTBYIOIIAs B MCXOMHOW (hOpMYyITHpPOBKE MOJETU
BII3IIP, mpu3BaHa NOBBICUTH MPAKTUYECKYIO IPUMEHUMOCTD MIPeIIaraeMoro moaxo/ia MoAEeTHpPOBaHUs s
CHEIMAIUCTOB 0 KHOEpOEe30MacHOCTH, CTPEMSAIINXCS CIPOTHO3UPOBATH TPACKTOPHIO PACIIPOCTPaHEHUS
BpenoHocHoro 110 u crtaHupoBaTh COOTBETCTBYIOIINE IPEBEHTUBHBIEC MEPBI.

AHAJIM3 JUTEPATYPHBIX HCTOYHHUKOB. Teopernyeckue ocHOBBI Mozenu BII3IIP Obutu 3am0KeHBI B
Oonee panHux padotax. Mcxomnas dopmymupoBka BII3IIP, Bkimowass €€ BEpOSTHOCTHYIO CTPYKTYpY H
0a30BbIE CBOMCTBA, TAKHE KAaK PEKYPPEHTHOE COOTHOIICHHE ISl MATEMATUIECKOTO OXHUIAHUS YUCIEHHOCTH
MIOMYJISAIIAMA TI0 TIOKOJICHUSIM, Obla TpeyioxkeHa B [2], Toraa Kak ajJrOpUTM MOJCIHPOBAHUS METOJOM

MonTe-Kapiio st reHepaimn BoIOOPOUHBIX TpaeKTopHii Z (1) B paMKax JaHHOM MOJENH ObLT IPEUIOKEH

B [1]. bonee mupokuit TeopeTHUECKUH KOHTEKCT BETBALIMXCSA MPOIIECCOB, BKIOYAs WX OHOJIOTMYECKHE
WHTEpIIpeTaluy, a TakkKe Kiaccuueckue QopmynnpoBkn bemnmana—Xappuca u ['anproHa—Barcona,
BCECTOPOHHE paccMarpuBaercs B [3], a mpeacTaBiIeHne OOIUX BETBSIIIUXCS MPOIECCOB B BHUJIE JUCKPETHBIX
CIIy4aliHBIX AepeBhEB pa3padoTano B [4]. Micronb30BaHHAs B HACTOAIIEH cTaThe MeToosiorust MouTe-Kapio
onMpaeTcs Ha OOIME MPUHITUITEI MOJEIINPOBaHUS MeTo1oM MoHTe-Kapiio 1is mpukiiaHeIX HAYYHBIX 3324,
onHcaHHBIC B [5], a Takke Ha Oollee NTMPOKUE METOBI MOJACTUPOBAHUS U OIIEHWBAHUS, BKIIOYAsi CHIDKEHUE
JUCTIEPCHUH U ITOCTPOSHUE JTOBEPUTEIBHBIX HHTEPBAJIOB, MPEJICTABICHHbIE B [6].

Uro kacaercs KuOepOE30MacHOCTH, 3HAYMTENBHBIM O0BEM HCCIICOBAaHUN OBLI  MOCBSIIEH
MOJIETTMPOBAHUIO pacrpocTpaneHus: BperoHocHoro [1O u depBel, 0OHAKO TMPEUMYIIECTBEHHO B PaMKax
MOJIX0/IOB, OTIMYHBIX OT BeTBsIIuXcs mporeccoB. Kedapr u Yaiir [9] omHUMH M3 MEPBBIX aganTUPOBAIU
SMUIEMUOIOTUYECKIE KOMIApPTMEHTHBIE MOAENTH K paclpOCTPaHEHHI0 KOMIBIOTEPHBIX BHUPYCOB,
MPEICTaBUB PaCIpPOCTPAHEHHE 3apaKEHUS HAa OPHUEHTHUPOBAHHOM rpade KOHTAKTOB MEXKAY XOCTaMU.
Pa3BuBas 3Ty snupemuonormdeckyro Ttpaauuuio, [[3oy, T'onr m Toycnmm [7] mnpennoxwin MoOAEnb
pacnpoctpanenusi uepBs Code Red, yuuThIBaromiyro BIMSHHE 4YEJIOBEYECKUX KOHTPMEDP M YCTAHOBKH
WCTIpaBJICHU Ha KPUBYIO 3apa)XCHHUS, a BIIOCJIEACTBUU PACLUIMPHIN 3Ty MoJelb B padote [8], obecneuns
BO3MOXXHOCTb MOHHUTOPHHIA M PaHHEro OOHApYKEHUS HHTEPHET-YepBeil MOCpeACTBOM HAOIMIOACHUS 3a
CKaHMPYIONIMM Tpa(HKOM, TOCTYNAOIUM B HEUCIIONB3YeMOe aJpecHOe NpOCTpaHCTBO. bonee mo3mHue
paboTBl TPOJOIDKMIM COBEPIIEHCTBOBATH AMHJIEMHOJOTHYECKHE M CTOXaCTHYECKHE TMOAXOIbl K
pactpoctpaneHuto BpenoHocHoro IIO B chmenuanu3upoBaHHBIX ceTeBbIX ycnoBusax: Wky um Xyan [10]
pazpaboTany MOJeb PacpOCTPAaHEHHUS ISl KJIACTEPHBIX OECIPOBOIHBIX CEHCOPHBIX CeTel, YUMTHIBAIOIIYIO
paanyc CBSI3M Y3JIOB, IJIOTHOCThH Y3JIOB M MIPY «aTaKa—3alluTa» MEXIy BpeJoHOCHBIM 1O u 3amuTHBIMH
cucTeMaMu, Toraa kak benomap u ap. [11] npeanokunu areHTHYH0 CTOXaCTHKO-TEOMETPUYECKYIO MOAEIH
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pacnpoctpanerus BpemoHocHoro I[IO B ceTsix Tuma «yCTPOWCTBO-YCTPOMCTBO», SBHBIM 00pazom
MOJICTUPYIOIIYIO CITydaiiHOe BpeMs Iepeadr COOBITHI MEKIY COCETHUMH YCTPOUCTBAMHU.

B coBokymHOCTH paccMOTpeHHasl JUTepaTypa IEMOHCTPUPYET KaK 3pEIOCTh KOMIIAPTMEHTHBIX U
CTOXaCTUKO-TEOMETPUUECKUX TMOIXO0A0B K MOACIHUPOBAHHUIO pacnpocTpanenust BpenoHocHoro 110, Tak wu,
BMECTE C TeM, OTHOCHUTEIFHOE OTCYTCTBUE AVCKPETHBIX, CTPYKTYPHPOBAHHBIX 110 MOKOJICHUSIM MEXaHU3MOB
3aepKKA TOTO pPOJa, KOTOphIM oTpakéH B pamkax wmoxenu BII3IIP. B wactHOCTM, HHM omHa U3
PaCCMOTPEHHBIX BBIIIE MOJEICH pacrnpocTpaHeHus BpemoHocHoro [1O He mpencraBiseT sSBHbIM 00pa3oM
[EPUOJ TOKOS 3apaXEHHOIO y3JIa B BHUJAE AHUCKPETHOM CIy4YallHOM 3alepiKKH, ONpENEsIoled Hayaio
JANbHEHMILIET0 PACHpOCTPAHEHHs, U HHU OJHA M3 HHMX HE MpearacT oueHky merogoMm Monre-Kapio,
CXOAMMOCTh W TOYHOCTh KOTOPOW aHAJIW3UPOBAIMCH OBl OTHOCHUTEIBHO HM3BECTHOTO TEOPETUYCCKOTO
MaTEeMaTHYECKOTO OXKWIAaHWs, KaK 3TO CHIEIaHO JUIS MOJICIM BETBSIIErocs mpoiiecca B padorax [1] u [2].
Jrot mpoben mMotuBupyeT nepenHTepnperanuio Moxenu BII3IIP, pazpaboranHyro B HacTosiedl cTatbe,
Hapsiy C CONYTCTBYIOIIMM AaHAJIU30M CXOJUMOCTH M JUCHEPCHUH COOTBETCTBYIOIIEH OLIGHKH METOIOM
MomnTe-Kapio.

Metoansl pemienusi. JIaHHBIA KJIacCc CTOXAaCTHYECKHX TIpoleccoB MBI HaseiBacM  BII3IIP,
MIEPEUHTEPIIPETHPYS €r0 3[IeCh B KOHTEKCTE AMHAMUKH 3apaKCHUS CETH: KaKJas YacTHIla IMPeICTaBIsIeT
co0oif 3apaxEHHBIN y3€J, a 3aJep)KKa IPU BOCIIPOM3BOJICTBE COOTBETCTBYET MHTEPBANy TOKOS, B TECUCHUE
KOTOPOTO 3apakKEHHBIA y3ell OCTa€TCsl HEaKTUBHBIM, TPEXKAE HYeM paclpOoCTPaHUTh 3apakKeHHE aajee.
Pucynok 1 wmmocTpupyeT OQHY W3 peanm3aluii JaHHOTO Ipollecca, TNle OAMH U3 3apaKEHHBIX Y3JI0B,
HOpO)KILéHHLIX BO BTOPOM ITOKOJICHUH, 0CTaéTcsl HEAKTUBHBIM B TE€UEHUE ABYX JOMNOJHUTCIIbHBIX IIEPUOIOB,
MMpexKAC 4E€EM aKTUBHUPOBATLHCA U 3apa3uThb HOBLIC Y3JIbL.

Pucynok 1. Ilpumep BII3IIP
(=mmmmmmmeme HEMEUIEHHOE 3apa)KeHUEe/TIPOAOIDKEHHE; ------------- 3apaKeHUE 110CIIE 3aJEPHKKH. )
MopneaupoBanue BII3IIP. Ilpenmonoxkum, 4To AWMCKpeTHas ciaydaiHas BenuumHa X o0Oo3Hayaer
YHCJI0 HOBBIX 3apaXEHHBIX Y3JI0B, MOPOXKIAEMBIX 3apaXEHHBIM Y3JIOM, a €r0 IEPHOA MOKOS IPEeACTaBIseT
co00i HEOTPUIATEIbHYIO JUCKPETHYIO CIIydalHYI0 BeJIuuMHy, oOo3Hadaemyro N/ . Torma coBmecTHas
¢ynknus BepostHocTH Aiist BIT3IIP 3anaéres ynkiumeit

foy@m)=PX =2,M=m), z €N, meN, (1)
rae N, = {0}UN u N={1,2,3,...}.

IIpumep. I[IpennonoxxuM, 4To penpoayKTHUBHOE NMOBeAcHHE 3apakéHHoro ysna B BII3IIP 3amaércs
ClIeAyIOIIEH COBMECTHON (PyHKIMEH BEpOITHOCTH.

M\ X 0 1 2
1 0.08 0.12 0.15
2 0.1 0.1 0.05
3 0.05 0.15 0.2

Mub1 IoJjry4acMm CJICAYIOIINC PE3yJIbTAaThl:

E[X]=0:(0.08 + 0.1+ 0.05) +1-(0.12 + 0.1+ 0.15) 42 (0.15 4 0.05 + 0.2) = 1.17,
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E[M]=1-(0.08 4 0.12 4 0.15) 4+ 2- (0.1 + 0.1 4 0.05) + 3 (0.05 4 0.15 4 0.2) = 2.05,

E[X?]=0"(0.08 + 0.1+ 0.05) +1*- (0.12 + 0.1 4 0.15) + 2* - (0.15 + 0.05 + 0.2) = 1.97 ,

E[M?]=1*-(0.08 +0.12+ 0.15) + 2° - (0.1 + 0.1 4 0.05) 4+ 3* - (0.05 + 0.15 + 0.2) = 4.95
2
Var[X] = E[X°] - [E[x]| =1.97~1.17* = 0.6011,

2
Var[M] = E[M?] - [E[M]] = 4.95—2.05" = 0.7475,
E[XM]=1-1-0.12+2-1-0.15+1-2-0.14+2-2-0.054+1-3-0.15+2-3-0.2 =2.47.
Tenepb BBIYMCJIIMM KOBapHualnuo U KOE)(I)(bI/IHI/ICHT KOoppeiauuu:
Cov (X, M) = E[XM]—E[X]-E[M]=2.47 —1.17-2.05 = 0.0715,
Cov (X, M) 0.0715

X, M) = =
PX, M) Jvar[x]-var[M]  0.6011-0.7475

~ 0.11.

B nanmHom mnpumepe cnydvaiinple BenmuunHbl X u M sBisitorcs 3aBucuMbiMH. Koaddumment
koppemnsiauu Mexxay X u M cocrasiser npubdausurensio 0.11.
[Nockonbky popMuUpOBaHHE YUCICHHOCTH 3apakEHHBIX y3II0B B mepuoje 7 TpeOyeT ydéra BKIAIOB

OT BCeX MNPEANIECTBYIONUX ITEPHOJIOB (n - 1),(n — 2),...,1, 0, npenmonoxmm, 4TO HEOTPHUIATENILHBIE

o n - .
LEJIOYKCICHHBIE CIy4YalHbIC BEIUYMHBI X,L.(j ), i,7 € N nomumnsiorcs ¢ynkuun BeposTtHOCcTH (1) M

0003HaYaI0T YMCIIO HOBBIX 3apaXKEHHBIX Y3JIOB, MOPOKAAEMBIX | — 3apaXEHHBIM Y3JIOM, IJIe CaM 3TOT y3eIl

ObUI aKTUBUPOBAaH B MEPUOJIE 70 — ¢ W TNPOU3BOIUT CBOE MOTOMCTBO B mepuoae 1. VHBIMH ciioBamu,
JaHHBIN 3apa)XEHHBIN y3€1 OCTABAJICS HEAKTUBHBIM B TCUEHHE | TIEPUOJIOB, IPEKIE YEM PA3MHOKUTECS.

Ecnu 0603Ha4nTh uepes 2 (n) YUCIIO 3apaXEHHBIX Y3JI0B B IOKOJIEHUHU 71 , TO MBI TIOJIy4aeM:

n  Z(n—i)
Zn)=7%_ > X, )

(
i=1  j=
Hanpumep, Ha npuBeAEHHON BBIIIE TUATPAMME Mbl UMEEM:
Z(4) = (X7 + X0 + X+ (X[ + X0y + (x + X0y + X

3x1ech nepsast rpymnmna (Z = 1) COOTBETCTBYET TPEM 3apaKEHHBIM y3JIaM, POXKIEHHBIM B TIEpHOIE 3, U3
KOTOpPBIX JIBa Pa3MHOXKAIOTCS Cpa3y B mepuoie 4, a TpeTuil ocTaéTcsi HEaKTUBHBIM M He AT BKJIazia; BTopas
rpymmna (Z = 2) COOTBETCTBYET JBYM 3apakEHHBIM y3JaM, POXKIEHHBIM B TIepHojAe 2, U3 KOTOPBIX OJUH
pa3MHOKaeTCs cpasy IMocie OJHOTO rmeproja (To ecth naét Bkiaa O mpu 3afepxke ¢ = 2 ), a Ipyrod UMeeT
3aJIep’KKy B JIBa MepHo/ia, IOPOXKAAst ABYX HOBBIX 3apaXEHHBIX Y3JIOB B Mepuoje 4; TpeTbd IpyIina (Z = 3)
COOTBCTCTBYCT ABYM Sapa)I(éHHBIM y3i1aM, pO)K,Z[éHHI)IM B Iepuoac 1, HU OAWH U3 KOTOPBIX HC PAa3MHOKACTCA

NP 3ajepKKe B TPH IepHOja; a TociaeaHee ciaraemoe (i =4) COOTBETCTBYeT €MHCTBEHHOMY
3apak€HHOMY XOCTYy B niepuojie 0, KOTOpbIi He Pa3MHOXKACTCS TPHU 33JPHKKE B YETHIPE MEPHO/IA:

ZA)=1+1+0+0+2)+(0+0)+0=14.
PesyabTaTel M o0cy:xaenne. O6o3naunm E [XZ.(;L)] uepes i, T.. CPEIHEE YMCIO YacTll B % —
MOKOJICHUH.

Teopema 1. (cm. [11-[2]). ITyems {Z(n), n > 0} BII3IIP u E[ij”)] =1, mozda

E[Z(n)] = > wE[Z(n — )],

Xots TeopeMa 1 XapaKTCpU3yCT MATEMATUYCCKOC OXHUIAAHUC YHCIia Bapa)l(éHHLIX y3JIOB IO IMOKOJICHUSM,
OHa HEC )IaéT I/IH(bOpMaI_[I/II/I O TOM, HAaCKOJIbKO OTACJIbHasA pean3anus Z(n) MOXET OTKIJIOHATBHCSA OT OTOI'O
OXKHIaeMOI'0 3HaA4YCHMHA, I/IHq)OpMaL[I/II/I, HCO6XOZLI/IMOﬁ JUIS OLICHKM HaJIEXHOCTH 000 MOHTe-KapJ'IO

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 84



MATHEMATICS

ouenku Z(n). 3uamme Var[Z(n)] NO3BOIAET HOCTPOMTH JOBEPHTEIbHBII HMHTEpPBAT BOKPYT

CMOZETMPOBaHHON OLEHKH, OOeclieurBasi TeM CaMbIM KOJUYECTBEHHYIO MeEpy TOYHOCTH OLICHHBAaHUS,
JOTOJHSIIONIYI0 3asBJICHHBIA B HACTOSILIEM MCCIEAOBAaHMM aHATU3 CXoOuMocTH. llomMumo cBoel
METOJIONIOTUIECKON pONM, JNaHHAs BEIMYMHA TaKXKe HECET MPAMYI0 MPaKTHYECKYI) WHTEpIIPETAlHIo0 B
KOHTEKCTE PacIpOCTPaHEHUSI BPEIOHOCHOTO MPOTPaMMHOTO 00ecTriedeHus: OObIast AUCIIEPCHS yKa3bIBAET
Ha TO, YTO YHUCJIO 3apaKEHHBIX Y3JIOB B JAHHOM IIOKOJICHUH MOKET CYIIECTBEHHO OTIMYATHCS OT CBOETO
OKHJIaeMOT0 3HAYEHHs, YTO TMOJApa3yMeBacT OOJNbIIYI0 HEONPEAeIEHHOCTh HPU MPOTHO3HUPOBAHUH
MacmrTaba BCIBIIKA 3apaXeHHs, TOTJa Kak Majias TUCTepCHsl yKasblBaeT Ha TO, YTO JWHAMHUKa
pacmnpocTpaHeHus] SIBIACTCSI CPaBHHUTENBHO MpenckasyeMol. Crenyrommid pe3ynbTaT, TakKuM 00pazom,
pacmpocTpaHseT peKyppeHTHyIo QopMyly MaTeMaTHYecKoro oxwuganus u3 Teopembl 1 Ha

COOTBETCTBYIOIIIEE PEKYPPEHTHOE BRIPAKEHUE i ucriepcuu Z (1) .
Teopema 2. Ilycmo {Z(n), n > 0} BII3IIP, ons komopozo

EX™]=p, u Var[X"]=

0 Kadkcoot 3adepoicku i € N, mozoa

Var[Z Zo E[Z(n—i)]+Y_ > pp,Cov(Z(n—i),Z(n—k)). (3)
i=1 k=1
Joka3zatenbcTBo TeopemMbl 2. OO0ycnoBnuBas Ha

Zin—1)=a(n—-1), Z(n—-2)=a(n—2),..., Z(0)=a(0)

YHCTeHHOCTD nomysuy Z (1) pasnaraeTcs Ha 1) HE3aBHCHMbIX TPYIII 10 OXHOM IS KaXKIO0H 3a1ePiKKH

i, IpUUEM ¢ — rpyIIa MPeaCcTaBisieT co00l cyMMy a(n - Z) HE3aBUCUMBIX U OJIMHAKOBO PaCIHpeNesIEHHBIX
CIIy4alHBIX BETHYUH

X xm - xm

i1 7772 T T a(n—d) "

CrnenmoBartenansHO,

n

E[Z(n)| Z(n—1),Z(n —2),....2(0)] = > _a(n — i) ZZ (n =i,
=1
M, IOCKOMBKY (N — i) craraeMbIX BHYTPH Kas10ii TPYIIIIbI HE3aBHCHMBI H MMEIOT OOLILYIO WCTIEPCHIO o7, a

caMu T} TpyIIl HE3aBUCUMBI IPYT OT APYyra,

n

Var[Z(n)| Z(n—1),Z(n—2),...,Z(0)] = > a(n—i)o> = > Z(n —i)o’
i=1 i=1
[Mpumensist GopmMyy TOJHON AUCTIEPCHH,

Var [Z(n)] = E [Var|Z(n) | Z(n —1), Z(n —2),..., Z(0)]] +

+ Var [E[Z(n) ‘ Z(n - 1>7Z(n _2)7"'72(0)“ =

=E|Y 0’Z(n—1)|+ Var|> p,Z(n—i)| =
i=1 i=1

= E o’E[Z(n — i)+ E g i, Cov(Z(n —1i),Z(n — k))
i=1 k=1
YTO U 3aBEPILIAET JOKA3aTEIbCTBO. TeopeMa JIOKa3aHa.

MopenupoBanne Mmeronom Monte-Kapiao. Xota Teopempl 1 u 2 mpeaocTaBisiOT TOYHBIE
PEKyppEHTHbIE BHIPAXKEHHS JUISl CPEHEr0 3HAUCHHS M Jucriepcuu Z(N), 9TH BEIMYMHBI CaMH 10 cebe He
PacKpBIBAOT MOJIHOTO Paclpele/InTeIbHOIO TIOBEAECHNUS YUCICHHOCTH 3apaKEHHBIX Y3JI0B, a TAK)KE HE JIAl0T
BBIOOPOYHON TPAEKTOPUU TOTO, KakK BCIIBIIIKA MOXeT (pakTH4ecKkd pa3BopaymBaThCsl BO BpeMeHu. Ha
MPaKTUKE CIHEUUAIUCTa MO0 KHOepOEe30MacHOCTH 4YacTO HHTEPECYeT HE TOJIBKO OXKHIaeMbId MaciuTad

pacrpocTpanenns BpegoHocHOro 110, HO M BH3yanm3aius IPaBIONOJOOHEIX Tpaekropmii Z(n) mpu
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3aJ]aHHOM MOJIENU 3apakeHus U Mokosi. MozaenupoBanue MeTojioM MoHTe-Kapio HanpsiMyro OTBedaeT 3Tor

NOTPeGHOCTH: ITYTEM MHOTOKDATHOM TeHEpaLMM peanusanuii mapsl «motoMcTBo—3azepxkka» (X, M) B
COOTBETCTBUU C COBMECTHBIM pacIpeieleHUEM fXM(CE, M) MOXHO MOCTPOMTH BBIGOPOUHBIC TPACKTOPHHU

Z (71) 663 HGO6XOHI/IMOCTI/I HOJ'Iy‘IeHI/IH SaMKHYTOFO AHAJIUTHUYCCKOI'O BI)Ipa)KeHI/ISI JJIs1 €10 pacnpeﬂeneHHﬂ.
1. Start

no

Input 70, fXVM(x,m) -
3 |seti=0,2(0)=1 )
4 Set j=1

5 | Generate (z,m)

6. | Z(i+m)=Z(i+m)+z
7

8

9

j=J7+1
If j < Z(i) Yes
. i=i+1
10. Ifi<n Yes
11. | output Z(n)
12. End

Pucynok 2. Aaroputm MonTe-Kapao
B nannom paszgene mbl npencrtasisieM anroputM Monte-Kapno mis mogenuposanus BII3IIP B ero
WHTEpOpPETalUy, CBSI3aHHOM ¢ pacnpocTpaneHueM BpenoHocHoro I1O. Kaxnplii cMomenupoBaHHBIN

3apakEHHBIN y3€1 He3aBHCHMO TeHEpHpYyeT mapy (Z,1M), TpeCTAaBISIONIYI0 YHCIO HOBBIX 3aPaKEHHBIX

y3J10B, KOTOpPBIE OH MOPOKIAET, M YMCIIO NEPUOOB, B TeUEHHE KOTOPBIX OH OCTaéTcs HEaKTHBHBIM, MPEXK/e
YeM 3TO CJelaTh, a MOJ[ydeHHOE MOTOMCTBO HAKAIUIMBAETCS B COOTBETCTBYIOLIEM OyIyIleM MOKOJICHUH.
[ToMumo MopenMpOBaHUsS OTACIBHBIX BBIOOPOUYHBIX TPACKTOPHUM, MBI 3aT€M HCIOJIb3YE€M MHOTOKPATHBIE
HE3aBUCHMBbIE IPOTOHBI JAHHOTO AJrOpuUTMa AJs SMIMPUYECKOd oueHkH E[Z(n)] u ero aucmepcu, a

TaK)Xe CpaBHHMBaeM IoydeHHble MoHTe-Kapio OIeHKH C TeOpeTHYeCKUMH 3HAYSHUSIMH, CIeTyIOIIMU U3
Teopem 1 m 2, TeM camMbIM OIICHMBAas KaK CXOJMMOCTh, TaK W TOYHOCTHh IPEIJIaraéMoro Ioaxoja K
MOJICITUPOBAHUIO.

[Ipennaraemsiii anroputM MonTe-Kapno BeimonHseTcs cienyromuM oopazom. CHavana B KadecTBe

BXOJIHBIX JAHHBIX 3a1a0TCS I1€IEBOE IIOKOMCHHE ) ¥ COBMECTHAsS (QDYHKIIHS BEPOSTHOCTH | Y (z,m). 3arem
VHUIMATH3UPYIOTCA CYETUMK TOKOJICHHH i M HauanbHas 3apaxémsas nomymsuus Z(0). s xaxmoro us
A (2) 3apayKEHHBIX Y3JI0B, IPUCYTCTBYIOIUX B IIOKOJIEHUH i, B COOTBETCTBUM C fX M(CL’, m) TEHEPUPYETCS

napa (2,M), u X HOBBIX 3apaEHHEIX Y3/I0B 100aBIsercsa B Oyyiee nokonenue Z(i+ m), uro orpaxaer

3a/epKKy B aKTHBAIWMM Ha 1) —IIEpUOMOB Iepel pacmpocTpaHenueM. Ilocime Toro xak Bce Z(I) ysmos
MOKOJIEHUS ¢ 00paboTaHbl, CYUETYMK MOKOJICHUH YBEIIMUMBACTCS, U TIPOLIEAYypa IOBTOPSIETCS A0 JOCTHIKECHUS
ToKoJIeHHs 1) | IIOCIIe Yero BO3BPAIIAETCs CMOACIHPOBAHHOE 3HaueHHe Z(1) ; CM. PUCYHOK 2.

Ipuno:xkenue. Pa3paboranHas B Hactosmed crathe Mojaens BII3IIP Moxer ObITH pacumimpeHa B
HECKOJIbKMX HAIPaBJICHUAX, aKTYaJbHBIX Uil MPAKTHKH KHOepOe30macHOCTH B pealbHBIX YCIOBHAX. B
YaCTHOCTH, pacupeaecHue 3aiepkku N MoxeT ObITh OLEHEHO Ha OCHOBE AMIMPUYECKHUX NAHHBIX U3
«TECOYHUID JIS aHaiau3a BpedoHOCHOTO IO min HMCTOpUYECKHMX KYpPHAJIOB HHIMICHTOB, YTO ITO3BOJIUT
KaJ'II/I6pOBaTI) MOACJIb IO KOHKPETHBIC ceMeiicTBa BPEAOHOCHOI'O HO, a HC ONHpPaThbCda Ha TUIMOTECTUYCCKHUE
¢byHKUMU BeposTHOCTU. JlaHHAsE MOJENb TaKKe MOXKET OBITh PacHIMpeHa JO MHOTOTUIIHOTO BETBSILETOCS
mponecca mid OTpaXCHUSA TETCPOIrCHHBIX CETEBBIX TOHOHOFHI:I, B KOTOPBIX Y3JIbI pa3jIN4YHbIX THUIIOB
JEMOHCTPUPYIOT Pa3IMYHOE TOBEJACHHE C TOYKHM 3PEHHS 3apakeHus U Mokos. Haxower, compsokeHne
MOJIEINPOBaHusl MeToJoM MoHnte-Kapio ¢ TenemeTpuei ceTu B pealbHOM BpPEMEHH MOTJIO Obl 00eCIeunTh
CO3JIJaHHE CHCTEM PaHHErO MPEeayHpPeXICHHs], CUTHAIM3UPYIOIUX 00 aHOMAIBbHOM POCTE YUCIECHHOCTH MO
IIOKOJICHUAM 0 AOCTHXKCHUA BCHBIIIKOM KPpUTHUYECKOIr'0 1mopora, 4To npeacTtaBiiACT co0oit HpaKTI/I‘-IeCKI/Iﬁ
WHCTPYMEHT HOAJICPKKH MPUHATHA PELICHUH IS CITy>KO HHPOPMAIMOHHON 6€30MaCHOCTH.
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3akawuenne. B HacTosiiel cratbe OblIa OCyIIECTBIACHAa mnepeuHTeprperanus mozenun BII3IIP B
KOHTEKCTe KHOepOe30MacHOCTH, TMPEJCTABISIONIAsS PACIPOCTPAHEHHE BPEJIOHOCHOTO MPOTrPaMMHOTO
oOecrnieueHusl KaK JUCKPETHBIN, CTPYKTYPUPOBAHHBIN TI0 IMOKOJICHUSM MPOIECC, B KOTOPOM 3apaKEHHBIC
y3IBl MOTLYT OCTaBaThCsS HEAKTUBHBIMHU B TEUYCHHE CIy4allHOrO 4YHCJIAa TMEPUOJOB, IMPEKIE YeM
aKTUBUPOBATHCS M 3apa3uTh HOBBIE y3ibl. Ommpasch Ha Teopermdeckue ocHoBbl BII3IIP, Mb1 momywmmu
HOBBIA pE3yibTaT, XapaKTEPU3YIOMIUN AHUCIIEPCHIO YHCIECHHOCTH 3apaXEHHBIX Y3JIOB 0 TOKOJICHHSM,
JIOTIOJTHSIIOIIUE  CYHIECTBYIONIYI0 (OPMYJIY MAaTEMaTHYSCKOTO OXWIAHUS M TIO3BOJISIFOIIUNA IMPOBECTH
KOJJMYECTBEHHYIO OIIEHKY TOYHOCTH MOJEIHPOBaHMS MeTooM MoHTe-Kapio mocpeacTBoM H0BEpUTEIHHBIX
WHTEPBAJIOB.

JIUTEPATYPA.

1. Moradi, M., Fathi Vajargah, B. (2012). Monte Carlo Simulation for Branching Process with Delay
at Reproduction Periods. Advances in Computer Science and its Applications (ACSA), 1(4), 256-260.

2. Fathi Vajargah, B., Moradi, M. (2010). Branching Process with Delay at Reproduction Periods.
Far East Journal of Theoretical Statistics, 30(2), 145-151.

3. Kimmel, M., Axelrod, D.E. (2002). Branching Processes in Biology. Springer-Verlag, New York.

4. Jagers, P., Sagitov, S. (2008). General branching processes in discrete time as random trees.
Bernoulli, 14(4), 949-962.

5. Dimov, I. (2008). Monte Carlo Methods for Applied Scientists. World Scientific.

6. Rubinstein, R.Y., Kroese, D.P. (2008). Simulation and the Monte Carlo Method. John Wiley &
Sons, New Jersey.

7. Zou, C.C., Gong, W., Towsley, D. (2002). Code Red worm propagation modeling and analysis. In
Proceedings of the 9th ACM Conference on Computer and Communications Security (CCS), 138-147.

8. Zou, C.C., Gao, L., Gong, W., Towsley, D. (2005). Monitoring and early detection of Internet
worms. IEEE/ACM Transactions on Networking, 13(5), 961-974.

9. Kephart, J.0., White, S.R. (1991). Directed-graph epidemiological models of computer viruses. In
Proceedings of the 1991 IEEE Computer Society Symposium on Research in Security and Privacy, 343-359.

10.Zhu, X., Huang, J. (2021). Malware propagation model for cluster-based wireless sensor networks
using epidemiological theory. Peerd Computer Science, 7, €728.

11.Benomar, Z., Ghribi, C., Cali, E., Hinsen, A., Jahnel, B. (2022). Agent-based modeling and
simulation for malware spreading in D2D networks. arXiv:2201.12230.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 87



MATHEMATICS

UO‘K 517.984

PANJARADAGI S-D ALMASHTIRISH MODELIGA MOS IKKI ZARRACHALI
SHREDINGER OPERATORINING SPEKTRAL XOSSALARI

Qudratova Durdona Faxrullo qgizi,
Samargand davlat universiteti magistranti
qwgw69240@gmail.com

Annotatsiya. Ushbu magqolada kristall panjaradagi s-d almashtirish modeliga mos keluvchi ikki
zarrachali diskret Shredinger operatorining spektral xossalari tadqgiq gilingan. Veyl teoremasi va kompakt
operatorlar nazariyasidan foydalanib, operatorning uzluksiz spektri erkin operatorniki bilan ustma-ust
tushishi hamda rezolvent ayirmasi Hilbert-Shmidt sinfiga kirishi qgat'iy ko'rsatib berilgan. Shuningdek,
uzluksiz spektr ostida diskret xos giymatlarning mavjudligi va ularning soni chekliligi isbotlangan.

Kalit so*“zlar: Diskret Shredinger operatori, s-d almashtirish modeli, uzluksiz spektr, Veyl teoremasi,
Hilbert-Shmidt sinfi, Kompakt operator, Diskret xos giymatlar.

CIIEKTPAJIbHBIE CBOMCTBA JIBYXYACTUYHOTI'O OIIEPATOPA IIPEIUHIEPA,
COOTBETCTBYIOHIEI'O MOJAEJIM S-D-OBMEHA HA PEHIETKE

Annomauusa. B cmamve ucciedosanvl CHeKmpanvbHvle CEOUCBA O08YXUACHMUYHO20 OUCKPEMHO20
onepamopa Lllpéouncepa, coomeemcmeyrowezo modenu s-d obmena ¢ xpucmaniudeckou pewémre. C
noMowbio meopemvl Belina u meopuu KOMAAKMHLIX ONEPAMOPO8 CMPO20 NOKA3AHO, YMO HENnpepbleHblil
CHeKmp onepamopa coenaddem ¢ HEenpepvl8HbIM CHEKMpPOM CB0DOOH020 Onepamopa, d pazHOCHb
pesonvgenm npunaonexcum xnaccy I'unvbepma—IlImuoma. Taxoce Ooxkazano cyujecmeoganue OUCKPEmHbIX
COOCMBEHHBIX 3HAUEHULL HUMCEe HENPEPBbIBHO20 CNEKMPA U UX KOHEUHOCMb.

Knrwouesvie cnosa: ouckpemuuiii onepamop Llpéounzepa, modenwv s-d oomena, Henpepulguvlil cnekmp,
meopema Beiina, knacc 'urwbepma-LlImuoma, Komnaxmmuvli onepamop, OUCKpemHvle COOCMEeHHbIE
3HAYeHUsl.

SPECTRAL PROPERTIES OF THE TWO-PARTICLE SCHRODINGER OPERATOR MOS
TO THE S-D SUBSTITUTION MODEL ON A GRID

Abstract. This paper investigates the spectral properties of a two-particle discrete Schrédinger
operator corresponding to the s-d exchange model in a crystal lattice. Using Weyl's theorem and the theory
of compact operators, it is rigorously shown that the continuous spectrum of the operator coincides with that
of the free operator, and the resolvent difference belongs to the Hilbert-Schmidt class. Furthermore, the
existence of discrete eigenvalues below the continuous spectrum and their finiteness are proved.

Key words: discrete Schrodinger operator, s-d exchange model, continuous spectrum, Weyl's theorem,
Hilbert-Schmidt class, compact operator, discrete eigenvalues.

Kirish. Zamonaviy kvant mexanikasi va qattiq jismlar fizikasida ko‘p zarrachali tizimlarni matematik
modellashtirish hamda ularning spektral xossalarini o‘rganish eng ustuvor ilmiy yo'nalishlardan biri
hisoblanadi. Aynigsa, kristall panjaralarda harakatlanuvchi zarrachalar tizimini tasvirlovchi diskret
Shredinger operatorlari nazariyasi fundamental va amaliy ahamiyatga ega. Kristall panjaralardagi elektronlar
va magnit momentlari orasidagi o‘zaro ta’sir jarayonlarini tushuntirishda s-d almashtirish modeli muhim
o‘rin tutadi. Bu model o‘tkazuvchanlik elektronlari va lokalashgan ionlarning spinlari yoki holatlari orasidagi
o‘zaro ta’sirni tasvirlashga xizmat qiladi. Fizik jarayonlarni gat’iy matematik nuqtayi nazardan asoslash
uchun ushbu modelga mos keluvchi Shredinger tipli operatorlarning spektral xossalarini, xususan, ularning
uzluksiz spektrini va diskret xos giymatlarini chuqur o‘rganish talab etiladi. [Imiy adabiyotlarda panjaradagi
ikki zarrachali diskret Shredinger operatorlarining spektral xossalari (masalan, Faddeyev, Minlos, Albeverio
va boshqa tadqiqotchilarning ishlarida) ko‘plab xususiy hollarda tadqiq qilingan. Biroq maxsus o‘zaro ta’sir
potensialiga ega bo‘lgan s-d almashtirish modeliga mos keluvchi ikki zarrachali tizimlar uchun
operatorlarning xos giymatlari soni va ularning uzluksiz spektrga nisbatan joylashish o‘rni masalalari
yetarlicha o‘rganilmaganligicha qolmoqda. Bu esa mazkur yo‘nalishdagi tadqiqotlarning dolzarbligini
belgilaydi. Panjaradagi s-d almashtirish modeliga mos keluvchi ikki zarrachali Shredinger tipli operatorining
spektral tuzilishini to‘liq tadqiq qilish, uning diskret xos qiymatlari mavjudligi uchun yetarli shartlarni
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topish, ularning sonini aniglash hamda uzluksiz spektr chegaralariga nisbatan gayerda joylashishini
isbotlashdan iborat.

Olingan natijalar va ularning tahlili. Tasavvur gilaylik, & — o‘lchamli panjara Z% da (4 > 1) o‘zaro
ta’sirlashuvchi ikki zarrachadan iborat kvant tizimi harakatlansin. Ushbu tizimning holatlar fazosi sifatida
to‘la ortonormal bazisga ega bo‘lgan kvadratik summalanuvchi funksiyalar Hilbert fazosi - £,(Z%* x Z4) ni
olamiz. Ikki zarrachali panjarali Shredinger operatori H umumiy holda quyidagi yig‘indi ko‘rinishida
tasvirlanadi:

H=Hy+V

bu yerda H, — zarrachalarning panjaradagi erkin harakatini (kinetik energiyasini) ifodalovchi operator,
V esa — zarrachalar orasidagi o‘zaro ta’sir potensiali bo‘lib, u s-d almashtirish modeliga mos ravishda
kiritiladi. To‘la impuls saqlanish qonunidan foydalanib, ikki zarrachaning massalar markazi va nisbiy
harakat koordinatalarini ajratamiz. Natijada, har bir sobitlangan total impuls £ € T¢ uchun H operatori
to‘g‘ridan-to‘g‘ri yig‘indiga ajraladi va nisbiy harakat fazosi #,(Z¢) da aniglangan H(k) — parametrga
bog‘liq bo‘lgan cheklangan o‘lchamli yoki diskret Shredinger tipli operatorga keltiriladi:

(H(k)Y)(z) = Y hlz,y; k)9 (y), ¥ € £(Z9)

yeZs

bu yerda £ (x, y; k) — s-d almashtirish modelining xususiyatlarini aks ettiruvchi matritsa-giymatli yoki
skalyar yadro bo‘lib, u zarrachalar orasidagi almashinish ta’sirini tavsiflaydi. S-d modeliga xos bo‘lgan
o‘zaro ta’sir potensialining strukturasiga ko‘ra, V' operatori gisqa ta’sir qiluvchi va degeneratsiyalashgan
xususiyatlarga ega bo‘ladi.

Ta’rif: Ikki zarrachali diskret Shredinger operatoridagi V o‘zaro ta’sir operatori o‘tkazuvchanlik
elektronlari va lokallashgan magnit momentlari orasidagi almashinish jarayonlarini tavsiflab, chekli
o‘lchamli degeneratsiyaga ega bo‘lsa va uning yadrosi quyidagi diskret faktorizatsiyalangan ko‘rinishda
berilsa:

T

ey = ) via(epvap®), %y € 24
a,p

bu yerda vy 4 (x), v, 3 (y) — fazoning chekli sohasida tez kamayuvchi gisqa ta’sir giluvchi funksiyalar,
Aqp - almashinish konstantalarini o™ z ichiga olgan matritsa elementlari, 7 € N esa o‘zaro ta’sirning
degeneratsiya darajasi bo‘lib, bunday tuzilishdagi potensial s-d almashtirish modeliga mos keluvchi potensial
deb ataladi.

Ta’rif: O‘z-o‘ziga qo‘shma H (k) operatorining spektri o (H (k)) o‘zaro kesishmaydigan ikki qismga
— uzluksiz spektr g,.ss(H(k)) va diskret spektr o,;5.(H(k)) ga bo‘linadi. Uzluksiz spektr chegaralaridan
tashgarida yotuvchi, chekli karrali izolyatsiyalangan xos qiymatlar to‘plami H(k) operatorining diskret
spektri deb ataladi. Diskret spektrga tegishli har bir xos giymatga mos keluvchi noldan fargli va £,(Z%)
fazosiga tegishli xos funksiya tizimning bog‘langan holati deb yuritiladi.

Lemma 1: Faraz qilaylik, Hy(k) — d-o‘lchamli panjaradagi erkin ikki zarrachali operator, V esa s-d
almashtirish modelining qisqa ta’sir qiluvchi potensiali bo‘lsin. U holda Sheyl teoremasiga ko‘ra,

H(k) = Hy(k) + V operatorining uzluksiz spektri erkin operatorning uzluksiz spektri bilan to‘la
ustma-ust tushadi va quyidagi ko‘rinishga ega bo‘ladi:

Gess(H(k)) = Gess(HO(k)) = U[ai(k):bi(k)]
i=1

bu yerda [a;(k), b; (k)] — zarrachalarning massalari nisbati va total impuls vektori k € T¢ ga bog‘liq
bo‘lgan energetik zonalardir.

Isbot. Operatorning uzluksiz spektrining invariantligini isbotlash uchun Veyl teoremasiga hamda
kompakt perturbatsiyalar nazariyasidan foydalanamiz. Veyl teoremasiga ko‘ra, agar Hy 0‘z-o‘ziga qo‘shma
operator bo‘lib, V' esa unga nisbatan kompakt perturbatsiya bo‘lsa, u holda H = Hy + V operatorining
uzluksiz spektri H, operatorining uzluksiz spektri bilan to‘la ustma-ust tushadi:

Oess(H) = 0¢s5(Hp)
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Shuning uchun biz s-d almashtirish modeliga mos keluvchi V o‘zaro ta’sir potensiali erkin Hg(k)
operatoriga nisbatan kompakt ekanligini ko‘rsatishimiz yetarli.

Erkin operatorning rezolventini Ry(z; k) = (Hy(k) — z)~! va perturblangan operatorning rezolventini
R(z; k) = (H(k) —z)~! deb belgilaymiz. Rezolventlar ayirmasini quyidagi rezolvent tenglamasi orgali
yozamiz:

R(z; k) — Ry(z; k) = —Ry(z; k)V R(z; k).

Ta’rifga ko‘ra, s-d almashtirish potensiali V faktorizatsiyalangan va qisqa ta’sir qiluvchi xususiyatga
ega:

V= V1V2

bu yerda V; V, — fazoda tez kamayuvchi chizigli operatorlardir. Bu holda rezolvent fargini quyidagicha
almashtiramiz:

R(z;k) — Ry(z; k) = —(Ry(z; K)V(I + V,Ry(z; K)V,iR(z; k) " V,Ro(z; k).

V, va V, ning qisqa ta’sir giluvchi xossasi hamda erkin rezolventning yadrosi tufayli, V,Ry(z; k)V; va
uning gismlari Hilbert-Schdmit sinfiga kiruvchi kompakt operatorlarni hosil giladi. Kompakt operatorning
chegaralangan operatorga ko’paytmasi ham kompakt bo‘lgani sababli rezolventlar farqi to‘la kompakt
operator bo‘ladi. Veyl teoremasiga binoan, kompakt siljishlar uzluksiz spektrni o‘zgartirmaydi:

Uess(H(k)) = Uess(HO(k)) = U[ai(k); b;(k)]
i=1

Lemma to‘liq isbotlandi.

Lemma 2: s-d almashtirish modelining potensiali V(x,y) = ¢ g=1V1,a(*) Aapv2,5(y) ko‘rinishda
faktorizatsiyalangan bo‘lib, uning tarkibiy qismlari qisqa ta’sir qgiluvchi funksiyalar bo‘lgani sababli, istalgan
z € C\0ess(H(k)) uchun quyidagi operator:

T(z) = V,Ry(z; kK)V;

Hilbert-Schdmit sinfiga kiruvchi kompakt operator hisoblanadi, bu yerda R, (z; k) = (Hy(k) —z)~™* -
erkin operatorning rezolventidir.

Isbot. £,(Z4) fazosida berilgan A chiziqli operatori o‘zining A(x,y) yadrosi orgali aniglansin. Agar
bu yadro quyidagi shartni, ya’ni uning kvadratchalarining yig‘indisi chekli bo‘lishini qanoatlantirsa:

JIZ, = > @I <o
x,y€Z4

u holda A operatori Hilbert-Schdmit sinfiga tegishli bo‘ladi. Spektral nazariyaga ko‘ra, har qanday
Hilbert-Schdmit operatori avtomatik ravishda kompakt operator hisoblanadi. Tekshirilayotgan operatorimiz
T(z) = V,Ry(z; kK)V;
bu yerda Ry (z; k) = (Hy(k) — z)™* erkin operatorning rezolventi (z € C\oss(H (k))),V; va V, esa
qisqa ta’sir qiluvchi potensialning tarkibiy qismlari. Erkin operator rezolventirning koordinatalar fazosidagi
yadrosi Ry (x, y; z, k) Furye integrali orgali ifodalanadi:

1 ellx=y)p
R 2z, k) = d
o(x 3 2,k) (Zn)dfw ho (k) 2P

Shartga ko‘ra, z & O'(HO (k)) bo‘lgani uchun maxraj noldan farqli va chegaralangan, bu rezolvent

yadrosining £, (Z%) fazosida tarqalishini nazorat giladi.
T (z) operatorining yadrosi T (x, y; z) quyidagi ko‘rinishga ega:
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r

YD) = ) 20l Roap(t7:7 0015
a,f=1

Bu yerda v, g(¥) va v, 4(x) qisqa ta’sir qiluvchi funksiyalar bo‘lgani sababli yadro uchun quyidagi
baholash o‘rinli bo‘ladi:

> |T(x.;v)|2s||Ro(z,k)||2<2|vz<x)|2) DI | <o
y

x,y€Z4 X

Olingan natijaga ko‘ra, T(z) operatorining Hilbert Schmidt normasi chekli. Demak, T (z) operatori
Hilbert-Schdmit sinfiga tegishli bo‘lib, kompakt operator hisoblanadi.

Teorema: Faraz qilaylik, (k) = minaess(H (k)) uzluksiz spektrning quyi chegarasi bo‘lsin. U holda
1. Agar s-d almashtirish potensialining o‘zaro ta’sir parametrlari yetarlicha kuchli bo‘lsa, H (k) operatorining
uzluksiz spektri ostida kamida bitta diskret xos qiymat mavjud bo‘ladi.

2. Bu diskret xos giymatlar soni N (k) har doim chekli bo‘ladi.

Isbot. H(k)y = zip(z < u(k)) xos giymat tenglamasidan boshlaymiz. H(k) = Hy(k) + V ekanligini
e’tiborga olib, uni quyidagicha o‘zgartiramiz:

(Ho(k) = 2)¢p = =Vy

z nugta uzluksiz spektrga kirmagani uchun erkin operatorning rezolventi Ry(z; k) = (Hy(k) —z)™!
mavjud va chegaralangan. U holda

Y = —Ro(z K)VY

Shartga ko‘ra, V =V, V, faktorizatsiyalashgan. ¢ = V, belgilash Kiritib, quyidagi tenglamani hosil
gilamiz:

¢ = —VoRo(z k)V1¢ yoki T(2)xp = ¢

bu yerda T(z), = —V,Ry(z; k)V;¢ Lemma 2 ga ko‘ra Hilbert-Scgdmit sinfiga kiruvchi kompakt
operator. Bu tenglama noldan fargli yechimga ega bo‘lishi uchun 1 soni T'(z), operatorining xos giymati
bo‘lishi zarur va yetarli. Kompakt operatorlar nazariyasiga binoan, kompakt operatorning 1 dan katta yoki
unga teng bo‘lgan xos qiymatlari soni har doim chekli bo‘ladi. Demak, s-d almashtirish modeliga mos
keluvchi ikki zarrachali Shredinger operatorining uzluksiz spektri ostidagi diskret xos giymatlari soni N (k)
ham chekli bo‘ladi.

Xulosa. Mazkur ilmiy ishda kristall panjaradagi s-d almashtirish modeliga mos keluvchi ikki
zarrachali diskret Shredinger operatorining spektral xossalari tadqiq qgilindi. Veyl teoremasi asosida uzluksiz
spektrning invariantligi ko'rsatildi, rezolvent ayirmasining Hilbert—-Shmidt sinfiga Kirishi orgali operatorning
kompaktligi isbotlandi hamda Birman-Shvinger prinsipi yordamida uzluksiz spektr ostida diskret xos
giymatlarning mavjudligi va ularning soni chekliligi aniglandi.
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PARAMETRLI MASALALARNI YECHISHDA ALGEBRAIK VA MANTIQIY
TAHLILNING METODIK BOSQICHLARI

Ro ‘zikov Maxammadjon Mamirali o°g"li,
Farg‘ona davlat universiteti o ‘gituvchisi
ro ‘zikov@mail.ru

Annotatsiya. Ushbu maqgolada parametrli masalalarni yechishda algebraik va mantigiy tahlilning
metodik bosqgichlari yoritilgan. Tadgigotda parametrning o ‘rinli giymatlar sohasi, aniglanish sohasi, xususiy
masala va umumiy yechim tushunchalarining nazariy-metodik mazmuni aniglashtirildi. Magolada
parametrli masalalarni fagat algebraik hisoblashlar majmuyi sifatida emas, balki o ‘quvchilarning tahliliy
fikrlashi, tasniflash va umumlashtirish ko ‘nikmalarini rivojlantiruvchi yaxlit metodik jarayon sifatida qarash
taklif etiladi.

Kalit so‘zlar: parametrli masala, o ‘rinli qiymatlar sohasi, algebraik tahlil, mantigiy tahlil, umumiy
yechim.

METOANYECKHUE 3TAIIbI AITEBPANYECKOI'O U JIOTHYECKOI'O AHAJIU3A IIPU
PEIHNEHNU 3AJIAY C TIAPAMETPAMU

AnHomayua. B cmamve paccmampugaromces MemoouyecKkue 9mansl ai2edpauiecko2o u 102uiecKo2o
aHanu3a npu peweHuu 3a0ad ¢ napamempamu. B uccredosanuu ymouneno meopemuxo-memooueckoe
codepoicanue NOHAMULL 00AACMU OONYCMUMBIX 3HAYEHUl napamempa, oOIACMU Onpederenus, YacCmHOU
3a0ayu u obwezo pewenus. llpednazaemcsa paccmampueams 3a0auu ¢ NAPAMEMPAMU He MONLKO KAK
COBOKYNHOCTb A12e0pAUHeCcKUX 8bIMUCACHUU, HO U KAK YeIOCMHbLL MemooudecKuil npoyecc, HanpasieHHbolil
Ha pazgumue y Y4auuxcs auaiumuyecko20 MoluieHus, yMenull Kiaccuguyuposams u 0600uamo.

Knwouesvie cnosa: 3adaua c napamempamu, 001acmb OONYCMUMbBIX 3HAYEHUN NApamempa,
aneebpauieckuli anau3, 102UYecKull aHanu3, ooujee peulerue.

METHODOLOGICAL STAGES OF ALGEBRAIC AND LOGICAL ANALYSIS IN SOLVING
PROBLEMS WITH PARAMETERS

Abstract. This article examines the methodological stages of algebraic and logical analysis in solving
problems with parameters. The study clarifies the theoretical and methodological content of the concepts of
the admissible domain of parameter values, domain of definition, particular problem, and general solution.
It is proposed that problems with parameters be considered not merely as a set of algebraic computations,
but as an integrated methodological process aimed at developing students’ analytical thinking,
classification, and generalization skills.

Keywords: problems with parameters, admissible domain of parameter values, algebraic analysis,
logical analysis, general solution.

Kirish. Matematika ta’limida o‘quvchilarning masalani tahlil qilish, xususiy holatlarni tasniflash va
natijalarni umumlashtirish ko‘nikmalarini rivojlantirish muhim metodik vazifalardan biridir [1, 2]. Parametrli
masalalar mazkur ko‘nikmalarni shakllantirishda keng didaktik imkoniyatlarga ega. Ularni yechish
jarayonida parametrning turli giymatlariga mos holatlar tahlil gilinadi va umumiy yechim aniglanadi. Shu
sababli dastlab parametrning o‘rinli giymatlari sohasi belgilanadi. Bu esa masala aniqlanmagan holatlarni
yechim mavjud bo‘lmagan holatlardan farglash imkonini beradi. Parametrli masalalarni yechishda algebraik
almashtirishlar bilan bir qgatorda mantigiy tahlil, chegaraviy holatlarni tekshirish va natijalarni
umumlashtirish ham muhim ahamiyat kasb etadi. O‘quv-metodik adabiyotlarda [3, 6] ko‘proq tayyor
algoritmlar va namunaviy yechimlar Keltiriladi. Biroq parametr sohasini aniglash, uni muhim holatlarga
ajratish va xususiy holatlarni izchil tekshirish bosqgichlari yetarlicha tizimlashtirilmagan. Shu bois algebraik
va mantiqiy tahlilni o‘zaro bog‘langan yaxlit metodik jarayon sifatida tashkil etish zarur [7, 8].

Tadgigotning magsadi parametrli masalalarni yechishda algebraik va mantigiy tahlil bosgichlarini
aniglash hamda ularni parametrli tenglama va tengsizliklarni o‘qitishda qo‘llash imkoniyatlarini asoslashdan
iborat. Bunda parametrning o‘rinli giymatlari sohasi aniglanadi, parametr sohasi zarur gismlarga ajratiladi,
xususiy holatlar tekshiriladi va olingan yechimlar umumlashtiriladi.
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Tadgigot metodologiyasi va adabiyotlarning tahlili. Tadgiqot nazariy-metodik tahlil asosida olib
borildi. Unda parametrli masala, parametrning o‘rinli qiymati, aniqlanish sohasi va umumiy yechim
tushunchalari aniqlashtirildi. Yechish jarayoni parametrning o‘rinli qiymatlarini aniglash, sohani gismlarga
ajratish, xususiy holatlarni yechish, natijalarni tizimlashtirish va tekshirish bosgichlariga ajratildi. Bu
yondashuv parametrli masalalarni tahlil, tasnif va umumlashtirishga asoslangan yaxlit metodik jarayon
sifatida garaydi [7]. Parametrli masalalarda, avvalo, masala sharti ma’noga ega bo‘ladigan parametr
giymatlari aniqlanadi. Shu asosda parametrning o‘rinli qiymati tushunchasi kiritiladi.

Ta’rif. Parametrning shunday giymatiga o rinli giymat deyiladiki, bu giymatda berilgan masalaning
aniqlanish sohasi bo‘sh bo‘lmagan to‘plamdan iborat bo‘ladi.

Boshqacha aytganda, agar masala shartida ishtirok etuvchi boshqa o‘zgaruvchilarning kamida bitta
giymati mavjud bo‘lib, ushbu giymat parametrning berilgan qiymati bilan birgalikda masala shartini
ifodalovchi analitik ifodaga qo‘yilganda bu ifoda matematik ma’noga ega bo‘lsa, parametrning qiymati
o‘rinli deb hisoblanadi.

Ta’rif. Parametrning barcha o‘rinli qiymatlari hosil gilgan to‘plam parametrning o‘rinli qiymatlar
sohasi deyiladi vau D, bilan belgilanadi.

Agar parametrning biror giymati D, to‘plamga kirmasa, bu holat mazkur parametr giymatida

masalaning yechimi yo‘qligini emas, balki masalaning o‘zi matematik ma’noga ega emasligini bildiradi.
Chunki ifoda aniglanmagan holatda uning yechimi mavjudligi yoki mavjud emasligi hagida fikr yuritish
mantigan to‘g‘ri bo‘lmaydi. Bu yerda shuni alohida ta’kidlash lozimki, parametrning o‘rinli qiymati
masalaning, albatta, yechimga ega ekanligini anglatmaydi. U fagat berilgan parametr giymatida masala sharti
aniglanganligini, ya’ni masalani mazmunan qarash mumkinligini bildiradi, xolos. Quyida ushbu tushunchani
aniqglashtiruvchi bir nechta misollar keltiriladi. Barcha misollarda o‘zgaruvchilar haqiqiy giymatlar gabul
qgiladi, deb garaladi va izlanayotgan o‘zgaruvchi sifatida X tanlanadi.

1-misol. Quyidagi tenglamani qaraymiz: (a® +1)x —a =0. Bu tenglama X o‘zgaruvchiga nisbatan

garalganda, @ parametrning istalgan haqiqiy giymatida ifoda ma’noga ega bo‘ladi. Chunki a’ +1 ifoda har
ganday a e R uchun aniglangan. Demak, D, = R.

2-misol. Quyidagi tengsizlik berilgan bo‘lsin: X+2 > 0. Bu tengsizlikda maxraj a—3 ga teng. Agar

a =3 bo‘lsa, ifoda aniqlanmaydi. Agar a = 3 bo‘lsa, kamida bitta X giymatida emas, balki barcha
hagigiy X qiymatlarida ifoda ma’noga ega bo‘ladi. Shuning uchun parametrning o‘rinli qiymatlar sohasi
guyidagicha:
D, =R\ {3}
3-misol. Quyidagi tenglamani garaymiz:
M+In(x+2)+a:0.

Bu yerda ildiz ostidagi ifoda manfiy bo‘lmasligi va logarifm ostidagi ifoda musbat bo‘lishi kerak:
X+1>0, x+2>0. Bundan X2>-1, X>—2 shartlar kelib chigadi. Ularning umumiy yechimi x> -1
bo‘lib, bu to‘plam bo‘sh emas. Parametr @ esa ifodaning aniqlanishiga hech qanday cheklov qo‘ymaydi.
Demak, parametrning barcha haqiqiy giymatlari o‘rinli: D, = R.

4-misol. Quyidagi tenglamani garaymiz:

Jx=2+{1-x+a=0.

Bu tenglama ma’noga ega bo‘lishi uchun bir vaqtning o‘zida quyidagi shartlar bajarilishi kerak:
X—220, 1-x20. va’ni X>2, X<1. Bu ikki shart bir vagtda bajarilmaydi. Shuning uchun X ning
bunday giymati mavjud emas. Demak, parametrning hech bir giymatida masala sharti aniglanmaydi.
Shunday qilib, D, = <.

Endi parametrning o‘rinli qiymatlar sohasi tushunchasiga tayangan holda parametr gatnashgan
tenglama yoki tengsizlikning aniglanish sohasi tushunchasini kiritamiz.
Aytaylik,
F(x,a)v0
berilgan masalaning formal yozuvi bo‘lsin. Bu yerda V belgisi tenglik yoki tengsizlik
munosabatlaridan birini bildiradi, ya’ni v €{=,<, <, >,2}. Shuningdek, F(X,a)v0 yozuvi tenglama,
tengsizlik, ularning sistemasi yoki majmuasi ko‘rinishidagi masalalarni umumiy tarzda ifodalashi mumkin.
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Agar a € D, bo‘lsa, u holda @ = deb olib, quyidagi xususiy masalani garaymiz: F(X,2)Vv0. Bu xususiy
masalada ifoda aniqlangan bo‘ladigan barcha X qiymatlar to‘plamini X, bilan belgilaymiz.

Ta’rif. Parametr a gatnashgan F(x,a)v0 masalaning X o‘zgaruvchiga nisbatan aniqlanish sohasi
deb quyidagi to‘plamga aytiladi:
D (x,8)={(x,a) e R’ aeD,, xeX,}.

Bu to‘plam parametr va o‘zgaruvchi qiymatlarining shunday juftliklaridan iboratki, ularda berilgan
masala sharti matematik ma’noga ega bo‘ladi.
5-misol. Quyidagi tengsizlikni garaymiz:
Xx—a+1
—<
X+a-2
Bu tengsizlikda maxraj x+a—2 nolga teng bo‘lmasligi kerak. Har gqanday a € R uchun X ning
x = 2 —a shartni ganoatlantiruvchi giymatlari mavjud. Demak, parametrning barcha haqgiqgiy giymatlari
o‘rinli: D, =R. Birog har bir tayinlangan @ uchun x =2-a giymatida ifoda aniglanmaydi. Shuning

0.

uchun tengsizlikning aniqlanish sohasi quyidagicha bo‘ladi:

D (x,a)=R*\ {(x,a) e R x+a-2=0}.

Demak, bu tengsizlikning aniglanish sohasi (X, @) tekislikdan x+a—2=0 to‘g‘ri chiziqqa tegishli
nuqtalar chiqarib tashlangan to‘plamdan iborat.

6-misol. Quyidagi tenglamani garaymiz:

x-1 N a+l _ '
a(a+l) x-a

Bu tenglamada maxrajlar nolga teng bo‘lmasligi kerak. Shuning uchun quyidagi shartlar bajarilishi
zarur; a(@a+1)#0, x—a#0. Birinchi shartdan a#0, a#-1 kelib chigadi. Agar a=0 yoki
a =—1 bo‘lsa, birinchi kasr aniglanmaydi va masala sharti har qanday X uchun ma’noga ega bo‘lmaydi.
Demak, parametrning o‘rinli qiymatlar sohasi:

D, =R\ {-10}
Endi aniglanish sohasini yozamiz. Har bir a € D, uchun ikkinchi maxrajning nolga teng bo‘lmasligi

talab gilinadi: X # a. Shuning uchun tenglamaning aniglanish sohasi
De (x,)={(xa)eR a=-1a=0,x=a]

ko‘rinishda ifodalanadi. Boshqacha yozganda,
D, (x,a) = R’ \({(x,a) eR? a=-1}U{(x,a)eR% a=0}U{(x,a) R’ x—a:O}).

Demak, bu holda (X, a) tekislikdan a=-1 a=0, x—a=0 tenglamalar bilan berilgan to‘g‘ri
chiziglar chiqarib tashlanadi. Umuman olganda, parametr qatnashgan masalalarda avval parametrning o‘rinli
giymatlar sohasi aniglanadi. So‘ngra har bir o‘rinli parametr qiymati uchun o‘zgaruvchining aniqlanish
sohasi tekshiriladi. Bu bosqich parametrli tenglama va tengsizliklarni to‘g‘ri tahlil qilishning zaruriy sharti
hisoblanadi.

Umuman olganda, parametrli masala - tarkibida giymati oldindan aniq berilmagan, ammo ma’lum deb
garaladigan parametr gatnashgan tenglama, tengsizlik, sistema yoki boshga analitik munosabatdir. Uning
yechimi noma’lum o‘zgaruvchi bilan birga parametr giymatiga ham bog‘liq bo‘ladi. O‘quv-metodik
manbalarda parametrli masalalarni yechish turlicha talgin gilinadi. Ayrim yondashuvlarda parametrning har
bir giymati uchun yechimlar to‘plamini topish nazarda tutiladi, biroq parametrning o‘rinli qiymatlari sohasi
alohida ajratilmaydi [3, 5]. Natijada aniglanmagan holatlar yechimsiz holatlar bilan aralashishi mumkin.
Boshga yondashuvlarda esa avval parametrning o‘rinli qiymatlari aniqlanib, so‘ng ular qismlarga ajratiladi.
Biroq yechimni har doim parametrga bog‘liq bitta funksiya sifatida ifodalash to‘g‘ri emas. Chunki yechim
oraliq, chekli yoki cheksiz to‘plam, yoxud bir nechta shartlar orqali berilishi mumKin.

Masalan, |X+1|+|X—2]=a tenglamani garaylik. Agar a =3 bo‘lsa, tenglamaning yechimlari

—1<x <2 oraligdagi barcha haqiqiy sonlardan iborat bo‘ladi. Demak, bu holatda yechim X= x(a)

ko‘rinishidagi yagona funksiya sifatida emas, balki butun bir oraliq sifatida ifodalanadi. Shuning uchun
parametrli masala yechimini faqat funksional bog‘lanish sifatida talqin qilish yetarli emas. Parametrli
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masalalarni o‘rganishda G. Polya, A. Schoenfeld, A.G. Mordkovich, V.A. Gusev va J. Kaputning metodik
garashlari muhimdir. Polya masala yechishni tushunish, rejalashtirish, bajarish va tahlil gilish bosgichlariga
ajratadi. Schoenfeld evristik strategiya va metakognitiv nazoratni ta’kidlaydi. Mordkovich va Gusev
matematik belgining jarayon va obyekt sifatidagi mazmunini, Kaput esa turli reprezentatsiyalardan
foydalanishni asoslaydi [8]. Demak, parametrli masalani yechish o‘rinli qiymatlar sohasini aniqlash,
parametr sohasini gismlarga ajratish, xususiy holatlarni tekshirish hamda yechimsiz va aniglanmagan
holatlarni farglashni talab giladi.

Ta’rif. Aytaylik, f(X,a)=0 tenglik berilgan bo‘lsin. Agar @ ning har bir haqigiy giymati uchun

ushbu tenglamani X ga nisbatan yechish masalasi qo‘yilsa, u holda f(X,8)=0 tenglama X o‘zgaruvchili

va a parametrli tenglama deyiladi. Parametrli tenglamani yechish deganda @ ning har bir giymati uchun
ushbu tenglamani ganoatlantiruvchi X giymatlarini topish tushuniladi [1].

Bu ta’rifning avvalgi ta’riflardan muhim farqi shundaki, f (X,a) =0 tenglama ikkita teng huquqli
o‘zgaruvchili tenglama sifatida qaraladi. Bundan tashqari, boshlang‘ich tenglamaning yechimini
parametrning har bir qiymati uchun topish masalasi qo‘yiladi. Biroq parametrning har bir haqigiy giymati
uchun yechimni ko‘rsatish talabi yana bir muammoga olib keladi: parametrning tenglama yechimga ega
bo‘lmaydigan giymatlari to‘plamiga, masalaga umuman aniqlanmagan qiymatlar ham qo‘shilib ketadi.

Ta’rif. Parametrli masalani yechish deganda parametrning o‘rinli giymatlari to‘plami D ni aniglash,

ushbu to‘plamni masalaning xususiyatlariga ko‘ra zarur gismlarga ajratish va har bir parametr giymatida
hosil bo‘ladigan xususiy masalaning yechimlar to‘plamini topish tushuniladi.

Parametrli masalalarni shartiga ko‘ra ikki asosiy sinfga ajratish mumkin.

-Birinchi sinfga parametrning barcha o‘rinli gqiymatlari uchun yechimlar to‘plamini topish talab
gilinadigan masalalar kiradi.

-lIkkinchi sinfga esa parametrning shunday giymatlarini aniglash talab gilinadigan masalalar kiradiki,
bu giymatlarda xususiy masala yechimlari oldindan belgilangan ma’lum xossalarga ega bo‘ladi. Masalan,
tengsizlikning barcha hagigiy x lar uchun bajarilishi, tenglamaning yagona yechimga ega bo‘lishi yoki
sistema yechimlarining mavjud bo‘lishi kabi shartlar ikkinchi sinf masalalariga xosdir.

7-misol. Quyidagi tenglamalar sistemasini yeching:

XZ + y2 — a.2'
(x-y)’ =b.

Shuningdek, uning a=+/5, b=2 bo‘lgandagi yechimini toping.

Yechish. Sistemadagi ikkinchi tenglama haqiqiy yechimga ega bo‘lishi uchun b >0 bo‘lishi zarur.
Shu sababli parametrlarning dastlabki o‘rinli qiymatlari sohasi

2
D, ={(a,b) e R b=0}
ko‘rinishda yoziladi. Quyidagi almashtirishlarni kiritamiz:
U=X—Y, V=X+Y.

— 2 2
U holda x:u—;rv, y:% va x?4yr =2V

bo‘ladi. Sistema quyidagi ko‘rinishga keladi:
ul+v:
=a
2
u®=b.
Bundan u=+yb va V=22’ - kelib chiqadi. Demak, haqiqiy yechim mavjud bo‘lishi uchun
2a°-b>0 ya'ni, 0<h< 2a° sharti bajarilishi kerak. Agar b > 2a° bo‘lsa, sistema haqiqiy yechimga ega

emas. Agar 0< b<2a’ bo‘lsa, sistemaning yechimlari quyidagi ko‘rinishda ifodalanadi:

:\/B+\/2a2—b X:\/B—\/Zaz—b
2 . 2
y:\/2a2—b—\/5’ y:—\/B—\/Zaz—b
2 2

va

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 96



MATHEMATICS

:\/B+\/2a2—b X:\/B—x/Zaz—b
2 i 2
y:\/Zaz—b—\/B’ y:—\/B—\/ZaZ—b
2 2 '

Xususan, a = /5, b = 2 bo‘lganda 2a®—b=10-2=8. Demak,
Jb =42, J2a? —b =24/2.

Shuning uchun xususiy sistemaning yechimlari:

ERE R (2 (29

2 2 2 2 2 2 2 2
8-misol. Quyidagi parametrli tengsizlikni yeching:
X+2
—-3<0
t+1

va uning t = 0 bo‘lgandagi yechimini ko‘rsating.
Yechish. Tengsizlik ma’noga ega bo‘lishi uchun maxraj nolga teng bo‘lmasligi kerak:

t+1+0. Demak, D, ={teRl t=-1}. Tengsizlikni quyidagicha yozamiz: ):le <3. Agar
+

t+1>0,

ya'ni t>-1 bo‘lsa, tengsizlik belgisini o‘zgartirmasdan ko‘paytiramiz: X+ 2 <3(t+1). Bundan
x < 3t +1 kelib chigadi. Demak, t > —1 bo‘lganda yechimlar to‘plami X € (—o0, 3t +1) bo‘ladi.

Agar t+1<0, ya’ni t<-1 bo‘lsa, manfiy songa ko‘paytirishda tengsizlik belgisi teskari tomonga
o‘zgaradi: X+2>3(t+1). Bundan x > 3t +1kelib chigadi. Demak, t < -1 bo‘lganda yechimlar to‘plami
X € (3t +1,+0) bo‘ladi. Xususan, t=0 bo‘lganda tengsizlik x+2-3<0 ya’ni x—1<0 ko‘rinishga
keladi. Shuning uchun X € (—,1).

9-misol. Parametrning shunday barcha giymatlarini topingki, har birida

(a+2)x*-2(a-Dx+3>0
tengsizlik barcha x e R uchun bajarilsin.

Yechish. Berilgan ifoda kvadrat uchhad bo‘lib, u barcha haqiqiy X lar uchun musbat bo‘lishi uchun
parabola yuqoriga garagan va diskriminant manfiy bo‘lishi kerak. Shuning uchun quyidagi shartlar

bajariladi: a+2>0, A<0. Bu yerda A:[—Z(a—l)]2—4(a+2)-3. Soddalashtiramiz:
A=4(a-1)°*-12(a+2). Demak, 4(a—1)>-12(a+2)<0. Har ikki tomonni 4 ga bo‘lamiz:
(a—-1)*—3(a+2) <0. Yoyib yozamiz:

a’-2a+1-3a-6<0, a°-5a-5<0

5+425+20 5+345
Kvadrat tenglamaning ildizlari: a= 2+ = 2\/—.

5-35 5+35
2 2

Shuning uchun a°-5a-5<0

tengsizlik quyidagi oraligda bajariladi: <a<

5-35

Demak, izlanayotgan parametr qiymatlari to‘plami:

ae{s—sdg 5+3J§}

Birinchi shart esa a+2 >0, ya’ni

a > —2 ko‘rinishda bo‘ladi. Chunki >—2, bu shart yuqgoridagi oraligda avtomatik bajariladi.

2 2

Keltirilgan misollar shuni ko‘rsatadiki, parametrli masalalarda yechish jarayoni oddiy tenglama yoki
tengsizliklarni yechishdan ko‘ra murakkabroq tuzilishga ega. Chunki parametr o‘zgarganda nafagat
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koeffitsiyentlar, balki yechimlar soni, yechimlar turi, aniglanish sohasi va qo‘llaniladigan yechish usuli ham
o‘zgarishi mumkin. Shu sababli parametrli masalalarni yechishda quyidagi metodik ketma-ketlikka amal
gilish magsadga muvofiq:

1) Parametrning o‘rinli giymatlari sohasini aniqlash;

2) Parametr sohasini muhim holatlarga ko‘ra qismlarga ajratish;

3) Har bir gismda xususiy masalani yechish;

4) Yechimlarni parameter qiymatlari bo‘yicha tizimlashtrish;

5) Olingan javobni tekshirish va chegaraviy holatlarni alohida tahlil gilish;

Bunday yondashuv parametrli masalalarni formal algoritm sifatida emas, balki tahliliy fikrlash,
umumlashtirish, tasniflash va matematik modellashtirishni rivojlantiruvchi vosita sifatida o‘rganishga imkon
beradi. Aynigsa, parametrli masalalarda algebraik, grafik va mantiqiy yondashuvlarni birgalikda qo‘llash
o‘quvchilarning matematik tafakkurini chuqurlashtiradi.

Ma’lumki, parametrli tenglamalar va tengsizliklar odatdagi tenglama hamda tengsizliklarga nisbatan
umumiyroq matematik obyekt hisoblanadi. Chunki bunday masalalarda parametrning har bir o‘rinli qiymati
uchun alohida xususiy tenglama yoki tengsizlik hosil bo‘ladi. Demak, parametrli masalani yechish aslida shu
xususiy holatlarning barchasini tizimli tahlil gilishni anglatadi. Parametrli tenglama yoki tengsizlik, bir
tomondan, bir nechta o‘zgaruvchili munosabat sifatida qaralsa, ikkinchi tomondan, parametr giymatlariga
bog‘liq cheksiz ko‘p xususiy masalalar majmuasidir. Shu sababli ularni yechishda avvalo parametrning
o‘rinli giymatlari sohasi aniqlanadi, so‘ngra ushbu soha masalaning xususiyatiga ko‘ra qismlarga ajratiladi.
Parametrli masalalarning asosiy qismini bitta noma’lum va bitta parametr qatnashgan tenglama, tengsizlik

yoki sistemalar tashkil etadi. Eng sodda holda bunday tenglama f(X,&) =0ko‘rinishida yoziladi. Agar
parametrning har bir a € D, o‘rinli giymati uchun hosil bo‘ladigan tenglamani X ga nisbatan yechish talab

gilinsa, u holda f(X,a)=0 tenglama X o‘zgaruvchili va @ parametrli tenglama deyiladi. Uni yechish esa

parametrning har bir o‘rinli giymati uchun tenglamani ganoatlantiruvchi barcha X giymatlarni topishdan
iborat. Parametrga aniq @ =« qiymat berilganda parametrli tenglamadan xususiy tenglama hosil bo‘ladi:

f (X,a)=0. Shunday gilib, parametrli tenglama umumiylikni, xususiy tenglama esa shu umumiylikning

konkret ko‘rinishini ifodalaydi. Demak, xususiy tenglamani yechish parametrli tenglamani yechish
jarayonining alohida holati sifatida garaladi. Parametrli tenglamalarda yechim tushunchasi ham odatdagi
tenglamalardagiga qaraganda kengroq ma’noga ega. Xususiy tenglamaning yechimi sonlar o‘qidagi nuqta
yoki nuqtalar to‘plami bilan ifodalansa, parametrli tenglamaning umumiy yechimi tekislikdagi chiziq yoki
soha ko‘rinishida talgin qilinadi. Parametrlar soni ortishi bilan yechimlar fazoviy obyektlar orgali ham
ifodalanishi mumkin. Parametrli tenglama tushunchasi funksiya tushunchasi bilan uzviy bog‘liqdir. Chunki

f(x,a)=0 tenglama Xva @ o‘rtasidagi ma’lum funksional bog‘lanishni ifodalaydi. Shu bois parametrli

tenglamalarni yechishda funksiyaning aniglanish sohasi, giymatlar sohasi, monotonligi, ildizlar soni va
boshqga xossalari muhim ahamiyatga ega bo‘ladi.

Ta’rif. Agar har bir a=a, aeD, uchun X=X(c) giymat mos xususiy tenglama f(X,)=0

ning yechimi bo‘lsa, @ parametrli va X o‘zgaruvchili f(X,a)=0 tenglama uchun X=X(&) moslik
parametrning o‘rinli qiymatlari sohasida umumiy yechim deyiladi.

Umumiy yechim tushunchasi parametrli tenglamalar nazariyasida muhim nazariy tushuncha
hisoblanadi. U xususiy tenglamalarning alohida-alohida yechimlarini umumlashtiradi, ularni parametr
giymatlariga ko‘ra tasniflash imkonini beradi hamda parametrli tenglamaning yaxlit tuzilishini ochib beradi.
Shu nugtayi nazardan, parametrli tenglamani yechish fagat algebraik amallarni bajarish emas, balki
parametrning o‘zgarishi natijasida hosil bo‘ladigan barcha xususiy holatlarni tahlil qilish, ularni
umumlashtirish va yagona tizimga Keltirish jarayonidir. Bunda umumiy yechim parametrli tenglamaning
ichki tuzilishini ifodalovchi asosiy vosita sifatida namoyon bo‘ladi.

Tahlil va olingan natijalar. Tadgigot natijalari parametrli masalalarni yechish jarayonini fagat
algebraik hisoblashlar majmuyi sifatida emas, balki o‘rinli qiymatlar sohasi, aniglanish shartlari, xususiy
holatlar va umumiy yechimlar o‘rtasidagi mantiqiy bog‘lanishlarni ochib beruvchi yaxlit metodik jarayon
sifatida qarash zarurligini ko‘rsatdi. Birinchidan, parametrli masalalarni yechishda boshlang‘ich bosqich
sifatida parametrning o‘rinli giymatlari sohasini aniglash muhim metodik shart ekanligi asoslandi. Chunki
parametrning har qanday giymatida berilgan ifoda yoki masala sharti matematik ma’noga ega bo‘lavermaydi.
Shu sababli parametrning o‘rinli giymatlari sohasi D, ni aniglash parametrli tenglama va tengsizliklarni

to‘g‘ri tahlil qilishning zaruriy bosqichi sifatida ajratildi. Ikkinchidan, parametrli masalalarda aniglanish
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sohasi fagat noma’lum o‘zgaruvchi giymatlari bilan emas, balki parametr va o‘zgaruvchi juftliklari orqali
garalishi lozimligi aniglandi. Ya’ni parametr qatnashgan masalaning aniglanish sohasi

DF(x,a):{(x,a) eR’l aeD,, xe Xa}

ko‘rinishida talqin qilinishi magsadga muvofigdir. Bunday yondashuv o‘quvchilarga masalani oddiy
tenglama yoki tengsizlik sifatida emas, balki parametr qiymatlariga bog‘liq o‘zgaruvchan matematik obyekt
sifatida tushunishga yordam beradi. Uchinchidan, parametrli masalalarni yechishning metodik ketma-ketlik
ishlab chiqildi. Ushbu ketma-ketlik parametrli tenglama va tengsizliklarni yechishda algebraik va mantigiy
tahlilni o‘zaro bog‘laydi. Algebraik tahlil ifodani soddalashtirish, tenglama yoki tengsizlikni yechish va
yechimlar to‘plamini topishga xizmat qilsa, mantiqiy tahlil parametr giymatlarining ta’sirini baholash,
maxsus holatlarni ajratish va yakuniy javobning to‘ligligini tekshirishga xizmat qiladi. To‘rtinchidan,
tadgigot natijasida parametrli masalalarni ikki asosiy metodik turga ajratish mumkinligi aniglandi. Birinchi
turdagi masalalarda parametrning barcha o‘rinli qiymatlari uchun yechimlar to‘plamini topish talab gilinadi.
Ikkinchi turdagi masalalarda esa parametrning shunday giymatlari aniglanadiki, bu giymatlarda xususiy
masala oldindan berilgan xossaga ega bo‘ladi. Masalan, tenglamaning yagona yechimga ega bo‘lishi,
tengsizlikning barcha haqigiy qiymatlar uchun bajarilishi yoki sistemaning yechimga ega bo‘lishi kabi
shartlar ikkinchi turdagi masalalarga kiradi. Beshinchidan, parametrli masalalarni yechishda umumiy yechim
tushunchasi muhim nazariy-metodik ahamiyatga ega ekani aniglandi.

Munozara. Tadqiqot natijalari parametrli masalalarni yechishda algebraik va mantiqiy tahlilni o‘zaro
bog‘liq holda tashkil etish zarurligini ko‘rsatdi. Parametrning o‘rinli qiymatlari sohasini aniqlash, parametr
sohasini muhim holatlarga ko‘ra gismlarga ajratish va har bir xususiy holatni alohida tekshirish yechim
jarayonining metodik izchilligini ta’minlaydi. Mazkur yondashuv masala aniqlanmagan holat bilan yechim
mavjud bo‘lmagan holatni farqlashga, o‘quvchilarda tahliliy fikrlash, tasniflash va umumlashtirish
ko‘nikmalarini rivojlantirishga xizmat qiladi. Shu bilan birga, tadqiqot nazariy-metodik xarakterga ega
bo‘lgani sababli, taklif etilgan bosqichlarning samaradorligini kelgusida tajriba-sinov ishlari orgali asoslash
magsadga muvofiqdir.

Xulosa. Parametrli masalalarni yechishda algebraik va mantiqiy tahlilning uyg‘un qo‘llanilishi yechim
jarayonini izchil va asosli tashkil etishga xizmat qiladi. Bunda parametrning o‘rinli qiymatlari sohasini
aniglash, uni muhim holatlarga ajratish, xususiy holatlarni tekshirish va natijalarni umumlashtirish asosiy
metodik bosqichlar sifatida namoyon bo‘ladi. Mazkur yondashuv o‘quvchilarning parametrli masalalarni
faqat hisoblash emas, balki tahlil qilish, tasniflash va mantiqiy asoslash ko‘nikmalarini rivojlantiradi. Shu
bois algebraik va mantiqiy tahlil parametrli tenglama va tengsizliklarni o‘qitishning samarali metodik
vositasi sifatida garalishi mumkin.
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TO‘LDIRUVCHILARI VA ULARNING MATEMATIK TAHLILI
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Annotatsiya. Ushbu maqolada Fok fazosining girgilgan ikki zarrachali gism fazosida aniglangan
umumlashgan Fridrixs modeli batafsil o ‘rganiladi va u 2-tartibli operatorli matritsa ko ‘rinishida
ifodalanadi. Modelning muhim (uzluksiz) hamda diskret spektrlari to ‘lig ravishda tavsiflanadi. Tadgiqot
jarayonida modelga mos birinchi va ikkinchi Shur to ‘ldiruvchilari konstruktiv ravishda qurilib, ularning
operatorlar nazariyasidagi o ‘rni va ahamiyati asoslab beriladi. Shuningdek, ushbu Shur to ‘ldiruvchilar
yordamida operatorli matritsaning spektral xossalari tegishli teoremalar sifatida bayon gilinadi hamda
qat’iy isbotlanadi. Olingan natijalar umumlashgan Fridrixs modellari nazariyasini rivojlantirishda hamda
Fok fazosida garalayotgan kvant tizimlarning matematik modellarini yanada chuqurroq tushunishda muhim
ahamiyat kasb etadi.

Kalit so‘zlar: umumlashgan Fridrixs modeli, Fok fazosi, operatorli matritsa, muhim spektr, diskret
spektr, Shur to ‘ldiruvchisi, Fredgolm determinanti, xos qiymat, spektral tahlil.

JIONMOJHEHUSA IITYPA OBOBIIEHHON MOJIEJIN ®PUJIPUXCA B TIPOCTPAHCTBE
®OKA 1 UX MATEMATUYECKHI AHAJIA3

Annomauus. B oannoii cmamve noopobHo ucciedyemcesi 0000wénnas mooenv Opudpuxca, 3a0aHHAS
6 YCEeUGHHOM O08YXHACMUYHOM noonpocmparcmee npocmparncmea Doxa u npedcmasnenuas 8 6ude
OnepamopHol mampuyvl 6mopoco nopsioxa. Ilonnocmelo onucanvl cywecmeeHuvlll (HenpepviHblil) U
OUCKpemHbll cnekmpul Mooeau. B xode uccnedoganusi KOHCMPYKMUBHO HOCMPOEHbl Nepablil U GMopol
Odonomnumenu Lllypa, coomeemcmayrouue 0aHHOU MoOeau, u 000CHOBAHBL UX POIb U 3HAYEHUE 8 Meopull
onepamopos. Kpome moeo, ¢ nomowwio smux dononnumeneii Lllypa cnekmpanvhuie ceoticmea onepamopHoil
Mampuybl CHOPMYTUPOBAHLL 8 BUOE COOMBEMCMEYIOWUX meopeM U cmpo2o ookazamvl. Ilonyuennvie
pe3yivmamvl UMEIom 8adicHoe 3HaueHue O OanbHeuuieeo pazeumus meopuu 0000WEHHbIX Mooenell
Dpudpuxca, a makdce 0ns bonee 2nYOOKO20 NOHUMAHUS MAMEMAMUYECKUX Mooeell KBAHMOBbIX CUCHEM,
pacemampusaemvix 6 npocmpancmee Doxa.

Knrwouesvie cnosa: 0606wénnas modens @puopuxca, npocmpancmeo Doxa, onepamopHas mampuya,
cyujecmeennvlll  cnekmp, OUCKpemubwili chnekmp, oOonoinenue Illypa, onpedenumens @pedeonrvma,
cobcmeennoe 3Hauenue, CReKMpaibHblll AHAU3.

SCHUR COMPLEMENTS OF THE GENERALIZED FRIEDRICHS MODEL IN FOCK
SPACE AND THEIR MATHEMATICAL ANALYSIS

Abstract. This article presents a study of the generalized Friedrichs model defined in the truncated
two-particle subspace of Fock space and represented in the form of a second-order operator matrix. The
essential and discrete spectra of the model are characterized. The first and second Schur complements
corresponding to the model are constructed, and their role in operator theory is substantiated. By using
these Schur complements, the spectral properties of the operator matrix are formulated as theorems and
rigorously proved. The results are important for the development of generalized Friedrichs models and for
understanding mathematical models of quantum systems in Fock space.

Keywords: generalized Friedrichs model, Fock space, operator matrix, essential spectrum, discrete
spectrum, Schur complement, Fredholm determinant, eigenvalue, spectral analysis.

Kirish. Zamonaviy funksional analiz va operatorlar nazariyasida Hilbert fazosidagi chizigli
chegaralangan va chegaralanmagan operatorlarning spektral xossalarini o‘rganish masalasi muhim ilmiy
yo‘nalishlardan biri hisoblanadi. Aynigsa, murakkab tuzilishga ega bo‘lgan blok operatorli matritsalarni,
ya’ni elementlari chizigli operatorlardan iborat matritsalarni tahlil gilishda samarali usullarni ishlab chiqgish
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dolzarb masalalardan biridir. Shu nuqtayi nazardan, Shur to‘ldiruvchilari (Schur complements) nazariyasi
nafagat algebraik, balki analitik jihatdan ham keng qo‘llaniladigan kuchli vosita sifatida ajralib turadi.

Shur to‘ldiruvchisi tushunchasi dastlab chekli o‘lchamli matritsalar uchun kiritilgan bo‘lsa-da,
keyinchalik u cheksiz o‘lchamli fazolardagi operatorlarga ham muvaffagiyatli umumlashtirildi. Ushbu
yondashuv blok operatorli matritsalarni soddalashtirish, ularning spektrini aniglash, hamda xos giymatlar va
xos funksiyalarni tadqiq qilishda muhim rol o‘ynaydi. Xususan, Shur to‘ldiruvchisi yordamida berilgan
operatorni kichikroq o‘lchamli operatorlar orqali ifodalash va shu orqali murakkab masalalarni nisbatan
sodda ko‘rinishga keltirish mumkin [1, 2].

Bundan tashqari, Shur to‘ldiruvchilari kvant mexanikasi, matematik fizika, sonli analiz va differensial
tenglamalar nazariyasida uchraydigan ko‘plab masalalarni yechishda ham keng qo‘llaniladi. Aynigsa, ko‘p
zarrachali sistemalar, panjarali modellar va Fridrixs tipidagi operatorlar uchun spektral tahlilni amalga
oshirishda ushbu usul samarali natijalar beradi.

Mazkur maqgolada Fok fazosining girgilgan ikki zarrachali gism fazosida ikkinchi tartibli operatorli
matritsa ko‘rinishda tasvirlanuvchi umumlashgan Fridrixs modelining muhim spektri topilgan. Uning
Fredgolm determinantini qurish orqgali diskret spektri tavsiflangan. Mos birinchi va ikkinchi Shur
to‘ldiruvchilari qurilgan, ularning ayrim asosiy xossalari tahlil gilingan. Shuningdek, Shur to‘ldiruvchilari
yordamida muhim spektrni tavsiflash va xos giymatlarni aniglashga doir ayrim natijalar keltirilgan [3].

Mavzuga doir adabiyotlar tahlili. Shur to‘ldiruvchilari haqida. Bizga H; va H; Hilbert fazolari
berilgan bo‘lib,

H=H OH,
to‘g‘ri yig‘indi berilgan bo‘lsin. U holda H Hilbert fazosida aniglangan har ganday A chiziqli,
chegaralangan operator hamisha ikkinchi tartibli operatorli matritsa (1) ko‘rinishida tasvirlanadi:
Apn Agp
A= (AZI Azz)' @
bu yerda A;;:H; - H; i,j =12 matritsaviy elementlar chizigli, chegaralangan operatorlardir.
Ma’lumki, A o0‘z-0‘ziga qo‘shma operator bo‘lishi uchun barcha i,j =1,2 uchun }[ij* =Hj;
tengliklarning bajarilishi zarur va yetarlidir.

Shur to‘ldiruvchilari dastlab matritsalar nazariyasida qo‘llanilgan. (1) ko‘rinishdagi blok matritsa bilan
bog‘liq bo‘lgan A,, — A,1A1144, tipidagi ifodani qarash g‘oyasi kamida Issai Schur [4] ishlariga borib
taqaladi, balki undan ham oldin James Joseph Sylvester tadqiqotlarida uchrashi mumkin. “Shur
to‘ldiruvchisi” (Schur complement) atamasi esa 1968-yilda Emilie Virginia Haynsworth [5] tomonidan
kiritilgan bo‘lib, u bo‘lingan (blokli) matritsalarni o‘rganish jarayonida ushbu tushunchani ilmiy muomalaga
olib kirgan. Hilbert fazolarda Shur to‘ldiruvchilari ilk bor Mark Grigorievich Kreinning 0°z-o‘ziga qo‘shma
operatorlarning kengaytmalari haqidagi mashhur [6] ishida “qisqartirilgan operatorlar” (shorted operators)
nomi ostida uchraydi. Matritsalar nazariyasi va sonli chiziqli algebra sohalaridagi ko‘plab qo‘llanilishlaridan
tashqari, Shur to‘ldiruvchilari statistika, elektrotexnika hamda matematik tizimlar nazariyasi kabi ko‘plab
boshga yo‘nalishlarda ham keng qo‘llaniladi. Xususan, ular chiziqli vaqtga nisbatan invariant tizimlarning
holat fazosidagi realizatsiyalarida uzatish funksiyalari sifatida namoyon bo‘ladi. Chegaralangan va
chegaralanmagan blok operatorli matritsalar nazariyasida Shur to‘ldiruvchilari spektr hamda turli spektral
xossalarni o‘rganishda kuchli vosita hisoblanadi. Bu holat ilk bor Rolf Nagel [7] tomonidan qayd etilgan. U
“diagonal soha” va “diagonal bo‘lmagan soha” tushunchalari asosida chegaralanmagan operatorli matritsalar
uchun o°ziga xos “matritsalar nazariyasi’ni rivojlantirishni boshlab bergan.

A blok operatorli matritsaning spektral xossalari bilan uning Shur to‘ldiruvchilari bo‘lgan

51(2) = Ay — 2 = A(Az2 — 2) M Ay 2 € 9(Az2)
5,(2) = Ayp =2 — A1 (A1 — 2) MA, 22 0(Ay)
operatorlarning spektral xossalari o‘rtasidagi yaqin bog‘liglik, masalan,
S I 0\(An—-z O I(Ay; —2)7! AIZ)
A-z= (A21(A11 —z)7! 1)( 0 SZ(Z))< 0 I z & o(dn)

uchun qo‘llaniladigan Frobenius—Shur faktorizatsiyalari hamda R(z) rezolventa uchun mos
faktorizatsiyalardan yaqqol ko‘rinadi.

[8] magolada haqiqiy z spektral parametrga bog‘liq bo‘lgan, 3x3 o‘lchamli blok operatorli
matritsaga mos keluvchi birinchi Shur to‘ldiruvchisi S;(z) ko‘rib chigilgan S;(z) operatorning muhim
spektri lakunalarni o‘z ichiga olishi mumkin bo‘lgan holat tahlil qilingan. S;(z) operatorining spektral
tahlilidagi muhim masalalardan biri - muhim spektrdan tashgarida joylashgan xos giymatlar sonining chekli
yoki cheksiz ekanligini aniglashdan iborat. Bu maqolada S;(z) operatorining diskret spektri batafsil
o‘rganilgan hamda tadqiq qilinayotgan matritsa operatori bilan S; (z) operatorining xos qiymatlari o‘rtasidagi
bogliglik aniqlangan. Shuningdek, S;(z) operatorining xos vektor-funksiyalari uchun Faddeyev
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tenglamasining simmetriklashtirilgan analogi qurilgan va xos giymatlar soni bilan bog‘liq ayrim asosiy
xossalar isbotlangan. Mualliflar tomonidan S;(z) operatorining muhim spektridan tashgarida joylashgan
ixtiyoriy intervaldagi xos giymatlar soni va ularning karraliligini aniglash formulalari keltirilgan. Olingan
formulalar lakunada joylashgan diskret spektrning tagsimoti uchun asimptotik baholarni hosil gilish imkonini
beradi. Bundan tashgari S;(z) operatorining diskret spektri chekli bo‘lishi uchun yetarli shartlar topilgan.
S1(2) operatorining xossalaridan kelib chigib, operatorli matritsa uchun ikkita muhim xulosa chigarilgan.

[9] maqolada panjaradagi bitta qo‘zg‘almas atom va ko‘pi bilan ikkita fotondan iborat spin-boson
modeli ko‘rib chiqilgan. Bu modelga mos keluvchi z spektral parametrga bog‘liq bo‘lgan S;(z) birinchi
Shur to‘ldiruvchisi qurilgan. Spin-bozon modeli uchun S; (z) operatorga nisbatan Birman—Shvinger prinsipi
isbotlangan. Shuningdek, tadqiq gilingan model xos qiymatlari soni bilan bog‘liq bo‘lgan S;(z)
operatorining muhim xossalari torning barcha o‘lchamlari hamda ixtiyoriy bog‘lanish konstantasi uchun
tadgiq etilgan.

[10] maqolada fermionli Fok fazosida ta’sir qiluvchi uchinchi tartibli chegaralangan, o‘z-o°ziga
qgo‘shma operatorli matritsa ko‘rib chiqilgan. Avvalo, uning spektral xossalarini o‘rganish maqsadida
uchinchi tartibli diskret parametrli operatorli matritsa kiritilgan. So‘ngra, mazkur operatorli matritsaga mos
keluvchi birinchi Shur to‘ldiruvchisi qurilgan va undan foydalanib, operatorli matritsaga mos birinchi Shur
to‘ldiruvchisi aniqlangan. Uchinchi tartibli matritsaning xos qiymatlari bilan unga mos birinchi Shur
to‘ldiruvchining xos qiymatlari o‘rtasidagi bog‘liglik o‘rnatilgan. Shuningdek, operatorli matritsasining
birinchi Shur to‘ldiruvchisining xos gqiymatlariga bog‘liq bo‘lgan funksiyaning A spektral parametrga
nisbatan monoton o‘suvchi va uzluksiz ekanligi isbotlangan

Umumlashgan Fridrixs modeli va uning spektri

Dastlab, T¢ orgali d-o‘lchamli torni, H;:= C orqali bir o’lchamli kompleks sonlar fazosini,
Hy:= L,(T%) orgali T¢ torda kvadrati bilan integrallanuvchi funksiyalarning Hilbert fazoni belgilaymiz.
Ushbu fazolarning to’g’ri yig’indisini

H:= }[1 @ .7'[2
kabi aniglaymiz.
H fazoda
A A
A= ( i 12). 1
Ay A W)

operatorli matritsani garaymiz. A operatorli matritsaning Aj;,i,j = 1,2 elementlari quyidagicha
aniglanadi:

A fi = afy, Aafy = dev(t) f2(t) dt,

(A21 /D)) =v()fi, (Az2f2)(x) = ulx)fo (%),
bu yerda, a ixtiyoriy haqigiy son, f; € #;,i = 1,2, u(-) va v(-) funksiyalar T¢ torda aniglangan
haqiqgiy giymatli uzluksiz funksiyalardir.
Operatorli matritsaning matritsaviy elementlari aniqlanishiga ko‘ra, A,; = A7, munosabat bajariladi.
Demak, A operatorli matritsa 0‘z-o‘ziga qo‘shma operatorni ifodalaydi.
Endi A operator matritsaning muhim spektrini aniglash uchun quyidagi operatorni gqaraymiz:

0 0
Ao = (0 Azz)'

Bu holda A — A chekli o‘lchamli qo‘zg‘alish operatori bo‘ladi. Chekli o’lchamli qo’zg’alishlarda muhim
spektrning o’zgarmasligi haqidagi Veyl teoremasiga ko‘ra, A operatorli matritsaning muhim spektri uchun
Oess(A) = Oess(Ap) = 0(Azz).
tenglik o’rinli. A,, operator aniqlanishiga ko’ra ko‘paytirish operatori bo‘lgani sababli uning spektri u(x)
funksiyaning giymatlar to‘plami bilan aniqlanadi, ya’ni
Oess(A) = [m, M],
bu yerda

m: = min u(x), M = max u(x).
x€T4d X€T4
Endi A operatorli matritsaning diskret spektrini tavsiflash magsadida C\ [m, M] sohada regulyar

bo’lgan
2(t
Az) =a—2z— v—() dt
u(t) —z
Td
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funksiyani garaymiz. Mazkur A(z) funksiya A4 operatorli matritsaga mos Fredgolm determinanti
deyiladi. A operatorning diskret spektri shu determinantning nollari orqali tavsiflanadi, ya’ni
0gisc(A) = {z € C\ [m, M]: A(z) = 0}.
Demak, A operatorli matritsaning xos giymatlarini topish masalasi Fredgolm determinantining
nollarini topish masalasiga keltiriladi.

Birinchi va ikkinchi Shur to‘ldiruvchilari

Faraz gilaylik, z soni A,, operatorning regulyar nuqtalar to‘plamiga tegishli bo‘lsin, ya’ni z € p(A4,;)
bo‘lsin. U holda A operatorli matritsaga mos birinchi Shur to‘ldiruvchisi
51(2) = Ayy — 2zl — A15(Azp — 21) "M Ay
formula orqali aniglanadi. Berilgan model uchun birinchi Shur to‘ldiruvchining ta’siri quyidagicha bo‘ladi:

v3(t)
u(t) —z

Faraz gilaylik, z € p(A;;1) bo‘lsin. U holda A operatorli matritsaga mos ikkinchi Shur to‘ldiruvchisi
5,(2) = Agy — 2l — Ap1(Ag1 — 2I) " Ag,
formula orqgali aniglanadi. Berilgan modelda ikkinchi Shur to‘ldiruvchining ta’siri

v(x)
($2(2)f2) (%) = (u(x) = 2)f(x) ——— Zdev(t) f2(t) dt, f; € Hy,

a

ko‘rinishda ifodalanadi.

1-teorema. Agar z € R\ [m, M] bo‘lsa, u holda z soni A operatorli matritsaning xos giymati
bo‘lishi uchun 0 soni S; (z) operator uchun xos giymat bo‘lishi zarur va yetarlidir.

Isbot. Zaruriyligi. Faraz qilaylik, z soni A operatorli matritsaning xos qiymati bo‘lsin. U holda
shunday noldan fargli f = (f, f2), bu yerda f; € H;, f, € H, vektor topilib, Af = zf tenglik bajariladi.
Bu esa quyidagi sistemaga ekvivalent:

{(An —zDfi + A12f2 =0,
Az fi + (A2 —zD)f; = 0.

z € R\ [m, M] bo‘lgani uchun A,, — zI operatori teskari operatorga ega. Shuning uchun sistemaning

ikkinchi tenglamasidan

S1@Df)x)=|a—z —f dt | f1 = A(2)f;.
Td

fo=—(A2, — 2I) ' Apufy (2)
Ushbu (2) ifodani birinchi tenglamaga qo‘ysak,
(A1x —zD)fy — A1a(Agp —2D)7M A1 1 =0
tenglikka ega bo‘lamiz. Bundan
(A11 — 21 — A1 (Ayp —21) 1 A31)f1 = 0
ifoda kelib chigadi. Demak,
S1(2)f1 = 0.
Ushbu tenglikda f; = 0 bo‘lishi mumkin emas. Aks holda yuqoridagi formuladan f, = 0 kelib
chigadi. Bu esa f # 0 ga zid. Demak, f; # 0, ya’ni 0 soni S;(z) operatorning xos qiymati bo‘ladi.
Yetarliligi. Faraz gilaylik, 0 soni S;(z) operatorning xos qiymati bo‘lsin. U holda shunday f; # 0
mavjudki, S;(z)f; = 0. Endi

for=—=(Az2 — 2zD)7 Apsfu

deb olamiz. U holda

Ay fi+ (A —zD)f; =0
tenglik bajariladi. Bundan tashgari,

(A1 — zDfy + Arafo = (A1 — zDfy — A12(Agp — 217 Apa fi = S1(2)f1 = 0.

Shunday qilib,
fi f
A(3) =7 (1)
Demak, z soni operatorli matritsa <A ning xos giymati bo‘ladi.
2-teorema. Agar z € R\ ([m, M] U {a}) bo‘lsa, u holda z soni <A operatorli matritsaning xos giymat
bo‘lishi uchun 0 soni S, (z) operatorning xos qiymati bo‘lishi zarur va yetarlidir.
Isbot. Zaruriyligi. Faraz gilaylik, z soni A4 operatorli matritsaning xos qiymati bo‘lsin. U holda

shunday noldan fargli f = (1, f>), fi € Hy, f» € H, vektor mavjud bo‘lib, Af = zf tenglik bajariladi. Bu
esa quyidagi sistemaga ekvivalent:
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{(An —zl)fy + A12f2 =0,
Azifi + (A —2zD)f, = 0.

z € R\ (Jm, M] U {a}) bo‘lgani uchun A;; — zI operatori teskari operatorga ega. Shuning uchun
sistemaning birinchi tenglamasidan

fi= (A —zD) 7 Asafy 3)
hosil bo‘ladi. (3) ifodani ikkinchi tenglamaga qo‘ysak,

—Ay1 (A1 — 2D Asafo + (A — 2zDf, =0

(Apz — 2l — Ay (Ay — zD) 7' AR)f, =0
munosabat kelib chigadi. Demak,

ifodaga ega bo‘lamiz. Bundan

S2(2)f, = 0.
Ushbu tenglamadan f, = 0 bo‘lishi mumkin emas. Aks holda yuqoridagi formuladan f; = 0 kelib
chigadi. Bu esa f # 0 shartga zid. Demak, f, # 0, ya’ni 0 soni S, (z) operatorning xos qiymati bo‘ladi.
Yetarliligi. Faraz gilaylik, 0 soni S,(z) operatorning xos qiymati bo‘lsin. U holda shunday f, # 0
mavjudki, S,(z)f, = 0. Endi

fii=—(A11 — zD 7 Ao fs
deb olamiz. U holda

(A1 —zD)f; + A12f, =0
tenglik bajariladi. Bundan tashgari,
Ayify + (Aap — 2z f, = —Ay1 (A1 — 2D) T Asafo + (Agp — 2D f, = S2(2)f2 = 0.

Shunday qilib,
f1> (fl)
A ( =z
f2 f2
tenglik hosil bo‘ladi. Demak, z soni operatorli matritsa 4 ning xos qiymati bo‘ladi.

Xulosa. Ushbu magolada Fok fazosining qirgilgan ikki zarrachali gism fazosida aniglangan
umumlashgan Fridrixs modeli kompleks va tizimli yondashuv asosida batafsil tadgiq etildi hamda u 2-tartibli
operatorli matritsa ko‘rinishida aniq ifodalandi. Tadqiqot davomida model operatorlarning muhim (uzluksiz)
spektri hamda Fredgolm determinantini topish orqali diskret spektri to‘liq va izchil ravishda tavsiflandi,
spektrlarning tuzilishi va o‘zaro bog‘ligligi aniqlashtirildi.

Shuningdek, modelga mos birinchi va ikkinchi Shur to‘ldiruvchilari konstruktiv usulda qurilib,
ularning operatorlar nazariyasidagi o‘rni, xossalari hamda spektral tahlildagi roli asoslab berildi. Olingan
natijalar umumlashgan Fridrixs modellari doirasida yangi ilmiy yondashuvlarni shakllantirishga xizmat
giladi hamda Fok fazosida qaralayotgan kvant tizimlarning matematik modellarini yanada mukammal
tushunish imkonini beradi. Shu bilan birga, mazkur tadgiqot natijalari operatorlar nazariyasi, spektral tahlil
va matematik fizikaning tegishli yo‘nalishlarida keyingi ilmiy izlanishlar uchun nazariy asos bo‘lib xizmat
gilishi mumkin.
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Abstract. This article studies the main analytical properties of a new three-variable Mittag-Leffler
type function. The convergence domains of the corresponding triple power series are determined. The
convergence analysis is carried out based on Horn's convergence theory and the asymptotic properties of the
gamma function for large arguments. Twenty-seven different combinations of parameters are considered,
and for each case necessary and sufficient conditions for the absolute convergence of the series are
established, along with some particular cases of ML. The obtained results enrich the theory of fractional
differential equations and provide an effective analytical basis for investigating problems involving the
Prabhakar fractional derivative.

Key words: Mittag-Leffler function, trivariate function, fractional calculus, Prabhakar derivative,
triple power series, region of convergence, gamma function, special functions.

O CBOMCTBAX CXOJUMOCTH HOBOM TPEXITEPEMEHHOMN ®YHKIIUU TUITA
MUTTATA-JTED®®DJIEPA

Annomauusa. B 0annotl cmamve ucciedyiomest OCHO8Hble aHATUMUYecKue C8olUCmea Ho8oU QYHKyuu
muna  Mummae-Jlepgprepa  om  mpéx  nepemenmvix.  Onpedenenwvi  obnacmu  CXOOUMOCHU
COOMBEMCMEYIOuec0 mpouH020 CMeneHHo20 psod. AHanu3 cxo0uUMOCmU NpPOGeOéH HA OCHOBE Meopuu
cxooumocmu XopHa, a makxodice ACUMAMOMUYECKUX CE0UCME 2AMMA-QYHKYuU npu OOIbUUX 3HAYEHUSX
apeymenmos. Paccmompenvt 0sadyams cemv paznuunblx KOMOUHAYUL NAPAMEMPOs, U OJisL KadcO020 CIY4asl
VCMAHOBNIEHbL HeoOX00uMble U O00CMAMOYHble YCI08USL AOCOMOMHOU CX00UMOCmMU padd, a makdice
npueedenvl Hexomopwvle uacmuvle cayuau ML.  Tlonyuennvie pesyrbmamvl  OONOJHAIOM  MEOPUIO
oughghepernyuanvhvlx ypasHenuti OpobHO2O0 NOPAOKA U NPEOCMAGIAIOM IPDEKMUSHYIO AHATUMULECKYVIO
OCHOBY 015 UCCTIe008AHUsL 3a0at, GKIIOHAIWUX OpoOHYI0 npou36oonyio [Ipabxakapa.

Knroueswvie cnosa: ¢pynxyus Mummaea-Jlegpprnepa, mpéxnepemenuas gpyukyus, OpooHoe ucyucieHue,
npouzgoouas Ilpabxaxapa, mpoiuHOU cmeneHHou psad, 00AACMb  CXOOUMOCMU, 2aAMMA-QYHKYUS,
cneyuanbHvle yHKYUU.

YANGI UCH O‘ZGARUVCHILI MITTAG -LEFFLER TURIDAGI FUNKSIYANING
YAQINLASHISH XOSSALARI

Annotatsiya. Ushbu maqolada yangi uch o ‘zgaruvchili Mittag-Leffler turidagi funksiyaning asosiy
analitik xossalari o ‘rganilgan. Mos uch karrali darajali qatorning yagqinlashish sohalari aniglangan.
Yaginlashish tahlili Hornning yaginlashish nazariyasi hamda gamma-funksiyaning katta argumentlardagi
asimptotik  xossalaridan foydalanish asosida amalga oshirilgan. Parametrlarning yigirma yettita turli
kombinatsiyasi ko ‘rib chigilgan va har bir holat uchun gatorning mutlaq yaginlashishi uchun zarur va
yetarli shartlar aniglangan, hamda MLning ba’zi xususiy hollari keltirilgan. Olingan natijalar kasr tartibli
differensial tenglamalar nazariyasini boyitadi hamda Prabhakar kasr hosilasini oz ichiga oluvchi
masalalarni tadgiq etishda samarali analitik asosni taqdim etadi.

Kalit so‘zlar: Mittag-Leffler funksiyasi, uch o ‘zgaruvchili funksiya, kasr tartibli hisob, Prabhakar
hosilasi, uch karrali darajali gator, yaginlashish sohasi, gamma-funksiya, maxsus funksiyalar.

Introduction. It should be noted that, numerous studies have investigated special functions of three

variables. For instance, the bivariate and IEE(S) (X, y,z) trivariate Mittag-Leffler (ML)-type functions were

introduced in [1], where their properties were examined and their application to a generalized telegraph
equation involving the regularized Prabhakar derivative was demonstrated. In [2], confluent three-variable
hypergeometric functions and their fundamental properties were explored. Furthermore, several additional

three-variable ML-type functions were proposed in [3] and [4]: ﬁf) (X, Y, Z), |EE§3) (X, Y, Z), IEC(S) (X, Y, Z) ,
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= " (5.0)

I:D (X’ y’ Z) and E(al,ﬂl,yl,é),(az,ﬂz,yz,52),(a3,ﬁ3,73.§3) (X’ Y, Z)’ E(alyﬂlv}llydl),(azvﬁ2172152)'(a31ﬂ3173153) (X’ Y, Z)
(P.QR)

E(al,ﬂl,}/l,ﬁl),(az ,ﬁ2,72152)-(0!3ﬁ3,73y53) (X’ y’ Z)’

the latter being applied to coupled systems of linear constant-coefficient fractional differential

and studied in [5]. Additionally, learn the Els[

]functions with three

X,y _—
and quadrivariate

equations with Caputo derivatives. The three-variable ML-type function Eﬁ,’,’},m(x, Y, Z) was introduced
0531ﬁ2’53;0‘4’54;055'55;:33'56; y

parameters that were covered in [6]. In [71, new trivariate

Ay, P V21033 s Oy s, Os; P, O3 731 075

A, P11 710137261, 655
4E1

Mittag-Leffler-type functions were introduced, and their fundamental analytical properties were
investigated. In particular, their regions of convergence, integral representations, and explicit estimates were
functions to the study of a partial differential equation was demonstrated. In [8], a new trivariate

@y, 0, fh, 0150y, 05,07,
3El

&y, B, 6y, ¢y, Oy X
[O‘l’ﬂl’é‘l;ﬂw?ﬁ’é‘z;
3E13
X;y
Ay, P V306,05, 74: 04303, 055 P, 5 Vs, 67305, 53| T3
studied. Several notable special cases were also obtained. Furthermore, the applicability of the proposed
Oy, 03 Ly, 03304, 04, 04, Us, O 05, O fg, Oy

X; y;Z]Mittag-Lefﬂer-type function was introduced

and a Cauchy problem was solved using this function. In [9], an integral representation of this function was
obtained, while in [10], an estimate for the function was established. However, its region of convergence has
not been investigated. In this paper, we establish the region of convergence of this new trivariate Mittag—
Leffler-type function and present several corresponding cases and particular cases.
New trivariate Mittag-Leffler-type function
Let us, recall a trivariate ML-type function investigated in [8].
Definition 2.1.

Let the assume that, x, y, z, &, 9, 4,0, €R; min{e,,5,, ,0,} >0, (I =15,1=13, n:l,?j

X;Y;Zj=

& T(am+6,j+uk+0,)C(a,m+6,j+0,)
niro D (am+6,j+ wk+0,)T (am+6,j+0,)

.Then the new trivariate ML-type function was defined as follows:
£ a,, 0, [y, 0,50,,0,,0,;
371 . . . . .
Q3,03 ly, 04,04, 0,,0,,05,05, 05, O, [y, Oy,

my,jok
x e . (1)
I(asm+o5)T (6 j+0,)T (mk+o7)
Now, we are going to determine convergence areas of the function (1) by using the Horn method
which used in [11]. The triple series in (1) converges absolutely for |x|< p,, |y|< p, and |z|< p,, if
A, =0,A,=0, A, =0 as described in

p. = min (E,), p, = min (E,), p3=nTir30(E3), nv,&>0

n.v,&>0 n,v,&>0

where A, =a,+a,+a,—a,—a,, A, =0,+0,+0,—0,—0,, Ay =1, + 11, — 14, .

Then, we obtain

s (05377 +0,V + /Jz‘f)a3 (a477 + 54‘/)0‘4 (as )DC5
(e +6v+ &)™ (an+5,v)"

E. =7
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% (0{377 +0,V + /uzé:)a3 (a477 + 54‘/)()4 (55 )é5 _em (a377 +oV+ /lzg)ﬂz (/us)
E2 =V S S, ! ES - g
(0‘177"'51‘/"'/*‘15) ' (0!277+§2V) ‘ (05177"'51‘/"',‘11‘):::)/11
respectively.
Theorem 2.1. Let A, A,, A, be the quantities defined above. Then the series associated with the

trivariate Mittag-Leffler-type function converges absolutely according to the following cases:
Casel.Let A, >0, A, >0,A,; > 0. Making use of equations (3)-(6), we obtain

¢ (v, &)= !I—[E f (vt &t)=0, ¢,(n,v.&)= !I_To f,(mt,vt,ét) =0,
¢, (n,v,&)= !L”Q f,(nt,vt,ét) =0,
Thus p,, p,, p; = o0, and the series converges absolutely for any x,y,z.
Case 2. Let A, =0, A, =0, A,=0. It follows from equations (3), (4), (5), and (6) that
1 1 1
Vs =, WV =—, WV =,
¢1(77 95) E, ¢2(77 5) E, ¢3(77 5) E

3
which yields the parametric form of curve C shown in the (p,, p,,p;) - plane as p, =G, p, =G,

H3

and p, =G,. Hence, absolute convergence of the series is ensured for |x| < p,, |y|< p, and|z| < p,, with
A= I (E). 22 = i (E2) and o = i ()

Case 3. Let A; <0, A, <0 and A, <0. The series diverges for p, = p, = p, =0. Convergence
of the series occurs exclusively at the point X=Y=2=0,

Case 4. Assume that A; =0, A, >0 and A, >0. The series converges uniquely at the point
IX| < o1, |y|< o0 and|z| <oo.

Case 5. Suppose that A, >0, A, =0 and A, =0. The series is convergent solely at the point
|X| < o0, |y|< p,and |z < p;.

Case 6. Let A, >0, A, >0 and A, =0. Thus, the series converges the absolutely in the domain
where |x| <o, |y|<ooand |z| < p;.

Case 7. Let A, >0, A, >0 and A, <0. Thus, the series converges the absolutely in the domain
where |x| <o, |y|<oand z=0.

Case 8. Let A, >0, A, <0 and A, >0. Thus, the series converges the absolutely in the domain
where |x| <o, y=0and |z| <oo.

Case 9. Let A, >0, A, <0 and A, <0. Thus, the series converges absolutely for |x| <o, y=0,
z=0.
Case 10. Let A, >0, A, <0 and A, =0. Thus, the series converges absolutely for |x| <o, y=0,
|| <5 -

Case 11. Let A >0, A,=0 and A,;>0. Thus, the series converges absolutely for
|X| <0, |y|< o, |2 <oo.

Case 12. Let A; >0, A, =0 and A, <0. Thus, the series converges absolutely for
|X| <o, |y|<p,, 2=0.

Case 13. Let A, <0, A, >0 and A, > 0. Thus, the series converges absolutely for x =0, |y| <0,
|z| <o

Case 14. Let A; <0, A, >0 and A, <0. Thus, the series converges absolutely for x =0, |y| <0,
z=0.
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Case 15. Let A; <0, A, >0 and A, =0. Thus, the series converges absolutely for x =0, |y| <,
|| < 5 -
Case 16. Let A, <0, A, <0 and A, >0. Thus, the series converges absolutely for X=0,y =0,

|z| <o

Case 17. Let A, <0, A, <0 and A, =0. Thus, the series converges absolutely for X=0,y =0,
|z| <5 -

Case 18. Let A, <0, A, =0 and A, > 0. Thus, the series converges absolutely for x =0, |y|< p,
) |Z| <00 .

Case 19. Let A; <0, A, =0 and A, <0. Thus, the series converges absolutely for x =0, |y| < p,
y2=0.

Case 20. Let A, <0, A, =0 and A, =0. Thus, the series converges absolutely for x =0, |y|< p,
y 2=0.

Case 21. Let A, =0, A,>0 and A,<O0. Thus, the series converges absolutely for
IX|< o |y| <o, 2=0.

Case 22. Let A, =0, A,>0 and A,=0. Thus, the series converges absolutely for
IX|< o0 Y] <o |z]<ps5-

Case 23. Let A; =0, A, <0 and A, > 0. Thus, the series converges absolutely for |x| < p,, y=0
) |Z| <o0.

Case 24. Let A, =0, A, <0 and A, <0. Thus, the series converges absolutely for |x| < p,, y =0,
z=0.

Case 25. Let A, =0, A, <0 and A; =0. Thus, the series converges absolutely for |x| < p,, y=0,
|z| <5 -

Case 26. Let A =0, A,=0 and A,;>0. Thus, the series converges absolutely for
X< o Y| <P |2 <00

Case 27. Let A =0, A,=0 and A,;<0. Thus, the series converges absolutely for
X <p, |Y|<pp 2=0.

It should be noted that the results for the remaining cases can be derived from these twenty seven
cases.

Proof. Following Horn's approach [11], we determine the convergence region of the trivariate
Mittag-Leffler-type function ,E, (.).To simplify the notation, let the following expression be denoted by

A(m, j,k):
C(am+6,j+ uk+0,)T (a,m+6,j+0,)

A(m, j,k)= - - -
(m. j.k) I(am+6,j+ mk+0,)I (a,m+6,j+0,)T (asm+0,)I () +0, )T (1:k+0;)
,(2)
We introduce the following notations:
) A(m+1, j,k) i A(m, j+1,k) A(m, j,k+1)
f,(m jk)=————--—+=, f,(m jk)=——7-——=, (M, jk)=————F=. (@3
(mJ.k) A(m, j,k) (M. J.k) A(m, j,k) (M. J1k) A(m, j,k) ©

Using the notations, we obtain f (m, j, k), f,(m, j,k) and f,(m, j,k):

£(m, jk)= I(am+6,j+wk+o,+a)T(a,m+6,j+0,+a,) y

I(am+6,j+wk+o,+a;)T(am+6,j+0,+a,)
X L . X
['(asm+o0,+05)T (6 j+06)T(k+0;)
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XF(a3m+53j+/,12k+0'3)F(a4m+§4j+a4)XF(a5m+0'5)F(55j+0'6)F(y3k+a7)
C(am+6,j+uk+0,)T(a,m+8,j+0,) 1

T(am+6,j+uk+o,+a,)T (a,m+8,j+0,+a,)
~ D(am+6,j+uk+o,)C(e,m+6,j+0,)

T(am+8,j+ wk+o0,)T (a,m+6,j+0,)T (asm+oy)
T (aM+3,j+ Kk +0, + o)L (a,m+6,j+0, +a, )T (esm+0, +0at )
similarly, we define

f,(m, j,k)=

I(am+6,j+uk+o,+6,)T (a,m+6,j+0,+6,) y

I(a;Mm+6,j+ Kk +0o,+6,)(a,m+6,j+0,+3,)

X - ! X
[(asm+o0, )T (8 )+0s+ 6 )T (1k+07)
XF(a3m+53j+,u2k+0'3)1“(a4m+§4j+O'4)XF(0{5m+0'5)F(55j+0'6)1“(,u3k+07)

C(am+6,j+uk+0,)T(a,m+8,j+0,) 1

_ F(a1m+51j+ylk+al+5l)l“(a2m+52j+02+52)X

I(am+6,j+uk+0,)T(a,m+6,j+0,)
y I(am+6,j+ mk+0,)T (am+68,j+0,)T(5]j+0;)
I(am+6,j+ mk+0,+38,)T(am+38,j+0,+8,)T(Sj+0,+5)
in the same manner

f,(m, j,k)=

C(am+6,j+uk+o,+ ) (a,m+6,j+0,) y
I(am+8,j+ K +0,+ 1,)T (a,m+6,j+0,)
y 1

['(asm+0, )T (8 j+05 )Tk + 0, + 143)

X

XF(a3m+§3j+y2k+0'3)1“(a4m+§4j+a4)XF(a5m+0'5)F(55j+0'6)F(y3k+07)
C(am+6,j+uk+0,)T(a,m+8,j+0,) 1

I(am+6,j+ k+o,+ 1 )T (a;m+ 6, j + .k + 0, )T (1k +0y)
C(oym+6,j+ k+0,)T(am+68; j+ ok + o0y + 14, )T (1K + 05 + 115) '
Then, we have

f.(nt,vt,ét) =

T (ot + 6yt + puét+o,+ o )T (ant +S,vt+ 0, + )
X

I (gt + vt + pwét+o, )T (ant+S,vt+0,)
T (agnt+ 6t + wét+ o, )T (aynt + St + 0, )T (agnt + o)

X

T (et + vt + pét+ oy + )T (amt + Spt+ o, +a, )T (gt + oy + o)

[ (gt + oyt + wét+o,+6,)T (gt +S,vt+ 0, +6, )

f, (gt vt,t) =
2(77 v f) F(Ollﬂt+51Vt+M§t+01)r(a277t+52‘/t+02)

y I (ant+ St + pét+ 0, )T (et + Syt + 0, )T (St + o)
L (gt + St + w,ét+ 0, + 8T (et + Spt+ 0, +3,)T (St + o5 +35) |

£ (vt &) [ (gt + ot + pét+ oy + )T (agnt + Syt + ,ét+ 0, )T (ét + o)

lV ) = .
3\ I (et + ot + et +0, )T (et + Syt + p,ét + oy + 1, ) T (pEt + 0, + 115)
Using the asymptotic properties of the Gamma function for large arguments given in [4],

C(z+a) 4. (a=pB)(a+p-1) 2 <
m~z {1+ > +0(z )} larg(z)|< 7.,

we obtain
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(am+ 6y + &) (am+6,v)*
(o + 0+ 1,8)* (et +3,v)™ (asn)”

f, (vt &) — e omeas

fl(nt,vt,gt)~Eit‘A1, A=, +o,+a,—a—a,, 4)
1
E =y (an+ 0+ 1,E) " (am+6,v)* (ag)” G - (a3)" ()™ (a5)™
' (e + 6y + 1) (an+5,v)" ' ()" ()"

likewise we define
8 5,

(o +6v+ ,ulf) (an+6,v)
(o + 8y + 1,E)" (an +6,v)™ (6v)

1.
fz(nt,vt,gt)~E—t Y A, =8,+8,+6,-6,-6,, (5)

2

f2 (ﬂt, VL, gt) — 9270705

[

5 (a377+53v+u2§)53 (am+o,y)" (55)55 s (53v)§3 (8,)" (55)'35

E, =v - , )
? (e + 6y + &)™ (an +6,v)” ? (8,)(5,)"

analogously, we define

f3(77t,Vt,é:t)—)t'u1_'uz_'u3 (05177+§1v+,u1§)”1 , f3 (ﬂt,Vt,ét)"'it_As,
(a377+53v+,uz§)”2 (ys(f)”3 E,

Ay =ty + g — 1y, (6)
(0‘377 +0,v + ﬂzé:)#z (:ua )#3 (/’12 )”2 (/13 )y3

E3 - é:ﬂs H ! 63 - M
(0(177+§1V+,ul§) (ﬂl)
Theorem 2.1 is proved.
Now, we present some particular cases of the trivariate ML-type function.

2.1. Particular cases
For a,,a,,a;,0,,0,,0,,0,,0,, 1, 4, >0, 0,=0,=0,=0, =1,

0,0,0,10,0,1; xy;z|=E, . (X)E; . (Y)E, . (2)
31 0,010’1;0’0’1;a5165;55,0-6;ﬂ310-7; ’y’ T Tas,05 05,06 y H3,07 .

For o, 0,,05,0,,0,,0,,05, 14,4, >0, 0, =0,=0,=0, =1,
0,0,0,1,0,0,1,
X;y;z|=E _ (x)ei” E _(z).
3 1(0,0,0,1;0,5411;a5;65;551(76;ﬂ3107; y ] aS’US( ) 541_55(y) #3:‘77( )
For a,,,05,0,,0, >0, 0,=0,=0,=0,=9, =1,

0,9,,14,10,6,1% o, 14,1,6,,1;
B K¥i7 | =B, (E,|
0,8, 14,1,0,1,0,;5,0%;0,1; 145, 0; e O3 1y, 1,045 145, 0;

For a«,,2,,0,,6,,0;,0, >0, 0,=0, =1,

[al,O,,ul,al;0,0,l;
3

y
|
&, 1,0,
xy;z|=E E|
13,0, 1, 05,0,0, 5,25, 043 8, 0,033 J s (Y) 8(

A3, Hys O35 A, O, Mg, O,

y
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Abstract. The nonlocal character of the Caputo time-fractional nonlinear filtration equation, which
accounts for memory effects, complicates the search for an exact solution. In this paper, the equation is
studied through a leading-order self-similar simplification, which reduces it to an ordinary differential
equation admitting an exact solution in terms of the incomplete beta function. The obtained results are
compared with the rigorous theory based on the full Erdélyi—Kober operator, and by demonstrating the
dominance of the neglected term near the free boundary, it is proved that the critical condition and the free-
boundary exponent belong not to the original equation but to the applied approximation itself.

Keywords: Caputo derivative, time-fractional diffusion, nonlinear filtration equation, self-similar
solution, Erdélyi—Kober operator, free boundary, incomplete beta function.

MANBASIZ KAPUTO KASR TARTIBLI NOCHIZIQLI FILTRATSIYA
TENGLAMASINING SIFAT XOSSALARI

Annotatsiya. Xotira effektlarini hisobga oluvchi Kaputo vaqt bo ‘yicha kasr tartibli nochizigli
filtratsiya tenglamasining nolokal xarakteri anig yechim topishni murakkablashtiradi. Magolada tenglama
yetakchi tartibli avtomodel soddalashtirish orqgali tadqiq etilib, to‘lig bo ‘Imagan beta-funksiya orgali aniq
yechiladigan oddiy differensial tenglamaga keltiriladi. Olingan natijalar to ‘lig Erdélyi—Kober operatoriga
asoslangan gat'iy nazariya bilan solishtiriladi va tashlab yuborilgan hadning erkin chegara yaginida ustun
bo ‘lishini ko'rsatish orgali kritik shart hamda erkin chegara ko ‘rsatkichi asl tenglamaga emas, balki
qo ‘llanilgan approksimatsiyaning o ‘ziga tegishli ekanligi isbotlanadi.

Kalit so‘zlar: Kaputo hosilasi, vaqt bo ‘yicha kasr tartibli diffuziya, nochizigli filtratsiya tenglamasi,
avtomodel yechim, Erdélyi—Kober operatori, erkin chegara, to ‘lig bo ‘Imagan beta-funksiya.

KAYECTBEHHBIE CBOI‘/'ICTBAt HEHHHEﬁHOFQ YPABHEHMUSI ®UJIBTPALIUU BE3
HNCTOYHHUKA C JPOBHOU ITPOU3BOJHOU KAITYTO ITIO BPEMEHH

Annomauus. Henoxanohoiil xapaxmep Helunelno2o ypasueHus puibmpayuu ¢ OpooHOU RPOU3600HOU
Kanymo no epemenu, yuumuiearoweii s¢hpexmol namsimu, 3ampyoHnsiem HAX0NHCOeHUe Mo4Ho20 peutenus. B
cmambe ypagHenue UCCIe0yemcss ¢ HOMOWbIO ABMOMOOENIbHO20 YRPOWEHUsL 8edyujeco NopsaoKd, KOmopoe
€c800UM €20 K 0ObIKHOBEHHOMY OuphepenyuanbHoMy ypasHeHuto, OONYCKAloueMy moyHoe peuieHue yepes
Henonuy bema-gynxyuio. Ilonyuennvie pe3yiomamosl cCONOCMABIAIOMCA CO CMPO20L meopuell, OCHOBAHHOU
Ha noanom onepamope Opoetiu—Kobepa, u nymém demoHcmpayuu OOMUHUPOBAHUSL OMOPOUUEHHO20 YleHd
601U3U CB0OOO0HOU 2paHUYbl OOKA3bIBAEMCS, YMO KPUMUYECKoe YClo8ue U NnoKazameib nosedenus 80au3u
CB80O0OHOUL 2pAHUYBI NPUHAODJIEIICAM He UCXOOHOMY YPABHEHUI0, A CAMOU NPUMEHEHHOU aNNpOKCUMAYUL.

Knwouesvie cnoea: npouszsoonas Kanymo, opobuas oupghysus no epemenu, nenuHelnoe ypasHeHue
unompayuu, aemomoodenvhoe peutenue, onepamop Ipoetiu—Kobepa, ceoboouas epanuya, nenonnas bema-

ynxyust.

Introduction. Nonlinear diffusion equations play a central role in modern mathematical physics. A
fundamental example is the porous medium equation

N2y )
ot oOXx OX
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This equation models filtration processes, nonlinear heat conduction, plasma transport and population
dynamics. Its characteristic properties include finite propagation speed and compactly supported self-similar
solutions of Barenblatt—Pattle type [1; 2].

To incorporate memory effects, the classical model has been generalised by replacing the first-order
time derivative with the Caputo fractional derivative:

CD{"u=££u"a—u], O<a<l. (1)

OX OX

The nonlocal character of the Caputo derivative makes the construction and analysis of exact self-
similar solutions substantially more involved.
Literature Review and Problem Statement. We consider the following Cauchy problem:

CD{”u—a(u a—u) xeR, t>0, )
OX OX

u(x,0)=u,(x)=0, xeRR.

Self-similar solutions of time-fractional porous-medium equations have been investigated extensively
through formulations involving the Erdelyi—Kober operator [4-8]. The most comprehensive general result
currently available is due to Gomez-Castro, Plociniczak and Vazquez [9].

The cited result states that, in every spatial dimension and for every admissible nonlinear exponent and
fractional order « € (0,1), there exists a unique finite-mass self-similar profile. In the slow-diffusion
regime considered here, the profile is compactly supported and behaves near the free boundary as

U(z) ~cl—2z)> ', (3)

The cited studies retain the full nonlocal integral formulation. In contrast, the present analysis replaces
the nonlocal term by a leading-order approximation and thereby reduces the profile problem to an ordinary
differential equation. This produces an explicit closed-form relation, but its validity must be assessed
independently because the reduction does not preserve the full nonlocal structure.

The aim of this study is to determine precisely which conclusions of the reduced model are reliable
and to identify the mechanism responsible for its failure near the free boundary.

Research Methodology.

Derivation of the Approximate Ordinary Differential Equation

The methodology combines an analytical self-similar reduction, exact integration of the resulting
ordinary differential equation, asymptotic comparison with rigorous theory and a self-consistency test of the
neglected term. We seek a self-similar solution in the form

| x|

u(x,t) =t f(g), S=F (4)
For fixed X, the similarity variable depends on time according to
X
&0 =

Substitution of the self-similar ansatz into the Caputo derivative yields the following exact integral
expression:

°Dfu=- ra ja $) s £ (£(5)) +&() F(£(9))] ds 5)

Under the leading-order assumptlon that the variation of the profile through the time-dependent
similarity variable is negligible in the central region, we write

“Dru~ () Df[t7] (6)
The action of the Caputo derivative on the power function is then approximated by
ra-
C Dat g _ K t~ f-a K — ( ﬁ)

7
ra-p-a) v

The right-hand side of the nonlinear filtration equation transforms as
Ofye t/’("+3’d(f ') 8)

ox\ ox dé

Balancing the powers of t gives
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-f-a=-p(c+3),
and therefore
(24
= 9
P o+2 ®)

The approximate profile equation is therefore
d of! _ ' _
KH@:az(ff), f0)=M>0, f(0)=0 (10)

This ordinary differential equation is the reduced model analysed below. Its conclusions are valid only
where the leading-order assumption remains self-consistent.

Analysis and Results.

Explicit Solution of the Approximate Ordinary Differential Equation

Set
g(f)=171'(5).
Since
dg dg df
dé df d&’
the profile equation becomes
dg ;
Kf =g o fe.

After integration and use of the condition f'(0) =0, one obtains the following first integral.
Proposition 1. First integral

2K
2 — .I: o+2 M o+2 11
. o+2 ( ) (11)
Because g = f“ f', a decreasing profile must satisfy f'($)<0.For 0< f <M , the quantity
f o+2 M o+2

is negative. Therefore, the right-hand side of equation (11) is nonnegative only if K < 0.

Theorem 1. Internal consistency condition for the approximate ordinary differential equation

A centrally symmetric, decreasing and compactly supported solution of the approximate profile
equation can exist only if K <0.

Since

__Id-p)
T(Q-p-a)
the numerator is positive for the admissible values of £ . The sign of K is therefore determined by
the denominator. The condition K < 0 is equivalent tol— f —«a < 0.

Using
. a
o+2'
we obtain
1-a— <0.
o+
Hence,
o+2
a>a, = (12)
c+3

This restriction is intrinsic only to the approximate ordinary differential equation. For the original
Caputo filtration equation, compactly supported self-similar solutions exist for every « € (0,1) in the slow-
diffusion regime [9].

For a decreasing profile, equation (11) gives
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oer |2AK| o2 o
fof = \/0+2(|v| 2_f 2).

Consequently,
dé o+2 fo

daF 2|K| M2 _fo2

Integration from f to M vyields

&(f)= ,ds (13)

2 | K I M a+2 o‘+2
Introducing the variable

the solution can be expressed in terms of the incomplete beta function:

Tayyor:
M o' o+l 1 f\7"% o+l 1
g(f)_«/z|K|(a+2){B(Lmz’E]_B((MJ ’a+2’EH 1)

B(z;a,b) = jozta’l(l—t)b’l,dt

denotes the incomplete beta function.
The support radius is obtained by setting f =0

Here,

M 2 ( o+l 1)
= Bl y— 15
& LIK[(o+2) To+2'2 (12)
Using the identity
B(La,b) = L@
I'(a+b)

and I'(L/2) = J7 , we obtain

r o+1
M”’Z\/; o+2

= — N (16)
% V2IK](o+2) [ 30+4
2(c+2)
Thus, the approximate profile is positive for 0 < & < &, and vanishes for & 2 &,
Front Asymptotics
Near the free boundary, f (&) tends to zero. From the first integral,
fof'~-C,
where
C 2|K|M(G+2)/2>O.
o+2
Therefore,
fo,df ~-C,d¢.
Integration near £ =&, gives
f<7+l
- C(égo 98)
+

Hence,
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f(&)~C(&-9)"" as &g (17)

The constant ¢ is given by
c=[(c+1C]""™.
Remark 1.

. : . 1
In the classical Barenblatt profile, corresponding to o =1, the free-boundary exponent is —.
o

The rigorous fractional theory [9] gives the exponent
o

1
Both values differ from —1 which is the exponent produced by the approximate ordinary
o+

differential equation.

Thus, the leading-order approximation does not reproduce the correct local behaviour near the free
boundary.

Self-Consistency Check

The approximation used in deriving equation (6) effectively neglects the term involving &f'($)
relative to the term involving f (&) . This requires

cf'(6)
(&)

< 1.

However, the front asymptotics imply

f(&) ~c(& 6",

and hence

F(E) ~ ——— (& - &) ",
o+l
Therefore,
St'@6) . &
f($) o+1&-¢

Theorem 2. Breakdown of the approximation

Near the free boundary, the term discarded in the leading-order reduction becomes infinitely larger
than the retained term. Consequently, the assumption

ST ()=l T(S)]

—-0 as £>& (18)

is violated precisely in the front region.

. . . . . o+2
This loss of self-consistency explains the appearance of the spurious critical value ¢, = 3
o+

and

. 1
the incorrect front exponent ——.
o+1

The approximate ordinary differential equation may describe the central region of the profile, where
the variation of f is relatively weak. It cannot, however, correctly describe the free-boundary layer.

Conclusion and Recommendations

The leading-order self-similar reduction of the Caputo time-fractional nonlinear filtration equation
produces an ordinary differential equation that can be solved explicitly.

. i o+2
The approximate model requires o >

and yields the free-boundary exponent

Neither property belongs to the original Caputo filtration equation. In the slow-diffusion regime,
compactly supported self-similar profiles exist for all « € (0,1), and the correct free-boundary exponent is

according to the rigorous theory [9].
o

Precisely at the free boundary, where the neglected term becomes dominant. The principal
contribution of this paper is therefore not a new existence theorem, but a transparent, computable
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demonstration of how a leading-order simplification can generate artificial restrictions and incorrect
asymptotic exponents. Accordingly, such reductions should be applied only after their domain of validity has
been verified; future work should retain the full Erdélyi—Kober operator, develop matched asymptotic
expansions, or solve the complete nonlocal profile equation numerically.
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UO‘K 517.984
CHIZIQLI OPERATORLAR SPEKTRAL NAZARIYASI ELEMENTLARI

Norqulova Zebiniso Hamza qizi,
Navoiy davlat universiteti tayanch doktoranti
Hikmatova Gulhayo Rashit qizi,
Navoiy davlat universiteti tayanch doktoranti

Annotatsiya. Ushbu maqgolada Banax va Hilbert fazolarida aniglangan chizigli operatorlarning
spektral xossalari tizimli ravishda o ‘rganiladi. Chizigli operator spektri va rezolventasi tushunchalari,
spektrning nugtali, uzluksiz va qoldiq gismlarga ajratilishi, spektral radius hamda uning asosiy xossalari
yoritildi. Chegaralangan operatorlar uchun spektrning yopiq va chegaralangan to ‘plam ekanligi, spektral
radiusning operator normasi bilan bog ‘lanishi asoslandi. Tadqiqot natijalari funksional analiz, differensial
va integral tenglamalar, matematik fizika hamda operatorlar nazariyasidagi spektral masalalarni o ‘rganish
uchun nazariy asos bo ‘lib xizmat qgiladi

Kalit so“zlar: chizigli operator, Banax fazosi, Hilbert fazosi, spektr, rezolventa, xos giymat, xos vektor,
spektral radius

3JEMEHTbBI CHEKTPAJIBHOM TEOPUH JTUHENHBIX OIIEPATOPOB

Annomauyusa. B cmamve cucmemamuyecku UCCieOyiOmcs CHeKmpanbhvle CE0UCMEd JUHENUHbIX
onepamopos, 3a0aHHblX 8 OAHAXO08LIX U 2UNLOEPMOBLIX npocmpancmeax. Paccmampueaiomes nousamus
CNeKmpa U pe30Jb8eHMbl TUHEUHO20 ONepamopa, AHATUSUPYEMCs PA3I0JICeHUe CReKmpd HA MOYEUHYIO,
HeNpepuleHyIo U OCMAMOYHYIO YACMU, a4 MAKHCe UCCAEOYIOMCS OCHOBHblEe CBOUCMBA CHEeKMPATbHO20
paouyca. Mamemamuuecku 060CHOBbIBATOMCS 3AMKHYMOCHb U OZPAHUYEHHOCHb CREKMPA 02PAHUYEHHO20
JIUHELIHO020 0nepamopa, a Makdice 63auMoCesa3b CHEKMPAIbHO20 paouyca ¢ Hopmotl onepamopa. Ilonyuennule
pe3yibmamul  MO2Ym  CIYIHCUMb MEOPEeMmUu4eckoll OCHOBOU Osl UCCIe008aHUS CNEKMPAIbHbIX 3a0ad,
BO3HUKAIOWUX 6 (DYHKYUOHANLHOM aHanuze, meopuu Ou@d@epenyuanvivlx u UHmMezpalbHulX YPagHeHUl,
mMamemamu4ecKkou gu3suke u meopuu Onepamopos.

Knioueswie cnoea: numneliinwii onepamop, 6aHaxo80 nNpocmpancmeo, 2uibOepmoso npocmpancmeo,
CHeKmp onepamopa, pe3onbeenma, coOCmeenHoe sSHayeHue, COOCMEEHHbIL BeKMOp, CNeKMPATbHbLI PAoUyc,
02PAHUYEHHBIN  ONepamop, KOMNAKMHbIL ONepamop, CAMOCORPSANCEHHBIN ONepamop, CHeKMpAalbHOe
pasnooicenue.

ELEMENTS OF THE SPECTRAL THEORY OF LINEAR OPERATORS

Abstract. This paper systematically investigates the spectral properties of linear operators defined on
Banach and Hilbert spaces. The concepts of the spectrum and resolvent of a linear operator are considered,
and the decomposition of the spectrum into point, continuous, and residual parts is analyzed. The main
properties of the spectral radius are also examined. The closedness and boundedness of the spectrum of a
bounded linear operator, as well as the relationship between the spectral radius and the operator norm, are
mathematically justified. The obtained results may serve as a theoretical basis for studying spectral
problems arising in functional analysis, the theory of differential and integral equations, mathematical
physics, and operator theory.

Keywords: linear operator, Banach space, Hilbert space, operator spectrum, resolvent, eigenvalue,
eigenvector, spectral radius, bounded operator, compact operator, self-adjoint operator, spectral
decomposition.

Kirish. Zamonaviy funksional analizning muhim yo*‘nalishlaridan biri chizigli operatorlarning spektral
nazariyasini o‘rganishdan iborat. Chiziqli operatorning spektri uning algebraik xossalarini emas, balki
operatorning fazodagi ta’sirini ham tavsiflovchi fundamental matematik obyekt hisoblanadi. Chekli
o‘lchamli fazolarda spektr tushunchasi asosan matritsaning xos qiymatlari bilan bog‘liq bo‘lsa, cheksiz
o‘Ichamli fazolarga o‘tilganda spektr tarkibi ancha murakkablashadi. Bunda xos gqiymat mavjud bo‘lmagan
holda ham operatorning teskarisi mavjud bo‘lmasligi mumkin. Chekli o‘lchamli fazoda A—Al operatorining
teskarisi mavjud emasligi A ning xos qiymat ekanligini anglatadi. Cheksiz o‘lchamli Banax yoki Hilbert
fazolarida esa A—Al operatori bir qiymatli va to‘la aniqlangan teskari operatorga ega bo‘lmasligining bir

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 119



MATHEMATICS

nechta sabablari mavjud. Shu sababli spektr tushunchasi xos qgiymatlar to‘plamidan kengroq tushuncha
sifatida garaladi.

Spektral nazariya funksional analizning nazariy bo‘limi bo‘lishi bilan birga, differensial tenglamalar,
integral tenglamalar, matematik fizika va kvant mexanikasidagi ko‘plab masalalarning matematik asosini
tashkil etadi. Xususan, matematik fizikada kuzatiladigan ko‘plab modellar Hilbert fazosidagi operatorlar
yordamida ifodalanadi. Shu sababli operatorning spektrini aniglash masalasi tegishli matematik modelning
sifat xususiyatlarini o‘rganishda muhim ahamiyatga ega. Spektral xossalar operatorning teskari masalalarida,
bargarorlik tahlilida, differensial tenglamalar yechimlarining sifat jihatlarida va kvant mexanikasining
matematik modelida markaziy rol o‘ynaydi. Masalan, Hilbert fazosida o‘ziga qo‘shma operatorlar
spektrining haqiqiy sonlardan iborat bo‘lishi operator orqali ifodalanadigan kattaliklarning fizik mazmuni
bilan uyg‘unlashadi. Yoki kompakt operatorlar uchun spektrning diskretlashuvi integral tenglamalarning
klassik nazariyasida hal giluvchi ahamiyat kasb etadi.

Adabiyotlar tahlili va metodologiya. So‘nggi yillarda chizigli operatorlarning spektral nazariyasi
klassik spektr, rezolventa va xos giymatlar masalalaridan tashgari, spektral bargarorlik, psevdospektr,
spektral yaginlashuv, kompakt rezolventali operatorlar va spektrni hisoblashning konstruktiv usullarini
gamrab olgan holda rivojlanmogda. Zamonaviy tadgigotlarda operator spektrini fagat aniglash emas, balki
operatorga kiritilgan kichik o‘zgarishlarning spektrga ta’sirini miqdoriy baholash masalasi ham muhim
yo‘nalish sifatida qaralmoqda.

Colbrookning tadgiqotida Hilbert fazolaridagi chizigli operatorlar spektrining geometrik
xususiyatlarini hisoblash masalasi o‘rganilgan. Muallif spektrni oddiy sonlar to‘plami sifatida aniqlash bilan
cheklanmay, spektral radius, spektral bo‘shliglar, psevdospektral xususiyatlar, spektral sig‘im va fraktal
o‘lcham kabi geometrik ko‘rsatkichlarni hisoblash muammosini ilgari suradi. Tadgiqgotda spektral
masalalarni hisoblashning murakkabligi ham tahlil gilinib, cheksiz o‘lchamli operatorlar uchun klassik chekli
o‘lchamli yaqginlashuvlarning yetarli bo‘lmasligi ko‘rsatiladi.

Jabtonski, Jung, Kubrusly va Stochel tomonidan 2024-yilda olib borilgan tadgiqotda Hilbert
fazosidagi operatorlar darajalari ketma-ketligining yaqinlashuvi va barqarorligi o‘rganilgan. Mualliflar
kuchsiz, kuchli va operator normasi topologiyalaridagi yaginlashuvlarni taggoslaydi. Mazkur natijalar
operatorning iteratsion xususiyatlari bilan uning spektral tuzilishi o‘rtasidagi munosabatni yanada chuqurroq
o‘rganish zarurligini ko‘rsatadi.

Gilning 2024-yildagi tadgiqotida Hilbert fazosidagi chegaralangan chizigli operatorlarning xos
giymatlari perturbatsiyasi masalasi garalgan. Xususan, operator bilan uning o°‘z-o‘ziga qo‘shma qismi
orasidagi farg Schatten—von Neumann sinfiga tegishli bo‘lgan holatda xos qiymatlar o‘zgarishining miqdoriy
baholari olingan. Tadgigot Kato va Weyl tipidagi klassik natijalarni zamonaviy perturbatsion yondashuvlar
bilan bog‘laydi.

Bisterzo va Siclari 2025-yilda kompakt rezolventali operatorlar uchun spektral bargarorlikning
miqdoriy masalasini tadqiq qilgan. Ishda operatorlar oilasi parametr o‘zgarganda x0s giymatlarning ganday
o‘zgarishi, xususan, xos qiymatlar variatsiyasining asimptotik xatti-harakati o‘rganilgan. Natijalar turli
elliptik masalalar, Riman metrikalarining o‘zgarishi va Fourier-multiplikatorlar oilasiga tatbiq etilgan.
Mazkur tadgiqot spektral nazariyaning zamonaviy bosgichida spektrni aniglashdan tashgari, uning
perturbatsiya ostidagi barqarorligini miqdoriy ifodalash muhim ekanligini ko‘rsatadi.

Shakhmurovning 2023-yildagi tadgiqotida Banax fazolaridagi differensial operatorlarning spektral
xossalari, xususan, Schatten sinfiga mansub operatorlar uchun ildiz elementlarning to‘ligligi o‘rganilgan.
Tadqgiqot natijalari o‘z-o‘ziga qo‘shma bo‘lmagan differensial operatorlarning spektral tuzilishini tahlil
gilishga imkon beradi va spektral nazariyaning differensial tenglamalar bilan uzviy bog‘liqligini ko‘rsatadi

2026-yilda Shameem va Deepesh tomonidan taklif gilingan natijada silliq Banax fazolarida duality
mapping orqali o‘z-o‘ziga qo‘shma deb qaraladigan kompakt operatorlar uchun spektral tasvirlash
teoremasining analogi olingan. Mualliflar bu natijani Hilbert fazosidagi klassik kompakt o0‘z-o‘ziga qo‘shma
operatorlar uchun spektral teoremaning tabiiy umumlashmasi sifatida talgin  giladilar.

Natija. Chizigli operatorlarning spektral nazariyasini o‘rganishda avvalo operator aniglangan fazoning
xususiyatlarini hisobga olish muhimdir. Spektral nazariyaning asosiy natijalari, odatda, Banax va Hilbert
fazolarida aniglangan chegaralangan chizigli operatorlarga nisbatan garaladi. Ushbu fazolarning to‘lalik
xossasi operatorlarning limit jarayonlari, teskari operatorlarning mavjudligi va spektral xususiyatlarini tadqig
etishda muhim nazariy asos bo‘lib xizmat qiladi.

X chiziqli normallangan fazo bo‘lsin. Agar X fazo normaga nisbatan to‘liq bo‘lsa, u Banax fazosi deb
ataladi. Ya’ni, X fazodagi har ganday fundamental ketma-ketlik shu fazoning biror elementiga yaginlashsa,
X Banax fazosi hisoblanadi. Banax fazolari funksional analizning asosiy obyektlaridan biri bo‘lib, ko‘plab
differensial va integral tenglamalar yechimlarini o‘rganishda tabiiy matematik muhit sifatida qaraladi.
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Hilbert fazosi esa skalyar ko‘paytma bilan jihozlangan va shu skalyar ko‘paytma orqali hosil gilingan
normaga nisbatan to‘liq bo‘lgan chizigli fazodir. Agar H Hilbert fazosi bo‘lsa, unda x,y€eH elementlar uchun

(xy)

skalyar ko‘paytma aniqlangan bo‘lib, unga mos norma

IX]I=V(xx)

ko‘rinishida aniglanadi. Hilbert fazolarining muhim afzalligi shundaki, ularda ortogonallik, proyeksiya
va qo‘shma operator tushunchalari mavjud bo‘lib, bu spektral nazariyani yanada chuqurroq o‘rganish
imkonini beradi.

Tadgiqgot natijasida Banax va Hilbert fazolarida aniglangan chizigli operatorlarning spektral xossalari
yagona nazariy tizim sifatida umumlashtirildi. O‘rganishlar shuni ko‘rsatdiki, cheksiz o‘lchamli fazolarda
spektr tushunchasi oddiy xos qiymatlar to‘plamidan kengroq bo‘lib, operatorning teskari mavjudligi,
rezolventasi va fazodagi ta’siri bilan uzviy bog‘liqdir.

Birinchi natija sifatida chegaralangan chiziqli operator spektrining yopiq va chegaralangan to‘plamdan
iborat ekanligi asoslandi. Neumann gatori yordamida spektr operator normasi bilan baholanishi ko‘rsatildi.
Bu esa operatorning spektral xossalarini oldindan tahlil gilish va murakkab masalalarda spektrning
joylashish sohasini aniglash imkonini beradi.

Ikkinchi muhim natija spektral radius tushunchasi bilan bog‘liq bo‘lib, u operatorning uzogq davom
etuvchi ta’sirini tavsiflovchi asosiy ko‘rsatkich ekanligi aniqlandi. Spektral radiusning operator darajalari
normasi orqgali ifodalanishi operatorning asimptotik Xxatti-harakatini o‘rganish uchun qulay vosita
hisoblanadi. Mazkur natija iteratsion jarayonlar, differensial tenglamalar va bargarorlik masalalarida muhim
ahamiyat kasb etadi.

Hilbert fazosidagi o‘z-0°‘ziga qo‘shma operatorlar uchun spektrning haqiqiy sonlardan tashkil topishi
isbotlandi. Bu xususiyat matematik fizika va kvant mexanikasidagi ko‘plab modellarni tadqiq etishda muhim
nazariy asos bo‘lib xizmat qiladi. Shuningdek, kompakt operatorlar uchun nolga teng bo‘lmagan barcha
spektral nuqtalarning xos giymatlardan iborat bo‘lishi ko‘rsatildi. Natijada cheksiz o‘lchamli masalalarni
chekli o‘lchamli modellar yordamida yaqinlashtirib o‘rganish imkoniyati paydo bo‘ladi.

Nazariy natijalarni tasdiglash magsadida integral operator misoli garaldi. Tadgigot natijasida ushbu
operatorning spektri aniglandi va uning spektral tuzilishi kompakt operatorlar hagidagi nazariy xulosalarga
mos kelishi ko‘rsatildi. Bu esa spektral nazariya nafaqat abstrakt matematik tushuncha, balki integral va
differensial tenglamalar, matematik fizika hamda amaliy modellashtirish masalalarida ham samarali
qo‘llanilishini tasdiglaydi.

Muhokama. Olingan natijalar chizigli operatorlarning spektral nazariyasi cheksiz o‘lchamli fazolarda
yuzaga keladigan murakkab masalalarni tahlil qilishda muhim matematik apparat ekanligini ko‘rsatdi. Chekli
o‘lchamli fazolarda spektr asosan xos giymatlar orgali tavsiflansa, Banax va Hilbert fazolarida operatorning
teskari mavjudligi, rezolventa va spektrning tuzilishini birgalikda hisobga olish zarur bo‘ladi. Shu jihatdan
spektral nazariya klassik chiziqli algebra g‘oyalarining tabiiy umumlashmasi sifatida namoyon bo‘ladi.

Spektral radius va operator normasi o‘rtasidagi bog‘liglik operatorlarning barqarorligini baholash
imkonini beradi. Aynigsa, operator darajalari ketma-ketligining xatti-harakatini tahlil gilishda spektral radius
muhim rol o‘ynaydi. Bu natijalar sonli usullar, iteratsion algoritmlar va funksional modellarni o‘rganishda
amaliy ahamiyatga ega. O‘z-0°‘ziga qo‘shma operatorlar uchun spektrning haqiqiy sonlardan iborat bo‘lishi
matematik fizika va kvant mexanikasi masalalarida muhim o‘rin tutadi. Kompakt operatorlarning diskret
spektrga ega bo‘lishi esa integral tenglamalarni yechishda samarali matematik vosita hisoblanadi. Cheksiz
o‘lchamli fazolarda operator spektrini fagat xos giymatlar to‘plami sifatida qarash yetarli emas. Bunday
fazolarda A—AI operatorining teskari operatorga ega bo‘lmasligi turli sabablar bilan bog‘liq bo‘lishi mumkin.
Shu sababli spektrning nugtali, uzluksiz va qoldig gqismlarga ajratilishi operatorning funksional
xususiyatlarini chuqurroq tavsiflash imkonini beradi.

Tadgiqot natijalarining muhim jihatlaridan biri chegaralangan chizigli operator spektrining operator
normasi bilan bog‘ligligini asoslashdan iboratdir. Olingan natijalarga ko‘ra, operator spektrining kompleks
tekislikdagi joylashuvi operator normasi yordamida baholanishi mumkin. Bu xulosa spektral masalalarni
o‘rganishda dastlabki sifat tahlilini amalga oshirish uchun muhimdir. Xususan, spektral radiusning operator
darajalari normasi bilan bog‘ligligi operatorning iteratsion jarayonlardagi uzoq muddatli xatti-harakatini
baholash imkonini beradi

Integral operator misolida olingan natijalar nazariy xulosalarning amaliy tasdig‘i bo‘lib xizmat qildi.
Operator spektrining aniq hisoblanishi spektral nazariyaning konkret masalalarda qo‘llanilish imkoniyatlarini
namoyon etdi. Bu esa spektral metodlarning differensial tenglamalar, matematik fizika, signal va
ma’lumotlarni qayta ishlash hamda zamonaviy hisoblash matematikasidagi ahamiyatini yanada oshiradi.
Shunday qilib, tadgiqot natijalari chizigli operatorlar spektral nazariyasining nafagat nazariy, balki amaliy
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masalalarni yechishda ham muhim metodologik asos ekanligini ko‘rsatdi.  Integral operator misolida olib
borilgan tahlil nazariy xulosalarning konkret matematik masalalarda qo‘llanilishini ko‘rsatdi. Integral
operatorning kompaktligi va uning nolga teng bo‘lmagan spektral nuqtalarining xos qiymatlar bilan
bog‘ligligi abstrakt spektral tushunchalarni amaliy masalalar bilan bog‘lash imkonini berdi. Bu holat spektral
nazariyaning fagat nazariy funksional analiz doirasida emas, balki integral va differensial tenglamalar,
matematik modellashtirish hamda sonli usullarda ham muhim ahamiyatga ega ekanligini tasdiglaydi.

Tadgigotning muhim jihati shundan iboratki, spektr, rezolventa, spektral radius, o‘z-o°ziga qo‘shma va
kompakt operatorlarning xususiyatlari alohida tushunchalar sifatida emas, balki yagona spektral tizimning
o‘zaro bog‘liq elementlari sifatida qaraldi. Bunday yondashuv chiziqli operatorlarning spektral nazariyasini
kompleks tarzda tushunish imkonini beradi. Shu bilan birga, tadgigotning ayrim chegaralari ham mavjud.
Ishda asosan chegaralangan chiziqli operatorlarning spektral xossalari ko‘rib chiqildi. Chegaralanmagan
operatorlar, kompakt rezolventali differensial operatorlar, psevdospektr va spektral perturbatsiya masalalari
tadqiqot doirasidan tashqarida qoldi. Ushbu yo‘nalishlar kelgusidagi tadqgiqotlarda operatorlar spektrining
yanada murakkab xususiyatlarini o‘rganish uchun istigbolli yo‘nalish hisoblanadi. Umuman olganda, olingan
natijalar chiziqli operatorlarning spektral nazariyasi cheksiz o‘lchamli fazolardagi murakkab matematik
masalalarni o‘rganishda fundamental vosita ekanligini ko‘rsatadi. Tadqiqot natijalari spektral masalalarni
nazariy jihatdan umumlashtirish bilan bir gatorda, kelgusida operatorlarning spektral barqarorligi,
perturbatsion xususiyatlari va differensial hamda integral operatorlarning spektrini chuqurroq tadgiq etish
uchun metodologik asos bo‘lib xizmat qilishi mumkin

Xulosa. Chizigli operatorlarning spektral nazariyasi Banax va Hilbert fazolaridagi operatorlarning
fundamental xususiyatlarini o‘rganish imkonini beruvchi muhim matematik apparat hisoblanadi. Tadqgiqot
davomida spektr, rezolventa, spektral radius, o‘z-o‘ziga qo‘shma va kompakt operatorlar tushunchalari
o‘zaro bog‘liq holda tahlil qilindi. Spektral radiusning operator darajalari normasi orqali ifodalanishi
operatorning spektral xususiyatlarini aniglash uchun samarali vosita ekanligi ko‘rsatildi. Hilbert fazosidagi
0‘z-0‘ziga qo‘shma operatorlar uchun spektrning haqigiy sonlardan tashkil topishi, kompakt operatorlar
uchun esa nolga teng bo‘lmagan spektral nuqtalarning xos qiymatlardan iborat bo‘lishi aniqlandi. Integral
operator misolida nazariy natijalar konkret hisoblashlar orgali tasdiglandi. Olingan natijalar chizigli
operatorlarning spektral xossalarini o‘rganishda nazariy va amaliy jihatdan muhim ahamiyatga ega.

Kelgusidagi tadgiqgotlarda chegaralanmagan chizigli operatorlarning spektral xossalarini, kompakt
rezolventali operatorlarni, spektral proyeksiyalar va funksional hisoblash usullarini, shuningdek, operatorlar
spektrining perturbatsiya va psevdospektr sharoitidagi bargarorligini chuqurrog tadgig etish magsadga
muvofiqdir. Shu yo‘nalishdagi izlanishlar spektral nazariyaning zamonaviy matematikadagi nazariy va
amaliy imkoniyatlarini yanada kengaytirishga xizmat giladi.

ADABIYOTLAR:

1.Colbrook M.J. Computing spectral properties of differential operators // Foundations of
Computational Mathematics. — 2023. — Vol. 23. — P. 1-64. DOI: 10.1007/s10208-022-09598-0.

2. Jabtonski Z.J., Jung LH., Kubrusly C.S., Stochel J. Power convergence of operators on Hilbert
spaces // Banach Journal of Mathematical Analysis. — 2024. — Vol. 18. — Article 49. DOI: 10.1007/s43037-
024-00371-9.

3.Gil M.I. Eigenvalue perturbation bounds for linear operators in Hilbert spaces // Czechoslovak
Mathematical Journal. — 2024. DOI: 10.21136/CMJ.2024.0468-23.

4.Bisterzo G., Siclari G. Quantitative spectral stability for operators with compact resolvent //
Calculus of Variations and Partial Differential Equations. — 2025. — Vol. 64. DOI: 10.1007/s00526-025-
03020-7.

5.Discrete spectrum and compactness of the resolvent for non-sectorial Schrodinger operators //
Journal of Functional Analysis. — 2024. — Vol. 287. DOI: 10.1016/j.jfa.2024.110512.

6.Shakhmurov V.B. Spectral properties of differential operators in Banach spaces // Applicable
Analysis and Discrete Mathematics. — 2023.

7.Shameem M., Deepesh K.P. Spectral theorem for compact self-adjoint operators on smooth Banach
spaces. — 2026. arXiv:2608.06873.

8.Kudaybergenov K.K., Arziev A.A., Orinbaev B. Spectral theorem for self-adjoint partial integral
operators. — 2025. arXiv:2505.14837.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 122



MATHEMATICS

UDC 581.14

INVERSE PROBLEM FOR FRACTIONAL DIFFERENTIAL EQUATIONS WITH
INTEGRAL CONDITIONS

Abdiraimova Shoxista Toji qgizi,
Teacher at Secondary School Ne 13,
Karshi District, Kashkadarya Region,
Republic of Uzbekistan
abdiraimovashoxistal@gmail.com

Abstract. This paper investigates the classical solvability of an inverse boundary value problem for a
time-fractional parabolic equation involving the Caputo derivative. The temperature distribution and the
unknown time-dependent lowest-order coefficient are simultaneously determined using nonlocal integral
conditions and periodic boundary conditions. By applying the separation of variables method via a
biorthogonal system of eigenfunctions and sharp estimates of generalized Mittag-Leffler functions, the
existence and uniqueness of the classical solution in Banach spaces are established.

Key words: time-fractional parabolic equation, Caputo derivative, inverse boundary value problem,
nonlocal conditions, biorthogonal system, Riesz basis, Mittag-Leffler function, Banach contraction mapping
principle.

INTEGRAL SHARTLI KASR TARTIBLI TENGLAMA UCHUN TESKARI MASALA

Annotatsiya. Ushbu maqolada Kaputo hosilali vaqt bo ‘yicha kasr tartibli parabolik tenglama uchun
teskari chegaraviy masalaning klassik yechilishi o'rganiladi. Nofokal integral va davriy chegaraviy shartlar
yordamida harorat tagsimoti hamda vaqtga bog‘liq bo ‘Imag‘in noma’lum quyi koeffitsiyent bir vaqtning
o zida aniglanadi. O ‘zgaruvchilarni ajratish usuli va xususiy funksiyalarning biorthogonal sistemasi
yordamida Banax fazosida klassik yechimning mavjudligi va yagonaligi isbotlangan.

Kalit so“zlar:. kasr tartibli parabolik tenglama, Kaputo hosilasi, teskari chegaraviy masala, nofokal
shartlar, biorthogonal sistema, Riss bazisi, Mittag-Leffler funksiyasi, gisgarib boruvchi akslantirishlar
prinsipi.

OBPATHASA 3AJAYA JJIS1 YPABHEHUS TIPOBHOI'O ITOPAJIKA C
HUHTEI'PAJIBHBIMMU YCJIOBUSIMUA

Annomayua. B oannoii cmamve ucciedyemcs KiAcCuyeckds paspeuiumocmsv 0Opamuol Kpaegou
3a0ayu 01 napaboIuyecko2o ypasHenus OpoOHO20 NO 6peMeHu nopadka ¢ npou3eooHol Kanymo.
Oonospemenno onpedensilomcs pacnpeoenieHue meMnepamypsvl U Heu3seCmubwlll Kodppuyuenm npu
Maaouiem ieHe, 3a8UcUll Om epemeHu, ¢ UCHOIb30BAHUEM HENOKANbHBIX UHMESPANbHBIX U NePUOOUUECKUX
kpaesvix ycnoguii. C nomowwlo memooa pasoeieHus NepemMeHHblX uepe3 OUOPMO2OHANLHYIO CUCTEMY
cobCMBeHNbIX  (QYHKYUL O00KA3aHbl CYWecmeoganue U eOUHCMBEHHOCMb KIACCUYECK020 peuleHus 8
npocmpancmee banaxa.

Kntroueswle cnosa: napabonuueckoe ypasnerue 0pooHo2o nopsioxa, npouzeoonas Kanymo, oopamnas
Kpaeeas 3aoauda, HelOoKalbHble YCI08Us, OUOPMO2OHANbHAA cucmema, 6azuc Pucca, ¢ynxyus Mummae-
Jlegprepa, npunyun cocumarouux omoopaiceHui.

Introduction. Let 0 < 7" < +oc be a fixed moment of time and D, be a rectangular domain defined

by the inequalities 0 <z <1 and 0 <t <T. We consider the problem of finding a pair of functions
{u(z,t),a(t)} satisfying the following time-fractional parabolic equation:

“Diu(z,t) = u,,(2,t) + atu(zt) + f(zt), 0<a<l, . (1)
The nonlocal initial condition has the following form:
u(z,0) + du(z, T) + fOTp(t)u(x, t)ydt = p(z), 0<z<1. 2)
The boundary conditions are periodic:
u(0,t) = Bu(l,t), 0<t<T. (3)
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The nonlocal integral condition is:

1
j;u(x, Hdz =0, 0<t<T, )
and the overdetermination condition for determining the inverse problem is as follows:
u(z,,t) = h(t), =z, €(0,1). (5)

Here T' > 0,8,6 > 0 are given numbers, and p(¢), ¢(z), h(t), f(z,t) are given positive functions.

“Du(z,t) is the Caputo fractional derivative of u(x,t) with respect to time, defined as follows:
© D ) = —— [ ul,7) _dr__
Frl—a)Jo or (t—71)°
The symbol T°(") in the last equation denotes the Euler gamma function.
Definition 1 A pair of functions {u(z,t),a(t)} is called a solution to problem (1)—(5) if:

1. the function w(z,t) and its derivatives “ Du(z,t) and u_(z,t) are continuous in the domain D,
2. the time-dependent function a(¢) is continuous on the interval [0,7'];
3. the pair of functions {u(z,t),a(t)} satisfies equation (1) and conditions (2)—(5).
Then the following theorem holds.
Theorem 1 Assume that 6 > 0, p(t) € C[0,T], f(z,t) € O(Dr), o(z) € C[0,1], and
“D’h(t) € C[0,T]. Let the following equality hold for 0 <t < T':

folf(z, t)dr =0,

and let a(t) = 0 for 0 <t < T'. Furthermore, let the following compatibility conditions be satisfied:
[ etayiz =0, (6)
0

WO) + () + [ p(h(t)it = o(z,). (7)

Then the problem of finding a classical solution to problem (1)—(5) is equivalent to the problem of
determining functions wu(z,t) and a(¢) satisfying equation (1), conditions (2)—(3), and the following
relations (the case = +1 is studied):

u (0,8) =u,(1,t), 0<t<T, (8)

“DI(t) =, (2,st) + alO(D) + flz,pt). O<LET. ©)

Proof. Let the pair of functions {u(z,¢),a(t)} be a classical solution of problem (1)—(5). Integrating
equation (1) with respect to the variable = from 0 to 1, we obtain:

D [ a0 =, (1,6) =, (0,0) +at) [ ulw, e + [ f )iz (10)
Taking into account equality (6), we obtain equality (8). Evaluating equation (1) at the point z = z,,
we obtain:
“Dru(z,,t) =u_(z,,t) +alt)u(z,,t) + f(z,,t), 0<t<T. (11)
Since “ D;"h(t) € C[0, T, using condition (5) we obtain the relation:
“Du(z,,t) =" Dh(t). (12)
As a result, using relations (5) and (12), we obtain (9). Now assume that the pair of functions
{u(z,t),a(t)} is a solution to problem (1)—(3), (8), (9). Then, taking into account conditions (3) and (8),
from relation (10) we have:
CD”f]u(x t)ds = a(t)flu(z t)de, 0<t<T (13)
tJo 0o ’ - =

From condition (2), it is easy to see that:
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j;lu(x, 0)dx + 6f01u(x, T)dx + j;lfoTp(t)u(:v, t)dtdr = j;lgo(x)dx = 0. (14)

Since problem (13) and (14) has only the trivial solution, it follows that:
flu(:c,t)d:l: =0, 0<t<T,
0

which means condition (4) is satisfied.
Next, from relations (9) and (11) we find:

D (u(z,,t) — h(t)) = a(t)(w(z,,t) — h(t)), 0<t<T. (15)
According to condition (2) and compatibility condition (7), we obtain:
u(z,,0) — h(0) = o(z,) — h(0) = 0. (16)

From relation (15), taking into account equality (16), it becomes evident that condition (5) is also
satisfied.
Auxiliary Spectral Problem

Now, to investigate problems (1)—(3) and (8), we present some known facts. Consider the following
spectral problem:

X'(2)+AXX(z)=0, 0<z<l, (17)
X(0)=p6X(1), X(0)=X(1), B=+1.  (18)
Problem (17)—(18) is not self-adjoint, and the adjoint problem to this problem is as follows:
Y'(z)+AY(z) =0, 0<z<I1,
(19) Y(0)=Y(1), Y(1)=pY(0). (20)

According to the literature [1], we denote the system of eigenfunctions and associated functions of
problem (19)—(20) in the following form:

X,(r)=ar+0b, X, ()= (ax+Db)coshz, X, (r)=sin)um, (21)
Y(r)=2, Y, (v)=4cosAz, Y, (z)=4(1-b—azx)sin)z. (22)
Here
A =2kt (k=1,2,.), a:ﬂxo, R (23)
1+0 1+0
It not difficult to wverify the fulfillment of the biorthogonality conditions:

fX d:c—é

Theorem 1.1. The system of functions (21)—(22) forms a Riesz basis in the space L,(0,1), and for any
function +(z) € L,(0,1), the following estimates hold:

rll@ <D0 < RIV@IE ,, - (24)
k=0
where

0, = @), Y, @) = [P@Y, @z (h=0,1,..),

When the appropriate conditions are satisfied we establish the validity of the following estimates:

[z()‘% 2% 1 ) < 2\/_ 2| ¢2Z ” ,(0.1)° (25)
[; )\2Z ) < 2\/_ 2 || ¥ (2)(1 = b — azx) — 2aiy™ " (z) HL2<0,1> ) (26)

Furthermore, under certain conditions:
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1

[EW | <2, @)
k=1

1
00 A21+1 2 <2'\/> 27+1 1—b— _ 2 1 2
>N ,) 2 | o @)~ a(2i + 1) (@) |, (28)
k=1

Existence and Uniqueness of the Solution to the Inverse Problem
Since relation (21) forms a Riesz basis in the space L,(0,1) and relations (21)-(22) form a

biorthogonal system of functions, we seek the function u(z,¢) of problem (1)—(3), (8)—(9) in the following
form:

u(z,t) = Zuk ()X, (z), (29)
where )
uk(t):fol (@)Y ()dz  (k=0,1,2,..). (30)

Then, applying the method of separation of variables, from relations (1) and (2) we obtain the
following:

CD“u () = F(t,u,a),

(31) CDt Uy, l()4—)\2 u, (t)=F, (tua) (k=1,2,..0<t<T), (32)
CDL“ u,, (t) + Nuy, (t) = E, (t,u,a) — 2a\ u,, (1), (33)
0) + ou, (T —l—f p(t = ¢,.(34)

Solving problem (31)—(34), we arrive at the following results:
u,(t) = +—f (t—7)""F (1,u,a)dr, (35)
U2k71(t) QL 1< u )\2 “ +f ([ lE « AIqZ(t _T)(')F;kfl(’]—7 u’ a)dT’ (36)
0y, (1) = 1w, (O)F, (—X4") + [t = 7)™ B, (-N(t = 7)") (B, (7, w,0) — 20\, (DldT. (37)
u,, (1) = u, (0)E,_(=N\t") + f Y B, (<At —7)")E, (T, u,a) — 2a\u,, (T)ldT.  (38)

Here, E (2) = Eml( z),and E _(z) isthe generallzed two-parameter Mittag-Leffler function defined
by the series

o0 m

E (=S —2 a>0 R,z € C).
(%) ;F(awﬁ), (@>0,8€Rz€eC)

Using the nonlocal integral condition (34), we determine the unknown initial value coefficients. Using
the nonlocal integral condition (34), we determine the unknown initial value coefficients. Substituting
solutions (35), (36), and (37) into condition (34), we find respectively:

1 1) T o1 1 ¢ -
uo(t) = 1—1-—5 P, — @j; (T—71)"F (T u,a)dT — f p(t )dt (o) fo (t—7) E)(T, u,a)dt, (39)
_ E, (_)‘13 _ — ) 1 (T — ) . .
u2]\:—1<t) - 1+5E (_ [ f EM[( )‘1\: (T ) )szﬂ( ,u,a)d
- f Uy, ] fo (t =) B, (~N(t — 7)), (r,u,a)dr, (40)
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E ( )\2 u a X
() =T PR [«pu f p(t)u, ( f — 1) E, (~N(T —7)")E, (7, u,a)dT
+ f JUE, (<At — 7)) (ry u,a)dT + q,(t,T), (41)
where
= —2a) f Y TE, (<At — )"y, (T)dT
E (_)\2 u) T ’
+2a\, n T—71)"E (-N(T —71)")u, (7)dr. (42)
k 1+6Eﬂ(_)\:T“) f ( ) r\,(\( k( ) ) 2k71( )

Substituting the found Fourier coefficients into series (29), we obtain the form of the general solution
of the inverse problem:

u(z,t) = u (t)(az +b) +Z u,, (t)(az + b)cos A\ x + u,, (t)sin A\ x]. (43)
Now, using (9), we find the unknown coeff|C|ent a(t):
_ D h(t) — u, (2, 1) — f(3 )
a’(t) - h(t) ’ (44)
o) =105 {“D (ORD P SIMCEMMENED DML NEN —f<x0,t>} (45)
Using relations (39) and (40), we brlng (44) to the following form:
[
oft) =1 Drhlt) = flat)
E (=\1t") B oy 2y dr
DY T [ §J) @y B, N =B, (i
+f )" 1Ea . )\]f(t —7))E, (T,u,a)dT
2y E (_ u 1 2 a
+Z/\ 1—|—5E [ f p(t Qk f — E ( -\ (T —1) )sz(T,u,a)dT]
—I—f )" lEﬂ (=Xt =T)E (T u,a)dT + g, (8, T)”» (46)

Lemma 1 If the set {u(x,t),a(t)} is a classical solution of problem (1)—(3), (8), and (9), then the

functions

= u(z, )Y, (2)d,
u, (0= [ u(z, b)Y, ()dr (k=1,2,..),

u%(t):j: (@)Y, (2)dr  (k=1,2,..)

satisfy the system (42), (43), and (44) on the interval [0,7].
Corollary 1 According to Lemma 1, proving the uniqueness of the solution to problem (1)—(3), (8), (9)
reduces to proving the uniqueness of the solution to system (39), (40), (41).

To investigate problem (1)—(3), (8), (9), we consider the following function spaces: Let B;T denote

set of all functions considered in the domain D, and having the following form:

u(z,t) = u (t)(ax +b) + iu%il (t)(ax +b)cos Az + iqu (t)sin \ z, (47)
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where the functions w(t), u, ,(t) (k=1,2,...), and u,(t) (k=1,2,...) involved in the sum are
continuous on the interval [0,7'], and

| 2, ( < +o0. (48)

B oo

| 2O gy () oy |+ 22N 1) oy
k=1 k=1

The operations of addition and scalar multiplication in the space B, are defined as usual, and the

norm is defined by the following formula:

X 0 2
1 2O gy () oy |+ D2 12, (8) )2] . (49)
k=1 k=1

Furthermore, let Ej, denote the space consisting of the topological product B;J, x C[0,T]. The norm

[RZCAIN I KA

2,T

B oz +

of its element z(z,t) = {u(x,t),a(t)} is defined as follows:
I 2(z, )] , —II u(z, ) ||, A 11 al®) oz - (50)

2T

It is known that B, . and E, are Banach spaces.

In the space E; , we consider the following operator:

D(u,a) = {®l(u, a),@Z(u, a)}, (51)

where
P, (u,a) Zu (52)
P, (u,a) = d(t), (53)

and the functions 4 (t) (k=0,1,2,...) as well as the function a(t) are defined by the right-hand

sides of(38), (39), (40), and (45), respectively.
Assume that the given data of problem (1)—(3) and (5) satisfy the following conditions:

() € C*[0,1], ¢ (z) € L,(0,1), (0) = Be(1), ¥ (0) = ¢ (1), ¢ (0) = B (1) (8= +1).
o f@,t), f(2,0), f, (x,8) € C(D,), [, (1) € L(D,), £0.t) = Bf(1,t), £(0,) = £.(1,8),
[,0,6)=8f (Lt) (B=+1) (0<t<T).
* W(t),"Dh(t) € C[0,T], h(t) =0 (0<t<T).

From these assumptions, according to the properties of the Mittag-Leffler functions established in [2],
the following estimates hold:

| E (=XNt") < M, = const > 0,

1+)\t“

M
|E, (-N({t—7)) < ——>——, M, =const>0.
1 L+ N (t—=7)
Consequently, we obtain

141 (8) oo < (L +8) (10 [T PCE) ol 2 (B g )

HL+ 61+ o [ff ]

( ) ( ) HC[OA,T]H UU Hc[UAT] ) (54)
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00 5 )
ST p0) o [z 3 1)l ]
k=1

<2 Ml[ZV | @ 1)’
k=1

l

[Z O 1y, () Nl )
k=1

1
2

T o0
e+ a) T, [z e ncmf] ,
k=1

(55)

M (14 60 ) L [f 308 1) P

MT || p(t)

ﬂ

1

~ Tnf(]f)
<

T
(14 6M)x |2N2M, || " (z) [, +2v2M,(1+ 6M)
« 2

Ma

(A?’ g, () Nl 2)° 1 (2 0) Il

200 — 1

o~
Il

1

t) 1l M][f} N |y, () ]l DT])Z]Q , (56)

1 1 1

[kzx*nu ) oo ] IMI[;A L, 1)’
=1 =1

+ +M2(1+6M1)

ooz

00 2
+M1T 11P(8) lloo 1y [Z (A Ty, IICUTY]
k=1

1

: T art 5 |7
dr +—|| ) ooy | D 12D oo )
« k=1

«v,f .5

m—[fivu;k

+5M,(1+ 6M,)

B 0,4 T) g ) ] (57)

Taking into account inequalities (54), (55), (56), and (57), and based on (25)—(28), we obtain the
following estimates:

1y (8) oo 1y < AT ) | a(®) oz +C(D) [[ulz, ), (58)

2,T

< A(T) + B,(T) || a(0) [|ogo pll () [] ;- +Co(T) |l t) ||, 5 (59)

2.7 2 T

[ZA Iy () gy
k=1

o

2Oy, (8) llegy )

k=1

< A(T) + By(T) || a(t) Nl o)l wl ) (|, +C(T) [ ulz, ) ||, > (60)

2,T 2 T

where
Now, using (58)—(60), we compute the following:

laz, ) [, < A(T) + B(T) | a(t) [|ojg p/l w2 t)

where:
A(T)=A(T)+A(T)+ A(T), B(T)= B(T)+ B,(T) + B,(T),
C,(T)=C/(T)+C,(T)+C,(T).

From (45), we estimate: || a(t) ||C[0,T]

Using (57), taking into account (25)—(28), and from relations (63), the following expression follows:

16) [legg. < A(T) + By(T) || a(®) llego | wlz, ) 1], +C(T) [l 6) ], (63)

2T 2T

+CO,(T) [ u(z, )] , (61)

[
2T 2.7

From inequalities (61) and (63), we deduce the following:

la(z, )], +[1a#) oy < AT) + BT [ at) ol @l ) ||, +C(T) a2 t) ]|,

here 2 T 2,T 2,7
A(T) = A(T)+ A(T), B(T) = B,(T)+ B.(T), C(T)=C,(T)+C,(T).
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Theorem 2 If conditions (1)—(3) and the inequality
(AT)+2)(B(MAT)+2)+C(T) <1 (66)

hold, then problem (1)—(3) and (8)—(9) has a unique solution in the space E;"i under the condition
K={z2€E} |z ||E3§ R < A(T)+2}.
T

Remark 1 Inequalities (65) are satisfied for sufficiently small values of 7' .
Proof. In the space E; , we consider the following equation:
z=®(z2), (67)
where z = (u,a), and the components ® (u,a) (i =1,2) of the operator ®(u,a) are defined by the
right-hand sides of equations (51) and (52).
Consider the operator ®(u,a) in the ball K = K, of the space E;"i Using similar relations, for any

2,2, € K, we obtain the validity of the following inequalities:
lez |, < AT)+ BT) || a(®) I ll ez, )N, +CT) [z, 0) [, < AT) + BIT)(AT) +2)° + C(T)(AT) +
T

2,7 2.7

(68)

[ @z, =@z, || , < BD)R(| a,(t) = a,(t) oz + [ 0 (2,8) = wy(z,0) ||, )+ C(T) [, (2,8) —uy(z,0) | ,

T 2,T 2,T
(69)
Then, according to (66), from (67) and (68) it is clearly seen that the operator satisfies the conditions
of the contraction mapping principle on the set K = K, . Therefore, the operator has a unique fixed point

z = (u,a) in the ball K = K, which is the solution to equation (66), meaning it is the unique solution of

the system inthe ball K = K, .

3

After that, the function w(z,t), as an element of the space B, ,

is continuous in the domain D, and

has continuous derivatives u (z,t) and wu_(z,t). Furthermore, it can be verified that equation (1) and
conditions (2), (3), (8), and (9) are satisfied in the usual sense. As a result, (u(z,t),a(t)) is a solution of

problem (1)—(3), (8), and (9), and according to Corollary 1, it is unique in the ball K = K, .

The following statement follows directly from Theorems 1 and 2.
Theorem 3 Assume that all conditions of Theorem 2 and the compatibility conditions

1 T
[ e@dz =0, h©)+5h(T)+ [ p(t)h(t)dt = e(z,)
are satisfied. If the conditions
fglf(ac,t)dx =0, 0<t<T

hold, then problem (1)—(5) has a unique classical solution in the ball K = K, .
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HOSILA OLDIDA KASR DARAJALI PARAMETR QATNASHGAN INTEGRO-
DIFFERENSIAL TENGLAMALAR SISTEMASINNING ASIMPTOTIK YECHIMINI TUZISH
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Annotatsiya. Ushbu ishda birinchi tartibli hosila oldida kasr darajali parametr gatnashgan sekin
o zgaruvchili chizigli bo ‘Imagan integro-differensial tenglamalar sistemasi garalgan. Qaralayotgan
sistemaning xarakteristik tenglamasi nol karrali ildizga ega bo‘lib unga bitta elementar bo ‘luvchi mos
kelgan kritik hol uchun asimptotik ko ‘rinishdagi yechimni tuzish masalasi o ‘rganilgan.

Kalit so“zlar: asimptotik, sistema, xarakteristika, tenglama, koeffitsiyent, differensial, chizigli
bo ‘Imagan, umumlashgan teskari matrissa.

COCTABJIEHME ACUMIITOTUYECKOI O PEHIEHUSI CACTEMbI HHTETPO-
JTAPOEPEHIIUAJIBHBIX YPABHEHUH C IPOBHBIM CTEIIEHHBIM ITAPAMETPOM
MEPE/ IIPOU3BOJHOM

Annomauusn. B oannoil pabome paccmMampugaemcs cucmema MeoaeHHO MEHSIOWUXCS HeTUHEUHbIX
uHmezpo-ouppepeHyuanvbHbix YpasHeHuli ¢ OPOOHbIM NAPAMEmpPoOM neped NPoU3BO0HOU NEPeoco NOPIOKA.
Hccnedyemes 3a0aua nocmpoenus acCUMnmomu4ecko20 peuenus 0 KpUmuyecko2o ciyuas, 6 KOmopom
Xapaxkmepucmuieckoe ypasHeHue paccMampueaemMoll CUCmeMbl UMeem HyIesol Kpamuwili KOpeHb U
COOMBemcmeyen 0OHOMY 1EMEHMAPHOMY OeTUmenio.

Knwouesvie cnosa: acumnmomuueckuil, cucmemda, Xapaxmepucmuka, ypasHeHue, KoIpguyuenm,
oughghepenyuan, HenuneliHblil, 0600WEHHASL OOPAMHATL MAMPUYA.

CONSTRUCTING AN ASYMPTOTIC SOLUTION FOR A SYSTEM OF INTEGRO-
DIFFERENTIAL EQUATIONS WITH A FRACTIONAL PARAMETER BEFORE THE
DERIVATIVE

Abstract. This paper considers a system of slowly varying nonlinear integro-differential equations
containing a parameter with a fractional power before the first-order derivative. The problem of
constructing a solution in asymptotic form is studied for the critical case where the characteristic equation
of the system under consideration has a zero root of multiplicity one, corresponding to a single elementary
divisor.

Keywords: asymptotic, system, characteristic, equation, coefficient, differential, nonlinear,
generalized inverse matrix.

Kirish. Sekin o‘zgaruvchi koeffitsiyentli differensial tenglamalarni sistematik o‘rganish o‘tgan
asrning 50-yillarida boshlangan.
1948-1949 yillarda S.F.Fishenkoning [1,2] ishlarini paydo bo‘lishi shunday tenglamalarni o‘rganishni
boshlagan. Bu ishlarda avtor
d? d .
—5+ eP(1,8) -+ q(r &)y = ef (7,£)e 0

ko‘rinishdagi ikkinchi tartibli differensial tenglamani yechishning asimptotik metodini taklif etgan,

bunda P(z,¢),q(z,¢), f(1,¢€), defé'@

o‘zgaruvchi vaqt € > 0 —kichik parametr. Ishda k(7) = Z—f ( tashqi chastota) funksiya ba’zi 7 € [0, L]lar
uchun (1)-tenglamaning xarakteristik tenglamasining oddiy ildizlaridan bittasiga(xususiy chastotasi) teng
bo‘lgan hol qaralgan.

sekin o‘zgaruvchiga bog‘liq bo‘lgan funksiyalar, 7 = &t sekin
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Bu hol matematika-fizika masalalalarning tatbigida muhim nazariy va amaliy ahamiyatga ega.

Fishenkoning ilmiy xulosalari G.N.Sovin, V.N.Shevelo, A.l.Kuji, O.A.Goreshko [3,4] tomonidan
shaxtaning ko‘tarish kanatlarida yuzaga keladigan kuchayish orgali ifodalanuvchi differensial tenglamaning
yaqinlashuvchi yechimlarini aniglash uchun qo‘llanilgan. Bu tenglama ba’zi almashtirishlardan keyin sekin

o‘zgaruvchi koeffitsiyentli differensial tenglamaga keltirilgan :
2

e, ) 2l 4 0t )2 4 b )0 = £z, )
) de ) dt ) 7
2
bunda 7= €T, T =wt,w = ;—qc €= 3/Wi2q munosabatlardan aniglanadi Q, a, g, | —qaralayotgan

tenglamaga Kiruvchi berilgan parametrlar.

Integro-differensial tenglamalar nazariyasiga ko‘plab ishlar bag‘ishlangan [5,8]. Integro-differensial
tenglamalarga bag‘ishlangan kengroq ma’lumotlarni [7,8] ishlardan olish mumkin. Ikkita tenglamadan
tashkil topgan chiziqli bo‘lmagan integro-differensial tenglamalar sistemasi uchun chegaraviy funksiyalar
usulini A.B.Vasileva, B.F.Butuzov va ularning o‘quvchilari [9,10] ishlarida qo‘llaganlar. Kichik parametrga
bog‘liq bo‘lgan integro-differensial tenglamalar ustida [11,12,13] tadgigot ishlarni olib borishganligini
ko‘rish mumkin.

Yuqorida qayd etilgan ishlardan farqli ushbu ishda chiziqli bo‘lmagan integro-differensial tenglamalar
sistemasi uchun xarakteristik tenglamaning ildizlari nol karrali bo‘lgan kritik hol uchun umumlashgan teskari
matrissa usulini qo‘llab asimptotik yechimini tuzish, masalasini gqaraymiz.

Masalaning qo°‘yilishi.

Ushbu ishda

p
EE% = A(t,€)x + €2 fOL K(t,0,€)x(0,e)do + ef (t,x,e)  (3)
ko‘rinishidagi  chizigli bo‘lmagan integro-differensial tenglamalar sistemasini garaymiz,
x(t,€), f(z,x,&) —ntartibli vektorlar bo‘lib x(t,e) —noma’lum, A(t,e), K(t,0,¢) (3)- tenglamaning
yadrosi berilgan n —o‘lchovli kvadrat matrissalar, &€ > 0 kichik parametrning darajalari bo‘yicha
yaginlashuvchi darajali gatorga yoyiladi:
A(t,€) = Yo €°As(1)  K(1,0,8) = XsZo€°As(t,0) (4)
f(z,x, €) vektor (1, xy, 0) nugta atrofida Teylor gatoriga yoyiladi, T = €t, ¢ = st —sekin o‘zgaruvchi
vagt, p va q berilgan o‘zaro tub sonlar
det[Ay(t) —A(T)E] =0 (5)
(E-birlik matrissa) tenglamaga (3)-sistemaning Xarakteristik tenglamasi deyiladi. Uning ildizlarini
1;(1),i = 1,n orqali belgilaymiz.

Bu ishda (3)-sistemaning (5) tenglamasi yarim oddiy, ya’ni k —karrali nol ildizga ega bo‘lib,
unga bitta elementar bo‘luvchiga ega bo‘lgan hol uchun asimptotik yechimni tuzsin masalasini qaraymiz.
Qolgan n — k = m ildizlar [10] chiga asosan qanday bo‘lishi muhim emas.

Asosiy ilmiy natijalar.

(3)-sistemaning (5) tenglamasi yarim oddiy, ya’ni k —karrali nol ildizga ega bo‘lib unga bitta
elementar bo‘luvchi mos kelgan hol uchun asimptotik yechimini ko‘rsatuvchi quyidagi teorema o‘rinli.

Bu hol uchun (3) — sistemaning asimptotik yechimini ko‘rsatuvchi quyidagi teorema o‘rinli.

1 — Teorema. Faraz gilaylik quyidagi shartlar bajarilsin:

a) Ag(r) (s =0,1,2,...) matrissalar T € [0, L] oraliqda, f(z, x, €) vektor P(t,x,&) = P(t,x) X (0 <
€ < &, bunda P(7, x) — 7, x 0‘zgaruvchilar fazosining ba’zi soxasida cheksiz differensiallanuvchi;

b) Ks(tr,0) (s =0,1,2,..) barcha 7,0 € [0,L] lar uchun 7 o‘zgaruvchi bo‘yicha istalgan tartibli
xususiy xosilalarga ega bo‘Isin.

c) (5)-tenglamaning ildizlari

A;(t) =0,vtel0,L], (i = 1,2...,k),Rel;(r1) <0 (j =k + 1,..,n)
munosabatda bo‘Isin.
U holda (3)-sistema p > q xol uchun

x(t,8) = ) pwug@, u="Ye 6)
s=0

ko‘rinishdagi formal xususiy yechimga ega bo‘ladi.

Isbot. 1-teoremani isbot gilish uchun (6)-ifodani (3)-sistemaga qo‘yib xosil qilingan ifodadan
f(z, x, u?) vektorni (z,xy, 0) nugta atrofida Teylor gatoriga yoyilmasidan p parametrining bir xil darajalari
hadlarini yig‘ib
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pPu' (T, 1) = A(T, uu(z, lf) + pt fOLK(T» o,ut)dou(o, wdo + p{f (t,ue(7),0) + pfy(Du. () +
o+ W[ fu(Dus(T) + fo1 (1) + fs+1—q(T)] + -
(7
aft

ayniyatni hosil gilamiz, bunda f”(T):W matrissaning elementlari va f;(r) vektorning

koordinatalari (t,uq(t),0) nugtaga hisoblanadi. fs+1_q(r) (s =2,3,...) vektor u,(t) (s =0,12,..,s — 1)
vektorlar orgali ma’lum tartibda ifodalanadi.
(7)-ayniyatdan u parametrning bir xil darajalari oldidagi koeffitsiyentlari tenglashtirib (6)-
gatorning noma’lum hadlarini aniglash uchun rekurent tenglamalar sistemasini hosil gilamiz.
Ag(Du,(t) =0,v=0,1,...,q — 1, (8)
Ao (g (1) = —A; (D3 (2) — £ (T, 10(D)) (9)
Ao (Mup (1) = —A1(Du2 (1) — fu(Dua (1) — f2(1) + u'o(7) (10)

Ap(Dttg(0) = =4, (Dus (D) — f,(Dus (@) = fo(0) = [ Ko(Dug(o)do  (12)

AO (T)us (T) = _Al(T)us—q(T) - fu (T)us—q(T) - (T) (12)

bunda
a;(7) = — Z£E=]1 A (T)us—ip () - Z£2=_q1 Ks(t,0) us—Zq(T)dO- - fs—q(T) + u,s—p (r) s=
2q+1,2p+2,..
(8)-sistemadan [14] chiga asosan

uv(T) = Z?:l Qi (T)niv (T)) Yy = 01,.., q-— 1 (13)

yechimni hosil gilamiz, bunda n;,(t) keyingi qadamda aniglanadigan noma’lum funksiyalar ¢; —
Ay (t) matrissaning xos giymatiga mos keluvchi n — o‘Ichovli xos vektor ¢; € N(4y(7) ), bo‘lib i —chi
koordinatasi 1-ga golgan koordinatali 0-ga teng bo‘lgan ustunli vektor.

(9) — tenglamani (13) — ifodani ¢’tiborga olib

Aoy (D) = =4 (D T 0O (@)  f(@ T i(@nip(@))  (14)

ko‘rinishida yozamiz.

(14)-bir jinsli bo‘lmagan tenglama bo‘lib, u yechimga ega bo‘lishi yechim mavjud bo‘lish sharti
bajarilishi zarur va yetarlidir. Faraz gilaylik (14)-tenglama uchun 7 € [0, L] bo‘yicha yechim mavjud bo‘lish
sharti

@), (A1 (D) 2 @i (OMio (D) = f(. Tz @i (D) =0 (15)
bajarilsin. Bu shartdan
W, (A1 (D T 00 (@) — @), fF (T, T 0 (DN30(x)) = 0 (16)

tenglikni xosil gilamiz, bunda ¢ € N(AB(i)), @; va @; (i,j = 1,k), ortonormallangan vektorlar bo‘lib
V(t) € [0, L] oraligda L

W 0)=11i=j((¥j9:)=0i#ji,j=1k), (17)

W), (A1(0D) = fu(@@y) # 0

Ao (7) matrissaning qo‘shma matrissasi matrissaning xos qiymati ; — Ag (i), j —koordinatasi 1-ga
golgan koordinatali 0-ga teng bo‘lgan satrli vektor.

(16)-tenglama uchun oshkormas funksiya haqidagi teorema o‘rinli deb faraz qilib, [15] chiga
asosan 7;o(7) noma’lum funksiyani aniqlaymiz. Demak (14) tenglama uchun (16) shart o‘rinli, u holda bu
tenglamadan (6) qatorning noma’lum hadi u, (7) —vektorni

ug (1) = AF[=A1(D) iy 0iMio (D) — F(T. 211 9:(DMio(M)] + Ty 9imiq(7)

(18)

ko‘rinishda aniglaymiz, bunda 7;,(7)- keyingi qadamda aniglanadigan noma’lum funksiya, Ag (1),

A, (t) matrissaning umumlashgan teskari matrissasi
-1

AF@ =[4(D) — W @1 9)]  — Xi=1(0: ® ¥)) (19)

Q, @; va ; vektorlarning tenzor kopaytmasi belgisi.

(10)-tenglamaning (13) tenglamadagi vy = 0 va v = 2 bo‘lgandagi ifodasini e’tiborga olib

Aoy (D) = A (D[ T iz (D)) + fu(DI Zq @iz (1) — /(D) + + 2y @i’y (D)

(20)

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 134



MATHEMATICS

ko‘rinishda yozamiz. (20) tenglama uchun yechim mavjud bo‘lish sharti

k k
W) (4@ = fu®) ) 92 = Wy i) = @y, ) o',
i=1 i=1

j=1n. 1)
(21) tenglamadan 7n;, (t) —moma’lum funksiyani (17) — shartni etiborga olib

~ (a@)-wizh e’ @
m2(0) = O b=y, Lj=1n 22)
ko‘rinishga ega ekanligini aniqlaymiz.

(18)-tenglama uchun yechim mavjud bo‘lish sharti o‘rinli, u holda (6)-gatorning u, () noma’lum

hadi
Uy () = AF (@O [-(A1(D) + £ (D) Z1 @iz (1) — f1(D) + + Ty 01110 (D] + Ty 91 (7)
(23)
ga teng bo‘ladi, 1;,(7) —keyingi qadamda aniglanadigan noma’lum funksiya. (11)-tenglama (13)-
tenglamada v = 0,v = 3 bo‘lganda
L
Ag(Duzq(7) = —(41(0) + (D)) ZiLs @iniz (0 — £2(0) = [ Ko (T, 0) Ty pimio (D) do +
Y Pillizg (7) (24)
ko‘rinishga ega. Bu tenglama uchun yechim mavjud bo‘lish sharti
K
Wi (4D + /() ) 913 (D = Wy ()
i=1
L

k k
=y [ Ko(@0) Y 900 + (g Y @ig- (D)
i=1 i=1

0

(25)
ko‘rinishda bo‘ladi. Bu tenglamadan noma’lum 1;5(7) funksiya:
(1) = (V1) -y Ko(0) Ty 0100+ Ty 9i)izg—p (D)
MTistt) = (@A O+ )00
i=j, i,j=1n (26)

ko‘rinishida aniglanadi. Demak (24)-tenglama uchun yechim mavjud bo‘lish sharti o‘rinli. U holda
(6)-gatorning u,, () noma’lum hadi
L
u2q(T) = Ag(T)[_(A1(T) + fu(T)) Z;{=1 Piniz (@) — f2(1) — fo Ko(t,0) Z{'(=1 @inio(o)do +
Y, YiNizg—p(D] + P PiNizg-p+1(T), (27)
Ni2q—p —funksiya yuqoridagidek keyingi qadamda aniqlanadigan noma’lum funksiya
Shu jarayonni davom ettirib S —chi gadamda (12) tenglamani

Ao(@us(1) = =(A1(D) + £u (D) T ¥mis—q (D) — Q(0) (28)
ko‘rinishida yozamiz, bunda

Qx) =— Z£‘£1As(r)us—ip () — ZEZ;IJ KS(TU)us—quU - fs—q(T) - u’s—p(T) - s=2q+

1,2q+2, ..

(28)-tenglama uchun yechim mavjud bo‘lish sharti

W), (=A@ + £,@) 21 0)Nis—q (@ + QD) ¥;) = 0, (29)
ko‘rinishda bo‘ladi. Bu tenglamadan 7,_, (7) —noma’lum funksiyani aniqlasak

_ () _

T5-0(D) =~ ey Lo K (30)

ko‘rinishda bo‘ladi.
Bundan ko‘rinadiki (28)-tenglama uchun (29) shart bajariladi. U holda (6) gatorning ug(t)
noma’lum vektori
U (1) == AF@[~(4:(D) + £u(D) By 9inis—g (@) — QD] + T, imis (2
31)
ko‘rinishda bo‘ladi, bunda n;5(7) —keyingi qadamda aniglanadigan noma’lum funksiya.
(6)-formal qatorning koeffitsiyentlarini aniqlash usullarini ko‘rsatish orqali, biz 1-teoremani
isbotladik.
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Asimptotik yaqginlashishni isbotlash.

Yuqorida tanishib chigilgan algoritm yordamida (6)-formuladagi gatorning har ganday hadlarini
aniqlash mumkin. Amaliyotda hisoblashlarning kattalashib ketishini e’tiborga olib, qator yoyilmasining
dastlabki m ta hadini tuzish bilan chegaralanamiz. Shu munosabat bilan(3)-sistemaning m ta yaginlashuvchi
yechimi tushunchasi garaladi.

Qaralayotgan hol uchun m —yagqinlashuvchini

X (t, €) = X5z e us(T) (32)

ifoda orqgali aniglaymiz. Faraz gilaylik, x(t, &) (3)-sistemaning t = 0 shartni ganoatlantiruvchi aniq
yechimi bo‘lsin. Shu boshlang‘ich shartni x,,(t,¢) vektor ham qanoatlantirsin. U holda [16] chida
ko‘rsatilgandek x,,(t, €) yaginlashuvchi yechim x(t, ) yechimga asimptotik yaqinlashishni ko‘rsatishimiz
mumkin. Dastlab quyidagi Lemmani keltiramiz.

1. Lemma. Faraz qilaylik 1-teoremaning shartlari bajarilsin, u holda m —chi x,,(t, ¢)

yaginlashuvchi yechim
dxm

5 L
= = [Ao (@) + p1A0 (T, Wm + 1f (T, um, u9) + 4 [ K (7,0, 4 um (0, p9)do + p Ry (T, 1),
(33)
tenglamani ganoatlantiradi, bunda R,,, (z, 1) —vektor funksiya [0, L] oraligda chegaralangan.
Lemmani ishot gilish uchun (32) ifodani (3)-tenglamaga qo‘yib 1-teoremaga asosan (32)-vektor (31)
sistemani 0(¢™*1) aniglikda ganoatlantirishga ishonch hosil gilamiz.
Faraz qilaylik, boshlang‘ich

V(T,8)|r=0 = Vo (34)
shartni ganoatlantiruvchi

2= AV (35)
tenglama V (z, €) yechimga ega bo‘lsin. Bu yechim Vt € [0, L] uchun

Ve ll<M (36)

tenglikni ganoatlantirsin, bunda M, € —ga bog‘liq bo‘Imagan o‘zgarmas.

1-teoremada. Tuzilgan formal xususiy yechimni asimptotik xarakterga ega ekanligini quyidagi
teorema ko‘rsatadi.

2-teorema. Faraz gilaylik (3)-sistema uchun 1-teoremaning shartlari bajarilsin va

a) f(z,x,¢€) vektor funksiya o‘zgarmas [ soni uchun Lipshas shartini ganoatlantirsin,

If (7. x,€) = f (T, xm, )|l < Ulx — 2 l; (37)
b) (36) —shart bajarilib
x(t,&)lt=0 = Xm(t, &)l ¢=0 , (38)

tenglik o‘rinli bo‘lsin. U holda har qanday katta L > 0 va o‘zgarmas C uchun shunday & € (0, &y] —ni
mos qo‘yishi mumkinki, 0 < t < % oraliqda
lx(t, &) = xm (t, )l < u™+179C (39)
tengsizlik o‘rinli.

Isbot. (3)-sistemadan (33)-sistemani ayirib
% =Ag(t)z + A, (1,8)z + £ fOT M (K (1, 0) + X K (T, )ty (0, u9)do + pi[f (1, %, €) —
f(t,xpm,€)] + ™R, (1,8) (40)

tenglamani hosil gilamiz, bunda
m

z(t,e) = x(t, &) —xn(te), Ai(re)= Z S A, (1), L(t) =1 (41)
s=1

(40)-tenglama
z(t,e) = ¢ fOLV(T, VIt e)zA, (1, 8)z(ty, ) + VIt &) f(r,x,€) — [f (1, xm, €)] +
2 [V (T, V71t &) (K (1, 0) + Kis(T,0) Jumdo + e™HL [TV (L, )V "1 (ty, €)Rpy (t, €)dLy,
(42)
integral tenglamaga ekvivalent.
(42)-tenglamadan norma olib

lz(t, )l < & [JIV( IVt DNALz llllz(z ©)llde + &2 [ (f; || Ko (T, 0)||llz(o, &)||do +
| K1z, )I||zll (0, &)lldo + ™+~ IMLR, (43)
tengsizlikni hosil gilamiz.
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(43)-chi ifodaga Gronullo-bellman [17] tengsizligini qo‘llab
lz(t, &)l = llx(t, ) — xm(t, )l < w™+174C (44)
tengsizlikini hosil gilamiz, bunda
C = MLR, exp(N + IMM), [0,L] kesmada ||A;(7,)lIN, |IR.(z,€)|l <R.
tengsizlik o‘rinli. (44) munosabat tuzilgan formal Xususiy yechimni asimptotik xarakterga ega
ekanligini ko‘rsatadi.

Xulosa. Ushbu ish kichik parametrga bog‘liq bo‘lgan sekin o‘zgaruvchi koeffitsiyentli integral-
differensial tenglamalar sistemasining xarakteristik tenglamasi k —Kkarrali (k < n) nol ildizga ega bo‘lib
unga bitta elementar bo‘luvchi mos kelgan hol uchun (qolgan ildizlar noldan farqli) formal xususiy yechimi
tuzilgan. Shuningdek tuzilgan formal xususiy yechimni asimptotik xossaga ega ekanligi isbotlangan.
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Annotatsiya. Ushbu maqolada tasodifiy jarayonlarni matematik modellashtirishning nazariy va
amaliy jihatlari binomial tagsimot asosida tadgiq etilgan. Binomial model parametrlarining matematik
kutilma, dispersiya va standart og ‘ishga ta’siri parametrik hamda analitik usullar yordamida tahlil gilingan.
Dispersiyaning p = 0,5 da maksimal giymatga erishishi asoslangan va tajribalar sonining model
xususiyatlariga ta’siri baholangan. Shuningdek, binomial model asosida texnologik jarayonda mahsulot
sifatini statistik nazorat gilish hamda 3o tamoyili bo ‘vicha nazorat chegaralarini aniglash imkoniyatlari
ko ‘rsatib berilgan.

Kalit so“zlar: tasodifiy jarayon, matematik modellashtirish, binomial tagsimot, matematik kutilma,
dispersiya, parametrik tahlil, statistik nazorat, 30 nazorat chegaralari.

TEOPETUYECKHUE OCHOBbI MATEMATHYECKOI'O MOJEJINPOBAHUSA
CJIYYAUHBIX ITPOOECCOB

Annomauyusa. B cmamve  uccredosanv  meopemuyeckue U - NPAKMuueckue  ACNeKmuol
MAMEMAMU4EcKo20 MOOEIUPOBAHUs CYHAUHBIX HPOYECCO8 HA OCHOGE OUHOMUATLHO20 DACNPEOeNeHUs.
lapamempuueckumu u  AHATUMUYECKUMU — MEMOOAMU  NPOAHATUSUPOBAHO  GAUAHUE  NAPAMEMPOS
OUHOMUANBHOU MOOeNU HA MAMmeMamuyeckoe O0X4CUoauue, OUCNepCUio U CMAaHOapmHoe OMmKIOHEeHUe.
Obocnosano, umo Oucnepcusi oocmuzaem MaxcumanvHozo 3Hauenuss npu p = 0,5 a maxoice oyeneno
GIUAHUE YUCTIA UCHBIMAHUT HA XAPAKMEPUCTUKU MOOenU. Paccmompenvl 603ModicHocmu cmamucmuieckozo
KOHMPOJA KA4ecmeda NpOOYKYUU 6 MeXHOI0SUYeCKOM npoyecce HA OCHO8e OUHOMUATLHOU MOOenu U
onpeoeneHusi KOHMPOIbHBIX SPAHUY NO NPUHYUNY 30.

Knwuesvie cnoea: cnyuainvlii npoyecc, Mamemamuieckoe MoOeauposanue, OUHOMUATbHOE
pacnpeoenenue, MamemMamuiecKoe odcudanue, OUCNepcusl, napamempuideckuti anamus, CmamucmudyecKuu
KOHMPOJIb, KOHMPOAbHbIE SPAHUYbL 30.

THEORETICAL FOUNDATIONS OF MATHEMATICAL MODELING OF RANDOM
PROCESSES

Abstract. This article investigates the theoretical and practical aspects of mathematical modeling of
random processes based on the binomial distribution. The effects of the binomial model parameters on the
mathematical expectation, variance, and standard deviation are analyzed using parametric and analytical
methods. It is shown that the variance reaches its maximum value at p = 0.5 and the influence of the number
of trials on the model characteristics is evaluated. In addition, the possibilities of statistical quality control
in technological processes using the binomial model and the determination of control limits based on the 3o
principle are considered.

Keywords: random process, mathematical modeling, binomial distribution, mathematical expectation,
variance, parametric analysis, statistical quality control, 3¢ control limits.

Kirish. Tasodifiy jarayonlarni matematik modellashtirish ehtimollar nazariyasi va matematik
statistikaning muhim yo‘nalishlaridan biri hisoblanadi. Tasodifiy hodisalar va ularning ehtimollik
gonuniyatlarini matematik tavsiflash masalalari zamonaviy ehtimollar nazariyasiga oid fundamental
tadgigotlarda keng yoritilgan [1-4]. Xususan, binomial tagsimot o‘zaro mustaqil va bir xil sharoitda
takrorlanadigan ikki natijali tajribalarda muvaffagiyatlar sonini modellashtirishning asosiy diskret ehtimollik
modellaridan biri sifatida garaladi [1, 5, 6].

Binomial modelning matematik kutilmasi va dispersiyasi uning n va p parametrlariga bevosita
bog‘liq. Mazkur parametrlarning o‘zgarishi nafaqat kutilayotgan natijaga, balki tasodifiy natijalarning
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absolyut va nisbiy tarqalish darajasiga ham ta’sir qiladi. Shu jihatdan binomial model parametrlarini tizimli
tahlil gilish hamda olingan nazariy natijalarni ikki natijali texnologik jarayonlarning statistik nazorati bilan
bog‘lash muhim amaliy ahamiyatga ega.

Magolaning asosiy magsadi binomial tagsimot parametrlarining matematik kutilma, dispersiya,
standart og‘ish va variatsiya koeffitsiyentiga ta’sirini parametrik hamda analitik usullar yordamida tadqiq
etish, shuningdek, olingan natijalar asosida binomial modeldan texnologik jarayonlarda mahsulot sifatini
statistik nazorat gilishda foydalanish imkoniyatlarini asoslashdan iborat.

Mavzuga oid adabiyotlar tahlili. Tasodifiy jarayonlar va ehtimollik modellarining nazariy asoslari
S.M. Rossning tadgiqotlarida keng yoritilgan. Muallif tasodifiy hodisalar, tasodifiy miqgdorlar, ularning
tagsimot gonunlari hamda binomial modelning asosiy xususiyatlarini tizimli ravishda bayon etgan [1, 2].
G.R. Grimmett va D. R. Stirzaker ishlarida esa ehtimollik va tasodifiy jarayonlarning matematik asoslari,
tasodifiy miqdorlarning sonli xarakteristikalari va ehtimollik modellarining nazariy xususiyatlari chugqur
tahlil gilingan [3].

R. B. Schinazi tadgiqotida ehtimollik modellarining statistik qo‘llanilishiga alohida e’tibor qaratilgan
[4]. B. lllowsky va S. Dean ishida matematik kutilma, dispersiya, standart og‘ish hamda diskret ehtimollik
tagsimotlarining statistik tahlildagi o‘rni yoritilgan [5]. Binomial tagsimotning matematik xususiyatlari va
undan statistik masalalarda foydalanish imkoniyatlari NIST/SEMATECH elektron qo‘llanmasida ham
keltirilgan [6].

Mavjud manbalar binomial tagsimotning nazariy va statistik asoslarini keng yoritadi. Mazkur
magolada esa ushbu nazariy asoslardan kelib chigib, binomial model parametrlarining matematik kutilma,
dispersiya, standart og‘ish va variatsiya koeffitsiyentiga ta’siri o‘zaro bog‘liq holda tahlil gilinadi hamda
modelning ikki natijali texnologik jarayonlarda statistik nazorat vositasi sifatida qo‘llanish imkoniyatlariga
e’tibor qaratiladi.

Tadgigot metodologiyasi. Tadgiqotda nazariy, parametrik va analitik tahlil usullaridan foydalanildi.
Nazariy gismda tasodifiy hodisa, tasodifiy miqdor, matematik kutilma, dispersiya va standart og‘ish
tushunchalari hamda binomial tagsimotning asosiy matematik xususiyatlari o‘rganildi [1-6].

Parametrik tahlilda binomial modelning n va p parametrlarining matematik kutilma M(X) = np,
dispersiya D(X) = np(1 —p) va standart og‘ish o(X) = /np(1 —p) ko‘rsatkichlariga ta’siri sonli
hisoblashlar asosida baholandi. Dispersiyaning p parametriga bog‘ligligi hosila olish usuli yordamida
analitik tahlil gilinib, p = 0,5 da maksimal giymatga erishishi asoslandi. Shuningdek, tajribalar sonining
natijalarning nisbiy tarqalishiga ta’siri variatsiya koeffitsiyenti orqali baholandi.

Binomial modelning amaliy qo‘llanilishini baholash uchun ikki natijali texnologik jarayonda mahsulot
sifatini statistik nazorat qilish masalasi ko‘rib chiqildi. Model asosida matematik kutilma va standart og‘ish
hisoblanib, 30 tamoyili bo‘yicha taxminiy statistik nazorat chegaralari aniglandi hamda kuzatilgan
natijalarni ushbu chegaralar bilan tagqoslash asosida jarayon holatini baholash yondashuvi qo‘llanildi.

Tahlil va natijalar. Binomial tagsimot mustagil va bir xil sharoitda takrorlanadigan tajribalarda ikki
xil natijadan birining yuzaga kelish sonini modellashtirish uchun qo‘llaniladi. Bunda tajribalar soni n, har bir
tajribada muvaffagiyatning yuzaga kelish ehtimoli p, muvaffagiyatsizlik ehtimoli esa ¢ = 1 —p orgali
belgilanadi. Agar tasodifiy miqdor ta mustaqil tajribada muvaffagiyatlar sonini ifodalasa, u binomial
tagsimotga ega bo‘lib, X ~ B(n,p) ko‘rinishida belgilanadi. Binomial tagsimotning ehtimollik funksiyasi
quyidagi formula orgali aniglanadi:

P(X =k)=Ckpk(1-p)**, k=0,1,..,n

Bu yerda Ck= o (:ik)! kombinatsiyalar soni bo‘lib, n ta tajriba ichidan k ta muvaffagiyatli

natijaning joylashish usullarini ifodalaydi [1, 6, 7].

Binomial tagsimotning muhim sonli xarakteristikalari uning matematik kutilmasi, dispersiyasi va
standart og‘ishidan iborat. Agar X ~ B(n, p) bo‘lsa, uning matematik kutilmasi M (X) = np formula orgali
aniglanadi. Mazkur ko‘rsatkich nta mustaqil tajribada kutilayotgan muvaffagiyatlar sonining o‘rtacha
giymatini ifodalaydi. Binomial tagsimotning dispersiyasi: D(X) = np(1 —p) =npq ko‘rinishida
aniglanadi.

Dispersiyaning kvadrat ildizi standart og‘ish bo‘lib, a(X) = ,/npq formula orgali hisoblanadi. Ushbu
ko‘rsatkichlar binomial jarayonda natijalarning markaziy tendensiyasi va tarqalish darajasini baholash
imkonini beradi [5, 6].

Binomial tagsimotning asosiy parametrlari n va p bo‘lib, ularning o‘zgarishi tasodifiy miqdorning
sonli xarakteristikalariga bevosita ta’sir ko‘rsatadi. Tajribalar soni o‘zgarmas bo‘lgan holatda muvaffaqiyat
ehtimolining ortishi matematik kutilmaning chizigli ravishda oshishiga olib keladi. Biroq dispersiyaning
o‘zgarishi chiziqli xarakterga ega emas, chunki D(X) = np(1 — p) Ushbu bog‘lanishdan ko‘rinadiki, p =
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0,5 giymatida p(1 — p) ko‘paytmasi maksimal qiymatga ega bo‘ladi. Shu sababli, n o‘zgarmas bo‘lganda
binomial tagsimotning dispersiyasi p = 0,5 atrofida eng katta qiymatga erishadi.

Mazkur bog‘lanishni yanada batafsil tahlil qilish maqgsadida tajribalar soni (n = 20) o‘zgarmas holda,
muvaffagiyat ehtimoli (p) ning (0,1) dan (0,9) gacha bo‘lgan qiymatlari uchun (M (X)) va (D(X))
ko‘rsatkichlari hisoblandi.

Quyidagi jadvalda (p) ning turli giymatlariga mos ravishda matematik kutilma va dispersiyaning
o‘zgarishi keltirilgan.

1-jadval. (p) ning turli giymatlariga mos ravishda matematik kutilma va dispersiyaning

o‘zgarishi
(®) | (9=1-p) | (M(X)=np) | (D(X)=npq)
0,1 0,9 2 18
0,2 0,8 4 3,2
0,3 0,7 6 4,2
0,4 0,6 8 48
0,5 05 10 5,0
0,6 0,4 12 4,8
0,7 0,3 14 4,2
0,8 0,2 16 3,2
0,9 0,1 18 18

Jadval ma’lumotlarining tahlili shuni ko‘rsatadiki, (n = 20) bo‘lgan holatda muvaffagiyat ehtimoli p
ning ortishi matematik kutilmaning muntazam ravishda oshishiga olib keladi. Masalan p = 0,1 bo‘lganda
matematik kutilma M(X) = 2 ga teng bo‘lsa, p = 0,5 da M(X) = 10,p = 0,9 da esa M(X) = 18 ga teng
bo‘ladi. Dispersiyaning o‘zgarishi esa boshqa xarakterga ega. p ning 0,1 dan 0,5 gacha ortishida dispersiya
1,8 dan 5,0 gacha oshadi. p = 0,5 giymatida dispersiya maksimal giymatga erishadi. Keyinchalik p ning 0,5
dan 0,9 gacha ortishi bilan dispersiya 5,0 dan 1,8 gacha kamayadi.

Ushbu natija D(X) = np(1 — p) formula orgali ham izohlanadi. Hagigatan ham, p = 0,5 bo‘lganda
p(1 —p) = 0,25 maksimal giymatni gabul giladi. p ning 0 yoki 1 ga yaginlashishi bilan p(1 — p) kamayadi
va natijada dispersiya ham kichrayadi. Shunday gilib, binomial modelda p = 0,5 holati natijalarning eng
katta noaniglik darajasini ifodalaydi. p ning 0 yoki 1 ga yagin giymatlarida esa tajriba natijasi oldindan
nisbatan aniqroq prognoz gilinadi.

Binomial tagsimot dispersiyasining ekstremal xususiyatini analitik tahlil gilish

Yugoridagi parametrik tahlil natijalari tajribalar soni o‘zgarmas bo‘lgan holatda binomial tagsimot
dispersiyasining muvaffagiyat ehtimoli (p) ga nisbatan chiziqli bo‘lmagan tarzda o‘zgarishini ko‘rsatdi.
Xususan, (p = 0,5) bo‘lganda dispersiya maksimal qiymatga erishishi kuzatildi. Ushbu natijani analitik
jihatdan asoslash uchun dispersiyaning (p) parametriga bog‘ligligini qaraymiz.

Agar tasodifiy migdor X ~ B (n),p) binomial tagsimotga ega bo‘lsa, uning dispersiyasi quyidagi
formula orgali aniglanadi: D(X) = np(1 —p)

Bu yerda (n) — mustaqil tajribalar soni, (p) — har bir tajribada muvaffagiyatning yuz berish
ehtimoli, (¢ = 1 — p) esa muvaffagiyatsizlik ehtimolini ifodalaydi.

Tajribalar soni (n) ni o‘zgarmas deb qarab, dispersiyani muvaffaqiyat ehtimoli (p) ning funksiyasi
sifatida quyidagicha ifodalaymiz: D(p) = np(1 — p)

Qavslarni ochish natijasida dispersiya funksiyasi quyidagi kvadratik ko‘rinishga keladi: D(p) = np — np?

Dispersiyaning qaysi (p) giymatida ekstremumga erishishini aniglash uchun (D(p)) funksiyadan
(p) bo‘yicha birinchi tartibli hosila olamiz: D'(p) = n — 2np

Umumiy ko‘paytuvchi (n) ni gavsdan tashqariga chiqarib, hosilani quyidagi ko‘rinishda yozamiz:
D'(p) = n(1 — 2p). Funksiyaning ekstremumga erishishi uchun zaruriy shartga ko‘ra, uning birinchi tartibli
hosilasi nolga teng bo‘lishi kerak. Shuning uchun D'(p) = 0

Bundan n(1 — 2p) = 0 tenglamaga ega bo‘lamiz.

Binomial modelda tajribalar soni musbat, ya’ni n > 0 bo‘lganligi sababli 1 — 2p = 0.

Bundan2p =1 va p = % = 0,5 natijaga ega bo‘lamiz.

Demak, (p=0,5) dispersiya funksiyasining kritik nugtasi hisoblanadi. Ushbu kritik nugtada dispersiya
maksimum yoki minimum giymatga erishishini aniglash uchun (D(p)) funksiyaning ikkinchi tartibli
hosilasini hisoblaymiz: D" (p) = —2n

Tajribalar soni (n > 0) bo‘lganligi sababli D"'(p) = —2n < 0
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Ikkinchi tartibli hosilaning manfiy bo‘lishi (D(p)) funksiyaning (p =0,5) kritik nugtada
maksimumga erishishini ko‘rsatadi. Demak, tajribalar soni (n) o‘zgarmas bo‘lganda binomial tagsimot
dispersiyasi muvaffagiyat entimoli p = 0,5 bo‘lgan holatda eng katta qiymatni qabul giladi.

Endi dispersiyaning maksimal giymatini aniglaymiz. Buning uchun p = % giymatni dispersiyaning
D(X) = np(1 — p) formulasiga qo‘yamiz:

\ 1 1
Dmax[X}:n'E(l} §)

Dmax(X] =T-

=
bS] b

Dmiax(-X} =

Shunday qilib, tajribalar soni o‘zgarmas bo‘lgan binomial modelda dispersiyaning maksimal giymati
Do (X) = % p = q = 0,5 bo‘lgan holatda yuzaga keladi.

Tajribalar sonining binomial modelning sonli xarakteristikalariga ta’siri

Binomial modelning xususiyatlarini to‘ligroq tahlil qilish uchun muvaftfaqiyat ehtimoli (p) o‘zgarmas
bo‘lgan sharoitda tajribalar soni (n) ning matematik kutilma, dispersiya va standart og‘ishga ta’sirini ko‘rib
chigamiz. Agar (X) tasodifiy migdor binomial tagsimotga ega bo‘lsa

X~B(n,p)
D(X)=np(l-p)
o(X))=ynp(d-p)
Mazkur bog‘lanishlarni sonli jihatdan tahlil qilish uchun muvaffaqgiyat ehtimolini
p=05qg=1-p=0,5

M(X) = 0,5n
D(X)=n-05-05
D(X)=0.25n
o(X) =4025n

n
o(X) =\/2—_
Demak, jadvalga kiritadigan sonlar:
2-jadval.
n | p | MX)| | DIX)| a(X)
10 | 0,5/ 5 25 | 1,58
20 [ 0,5 10 5 2,24
50 | 0,5| 25 12,5 | 3,54
100| 0,5 50 25 5

Jadval natijalaridan ko‘rinadiki, (p = 0,5) o‘zgarmas bo‘lgan sharoitda (n) ning 10 dan 100 gacha
ortishi matematik kutilmaning 5 dan 50 gacha, dispersiyaning esa 2,5 dan 25 gacha ortishiga olib keladi. Bu
holat matematik kutilma va dispersiyaning (n) ga nisbatan chiziqli bog‘langanligini tasdiglaydi.

Standart og‘ishning o‘zgarishi esa chiziqli emas.

a(X) = np(1-p)
bo‘lganligi sababli, p o‘zgarmas sharoitda standart og‘ish tajribalar sonining kvadrat ildiziga mutanosib
ravishda o‘zgaradi: o(X) ~Vn
n, =10, n, = 100
gacha oshirilganda standart og‘ish 10 marta emas, balki

ry _ [100
V=V

marta ortadi. Hagigatan ham, n = 10 bo‘lganda ¢, = /2,5 ~ 1,58
n = 100 bo‘lganda esa g, = V25 = 5 ularning nisbati esa
o n
—~~-1~316
O My
Binomial modelda nisbiy targalishni variatsiya koeffitsiyenti asosida tahlil gilish

= /10 == 316
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Yuqoridagi tahlil natijalari tajribalar soni (n) ortishi bilan binomial tasodifiy migdorning matematik
kutilmasi, dispersiyasi va standart og‘ishi ham ortishini ko‘rsatdi. Biroq standart og‘ish tasodifiy miqdorning
absolyut targalishini ifodalaydi. Tajribalar soni ortishi bilan matematik kutilma ham ortadi. Shu sababli
natijalarning targalishini matematik kutilmaga nisbatan ham baholash zarur. Buning uchun variatsiya
koeffitsiyentidan foydalanamiz.
Variatsiya koeffitsiyenti standart og‘ishning matematik kutilmaga nisbatiga teng:
a(X)
~ M(X)

M(X)=mnp

D(X) =np(1-p)

o(X) = v/np(1 - p)

Vnp(1 —p
np
Bu formula binomial tagsimotda nisbiy targalishning tajribalar soni (n) va muvaffagiyat ehtimoli (p)
ga bog‘ligligini ifodalaydi. Oldingi hisoblashlar bilan tagqoslash uchun muvaffaqiyat ehtimolini o‘zgarmas
debolib,p=05 1—-p=10,5

CV =

- |95 - |1 S
CV = o CV—\/;, CV—W_I,
1
n=10 CV = @ ~ 0,316 CV = 31,6%
n =20 CV = @ ~ 0,224 CV = 22,4%
n=>50 CV = NG 1:: 0,141 CV =~ 14,1%
n =100 cv=m ~ 0,1 CV = 10%
Olingan natijalarni quyidagi jadval orgali umumlashtirish mumkin.
3-jadval.
Tajribalar soni n | Matematik kutilma M(X) | Standart og‘ish 6(X) CV | CV,%
10 5 1,58 0,316 | 316
20 10 2,24 0,224 | 224
50 25 3,54 0,141 | 141
100 50 5,00 0,100 | 10,0

Jadval ma’lumotlaridan ko‘rinadiki, tajribalar soni (n = 10) dan (n = 100) gacha ortishi bilan
standart og‘ish (1,58) dan (5,00) gacha oshadi. Biroq variatsiya koeffitsiyenti aksincha, (31,6%) dan (10%)
gacha kamayadi.

Demak, tajribalar sonining ortishi tasodifiy migdorning absolyut targalishini oshirsa-da, uning
matematik kutilmaga nisbatan nisbiy targalish darajasini kamaytiradi.

Bu natijani tajribalar sonining 10 marta ortishi misolida ham ko‘rish mumkin. Tajribalar sonining

o‘zgarish nisbati: %z 10 Variatsiya koeffitsiyenti esa 31,6% dan 10% gacha kamaygan. 316 - 3,16

10

Demak, variatsiya koeffitsiyenti taxminan 3,16 marta kamaygan. /%0 =+/10 = 3,16

CVio 31,6 _ 100
CVioo 10 | 10
Binomial model asosida texnologik jarayonni statistik nazorat gilish: Binomial tagsimot modeli ishlab

chigarish va texnologik jarayonlarda mahsulot sifatini statistik nazorat gilish masalalarida samarali
qo‘llanilishi mumkin. Agar ishlab chiqgarilgan har bir mahsulot belgilangan sifat talablariga javob beradi
yoki javob bermaydi kabi ikki holatdan biri bilan tavsiflansa, bunday jarayonni Bernulli tajribalari ketma-
ketligi sifatida modellashtirish mumkin. Tekshirilayotgan i-mahsulotning sifat holatini Y; tasodifiy miqdor
orgali quyidagicha belgilaymiz:

1, agar mahsulot nugqsonsiz bo'lsa

vi={ g
0,agar mahsulot nugsonli bo'lsa

= 3,16

Bunda:
PY;=1)=p, PY;=0)=1-p=q.
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Agar nazorat jarayonida jami n ta mahsulot tekshirilsa, ular orasidagi nugsonsiz mahsulotlar sonini

n
X=ZYi
i=1

tasodifily miqdor orqali ifodalash mumkin. Mahsulotlarning sifat holatlari o‘zaro mustaqil va ularning
nugsonsiz bo‘lish ehtimoli p o‘zgarmas deb garalganda,
X ~ Bin(n,p)

binomial model hosil bo‘ladi.
Ushbu model yordamida nazorat gilinayotgan partiyadagi nugsonsiz mahsulotlarning kutilayotgan
soni va ularning tarqgalish darajasi quyidagicha aniglanadi:
M(X) = np,

o(X) = v/np(1 - p).

Bu ko‘rsatkichlar texnologik jarayonning joriy holatini statistik jihatdan baholash uchun asos bo‘lib
xizmat giladi. Matematik kutilma normal ish sharoitida kutilayotgan nugsonsiz mahsulotlar sonini, standart
og‘ish esa kuzatilayotgan natijalarning ushbu kutilayotgan qiymat atrofida qanchalik tarqalishini tavsiflaydi.

Texnologik jarayonda bir vaqt oraligida n = 20 ta mahsulot nazorat gilinsin. Har bir mahsulotning
sifat talablariga javob berish, ya’ni nugsonsiz bo‘lish ehtimoli p = 0.9 deb olamiz. U holda nugsonli
mahsulotning yuzaga kelish ehtimoli

q=1-p=1-09=0.1
ga teng bo‘ladi.
Tekshirilayotgan 20 ta mahsulot orasidagi nugsonsiz mahsulotlar sonini X bilan belgilasak,
X ~ Bin(20,0.9)

binomial modelga ega bo‘lamiz.

Ushbu jarayonda nugsonsiz mahsulotlarning kutilayotgan soni:

M(X)=np =20-09 = 18,
D(X)=np(1—p)=20-09-0.1=18.
o(X) =np(1—-p) =18 = 1.342.

Demak, nugsonsiz mahsulotlar sonining matematik kutilma atrofidagi absolyut targalish darajasi
taxminan 1,342 ta mahsulotni tashkil etadi. Ushbu ko‘rsatkichlardan texnologik jarayonning barqarorligini
statistik baholash hamda kuzatilayotgan natijalarning kutilayotgan holatdan sezilarli darajada chetlanishini
aniglashda foydalanish mumkin.

Texnologik jarayonning barqarorligini baholash uchun statistik nazoratda ko‘pincha matematik
kutilma atrofidagi 30 chegaralaridan foydalaniladi. Binomial model uchun pastki va yugori nazorat

chegaralari quyidagicha aniglanadi:
LCL =np —3/np(1 —p),

UCL =np + 3{/np(1 —p)
n=20,p=09, MX)=18  o(X)=~ 1.342.
Shuning uchun pastki nazorat chegarasi:
LCL=18—-3-1,342
LCL =18 —4.026 = 13,974.
Yugori nazorat chegarasi esa:
UCL =18+ 3-1.342
UCL =18+ 4.026 = 22.026.

Birog tekshirilayotgan mahsulotlar soni n = 20 ta bo‘lganligi sababli nuqsonsiz mahsulotlar soni 20
tadan ortiq bo‘lishi mumkin emas. Shu sababli yuqori nazorat chegarasi amaliy jihatdan UCL = 20, deb
olinadi. Pastki chegara esa diskret giymatlarni hisobga olgan holda taxminan LCL ~ 14, gateng bo‘ladi.

Binomial tasodifiy migdor fagat butun giymatlarni gabul gilganligi sababli, LCL = 13.974 natijaga
ko‘ra, X > 14 giymatlar nazorat chegarasi ichida, X < 13 giymatlar esa nazorat chegarasidan tashqarida deb
garaladi. X < 20 bo‘lganligi sababli yuqori nazorat chegarasi amaliy jihatdan 20 bilan cheklanadi.

Demak, 20 ta mahsulotdan iborat nazorat guruhida nugsonsiz mahsulotlar soni 14 tadan 20 tagacha
bo‘lsa, kuzatilayotgan natijalar berilgan statistik model doirasida kutiladigan chegaralarda deb qaraladi. Agar
nugsonsiz mahsulotlar soni 13 ta yoki undan kam bo‘lsa, kuzatilgan qiymat pastki nazorat chegarasidan

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 143



MATHEMATICS

tashqarida joylashadi va bu texnologik jarayonda sifat ko‘rsatkichining kutilgan holatdan chetlanishini
bildiruvchi statistik signal sifatida baholanadi.

Zamonaviy ishlab chiqarish tizimlarida mahsulot sifatini nazorat qilish jarayoni sensorlar, o‘lchash
qurilmalari va avtomatik ma’lumotlarni qayta ishlash vositalari yordamida amalga oshirilishi mumkin.
Bunday tizimda har bir mahsulotning belgilangan sifat talablariga mos yoki mos emasligi aniglanib, natija
mos ravishda 1 yoki 0 giymat bilan ifodalanadi.

Nazorat jarayonining umumiy ketma-ketligini quyidagicha ifodalash mumkin:

Sensor—ma’lumotlarni yig‘ish—mahsulot holatini aniglash—binomial model—statistik bahola
h—nazorat signali.

Har bir nazorat guruhida n ta mahsulot tekshiriladi va nugsonsiz mahsulotlar soni X avtomatik
ravishda aniglanadi. Olingan X giymati oldindan hisoblangan statistik nazorat chegaralari bilan taggoslanadi.

Agar:
LCL <X <UCL
shart bajarilsa, kuzatilgan natija belgilangan statistik chegaralar doirasida deb baholanadi.
Agar:
X <LCL

bo‘lsa, tizim mahsulot sifatining kutilgan darajadan pasayganligini ko‘rsatuvchi statistik signalni
shakllantirishi mumkin. Bunday signal operatorga texnologik parametrlarni tekshirish, ishlab chigarish
sharoitlarini tahlil qilish va zarur hollarda tegishli boshqaruv choralarini ko‘rish uchun asos bo‘lib xizmat
giladi.

Shunday qilib, binomial modelni avtomatlashtirilgan nazorat tizimiga Kkiritish ikki natijali sifat
ko‘rsatkichlarini matematik-statistik usulda gayta ishlash, jarayon holatini muntazam baholash hamda
statistik jihatdan sezilarli chetlanishlarni 0‘z vaqtida aniqlash imkonini beradi.

Yugorida aniglangan statistik nazorat chegaralari asosida turli kuzatuv natijalarini quyidagicha
baholash mumkin:

4-jadval.
Tekshirilgan mahsulotlar | Nugsonsiz mahsulotlar Nazorat Statistik baho
sonin soni X chegarasi
20 18 14 <X <20 Me’yoriy chegarada
20 16 14<X<20 Me’yoriy chegarada
20 14 14 <X <20 Nazorat chegarasi ichida
20 12 X<14X < 14 Nazorat chegarasidan
tashgarida

Jadvaldan ko‘rinadiki, X = 18 va X = 16 bo‘lgan holatlarda kuzatilgan natijalar statistik nazorat
chegaralari ichida joylashadi. X=14 giymati nazorat chegarasi ichidagi eng kichik butun giymat hisoblanadi.
Agar X = 12 bo‘lsa, kuzatilgan qiymat pastki nazorat chegarasidan kichik bo‘lib, texnologik jarayonda sifat
ko‘rsatkichining kutilgan darajadan pasayganligini bildiruvchi statistik signal yuzaga keladi.

Shunday qilib, binomial model asosida aniglangan nazorat chegaralari ishlab chigarish jarayonida
mahsulot sifatining o‘zgarishini miqdoriy baholash imkonini beradi. Ushbu yondashuv avtomatlashtirilgan
nazorat tizimida kuzatuv natijalarini real vaqt rejimida gayta ishlash, belgilangan statistik chegaralardan
chetlanishlarni aniglash va operatorga ogohlantiruvchi signal uzatish uchun matematik asos sifatida
go‘llanilishi mumkin.

30 tamoyili va aniq binomial ehtimollik asosidagi nazorat chegaralarining qiyosiy tahlili.
Yuqoridagi hisoblashlarda texnologik jarayonning statistik nazorat chegaralari matematik kutilma va standart
og‘ishga asoslangan 30 tamoyili yordamida aniglandi. Mazkur yondashuv amaliy statistik nazoratda qulay
bo‘lsa-da, binomial tasodifiy miqdor diskret tagsimotga ega bo‘lganligi sababli nazorat chegaralarini uning
aniq ehtimollik funksiyasi asosida ham baholash mumkin. Shu magsadda n = 20 va p = 0,9 parametrli
binomial model uchun pastki kritik chegarani kumulyativ ehtimollik asosida aniglaymiz.

X ~ Bin(20;0,9)

k
P <) = ) ()09 (0.1

=0
formula orgali kk yoki undan kam nugsonsiz mahsulot kuzatilishining aniq ehtimoli hisoblanadi.
Statistik ahamiyatlilik darajasini @ = 0,05 deb gabul gilamiz. U holda pastki kritik chegara quyidagi shart
asosida aniqlanadi:
P(X <k)<0,05.
X ~ Bin(20;0,9) uchun kumulyativ ehtimolliklarni hisoblasak:
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P(X <13) = 0,00239,
P(X <15) = 0,04317,
P(X <16) = 0,13295.
Biz a = 0,05 deb olgan edik. Shuning uchun P(X < 15) < 0,05 lekin P(X < 16) > 0,05. Demak,
aniq binomial ehtimollik bo‘yicha eng katta kritik giymat k = 15 bo‘ladi.

5-jadval.
Nazorat usuli Qabul gilinadigan | Statistik signal Izoh
giymatlar
30 tamoyili 14 <X <2014 X<13 Matematik kutilma va standart og‘ishga
asoslangan taxminiy chegara
Aniq binomial usul, 16 <X <20 X <15 Binomial tagsimotning anig kumulyativ
a = 0,05 ehtimoliga asoslangan chegara

Qiyosiy tahlil natijalari 30 tamoyili va aniq binomial ehtimollik usuli bir xil nazorat chegarasini
bermasligini ko‘rsatdi. 30 yondashuvida X < 13 giymatlar statistik signal sifatida baholansa, « = 0,05
darajadagi aniq binomial yondashuvda X < 15 giymatlar ham kritik sohaga kiradi. Demak, mazkur
parametrlar uchun aniq binomial usul sifat ko‘rsatkichining pasayishiga nisbatan sezgirroq nazorat mezonini
shakllantiradi.

Mazkur farq binomial tagsimotning diskret tabiati bilan bog‘liq bo‘lib, kichik hajmli nazorat
guruhlarida normal yaginlashuvga asoslangan 3¢ chegaralari dan foydalanishda ehtiyotkorlik zarurligini
ko‘rsatadi. Shu sababli n kichik yoki muvaffaqiyat ehtimoli 0 yoki 1 ga yaqin bo‘lgan holatlarda aniq
binomial ehtimolliklardan foydalanish statistik nazoratning asoslanganligini oshirishi mumkin.

Xulosa. Tasodifiy jarayonlarni matematik modellashtirish noaniglik sharoitida yuzaga keladigan
hodisalarning ehtimoliy gonuniyatlarini aniglash va ularning miqdoriy xususiyatlarini baholash imkonini
beradi. Tadgiqot davomida tasodifiy hodisa, tasodifiy miqdor, tagsimot gonuni, matematik kutilma,
dispersiya va standart og‘ish tushunchalarining tasodifiy jarayonlarni modellashtirishdagi o‘rni nazariy
jihatdan yoritildi.

Takroriy va o‘zaro mustaqil ikki natijali tajribalarni modellashtirishda binomial tagsimotning
xususiyatlari tahlil gilindi. Parametrik tahlil natijasida tajribalar soni n o‘zgarmas bo‘lganda muvaffaqiyat
ehtimoli p ning ortishi matematik kutilmaning chiziqli o‘sishiga olib kelishi, dispersiya esa p = 0.5
bo‘lganda maksimal qiymatga erishishi analitik jihatdan asoslandi. Shuningdek, p o‘zgarmas sharoitda
tajribalar sonining ortishi matematik kutilma va dispersiyaning chiziqli, standart og‘ishning esa v/n
gonuniyatiga muvofiq o‘sishiga olib kelishi ko‘rsatildi. Variatsiya koeffitsiyenti asosidagi tahlil esa tajribalar
soni ortishi bilan nisbiy tarqalish darajasining kamayishini ko‘rsatdi. Binomial modelning amaliy
qo‘llanilishi n = 20 va p = 0.9 parametrli texnologik jarayon misolida ko‘rib chiqildi. Bunda nugsonsiz
mahsulotlarning kutilayotgan soni

M(X) =18,
D(X) = 1.8,
o(X) =~ 1.342

ekanligi aniqlandi. Shuningdek, 20 ta mahsulotdan aynan 18 tasining nuqgsonsiz bo‘lish ehtimoli
taxminan 0,285 ya’ni 28,5 % ni tashkil etishi hisoblandi.

Texnologik jarayonni statistik nazorat gilish uchun 3o tamoyili asosida nazorat chegaralari
shakllantirildi. Hisoblash natijasida pastki nazorat chegarasi LCL ~ 14 ga teng bo‘lib, yuqori chegara
tekshirilayotgan mahsulotlarning maksimal sonini hisobga olgan holda UCL = 20 deb gabul gilindi. Shu
asosda nugsonsiz mahsulotlar sonining pastki nazorat chegarasidan kamayishi texnologik jarayonda sifat
ko‘rsatkichlarining kutilgan holatdan chetlanishini bildiruvchi statistik signal sifatida talqin qilindi.

Bundan tashqari, 3¢ tamoyili asosida olingan taxminiy nazorat chegaralari binomial tagsimotning aniq
kumulyativ ehtimollari asosidagi kritik chegara bilan giyoslandi. n = 20, p = 0,9 va « = 0,05 sharoitida 30
yondashuvi bo‘yicha X < 13 giymatlar statistik signal sifatida baholangan bo‘lsa, aniq binomial usulda
P(X <15) = 0,04317 < 0,05 va P(X < 16) = 0,13295 > 0,05 ekanligi aniglandi. Natijada aniq binomial
yondashuvda X < 15 kritik soha sifatida belgilandi. Ushbu giyosiy natija kichik hajmli va muvaffagiyat
ehtimoli chegaraviy qiymatlarga yaqin bo‘lgan binomial jarayonlarda aniq ehtimollik hisoblariga asoslangan
nazorat mezoni 3o yondashuviga nisbatan sezgirroq bo‘lishi mumkinligini ko‘rsatdi.

Taklif etilgan yondashuvda mahsulot holatini sensorlar yordamida aniglash, olingan ma’lumotlarni
binomial model asosida gayta ishlash, kuzatilgan natijalarni statistik nazorat chegaralari bilan tagqoslash va
chegaradan tashqaridagi holatlarda ogohlantiruvchi signal shakllantirish imkoniyati ko‘rsatildi. Natijada
binomial model nafagat takroriy tasodifiy jarayonlarning ehtimoliy xususiyatlarini tavsiflash, balki ikki
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natijali sifat ko‘rsatkichlariga ega texnologik jarayonlarni avtomatlashtirilgan statistik nazorat gilish uchun
ham matematik asos sifatida qo‘llanilishi mumkinligi asoslandi.
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Abstract. This paper focuses on the construction of composite optimal quadrature formulas for the

approximate calculation of integrals in the Hilbert space Wz(m’m"l)(o,l). While the standard rectangle rule
is well-known to be optimal for periodic functions, evaluating non-periodic functions requires a specialized
approach. To address this, we propose a novel method based on the periodization of arbitrary non-periodic
functions utilizing the properties of Bernoulli polynomials. By transforming the original function into a
periodic form and applying the optimal rectangle formula, we derive a new composite optimal quadrature
formula that explicitly incorporates the boundary values of the function’s derivatives. Furthermore, the
explicit form of the error functional is established, and the exact representation of the square of its norm is
determined.

Keywords. Periodic function, integral, optimal quadrature formula, Hilbert space, Bernoulli
polynomial, error functional.

FUNKSIYALARNI DAVRIYLASHTIRISH ORQALI INTEGRALLARNI
APPROKSIMATSIYALASH

Annotatsiya. Ushbu magola W,™™ 2 (0,1) Gilbert fazosida integrallarni tagribiy hisoblash uchun
optimal kvadratur formulalar qurishga bag ‘ishlangan. Garchi standart to‘gri to rtburchaklar formulasi
davriy funksiyalar uchun optimal ekanligi yaxshi ma’lum bo ‘lsa-da, davriy bo‘lmagan funksiyalardan
integral hisoblash ixtisoslashgan yondashuvni talab giladi. Ushbu muammoni hal gilish uchun biz Bernulli
ko ‘phadlarining xossalaridan foydalangan holda ixtiyoriy davriy bo ‘Imagan funksiyalarni davriylashtirishga
asoslangan yangi usulni taklif gilamiz. Dastlabki funksiyani davriy ko rinishga keltivish va optimal to ‘g ‘ri
to ‘rtburchaklar formulasini qo ‘llash orqali, biz funksiya hosilalarining chegaraviy giymatlarini oshkor
ko ‘rinishda o ‘z ichiga oluvchi yangi optimal kvadratur formula keltirib chigaramiz. Bundan tashqari, xatolik
funksionalining analitik ko ‘rinishi va uning normasi kvadratining aniq ifodasi topilgan.

Kalit so“zlar: davriy funksiya, integral, optimal kvadratur formula, Gilbert fazosi, Bernulli ko ‘phadi,
xatolik funksionali.
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ATITPOKCUMAIIAA UHTETPAJIOB METOJOM IEPUOIU3AIIANA ®YHKITANA

AHHomauu;l. ﬂaHHa}l cmambssl noceAuieHa noOCMpO€EHUD COCMABHbIX ONMUMAIbHbLX Keadpamypnbzx

dopmyn 015 NPUOTUNCEHHO2O BLIMUCTICHUS UHTNEZPATIO8 6 2UNbDEepmOo8oM NPOCTHPAHCMEE Wz(m’m_l)(O,l).
Xoms xopowio u38ecmuo, umo CMAHOAPMHAA DOPMYNA NPAMOY20JbHUKOE SAENAeMC ONMUMATIbHOU 01
nepuoouyeckux — (YHKYuil, 6bIYUCTICHUE UHMESPAn08 Om  Henepuooudeckux @yukyui mpedOyem
CReYuanU3UpPOBaHH020 No0xooa. [nsa peuieHus: 2mot npodIeMsbl Mbl pediazaem HO8blll Memood, OCHOBAHHbIIL
Ha nepuoouzayuu Npou3BOIbHLIX HENepUOOUdecKUx (QYHKYUU C UCNOIb30BAHUEM CE0UCME MHOZOUIEHO8
bepuynnu. Ilymém npeobpasosanus ucxoOHot @QYHKyuu 6 nepuooudeckyio @Qopmy u npumeHeHus
ONMUMATLHOU POPMYIbI NPAMOY2OTbHUKOS, Mbl HOLYHAEM HOBYIO COCMABHYI0 ONMUMATLHYIO KBAOPAMYPHYIO
dopmyny, komopas 8 A6HOM 8uUlde KIIOUAEM SPAHUYHblE 3HAUeHUs NPou3soOHbIX yHkyui. Kpome mozo,
YCMAaHOBNeHA A6HAs opma PYHKYUOHANA NOZPeUHOCIU, U OnpedelieHo MOoYHoe npedcmasieHue Keaopama
€20 HOpMbl.

Kntouesvle cnoea: nepuoouueckas Qynkyus, unmezpai, ONMUMANIbHASL KeaopamypHas Gopmyia,
2unbbepmoso npocmparHcmeo, MHoz2ounen bepuyinu, pyukyuonan noepewHocmu.

Introduction. In recent years, a number of results based on the application of function-theoretic
considerations have been obtained in various areas of computational mathematics. One can point out several
problems where function-theoretic approaches lead to general results: the construction of quadrature and
cubature formulas, interpolation of functions of one and many variables, and the approximate solution of
integral and differential equations (see [13]).

Among these topics, the problem of approximate calculation of integrals has been developed in more
detail compared to the others (see [8, 12, 13, 14]).

Consider a composite quadrature formula of the form
1 N k

f @ (x)dx = Z
0 B=0a=

Here ¢(x) is from the Hilbert space Wz(m'm_l)(o,l), C(@(hB) are the coefficients of the quadrature
formula (1), h =%, N is natural number, k <m — 1. Furthermore, we will consider the error of the
guadrature formula as a linear functional of the form

N k
£00) = go() = ) ) (1 CO(RES® (x — hp) @
B=0 a=0
in the Hilbert space Wz(m'm_l)(o,l) of classes of functions possessing generalized derivatives of order
m with an integrable square and the norm

C@ (hB)9 @ (hB) (1)
0

1

1 2 2
Il mm-1) = { f (9™ @) + ™D () dx} 3)
2 0
where g[q 47 in (2) denotes the characteristic function of the interval [0,1].
The space I/T/Z(m'm_l)(o,l) is the class of periodic functions from Wz(m'm'l)(o,l), ie., o(x) =
@(x + ), where y are integers. Furthermore, 9@ (1) = ¢®(0), @ = 0,1,...,m — 1. The elements of the
space W,™™1(0,1) are functions that differ from each other by a constant term. The norm of a function
@(x) in the space of periodic functions Wz(m'm_l)(o,l) is defined by formula (3). Many mathematicians
have been engaged in the construction and study of quadrature formulas of the form (1) in various spaces
(see [6, \dots, 14]).
The subject of the present work is the construction of an optimal composite quadrature formula in the
Hilbert space W,™™ 1 (0,1).
Here we propose a new method for constructing composite optimal quadrature formulas based on the
periodization of an arbitrary function from the Hilbert space of non-periodic functions.
In the next section, we will present some properties of Bernoulli polynomials that will be useful for the

periodization of a function.
Some Properties of Bernoulli Polynomials.
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The Bernoulli numbers By, B, ...,B, and Bernoulli polynomials By(x), B;(x), ..., B,(x) are
determined using the recurrence relations:

n—-1 ) ) nl
ZCan=O, Cn=m, nz=2 (4)
Bo¥) =1, Ba(0)= ) CEB™™, nx1 ©)
Using these relations, in particular, we obtain:
1
CSBO + 62131 =0, B = _E'

1
CIBy + C3B; + C2B, = 0, &:E
The first Bernoulli polynomials are also easily calculated:
B;(x) = CPByx + C{B, = x — =,

1
B,(x) = CIByx? + C3Byx + C2B, = x*> —x + A

Lemma 1. For the Bernoulli polynomials B, (x), the following equalities hold; that is, for the
polynomials B,,(x) at x = 0 and x = 1, we have:

(0, n#+1,n=0,
B (D -B.={; 2TV 130 (6)
The derivative of B, (x) is defined by the formula:
B'n(x) =nBn_1(x), n=1. (7)
If we integrate the polynomial B, (x) from zero to one, we have:
1
j B, (x)dx =0, n>1. (8)
0

Proof. Since By(x) =1 and B;(x) = x — % equality (6) follows from the definition for n = 0 and
n =1, i.e., from (4) and (5):

n—-1

B (1)—ZCkBk—B +chBk_B = B,(0)

By direct dlfferentlatlon of (5), we obtain (7), i.e.,

n—-1
B, (x) = Z(n — k) CkBpx™ k-1 = nz Ck_, Bpx™ 1k =nB,_; (x).

Equality (8) also foIIows dlrectly from (4). Calculatlng the deflnlte integral, we get:

nk+1
fB(x)dx—ZCkBk k+11 n+1ZCn+lBk—0 n=1.

Periodization of Functlons from the Hilbert space W(mm 1) (0,1).

In this section, we will deal with the periodization of a function f(x) from the space Wz(m'm_l)(o,l).

Definition. Let f(x) € Wz(m'm_l)(o,l), for m > 1. The periodization of the function f(x) will be
called finding a function ¢ (x) € W,™™ ) (0,1) satisfying the conditions:

@) = @), a=01,..,m—1. (9)
1 1
[ reodx= [ o edx (10)
0 0
Theorem 1. Let f(x) € W(mm_l)(o 1) Then the following function
n+1( ) (n) _ ()
(w—m+z(+wf(mf(m (11

is a periodic function in the space Wz(mm 1)(0,1), i.e., an element of the space VT/Z(m'm_l)(O,l), thus ¢ (x) €

W(m,m—l)
A (0,1).
Proof. First of all, we will prove that for any » > 0, the following equality holds:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 149



MATHEMATICS

Bin(D) BO| 0. n#nSnan, (12)
m+1)! m+" 1, r=n.
For r > n + 1, statement (12) is obvious, since B, ,(x) is a polynomial of degree n + 1. If r < n +
1, then using Lemma 1, we obtain:

B'pp1(x)  By(x) B2 () Bnyr_, (%)
m+1)! a7 m+D! (n+1-1)!

Letr = n, then
Bn+1—r(1) - Bn+1—r
n+l-r
Furthermore, by virtue of (4), for r # n:
Bn+1—r(1) - Bn+1—r(0)
n+1l-r

=n = B1(1) = B;(0) = 1.

=0.

Thus, (12) is fully proved.
Now we calculate the derivative of order r of the function ¢ (x) defined by formula (11):

PV = fO@ + Z ("“(x) FO© - FP ).

+ 1)'
Hence, by virtue of (12), we obtain:
9P (1) =1 (0) =0
Thus, for the function ¢(x), equality (9) holds. We proceed to the proof of equality (10). For this, we
calculate the definite integral of the function By virtue of Lemma 1, we obtain:

oo 1 3. (o0 100) [

Thus, we have shown the validity of equallty (10). Theorem 1 is fuIIy proved

On a Method for Constructing Composite Optimal Quadrature Formulas.

In this section, we provide a new method for constructing composite optimal quadrature formulas in
the Hilbert space Wz(m'm_l)(o,l). From the work of Kh.M.Shadimetov at al., it is known that the rectangle
formula is optimal (see [12]):

Theorem 2. Among the quadrature formulas of the form

1
[ o@ar= )" camenp (13)
0 g=0

- fo ' ()dx

with the error functional £(x) in the space W,"™™ %)(0,1), there exists a unique optimal quadrature
formula whose coefficients are constant, i.e.,

1
Chpy=h, B=01,...N-1 h=x, N=23. (14)

Moreover, the square of the norm of the error functional of the optimal quadrature formulas has the
form:

[oe]

B
11 sy = (=D™ > ZRR2T - form 2 2 (15)
W™ n!
. . . . . n=2m
The main result of this section is the following theorem.

Theorem 3. Among the quadrature formulas of the form (1) in the space Wz(m’m_l)(o,l), the
following formula is optimal:

”+1 (m —fm
ff(x)dx—hZf(hﬁHZ e (f0©) - ). (16)
Moreover, the square of the norm of the error functlonal of this formula has the form:

[oe]

B
2 — (_1\ym—1 “ng2n
11 g = (<D™ Y ER2n, form > 2,
n=2m
Proof. For this, we will use the results of Theorems 1 and 2. By virtue of Theorem 1, the

corresponding function ¢(x) is an element of I/T/Z(m'm_l)(o,l), then by Theorem 2 the quadrature formula is
optimal:
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1 N—
— n+1( ﬁ) n _r(n
fo o (x)dx = h; [f(hﬁ) + Z (F™ ) - f¢ )(1))].

(n +1)'
On the other hand, by virtue of (10), f @ (x)dx =f f (x)dx. Then we have
1 N
~ n+1( ﬁ) (n) _ r(n)
| f(x)dx—h;[f(hﬁﬂz et A GRIORVLIC) a7)

Now we proceed to simplify the coefficients of formula (16). Calculating the sum using Bernoulli
polynomial properties and grouping by powers of h, we obtain:

ZB,M (h) = Bpiah™

Then the composite optimal quadrature formula (16) takes the form:

A f(x)dx—hZf(hb’H Z - +;)+,1 (r™© - r™m) =

- —(f(O) FD) +h Z £ (hB) + Z o 111)+'1 (F™ @ - F®@)).

The second part of Theorem 3 foIIows directly from the equality of errors. Theorem 3 is fully proved.
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UO‘K 517.9

DINAMIK SISTEMALARDA OBYEKT SHOVQINLARI KORRELYATSIYALANGANDA
NOANIQ KIRISH TA’SIRLARINI TIKLASH ALGORITMLARI

Xolxodjayev Baxodir Asatilayevich,

Islom Karimov nomidagi Toshkent davlat texnika universiteti
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Islom Karimov nomidagi Toshkent davlat texnika universiteti
“Oliy matematika” kafedrasi katta o ‘qituvchisi
axralovh@.ru

Annotatsiya. Ushbu maqolada vaqt bo ‘yicha korrelyatsiyalangan tasodifiy Gauss Markov
Jjarayonlarining oq shovqin va to‘siqlardan farq qiluvchi tasodifiy jarayonlar kirish ta’sirlarining tavsifi,
Kalmanning klassik optimal chizigli filtrlash masalasini umumiy qo ‘yilish shartini buzadi. Biroq
ko ‘rilayotgan holatlarda filtriash usullarini umumlashtirish yo ‘llari mavjud bo ‘Iganligi uchun ko ‘rsatilgan
holat Kalmanning filtrlash usulini amaliy qo ‘llashni cheklamaydi. Bunga boshlang ‘ich dinamik sistemaning
matematik modelini kengaytirishga Gauss Markov tasodifiy jarayoni ko ‘rinishidagi kirish ta’sirlarini
shakllantiradigan qo ‘shimcha matematik modeldan foydalanish hisobiga erishish mumkin.

Kalit so‘zlar: korrelyatsiyalangan, tasodifiy jarayonlar, adaptiv algoritm, dinamik tenglama, Kalman
filtr, muntazamlashtirish, Gilbert fazo, singulyar yoyish, psevdomurojaat.

_ AJII'OPUTMbI BOCCTAHOBJIEHUSI HEONPEJEJEHHBIX BXOJHBIX
BO3JIEUCTBHUU ITPU KOPPEJIMPOBAHHBIX IIYMAX OFBEKTA B IMHAMHWYECKHNX
CUCTEMAX

Annomayua. B oanuoli cmambve ucciedylomcs 6X00Hble 8030€licmeusi 8 ude KOppeaupo8aHHbiX No
spemenu cayyaunvix I ayccosckux Maprosckux npoyeccos. Hanuuue noOdoOHvIX cayuaiinbix npoyeccos,
OMAUYAIOWUXC OM 6eN020 WyMa U noMexX, Hapyuiaem odujue yciogus KIaccuieckol 3a0aqu OnmumanibHou
auHetinon  Qunvmpayuu  Kaimana. Oownaxo cywecmsyrouue GO3MOICHOCHU 0000WeHUs  Memooo8
Qurbmpayuu 8 paccmMampusaemuvix CIyYasx He OSPAHUYUBAIOM NPAKMUYECKoe NpUMEHeHUe Memood
Qunompayuu Kanmana. Omo docmucaemcs 3a cuém pacuiupenus MamemMamuyeckou Mooenu UCXOOHOU
OUHAMUYECKOU CUCMEMbl U UCNONb306AHUS OONOIHUMENbHOU MAMEeMAMU4eckoli Mooenu, Gopmupyrouel
6X00Hble 8030eticmeus 8 sude I ayccosckux MapKoscKux ciyuatinbix npoyeccos.

Knioueswie cnoea: xoppenuposanmvie npoyeccol, Cayyaiimvle Npoyeccyl, A0anmueHbulll alcopumm,
ounamuueckoe ypasHneHue, gunvmp Kanmana, peeynapuszayus, npocmpancmeo Iunvbepma, cuncyiaproe
pasiodicenue, ncesd0oobpaleHue.

ALGORITHMS FOR RECOVERING UNCERTAIN INPUT EFFECTS WHEN OBJECT
NOISE IS CORRELATED IN DYNAMIC SYSTEMS

Abstract. This article investigates input effects represented by time-correlated Gaussian-Markov
random processes. The presence of such random processes, which differ from white noise and disturbances,
violates the general assumptions of the classical Kalman optimal linear filtering problem. However, the
existence of generalized filtering approaches in such cases does not limit the practical application of the
Kalman filtering method. This is achieved by extending the mathematical model of the original dynamical
system and employing an additional mathematical model that generates input effects in the form of
Gaussian-Markov random processes.

Keywords: correlated processes, random processes, adaptive algorithm, dynamical equation, Kalman
filter, regularization, Hilbert space, singular decomposition, pseudoinverse.
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Kirish. Ushbu ko‘rib chigilayotgan holatda baholashning parametrik adaptiv algoritmlarini amaliy
jihatdan amalga oshirishda boshlang‘ich ma’lumotlarning kichik o‘zgarishlarida yechimi turg‘un bo‘lmagan
masalani ko‘rib chiqishga to‘g‘ri kelganda, ularni shakllantirishdagi o‘sha holat bilan bog‘liq hisoblash
tavsifidagi sezilarli qiyinchiliklar uchraydi. Ular shu bilan tavsiflanadiki, boshlang‘ich ma’lumotlarning
shunchalik kichik o°zgarishlari yechimlarning ixtiyoriy katta o‘zgarishlariga olib kelishi mumkin. Shu
munosabat bilan obyektni kirish shovqginining korrelyatsiyalanganlik sharoitida dinamik sistema holatini
baholash anigligini oshirish uchun muntazamlashtirish usullaridan foydalanish magsadga muvofiqdir.

Metod. Kalmanning optimal filtrlash nazariyasida kirishda og shovqin tipidagi mustaqgil tasodifiy
gauss jarayoni tushadigan gauss markov tasodifiy jarayoni dinamik sistemaning chigishida gayta ishlanadi.
O‘Ichash shovqini ta’siri o‘lchash sistemasining matematik modelida hisobga olinadigan oqg shovqin tipidagi
gauss tasodifiy jarayonini ham aks ettiradi. Real sharoitlarda kirish ta’sirlarini funksionirlash sistemasi oq
shovgindan farq qilishi mumkin va vaqt bo‘yicha korrelyatsiyalangan tasodifiy gauss markov jarayonlarini
aks ettiradi.

Kengaytirilgan dinamik sistemaning kuzatish va dinamik tenglamasini yugorida shakllantirilgan
shartlarda quyidagi ko‘rinishda yozish mumkin:

Xy =AX +Dw, (5)

Zi+1 = H Xi+l +Vl+l’ (6)

. [Airp] . [H,i0] .o
buyerda A" =| --iiod | H =t | D =] |,
0! D, 0 | H, D,

. X . V. . Z . .
X, = Sy vV, = bl | z, = e W =W,
§i+l V2i+l Z2i+1

(5), (6) tenglamalar asosida kengaytirilgan holat vektorini baholash uchun Kalmanning an’anaviy
filtridan foydalanish mumkin:

Xioqi = AT (7)

Ply = APAT +D'QD, ®)
Xi*+1|i+1 = Xi*+l|i + K, 9)
yi*+l|i = Zi*+1 -H *Xi:JJi v (10)
Kia =Ry HTICLT (11)
Cli=HP HT+R,,, (12)
Piil|i+1 = (I - Ki*+1H *)Pi:lﬁ . (13)

Har bir gadamda &,,; giymat bilan hisoblangan (3) ifoda ¢;,; noma’lum kirish ta’sirining qiymatini
beradi. (7)-(13) ko‘rinishlardagi Kalman filtridan kelib chiqib K;l Kalman filtrlashi algoritmining
kuchaytirish koeffitsiyenti Q, va R, , matritsasiga bog‘ligligini ko‘rish giyin emas.

(7)-(13) ifodalarni tahlil gilib, ularni hisoblash jarayonida Q;va R, baholardan foydalanilganligi
uchun, (8), (10)-(13) munosabatlarini ekstrapolyatsiya va filtrlash algoritmlaridan istisno gilish magsadga
muvofig, degan xulosaga kelish mumkin. [3, 8, 13] da bundagi K;l kuchaytirish koeffitsiyentini
hisoblashda quyidagi ikki bosgichli hisoblash tartibi asosida Z!'] o‘lchamini tanlab ishlab chiqish
mumbkinligi ko‘rsatildi:

SL' =M (14)
va
@ =L, (15)
bu yerda
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Ho Vi Yo
HA | . . . Yivai Yingi . o
S=| - AL L =R HT M = 28t @7 =Ty v,
i H *A*H_ yi*+l|i y:Ilﬁ

Bunday modifikatsiyalashtirish K., filtrning kuchaytirish koeffitsiyenti real o‘lchash axborotiga

i+l
bog‘liq bo‘lib, K, , matritsaning aprior ma’lumotlarga qat’iy bog‘ligligini bartaraf gilishga olib keladi.
Shunday qilib, keltirilgan algoritm yaxshi ishlanmagan hisoblanadi, ya’ni aprior ma’lumotlarning
o‘zgarishiga kam sezuvchandir. Aprior axborot noaniq berilganda, ushbu holat jiddiy ahamiyatga ega.

(14) va (15) tenglamalar sistemasi yomon shartlangan, ya’ni boshlang‘ich ma’lumotlarning kichik
o‘zgarishlariga yechimning katta o‘zgarishlari javob berishi mumkin. Ushbu tenglamalarni yechishdagi
belgilangan holatlar muntazamlashtirish usullarini qo‘llash zarurligiga olib keladi [4, 6-9]. Ularning orasidan
A.N.Tixonov muntazamlashtirishining umumiy prinsipiga asoslangan [4, 6] va S matritsani singulyar
yoyilishida bazalangan (14) samarali psevdomurojaat usuli kabi usullar guruhini alohida ta’kidlash kerak [7,
12].

(14) tenglamani yechishga o‘tamiz. Yozuvlarni gisqartirish va kelgusida qulay ifodalash uchun (14)
tenglamani quyidagi ko‘rinishda yozamiz:

L*

yi,j

bu yerda: S — Hs gilbert fazosidan H. gilbert fazosiga harakatlanuvchi chizigli operator; I:j -

matritsaning i— ustuni j =1,2,...,; m i - My matritsaning i— ustuni.

Y,

Samarali psevdomurojaat usuli S matritsani (singulyar yoyilishda) faktorizatsiyalashga, ya’ni uni [4, 6,
12] dagi ko‘rinishiga asoslangan

S=UTV', (17)
bu yerda:U — (mx m)— o‘lchamli ortogonal matritsa; V — (N x n) — o‘lchamli ortogonal matritsa; T —
(mxn) - o‘Ichamlidiagonal matritsa.

U vaV matritsalarning U, va Vv, ustunlari SST va STS matritsa xususiy vektorlarining mohiyatidir,

T matritsaning L; diagonal elementlari esa S'S (yoki SST) matritsa A, xususiy giymatlarining musbat
ildizlaridir.

Natija. S* psevdoteskari matritsa (Mur — Penrouz) quyidagi bahoni olish imkonini beradi [12]:

- r 1

* T T
i=1 Hi

buyerda: T" =diag(t;,...,t;") —T —matritsa uchun matritsa; r — S —matritsa rangi
(i =1,n) singulyar sonni noldan farglaydigan son), bu yerda agar 4 #0,vat" =0, yoki £ =0 bo‘lsa

Agar S matritsa rangi ' =N bo‘lsa, psevdoteskari matritsa EKKU bo‘yicha [9] bahosiga mos keladi:

o =(S"S+al)™sTm,,;,
va mos holda past aniglik bilan tavsiflanadi. Shu munosabat bilan shunday nomlanadigan samarali

psevdoteskari matritsa va baholar qo‘llaniladi
[6, 12]

ij.a

~ r 1
* T T
Ii,j,z’ :VTT+U my‘i’j - Z_VI . Ui y (19)
i=1 Hi
bu yerda: T, —samarali T =diag(t,,...,t, ); r'<r psevdoteskari matritsa, agar 4, > zvat =0,

yoki £ =0 bo‘lsa, ;. =1/ 14 bo‘ladi.
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Xatolikning minimal o‘rtacha me’yoriga ega bo‘lgan I* va ["; _ baholarni olish uchun &

ij,a ij,r

muntazamlashtirish parametri va 7 yoki ' parametrlar m, ; ; vektorni o‘Ichash xatoligining dispersiyasi

Yo j
bilan moslashtirilgan bo‘lishi kerak. Amaliyotda ularni ko‘pincha xatoliklar usuli bo‘yicha aniqlanadi.

Endi (15) tenglamani yechishga o‘tamiz. Yozuvlarni gisqartirish va kelgusida qulay ifodalash uchun
(15) tenglamani quyidagi ko‘rinishda yozamiz:

Wik, =17, =1, ; + 51,

bu yerda: W, = ®"" — gilbert fazosida Z dan Z ga harakatlanuvchi chizigli operator: Ki ; ~K T

ijo (20)

matritsaning i- chi gatori,
j=12,..;1; -5% =|s1; H Smin <o, H <52,

ko‘rinishda approksimatsiyalash shartidagi L7 matritsaning i- chi ustuni; Ii, j —(20) tenglama o‘ng

gismining aniqg giymati.

(20) ifodani hisobga olib (15) tenglamani yechish uchun M.M.Lavrentev usulidan foydalanamiz [2, 5,
10].

W, operator musbat va 0‘z-0‘ziga bog‘liq bo‘lgan holatni ko‘rib chiqgamiz. U holda M.M.Lavrentev
usuli quyidagi ko‘rinishdagi tenglamaga keladi:

ok ; +Wiki ; = Ii(,yj ) (21)
bu yerda: @ — muntazamlashtirish parametri.
(21) tenglamaning yechimini quyidagi shaklda ifodalash mumkin

Ija —(0(' +W) 1I| N =0 (VVI)IIJ’
bu yerda
0,(A)=(a+2)"
- keltirib chigaruvchi funksiya sistemasi, 0 < A < oo —spektral parametr.
Agar W; operator 0z-0‘ziga bog‘liq o‘zgaruvchan ishorali bo‘lsa, u holda bu yerda M.M.Lavrentev
usulining quyidagi aynan yaqinlashgan yechimlar modifikatsiyasini qo‘llash magsadga muvofiq [1]

=g, W)},

lzi,j,a =g, W )w, Kijo= qa(wi)h(,sj: g,(1)=292(2);
guyidagi tenglamadan aniglanadi:

pok; | +Wik ; = |i(,5jf

bu yerda:

a>0, u=+-1. (22)

quyidagi
ki, =Rev,, v, =(ial +W,)"I?

1], Ij’

ko‘rinishdagi ifodadan yoki A.N.Tixonov usulining maxsus hisoblash sxemasidan ham foydalanish
mumkin [1, 7]:
ki i o FWK; , =WiI?

i,j,a i,j,a iti,j-
Nokorrekt qoyilgan masalalarni yechish usullari asosida ko‘rsatish mumkinki [9, 14], (15) sistemani
sezilarli darajada yaxshi shartlanganligini ta’minlash uchun quyidagi ko‘rinishdagi sistemani qarab chiqish
magsadga muvofiq:

Wi K 5, =AY

i,j,a ijo

bu yerda
=[(Dy, +aDy) + (1~ B)W; ~Dy)I,
Dy —W,; matritsa diagonall,
(. Wikij0) K ja)

ik,
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et HDW+aD H - IPw
"Wi_DW”E |

K; ; ., —sistema yechimi

12” vektorni aniglash quyidagi

2 2
o < 5min
E

tengsizlikni ganoatlantiruvchi E,j,a vektorni aniglashga olib keladi [11].

Ki ;. Vektornianiglash ¢ kattaligi to‘plamining ratsional masalasiga olib kelinadi:

a, o =00, 1=23..,
bu yerda @, hisoblash jarayonida aniqlanishi kerak bo‘lgan kattalikning mohiyati.
Ularni quyidagi ifoda bo‘yicha aniqlash maqsadga muvofiq:

=2 )

bu yerda

Il_HI ||Ja, HE
Bunda a; giymatini shunday berish kerakki, natijada

2
=17y -k = 02
bo‘lsin, &, ning navbatdagi giymatlari esa
2

P =~ 2
175 =7 Wiki ;| < Srin
E

~

uchun k; ; vektorini yetarli darajada tez topishni ta’minlashi kerak, bu yerda 7, quyidagi

2
_52

5
i,j _TZWII(I j.a min

tenglama yechimi asosida anlqlanadl [11].

Yugoridagi munosabat asosida k vektorni aniglab, so‘ng k . vektori bo‘yicha quyidagi

1]
7, -w JH < A2, WK, ;19— Wik, ;) = 0,
bu yerda A’ = (52, + S62,,)/ 2 ikki shartni ganoatlantiradigan ki'j vektorni topish mumkin.
Xulosa. Shuni ta’kidlash kerakki, bu yerda 4 va [ Kkattaliklar ¢ parametrining tanlangan giymati
asosida topiladi. Bunda f = [, matritsani muntazamlashtirishda evklid normasini saqlash prinsipi bo‘yicha

aniglanadi.
Shunday qilib, keltirilgan algoritmlar obyekt shovginining korrelyatsiyalangan shartlarida dinamik

sistemalardagi noma’lum kiruvchi ta’sirlarni tiklash masalasini muntazamlashtirish imkonini beradi.
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Annotatsiya. Ushbu magolada uch fazali inersional-viskoelastik muhitda tebranish jarayonlarini
ifodalovchi to ‘rtinchi tartibli gibrid xususiy hosilali differensial tenglama uchun birinchi tur chegaraviy va
boshlang ‘ich masala tadqiq qilingan. Retardatsiya vaqtlari hamda inersiya parametrlarini hisobga oluvchi
reologik model uchun chegaralangan sohada matematika-fizika masalasi qo ‘vilgan. Masalaning analitik
yechimi o ‘zgaruvchilarni ajratish (Furye) usuli yordamida qurilgan. Vaqtga bog'liq tenglamaning
xarakteristik ildizlari va so ‘nish rejimlarining reologik koeffitsiyentlarga bog ‘ligligi chuqur tahlil gilingan.
Yechim cheksiz trigonometrik Furye qatori ko ‘rinishida shakllantirilib, uning tekis yaqinlashishi hamda
energik integral usuli yordamida yechimning yagonaligi qat’iy isbotlangan. Olingan analitik natijalar kon-
metallurgiya sanoatidagi pulpa va shlam quvurlari hamda gidrotizimlarda nostatsionar tebranish
jarayonlarini hisoblashda amaliy ahamiyatga ega.

Kalit so“zlar: inersional-viskoelastik muhit, reologik model, retardatsiya vaqti, tebranish tenglamasi,
Furye usuli, energik integral, yagonalik teoremasi.

KPAEBAS 3AJIAYA JJ1s1 YPABHEHUSA KO.JI}EBAHHPI TPEX®A3HOM MHEPIIMOHHO-
BA3ZKOYIIPYI'OU CPEJBI

Annomauus. B Oannoii pabome ucCciedo8aHa HAYANbHO-KPAESAs 3a0a¥d nepeo2o pooa OJis
2ubpuoHo20  OuhheperyuarbHo20  YpasHeHusi 6 UYACHbIX — NPOU3BOOHbIX — HeMmEEpmo20  NOpPsOKd,
onuceleaoujeco Koiebamenvbhble NPOYecchl 8 MpPEXPAzHol UHEPYUOHHO-653KOYNPYyeol  cpede. s
PeonocutecKkoll Mooenu, YYumvleaiouiel 8pemMend 3ana30bléaHus U Napamempuvl uHepyuu, NOCMAasiend
3a0a4a Mamemamu4eckol pu3uKu 6 ocpanudeHnol obracmu. Ananumudeckoe peuterue 3a0a4u NoCMpoOeHo
Memoodom paszoeneHusi nepemenHvix (memooom @ypwve). [lo0pobHO npoananruzuposamna 3a8UCUMOCHIb
XApaKmepucmuieckux KOpHell 6DeMEHHO20 VPABHEHUs U PEeNCUMO8 3amyXaHus Om pPeoyocUtecKux
K0 puyuenmos. Pewenue cqhopmyruposano 6 ude bHecCkoOHeuyHo20 mpueoHomempuyeckozo pada Pypve, a
€20 PABHOMEPHAsST CXOOUMOCHb U eOUHCMBEHHOCHb CMPO20 OO0KA3AHbL C UCNOAb308AHUEM MEmood
oHepeemuyecko2o unmezpana. Ilomyuennvie anamumuiecKkue pesyibmamosl UMEIOm NPAKmudecKoe 3HaveHue
0Nl pacuéma HeCmayuoHAPHLIX KOLEOAMENbHbIX NPOYECCO8 6 NYIbHNONPOBOOAX, UIAMOBLIX NOMOKAX U
2UOPABTULECKUX CUCEMAX 20PHO-MEeMATYPeUYECKOU OMPACTu.

Kniouesvie cnosa: unepyuonno-esa3Koynpyaas cpeod, peoiocudeckas Mooenb, pems 3anazobleaHus,
ypasHeHue konebanuil, memoo @ypve, SHepeemuyecKuil UHmespal, meopema eOUHCMEeHHOCHU.

BOUNDARY VALUE PROBLEM FOR THE OSCILLATION EQUATION OF A THREE-
PHASE INERTIAL-VISCOELASTIC MEDIUM

Abstract. This paper investigates a first-type initial-boundary value problem for a fourth-order hybrid
partial differential equation describing oscillation processes in a three-phase inertial-viscoelastic medium. A
mathematical physics problem is posed in a bounded domain for a rheological model incorporating
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retardation times and inertia parameters. The analytical solution of the problem is constructed using the
method of separation of variables (Fourier method). The dependence of the characteristic roots of the time-
dependent equation and damping regimes on rheological coefficients is thoroughly analyzed. The solution is
formulated as an infinite trigonometric Fourier series, and its uniform convergence together with uniqueness
is rigorously proved via the energy integral method. The obtained analytical results are of practical
importance for calculating non-stationary oscillation processes in pulp and slurry pipelines as well as
hydraulic systems in the mining and metallurgical industry.

Keywords: inertial-viscoelastic medium, rheological model, retardation time, oscillation equation,
Fourier method, energy integral, uniqueness theorem.

Kirish. Tutash muhitlar mexanikasida yopishgog-elastik (viskoelastik) xossaga ega bo‘lgan
materiallarning dinamik holatini hamda ulardagi tebranish jarayonlarini modellashtirish amaliy va nazariy
jihatdan muhim masalalardan biridir. Xususan, kon-metallurgiya sanoatidagi quyuq pulpa va shlam
quvurlarida, neft-gaz muhandisligidagi burg‘ilash eritmalarida, seysmik to‘lginlar ta’siridagi nam g‘ovak
grunt qatlamlarida va polymer tizimlarda to‘lqinlar tarqalishini aniqroq tasvirlash uchun muhitning nafaqat
elastik va yopishqoq xossalarini, balki uning inersional xarakteristikalarini ham hisobga olish talab etiladi [1,
2].

Mubhitning relaksatsiya va retardatsiya jarayonlari klassik reologik modellar - Kelvin-Voigt va
Maksvell modellarida keng o‘rganilgan bo‘lsa-da, yuqori chastotali hamda jadallashtirilgan tebranish
rejimlarida massaning inersiyaga ko‘rsatadigan qarshiligi to‘liq qamrab olinmaydi. Bu yo‘nalishda R.M.
Christensen [1], A. Wineman [2] va F. Mainardi [3] chiziqli viskoelastik muhitlarda to‘lginlar dinamikasi
nazariyasini rivojlantirganlar. A.A. Il'yushin va B.E. Pobedrya [4] thermoviskoelastik muhitlar holat
tenglamalarining matematik asoslarini yaratgan bo‘lsa, O.A. Ladyzhenskaya [5] hamda K. Khudoynazarov
va A. Abdurazaqov [6] viskoelastik konstruksiya elementlarida differensial tenglamalar uchun chegaraviy
masalalarning to‘g‘ri qo‘yilganligini (korrektligini) isbotlab berishgan.

Biroq yugorida keltirilgan ishlarda massa inersiyasining ta'siri asosan tenglamaning chap tomonidagi

2
tashqi kuchlar muvozanatida (p ZTZ) hisobga olingan bo‘lib, reologik modelning ichki tuzilmasida (so‘nish

va retardatsiya mexanizmida) inersion elementlarning tutgan o‘rni yetarlicha ochib berilmagan.[8-10]

Ushbu magolaning magsadi - uch fazali inersional-viskoelastik muhit tebranishi uchun gibrid 4-tartibli
xususiy hosilali differensial tenglamaga keltiriladigan birinchi tur chegaraviy va boshlang‘ich masalani
qo‘yish hamda uni o‘zgaruvchilarni ajratish (Furye) usulida analitik yechishdan iborat. Shuningdek, Furye
gatorining tekis yaginlashishi va energik integral usuliga tayanib, yechimning mavjudligi hamda
yagonaligini isbotlash, reologik parametrlarning tebranish so‘nish koeffitsiyentiga ta’sirini tahlil gilish
nazarda tutilgan.

Metodlar. Uch fazali (elastik, viskoz va inersional) reologik muhitning deformatsiyalanish jarayonini
modellashtirishda elementlarning parallel ulangan sxemasi garaladi. Muhitdagi umumiy kuchlanish o(t)
elastiklik (f5G;), viskozlik (f; u;) hamda inersional-gidrodinamik (f,m;;) tashkil etuvchilarning yig‘indisidan
iborat.[11,12]

o(t) =0, +04t0; @

Deformatsiya €(t) va uning vaqt bo‘yicha hosilalari orgali ushbu bog‘lanish quyidagi differensial
ko‘rinishni oladi:[o°zimniki]
de(t) d%e(t) (2
o(t) = f3G;e(t) + iy —— 9t + 2Mi =5
Tenglamadan elastiklik koeffitsiyenti f;G; ni gavsdan tashqgariga chigarib, Kelvin-Voigt bo‘yicha
LM hamda inersional-viskoelastik retardatsiya vaqti (tfe’;z 2= % belgilashlarini
3ui

fzG
kiritsak, muhitning holat tenglam351 hosil bo* ladl

retardatsiya vaqti tX, =

a(t) = f36; <S(t) + tret 71’(;3}%2 ’ aai(zt) ©
Mubhitning deformatsiya orgali ifodalangan dinamik tenglamasml hosil gilish uchun tutash mubhitlar
harakat tenglamasi pz 12‘ = 30 va kichik deformatsiyalar nisbati ¢ = = dan foydalanamiz. Natijada x va t
o‘zgaruvchilariga nisbatan 4-tartibli aralash xusu5|y hosilali dlfferen5|al tenglama kelib chigadi.
az_u - 62 it K22 9*u 4)
at? a ret dx Zat fret’) 3xzg¢2
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> 0 - mubhit elastik to‘lginlarining tarqalish tezligi kvadratini, tX,, > 0 va tX"2 > 0

bu yerda a? = %

esa mos ravishda viskoz va inersional retardatsiya vaqtlarini ifodalaydi.
Chegaralangan Dy = {(x,t):0 < x <[, 0 <t < T} sohada (4) tebranish tenglamasi uchun birinchi
tur (Dirixle) chegaraviy shartlari qo‘yiladi.

u(0,t) =0, u(,t)=0, t=0 %)
Bundan tashqari t = 0 vaqt momentidagi boshlang‘ich shart qo‘shiladi.
u(x t) (6)
u(x, 0) = ¢p(x), 5 |t=0= =yYx), 0<x<l

Boshlang‘ich va chegaraviy shartlar birga qo‘llanganda uzluksizlik saglanishi uchun ushbu moslashuv
shartlari bajarilishi kerak.

P =9 =0, ¢"(0)=9¢"(D=0, PO)=yD) =0 ()
(4) tenglamani (6) masalasining klassik yechimi mavjudligi, yagonaligi hamda qurilgan Furye gatorining
tekis yaginlashishi tekshirib ko‘rilishi zarur. Buning quyidagi teorema va lemmalardan foydalanamiz.
Teorema 1. Agar ¢(x) € C3[0,1] va (x) € C?[0,1] funksiyalar (7) moslashuv shartlarini
ganoatlantirsa, u holda (4)-(6) masalaning u(x,t) € C>?(Q;) klassik yechimi mavjud, yagona va u ushbu
Furye gatori ko ‘rinishida ifodalanadi:
(8)

- nmx
u(x,t) = Z T, (t) sinT
n=1
Isbot. Yechimni u(x, t) = X(x)T(t) ko‘rinishida izlasak (4) tenglama quyidagi ko‘rinishga o‘tadi.
T(6) X _ ©
Q2T (t) + t,T'(t) + (t52)°1"(t) X&)
Natijada ikkita ajralgan differensial tenglama va (5) chegaraviy shartlarga ko‘ra Shturm-Liuvill masalasi

hosil boladi: X" + AX(x) = 0,X(0) = 0,X(1) =0
Ushbu masalaning xos giymatlari va ortogonal xos funksiyalari:

N 2 nix
A, = (T) , Xy =sin—, n=123..
Vaqtga bog‘liq T, (t) funksiya uchun 2-tartibli oddiy differensial tenglama keltirib chiqgariladi.

(1 + a? 2, (tKh? )T "(t) + aP A K, T, (1) + a? A, T, (t) = 0 (11)

(6) boshlang‘ich shartlardan T, (t) uchun boshlang‘ich shartlarni topamiz.
2 (!  nmx . 2 (!  nmx
M@ = ¢ =7 [ #COsn Trdx, T/ = =7 [ ¥ Csin T dx
0 0

(11) tenglamaning xarakteristik tenglamasini tuzsak (13) hosil bo‘ladi.
(1 + a? 1, (tKh? 2) r? + a? A, tK;r +a?1, =0 (13)
Barcha reologik parametrlar a2, tX,,, tX%2 > 0 va 1,, > 0 bo‘lgani uchun, xarakteristik ildizlar rl(z) =—y, +

iw, manfiy haqgiqiy gismga ega (y,, > 0), bu esa tebranishlarning vaqt o‘tishi bilan so‘nishini ko‘rsatadi.
(11)-(12) masalaning analitik yechimi (14) ko‘rinishda bo‘ladi.

T,(t) = e "nt (¢n cos w, t + ¥n an¢n

n
Teorema 1. shartiga ko‘ra ¢(x) € €3[0,1] va y¥(x) € C?[0,1] bo‘lgani uchun, bo‘laklab integrallash usulini
go‘llab, Furye koeffitsiyentlarini topa olamiz.

(3) (2)
d’n ﬂ'3/2 d) l/)n - n

bu yerda Y — 1( (3)) <oovay,o 1( (2)) < oo. Veyershtrass va Koshi-Bunyakovskiy tengsizliklariga
ko‘ra:

(10)

(12)

sin w, t) (14)

(15)

© (16)
lu(x, t)|<Z|T(t)|<MZ 3/2 |¢(3)|+|1/J(2) SMle<OO
n=1

2
Xuddi shunday, o 1: ‘;tz va axzatz hosilalardan tuzilgan qatorlar tekis yaginlashishi va u(x,t) € C*2(Qy)

ekanligi isbotlanadi.
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Endi yechimni yagonaligi haqidagi gismi ko‘rib chiqamiz. Faraz qilaylik, masalaning ikkita u,(x,t) va
u, (x, t) klassik yechimlari mavjud bo‘lsin. Ularning fargini w(x,t) = u,(x,t) — u,(x, t) deb belgilaymiz.
w(x,t) funksiya bir jinsli (4) tenglamani hamda nolga teng chegaraviy va boshlang‘ich shartlarni
ganoatlantiradi.

Masala uchun quyidagi integralni garaymiz:

1t ow\? own 2 2 (0%w 2 (17)
© zL[(m) ta(5g) +EE) (5050 [

Ushbu E(t) integralining vaqt bo‘yicha hosilasini olib, (4) tenglamani o‘rniga qo‘yamiz va bo‘laklab

integrallaymiz:
2
dE(t) ) L/d%w (18)
= —a’tX dx <0
dt ¢ “’ffo axat) =
Bu E(t) funksiyaning o‘smaydigan ekanligini ko‘rsatadi (0 < E(t) < E(0)). Nol boshlang‘ich shartlarga
2

ko‘ra E(0) =0, demak barcha t >0 uchun E(t) = 0. Bunga ko‘ra fol (Z—‘;}) dx =0 va w(0,t) =0
shartdan w(x, t) = 0, ya’ni u; (x,t) = u,(x, t) kelib chiqadi. Teorema to‘liq isbotlandi.

Natija va muhokama.
1-Teoremaga muvofiq, uch fazali inersional-viskoelastik muhit tebranishini ifodalovchi (4)-(6) chegaraviy
masalaning analitik yechimi quyidagi cheksiz trigonometric Furye qatori (8) ko‘rinishida shakllantiriladi. Bu
yerda vagtinchalik T,,(t) funksiya (11) tenglamaning analitik yechimi bo‘lib, u muhitning reologik va
inersional xarakteristikalariga bevosita bog‘liq bo‘ladi. (11) tenglamaning D,, diskriminantining ishorasi
tebranishlarning fizik xarakterini belgilab beradi:

D, = a*22(tK,)? — 4a%1, (1 + a1, (tKh? 2) (19)
Parametrlarning nisbatiga garab uch xil fizik-mexanik rejim bo‘lishi mumkin: (D,, < 0) Ko‘pgina amaliy
diskriminant manfiy bo‘ladi. Xarakteristik ildizlar kompleks qo‘shma ko‘rinishga ega (7”1(,121) = —y, T iwy):
a’A,tK,

Yn = )
T2(1+ a2, (e82)%)
\/4a2/1n (1 + a2, (tkh? 2) — a*2%(tK )2

2 (1 + a2, (tkh? 2)

(20)

wn =

Ushbu holdagi yechim (22) ko‘rinishda bo‘lib o‘zgarmas koeffitsentli, bir jinsli differensial tenglamani
yechimi ko‘rinishda ifodalanadi.

T,(t) = e ¥nt (qbn coswy t + (21)

Y + Vndn . )
——sinw, t

Wn
(D5, > 0) Nisbatan yugori yopishgoqglik va kichik inersiyada xarakteristik ildizlar haqigiy va manfiy bo‘ladi.
Tizim tebranmasdan, eksponentasimon ravishda muvozanat holatiga gaytadi. (D,, = 0) Ikkala ildiz ham bir-
biriga teng va manfiy bo‘lganda, kretik holat yuz beradi.

(kv) _1

Klassik Kelvin-Voigt modelida (X2 = 0) so‘nish koeffitsiyenti y, Zaz/lntfet bo‘lib, garmoniklik
tartibi n ortishi bilan so‘nish tezligi kvadratik ravishda o‘sib ketadi. Uch fazali inersional-viskoelastik
modelda esa inersion parametr (tfe’}z)z mahrajda gatnashgani sababli, yuqori chastotali tebranishlarda

asimptotik cheklanishlar yuz beradi.

lim y,, = lim @ ntrer = tret = const 29
n = 2\ 2~
noo T o0 (14 22, (eK02)°)  2(ekhe 22)

Xulosa. Ushbu maqgolada uch fazali (elastik, viskoz va inersional) reologik model asosida quriladigan,
tebranish jarayonlarini ifodalovchi to‘rtinchi tartibli gibrid xususiy hosilali differensial tenglama uchun
birinchi tur chegaraviy va boshlang‘ich masala qo‘yildi hamda o‘zgaruvchilarni ajratish usuli yordamida
to‘liq analitik tadqiq qilindi. Olib borilgan tadqiqot natijasida quyidagi asosiy xulosalarga kelindi: Muhitning
holat tenglamasiga inersion tashkil etuvchi - f,m; elementining Kiritilishi klassik Kelvin-Voigt modelini
umumlashtirib, muhitning reologik xatti-harakatini ikkita retardatsiya vaqti - viskoz tX,, va inersional-

viskoelastik tX? orqali tavsiflashga imkon berdi. Vaqtga bog‘liq (11) oddiy differensial tenglamaning
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xarakteristik ildizlari tahlili natijasida tebranish jarayonining uchta fizik-mexanik rejimi (D,, < 0 so‘nuvchi
tebranma rejim, D,, > 0 aperiodik so‘nish, D,, = 0 kritik holat) reologik parametrlarning o‘zaro nisbatiga
bog‘liq holda aniq belgilandi. Masalaning (8) ko‘rinishidagi Furye qgatori shaklidagi yechimi qurilib,
Veyershtrass va Koshi-Bunyakovskiy tengsizliklari asosida uning tekis yaginlashishi, shuningdek integral
usuli ((17)-(18)) yordamida yechimning yagonaligi isbotlandi va Teorema 1. orgali klassik yechimning

mavjudligini ham kafolatladi. Eng muhim natija sifatida, inersion parametr (tfgéz)zning so‘nish
koeffitsiyenti y,, ifodasining maxrajida gatnashishi aniglandi (22) bu klassik Kelvin-Voigt modelidan fargli
o‘laroq, garmonikalar tartibi n — oo da so‘nish koeffitsiyentining cheksiz o‘sishining oldini olib, uni chekli
giymatga (t,’fet/z(t,’.(e’,@2 2 intiltiradi. Demak, inersion elementning modelga Kkiritilishi yugori chastotali
tebranishlarda jarayonning fizik jihatdan reallikka yaginroq tasvirlanishini ta'minlaydi.

Olingan analitik natijalar kon-metallurgiya sanoatidagi quyuq pulpa va shlam quvurlari, gidrotizimlar,
neft-gaz muhandisligidagi burg‘ilash eritmalari hamda seysmik ta‘sir ostidagi nam g‘ovak grunt
gatlamlaridagi nostatsionar tebranish jarayonlarini sonli modellashtirish va muhandislik hisob-kitoblarida
amaliy qo‘llanilishi mumkin. Kelgusi tadqiqotlarda ushbu model ikki va uch o‘lchamli sohalarga,
shuningdek nochizigli reologik bog‘lanishlar va o‘zgaruvchan kesim yuzali quvurlar holatiga
umumlashtirilishi magsadga muvofiqdir.
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Abstract. In this paper, soliton-like solutions for the Korteweg—de Vries (KdV) equation with variable
coefficients are investigated using the Inverse Scattering Transform (IST) method. By applying appropriate
transformations, the original equation is reduced to an integrable form. Subsequently, new general soliton
solutions of the resulting equation are derived via the IST method, and explicit analytical solutions are
obtained in closed form. The proposed approach can be effectively extended to analyze other classes of
integrable nonlinear systems.

Keywords: variable-coefficient KdV equation, nonisospectral KdV equation, inverse scattering
transform, Jost solutions, Lax pair, Cauchy problem.

TESKARI SOCHILISH TRANSFORMATSIYASI YORDAMIDA NOIZOSPEKTRAL
YUKLANGAN KORTEWEG-DE VRIES TENGLAMASI UCHUN ANIQ YECHIMLAR

Annotatsiya. Ushbu ishda sochilish nazariyasining teskari masalalari usulidan foydalanib,
o ‘zgaruvchan koeffitsiyentli Korteveg—de Friz (KdF) tenglamasining solitonsimon yechimlari o ‘rganiladi.
Munosib almashtirishlar yordamida dastlabki tenglama integrallanuvchi ko ‘rinishga keltiriladi. So ‘ngra
sochilish nazariyasining teskari masalalari usuli asosida ushbu tenglamaning yangi umumiy soliton
yechimlari olinadi hamda ularning ochiq analitik ko ‘rinishdagi aniq yechimlari hosil gilinadi. Maqgolada
taqdim etilgan yondashuv boshqa turdagi integrallanuvchi nochizigli tenglamalarni tadgiq etishda ham keng
qo ‘llanilishi mumkin.

Kalit so‘zlar: o zgaruvchan koeffitsiventli KdF tenglamasi, nonisospektral KdF tenglamasi, sochilish
nazariyasining teskari masalalari, Yost yechimlari, Laks juftligi, Koshi masalasi.

TOYHBIE PEHNEHUS HEU30CIIEKTPAJIBHOI'O HAT'PYKEHHOI'O YPABHEHMSI
KOPTEBET'A-IE ®PU3A METOJAOM OBPATHOMU 3AJJAYU PACCESIHUSA

Aunomauyus. B Oannou pabome Mmemooom 0OpaAmMHOU 304U  PACCESHUSL  UCCLEOYIOMCAL
conumononodobnuvle peuienus ypasuenus Kopmeseea-oe @puza (KO®D) ¢ nepemennvimu kos@puyuenmamu.
C nomowwpro coomeemcmayowux npeodpa308anull UCXOOHOE YPAGHEHUE CEOOUMCS K UHMEZPUPYeMOoMy
6udy. Ha ocnoge memooda obpammoii 3a0auu paccesHusi 8bl800AMCs HOBble 00WUe CONUMOHHBLE PEULEHUs.
NOMYYEHHO20 YPABHEHUsl, U CIPOSMCS UX MOYHble AHATUMUYecKue peuietus 6 a6Hom euoe. [Ipednocennbiil
nOO0X00 Modcem Obimb YCHeWHO NPUMEHEH K UCCIe008AHUI0 OPYeUX KIACCO8 UHMESPUPYEeMbIX HEeTUHEUHbIX
cucmenm.

Knwuesvie cnosa: ypasuenue Ko® c¢ nepemennvivu Kod(@uyuenmamu, HEU30CNEKMPAIbHOE
ypasnenue KO®, memoo obpamnoii 3a0auu paccesnus, pewenus Hocma, napa Jlaxca, 3adaua Kowu.

Introduction. Nonlinear evolution equations play an important role in the mathematical modeling of a
wide range of physical phenomena. Among them, integrable nonlinear evolution equations are of particular

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 163


mailto:iskandarovabbosbek@gmail.com

MATHEMATICS

interest because their analytical properties allow exact solutions to be constructed and their dynamical
behavior to be studied in detail. The KdV equation is one of the fundamental integrable nonlinear evolution
equations and has been extensively studied in connection with the theory of solitons and nonlinear wave
propagation.

The well-known IST [1] has been widely used to solve nonlinear evolution equations [2—4]. One of the
advantages of the IST is that it can be applied to a broad set of evolution equations associated with a given
spectral problem. Evolution equations associated with a given spectral problem can generally be classified
into isospectral and non-isospectral types, depending on whether the spectral parameter remains constant or
evolves with time. Isospectral equations often describe solitary waves in lossless and homogeneous media.
Non-isospectral equations, which arise from spectral problems with a time-dependent spectral parameter 7

[5-6], can also be solved using the IST, and their solutions demonstrate the existence of solitary waves in
certain types of nonuniform media [7-10].

In this paper, using the IST method, we solve the initial-value problem for the following non-
isospectral loaded KdV equation

U — 7 (t)u(Xg,t)(Uye —6uU, ) +4u, —(xu, +2u) =0, (1)
where ;/(t) is a given continuous function, and x, € R . Equation (1) is considered under the initial
condition

u(x,0)=uy,(x), xeRr, (2
where the function u,(x) satisfies the following criteria:
[ @ 1X D) Up () [+ U () )l < 0, 3)

The solution u(x,t) is assumed to exhibit sufficient smoothness and sufficiently rapidly decreasing
as X — oo, quantified by the condition:
d*u(x,t)

ox

]dx<oo. (4)

The aim of this work is to derive explicit representations for the solution u(x,t) of the problem (1)-(4)
by means of the IST method.

T(1+|x|)[|u(x,t)|+z

k=1

Preliminaries
In this section, we provide some basic information on the scattering theory for the Sturm—Liouville
problem on the whole real axis [4]. We temporarily omit the dependence of the function u(x,t) on the

variable t.
Consider the equation:
_lr//xx+uy/:ﬂ’lr//! xeR ' (5)
where the potential U(X) satisfies the condition

)

.[(1+|x|)(|u(x)|+ u"(x)|Jdx < . (6)

Under the assumption (6), equation (5) possesses the Jost solutions with the following asymptotics:
v, (%K) =" +0(1), X—>+on,

p(x,K)=e™+0(1), x—>-o,
The solution y,(x,k) admits the representation
w, (X, K) =e™ + j:c K,(x,2)e"dz , (7
where the kernel K, (x,z) is a real-valued function related to the potential u(x) by the relations:
u(x) =—2i K, (X,X).
dx
For real k, the pairs {¢,(x,k),@ (x,—k)} and {w,(x.k),w,(x,—k)} are pairs of linearly independent

solutions for equation (5). Therefore,
2,(x,K) = a(k)y; (x,—k) + b(k)y, (%, k) . (8)
One can readily see that
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(k) =5 W {y (X k) ().

The function a(k) admits an analytic continuation into the upper half-plane and has a finite
number of zeroes k =ik, k, >0. Meanwhile,

o, (x ik, )=by, (x,ik,), n=12..,N.
The scattering data for the spectral problem (5) are defined by
R(k):m, keR, k,, ¢,, n=1,2,...,N¢,
a(k)

where ¢? =——"1— a(ik,) =m and each c, is so-called normalization constant of
a(ik,) dk [,y

eigenfunction v, (x,ik, ).

The kernel K, (x, y) in representation (7) is a solution to the Gelfand-Levitan—Marchenko integral
equation:

K, (% y)+F, (x+ y)+J:OK+(x,z)F+(z +y)dz=0, (y>x),
where

©

_ 1 ikx N 2 4kjx
F+(x)_EjR(k)e dk+JZ:1:Cje . 9)

—0

The time evolution of scattering data
In this section, we derive the time evolution of the scattering data associated with the non-isospectral
loaded KdV equation (1). To this end, consider the following Lax pair:

W +Ul//=ﬂl//,
v, = Ay +By,, (10)

where A= —% B,, B=x-2y(t)u(x,t)(u+24)—4, 4 =24. The compatibility condition v, =y,

of the Lax pair (10) yields the non-isospectral loaded KdV equation (1).
Lemma 1. Suppose that y/(x,k,t) is a solution of (5), A and B satisfy the compatibility condition
Wit =W 1€
2A +B,, =0,
U =A,+2(u-2)B,+uB+4.
Then

P(x k,t) =w, (x,k,t) — Aw(x,k,t) - By, (x,k,t) (11)
is also a solution of the spectral problem (5).

Proof. We show that P(x,k, t) is a solution of the spectral problem (5). Direct calculation of
—P, +UuP — AP yields:
—Py +UP—AP =—(y, — Ay =By, ), + (U-A)(y, — Ay —By,) .
By using the relation y,, = (u - /1)1/ , the second-order spatial derivatives are evaluated as follows:
W) =W =uy + U=y, -4y,
(Ap)y = Agw +2Ap, + Alu- Dy,
By,), =B, v, +2B,u- D)y +Bu,y+Uu-Ay,).
Substituting these derivatives into —P,, +uP — AP and collecting terms with respect to v,, v, and v ,
we obtain

—P, +UP— AP =(~(u=2)+ (U= )y, + (2A + B )y, + (U + 4 + A, +2(U—A)B, +u,B)y .
Applying the compatibility conditions 2A, +B, =0 and u, = A, + 2(u - /1) B, +u,B+ 4, all the
coefficients vanish identically. Therefore,
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—P, +UP=AP.

The lemma 1 is proved.
Theorem 1. If the function u(x,t) is a solution to the problem (1)-(4), then the scattering data of the

equation (5) with the potential u(x,t) vary with t as follows:

‘j'jf — 8k (7 (t)u(% )k +1)R, (Imk =0), (12)
dc 1
dtn =(§+4kn —y(t)u(xo,t)4kn3jcn, (13)
dk
L=k . 14
et (14)
Proof. It is clear that the systam (5) and (10) has a solution
f(x.kt)=s 0w, (x,—kt)+s,(t)y, (xkt), (15)
where s (t)+s; (t)#0. Substituting (15) into (10), and as x —> o,
—dséft) e —i xsl(t)%eikx +—dsé§t) e™ +ixs, (t)%eikX = —%(sl (t)e ™ +s, (t)e™ )~

—ixks, (t) e +ixks, (t)e™ + (-4 (t)u(x,, t)k* —4)(iks, (t)e ™ +ikss, (t)e™ ), (16)

—ikx

Comparing the coefficients of the terms xe™ on both sides of (16), we have

dk(t)

it =k(t). a7

Consequently, using (17), Eq. (16) becomes

dsld_f:t)eikx +%e”‘x =(—%+4ik37/(t)u(x0,t)+4ikjsl (t)e ™+

+(—%—4ik37(t)u(x0,t)—4ikjsz (t)e™ (18)
Equating the coefficients of exp(—ikx) and exp(ikx) on both sides of (18), we obtain

ds.(t) - l(t)(_l+4ik3y(t)u(x0,t)+4ikj,
ds, (t
% =3, (t)(_

Solving for s, (t) and s, (t), we deduce

s (t)=5,(0 exp{——}exp{:[ (4ik°y ( xo,r)+4ik)dr}, (19)
sz(t)zsz(O)exp{—%}exp{—j'(mke’y(r)u(xo,r)+4ik)dr}. (20)

0

N

—4ik3y(t)u(x0,t)—4ikj.

N[~

In particular, taking

f(xk,t)= gol(x,k,t)exp{—%}exp{j(mk%/(r)u(xo,r)+4ik)dr}.

0
From (8), we have

f (x,k,t) =a(k, t)y, (x,—k, )W, (t)er(k,t):,le(x,k,t)W0 (t)
where

W, (t)= exp{—%}w (), W(t)= exp{j(4ik3y(r)u(xo,r)+4ik)dr}.

In this case, s, (t) and s, (t) given by (19) and (20) become s, (t) =a(k,t)W, (t),
s,(t)=b(k,t)W,(t) and s,(0)=a(k,0), s,(0)=b(k,0). Hence we obtain
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a(k,t)=a(k,0),
b(k,t)=b(k,0)W?(t).
Now, using the definition of the function R(k,t), we get (12).

Further, we calculate the dependence of ¢, (t) and k,(t), n=12,..,N, ontime t.
Consider the following three solutions of (5) with k =ik, (k, >0),
P(x,ik,,t) =y, (x,ik,,t) = Ay (x, ik ,t) = By, (X ik,,t),

w(xik,,t) and w(x,ik,,t), where w(x,ik,,t)=c, (t)w; (xik,,t) is a normalized Jost function,
¢, =¢, (t)is the related normalization constant, and (x,ik,,t) is another Jost function linearly independent
of w(x,ik,,t) .

There exist two constants «, £ such that

v (X, 0K, , 1) = Ap (X, ik, 1) = By, (X, ik, , 1) = aw (X, ik, 1) + B (X, ik, 1),
Noting the fact of y(x,ik,,t)—>0 as x — +oo, it is easy tosee =0, i.e,,
v (X, ik, t) = Ap (X, ik, t) = By, (X, 1k, t) = ap(X,ik,,1) (21)

To derive the value of «, multiplying (21) by 21//(x,ikn,t) , and noting that A:—%Bx, yields

2w (X, 1K, )y, (X, 1K, ,t) + th//z(x, ik, ,t) — 2By (X, ik, , )y, (X, ik, ,t) = 2ap° (X, ik,,t).
Further we have

%Iiwz(x,ikn)dwr T [ By (xik,, )= B(w? (xik,.1)), Jix=2a "y (xik, t)dx.

since [y (x,ik,,t)dx =1 and By?(x,ik,,t) -0 as X — *o0, we obtain
a=—[ By’ (xik, 1), dx=1.

—0

Thus (21) becomes
v, (%K, ,t) — Ap (X, ik, ,t) — By, (X, ik, ,t) =w(x,ik,,t). (22)
Setting X — 4o in (22) immediately yields
dc, _dk,
—X
dt dt

n

c, +%cn +C, Ky (x+7(t)u(x,t) 4k —4)=c,,

which further means

dk dc 1
n—k n_c | Z+4k — ake |.
el " cn(2+ =7 ()u(x,,t) “j

The theorem is proved.

An lllustrative example

Let us consider the following Cauchy problem:

u, —7(t)u(0,t)(uy, —6uu, )+4u, —(xu, +2u)=0, (23)
1 X
=—=sech’®=. 24
Uy (X) 5sech” > (24)
Here
-5t
y(t)=- 16e

sech? (4t ~2(e' —1)) '
Solving the direct problem for the equation

YW t U= ﬂ’l// )
we find the scattering data for t =0:
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(0)=1, k,(0)=3. R(k.0)=0.

By theorem 1, we have
R(k,t)=0, k (t)= %, c(t)= exp{%+ 2(e —1)—%y(t)} ,
where
y(t):j.esry(r)u(o,r)dr.
Substituting these data into Eq. (9), we obtainothe following:
F+(x,t)=exp{—e—2tx+t+4(et —1)—,u(t)}.

Now, solving the Gelfand-Levitan—Marchenko integral equation, we obtain:

K+(X1X’t) =_%|:1—tanh(etx_4(et _1) +,U(t)):| '

2

According to the formula u(x,t) = —Zdi K. (x,x,t), it follows that the solution to the Cauchy problem
X

(23)—(24) takes the following form:

t
u(x,t) =_%e2t sechz(%—z(et —1)+4tj.
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Abstract. Within a rectangular region we formulate and study an initial-boundary value problem,
furnished with a combination of local and paired (linked) boundary conditions, for a high even-order partial
differential equation whose type is lost at once in the time variable - at each end of the time interval - and in
the spatial variable, and which additionally carries a subordinate term. Resting on an energy-integral
identity attuned to the temporal degeneracy and rounded out by a Gronwall-type bound, we settle the
uniqueness of the solution. Merging spectral analysis with the Green’s-function apparatus, we express the
solution as a Fourier series in the eigenfunctions of the attendant spectral problem, whose Green’s function
is written out explicitly and shown to be symmetric. Weighted ¢, -type bouns for the Fourier coefficients are

supplied, and an estimate of the solution is deduced, from which its continuous dependence on the prescribed
data follows.

Keywords: initial-boundary value problem, degenerate equation, time degeneracy, local and paired
boundary conditions, spectral problem, Green’s function method, integral equation, Fourier series.

BUZILADIGAN YUQORI JUFT TARTIBLI TENGLAMA UCHUN ARALASH
CHEGARAVIY SHARTLI MASALA

Annotatsiya. To rtburchak sohada yugori juft tartibli xususiy hosilali tenglama uchun lokal va nolakal
chegaraviy shartlar kombinatsiyasi bilan berilgan boshlang ‘ich-chegaraviy masala qo ‘yilgan va
o ‘rganilgan. Tenglamaning tipi bir vaqtning o ‘zida ham vaqt o ‘zgaruvchisi bo ‘yicha-vaqt oralig ‘ining har
ikkala uchida-ham fazoviy o zgaruvchi bo ‘yicha buziladi, shuningdek, tenglama qo ‘shimcha kichik yig ‘indini
0z ichiga oladi. Vagt bo‘yicha buzilishga moslashtirilgan va Gronuoll tipli baholash bilan to ldirilgan
energiya integrali ayniyatiga tayanib, yechimning yagonaligi isbotlangan. Spektral tahlil hamda Grin
funksiyasi bilan birgalikda qo ‘llanilib, yechim tegishli spektral masalaning xos funksiyalari bo ‘yicha Furye
qatori ko ‘rinishida tasvirlangan. Bunda spektral masalaning Grin funksiyasi oshkor ko ‘rinishda yozilgan va
uning Simmetrikligi ko ‘rsatilgan. Furye koeffitsiyentlari uchun vaznli (, tipli baholar Kkeltirilgan va

yechimning bahosi olingan bo ‘lib, undan yechimning berilgan ma’lumotlarga uzluksiz bog ‘ligligi kelib
chigadi.

Kalit so“zlar: boshlang ‘ich-chegaraviy masala, buziladigan tenglama, vaqt bo ‘yicha buzilish, lokal va
juftlangan chegaraviy shartlar, spektral masala, Grin funksiyasi usuli, integral tenglama, Furye gatori.

CMEITAHHASA 3ATAYA JUIA BBIPOXIAOIMETI'OCs1 YPABHEHH S BBICOKOT'O
YETHOTI'O IIOPAJKA

Annomauus. B npsmoyzonbnoii obnacmu cghopmyauposana u ucciedos8ana HaYaIbHO-Kpaesas 3a0add
Cc KoMOuHayuel JOKANbHLIX U NAPHLIX (CEA3AHHLIX) KPAesulX YCA08Ull Ol YPABHEHUSl 8 UACHHbLIX
NPOU3BOOHBIX BbICOKO20 UYEMHO20 NOpsoKa. Tun OaHHO20 YpasHeHus mepsaemcsi OOHOBPEMEHHO HO
BDEMEHHOU NePeMEeHHOU HA KAdiCOOM U3 KOHYOB BPEMEHHO20 UHMEP8And U Nno NpoCMpPaHCMEEHHOU
nepemeHHol, Npu4ém ypasHeuue OONOIHUMENbHO coldepocum maaowul ynen. Ha ocnoee moowcoecmea
SHEPeeMUYECKO20 UHMeSPAld, CORAACOBAHHO20 C BbIPOICOCHUEM NO 8PEMEHU U OONOJHEHHO20 OYEeHKOU muna
I'ponyonna, ycmanoeniena eduncmeennocms pewienus. Couemas CHeKMpATbHbl AHAIU3 C ANNAPATNOM
Gynxyuit  Tpuna, pewenue npeocmasneno 6 eude psda DPypve no cobCcmeeHHbLIM — QYHKYUAM
coomeemcmeyoueli CReKmpaibHol 3a0aqu, Gyukyus I puna Komopou 8blnucana 6 16HOM 8ude U NOKA3aHa
eé cummempuunocms. Ilpusedenvt gecosvie oyenku muna [, 01a xkoapguyuenmos @ypve, u nonyuena

OYEHKa peutenusd, u3 Komopoﬁ Cﬂedyem €20 HenpepvleHasl 3a8UCUMOCTb OM 3A0AHHBIX OAHHDIX.
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Kntouegvle cnoea: nauaibHO-Kpaesas 3ao0aud, 6blpodcoaroueecss yYpaeHeHue, BblpodcoeHue no
8peMeHU, JIOKANbHble U NApHble Kpdesble YClo8Us, CHeKMpaibHas 3adaua, memoo Gyukyuil I puna,
unmezpanvHoe ypagnenue, psio @ypoe.

Introduction. The theory of partial differential equations finds broad application across numerous
branches of contemporary science and technology, among them hydrodynamics, the theory of elasticity, and
quantum mechanics. At present, this theory is advancing rapidly along a variety of lines. Among these,
boundary value problems formulated for even-order partial differential equations of higher order hold a
particularly prominent position. A survey of the studies carried out in this direction indicates that initial-
boundary value problems for equations involving derivatives of integer order have received considerable
attention. For instance, in [1] the author examined the problem of determining a solution of the equation

aZku 62
&(7 atz = f(X t) (1)
in the domain A={(x,t):0<x<p,0<t<T}. Here the sought solution is required to obey the
boundary conditions
az aZm
2m ( ) 2m
OX OX
together with one of the following pairs of initial conditions:
u(x,0)=u(x,T)=0, 0<x<p,
u(x,0)=u,(x,T)=0, 0<x<p, 3)
U(X,O)ZU(X,T), ut(xlo):ut(XIT)l OSXS p
The problem stated above was therein subjected to a thorough investigation. Moreover, in [1] a further

problem was posed for equation (1) under the prescribed data and the boundary conditions
62m+1 62m+1

8X2m+1(0 )_62m+1(pt) 0, m= Ok 1 O0<t<T, k>2.

In [2], the problem for the equation in the domain A, endowed with particular boundary conditions
and the initial data u(x,0)=u,(x,0)=0,0<x<p, was analyzed. In [3], an ill-posed problem for the
equation in the domain D ={(x,t):0<x<x;0<t<2z} with f(x,t)=0 and k=2n+1,neN was treated
under the boundary and initial conditions

(p,t)=0, m= 0,k-1 0<t<T, k>2, 2

o™ am 0,m=01...k-1 t)=f(t), O<t<2
6)(?( ,t) (72' t) m= -1 U(aﬂ', )— (), <i<<Zrm.
In [4], a problem was con3|dered for the quasilinear equation
ou ,0%*u ; KeB
y— @(72 (t,X,U), eN,

in the domain D; ={(t,x):0<t<T;0<x <z}, supplemented by the initial conditions u(0,x) = ¢(x),
u (T,x)=w(x), 0<x<sx, and by boundary conditions of periodic type in X. The Fourier method was
employed to solve the problem, while the existence and uniqueness of the solution were established by
means of the method of successive approximations in a Banach space. In [5], problems for the equation
azk 62
pv atz = f(x,1)
in the domain A, subject to specific conditions and u(x,0)=u,(x,0) =0, were investigated, it was
demonstrated therein that the solvability of the problem is governed by the parity of the number k . Finally,
in [6], initial-boundary value problems were studied for the equation u, + A(X,D)u(x,t) = f(x,t), where

A(x,D) = Z a,(x)D“ is an arbitrary positive, formally self-adjoint elliptic differential operator of order
la|<m
m =2l with sufficiently smooth coefficients, the problem is resolved in the form of a series by invoking the
classical Fourier method together with the associated spectral problem, and the existence, uniqueness, and
stability of the solution were proved.
The works cited so far concern equations whose leading spatial part is non-degenerate. A separate and
more delicate line of research addresses equations in which the higher-order spatial operator degenerates
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through a weight that vanishes on the boundary. Thus, in [7] a local initial-boundary value problem was
analysed for an equation combining the Bessel operator with the operator (—1)*&* / ax*[x“d*u/ ox*].

In [8], for a high even-order equation of order 2k carrying a Bessel operator in a rectangular domain,
aZK o o
®ta

a pair of nonlocal initial-boundary value problems was set with requirements linking the values and
the higher-order derivatives at the two endpoints x=0 and Xx=1, for one of them the existence, the

uniqueness, and the continuous dependence of the solution upon the data were proved through the Fourier
method, the Green’s function, and spectral analysis.

A degenerate high even-order operator of the form 6*" /8x2”(x“82”u / 8x2”) underlies a further group

@ﬁzn( i ]—f( 0. @

B/ U+ (- 1) =f(xt), B/ ™=

of studies. For the equation

ar o X
the study [9] posed a problem under local boundary requirements imposing, at each endpoint x=0
and x =1, the vanishing of the even-order derivatives of u and of x“d°"u/ax*". For the same equation (4),
the work [11] set and investigated a problem under local conditions prescribed separately at the two
endpoints (values of u at x=0 and of its (n+ j) -th derivatives at x=1), while [10] treated, for the same

family of degenerate equations, an initial-boundary value problem carrying yet another set of local
conditions and justified the solvability of the linear system governing the Green’s-function coefficients. The
study [12], again for equation (4), examined a problem in which the boundary conditions link, at each

endpoint, the even-order derivatives of u with its odd-order ones (and likewise forx*6*'u/ax*"), for
j=0,n-1and t<[0,T].
A further, doubly degenerate operator,

(—1)" 4{ )ﬂa u(x, t)}

whose degeneracy at both endpoints x=0 and x=1 is produced by the weight x*(1—x)”, underlies

the initial-boundary value problems treated in [13, 14]. The equation examined in [13] places a Caputo
derivative alongside a Riemann—Liouville integral,

“D&u+allu+bu+(-D)" —[x 1- x)[’6 u}

whereas the one considered in [14] attaches a further factor t” to the Caputo derivative,
n n
tyCDgtu+b1u+(_1)”%[xa(1—x)/’Z :}:0, 0<y<d<]
X X

whereby the degeneracy extends beyond X to the line t=0 as well. Both studies impose boundary
and initial data of one and the same shape,

olu

j n
22 =o, o x”’(l—x)ﬂalnJ
o ox? OX

ox/
x=1

and in each of them the solution is shown to be unique through energy identities and is built by the
Fourier method, the accompanying spectral problem being reduced, via its Green’s function, to a Fredholm
integral equation with a symmetric kernel. Consequently, the solution of [13] is written out by means of the
two-variable Mittag-Leffler-type function E,(-,-), and that of [14] through the three-parameter Kilbas-Saigo

function. In either setting, the uniform convergence of the corresponding Fourier series and the continuous
dependence of the solution upon the prescribed data are secured.

A boundary value problem on a rectangle for an equation in which a third-order derivative is
combined with a degenerate high even-order operator-the accompanying weight vanishing on the boundary
of the domain-was treated in [15]. In [16] a Dirichlet-type problem was addressed for a degenerate high-
order equation of fractional order, there Mittag-Leffler functions were brought into use, and both the
convergence of the solution series and the estimates for the Green’s function were secured by asymptotic

=0, j=01,...,n-1 u(x,0) = e(x),
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expansions. Furthermore, an equation of the form t"u, +at™u, +bu+[x*(1-x)’u, ], =0, which
possesses three lines of degeneracy, was examined within an initial-boundary value problem in [17], while in
[18] the fractional-order equation t° °DZu—(x*(1-x)”u,), = f was investigated, a direct as well as an

inverse problem being considered under suitable restrictions on the parameters.
To the authors’ knowledge, however, no previous work has treated an equation that simultaneously
brings together a first-order derivative in time, a two-sided temporal degeneracy expressed by the weight

t*(1—t)°, a lower-order term cu, and a spatial degeneracy of high even order. In contrast to [17], where a

second-order time derivative together with three lines of degeneracy is treated, and to [14], where the time
derivative is of fractional order, the equation considered here retains an ordinary first-order time derivative

alongside the two-sided weight t3(1-1)". The novelty of the present study lies precisely in setting up and

analyzing such a problem, supplied with boundary conditions of a mixed type that combine local
requirements with paired (linked) ones relating the values at X =0 to those at x=1.
In the rectangle Q ={(x,t):0<x<1;0<t <1} we consider the equation

X" ( L OPMu(x ) )
ainkX aXZn J = f (X't)’ (5)

where a,b,c,a are prescribed real numbers, ne N, 0<a<1, 0<b<1l, ¢>0, O<a <1, u=u(xt)
is the unknown function, and f (x,t) is a given sufficiently smooth function.
Statement of the problem. Find a function u(x,t) that meets the following requirements:

1) the following continuity requirements hold: u(x,t),du/ox,d%u/ox?,..., 8" ulax*" e C(QY),
X202 1 ox*", (01 ox)(x* 0% u 1 &x*"),..., (0*" 1 ox*" M) (x*6*u / ox*") e C(Q), t*(1-1)"du/oteC(Q) and
(@*" 1 ox*")(x*0%"ul 6x*") e C(Q) ;

2) the function u(x,t) satisfies equation (5) in Q;

3) it fulfils the initial condition

ta(l—t)b@+cu +
ot

u(x,0) =p(x), x €[0,1], (6)
where ¢(x) is a prescribed continuous function, together with the boundary conditions
aju(Q,t)zo a“+iu(o,t)+a"+iu(1,t)
ox! CooxM oxM

)] (N
Xa aZnu . Xa aZnu
axzn aXZn
x=0

Investigation of the spectral problem
Carrying out the separation of variables in the problem under consideration, one is brought to the
spectral problem

=0, j=0,n-1,te[0,1];

PENGS)
=0, [x“ 0 ;:J
OX

x=1

(7
=0, j=0,n-1te[0,1].

x=1

MI=(x Ve (0) " = av(x),  0<x<1, ®)
v (), (xve ()" eclo, j=0,2n-1
vl (0)=0, v D) +v™D(@1)=0, j=0,n-1; (9)

2n) (j)‘ (2n) (j)‘
(x“v " (x)) X:OJr(x”‘v " (x))

=0, j=0,n—1

(n+j)
=0, (xv®(x))
x=1 x=1

Throughout, M[v] denotes the differential expression (x“ (V(Z”)(x))(zn) applied to any sufficiently
smooth function, not only to eigenfunctions, in particular Mg in the lemmas below is this same expression
appliedto g .

Self-adjointness of the operator. Let v(x) and w(x) be functions satisfying conditions (9), and
Mv(x), Mw(x) € L,(0,1) . Then, applying integration by parts 4n times, we have

[} woomv(ax = [wox) (xv@ ()™ —w(x) (xv@ () wr ) (xv @ ()

)(Zn—l) (2n-3)
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W@ (X)(Xav(Zn) (X)) + (XaW(Zn) (X))V(2n—l) (X) - (XaW(Zn) (X)), y(@-2 X

+(x“w(2”) (x))” v (x)—...— (x"‘w(z") (x))(zn_l) v(x)]ijJ + J.:v(x) Mw(x)dx.
Hence, by virtue of the properties of the functions v(x) and w(x) , the following equality holds:
J.Olw(x) Mv(x)dx = j:v(x) Mw(x)dx.
Consequently, the problem { Mv =0, (9)} is self-adjoint.

Let v(x)#0, x<[0,1] be a solution to the problem {(8), (9)}. Then, multiplying both sides of equality

(8) by v(x) and integrating from 0 to 1, we have
(2n-2)

ﬂijz (X)dx = Iolv(x) (X“V(Z") (x))(zn) dx = [v(x) (X“V(Z”) (x))(zn_l) - v’(x)(x“v(zn) (x)) +...

x=1

LD (x)(x“v‘zn) (x))] . j:x“ [V(Z”’ (X):|2 dx = E x“ [V(Z") (x)}2 dx,

ie.,

X=

A jolvz (X)dx = jolxa [V (0T dx. (10)

By condition (9), x“v*”(x)eC[0,1], so |x“v(2”)(x) |s C, on [0,1] for some constant C,, and
therefore
1 2 1 2
al,,(2n) _ —a| ya,,2n)
on [v (x)] dx_-[ox [x v (x)] dx,
since 0<a <1. Thus the right-hand integral in (10) remains finite despite the degeneracy at x=0,
and consequently the eigenvalue 4 must satisfy 4>0. If 4 =0, then from the last equality it follows that
v@(x)=0, 0<x<1. Then
X2n—1 2n-2
+c,
(2n-1! (2n-2)!

where c; are arbitrary real numbers. Subjecting this function to the conditions

v(©0)=0, v™V(0)+v™P(1)=0, j=0,n-1, we obtain c;=0, ] =1,2n. Then v(x)=0, 0<x<1.
Consequently, problem {(8), (9)} can have nontrivial solutions only when 4 >0.
Construction of the Green’s function.

Let 4>0. We demonstrate that {(8), (9)} possesses eigenvalues by resorting to the method of the
Green’s function. The Green’s function G(x,s) attached to the problem is required to enjoy the following

properties:

1) the functions (8 /ax)G(x,s), j=0,2n-1, and (&' /ox))[x* (6" /1 ox*")G(x,s)], j=0,2n-2,
are continuous for all x,s<[0,1];

2) on each of [0,s) and (s,1] the derivative (62" /ox*™ ™ 1)[x* (6™ / &x*")G(x,s)] is continuous, while
at X=s it has the jump

V() =¢

+...+c2n_1%+c2n, x € (0,1),

Xx=5+0

Gandl aﬁ“[x“ CHES )G(x,s)] =1 (12)
X=5—

3) on (0,s) and (s,1) the derivative MG(x,s) exists (in X) and MG(x,s)=0;
4) for s (0,1), as a function of X, it satisfies
d'G(0,s) . a"IG(0,s) . "IG(Ls)

0, . 22 —0 j=0,n-1 (12)
ox’ ox"! ox™!
. 07"G(x,s) W . 07"G(x,5) W . 07"G(x,5) (el _
X aXT +| X aXT =0, X &(T =0, j=0,n—l (13)
x=0 x=1 x=1

Guided by the structure of the general solution of MG(x,s)=0 on the two subintervals (0,s) and
(s,2), we look for G(x,s) in the shape
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on Ao 2n x2n-]
Z(2 ‘)E'i(sz i+1) +Z%’ pexss
= (@n-DN'2n-a-j+1),, “F (@n-j)!
G(x,s) = 12 n o n 12 n s (14)
il A xX<1,

J-Z_ll(Zn—j)!(Zn—a—j+1)2n +J.Z_1: -’

where a; and by, j:m, are unknown functions of s, and (z),=2z(z+1)---(z+n-1) is the

Pochhammer symbol [19]. Requiring that properties 1) and 2) hold and that the jump relation (11) be
satisfied, we are led to the following system governing the differences b; —a; :

b -8 =1
k (b, —a )s*! S
Z( j J? -0, k=22n, (15)
= (k=)
2n+m-j-a m—j
i (bj._aj)s : ! +i(b2n+j_a2n.+j)5 J:O, m:ﬁ
= @n-)2n-j+l-a), 3 (m-)!

This system admits the unique solution [9]:
(_1)]‘151_1 (_1)]—152n+j—1—a o

b,—a = N - , J=L2n. 16
e T T T W o
Substituting the second part of condition (13) into (14), we obtain
b, =0,j=1Ln, 17)
and, taking (17) into account, it follows from (16) that
(_1)1' ijl —
(j-D!
Substituting the first part of (13) into (14), we correspondingly arrive at the equality
j-1
a; +b, =—Z_b—i_, j=n+12n. (19)
i=1 (J - |)!

Now, combining b; —a;,b; +a; (j=n+12n) from (16) together with (19) into a single system, we

obtain, with respect to a; and b;, the solutions

il _1yilgit = _1)ilgit -
aj:-l{Ej_bu LD } bj:—i{zg L } j=n+i2n (20)
2 i=1 (J_l)! (J_]—)! 2 i=1 (J_l)! (J_]—)!
Subjecting the first part of equality (12) to (14), we obtain
ay,_; =0, j=0,n-1; (21)

taking (21) and (16) into account, the following equality is obtained:
(_1)2n—j—ls4n—j—l—a
" @n- D@ - j-a),
Subjecting the second part of equality (12) to (14) accordingly, we get

j=0,n-1 (22)

2n b j-1 b —
a : +b = I + 20k ) :1!n1 23
anj F Dan (;(m—i)!(zn—a—nl)j ;(j—k)!J J=1n. (23)
where, for j=1 in (23),
2n b|

Ay Ty =— '
2n+1 T 2ns ; @2n-)2n-a-i+1)

Reducing the corresponding parts of (23) and (16) to a single system, we obtain, for a,,,; and b,,.;,

the following equalities:
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_1)i1g2n+j-l-a j-1 2n+j—l a
a2”+j :l(aznﬂ' +b2n+i _(-J-)S—-j' b2n+j :1(a2n+j +b2n+j (1)—} (24)
2 (J-DXj— )y 2 (J-DXi-a)s

Thus, the Green’s function satisfying properties 1)-4) exists and is unique, having the form (14), where
the coefficients a; and bj , ] =1,4n, are determined by formulas (17), (18), (20), (21), (22), (24).
The case n=1.

x> sx* SX s¥ox
- + + - , X<S,
Gixg ) @ e -, d-a) 2A-a),
sx* SX $77x s>
- + + - , X>S.
21-a), 4(l-a) 201-a), (2-a),
The case n=2,
~ X7—a . SXG—a ~ SZXS—a ~ 52X4—a . S3X4—oz . (ZSZX3 . SSX3 ~
d-a), 2!B3-a), 42-a), 81l-a), 12(1-a), 16-3/(1-a), 24-3l(1-«)
gh-ay3 (a —a+2) 522 as3x? gh-ay2 5y 2
- - + , X<,
6(x5) 2-3!(1—a)4 32-2I1-a), 48-2I(1-a), 4-2!(1—05)4 2-2!(2—05)4
X,8)=
S7706 SG—aX SS—aXZ SA—aXZ S4705)(3 aSSXZ
- + - - + + +
(4-a), 2(3—0:)4 2-2!(2—0:)4 4-2!(1—0:)4 2-3!(1—0:)4 48-2\(1- ),
. 33 ) N (a2_a+2)52x2 as?x3 B §2y4-a . §2y5a e
24-3(1-a) 121-a), 32-2(1-a); 16-3(1-a), 8(l-a), 4(2-a), '

Symmetry of the Green’s function.
We now prove that G(x,s) is symmetric in the general case. It is known that the problem {Mv =0,

(9)} is self-adjoint, therefore, its Green’s function (14) is symmetric with respect to its arguments X and S .
Let us prove this assertion. Suppose  V(x),h(x)eC?*[0,]] and  x*v®V(x),
x“h® (x) e C*"[0,1] ~C?"(0,1) . We introduce the following notations:
MY = (v (00) " = 100, M) =(x7h® () = g(x)
Then the following equality holds:
a,,(2n) (2m) apn(2n) (2n)
h(X)MV(X) —v(X)Mh(X) = h(x)(x v (x)) —v(x)(x h (x)) =
2n-1 4 _ s
= di{(—l)j [h(j)(x)(x“v(zn) (x))(2n = —vD () (x“h@ (x))‘z" ' ”}}: f (h(X) = gOOV(x), 0<x<1
—~ dx
j=0
(25)

Assuming v(x) =G(x,s) and h(x)=G(x,£), at all points of the interval (0,1) except fo.r x=& and
x#s, the relations Mv(x) =0 and Mh(x) =0 hold. Then equality (25) takes the form:

2n-1 2n-1-j 2n
Zd{( ] [—G( é)jznlj( 00 s)j

=0

dj d2n—l—j ( dZ

_d_G(x )OI ] ™ > G(X, 5)}}} . xe(0,)\{s,&}(26)

Without loss of generality, let us assume s<¢&. Then the interval [0,1] is divided into three
subintervals: [O,s], [s,£], and [£,1] . Integrating equality (26) over these subintervals yields:

x=s-0
2n-1 d 2n-1-j d 2n d j d 2n-1-j d 2n
1 —G _| x“* G(x,8) |-—-G(x,s _| x“* G(x, +
,Z{( ){ (&) dznl,[ v 6 )j L7 8xs) dxznl,( 6l f)ﬂ}
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; . x=£-0
2n-1 d2n—l—J d2n d dZn—l—j Y dZn
+Z{( 1) {—G(x g)d Zn_l_j( o7 G(x, S)J——G(x s)d T (x o7 G(x,g)ﬂ}xs+0 +

2n-1 dZn —1-j d2n d danlfj d2n
+Z ( 1) I:_G(X 5) dx 2n-1-j ( dx 2n G(X S)]_d_G(X )d 2n-1-j (Xa dXZn G(ng)j:l =0.
x=£+0
Taking into account properties 1) and 4) of Green’s function G(x,S), the last equality reduces to:

X=s+0
{G(X g)s m[ j —G(x, s)j:l {G(x 52 Zn_l( j —G(x, .»;)H
x=s—0 x=5-0

d 2n-1 d 2n x=¢+0 d 2n-1 d 2n x=¢+0
{G(x f)d T 1( F¥ ——G(x, S)H » {G(x S)—— ( e ——G(x, 5)}}

According to property 2) of Green’s function, the derivative (62”’l / 6X2”’1)[X“ (62” / ox*" )G(x, 77)] is

continuous for x = 77 . Accounting for this continuity, we obtain:

Xx=5+0

=0.

x=£-0

d2n—l q2n g2t g
I:G(X 5) ( Ix Ty G(X s)j L _G(Xaf) dx2n—1[ dx 2n G(X S)j X_s+0]+
42 g2 a2 d*"
{G(x,s)d 7 1( ez G(x, é)j » _G(X’S)d 7 1( g G(x, f)JMO]‘O'

Hence, by virtue of equality (11), we arrive at —G(s,¢) + G(&,s) =0, which completes the proof.

Reduction to an integral equation. Following the technique set out in [20, §3, pp. 40-42], one shows
that problem {(8), (9)} is equivalent to the integral equation

v(X) =1 I:G(x, $)v(s)ds. @7

The proof follows the same line of reasoning as that of Theorem 2 in (21 §3, pp. 40-42). Although the
boundary conditions considered there differ from (9), the argument remains valid in the present case, since it
uses only Properties 1)-4) of the Green function established above. Repeating the proof of Theorem 2 with
the Green function constructed here, one verifies that the function

v(x) = jole(x,s) f(s)ds
satisfies M[v]= f together with the boundary conditions (9). Therefore, setting f(x)=Av(x), we

arrive at the homogeneous Fredholm integral equation (27).
This equivalence is established because G(x,s) is the Green's function of the differential operator M

under the specified boundary conditions, which allows the differential operator to be represented as an
inverse integral operator. Since the kernel G(x,s) is real, symmetric (as shown above) and continuous, by

the theory of symmetric integral equations the corresponding integral operator possesses a countable set of
characteristic numbers |4 |<|4, |<...<[ 4, |<..., (see [20], §26, pp. 140-145), and, by the Hilbert-Schmidt
theorem (see [20], §27, Theorem 1, p. 150), the corresponding system of eigenfunctions is complete in
L,(0,1). Recall that, as shown above, every eigenvalue satisfies 4>0; hence the eigenvalues can be
arranged as
0< ALK A4 <., A > oo,

and the corresponding system of eigenfunctions Vv, (X),V,(X),V;(X),...,V, (X)... forms an orthonormal
system in space L,(0,1) [20].

In addition, it is not difficult to verify that the system of functions sV (s) /4, also k =1,2,...
forms an orthonormal system in L,(0,1).

The following lemma demonstrates which type of functions can be expanded into series by the system
of eigenfunctions of the problem {(8), (9)}.
Auxiliary lemmas. In all that follows, g, stands for the Fourier coefficient of the function g(x),
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1
0y = JO g(x)v, (x)dx, keN. (28)
Lemma 2.1. Let g(x) comply with conditions (9) and let Mg(x) e C(0,1) " L,(0,1). Then g(x) can
be expanded on [0, 1] into an absolutely and uniformly convergent series over the eigenfunctions of problem

{®), (9}
Proof. By integrating by parts and drawing on the properties of G(x,s) along with the hypotheses

placed on g, one confirms the identity

j:G(x,s)Mg(s)ds _ I:G(x,s)[s“g(zn) ()] ds=g(.
As Mg(x)eL,(0,1), the identity establishes that g can be represented through the kernel G(x,s).

Since, moreover, G(x,s) is continuous on Q, the claim is a consequence of Theorem 2 of [20, p. 153].

Lemma 2.1 has been proved.
Lemma 2.2. The series

_ ) o 2n) o TN
i[V&”(x)] = ([X v (] )
k=1 Z’k , k=1 Z’kz

converge uniformly on [0,1].
Proof. Using (8) and the properties of the Green’s function, from (27) with V(X) =V, (X) one derives

. j=02n-1 (29)

, 19! I o om, e )
vﬁ”(x)=A«joﬁe(x,s)vk(s)ds=jo[s vi#(s) | ~76(x9)ds.
After 2n integrations by parts and an appeal to (9),
2n+j

v (x) = jsv§2”>(s) - O(x.9)ds,

whence, as 4, >0,

) 2n+j al2, ,(2n)
Vkﬁx) . isa’z Lt s)lsvk—ﬂ(s)}ds. (30)

Thus v{" (x)/ \[2 is the Fourier coefficient of s*/>9°""IG(x,s)/ (éx)as*") in the orthonormal system
{s“2v#(s) [ \/Z }, and Bessel’s inequality [see: [22], pp. 23-24)] gives

+00 V(j) X 2 2n+j 2
ZMSFS“ a G(x,s)| ds, j=0,2n-1 (31)
= o | oxlos™

The integral on the right-hand side of (31) can be rewritten as
2

1 u 62n+1 . aZn .

IOS |:axjaSZn G(x, s)} ds = .[ S LXJ( T G(x, s)]:l j=0,2n-1

2n j _ -
«9 GEX 5) 96IS) @), j=02n-1
os" ox’
the function in the square bracket is continuous on Q. Then, due to 0<a <1, the integral on the
right-hand side, and therefore the integral in (31), is uniformly bounded at j=0,2n—1, which implies that

the first series in (29) converges uniformly.
The convergence of the remaining series can be proved similarly. Lemma 2.2 has been proved.

Lemma 2.3. If g?(x)eC[0,4], j=0,2n-1, x*?g®"(x)eC(0,)) " L,(0,1), and ¢ satisfies the
corresponding boundary conditions in g’ (0)=0, g™ (©0)+g™" (1) =0, j=0,n—1,then

Zﬂkgk [x (a9 dx (32)

in particular, the series on the left converges.}

Since
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Proof. By (8),
ﬂélzgk _ ﬂ{llzjjg(x)[xavﬁzn)(X)](zn) dx
Carrying out 2n integrations by parts and using the properties of g and v, ,

/Fiélzgk _ J‘:{onlzg(zn) (X)}{ﬂ{uzxa/zvﬁzn) (x)}dx.

al2

Thus A-%g, is the Fourier coefficient of x“°g®"(x) with respect to the orthonormal family

{x“2vEM (x) 1 \/Z }, and (32) issues from Bessel’s inequality. Lemma 2.3 has been proved.
Lemma 2.4. If g(x) obeys (9) and Mg(x) e C(0,1) nL,(0,1), then

+00 1
> 408 < | [Mg(oT o (33)
k=1

in particular, the series on the left converges.

Proof. From (8), ﬂkgk=j:g(x)[x“v§2")(x)]‘2“)dx. Performing 4n integrations by parts and

1
accounting for the properties of g gives A9, :I[Mg(x)]vk(x)dx. Accordingly, 4.9, is the Fourier
0
coefficient of Mg(x) in the system {v,}, and (33) results from Bessel’s inequality. Lemma 2.4 has been
proved.
Lemma 25. If g(x) satisfies (9) and, in addition, [Mg(x)]? eC[0,]], j=0,2n-1,

X“MgO)I? CO.) AL 0.0,  [Ma(x)]"=0,[Mg(x)]""| +[Mg()]™"| =0, T=0n-1,
x=0 x=1
then
> gt < [ x (Mg o (34

Proof. The function Mg satisfies the assumptions of Lemma 2.3, and, by what was shown in Lemma
2.4, the quantities 4,9, are the Fourier coefficients of Mg in {v,}. Invoking Lemma 2.3 for Mg (its

Fourier coefficients being 4,0,) produces Z:ﬂk(ﬂkgk)2 sI:x“{[Mg](Z")}de, which is precisely (34).
k=1

Lemma 2.5 has been proved.
Existence, unigueness and stability of the solution
We look for the solution in the form

U, = 30, OV, (), (35)
k=1

in which v, (x) denote the eigenfunctions of {(8), (9)} and the functions u, (t) remain to be found.
Inserting (35) into (5) and (6) and exploiting the orthonormality of {v,}, we obtain, for every k e N, the

degenerate Cauchy problem
A1) u O+ €+ A)u, 0 = {0, te (D), (36)
U (0) =9, @37)

1 1

with ¢, =J0 P(X)v, (x)dx and f, (t) =IO f (x,t)v, (x)dx . Relation (36) is a linear ordinary differential
equation of the first order that degenerates at the endpoints t=0 and t=1, because 0<a<1 and 0<b<1,
the weight 1/[t*(1-t)°] is integrable over (0,1). Dividing (36) through by t*(1—t)° and first treating the

homogeneous equation, we evaluate
tl—a

,R(1-ab;2-at),

J‘t dz _
02%(1-2)" 1-a
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l-a

with ,F () the Gauss hypergeometric function. Setting ®(t) =1t—2F1(1—a,b;2—a;t), the
—a
homogeneous equation has the solution u, (t) = A.e “***® "and (37) forces A =g, . Varying the constant

in the inhomogeneous equation, we find the unique solution of (36)-(37) to be

(et t f(z (et _
U, () =g, e R0 4 [ za(;(—z)be CHIIO-0 @] 4, (38)

As ¢+, >0 and, for t>z, ®t)-d(z)= j 's(1—s)Pds>0, both e CIO-0@I <1 znq
e +4)®M <1 hold, consequently
t (2]
u O e | +| ——dz, 0<t<l. 39
lu ®) < o | V(2 (39)
. a b ! ) 2 ! 2 .
Denoting p(t) =1/[t*(1-t)"], B, =(J0p(z)dz) <ooand Il f I sz(O,l):jop(Z) f (z)dz, appealing to
the Cauchy-Schwarz inequality one obtains
lu @) <o [+Boll f Il o) 0<t<l1. (40)
Theorem 3.1. Let ¢(x) satisfy the hypotheses of Lemma 2.5. Let f(x,t) be continuous on Q and,
for each fixed te[0,1], satisfy with respect to X the hypotheses of Lemma 2.5 uniformly in t, with
x“2[Mf]®" e L, ,(€2), assume moreover that f(x,)) is Holder continuous in t uniformly in X, so that
f, (t) is continuous and f, (z)/[z*(1—2)"] is integrable on (0,1), as required in (38). Then the series (35),

whose coefficients are given by (38), determines a solution of the problem.
Proof. It has to be shown that (35) and the series obtained from it by formal term-by-term
differentiation,

oulad =D u v (),  j=l2n-1, and (2'/ax))(x“6*"ulax’") =D u (O (x)D,

k=1 k=1

j=0,2n-1, converge uniformly on Q, and that the series

@ 1ax*")(x“0%"u/ ax?") = > u (X VEV ()" and 1 (L-1)°u, = D _t*AL-1)° U (t)v, (x) . By (40), for

k=1 k=1
(x,t) € Q, the Cauchy—Schwarz inequality gives

(< JZVT(X)[JZM . BOJ [p@3 4, sz(z)dzJ. @)
k=1 k=1

k=1

By Lemmas 2.2 and 2.3 the right-hand series converge, and so (35) is uniformly convergent on Q. As

for the series > AU, (t)v, (x) - which, by (8), stands for (8*" / &x*")(x“0°"u/ 6x*") - it is enough, in light of
k=1

(40), to secure the convergence of > 4@V, (x) and D> A M f I o v (x), the Cauchy-Schwarz
k=1 k=1 o
inequality majorizes them by

\/i PR Ji"k_(x) \/rp(z)iﬂfff(z)dz \/i"k—(’o
k=1 k=1 ﬂ’k 0 k=1 k=1 ﬂk

both of which converge by virtue of Lemmas 2.2, 2.4 and 2.5. The series therefore converges
uniformly on €, uniform convergence of the final series is a consequence of (5). The series left over are

treated in an analogous fashion. The proof of Theorem 3.1 is complete.
Theorem 3.2. The problem cannot possess more than one solution.
Proof. Assume the problem has two solutions u, (x,t) and u,(x,t), and put u=u, —u,. Then u obeys

(5) with f=0, the initial datum (6) with ¢=0, and (7). Choose T,e(0,1) and write
Qp ={(x1):0<x<10<t<T}. Multiply (5) (with f=0) by u and integrate over Q, using
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uu, = %(uz)t in the first term and integrating by parts 2n times in the spatial one - where the boundary form
disappears thanks to the combined local-and-paired relations (7), just as in Section 2 - we arrive at

%.[;Toa(l—To)buz(x,To)dx+cJ.OT°.[:u2dxdt+,[OTOJ.:X{Z:;:} :_I.[ tQ-1)° Ju* (ot

As 4 ft*(l-t)°]=at**(1-t)° -bt*@-t)**, one <can find M,=M,(ab)>0  with

1
|8,[t*(1-1)°]I< M, p, (), where we set py(t) =t*"+(@—-1)"", since a,b<1, the integrals Iota‘ldt and

1 T, ol
.fo (1-t)*?dt are finite, so p, € L,(0,1) and the right-hand member does not exceed KIO '[Ouzdxdt for a

suitable K >0. We stress that p, is the Gronwall coefficient appearing here and differs from the weight
p(t)=t‘a(1—t)‘b used earlier. Because the two integral terms on the left are nonnegative,

0 1 -
%Toa(l—To)bJ':uz(x,To)dxs K¥(T,), lIf(ro)=IOT'|.01u2dxdt, and, as T’Uo)zjouz(x,To)dx, this becomes

Y'(T,) < 2K p(Ty)¥(T,), W(0)=0, the factor 2K p(T,) being integrable over (0,1) . Gronwall’s inequality
now forces W(T,) =0, sothat u=0 on Q that is, U, =U,. The proof of Theorem 3.2 is complete.

Theorem 3.3. Let ¢(x) and f(x,t) satisfy the hypotheses of Theorem 3.1. Then the solution obeys
the estimates

lu(x, )12 <K [u PO I oy +11 (1) 12 (Q)} (42)
Hu(x,t) ) < Kl[u PPN, o+ T L“(Q)], (43)
1

Where Il p(x) Lz,r(ovl):[jo x“@?(x)dx]'?, r(x)=x“, and K,,K, are positive constants. These entail

the continuous dependence of the solution on the data ¢ and f .}
Proof. By the orthonormality of {v, } and (40), in conjunction with (p +q)* <2(p” +q?),

Nu(x )12 ;)= Zuk(t)<22[gok+8 I f N2 (01)]

Bessel’s inequality, combined with the identity Il f "iz,p @)= ZII fll izﬁ 01 (Which holds because p
k=1

depends on t alone while {v,} is orthonormal in X), delivers (42) with K, =2max(l, Bg). As for (43),
drawing on Lemmas 2.2, 2.3 and on (41) we get

Hu(x,) g < Kl{\/ J:Xa[w(Zn)(X)JZ e J Iolp(z)i sz(z)dz}
k=1

with K, = sup (ka (x)/ 4)"%, which is (43). The proof of Theorem 3.3 is complete.

XG[O l] k=1

Conclusion. Over a rectangular region we have set up and studied an initial-boundary value problem
carrying a blend of local and paired (linked) boundary conditions, for a high even-order partial differential
equation that loses its type in space at Xx=0 and in time at t=0 and t =1, and that additionally involves a
subordinate term. Uniqueness of the solution was secured through an energy-integral technique tailored to
the temporal degeneracy and rounded off with an inequality of Gronwall type. The solution itself was
constructed as a Fourier expansion in the eigenfunctions of the attendant spectral problem, whose Green’s
function was produced in explicit form - displayed in closed form for n=1 and, for n=2, through the
explicit determination of all its coefficients — shown to be symmetric, and converted into a Fredholm integral
equation of the second kind with a continuous and symmetric kernel that generates a positive-definite
operator. We isolated sufficient conditions on the data guaranteeing solvability and derived stability bounds

in the spaces L,(0,1) and C(Q).
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YUKLANGAN HADLI NOCHIZIQLI DEFOKUSLANGAN SHREDINGER
TENGLAMASIGA QO‘YILGAN KOSHI MASALASINI YECHISH
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Annotatsiya. Ushbu magqolada teskari spektral masalalar usuli yordamida cheksiz zonali davriy
funksiyalar sinfida yuklangan hadli nochizigli Shredinger tenglamasining integrallanuvchanligi tadqiq
etiladi. Bir zonali potensial holati uchun Koshi masalasining aniq yechimi topilgan. Ishda Dirak operatori,
spektral ma’lumotlar, Dubrovin tenglamalar sistemasi va iz formulalaridan foydalangan holda
tenglamaning spektral tahlili amalga oshiriladi.

Kalit so‘zlar: nochizigli Shredinger tenglamasi, Dirak operatori, teskari spektral masala, spektral
berilganlar, Dubrovin tenglamalar sistemasi, izlar formulasi.

PEIIEHUE 3AJIAYM KOIIH JJIA JE®OKYCHUPYIOIIETO HEJIMHEMHOTI'O
YPABHEHMUSI IIPEJUHIEPA C HATPY)KEHHBIM YWIEHOM

AnHomayusa. B oannoti cmamve ¢ nomMowbio Memooa 0OpAmHbIX CNEKMPAIbHBIX 3A0aY UCCTIe0)encsl
UHmMezpupyemocms — HeluHelino2o  ypaenenus Llpéouncepa ¢  HacpysceHHbIM —YleHOM 6  Kidcce
OecKoHeuYHO30HHbIX nepuoouyeckux @yukyutl. [ns cayyas 0OHO30HHO20 NOMEHYUANd HAUOeHO MOYHOoe
pewenue 3a0auu Kowwu. B pabome npoeooumcs cneKmpanbHulii aHAIU3 YPAGHEeHUs C UCNOAb306AHUEM
onepamopa J{upaxa, cnekmpanbHblX OAHHbIX, CUcmeMmbl ypasHeHutl [{yoposuna u popmyn ciedos.

Kniouesvie cnoea: nenuneiinoe ypaenenue ILlpéouncepa, onepamop [Hupaka, obpamnas
CneKmpanbhas 3a0aud, CneKmpanbhvle OaHHble, cucmema ypasnenuil [{yoposuna, hopmyna cieoos.

SOLUTION OF THE CAUCHY PROBLEM FOR THE DEFOCUSING NONLINEAR
SCHRODINGER EQUATION WITH A LOADED TERM

Abstract. In this paper, the integrability of the nonlinear Schrodinger equation with a loaded term is
investigated in the class of finite-gap periodic functions using the inverse spectral problem method. For the
one-gap potential case, an exact solution to the Cauchy problem is obtained. The spectral analysis of the
equation is carried out using the Dirac operator, spectral data, the Dubrovin system of equations, and trace
formulas.

Keywords: nonlinear Schrédinger equation, Dirac operator, inverse spectral problem, spectral data
system of Dubrovin equations, trace formula.

Kirish. Nochizigli optika, kvant mexanikasi, gidrodinamika masalalarini tadgigotlarida nochiqli
Shredinger tenglamasi uchun qo‘yilgan Koshi masalasi yechimini topish muhim ahamiyatga ega. Bundan
yuklangan hadlarga ega nochizigli Shredinger tenglamasini integrallash, Dubrovin differensial tenglamalar
sistemasini keltirib chigarish dolzarb masala hisoblanadi.

Mazkur ishda o‘rganilgan yuklangan hadlarga ega nochiziqli defokuslangan Shredinger tenglamasiga
qo‘yilgan Koshi masalasini davriy cheksiz zonali funksiyalar sinfida yechimga egaligini o‘rganish bo‘yicha
olingan natijalar zamonaviy matematik fizika, kvant mexanikasida, nochiziqli optikada va davriy
to‘lginlarning nochizigli muhitdagi tarqalish jarayonlarida qo‘llaniladi.

Ushbu ishda quyidagi

P =—0, +20(p* +0* )+ p(X,t)a,
A = P —2p(P* +0%) - p(X, 1) p.

ko‘rinishdagi yuklangan hadli nochiziqli defokuslangan Shredinger tenglamasini

1)
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p(x.t)],_, = Po(X),a(Xt)],_, = (X), X, xeRt>0 @)

boshlang‘ich shartlarini qganoatlantiruvchi p(x,t),q(x,t) yechimini davriy cheksiz zonali

funksiyalar sinfida topish masalasini qaraymiz. Bu yerda p(X,t) va p(X,t) lar ushbu
p(x,t)eCi(t>0)NC/(t>0)NC(t=0),

3
q(x,t)eCi(t>0)NC/(t>0)NC(t=0) ©
silliglik shartlarini ganoatlantiruvchi x o‘zgaruvchi bo‘yicha 7 - davrli funksiyalar.
(1) - (3) Koshi masalasining yechimini, quyidagi
L(r,t)ysB%+Q(x+r,t)y:ly, 7eRt>0 (4)
X

Dirak operatoriga qo‘yilgan teskari spektral masala usulidan foydalanib topamiz.

Bu yerda
. :[ 0 1} Q1) :(p(x,t) a(x.t) ] y :(yl(X)}
-1 0 Q(X,t) —p(X,t) yz(x)
(4) ko‘rinishdagi Dirak tenglamalar sistemasining
c(0,4,7,t) = (1,0) va s(0, 4,7,t) = (0,1)" 5)

boshlang‘ich shartlarni qanoatlantiruvchi yechimlarini mos ravishda

c(X, A, 7,t) = (C,(X, A, 7,1),C, (%, 4,7, 1) va (X, A, 7,t) = (5,(X, 4, 7,1), 5, (X, A, 7, 1))

orgali belgilaymiz. Bundan tashgari (4) tenglamalar sistemasiga qo‘yilgan davriy va yarimdavriy
y(0,4,7,t) =xy(x,A,7,t) chegaraviy masalaning xos giymatlarini A (7,t),ne€Z orqali, (4)
tenglamaga qo‘yilgan Y,(0,4,7,t)=0,y,(7,A,7,t) =0 Dirixle chegaraviy masalaning xos
giymatlarini & (7,t),n € Z orqali belgilaymiz.

1-teorema. Aytaylik P(X,t), q(x,t), xeR,t>0 funksiyalar (1) - (3) Koshi masalasining
yechimi bo‘lsin. U holda (4) Dirak operatorining

{;tn (7.1).&,(7.t),0,(7.t)=%lne Z} spektral berilganlari quyidagi Dubrovin differensial
tenglamalar sistemasining analogini ganoatlantiradi:

1) %w, A (z,0)=4,,ne’Z,

2) Gﬁna(tz',t)

=2(-1)"o, (T,t)hn (.;?(z',t)){q2 (z.t)+0,(7,t)+ [ p(z.t)+¢, (r,'[)]2 +
+§f(r,t)+%p(xo,t)},nez. (5)
Bundan tashqari quyidagi
&, (r,t)L:O =& (7), o, (f,t)L:O =o) (r), neZ (6)
boshlang‘ich shartlar ham bajariladi. Bu yerda gﬁ? (T),Gr? (Z') =xl,nel lar L(T,O) Dirak

operatorining spektral parametrlari. (5) tenglamadagi h, (ﬁ(r,t)), NeZ ketma-ketlik

h, (£0) = £, (EE0) (& (7.0 = Aona ) (A — & (7.1)),

[ e -a )
f"((’g(f’m—ww (e84 (1)

formula bilan aniglanadi.
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Isbot.L(z,t)y = B Z—z +Q(x+1,t)y=21y,T €R, tenglamalar sistemasiga qo‘yilgan Dirixle
chegaraviy y;(0,,t) = 0,y,(m, 7, t) = 0 masalasining xos giymatlari &, (t,t) va ularga mos ortonormal xos
vektor funksiyalar y,(x,t,t) = (3’n,1 (x,1,t), Yna2(x,7, t))T,n € Z bo‘lsin, u holda L(t,t)y,(x,1,t) =

$n (T DY (X, 7, 1)
tenglik bajariladi. Bu tenglikning ikki tomonini y,(x,t,t) ortonormal vektor funksiyaga skalyar
ko‘paytirib, quyidagi
$n(Tt = (L(T, O)Yn, Yn) (7)
tenglikni hosil gilamiz. (3.1.6) tenglikning ikki tomonini t bo‘yicha differensiallab,L(z, t)operatorning
simmetrikligidan foydalansak u holda ushbu

0 Lt .
% = (Q(x + T, t)yn,yn),n S/

munosabat hosil bo‘ladi.Skalyar ko‘paytmaning ta’rifidan foydalanib quyidagi

&, (Tt
£ (T ) f [(Ynl 3/121,2)pt + Zyn,lyn,zqt]dx ®)
tenglikni hosil gilamiz. (1)dag| Pe.qe larni  (8) ga qo‘yamiz:

A& (T t
Zen(nf) (T L= [ [(v21 = ¥22) (=G + 200 + G2 + 2901 Vm2 (Do — 200 + D] dx +

[p(xo, ) + q(x0, D% [9(¥21 = YA2) + 2DYn1Vn,2]dx.
Endi quyidagi belgilashlarni Kkiritib olamiz.

T
L(t,t) = f {[—qux + 2a®* + ¢*) + ql(vi,1 —¥2,) +
0
+2[Pxx — 2P(P? + q2) = PlYn1Yn 2 }dx
T
L(z,t) = j [p(v21—¥52) + 2qYn1Yn2]dx
0

Natijada ushbu

af%(f D = (7, )+ [p (o, £) + (o, O (5, ) 9)

tenglikka ega bo‘lamiz.
1, (7, t), I, (7, t) integrallarni hisoblaymiz.
Buning uchun integrallar ostidagi ifodalarning boshlang‘ich funksiyalarini

a; (x' ’fn' t)}’rzl,l-l'bi(x' ’fn' t)yn,lyn,2+ci (x' En' t)yg,z’a(t)' i= 1'2'3- -
kvadratik formalarning hosilalari ko‘rinishida izlaymiz va quydagi tenglikdan foydalanamiz:
{021 =92 [~ tux + 20007 + @7 + 291V x — 2007 + D]}’ = (a2 & DYE 1 +
+b1 (%, &ny )Yn1Yn,2 + €1 (X, &y t)}’rzz,z)’,

q(¥21 — ¥22) + 20Vn1Yn2=(aa(x, &, VA 1 + ba(%, En, O Yn1Vn2 + C2(%,En, YA 2)'
Ma’lumki,

{y’n,l = qYn1 — PYn2 — $n¥n2

, 10
Yn2z =$nYn1 — PYn1 — qVn2 (10)

o‘rinli. Bundan esa
V21 = ¥22) |[~Gxx +200% + @2 + 2Yn1Vn 2 [Pex — 2% + D |={[—ax + % + (p -
E) 8y + (0x — 4080)VnaVn2 + [0 + 4% + (0 + §)*+E71¥2 2}
1 /

A0m1 = Y 2)*2PVn1Yn2 =5 a1 + Vi)
ekanligini ko‘rsatish qiyinchilik tug‘dirmaydi.
U holda, I, (z,t), I, (7, t) integrallar natijasi quyidagicha bo‘ladi:

{ L(z,t) = g+ q* + p® + 2p&y + 283

1
IZ (T, t) = E (y‘rzl,Z (T[, T, t) - y‘rzl,Z (0, T, t))

(9) va (11) tengliklardan foydalanib, quyidagi tenglamani hosil gilamiz:

afna(tr £) (q @0 + 4.5, 0) + (5, D+En (@ D)’ + E2(x, t))

(11)

X [Yr21,2 (m,7,t) — ¥ ,(0,7, t)] (12)
Va2 (M7, t) = ¥ 2(0,7,8) = 2(=1)"0, (7, )h, (7, 1)) (13)
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Bu tenglikni (12)ga qo‘yib , (4)ni hosil gilamiz. Agar Dirixle chegaraviy shartlarini davriy y(0,,t) =
y(m, t,t) yoki yarimdavriy y(0,,t) = —y(m, 7, t) chegaraviy masalani garasak, u holda uning 1,,(t,t) xos
giymatlari uchun

PulD—0n€eZ  yoki Ay(r,t) =An(r,0),nEZ tengliklar  hosil  bo'ladi.  Endi
L(z, t)v,=A, (1, t)v,, n € Ztenglamaga t=0 ni qo‘yamiz, u holda 4,,(z,t) = 4,,(7,0),n € Z ga ega bo‘lamiz.
Bundan L(t, 0)v,=4,(71)v,n EZ

davriy yoki yarimdavriy masalaning xos giymatlari ¢ € R parametrga bog‘liq emasligi kelib chiqadi,
ya'ni  A,(t,0) =4,(r) =4, n€Z t € R Kkelib chigadi. Teorema ishotlandi.

1-natija. Ushbu

P =Y [%—5 (r,t)j, 19
k =—o0

ac.) = Y (1) o, (r.Oh (E(x. 1), (15)
k=—o0

() + 0, ()= z(%ﬂt)j 15)

izlar formulalaridan foydalanib Dubrovin differensial tenglamalar sistemasini yopiq ko‘rinishda
yozish mumkin.

2-natija. 1- teorema (1) - (3) masalaning yechimini topish usulini beradi. Buning uchun dastlab
L(T,O) Dirak operatorining ﬂn, fr? (Z'),Gr? (T) =2x1,ne Z spektral berilganlarini aniqlaymiz, so‘nra
L(T,t) operatorning spektral berilganlarini /In,é:n (T,t),O‘n (T,t)zil,n el orgali belgilaymiz.
Keyin (5) tenglamalar sistemasi va (6) boshlang‘ich shartlar ketma-ketligida 7 = X, deb olamiz. Hosil
bo‘lgan Koshi masalasini yechib, §n(x0,t),an(x0,t),nez ni topamiz. So‘ngra (8), (9) izlar
formulalaridan p ( Xy ,t) funksiyani aniqlaymiz. Shundan keyin, buni (5) tenglamalar sistemasiga qo‘yamiz
va 7T ning ixtiyoriy giymatida (5)-(6) Koshi masalasini yechib & (‘L’,t),O‘n (r,t),n e Z lami
aniglaymiz. Topilgan &, (7,t),0,(7,t),neZ spektral parametrlardan hamda (8) va (9) izlar
formulalaridan foydalanib (1) - (3) Koshi masalasining ( p(z.t).q(z.t) )yechimlarni topamiz.

3 - natija. Bir zonali potensial holida (1) tenglamani ushbu

p(x,t)‘t:0 = %cos{—(&l + 4 )X + 20, (0)(0) |

q(x,t)‘t=0 __h _2)“‘1 sin{—(A, + 4 ) X+ 25, (0)¢(0)}

boshlang‘ich shartlarni ganoatlantiruvchi yechimi 2-natijadagi usul bo‘yicha yechamiz, bu holat uchun
Dubrovin differensial tenglamalar sistemasi ushbu ko‘rinishda bo‘ladi:

G TMPSYRY ey o o e B

x{ﬁ”"z arh) i raat t)}}
2 0 ()

2 4 2
&(nt)|_, = % +21_1 _h _2’1-1 cos{—(A; + 4, )7 +20,(0)p(0)} o, (z.1)|_, =0,(7)

ﬂ_l = —/10 bo ‘lganda yechim quyidagicha bo‘ladi:
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p(z,t)= 1, cos{Zﬂjt + Ay {%

. ) M?+1
q(z,t)= —/105|n{210t + 2, [marctg [M(tg(Nt +L))] - vE _1t} + 2C(1)}

~ /ugmo B > 1 o 1
Bu yerda M = —2102_/10 ,N_ﬂo A 2 ,/10>2,L_arctg{Mtg[ao(O)goo(O)]}

C (Z' ) berilgan boshlang‘ich shartlardan topiladi.

arctg[M (tg (Nt + L))] - mi fH 4 2c:(f)}
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Abstract. We consider the two-particle discrete Schrédinger operator Hy,(0) on the three-
dimensional lattice Z* with on-site and nearest-neighbor interactions. We study the restriction of Hj, (0) to
the subspace of even functions that are antisymmetric with respect to the first two momentum variables. On
this subspace the on-site interaction vanishes, and the restricted operator H;:*(0) becomes a rank-one
perturbation depending only on u. The eigenvalue problem outside the essential spectrum is reduced to the
scalar equation 4,(z) = 1 + pa(z) = 0. A positive critical value u, is found such that H;%(0) has exactly
one eigenvalue below [0,24] for u < —u,, no eigenvalues outside [0,24] for |u| < w,., and exactly one
eigenvalue above [0,24] for u > u,. At the critical values u = +pu, the corresponding threshold is an
eigenvalue.

Keywords: two-particle system, lattice Schréodinger operator, essential spectrum, eigenvalues, rank-
one perturbation, Fredholm determinant.

IKKI ZARRACHALI DISKRET SHRYODINGER OPERATORI JUFT-ANTISIMMETRIK
QISMI XOS QIYMATLARI SONI HAQIDA

Annotatsiya. Biz uch o‘lchamli 73 panjarada nuqtada va eng yagin qo'‘shni tugunlarda o ‘zaro
ta’sirlashuvchi ikki zarrachali diskret Shryodinger operatori Hy, (0)ni garaymiz. Bu operatorning birinchi
ikkita impuls o zgaruvchilariga nisbatan antisimmetrik bo ‘Igan juft funksiyalar gism fazosidagi qismi fagat
u ga bog'lig, qo ‘zg ‘alishining rangi bir bo ‘Igan H;%(0) operatorga keltiriladi. Ushbu operatorning muhim
spektrdan tashqaridagi xos giymatlari masalasi 4,(z) = 1 + ua(z) = 0 skalyar tenglamaga teng kuchli
ekanligi ko ‘rsatiladi. Bu holda shunday u, > 0 kritik giymat topiladiki, H;%(0) operatorning u < —u,
bo ‘Iganda muhim spektrdan pastda va u > u, bo ‘Iganda muhim spektrdan yugorida aniq bitta xos giymatga
egaligi, |u| < . bo‘lganda esa muhim spektr tashqarisida xos qiymatlarga ega emasligi isbotlanadi.
Shuningdek, u = tu, kritik giymatlarda mos spektr chegarasi bo ‘sag ‘a xos qiymat bo ‘lishi ko ‘rsatiladi.

Kalit so‘zlar: ikki zarrachali sistema, panjaradagi diskret Shryodinger operatori, muhim spektr, xos
giymatlar, rangi birga teng qo ‘zg ‘alish, Fredgolm determinanti.

O YMCJIE COBCTBEHHBIX 3HAYEHUI lIETHO—AHTI/ICI/IMI\-’.IETPI/I‘-IHOI7I YACTH
JABYXYACTUYHOI'O JUCKPETHOI'O OIIEPATOPA IIPEJAUHI'EPA

Annomayusa. Mol paccmampusaem ogyxuacmuunviii ouckpemusiii onepamop Illpéounzepa Hy, (0) na
pewémke T3 ¢ e3aumoleiicmeusmMu HA pACCMOSHUAX HOMb U 00uH. O2panuuenue Hy,,(0) na
HOONPOCMPAHCMBO YEMHBIX DYHKYULL, AHMUCUMMEMPUUHBIX NO NEPELIM 08VM UMNYIbCHLIM NepeMeHHbIM,
ce00um e20 k eosmywenuto panea oour H;%(0), sasucawemy monvko om p. Iloxasano, umo 3adaa na
cobcmeenble 3HAYEHUS 6HE CYWeCMBEEHH020 CNeKMpPa IKEUEAIeHmMHaA ckanspHomy ypasnenuio A, (z) = 1+
pa(z) = 0. Haiideno kpumuueckoe snauvenue i, > 0: onepamop H;%(0) umeem posno oono cobcmesennoe
SHAYEHUe HUdCe CYWEeCBEHHO020 CheKkmpa npu U < —|[L,, 6blle CYUWeCMBEHHO20 CNeKmpa npu U > U, U He

umeem coocmeennuvlx snauenutl ene [0,24] npu |u| < w,. Ilpu u = U, xkpaii cnexmpa s1615emcsi ROPO208bIM
COOCMBEHHBIM 3HAUEHUEM.
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Knioueevie cnosa: osyxuacmuunas cucmema, ouckpemuwviii onepamop ILlpéouncepa na pewémre,
CYUjeCmeeHHblll CNeKMp, C8A3AHHbIE COCMOAHUSA, 803MYUeHUe paHaa 00uH, onpedeiumens Ppedzobma.

Introduction. Lattice Schrodinger operators are widely used in the spectral theory of few-particle
quantum systems and in mathematical models of particles moving in periodic structures [1, 2, 5]. In contrast
to continuous models, lattice systems may possess bound states both below and above the essential spectrum.
This feature is of particular interest in models with short-range interactions and is closely related to spectral
threshold phenomena [3, 4, 6].

In the present paper we consider the two-particle Schrodinger operator H;,(0) on the three-
dimensional lattice Z3. The parameter A describes the on-site interaction, whereas u describes the nearest-
neighbor interaction. Our purpose is to study the part of this operator acting in the subspace of functions that
are even and antisymmetric with respect to interchange of the first two momentum coordinates.

The main observation is that the on-site term disappears after this restriction. Consequently, the
resulting operator H;%(0) depends only on one parameter and is a rank-one perturbation of the free operator.
This makes it possible to reduce the eigenvalue problem to a single Fredholm determinant. We determine its
behavior at the lower and upper thresholds and obtain the exact number and location of all eigenvalues
outside the essential spectrum.

The paper is organized as follows. In Section 2 we define H,,(0) and its essential spectrum. In
Section 3 we derive the even—antisymmetric restriction. Section 4 contains the scalar reduction and the
required properties of the Fredholm determinant. The exact eigenvalue count is given in Section 5.

The operator H;,(0)

Let T3 = (—m, 7] and let
L2¢(T3%) = {f € L*(T?): f(—p) = f(P)}
be the Hilbert space of even square-integrable functions on T3. For A, u € R, consider the bounded
self-adjoint operator
Hlu(o) = Hy(0) + Vlu
in L2¢(T3).
The free operator H,(0) is the multiplication operator

(Ho () () = E () f (0),

where
Eo(p) =4X1 (1 —cosp), p=(p1,p2p3) €T,
The interaction potential is defined by
2
Vi) ®) = 55 fps f(@) da+55T7; cosp; [ cosq; f(q) dg. (1)
Thus, A and u are the coupling constants of the on-site and nearest-neighbor interactions, respectively.
The perturbation V,, has finite rank. Hence, by Weyl’s theorem,

Oess (H/lu(o)) = O'(HO(O)) = [0,24].
The even—-antisymmetric restriction

We introduce the closed subspace
L2¢212(T3): = {f € L**(T*):  f(p1,p203) = —f (02, P1, P3)}-

Since E,(p) is symmetric in p; and p,, the subspace L%®?12(T3) is invariant for H,(0).
Using
2cosAcosB + 2cosCcosD = (cosA + cosC)(cosB + cosD)
+(cosA — cosC)(cosB — cosD),
we rewrite the first two nearest-neighbor terms in (1). For f € L2®312(T?), antisymmetry gives

Jps f(@ dg =0,
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Jpa (cosqy +cosqz)f(q) dg =0,  [5 cosqsf(q) dg = 0.
Therefore only the antisymmetric nearest-neighbor component remains:

)(P) = o= (cospy — cospy)

X [1s (cosqy — cosqz)f(q) dq.

In particular, the on-site parameter A does not enter the restricted operator. We denote this restriction
by

HE2(0) = Ho(0) + V2.

COospq—cCosp
a (p) - —1 "

Nera)
Then |l ¢ ll= 1 and

VEAf =ulf, a)a. (2)
Thus,

rankV® < 1.
Consequently,

Uess(Hﬁa(O)) = [0,24].

Moreover, H;?(0) can have at most one isolated eigenvalue below 0 and at most one isolated
eigenvalue above 24.

Fredholm determinant

For z € C\[0,24], let Ry(0,2) = [Hy(0) — zI]™".
The eigenvalue equation

HE(O)f = zf

is equivalent to the Lippmann-Schwinger equation

f = =Ro(0,2)V7f. @3)
By (2), a nonzero solution of (3) exists if and only if
1+ pa(z) =0,
where
1 — 2
a(z):= (a,Ro(0,2)) = — [ % _ ”

We therefore define the Fredholm determinant
A, (2) = 1+ pa(z2).

Lemma l. Letu € Rand z € R\[0,24]. Then z is an eigenvalue of H;(0) if and only if
A,(z) =0.
u

Proof. The equation Hg?(0)f = zf is equivalent to (3). Using (2), we obtain
f==u(f,a)Ro(0,2)a.

Taking the inner product with a shows that a nonzero solution exists exactly when 1 + pa(z) = 0.
The next lemma contains the properties of a(z) needed below .

Lemma 2. The function a(z) has the following properties:
1. a(z) >0forz < 0anda(z) < 0 for z > 24;
2. a(z) is strictly increasing on (—oo, 0) and on (24, +);
3. lim a(z) = 0;

z—too
4.

The finite limits

a(0):= Ll;rga(z), a(24):= Zh\rzrha(z)
exist and satisfy
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a(0)>0, a(24)=—-a(0).

Proof. The sign of a(z) follows immediately from (4). Moreover,
, 1 (cosp;—cosp;)?
V@ = g b Gy~ P >0
which proves strict monotonicity. The limits at infinity follow by dominated convergence.
Near p = 0,
Eo@)Ipl?,  cosp; — cosp, = O(|pl?),

so the integrand defining a(0) is locally integrable. The same argument applies at the upper threshold.

Finally,

Eo(m—p)=24—-E& (), alm—p)=-al)

a(24 — z) = —a(2).
Passing to the threshold limits yields a(24) = —a(0).

and therefore

Set
1 _ [t (cosp—cospp)? o 17

Ui = a(0) - g3 f’]I‘3 Eo(D) dp] > 0. (5)

Then
Jim, 8, = 1,
while
. _ 1 . —1_F
i@ =140 pA@=1-1 ®

Main result.

Let n_(H;?(0)) and n,(H;*(0)) denote the numbers of eigenvalues of H;?(0) in (—,0) and
(24, + ), respectively.

Theorem 1. Let u € Rand let u, > 0 be defined by (5). Then:
1) if u < —p,, then
n_(H;2(0)) =1,  n,(H;?(0)) = 0;
2) if —u, < p <, then
n_(Hg?(0)) = ny (H;%(0)) = 0;
3) if u > pu,, then
n_(H;?(0)) =0, ny(H;”(0) =1.

Proof. By Lemma 1, the eigenvalues outside [0,24] are exactly the zeros of A,(2) = 1 + pa(z).
Suppose first that 4 < —p,. For z < 0, Lemma 2 and (6) give
Jim A,(2)=1>0, limA,(2) =1+ Mi < 0.

Hence A, has a zero in (—o,0). Since a(z) is strictly increasing and u < 0, the function A, (z) is
strictly decreasing there, so this zero is unique. For z > 24 we have a(z) < 0 and u < 0, hence A, (z) > 1.
Therefore

n_(H;2(0) =1,  ny(H;?(0)) = 0.

Now let —u, <pu <u,. If z<0, then 0 < a(z) <a(0). For u =0 one has A,(z) = 1, while for
—p =p <0,

Ay (2) > 1+ pa(0) =1 +i > 0.

Thus there are no zeros below 0. Similarly, for z > 24,

—a(0) <a(z) <O.

If u < 0,then A, (2) = 1, whereas for 0 < u < p,,

A (2) > 1—pa(0) =1 —ﬁ > 0.

Hence there are no zeros above 24 either.
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Finally, let u > p,. For z < 0 we have a(z) > 0, so A,(z) > 1. Thus there are no eigenvalues below
0. On (24, +o0),

limA,(z)=1-£<0, limA,(z)=1>0.
zZN\N24 2 Z—+0o
Therefore A, has a zero in (24, +). Since u > 0 and a(z) is strictly increasing, this zero is unique.
Hence
n_(H?(0)) =0, n, (H?0) =1
The proof is complete.

The critical values also have a direct threshold interpretation.

Corollary 1. For u = —pu,, the lower threshold z = 0 is an eigenvalue of H;*(0). For u = p,, the
upper threshold z = 24 is an eigenvalue of H;%(0).
Proof. At u = —pu, set

fo@) = 52

The behavior used in the proof of Lemma 2 shows that f, € L>®212(T3). Since (fy, @) = a(0) and
u = —1/a(0), we obtain
HE, (0)fo = 0.
The proof at z = 24 is analogous, with

__a®
f24(p) - Eo(p)_24'

Conclusion. For the two-particle lattice Schrodinger operator Hy,(0) with on-site and nearest-
neighbor interactions, we have isolated the even-antisymmetric invariant subspace. The on-site term
vanishes on this subspace, and the resulting operator H;?(0) is a rank-one perturbation depending only on
the nearest-neighbor coupling constant u. Its discrete spectrum is completely determined by the single
critical value u, = 1/a(0). There is one eigenvalue below the essential spectrum for u < —pu,, one
eigenvalue above it for u > u,, and no eigenvalues outside [0, 24] for |u| < u.. At the critical couplings the
corresponding spectral threshold is itself an eigenvalue.
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V]IK 539.3
CBOBO/IHBIE BOJIHBI B CJIOE HA BSI3KOYIIPYTOM ITOJIYIIPOCTPAHCTBE

Hypuoounoe baxmuép 3agpapoeuu,

Odoyenm TauwKenmcKko20 XUMUKO-MexXHOI02UYeCKO20 UHCTUMYMA,
doxmop ¢unocogpuu (PhD) no guzuxo-mamemamuseckum HayKam
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Annomauusn. B pabome uccied08ano pacnpocmpanenue c60000HbIX 80JH 8 MEXAHUHECKOU cucmeme,
cocmosiuell U3 A3KOYNpy2020 Clos, HAX00AWe20Ccs Ha 633KOYnpy20m noaynpocmpancmee. Paccmompervi
08a MUnNa 2pamudHbIX YCIOBUN HA KOHMAKMHOU 2panuye: HCECMKUU U CKOAb3AWUL KOHMAKM.
Ilocmaenennas 3adaua ceedena K cucmeme NUHEUHbIX OUPDepeHyuanbHblX YPaeHeHULl ¢ KOMIJIEKCHbIMU
Koappuyuenmamu. /s nocmpoenusi OUCNEPCUOHHBIX YPAGHEHUL U PACHEMA KOMHIJIEKCHbIX COOCMEEHHbIX
Yacmom NpUMeHEH YucienHbll memoo Mroanepa 6 couemarnuu ¢ memooom I aycca. Boisgnenvl ocobenHocmu
GAUAHUSL OUCCUNRAMUBHOU OOHOPOOHOCMU U HEOOHOPOOHOCMU CUCIEMbL HA KOMNIEKCHbIL CNEKmp Yacmom u
K03 puyuenmol demnpuposarusi.

Knrouesvle cnosa: es3xoynpyeocms, c60000HbIe GOHbL, OUCHEPCUOHHOE YPABHEHUE, KOMIJIEKCHAS
yacmoma, oemMngpuposanue, HceCmKUL KOHMAKM, CKOIb3AUUL KOHMAKMI.

QOVUSHQOQ-ELASTIK YARIMFAZODAGI QATLAMDA ERKIN TO‘L QINLAR

Annotatsiya. Ishda govushqog-elastik yarim fazoda joylashgan govushqog-elastik gatlamdan tashkil
topgan mexanik sistemada erkin to ‘lqinlarning tarqalishi tadqiq qilingan. Kontakt chegarasida ikki turdagi
chegaraviy shartlar ko‘rib chiqilgan: qattiq va sirpanuvchi kontakt. Qo ‘yilgan masala kompleks
koeffitsiyentli chizigli differensial tenglamalar sistemasiga keltirilgan. Dispersiya tenglamalarini tuzish va
kompleks xos chastotalarni hisoblash uchun Myullerning sonli usuli Gauss usuli bilan birgalikda
qo ‘llanilgan. Sistemaning dissipativ bir jinsliligi va nobir jinsliligining kompleks chastotalar spektri va
dempferlash koeffitsiyentlariga ta sirining o ‘ziga xos xususiyatlari aniglangan.

Kalit so‘zlar: qovushqog-elastiklik, erkin to‘lginlar, dispersiya tenglamasi, kompleks chastota,
dempferlash, gattiq kontakt, sirpanuvchi kontakt.

FREE WAVES IN A LAYER ON A VISCOELASTIC HALF-SPACE

Abstract. This study investigates the propagation of free waves in a mechanical system consisting of a
viscoelastic layer resting on a viscoelastic half-space. Two types of boundary conditions at the contact
interface are considered: rigid and sliding contact. The formulated problem is reduced to a system of linear
differential equations with complex coefficients. To construct the dispersion equations and calculate the
complex eigenfrequencies, Miiller's numerical method combined with the Gauss method is applied. The
specific features of the influence of the system's dissipative homogeneity and heterogeneity on the complex
frequency spectrum and damping coefficients are identified.

Keywords: viscoelasticity, free waves, dispersion equation, complex frequency, damping, rigid
contact, sliding contact.

BBenenue. M3yueHre BOJHOBBIX MPOIECCOB B MHOTOCIONHBIX BSI3KOYNPYTHX CPeIaX MMEET BajKHOE
3HA4YEHHUE JJIs1 AUHAMHUKH J1e(OPMHUPYEMOT0 TBEPAOTO TeJa, CEHCMOCTOMKOCTH COOPYKEHHUI 1 TeéOMEXaHUKU
[1,2,3]. Hannume auccHUTaTHBHBIX CBOWCTB B AJIEMEHTaX KOHCTPYKIMH NPHUBOAUT K 3aTYXaHHWIO BOJH H
W3MEHEHHUIO CIIeKTpa COOCTBEHHBIX YacCTOT. B 3aBHCUMOCTH OT PEOJIOTUYECKUX XaPAKTEPHCTHUK COCTABHBIX
JacTeil CHCTEMbl MEXaHHMYECKHE CTPYKTYpPhl MOMKHO pa3feiuTh Ha JUCCUIATUBHO OAHOPOIHBIE (C
WACHTHYHBIMH BS3KOYIIPYTUMH CBOMCTBAMH) U AMCCUIIATUBHO HEOJHOPOIHBIE (C Pa3IMIHBIMUA CBOMCTBAMHM)
[4,5]. B nutepaType TakKe XOpPOIIO W3BECTHBHI JBa THIMA YIPYTHX IMOBEPXHOCTHBIX BOJIH, HA3BaHHBIC
BoinHamu Poanes u JlaBa B 4ecTh MX IEpBOOTKpbIBaTesed. BosHbl Pajness BO3HMKAKOT B pe3yJibTaTe
SJUTUITUYECKOTO JIBHXKEHUSI, XapaKTEPU3YIOIIErocsi COUEeTaHUEM BOJIH JIABJIEHHS U BEPTUKAIBHOIO CABUTaA;
TOrja Kak BOJHBI JlaBa BO3HUKAIOT TOJBKO B Pe3yJbTaTe rOpU3OHTaIbHOrO capura [6,7]. Bomuer JlaBa
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HaIIUTH MHOKECTBO MIPUMEHEHHH, PEBOCXOAAIINX BOJIHBI PaJiesi, B pa3smudHbIX 00JacTsIX HAYKH, TAKUX Kak
OMOCeHCOPHI B OMOJIOTUN M METUITHE, XEMOCEHCOPHI B XMMHH, HEPA3PyIIAIOIHA KOHTPOJIb MaTepHAIOB B
TEXHUKE W TaK Jajee, MOMUMO HX OOJBIIOrO 3HAYCHUS B CeiicMOOruH, reoioru u reodpusuke [8,9,10]. B
HaCTOsIIEH padoTe Mpeanonarajock, YTo BEPXHsS MOBEPXHOCTh CBOOOIHA OT HANpPSDKEHHM, a CMEICHHS U
HaINpsDKEHUST Ha TPaHMIIE pasJiena SBISIOTCS HEMPEPBIBHBIMH, a TaK)Ke COOIOAANOCh yCIOBHE U3IYUYCHHS B
mosrynpocTpancTse. [Ipu yciioBumM, 9TO CKOPOCTH CABUTOBBIX BOJH B CIIO€ JOJDKHA OBITh HMXKE CKOPOCTH
CIBUTOBBIX BOJIH B IOJIyIPOCTPAHCTBE, OBIJIO TTOKA3aHO CYIIECTBOBAHUE TOPU30HTAIBHON CABUTOBOM BOJHBI,
aMIUTATY/Ia KOTOPOH OBICTPO YOBIBAET C TONIIWHOW B MOMyTpocTpaHcTBe. Llenpro maHHO# paboTsl aBiseTcs
WCCIIEIOBAHAE BIWSHUS YCIOBHI KOHTakTa (KECTKMH W CKONB3SAMMNA contact) W IAWCCHMIATHBHON
HEOJTHOPOJIHOCTH Ha BOJHOBBIE XapaKTEPUCTUKU CUCTEMBI «CJIOM — MOIYIPOCTPAHCTBOY.

IMocTanoBKa 3a1a4M U OCHOBHbIE YPABHEHUS

PaccMOTpPUM  OTHOPOJHBIM ~ M30TPONHBIA  JIMHEHHO-BA3KOYNPYTH  Ci1od  Tonmmuoii Nh  wm

MOJyIIPOCTPAHCTBO B MPSAMOYTOIHFHOW CHCTEME KOOPIMHAT (X, Y, Z). CoCTaBIAOIMUMEI TIEPEMEIICHHN 110

ocaMm X, Y,Z sBistioTcs U, &, @ COOTBETCTBEHHO.

B NGRS N e e s e | D

EZJ Va, P2

— —

Pucynox 1. PacyeTHasi cxeMa CUCTEMBbI «BA3KOYNPYIUil ¢J10i — BA3KOYNPYroe
NMOJYIPOCTPAHCTBOY.

B pacuérHoii Mozenu cnoli ToMmMHOW h KOHTaKTHpyeT ¢ BS3KOYHNPYTHM MOJIYHNPOCTPAHCTBOM;
napaMeTpsl MaTepUalioB CJIOS M OCHOBaHWS 00O3HadeHbl cooTBercTBeHHO E, Vi, p, u E,, v,, p,.
YpaBHEHUS ABMKCHUS B HANPSDKCHUSX JUIS KXKJI0M U3 001acTell MIMEIOT BUJI:

o‘u
= (n=12) @

rae p, - INIOTHOCTh MaTepHana clIos (n = 1) U TIOJIyTIPOCTPAHCTBA (n = 2).

Veo, =p,

I'panuyHbie yeaoBus:

Ha cBoGoanoii nosepxnocru cios (Y =h):

0,.=0, 0,,=0 2)
Ha rpanune pasaena (y = 0) :

IIpu kECTKOM KOHTaKTE:

Ot =0 o O =0, U =U, 8 =9 (3a)
[Tpu ckonb3smeM KoHTakTe (0€3 CIBUTOBBIX YCHIIHA):
O-yxl = 0’ nyz = O’ "91 = "92 (3b)

Merton pemeHust
Pemienue cuctembl ypaBHEHHH UILETCSA B BHJI€ TAPMOHUYECKUX BOJIH:

i(kx—at i(kx—aot
u,=U, (y)e" ", 3 =V, (y)e ), )
rie U, (y) uV (y) — aMIUIATYHbIC KOMIUIEKCHBIE BEKTOp-QyHKIMH; K — BOJHOBOE 4HCIIO;
® = @, +10, — xommnexcnas yactrota (C =C, +1C, — xommiekcnas dasosas ckopocts). [TogcTanoska
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peuienuii (4) B ypaBHeHHs ABMWKeHHUS (1) NPUBOAUT K CHUCTEME OOBIKHOBCHHBIX AM(QepeHIHaTIbHBIX
ypaBHEHHI BTOPOTo mopsika otHocutensHo U (y) u Vn(y):

L, (Un,Vn):O (5)

YactHoe pemenuwe cucrembl (5) wmmerca B Buge €. CocCTaBIsis  OTIPEICIISFOIIIII

XapaKTEePUCTUUECKUI ONPEAEIUTENb, HAXOAUM KOPHHU I, OTBEYalOIIUe CKOPOCTSAM BOJH CXKATHUS U C/BUTA.

Bﬂ31<0ynpyrne CBOMCTBa MaTcpuajia YUIUTBIBAOTCA YCPE3 KOMILICKCHBIM MOAYJb IOura E (a)) .

E(w)=E(o)[1+in()] (6)
rae Gyuxunun E (a)) un (a)) MIPEJICTaBIAIOTCS AHATUTUYECKHU:
E(w)=E,, +(E.w—Emm) f (@), n(w)=n,-9(o) (7)

[lomcranoBKa BBIpOKEHUH ISl TepeMelieHui B TpaHudHble ycioBus (3a) wimm (3b) mpuBomuT K
OJTHOPOJTHOM CHUCTEME IIECTH aIreOpandecKuX YPaBHEHUH OTHOCUTEIBHO HEM3BECTHBIX MOCTOSHHBIX Cij'

VYcnoBue CylecTBOBaHHMA HETPHUBUAIBHOIO pEIICHHs (PaBEHCTBO HYJNIO OIPEICTUTENsT CHCTEMbI) HAET
AUCIIEPCHOHHOE YPABHEHMeE:

A(¢,0)=0 )
I'ne ¢ =kh — Ge3pasmepHOE BOJHOBOE YHCIIO.

«[lorck KOpHEH 4YacTOTHOro ypaBHeHHs (8) ocCylIecTBIsIETCS MeToAoM Miojuiepa, MpH TOM Ha
KaXIOW UTepalluil BBIYHCICHHE OIpEeNnuTeNs MPOUu3BOAUTCS MeTojaoM ['aycca ¢ BblAeNeHHEM TJIaBHOTO
3JIEMEHTA, YTO HCKIII0YAET HEOOXOIUMOCTh IPSAMOT0 PACKPBITHS ONPEACIUTENSI BBICOKOTO MOPAIKAY.

YmncneHHble pe3yabTaThl H UX 00CYyKAeHUE
[Ipu pacuérax NpUHATHI CIEAYIOIIKE TapaMEeTPhl MATEPHATIOB!

E_=69x10°H/m’,  E, =69x10°H/m’°, 6=075 a=10" n=1

Be3pasmepHoe BOIHOBOE YKCIio { BapbUpoBanoch B mpenenax 0<¢4 <4.

10! 107!

10—1 I 10-3 E
1 2 3 4

Pucynok 2. 3aBHCHMOCTh KOMILJIEKCHBIX COOCTBEHHBIX YaCTOT OT 0e3pa3MepHOro BOJIHOBOTO
yueda § 1Jis JMCCUTIATHBHO OTHOPOIHON CHCTEMbI

Ha PUCYHKE 2 MpEACTaBIICHbI HeﬁCTBHTCHBHBIe WU MHHUMBIC COCTaBJIAIOIINEC KOMINIICKCHBIX
COOCTBEHHBIX YaCTOT. HpI/I YBECINYCHUU é )Iel\/'ICTBI/ITeJII)HI)Ie JacTH 49aCTOT U3MCHSIOTCI MOHOTOHHO, TOraa
KaK MHUMBIC COCTABJIAIOMINC XAPAKTCPUZYIOT MHTCHCUBHOCTb JUCCUIIATUBHOI'O 3aTyXaHUs.
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JuccMNaTHBHO HEOAHOPOAHAs CHCTeMAa. JIsI CHCTEeMBl C Pa3IUYHBIMH  PEOJIOTHYSCKHMHU
XapaKTEepPUCTUKAMU CIIOSI M TTOTyTIPOCTPAHCTBA!

10!
10°
I g
3 /_/ Wi
/ \ .
» . 7
7 N
- .
107! T T T
1 2 3 4

Pucynok 3. KoMniiekcHbIH cieKTpP cOOCTBEHHBIX YACTOT AUCCUNIATUBHO HEOXHOPOXHOMI
CHCTEMBI
ConocraBineHne C PUCYHKOM 3 TOKa3bpIBaeT, YTO JUCCHIIATUBHAS HEOAHOPOJHOCTh OKAa3bIBACT
CYIIECTBEHHO 0OJjblliee BIMSHUEC HA MHUMBIE YaCTH 4acTOT M KOA(PPHUIMEHTH AeMI(pUPOBAHUS, YeM Ha UX
JNEHCTBUTEIBHBIE YACTH.

¢ 3aBHCUMOCTb JEHCTBUTEILHOM YacCTH YacTOThl (), OT ¢ TPaKTUYECKH COBMANACT C OJHOPOIHBIM
ciryyaeM (OTKIOHEHHE He IpeBbIaeT 5%).
¢ 3aBHCUMOCTH KO3()(HHIIEHTOB AeMII(UPOBAHUS (), OT { CTAHOBSITCS HEMOHOTOHHBIMHU.
OcoOBIif HHTEPEC MPEACTABISIET MUHUMAIBEHBIA KO3PQHUIIMEHT NeMIT(UPOBAHUS CHCTEMBI:
S =min(-w,)
JInst HeoHOpOMHOM cucTeMbl HaOuomaeTcss dPQPEKT «CMEHBI poei» MHUMBIX YacTed MepBOW H
BTOPOH 4acTOT MPH HEKOTOPOM XapaKTEPHOM 3HA4EeHHH ¢ . B 3Toi Touke NEeHCTBUTEIbHBIC YAaCTH () U

(W, MaKCUMaIIbHO OJIM3KH, a KOd)PHUIHEeHT aeMIpupoBaHus O HMEET APKO BBIPAKCHHBINH MAKCHMYM.

Cronmp3smuii  KOHTakT. /[l CKOJB3SIIEro KOHTAKTa JTUCIEPCHOHHOE YpPaBHEHHE COXpaHSET
AQHAJIOTUYHYIO CTPYKTYPY, OJTHAKO YCJIIOBHE OTCYTCTBUS CIBUTOBOTO YCHJIMS HA TPAHMIIE pa3jieiia U3MEHSET
KOMIUTEKCHBIN cniekTp. Ha pucynka 4 u 5 npuBeeHbl COOTBETCTBYIOLIME 3aBUCUMOCTH JIJISl AUCCUIIATUBHO
OJHOPOJIHON ¥ HEOJHOPOJHOM CUCTEM.
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10°° : : : '
1 2 3 4 &

Pucynok 4. KommiekcHble COOCTBEHHbIE YACTOTHI OT 0e3pa3MepPHOro BOJJHOBOTO YHCJa & MpH
CKOJIb35I1lleM KOHTAKTE: JMCCUNIATUBHO OJJHOPOJIHAS CUCTEeMA
Jns OMHOPOIHOW CHUCTEMBI KPUBBIE AEHCTBUTENBHBIX YaCTEN YaCTOT U3MEHSIOTCS IJIABHO, @ MHUMbIE
YaCTH ONPEACIIAIOT YPOBEHb BOJTHOBOT'O 3aTyXaHUS MIPU CKOJIB3SIIIEM KOHTAKTE.

WR -~

WR?2

107!

1—2

1 2 3 4 S&
PucyHnok 5. KomniekcHble cOOCTBEHHbIE YACTOTHI OT 0e3pa3MepHOro BOJHOBOIO YucJa & mpu
CKOJIb3sIIlleM KOHTAKTe: TUCCUIATUBHO HEOJHOPOIHASA cHUCTeMa

B HeonHOpoaHOM cucTeme coxpaHseTcs 3QQPeKT cONMKeHUs] AeUCTBUTENBHBIX YaCTEeH COCETHUX MO,
COIIPOBOKAAIOLIMKCS BHIPAKEHHBIM MaKCUMYMOM Kod(duuueHTra aemMndupoBaHusi. JTO TMOATBEPKIAET
BO3MOXHOCTE YIHPaBJIICHUA IUCCUIIATUBHBIMU XapPaKTCPUCTUKAMHU CHUCTEMBI IMOCPEACTBOM H3MCHCHUIA eé
CTPYKTYpBI U YCIIOBUH KOHTAKTA.

3axkmo4eHue.

1. Pa3paboran 3¢ ¢eKTHBHBIN YUCIEHHBIN AJITOPUTM Ha OCHOBEe MeTonoB Mroiiepa u [Maycca s
pvaéTa KOMIIJIEKCHBIX CIICKTPOB YaCTOT BA3ZKOYIIPYT'UX MHOTOCJIOMHBIX CHCTEM.

2. YCTaHOBJIEHO, YTO JUCCUIATUBHAs HEOTHOPOAHOCTH NPUBOJUT K HEMOHOTOHHOW 3aBUCHMOCTH
K03 PHIIMEHTOB JeMIIUPOBAHHUS OT BOJIHOBOTO YHUCIIA.

3. IlosBieHue TOKaAIBHOIO MakcuMyMa Ko3(hduiuenTa 1eMrnpupoBaHus 0 nossonser 3¢ GEeKTUBHO
YIPaBJIATH BUOPOIOTIIOMAOIIUMHA XapaKTEPUCTUKAMHU KOHCTPYKIIMH TyTeM MOJ00pa TeOMETPHUYECKHX
napamMeTpoB AJIEMEHTOB 0€3 U3MEHEHHUS] HX XUMUYECKOT0 WIIM MEXaHUIECKOTO COCTaBa.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 196



MATHEMATICS

JUTEPATYPA:

1. Tiainen, V.M. Amorphous carbon as a bio-mechanical coating-mechanical properties and
biological applications. Diam. Relat. Mater. 2001, 10, 153-160.

2. Achenbach, J. Wave Propagation in Elastic Solids; Elsevier: Amsterdam, The Netherland, 2012.

3. Qian, Z.; Jin, F.; Kishimoto, K.; Wang, Z. Effect of initial stress on the propagation behavior of
SH-waves in multilayered piezoelectric composite structures. Sens. Actuators A Phys. 2004, 112, 368-375.

4. Vinh, P.C.; Anh, V.T.N.; Thanh, V.P. Rayleigh waves in an isotropic elastic half-space coated by a
thin isotropic elastic layer with smooth contact. Wave Motion 2014, 51, 496-504.

5. Mubaraki, A.; Prikazchikov, D.; Kudaibergenov, A. Explicit model for surface waves on an elastic
half-space coated by a thin vertically inhomogeneous layer. In Dynamical Systems Theory and Applications;
Springer: Cham, Switzerland, 2019; pp. 267-275.

6. Mubariki, A.; Prikazchikov, D. On Rayleigh wave field induced by surface stresses under the effect
of gravity. Math. Mech. Solids 2020, 27, 1771-1782. [

7. Abd-Alla, A.M.; Abo-Dahab, S.M.; Khan, A. Rotational effects on magneto-thermoelastic Stoneley,
Love, and Rayleigh waves in fibre-reinforced anisotropic general viscoelastic media of higher
order. Comput. Mater. Contin. 2017, 53, 49-72.

8. Selim, M.M. Effect of thermal stress and magnetic field on propagation of transverse wave in an
anisotropic incompressible dissipative initially stressed plate. Appl. Math. Inf. Sci. 2017, 11, 195-200.

9. Wang, Y.Z.; Li, F.M.; Kishimoto, K. Thermal effects on vibration properties of double-layered
nanoplates at small scales. Compos. Part B Eng. 2011, 42, 1311-1317.

10.Ahmad, F.; Zaman, F.D. Exact and asymptotic solutions of the elastic wave propagation problem
in a rod. Int. J. Pure Appl. Math. 2006, 27, 123-127.

11.Lord, HW.; Shulman, Y. A generalized dynamical theory of thermoelasticity. J. Mech. Phy.
Solids 1967, 15, 299-309.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/9 (138) 197



I
2030 I UZBEKISTAN RESEARCH ONLINE

uzjournals.edu.uz

i,

1o digital object

~ identfifier
scholar 8
DIRECTORY
" sesources

ADVANCED SCIENCES INDEX

“SCIENTIFIC REPORTS Editorial address: Printing was permitted
Bukhara, 200117 29.09.2026 y. Paper format
OF BUKHARAS Bukhara State University, main 60x84,1/8. Printed in express
UNIVERSITY"” building, 2" floor, room 219. printing method. Conditional
The journal was composed Editorial and Publishing ) pr|nt|.ng plate - 35,30.
Department. Circulation 70. Order N2 30.
in the Editorial and https://buxdu.uz/32-buxoro- Price is negotiable.
Publishing Department of davlat-universiteti-ilmiy-
_ _ axboroti/131/131-buxoro-davlat- Published in the printing house
Bukhara State University. universiteti-ilmiy-axboroti/ “BUKHARAHAMD PRINT” LLC
e-mail: Address: Bukhara, Hofiz tanish

nashriyot_buxdu@buxdu.uz Bukhari street, 190 B-house



	00. Ҳайъат аъзолари рўйхати № 2, 2025.docx
	BUXORO DAVLAT UNIVERSITETI ILMIY AXBOROTI
	SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY
	НАУЧНЫЙ ВЕСТНИК БУХАРСКОГО ГОСУДАРСТВЕННОГО УНИВЕРСИТЕТА
	Ilmiy-nazariy jurnal
	Jurnal 2000-yilda tashkil etilgan.                                    Jurnal 1 yilda 12 marta chiqadi.
	Muassis: Buxoro davlat universiteti
	TAHRIR HAY’ATI:
	Mas’ul kotib: Shirinova Mexrigiyo Shokirovna, filologiya fanlari bo‘yicha falsafa doktori (PhD), dotsent
	Kuzmichev Nikolay Dmitriyevich, fizika-matematika fanlari doktori (DSc), professor (N.P. Ogaryov nomidagi Mordova milliy tadqiqot davlat universiteti, Rossiya)
	Danova M., filologiya fanlari doktori, professor (Bolgariya)
	Margianti S.E., iqtisodiyot fanlari doktori, professor (Indoneziya)
	Minin V.V., kimyo fanlari doktori (Rossiya)
	Tashqarayev R.A., texnika fanlari doktori (Qozog'iston)
	Moʻminov M.E., fizika-matematika fanlari nomzodi (Malayziya)
	Mengliyev Baxtiyor Rajabovich, filologiya fanlari doktori, professor
	Adizov Baxtiyor Rahmonovich, pedagogika fanlari doktori, professor
	Rasulov To‘lqin Husenovich, fizika-matematika fanlari doktori (DSc), professor
	Abuzalova Mexriniso Kadirovna, filologiya fanlari doktori, professor
	Baqoyeva Muhabbat Qayumovna, filologiya fanlari doktori, professor
	Bo‘riyev Sulaymon Bo‘riyevich, biologiya fanlari doktori, professor
	Jumayev Rustam G‘aniyevich, siyosiy fanlar nomzodi, dotsent
	Djurayev Davron Raxmonovich, fizika-matematika fanlari doktori, professor
	Umarov Baqo Bafoyevich, kimyo fanlari doktori, professor
	Murodov G‘ayrat Nekovich, filologiya fanlari doktori, professor
	Oʻrayeva Darmonoy Saidjonovna, filologiya fanlari doktori, professor
	Hayitov Shodmon Ahmadovich, tarix fanlari doktori, professor
	To‘rayev Halim Hojiyevich, tarix fanlari doktori, professor
	Rasulov Baxtiyor Mamajonovich, tarix fanlari doktori, professor
	Eshtayev Alisher Abdug‘aniyevich, iqtisodiyot fanlari doktori, professor
	Quvvatova Dilrabo Habibovna, filologiya fanlari doktori, professor
	Axmedova Shoira Nematovna, filologiya fanlari doktori, professor
	Bekova Nazora Jo’rayevna, filologiya fanlari doktori (DSc), professor
	Amonova Zilola Qodirovna, filologiya fanlari doktori (DSc), dotsent
	Hamroyeva Shahlo Mirjonovna, filologiya fanlari doktori (DSc), dotsent
	Nigmatova Lola Xamidovna, filologiya fanlari doktori (DSc), dotsent
	Boboyev Feruz Sayfullayevich, tarix fanlari doktori
	Jo‘rayev Narzulla Qosimovich, siyosiy fanlar doktori, professor
	Xolliyev Askar Ergashovich, biologiya fanlari doktori, professor
	Artikova Hafiza To‘ymurodovna, biologiya fanlari doktori, professor
	Norboyeva Umida Toshtemirovna, biologiya fanlari doktori, professor
	Hayitov Shavkat Ahmadovich, filologiya fanlari doktori, professor
	Qurbonova Gulnoz Negmatovna, pedagogika fanlari doktori (DSc), professor
	Rasulov Zubaydullo Izomovich, filologiya fanlari doktori (DSc), dotsent
	Esanov Husniddin Qurbonovich, biologiya fanlari doktori, dotsent
	Raupov Soyib Saidovich, tarix fanlari nomzodi, professor
	Zaripov Gulmurot Toxirovich, texnika fanlari nomzodi, professor

	3 kimyo B C .doc
	Discussion. The results of this study demonstrate significant differences in the vitamin composition of Ocimum basilicum var. basilicum (green basil) and Ocimum basilicum var. purpurascens (purple basil). A comparison of the two varieties reveals subs...
	REFERENCES:

	4. biologiya B C .doc
	Аннотация. В статье представлен комплексный анализ вертициллёзного увядания — одного из наиболее распространённых заболеваний винограда. В статье рассматриваются происхождение, биологические особенности и пути распространения заболевания, его симптомы...
	Ключевые слова: лоза, виноград, вертициллёзное увядание растений, бактерии, рага, полимеразная цепная реакция, агротехнический.
	VINE VERTICILLIOS DISEASE AND ITS NEGATIVE CONSEQUENCES
	Abstract. This article provides a comprehensive analysis of the disease of vines, which is one of the diseases of vines. The article discusses the origin, biological characteristics and methods of spread of the disease, symptoms and measures to combat...
	Keywords: vine, grapes, plants, verticillium wilt, bacteria, raga, polymerase chain reaction, agrotechnics.
	Kirish. Tokning vertisilliyoz kasalligi (Verticillium wilt) — Verticillium dahliae va Verticillium albo-atrum nomli zamburug‘lar sabab bo‘ladigan xavfli kasallik bo‘lib, turli o‘simlik turlariga, jumladan, tokka ham zarar yetkazadi. Bu kasallik tuproq...
	Rivojlanish sikliga ta'sir etuvchi omillar:
	1. Tuproq sharoiti: Tuproqning namligi, harorati va tarkibi ta'sir qiladi.
	2. O‘simlik turiga moslashish: Ba’zi o‘simliklar (pomidor, kartoshka, paxta va boshqalar) zamburug‘ning asosiy nishonlari hisoblanadi.
	3. Ekologik omillar: Namlik va tuproqning pH darajasi zamburug‘ning faolligini oshiradi.
	1-rasm.
	Tadqiqot maqsadi va vazifalari: Vertitsillioz qo‘zg‘atuvchisi Verticillium dahliae bo‘lib, tuproqda uzoq muddat yashovchan sporlar orqali saqlanib qoladi. Kasallik quyidagi holatlarda avj oladi:
	3. Kimyoviy profilaktika

	Salbiy oqibatlari:
	Xulosa. Vertitsillioz kasalligi tok uchun jiddiy tahdid bo‘lsa-da, zamonaviy texnologiyalar va integratsiyalashgan boshqaruv usullari uni samarali ravishda nazorat qilish imkonini beradi. Bog‘bonlar innovatsion yondashuvlar va ilg‘or usullarni qo‘llab...

	5. informatika B C .doc
	Natijalar va munozara. Arduino asosidagi havo sifati monitoringi detektori tizimini loyihalash apparat va ulanishni va nihoyat Ardunio uchun kod orqali detektordan ma'lumotlarni to'plashni o'z ichiga oladi. Havo ifloslanishi to'g'risidagi real vaqtda ...

	00. Ҳайъат аъзолари рўйхати № 5, 2026.docx
	BUXORO DAVLAT UNIVERSITETI ILMIY AXBOROTI
	SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY
	НАУЧНЫЙ ВЕСТНИК БУХАРСКОГО ГОСУДАРСТВЕННОГО УНИВЕРСИТЕТА
	Ilmiy-nazariy jurnal
	Jurnal 2000-yilda tashkil etilgan.                                    Jurnal 1 yilda 12 marta chiqadi.
	Muassis: Buxoro davlat universiteti
	TAHRIR HAY’ATI:
	Mas’ul kotib: Shirinova Mexrigiyo Shokirovna, filologiya fanlari bo‘yicha falsafa doktori (PhD), dotsent
	Kuzmichev Nikolay Dmitriyevich, fizika-matematika fanlari doktori (DSc), professor (N.P. Ogaryov nomidagi Mordova milliy tadqiqot davlat universiteti, Rossiya)
	Danova M., filologiya fanlari doktori, professor (Bolgariya)
	Margianti S.E., iqtisodiyot fanlari doktori, professor (Indoneziya)
	Minin V.V., kimyo fanlari doktori (Rossiya)
	Tashqarayev R.A., texnika fanlari doktori (Qozog'iston)
	Moʻminov M.E., fizika-matematika fanlari nomzodi (Malayziya)
	Mengliyev Baxtiyor Rajabovich, filologiya fanlari doktori, professor
	Adizov Baxtiyor Rahmonovich, pedagogika fanlari doktori, professor
	Rasulov To‘lqin Husenovich, fizika-matematika fanlari doktori (DSc), professor
	Abuzalova Mexriniso Kadirovna, filologiya fanlari doktori, professor
	Baqoyeva Muhabbat Qayumovna, filologiya fanlari doktori, professor
	Bo‘riyev Sulaymon Bo‘riyevich, biologiya fanlari doktori, professor
	Jumayev Rustam G‘aniyevich, siyosiy fanlar nomzodi, dotsent
	Djurayev Davron Raxmonovich, fizika-matematika fanlari doktori, professor
	Umarov Baqo Bafoyevich, kimyo fanlari doktori, professor
	Murodov G‘ayrat Nekovich, filologiya fanlari doktori, professor
	Oʻrayeva Darmonoy Saidjonovna, filologiya fanlari doktori, professor
	Hayitov Shodmon Ahmadovich, tarix fanlari doktori, professor
	To‘rayev Halim Hojiyevich, tarix fanlari doktori, professor
	Rasulov Baxtiyor Mamajonovich, tarix fanlari doktori, professor
	Eshtayev Alisher Abdug‘aniyevich, iqtisodiyot fanlari doktori, professor
	Qahhorov Otabek Siddiqovich, iqtisodiyot fanlari doktori (DSc), professor
	Quvvatova Dilrabo Habibovna, filologiya fanlari doktori, professor
	Axmedova Shoira Nematovna, filologiya fanlari doktori, professor
	Bekova Nazora Jo‘rayevna, filologiya fanlari doktori (DSc), professor
	Amonova Zilola Qodirovna, filologiya fanlari doktori (DSc), professor
	Hamroyeva Shahlo Mirjonovna, filologiya fanlari doktori (DSc), dotsent
	Nigmatova Lola Xamidovna, filologiya fanlari doktori (DSc), professor
	Jamilova Bashorat Sattorovna, filologiya fanlari doktori, professor
	Boboyev Feruz Sayfullayevich, tarix fanlari doktori
	Jo‘rayev Narzulla Qosimovich, siyosiy fanlar doktori, professor
	Xolliyev Askar Ergashovich, biologiya fanlari doktori, professor
	Artikova Hafiza To‘ymurodovna, biologiya fanlari doktori, professor
	Norboyeva Umida Toshtemirovna, biologiya fanlari doktori, professor
	Hayitov Shavkat Ahmadovich, filologiya fanlari doktori, professor
	Qurbonova Gulnoz Negmatovna, pedagogika fanlari doktori (DSc), professor
	Rasulov Zubaydullo Izomovich, filologiya fanlari doktori (DSc), professor
	Sharipov M. Z., fizika-matematika fanlari doktori, professor
	Esanov Husniddin Qurbonovich, biologiya fanlari doktori, dotsent
	Raupov Soyib Saidovich, tarix fanlari nomzodi, professor
	Zaripov Gulmurot Toxirovich, texnika fanlari nomzodi, professor

	1 til. docx 2026 5-son B CC (Восстановлен).docx
	УДК 81'1
	ТРАНСФОРМАЦИЯ ЛИНГВИСТИЧЕСКИХ МЕТОДОВ В ЭПОХУ ГЕНЕРАТИВНОГО ИСКУССТВЕННОГО ИНТЕЛЛЕКТА
	Нигматова Лолахон Хамидовна,
	профессор кафедры Русского языка и литературы
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	Аннотация. В статье рассматривается трансформация лингвистических методов под влиянием генеративного искусственного интеллекта. Анализируются изменения в корпусной лингвистике, семантическом моделировании, контрастивных исследованиях и лингводидактике...
	Введение. Современный этап развития науки характеризуется активной интеграцией технологий искусственного интеллекта в гуманитарные дисциплины. В современной лингвистике наблюдается существенное изменение исследовательской парадигмы, связанное с перехо...
	1. Переход от описательного к когнитивному подходу
	2. Корпусная революция в лингвистике
	Одним из наиболее значимых этапов трансформации является внедрение корпусных методов. Корпусная лингвистика позволяет анализировать большие массивы текстов, обеспечивая объективность и репрезентативность данных [ 5.]
	3. Интеграция количественных методов анализа
	5. Цифровизация и автоматизация анализа
	Развитие цифровых технологий привело к автоматизации обработки языковых данных

	1. Традиционные лингвистические методы и их ограничения
	При семантическом анализе генеративные модели позволяют:
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	Заключение.
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	ТЕОРЕТИКО-МЕТОДОЛОГИЧЕСКИЕ ПОДХОДЫ К ИЗУЧЕНИЮ ЭМОЦИОНАЛЬНЫХ КОНЦЕПТОВ В ЛИТЕРАТУРЕ:
	(НА МАТЕРИАЛЕ АНГЛИЙСКИХ И НЕМЕЦКИХ ФРАЗЕОЛОГИЗМОВ)
	Тагаева Cайёра Улашевна, доцент Самаркандского государственного
	университета имени Шарофа Рашидова Уразкулова Азиза Анкаевна, старший преподаватель Самаркандского государственного
	университета имени Шарофа Рашидова
	Аннотация. Статья посвящена изучению теоретико-методологических подходов к исследованию эмоциональных концептов в художественной литературе. Основное внимание уделяется когнитивному, лингвокультурологическому и дискурсивному подходам. В качестве матер...
	ADABIYOTDA EMOTSIONAL KONSEPTLARNI O‘RGANISHNING NAZARIY-METODOLOGIK YONDASHUVLARI: (INGLIZ VA NEMIS FRAZEOLOGIZMLARI MISOLIDA)
	Annotatsiya. Mazkur maqola badiiy adabiyotda emotsional konseptlarni tadqiq etishning nazariy-metodologik yondashuvlarini o‘rganishga bag‘ishlangan. Asosiy e’tibor kognitiv, lingvokulturologik va diskursiv yondashuvlarga qaratilgan. Tadqiqot materiali...
	Kalit so‘zlar: emotsional konseptlar, frazeologizmlar, kognitiv lingvistika, lingvokulturologiya, diskurs, badiiy matn, ingliz tili, nemis tili.
	Введение. Эмоции занимают центральное место в художественном тексте, обеспечивая психологическую глубину персонажей и эмоциональную динамику сюжета. Эмоциональные концепты – это когнитивные структуры, фиксирующие субъективные переживания и культурно о...
	Анализ литературных источников.
	Когнитивный подход. Когнитивная лингвистика рассматривает эмоции как концептуальные структуры, состоящие из ядра (базового эмоционального состояния) и периферии (метафорических и культурно обусловленных ассоциаций). Согласно Лакоффу и Кёвечешу, фразео...
	Лингвокультурологический подход. Эмоции рассматриваются как элементы национального культурного кода. Фразеологизмы отражают историко-культурные особенности, бытовые реалии и символику.
	Дискурсивный подход. Дискурс-анализ рассматривает эмоции не только как когнитивные структуры, но и как элементы текста, влияющие на нарратив, тональность и характеристику персонажей. Фразеологизмы усиливают экспрессивность и эмоциональную нагрузку.

	Эмоциональные концепты через фразеологизмы. Страх.
	Гнев: Английский язык: to blow one’s top, to be hot under the collar.
	Радость: Английский язык: to be on cloud nine, to walk on air.
	Удивление: Английский язык: to be taken aback, eyes pop out.
	Грусть: Английский язык: to feel blue, down in the dumps.

	Комплексное исследование эмоциональных концептов предполагает:
	Выводы. Исследование эмоциональных концептов на материале фразеологии английского и немецкого языков демонстрирует как универсальные механизмы метафоризации эмоций, так и значительные культурные различия в их концептуализации. Анализ показывает, что ф...
	ЛИТЕРАТУРА:

	UO‘K 81
	INGLIZ-O‘ZBEK TARJIMUSHUNOSLIKDA PRAGMATIK JIHATLARNI HISOBGA  OLISH VA TILGA OID IJTIMOIY-MADANIY OMILLAR (OLIVER TVIST ASARI MISOLIDA)
	Annotatsiya. Mazkur maqolada ingliz-o‘zbek tarjimashunosligida pragmatik jihatlar hamda tilga oid ijtimoiy-madaniy omillarning ahamiyati tahlil qilinadi. Tadqiqot obyekti sifatida Charles Dickensning “Oliver Twist” asari tanlangan bo‘lib, undagi pragm...
	ПРАГМАТИЧЕСКИЕ И СОЦИАЛЬНО-КУЛЬТУРНЫЕ ФАКТОРЫ В АНГЛО-УЗБЕКСКОМ ПЕРЕВОДЕ (НА МАТЕРИАЛЕ ПРОИЗВЕДЕНИЯ «ОЛИВЕР ТВИСТ»)
	Аннотация. В данной статье проводится комплексный анализ значения прагматических аспектов, а также социальных и культурных факторов в англо-узбекском переводоведении. В качестве объекта исследования выбран роман Чарльза Диккенса «Оливер Твист», на мат...
	Keywords: translation science, pragmatics, sociocultural factors, realities, adaptation, equivalence, linguistics, context.
	Tadqiqot metodologiyasi. Mazkur tadqiqot ingliz-o‘zbek tarjimashunosligida pragmatik jihatlar hamda ijtimoiy-madaniy omillarni aniqlash va tahlil qilishga qaratilgan bo‘lib, unda kompleks yondashuv asosida bir necha ilmiy metodlardan foydalanildi. Tad...
	ADABIYOTLAR:
	Annotatsiya. Mazkur maqolada o‘zbek va ingliz tillari frazeologiyasida “yosh” (age) konseptining lingvokulturologik va kognitiv jihatdan qiyosiy tahlili amalga oshiriladi. Tadqiqotda yoshga oid maqollar va idiomalar asosida yoshlik va keksalik bosqich...
	Kalit so‘zlar: yosh konsepti, lingvokulturologiya, kognitiv tilshunoslik, frazeologiya, maqollar, konnotatsiya, qiyosiy tahlil, madaniyat, keksalik, yoshlik.
	Abstract. This article presents a comparative linguocultural and cognitive analysis of the concept of “age” in Uzbek and English phraseology. The study examines proverbs and idiomatic expressions related to youth and old age, revealing their connotati...
	Keywords: concept of age, linguocultural studies, cognitive linguistics, phraseology, proverbs, connotation, comparative analysis, culture, old age, youth.

	Literature Review. Animal metaphors are an essential part of human language, allowing speakers to describe personality traits, social behaviors, and moral qualities by drawing comparisons with animals. Research in this field highlights both universal ...
	Methodology. This study employs a comparative and qualitative research approach to analyze animal metaphors in Uzbek and English languages. The research is based on data collected from various sources, including Uzbek and English dictionaries, proverb...
	Results. The analysis revealed both significant similarities and notable differences between Uzbek and English animal metaphors. Out of the 100 expressions analyzed, approximately 40% showed conceptual similarity, meaning that the same animals were as...

	Conclusion. Animal metaphors are a significant linguistic and cultural phenomenon, reflecting how humans conceptualize personality traits, social behavior, and moral values through comparisons with animals. The comparative analysis of Uzbek and Englis...
	Abstract. This study examines the linguistic mechanisms through which the concept of peace is discursively constructed in institutional political speech. Drawing on Conceptual Metaphor Theory (CMT), the research analyzes a 2026 New York Police Departm...
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	Kirish. Nemis va o‘zbek tillarida fe’lli so‘z birikmalarini qiyosiy o‘rganish zamonaviy tilshunoslikning muhim yo‘nalishlaridan biri hisoblanadi. Fe’l har qanday til tizimida sintaktik markaz vazifasini bajaradi, chunki u harakat, holat va jarayonni i...
	Mavzuga doir adabiyotlar tahlili. Mazkur farqlarni ilmiy asosda aniqlash qiyosiy tilshunoslik nuqtayi nazaridan dolzarb hisoblanadi. Bundan tashqari, nemis tilini o‘rganayotgan o‘zbek talabalari uchun fe’lli birikmalarni to‘g‘ri qo‘llash masalasi amal...
	U gapdan farqli ravishda tugallangan fikrni ifodalamaydi, balki gapning tarkibiy qismi sifatida xizmat qiladi. So‘z birikmasi sintaksisning asosiy obyektlaridan biri bo‘lib, u so‘zlarning o‘zaro munosabatini, bog‘lanish usullarini va grammatik vosital...
	O‘zbek tilshunosligida so‘z birikmasi sintaksisning muhim masalalaridan biri sifatida o‘rganilgan. So‘z birikmasi gapning qurilish materiali bo‘lib, unda hokim va tobe komponentlar mavjud bo‘ladi. Hokim so‘z asosiy ma’noni ifodalasa, tobe so‘z unga an...
	Nemis tilida fe’lli so‘z birikmalari (Verbphrasen) sintaktik tizimning markaziy unsurlaridan biri hisoblanadi. Fe’l harakat, holat yoki jarayonni ifodalovchi asosiy komponent bo‘lib, u boshqa sintaktik birliklarni - to‘ldiruvchi (Objekt), hol (Adverbi...
	Xulosa. Nemis va o‘zbek tillarida fe’lli so‘z birikmalarining qiyosiy tahlili ushbu birliklarning har ikki til sintaktik tizimida markaziy o‘rin egallashini ko‘rsatadi. Fe’lning valentlik xususiyatlari, argument tuzilmasi hamda boshqaruv mexanizmlari ...
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	BADIIY MATNDA MILLIY KONSEPTLARNI TAHLIL QILISH METODLARI
	Jumanova Orzigul Sa’dulla qizi,
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	Kognitiv lingvistika doirasida konsept inson ongidagi bilimlarning strukturaviy modeli sifatida talqin qilinadi. U orqali inson atrof-muhit haqidagi ma’lumotlarni tartiblaydi, umumlashtiradi va sharhlaydi. Konseptlar tilning semantik poydevorini tashk...
	ADABIYOTLAR:
	Siyosiy va ijtimoiy atamalar sohasiga oid neologizmlar:
	Atrof-muhit va ekologiya sohasiga oid neologizmlar:
	Fransuz va o‘zbek tillarida neologizmlar shakllanishining turli modellariga xos qonuniyatlar (analitik va sintetik yondashuv) tizimli ravishda qiyoslab, mushtarak va differensial tomonlari ko‘rsatildi. Neologizmlarning psixolingvistik ta’siri “yangili...
	10. https://qomus.info/oz/encyclopedia/n/neologizmlar/
	Annotatsiya. Mazkur maqolada o‘zbek xalq og‘zaki ijodi namunalarida “kasallik” va “salomatlik” konseptlarining lingvokulturologik talqini yoritiladi. Tadqiqotda olqish va qarg‘ishlar, maqol-matallar, qo‘shiqlar hamda qadimiy yozma manbalar asosida maz...

	Kirish. O‘zbek xalq og‘zaki ijodi milliy tafakkur, ma’naviy qadriyat va ijtimoiy tajribaning badiiy ifodasi sifatida asrlar davomida shakllanib, avloddan-avlodga o‘tib kelayotgan bebaho merosdir. Unda xalqning dunyoqarashi, tabiat va jamiyat haqidagi ...
	O‘ZBEK VA INGLIZ AFSONALARINING QIYOSIY-TIPOLOGIK TAHLILI: XRONOTOP, POETIKA VA OBRAZLAR TIZIMI
	Annotatsiya. Maqolada o‘zbek va ingliz afsonalarining qiyosiy-tipologik tahlili amalga oshiriladi. Ularning janr tabiati, xronotopi, kompozitsion tuzilishi va obrazlar tizimining xususiyatlari ko‘rib chiqiladi. Intertipologik o‘xshashliklar va milliy ...
	COMPARATIVE-TYPOLOGICAL ANALYSIS OF UZBEK AND ENGLISH LEGENDS: CHRONOTOPE, POETICS, AND THE SYSTEM OF IMAGES
	Abstract. The article presents a comparative typological analysis of Uzbek and English legends. It examines the features of their genre nature, chronotope, compositional structure, and system of images. Intertypological similarities and nationally spe...


	1. Ўлим ва у билан боғлиқ бўлган барча нарсалар: e.g. “to breath one’s last (one’s last breath)”, “to depart this life”, “to pay one’s debt to nature”, “to go to one’s last home”, “to go the way of all flesh”, “to kick the bucket”, “to hop the twig”, ...
	The next day, his parents were flown to New Mexico by special Army plane, and they stayed at their son’s bedside, until he breathed his last. (R.Lapp. “Atoms and People”).
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	Annotatsiya. Ushbu maqolada o'zbek tilidagi sinonim va antonimlarning epidigmatik tabaqalanishi masalalari ko'rib chiqiladi. Epidigmatika — so'zning ko'p ma'noliligi asosida hosil bo'ladigan semantik munosabatlar tizimidir. Maqolada sintagmatika, para...
	Kirish. Til tizimi doimiy ravishda rivojlanib boruvchi murakkab semantik hodisalar majmuasidir. So‘zlarning ma’no munosabatlari esa tilshunoslikning eng muhim tadqiqot obyektlaridan biri hisoblanadi. Ayniqsa, sinonim va antonim birliklarning o‘zaro al...
	Sinonimiyaning epidigmatik asoslari.
	1. Sinonimiyaning ta'rifi va turlari
	2. Sinonimlarning epidigmatik zanjiri.
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	Antonimiyaning epidigmatik asoslari.
	1. Antonimiyaning ta'rifi va turlari.
	2. Antonimlarning epidigmatik tabaqalanishi.
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	Sinonim va antonimlarning o'zaro epidigmatik munosabati.
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	Epidigmatik tabaqalanishning tarixiy-qiyosiy jihati.
	1. Qadimgi o'zbek tilida
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	Xulosa. O'zbek tilidagi sinonim va antonimlarning epidigmatik tabaqalanishi — bu keng ko'lamdagi leksik-semantik hodisa bo'lib, u quyidagi asosiy qonuniyatlarni o'z ichiga oladi:
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	Ko‘p predikatli qurilma va hodisalar zanjiri. Ko‘p gaplarda bitta emas, balki bir nechta predikat mavjud bo‘ladi. Bunday holatda hodisalar o‘zaro vaqt, sabab, maqsad jihatdan bog‘lanadi. Bunday konstruksiyalar tilshunoslikda ko‘pincha murakkab hodisa ...
	Predikat–argument modeli va semantik rollar nazariyasi. Predikat–argument modeli semantik rollar nazariyasi bilan bevosita bog‘liq. Predikat hodisani ifodalasa, semantik rollar ushbu hodisadagi ishtirokchilarning funksional munosabatlarini aniqlaydi. ...
	1) rollar soni cheklanganmi yoki cheksizmi?
	2) rollar universalmi yoki tilga xosmi?
	3) rollar qat’iy kategoriyalarmi yoki gradual xususiyatga egami?
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	Annotatsiya.  Mazkur maqolada iboralar (frazeologik birliklar) semantikasi va ularning til tizimidagi o‘rni masalalari tahlil qilinadi. Unda iboralarning ma’no yaxlitligi, ko‘chma ma’no asosida shakllanishi, semantik xususiyatlari hamda nutqdagi funks...
	Аннотация. В данной статье рассматриваются вопросы семантики фразеологических единиц и их роли в языковой системе. Анализируются целостность значения, переносное значение и семантические особенности фразеологизмов, а также их функциональные возможност...
	Abstract. This article examines the semantics of phraseological units and their role in the language system. It analyzes the integrity of meaning, figurative usage, and semantic features of idioms, as well as their functional potential in speech. The ...
	Mavzuga oid adabiyotlar tahlili. Frazeologiya nazariyasining shakllanishi asosan rus va Yevropa tilshunosligi doirasida yuzaga kelgan. Xususan, V.V. Vinogradov frazeologik birliklarni semantik jihatdan tasniflashning ilmiy asoslarini ishlab chiqib, ul...
	Iboralar semantikasi va uning o‘ziga xosligi.
	Semantik yaxlitlik. Iboralarda asosiy xususiyatlardan biri — semantik integrallikdir. Bu holatda ibora umumiy ma’nosi uning tarkibidagi komponentlar ma’nosidan mustaqil ravishda shakllanadi.
	Ko‘chma ma’no va metaforiklik. Iboralar ko‘pincha metafora va metonimiya asosida shakllanadi. Bu jarayon tilning semantik rivojlanishida muhim rol o‘ynaydi.
	Polisemiya va omonimiya. Ba’zi iboralar bir nechta ma’noga ega bo‘lishi mumkin. Bu esa ularning nutqdagi qo‘llanish doirasini kengaytiradi.
	Sinonimik va antonimik munosabatlar. Frazeologik birliklar o‘zaro semantik munosabatlarga kirishadi:

	Iboralarning til tizimidagi o‘rni. Til tizimi ierarxik tuzilishga ega bo‘lib, unda fonetik, leksik va grammatik qatlamlar mavjud. Iboralar leksik-semantik qatlamning tarkibiy qismi hisoblanadi.
	Leksik boylikni oshirish. Iboralar til lug‘atini boyitadi va yangi semantik birliklarni yaratadi.
	Kommunikativ samaradorlik. Iboralar qisqa shaklda murakkab fikrni ifodalash imkonini beradi. Bu esa nutqni ixcham va ta’sirchan qiladi.
	Kognitiv funksiyasi. Iboralar orqali inson dunyoni idrok etish va uni til orqali ifodalash jarayoni amalga oshadi.
	Madaniy axborotni uzatish. Frazeologik birliklar xalqning tarixiy tajribasi, urf-odatlari va mentalitetini o‘zida mujassamlashtiradi [Shukurov, 1999].

	Iboralarning funksional xususiyatlari. Iboralar nutqda turli funksiyalarni bajaradi:
	Lingvodidaktik aspektlar. Iboralarni o‘qitish jarayoni murakkab bo‘lib, u maxsus metodik yondashuvni talab qiladi. Chunki iboralar ko‘pincha bevosita tarjima qilinmaydi.
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	АВТОМАТИЧЕСКАЯ СТИЛИСТИЧЕСКАЯ РАЗМЕТКА ХУДОЖЕСТВЕННОГО ТЕКСТА: ВОЗМОЖНОСТИ И ОГРАНИЧЕНИЯ
	(НА МАТЕРИАЛЕ РОМАНА И. С. ТУРГЕНЕВА «ОТЦЫ И ДЕТИ»)
	Введение. В традиционном литературоведении художественная система романа И. С. Тургенева «Отцы и дети» неизменно характеризуется как полемическая. Это определение подразумевает, что идеологический разрыв между «старым» и «новым» поколениями не огранич...
	Обзор литературы. Данная работа представляет собой попытку методологического моста между классическим изучением поэтики Тургенева и современной цифровой лингвистикой. Мы берём за отправную точку концепции Г. А. Бялого и В. М. Марковича об эстетической...
	Результаты исследования. Автоматическая разметка подтвердила глубокий стилистический разрыв между героями:
	Обсуждение. В ходе обсуждения результатов становится очевидным, что речевой портрет Базарова, сформированный в эпическом пространстве романа, является программно минималистичным. С помощью методов цифровой филологии нам удалось зафиксировать, как ниги...
	Заключение. Подводя итоги проведенного исследования, можно утверждать, что лингвистический антагонизм в романе И. С. Тургенева «Отцы и дети» не просто сопутствует сюжетному конфликту, но является его первичным базисом. Нам удалось доказать, что непрео...
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	URGANCH SHAHRINING IQTISODIY RIVOJLANISHI (1991–2023): BOZOR TRANSFORMATSIYASI VA HUDUDIY O‘SISH OMILLARI
	Allaberganova Ro‘zigul Kadirovna,
	Urganch davlat pedagogika instituti mustaqil tadqiqotchisi
	Annotatsiya. Ushbu maqolada Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanish jarayonlari, xususan bozor iqtisodiyotiga o‘tish bosqichlari, iqtisodiy transformatsiya omillari hamda davlat siyosatining hududiy rivojlanishga ta’siri kompleks...
	ЭКОНОМИЧЕСКОЕ РАЗВИТИЕ ГОРОДА УРГЕНЧА (1991–2023): РЫНОЧНАЯ ТРАНСФОРМАЦИЯ И ФАКТОРЫ ТЕРРИТОРИАЛЬНОГО РОСТА
	Аннотация. В статье рассматриваются процессы экономического развития города Ургенч в 1991–2023 гг., включая этапы перехода к рыночной экономике, факторы экономической трансформации и влияние государственной политики на региональное развитие. Особое вн...
	ECONOMIC DEVELOPMENT OF URGENCH CITY (1991–2023): MARKET TRANSFORMATION AND FACTORS OF TERRITORIAL GROWTH
	Abstract. This article analyzes the economic development of Urgench city in 1991–2023, focusing on the transition to a market economy, key transformation factors, and the impact of state policy on regional growth. The study examines privatization proc...

	Kirish. O‘zbekiston Respublikasining mustaqillikka erishishi mamlakat iqtisodiy tizimida tub burilish yasab, markazlashgan rejalashtirilgan iqtisodiyotdan bozor iqtisodiyotiga o‘tish jarayonini boshlab berdi. Ushbu jarayon nafaqat milliy miqyosda, bal...
	Materiallar va metodlar. Mazkur tadqiqotda Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanish jarayonlari tizimli va kompleks yondashuv asosida o‘rganildi. Tadqiqot metodologiyasi zamonaviy iqtisodiy nazariyalar, hududiy rivojlanish konseps...
	Tadqiqot materiallari. Tadqiqotda quyidagi turdagi manbalardan foydalanildi:

	Natijalar. Tadqiqot natijalari Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanishi bosqichma-bosqich transformatsion xarakterga ega bo‘lganligini ko‘rsatdi. Olingan ma’lumotlar shuni tasdiqlaydiki, shahar iqtisodiyoti markazlashgan rejalash...
	Muhokama. Tadqiqot natijalari Urganch shahrining iqtisodiy rivojlanishi transformatsion iqtisodiyotga xos bosqichlarni izchil aks ettirganligini ko‘rsatadi. Xususan, 1990-yillarda kuzatilgan iqtisodiy pasayish va moslashuv muammolari post-sotsialistik...
	Xulosa. Mazkur tadqiqot natijalari Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanishi transformatsion iqtisodiyotga xos bosqichma-bosqich evolyutsion xarakterga ega ekanligini ko‘rsatdi. Mustaqillikning dastlabki yillarida iqtisodiy tizimn...
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	Adabiyotlar tahlili. Maqolada mavzuning o‘rganilish darajasi tizimli ravishda uchta asosiy guruhga bo‘lingan holda tahlil qilingan:
	Tadqiqot metodlari.  Muallif maqolada quyidagi ilmiy metodlardan foydalangan:
	Xulosa. Sovet hokimiyati yillarida O‘zbekistondagi diniy vaziyat va islom muassasalari faoliyatini tahlil qilish shuni ko‘rsatadiki, davlatning dinga nisbatan yuritgan siyosati bir tekisda kechmagan, balki o‘zgaruvchan va “to‘lqinsimon” xarakterga ega...
	Введение. Профессионально-техническое образование занимает особое место в истории советской системы подготовки кадров. В условиях ускоренной индустриализации и коллективизации 1930–1950-х годов перед государством встала острая задача подготовки квалиф...
	Предпосылки создания системы профессионального образования в Бухарской области (1920-е–1938 гг.). Территория современной Бухарской области до 1920 года входила в состав Бухарского эмирата - государственного образования с многовековой традицией цеховог...
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