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MATHEMATICS

UO‘K 51

UCHINCHI TARTIBLI BLOK OPERATORLI MATRITSALARNING NISBIY
CHEGARALANGANLIGI

Rasulov To‘lgin Husenovich,

Buxoro davlat universiteti professori,

fizika-matematika fanlari doktori (DSc), Buxoro, O ‘zbekiston
rth@mail.ru, t.h.rasulov@buxdu.uz

Annotatsiya. Ushbu maqolada uch diagonalli 3 x 3 o‘lchamli blok operatorli matritsalar sinfi

o ‘rganilgan bo‘lib, ular uchun nisbiy chegaralanganlik hamda tartib tushunchalari Kiritilgan va asoslab
berilgan. Xususan, o ‘rganilayotgan operatorli matritsaning diagonal hamda diagonal bo ‘Imagan (va ni,
yugqori va quyi diagonallarni tashkil etuvchi) bloklari orasidagi o zaro bog ‘liqlik va ularning funksional
tahlildagi o‘rni chuqur tahlil gilingan. Olingan natijalar uch diagonalli blok operatorli matritsalar
nazariyasini yanada rivojlantirishga xizmat giladi hamda ularni turli amaliy va nazariy masalalarda
qo ‘llash imkoniyatlarini kengaytiradi.

Kalit so“zlar: uch diagonalli operatorli matritsa, Banax fazosi, nisbiy chegaralanganlik, tartib.

OTHOCHUTEJIBHASA OTPAHUYEHHOCTDB BJIOYHO-OIIEPATOPHBIX MATPUIL]
TPETBEI'O ITIOPAJKA

Annomauusa. B oannou cmamve ucciredyemcs Kuacc mpéxouazoHanibHulX ON0UHLIX ONEPAMOPHbIX
mMampuy pasmepHocmu 3 X 3, 011 KOMOpbIX 68005SMCSA U 0OOCHOBBIBAIOMCS NOHAMUS OMHOCUMETbHOU

o2panuyenHocmu U Nnopsaoka. B uacmmocmu, anmanusupyemcs 63aumocenzb Mextcoy OUa2OHANbHbIMU U
6HEOUACOHATILHBIMU (MO ecb 00Pa3YIOWUMU BEPXHION U HUMCHION OUALOHANU) OIOKAMU PACCMAMPUBAEMOL
ONepamopHou mMampuysl, a mMakxice ux poib 8 QYHKYUOHANbHOM aHanuse. llonyuennvie pesynvmamol
cnocobcmeyiom OanvHeuuemy paseumuio meopuy mpexouaeoHauIbHblX OI0UHbIX ONEPamoPHLIX MaAmpuy u
PACUWUPSAIOM BO3MONCHOCTU UX NPUMEHEHUS 8 PA3IUYHBIX MeOPeMU4ecKUx U NPUKIAOHbIX 3a0a4ax.

Knioueswie cnoea: mpéxouazonanvnas O104HO-onepamopnas mampuyd, OAHaxoeo NpOCmMpancmeo,
OMHOCUMENbHAA OZPAHUYEHHOCTb, NOPAOOK.

ON THE RELATIVE BOUNDEDNESS OF THIRD-ORDER BLOCK OPERATOR
MATRICES

Abstract. The article provides a study of the class of tridiagonal block operator matrices of size 3 x 3,

for which the notions of relative boundedness and order are introduced and justified. In particular, the
interplay between the diagonal and off-diagonal (i.e., forming the upper and lower diagonals) blocks of the
considered operator matrix is analyzed, along with their role in Functional Analysis. The obtained results
contribute to the further development of the theory of tridiagonal block operator matrices and expand the
possibilities of their application in various theoretical and applied problems.

Key words: tridiagonal block operator matrix, Banach space, relatively boundedness, order.

Kirish. Chizigli operatorlarning spektrlari matematikaning ko‘plab sohalarida hamda turli amaliy
masalalarda muhim rol o‘ynaydi. Spektr haqidagi analitik ma’lumotlarni olish murakkab bo‘lib, sonli
yaginlashuvlar har doim ham samarali natija beravermaydi, aynigsa operator o‘z-o‘ziga qo‘shma yoki
normal bo‘lmagan hollarda.

So‘nggi yillarda chiziqli operatorlar nazariyasi, xususan, operatorli matritsalar spektral tahlili
matematikaning dolzarb yo‘nalishlaridan biriga aylandi [1, 2]. Bunday operatorlar funksional analiz, kvant
mexanikasi, matematik fizika hamda differensial tenglamalar nazariyasida keng qo‘llaniladi [3, 4, 5].
Aynigsa, blok operatorli matritsalar murakkab tizimlarni modellashtirishda qulay vosita bo‘lib xizmat qiladi,
chunki ular ko‘p komponentli sistemalarning ichki tuzilishini aniq ifodalash imkonini beradi.

Uchinchi tartibli blok operatorli matritsalar alohida giziqish uyg‘otadi, chunki ular uch komponentli
tizimlarga mos keladi va amaliy masalalarda tez-tez uchraydi. Bunday matritsalar ko‘pincha uch diagonalli
ko‘rinishga ega bo‘lib, bu esa ularning spektral xossalarini o‘rganishda muhim soddalashtirishlar kiritadi.
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Shu bilan birga, ushbu operatorlarning chegaralanganlik xossalari, xususan, nisbiy chegaralanganlik masalasi
ularning spektrini, yopiq ekanligini hamda turli funksional xossalarini aniglashda muhim ahamiyatga ega.

Nisbiy chegaralanganlik tushunchasi operatorlar orasidagi bog‘liglikni tavsiflashda muhim vosita
hisoblanadi. Agar bir operator boshqa bir operatorga nisbatan chegaralangan bo‘lsa, u holda ushbu
operatorning spektral va analitik xossalarini o‘rganish ancha osonlashadi [6]. Aynigsa, cheksiz o‘lchamli
fazolarda aniglangan operatorlar uchun bu tushuncha fundamental ahamiyat kasb etadi. Shu sababli, uchinchi
tartibli blok operatorli matritsalar komponentlari orasidagi nisbiy chegaralanganlik shartlarini aniglash va
tahlil gilish muhim ilmiy masalalardan biri hisoblanadi.

Mazkur magolada uchinchi tartibli blok operatorli matritsalar uchun nisbiy chegaralanganlik shartlari
batafsil o‘rganilgan. Xususan, matritsaning diagonal va diagonal bo‘lmagan elementlari orasidagi
bog‘ligliklar tahlil gilingan hamda ularning operator sifatidagi xossalariga ta’siri aniqlangan. Shuningdek,
olingan natijalar asosida ushbu turdagi operatorlarning spektral xususiyatlarini tadgiq etish imkoniyatlari
ko‘rib chiqiladi.

Tadqgiqgot natijalari nafagat nazariy ahamiyatga ega, balki matematik fizika, kvant tizimlari hamda
murakkab dinamik jarayonlarni modellashtirishda ham qo‘llanilishi mumkin. Shu jihatdan, uchinchi tartibli
blok operatorli matritsalarining nisbiy chegaralanganligini o‘rganish zamonaviy matematik tahlilning muhim
va istigbolli yo‘nalishlaridan biri hisoblanadi.

1. Uch diagonalli 3 x3 oflchamli blok operatorli matritsalar va ularning nisbiy
chegaralanganligi. Uch diagonalli blok operatorli matritsalar - bu maxsus turdagi blok operatorli matritsalar
bo‘lib, unda nolga teng bo‘lmagan elementlar fagat pastki diagonalda, asosiy diagonalda va yuqori
diagonalda joylashadi, qolgan barcha elementlar esa nolga teng bo‘ladi.

Faraz qilaylik, H;, i = 1,2,3 Banax fazolari bo‘lsin. H: = H, & H, P H, Banax fazosida

"qll "q12 0
A= (fqu Azz fq—za) (1)
0 "q32 ASS

uch diagonalli blok operatorli matritsani garaymiz. Bu yerda A;;:H; > D(4;;) = H;, i,j = 1,2,3,
|i — j| = 1 matritsaviy elementlar zich aniqlangan yopiq chizigli operatorlar bo‘lib, D(4;;) orqali A
operatorning aniglanish sohasi belgilangan. Agar barcha

D(A11) ND(Az1), D(A12) ND(Az;) N D(Azz), D(Az3) N D(As3)

kesishmalar mos ravishda #,, H,, }; Banax fazolarda zich bo‘lsa, u holda <4 blok operatorli matitsa
0°zining

D(A):= (D(A11) ND (A1) D (D(A12) N D(Az2) ND(A3;)) @ (D(Az3) N D(A;3))

aniglanish sohasida zich aniglangan ekanligiga ishonch hosil gilish mumkin. Biroq bu operator yopiq
yoki yopiluvchan bo‘lishi shart emas.

Quyida biz diagonal bo‘yicha dominantlanuvchi bo‘lgan blok operatorli matritsalar sinfini ko‘rib
chigamiz. Shu magsadda, o‘quvchiga qulaylik uchun nisbiy chegaralanganlik tushunchasini eslatib o‘tamiz.

Faraz qilaylik, (E;, II-;), i = 1,2,3 Banax fazolari va A: E; o D(A) — E,, 5:E, 2 D(S) — E; chizigli
operatorlar bo‘lsin.

Agar D(A) c D(S) vashunday ag, bs = 0 o‘zgarmas sonlar topilib,

I Sx ll3< as Il x ly+bs Il Ax Il , x € D(A) (2)
tengsizlik bajarilsa, u holda S operator 4 —chegaralangan (yoki A operatorga nisbatan chegaralangan)
deyiladi. Biror a; = 0 uchun (2) tengsizlikni ganoatlantiruvchi b sonlarning eng kichigiga S operatorning
A —chegarasi (yoki S operatorning A operatorga nisbatan chegarasi) deyiladi va §; kabi belgilanadi.

Agar D(A) c D(S) va har ganday (x,)7 chegaralangan ketma-ketlik uchun (Ax, )7 < E, ketma-
ketlik chegaralangan bo‘lib, ushbu (Sx,){"  E; ketma-ketlik o‘zida yaqinlashuvchi ketma-ketlikni saglasa,
u holda S operator 4 —kompakt (yoki 4 operatorga nisbatan kompakt) deyiladi.

Ta’kidlash joizki, agar 4 yopiq operator, S esa yopiluvchan operator bo‘lib, R(A),R(S) c E;
munosabat bajarilsa, u holda D(A) c D(S) ekanligidan S operatorning A-chegaralangan bo‘lishi kelib
chigadi
([6], IV.1.5 izohga garang). Ushbu

I Sxllz=as lx ly+bs N Ax ;= as lx Iy +bs I (A+S)xlla+bs Il Sx Iz, x € D(4) (3)

i
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tengsizlikga ko‘ra, agar S operator A-chegaralangan bo‘lib, uning A —chegarasi uchun &; < 1 shart
bajarilsa, u holda u holda S operator (A + S) —chegaralangan bo‘lib, uning (A + §) —chegarasi
< 8 /(1 — &) tengsizlikni qanoatlantirishini oson ko‘rish mumkin ([6], IV-bob, 1, Masala 1.2).

Shuningdek ([6], V.4.1-bo‘lim, (4.1), (4.2)), ushbu (2) tengsizlik biror a's, b's = 0 o‘zgarmaslar uchun

ISxB<a’shx3+b5 I Ax 13, x € D(A) (4)

tengsizlikning bajarilishiga ekvivalent ekanligini oson ko‘rsatish mumkinki; shuningdek, biror § > 0
uchun (2) va by < & munosabatlar bajarilishi uchun biror b's < & uchun (4) munosabatning bajarilishi zarur
va yetarlidir. Demak § operatorning A —chegarasi bo‘lgan &; soni biror a’s = 0 soni uchun (4) munosabat
bajariladigan
b's = 0 sonlarning eng kichik giymati sifatida ham aniglanishi mumkin.

Agar A yopiq operator bo‘lsa, u holda D, = (D(A),lI-lly) qism fazo || x llz:=Ilx ll; +1I Ax |5,
x € D(A) grafik normaga nisbatan Banax fazosi bo‘ladi. Ko‘rinib turibdiki, S operator A —chegaralangan
operator bo‘lishi uchun S operator D, gism fazoni E; fazoga o‘tkazuvchi chegaralangan operator bo‘lishi
zarur va yetarlidir; § operator A —kompakt bo‘lishi uchun § operator D, gqism fazoni E; fazoga o‘tkazuvchi
kompakt operator bo‘lishi zarur va yetarlidir. Shu sababli, 4 —kompakt operator hamisha 4 —chegaralangan
bo‘ladi.

1-tasdig. Faraz qilaylik, (E,I-l;), i= 1234 Banax fazolari va A:E, > D(4)— E,,
S:E, 2 D(S) = E;, T:E, 2 D(T) = E, chizigli operatorlar bo‘lsin. U holda S va T operatorlarning har
ikkalasi 4 —chegaralangan bo ‘lishi uchun shunday a’, b" = 0 o ‘zgarmaslar topilib,

Il Sx I3 HI Tx Iz<a? Ix I3+Db7 1 Ax 13, x € D(4)

tengsizlikning bajarilishi zarur va yetarlidir.

Tasdigning zaruriylik gismi oson ishotlanadi. Yetarlilik gismi esa || Sx ll,<ll Sx ll3 I Tx I,
x € D(A) tengsizlikdan to‘g‘ridan to‘g‘ri kelib chiqadi.

Endi diagonal bo‘yicha dominantlanuvchi uch diagonalli blok operatorli matritsa ta’rifini keltiramiz.

1-ta’rif. Agar

i) A,, operator 4,, —chegaralangan,

ii) A;, va A3, operatorlarning har biri 4,, —chegaralangan,

iii) 45, operator A;; —chegaralangan bo ‘Isa, u holda (1) tenglik bilan aniglanuvchi A blok operatorli

matritsa diagonal bo ‘yicha dominantlanuvchi uch diagonalli blok operatorli matritsa deyiladi.
Izoh. A blok operatorli matritsa elementlari yopiq deb faraz gilingani sababli dominantlik turi

aniglanish sohalari orasidagi munosabatlar orgali quyidagicha ifodalanadi:
A diagonal bo‘yicha dominantlanuvchi bo‘lishi uchun
i) D(Ay;) © D(A;4),
if) D(A;;) € D(Ay;) ND(A;3),
iii) D(A33) © D(Az3),
bo ‘lishi zarur va yetarlidir; mazkur holda A blok operatorli matritsa
D(4) = D(4;,) @ .. ® D(4,,) (5)
aniqlanish sohasida zich aniqlangan bo ‘ladi.
A blok operator matritsa yopiq operator bo‘lishini ta’minlash uchun matritsaviy elementlarga bir-
biriga nisbatan aniqroq farazlar kiritish zarurati mavjud.
2-ta’rif. Faraz qgilaylik,
1) A,, operator A,, —chegaralanagan bo ‘lib, A,, —chegarasi §,, ga teng,
ii) A;, (mos ravishda 4,,) operator 4,, —chegaralangan operator bo ‘lib, A,, —chegarasi §,, (mos
ravishda &, ) ga teng,
iii) A,5 operator 45, —chegaralangan operator bo ‘lib, Ay; —chegarasi 8,5 ga teng bo ‘Isin.
Quyidagicha belgilash kiritamiz:
§:= max {V26;1,V2655,V/ 8%, + 265,82, + 263, ). (6)

U holda (1) tenglik bilan aniglangan A4 blok operatorli matritsa & tartib bilan diagonal bo ‘yicha
dominantlanuvchi deyiladi.
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Faraz qilaylik, diag{4,,,4,,,45;} diagonal blok operatorli matritsa bo‘lib, A,,,4,,, 435 UNINg
diagonal elementlari bo‘lsin.
Endi ikki turdagi 7 va S blok operatorli matritsani quyidagicha aniglaymiz:

T:= diag{d,y, ... Ay} Si= A —T.
T va S blok operatorli matritsalar H fazoda aniglanib, ularning aniglanish sohalari
D(7) = D(A11) © D(Az; @ D(As3)

va
D(S) = D(A;1) © (D(A12) N D(A32)) D D(Az3),
kabi bo‘ladi.

Asosiy natija va uning isboti. Mazkur bo‘limda ishning asosiy natijasini bayon gilamiz va
isbotlaymiz.
1-teorema. Agar (1) tenglik bilan aniglangan A operator & tartibli diagonal bo ‘yicha

dominantlanuvchi blok operatorli matritsa bo‘lsa, u holda § operator T —chegaralangan bo ‘lib,
T —chegara & dan kichik yoki teng bo ‘ladi.

Isbot. Faraz gilaylik, -4 operatorli matritsa & tartibli diagonal bo‘yicha dominantlanuvchi bo‘lsin. U
holda 2-ta’rifga ko‘ra A,, operator A,, —chegaralangan bo‘lib, uning A4,, —chegarasi &,; soniga, A,
operator
Az, —chegaralangan bo‘lib, uning A,, —chegarasi &§,, soniga va 4,, (mos ravishda A,,) operator

A,, —chegaralangan bo‘lib, uning A,, —chegarasi 4, (mos ravishda &,,) soniga hamda & soni (6) tenglik
orqali aniglangan bo‘Isin.
H;, j = 1,2,3 Banax fazolari bo‘lgani bois H fazodagi tabiiy norma

I fi= JII ABHIAN+IHNE, f=(faf) €XH,

yoki
Il f I =l ,fl Iy +l fz I+l fa s, f = [:fl:fz:fa)t EH

tengliklar yordamida aniglanishi mumkin, bu yerda II-; orgali 7, j = 1,2,3 fazodagi norma va *
orgali matritsa yoki vektorning transponirlangani belgilangan.

Ta’kidlash joizki, agar H;, j = 1,2,3 Hilbert fazolari bo‘lsa, u holda || f Il birinchi norma H Hilbert
fazosidagi normani anglatadi. Banax fazosi holida har ikkala norma ekvivalent ekanligini oson ko‘rsatish
mumkin. Aniglik uchun || f || normani garaymiz.

Faraz qilaylik, £ > 0 ixtiyoriy son bo‘lsin. Agar A operator diagonal bo‘yicha dominantlanuvchi
bo‘lsa, u holda ta’rifga ko‘ra D(A4,,) € D(A4,,), D(A33) € D(A.3), D(A,;) € D(A;5)ND(A;,) va
shunday

a,b';=z0, 1=ij=3, [i—j|=1
o‘zgarmas sonlar topilib,
8,0 £b'5y <8y 5, G b’y <855t g (7)
8,=b . <8,+e 03, b'3, <83, +5¢ (8)
va
I Az fy I3 @33 I f I3+ D3, WAL fi I, fi € D(A4q).
I Apafa 3= @35 Il f3 15+ D'3; 11 Aafa 13, f2 € D(433),
I Azafs 13 +1 Agz 5 I3< (@33 + a'Z) 1 5 13+ (D32 +D'32) 1 Az fs 13, o €D(Az,)
munosabatlar bajariladi.
Shu sababli, D(T) < D(S) munosabatdan va oxirgi tengsizliklardan ixtiyoriy

f=(fi.f2.£2)° € D(A11) ® D(4;;) © D(433)

uchun
Il Sf %< 2‘1’%1 Il fi "%"‘ 21’%1 A1 "%"‘ (ariz + 2‘1:52) I f "%"‘ [:qu + ?‘b’%z) I Az 1 "%

n—2
2 2 2 2 2 2
2 Z (@7 + @R ) WG I+ (D + DR ) 1Ay /5 1)
Jj=3
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+(2a' g @ ) N s i+ (2D s + D ) N A i f 15y
+2a'5 g I fo I+ 2D N A 2= @' N f IP+ DS NTF 1P
baholashlarni hosil gilamiz, bu yerda

V2 max (a

a's = max {V2a', l,wﬁa’n_m\’a’u + Za’gz,Ja’z + 2a'? Jmax (@4

2
nn—1 n—-2n-1' +a:}+1j)}’

+ b'?

b'c = max{v2b',, V2D, _ m,Jb’z +2b’§2,\’b’nn , +2b" 21}

2 . 2 max (b

asjen-z2° Il

£ > 0 ixtiyoriy son bo‘lgani bois, (7) va (8) tengsizliklardan foydalanib, b's < & ekanligini hosil
gilamiz. Bundan esa, S operator " —chegaralangan bo‘lib, T —chegara § sonidan kichik yoki teng bo‘ladi. 1-
teorema to‘liq isbot bo‘ldi.

Izoh. Umuman olganda S operatorning T —chegarasi bo ‘Igan &5 soni & sonidan qat’iy kichik bo ‘lishi
mumkin.

Bu izohda keltirilgan tasdiqga ishonch hosil qilish maqsadida quyidagi ko‘rinishdagi

0 A, O
A= (0 Ass O)
0 4;, 0

operatorli matritsani garaymiz.

Agar 4,, va A, operatorlarning har biri A,, —chegaralangan bo‘lib, 4,, —chegaralari §,, soniga
teng bo‘lsa, u holda ta’rifga ko‘ra <4 operator diagonal bo‘yicha integrallanuvchi § = /34, tartibli operator
bo‘ladi.

Faraz gilaylik, #,:= H.2 @ 7 * bo‘lsin. Ixiyoriy f, € 7, element f, = f;, + fo, kabi yozilib
f2; € HQU] j = 1,2 bo‘ladi va H, fazodagi elementning normasi

I o= 0 o 1By o U

tenglik yordamida aniglanadi, bu yerda II-Il,; orqali fh:‘m, j = 1,2 fazodagi norma belgilangan.

Faraz qgilaylik, H, = H, = Hyva A;5:= 8,545,P5, A3;:= 8,545, P, bo‘lsin, bu yerda P,, va P,
operatorlar H, fazoda P, f,: = f, va B, f>: = f>, kabi aniglangan.

Aytaylik,

fqzz,fz = A22f21 + fqzz,fzz
va

I A2 fo1 + Azzfoz 13=11 Az for I3 +1 Az foz 113

bo‘lsin. Masalan 5,_[2111] va 5{2(2] fazolar 4,, operator uchun invariant fazolar bo‘lsa, oxirgi tenglik
o‘rinli bo‘ladi.

U holda 4,, va A3, operatorlarning har biri A,, —chegaralangan bo‘lib, 4,, —chegarasi §,, soniga
teng bo‘lishini oson ko‘rish mumkin. Shu sababli, ta’rifga ko‘ra A operator /36, , tartibli diagonal bo‘yicha

dominantlanuvchi operator bo‘ladi.
Faraz gilaylik,

0 A4, O 00 0
S:= (0 0 0), T:= (O A O)
0 A3, O 00 0

bo‘lsin.
Istalgan f € H uchun

01242221
Sf:= 0
01242222

tenglikga ega bo‘lamiz.
Shunday qilib,
I Sf I?= 5%2 Il Az2fo1 "S"‘ 5%2 I Az2f22 "%= 5%2 I A22f21 + A2z foz "§= 5%2 I 7f "%-
Bu esa S operator T —chegaralangan bo‘lib, uning T —chegarasi &,, soniga teng bo‘lishini anglatadi.
Natijada -4 operator /34, , tartibli diagonal bo‘yicha dominantlanuvchi operator bo‘ladi.
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Xuddi shunday mulohazalarga ko‘ra agar yangi norma |[|-||5 = /I3, +I-I3, kabi aniglansa, u holda
<A operator 24, , tartib bilan diagonal bo‘yicha dominantlanuvchi bo‘ladi.

Ta’kidlash joizki, [7] maqolada A4 blok operatorli matritsa uchun diagonal bo‘yicha dominanlik va
tartib tushunchalari T va S operatorlar yordamida kiritilgan. [7] maqolada esa Fok fazosining girgilgan gism
fazosida ta’sir giluvchi uchunchi tartibli operatorli matritsa spektrining quyi va yugori chegaralari uchun uch
turdagi baholashlar olingan.

Xulosa. Ushbu magolada uch diagonalli 3 x 3 o‘lchamli blok operatorli matritsalar sinfi chuqur va
tizimli ravishda tadgiq etildi. Tadgiqot davomida ushbu sinf uchun muhim bo‘lgan nisbiy chegaralanganlik
va tartib tushunchalari qat’iy aniqlanib, ularning asosiy xossalari yoritib berildi. Ayniqgsa, operatorli
matritsaning diagonal va diagonal bo‘lmagan bloklari o‘rtasidagi o‘zaro bog‘liglikni aniglash orgali ularning
funksional tahlildagi roliga sezilarli ta’siri mavjudligi ko‘rsatildi.

Olingan natijalar nafaqat nazariy jihatdan muhim bo‘lib, balki uch diagonalli blok operatorli
matritsalar bilan bog‘liq murakkab masalalarni yechishda ham samarali vosita bo‘lib xizmat qilishi mumbkin.
Shuningdek, ushbu ish kelgusida spektral nazariya, operatorlar nazariyasi hamda matematik fizikaning turli
yo‘nalishlarida yangi tadqgiqotlar olib borish uchun mustahkam asos yaratadi. Natijada, mazkur yondashuv
uch diagonalli blok operatorli matritsalar nazariyasini yanada boyitadi va ularning amaliy hamda nazariy
go‘llanilish doirasini sezilarli darajada kengaytiradi.

Minnatdorchilik. Muallif O°zbekiston Respublikasi Fundamental tadgiqotlar jamg‘armasi tomonidan
ko‘rsatilgan qo‘llab-quvvatlash uchun (FL-9524115052 ragamli loyiha) o‘zining samimiy minnatdorligini
bildiradi.
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UO*K 517.98(517.9)

UCHTALIK CHEKSIZ DIFFERENSIAL TENGLAMALAR SISTEMASI YECHIMINING
MAVJUD VA YAGONALIGI

Qo ‘shaqov Xolmurodjon Shermamatovich,

Andijon davlat universiteti o ‘gituvchisi, f.m.f.b.f.d. (PhD)
xolmurodjongoshaqov737@gmail.com

To‘ychiboyeva Gavharoy Shuxratjon qizi,

Farg ‘ona davlat universiteti magistranti
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Annotatsiya. Ushbu maqolada uchtalik cheksiz differensial tenglamalar sistemasining yechimi
o ‘rganilgan. Sistema [, Gilbert fazosida tadqgiq etilgan. Magolaning asosiy gismida berilgan sistemaning [,
Gilbert fazosida yechimining mavjudligi va yagonaligi hagidagi teorema isbotlangan

Kalit so‘zlar: differensial tenglamalar, cheksiz sistema, yechimning mavjud va yagonaligi, Gilbert
fazosi.

CYUIECTBOBAHME M EMHCTBEHHOCTH PEIIEHUS BECKOHEUHOI CUCTEMBI
TEPHAPHBIX JTU®PEPEHIUAJBHbBIX YPABHEHUU

Annomauyusa. B Oaunoii cmamve uccnedyemcsi peuieHue OECKOHeUHOU CUCMeMbl MEPHAPHBIX
oupghepenyuanvnvix ypasuenuu. Cucmema paccmampueaemcs 6 2uivbepmosom npocmparcmee 15.B
OCHOBHOU Hacmu cmamvy O00KA3aHA Meopema O CYWeCmBoS8anuu U eOUHCMEEHHOCTNU peuleHusi OaHHOU
cucmemsl 8 2unbbepmosom npocmparcmee l.

Knwuesvie cnoea: ougpgepenyuanvnvie ypagnenus, OecKoHeuHas cucmemd, CYuecmeogaHue u
€OUHCMBEHHOCMb PeetUs, cUulb0epmogo NPOCMpPaHcmeo.

EXISTENCE AND UNIQUENESS OF THE SOLUTION OF AN INFINITE SYSTEM OF
TERNARY DIFFERENTIAL EQUATIONS

Abstract. In this paper, a solution of an infinite system of ternary differential equations is studied. The
system is investigated in the I,Hilbert space. In the main part of the paper, a theorem on the existence and

uniqueness of the solution of the given system in the [, Hilbert space is proved.
Keywords: differential equations, infinite system, existence and uniqueness of solution, Hilbert space.

Kirish. Cheksiz o‘lchamli differensial tenglamalar sistemalarini o‘rganish zamonaviy matematik
analiz, xususan funksional analiz va dinamik tizimlar nazariyasining muhim yo‘nalishlaridan biri
hisoblanadi. Bunday sistemalar ko‘pincha xususiy hosilali differensial tenglamalar orqali ifodalanadigan
jarayonlarni dekompozitsiya gilish natijasida yuzaga keladi hamda optimal boshgaruv, evolyutsion
jarayonlar va differensial o‘yinlar nazariyasida keng qo‘llaniladi. Shu sababli, cheksiz o‘Ichamli fazolarda
aniglangan differensial tenglamalar sistemalarining asosiy xossalarini, xususan ularning yechimining
mavjudligi va yagonaligini tadqiq etish dolzarb masalalardan biri hisoblanadi.

Ma’lumki, Hilbert fazolari, xususan l,fazosi, cheksiz o‘lchamli sistemalarni tadqiq qilishda qulay

matematik apparatni taqdim etadi. Ushbu fazoda normaning mavjudligi, skalyar ko‘paytma va to‘liglik
xossalari differensial tenglamalar sistemalarining yechimlarini gat’iy asoslash imkonini beradi. Aynigsa,
matritsa eksponentasi va uning xossalari chizigli sistemalar yechimlarini konstruktiv ifodalashda muhim rol
o‘ynaydi.

Uchtalik (ternar) tuzilishga ega bo‘lgan cheksiz differensial tenglamalar sistemalari alohida e’tiborga
loyiq bo‘lib, ular murakkab o‘zaro bog‘langan dinamik jarayonlarni tavsiflaydi. Bunday sistemalarni
o‘rganishda ularning yechimlari mavjudligi va yagonaligini ta’minlovchi yetarli shartlarni aniglash muhim
nazariy va amaliy ahamiyat kasb etadi.

Adabiyotlar tahlili. Xususiy hosilali differensial tenglamalar bilan bog‘liq boshqaruv masalalariga
bag‘ishlangan ko‘plab ishlar mavjud(masalan, [1, 4, 7]). Bunday masalalarni yechishning eng mashhur
usullaridan biri dekompozitsiya usuli hisoblanadi. Masalan, [6, 18] ishlarda differensial o‘yinlar va
boshgaruv masalalari quyidagi cheksiz differensial tenglamalar sistemasi orgali keltirilgan:
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Z,+ 4;z2; =w;, i=12, .. (1)

bu yerda w;, i = 1,2, ..., boshqaruv parametrlaridir, z;,w; € R, hamda A;, i = 1,2, ..., koeffitsientlar

elliptik operatorning umumlashgan xos giymatlari hisoblanadi:
d 0z ] ]

Az = — 6_1! aa’j(l)a_xj , a;‘j(l) = (x),

ij=1

buyerda0 < 4; =4, -~ — o vaa,;;(x) - chegaralangan o‘Ichovli funksiyalar.

[24, 25, 28] ishlarda differensial o‘yinlar masalalarini yagona nazariy doirada, ya’ni 4;, i = 1,2, ...,
ixtiyoriy haqiqiy sonlar bo‘lgan holatda, cheksiz differensial tenglamalar sistemasi orqali o‘rganish taklif
etilgan. Keyinchalik [16, 11, 17, 12, 13, 14] ishlarda turli differensial o‘yinlar masalalari aynan cheksiz
differensial tenglamalar sistemalari yordamida tadqiq etilgan.

Shunday qilib, xususiy hosilali differensial tenglamalar orgali ifodalangan boshgaruv masalalari bilan

cheksiz differensial tenglamalar sistemalari orqgali ifodalangan masalalar o‘rtasida muhim bog‘liglik mavjud.
Tadgigot metodologiyasi. Haqigiy sonlarda tuzilgan va .

12=!5= € barrnn) | Zeﬁw]

shartni ganoatlantiruvchi barcha ketma-ketliklar fazosini I, bilan belgilaymiz. Unda skalyar
ko‘paytma va norma mos ravishda quyidagicha aniqlanadi:

(&m = Z n e |11 =V (£,

Bu fazo odatda I, Gilbert fazosi deb ataladi.

Ushbu ishning asosiy magsadi differensial tenglamalarning quyidagi cheksiz sistemasini I, Gilbert
fazosida tadqiq gilishdan iborat:

Ii’ = _';I'!'Ii' + Vi + W!'l(t)! X; (0) = Xio»
Vi =Ry H 2w (t)r Va[:O) =Yior, 1=12,..., (2)
Z!’ = —H;Z; + Wiz (t)r Z; (0) = Zig»

bu yerda 4; va g; lar berilgan manfiy bo‘lmagan haqiqiy sonlardir,

Xo = (X10.X20,---), Yo = (V10.V20:---)» Zo = (Z10.Z20.---) € L.

w(t) = (wy (), wy(t),...), (w:[0,T] = ,, funksiyalar sinfi, w;(t) = (w;,(t), w;x(£), w;3(1))
(0=t<=T,i=1,2,..)o‘lchovli koordinatalari bilan quyidagi shartni ganoatlantirsa

f==]

> [(w2© +wds) +wi)ds <3

i=1lp
uni S{p,) bilan belgilaymiz, bu yerda p, musbat son.

Masala shundaki, I, Gilbert fazosida (2) sistemaning yagona yechimi bor yoki yo‘qligini aniqlash.

Natijalar va ularning tahlili
Aytaylik

7 (1) = ((x:(0), y: (2. 2,(1)),
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(O] = [¥2(0 +y2(0) + 220,
n(t) = (o (0),12(8), ...) = (xy(8),y, (£), 2, (£), x5(£), y5 (£), 2, (1), ... ),

Mo = (M10:M200 ) = (X10.V10: Z10: X20: Y200 Z20s - )

1

I 7() = (Z(xf(t) +yi(t) + zf(t))) ,

Il mo lI= (E?il(xfo +yh+ Za'zo)]'E
bo‘lsin.

1-ta’rif. Aytaylik w(-) € S(p,) bo‘lsin. Agar 1,(t)— [0,T] ning deyarli hamma joyida
differensiallanuvchi va [0,T] da (2) sistemani to‘liq ganoatlantiruvchi bo‘lsa, n; (t) uzluksiz koordinatalari
bilan, n;(0) = 1,0, i = 1,2,... boshlang‘ich shartlarni ganoatlantiruvchi n(t) = (n,(t), n,(t),...) funksiya

(2) sistemaning yechimi bo‘ladi
Quyidagi matritsa uchun

-2 0 0
A4=|0 —p 1 ] Ao =04 #p, i=12 ., te[0;T]
0 0 —H;

shuni ko‘rsatishimiz mumkinki

e~ Mt 0 0

Eﬂit= [ 0 E_Pift te“#it], i= 1,2,...
0 0 e Mt

Quyidagi ifodalarning to“g‘ri ekanligini isbotlash giyin emas.

1-xossa. e“i* matritsa uchun quyidagi munosabatlar o‘rinli.

Eﬂf(t+h] = p4it. E-‘lih

leditn;| < e~**a(t)|n,|, a; = min(4,,u,)
Il et |< a(T), a(t) =1+t
| e4i®* —E; I= 1 —e~%f +1¢,

1 0 0
E, = [0 1 0],

0 0 1
buyerda| A = |111|ax|.f1x|.

x|=1

Biz e“® matritsaning yuqoridagi berilgan xossalaridan foydalanib, ushbu magolaning asosiy
teoremasini isbotlaymiz.

n(t) € I, (0 = t = T) uzluksiz funksiyalar fazosini €(0,T;[,) bilan belgilaymiz. Quyidagi teorema
ushbu magolaning asosiy natijasidir.

1-Teorema. Agar w(-) € S(py) va A, u; =0, (i=12,...) bo’lsa, u holda €(0,T;![,) fazoda (2)
cheksiz differensial tenglamalar sistemasining yagona yechimi mavjud bo‘ladi.

Isbot. Anigki, har bir (2) uchtalik cheksiz differensial tenglamalar sistemasi yagona

n(t) = (11(0). 72 (1), ...) yechimga ega
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t

10 = etng + [ %€= ()as, ©

0

bu yerda w; = (W;1, W5, Wi3), M0 = (X;0.Vio. Zi0)- Demak, (2) cheksiz sistema I, fazoda bittadan
ortig yechimga ega bo‘lishi mumkin emas.

Endi n()=m()n:()...) € €C(0,T;l,) ekanligini isbotlaymiz. Buning uchun har bir

t (0 =t < T)uchunn(t) = (n,(t),n.(t),...) € I, ekanligini va bu n(t) — [, fazoning normasida uzluksiz
ekanligini ko‘rsatishimiz kerak.

Awval har bir t € [0, T] uchun i(t) = (,(t), 5, (t),...) € I, ekanligini isbotlaymiz. Darhagigat (3)
dan quyidagiga ega bo‘lamiz:

t 2

(02 < 2| Je4n,l> + (f | At w!(s)lds) (4)
1]

1-xossadan

le4E=)w, (s)| < eI (1 + (£ — 5))|w; ()| < a(D)|wi(s)], t =5,
tengsizlikka va Koshi-Shvarts tengsizligidan foydalanib, quyidagiga ega bo‘lamiz:

(J- 1- |w;-(s)|ds) < EJ- | w; (s)|*ds

1]

m (O =2 <|e2“fta2 Olol? + ta(®) [ | W;-(S)IzdS) <

< 2a*(T) (o> + T [ |y (s)]2ds).
Shuning uchun,

ilm—(t)p < 2a2(T) (i o2 +T§:J-|W; (S)lzds) -

i=0g

< 2a*(T) (Il o 1+ Tpg)

Demak, har bir t € [0, T] uchun i(t) € I,. Endin(t) (0 < t < T) funksiyaning [,. Hilbert fazosida
uzluksiz ekanligini isbotlaymiz. Funksiyanig uzluksizligi ta’rifi orgali biz ayta olamizki, har ganday &
musbat son uchun, shunday & = 0 soni topiladiki |h| < & da ||n(t + h) — n(t)|| < £ bo‘ladi.

Aytaylik i > 0 uchun, 1-xossadan foydalansak quyidagiga ega bo’lamiz:
1(E+ R) =1, (8) = 4+ g 4 [ e Aty (5)ds — [ ] e4it=Iw, (s)ds
_eﬂitniﬂ = (Eﬂih - EE }E‘Aitrh’o + fot (E‘Aih - Eg}eﬂi(t_ﬂwi (S)ds
+_[;+h e4ilt+h=sly (5)ds

(a+ b+ c)? < 3(a® + b? + ¢?) tengsizlikdan foydalanib quyidagini hosil gilamiz:
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I (t + 1) =, (017 < 3| (e4 — B, ) e ity |
t
(
1]

2

+3 g4t — E,)e 4ty (5)ds

2

t+h
2
+3J- edit+h=sly (5)ds| < 3|le4" — E; || a® (1) ;02
t

+3]let® ~ B[ a*(r) ( | t |wa-ts)|ds)

t+h 2
+3a*(T) (J- |w!-(s)|ds)
U holda

lIn(t +h) —n(O)|I* = Z It +h) —n(OF <L + L +15,

Bu yerda

I, = 3a* (T)Z ||g-‘lfh — 53”2 (W:‘Dlz + (J- [w; (S)Ids) )
L=3aT) ) ||€‘“1""—Ea||2<lmolz+(f |w!-(s)|ds) )

I=N+1

I; = 3a? (T)i (J-Hh |1a'|,f!-(s)|ds)2 :

bu yerda N quyida tanlanadigan musbat butun son.
a; = 0 ekanligidan va 1-xossadan || e4i* — E, |I?< (1 + h)?,

I = 3@ (DE 2w o4 Bl (Inol? + (1 wi(o)lds)”) <

< 33 (T) (1 +h)?EZyes (1ol + T/ 5 Iwi(5)17ds).
ga ega bo‘lamiz.

Quyidagi

oo [

Dineln Y [ 1wis)ras
i=1 i=1gp

gatorlar yaginlashuvchi ekanligidan, har ganday £ musbat son uchun, I, < £/3 bo‘lganda musbat N
butun sonni tanlashimiz mumkin.

Endi esa I, ni baholaymiz. @; = 0 ekanligidan:

I = 3a2tr)z I|e"=‘"—EaI|2(|mc.|2+ (f Iw!-(s)lds) )

<3a3(1) ) [leA ~ Eg||2<|mo|2 +7 [ 1w, (s)Fds) (5)

bo‘ladi.
1-xossadan || e4® — E; 1< (1 + h)? — 0 bo‘ladi, chunki har bir i uchun h — 0 . (5) ning o‘ng
tomonidagi ifoda chekli sondagi hadlarga ega bo‘lgani uchun &, ni tanlashimiz mumkinki, har ganday

|| < &, uchun I; < £/3 bo’ladi.
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I, ni baholash uchun, Koshi-Shvarts tengsizligidan foydalanamiz:

oo t+h
I, = 3:12(1‘")2?1[ |w;(s)|?ds =
i=1 t
wa T
< 3ha? (T)ZJ-|W!- (s)|?ds < 3ha®(T)p3.

i=1gp
Darhagiqat, har ganday |k| < &, uchun I; < &/3 bo‘lganda §, ni tanlashimiz mumkin. Demak,

§ = min{§,,8,} ni tanlash orgali berilgan ixtiyoriy musbat € sonidan |l n(t + k) — n(t) I* ifoda kichik
bo‘lishi mumkin.

Endi, Il n(t) —n(t — h) Il, h > 0 ni ko‘rib chigamiz.
() —n,(t—h) = .

t—h
_ Eﬂf(t]nm_i_feﬂf(t—s] w, (s)ds — EA,-&_&J%_J' e 4it=h=2) y ($)ds

0 0
t—h

(E..qz-h —E, )Eﬂg(t—h]mo + J- (Eﬂfh _ Ea)e.qs(t—h—sj w;(s)ds +

1]

t
+ J- e4it=h=s) y (g)ds.
“h

t
Yuqoridagi ifoda || n(t + h) — n(t) II* ning baholanishiga o‘xshashligi uchun biz har ganday musbat
£ >0 son uchun shunday & =0 soni mavjudligini aniglashimiz mumkinki, har ganday |h| < & da

Il n(t) —n(t — h) I*< € bo’ladi. Demak, i(-) € C(0,T;[,). Teorema ishotlandi.

Xulosa. Ushbu maqolada biz (2) ko‘rinishdagi cheksiz uchlik differensial tenglamalar sistemasini
ko‘rib chigdik. Asosiy natija sifatida, ushbu sistemaning yechimi [, Hilbert fazosida mavjud va yagona
ekanligini isbotladik.

Olingan natija bunday cheksiz differensial tenglamalar sistemalari uchun integral va geometrik
cheklovlarga ega boshgaruv masalalari hamda differensial o‘yinlarni o‘rganishga imkon beradi.
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Abstract. This paper presents a derivation of the linearized BGK (Bhatnagar—Gross—Krook) equation
based on an orthogonal polynomial approximation of the Maxwellian distribution. The method preserves the
first three macroscopic moments: density, momentum, and energy. By projecting the distribution function
onto a finite-dimensional basis, we obtain an explicit form of the equilibrium function. The macroscopic
equations are then derived by taking moments of the kinetic equation, followed by an analysis of the
resulting system in matrix form. Eigenvalues and eigenvectors are computed to study the characteristic
structure of the system.

Keywords: BGK equation, linearization, orthogonal polynomials, Maxwellian distribution,
macroscopic equations, eigenvalues.

ORTOGONAL POLINOMLAR BAZASI YORDAMIDA CHIZIQLASHTIRILGAN BGK
TENGLAMASINI CHIQARISH

Annotatsiya. Ushbu magolada BGK (Bhatnagar — Gross — Krook) tenglamasining chiziglashtirilgan
ko ‘rinishi ortogonal polinomlar yordamida chiqariladi. Maksvel tagsimoti yaqinlashuvi orqali zichlik,
impuls va energiya kabi asosiy makroskopik momentlar saglab qolinadi. Tagsimot funksiyasi chekli
o‘lchamli fazoga proyeksiya qilinib, muvozanat funksiyaning aniq ifodasi olinadi. Keyinchalik kinetik
tenglamadan momentlar olish orqali makroskopik tenglamalar hosil gilinadi va tizim matritsa ko ‘rinishida
tahlil gilinadi. Xos giymatlar va xos vektorlar orqgali tizimning xossalari o ‘rganiladi.

Kalit so‘zlar: BGK tenglamasi, chiziglashtirish, ortogonal polinomlar, Maksvel tagsimoti,
makroskopik tenglamalar, xos giymatlar.

BBIBOJI ITMHEAPU30BAHHOI'O YPABHEHUA BI'K C HCITIOJIb30OBAHUEM
OPTOI'OHAJIBHOI'O ITOJIMHOMMAJIBHOTI'O BABUCA

Annomauus. B oannoil pabome evisooumcs auneapuzosannoe ypasnenue BI'K (bxamnazap—I pocc—
Kpyk) ¢ ucnonvzosanuem opmocoHaIbHO20 NOAUHOMUATLHO20 6a3zuca. Annpoxcumayus Maxkceeiio8cKo2o
pacnpeoenenus coxpansiem nepevie mpu MAKpPOCKONUYECKUX MOMEHMA: NIOMHOCHb, UMNYILC U IHEPIUIO.
Dyuxyus pacnpedeieHuss npoeyupyemcs Ha KOHeUHOMEPHOE NPOCMPAHCIBO, YMO HO360A5em NOIYYUMD
SABHOE BbIPAdICEHUE PABHOBECHOU DyHKYuU. Jlanee 8b1600AMC MAKPOCKONUYECKUe YPABHEHUS, U NPOBOOUMCSL
AHANU3 CUCTNEMbL 8 MAMPUYHOU (hopMe C BblUUCTIeHUeM COOCMBEHHbIX 3HAYEHUL U 8eKMOPO8.

Knwuesvie cnosa: BI'K, nuneapuzayus, opmozonaivbHble NOIUHOMbL, pacnpedeienue Maxceenna,
MAKPOCKONU4ecKue ypasHenus, COOCMEEeHHble 3HAYEHUSL.

Introduction. The BGK (Bhatnagar—Gross—Krook) model is a simplified kinetic equation used to
describe the evolution of a particle distribution function in gas dynamics [1-3]. It replaces the complex
collision operator of the Boltzmann equation with a relaxation term toward a local Maxwellian equilibrium.

The classical BGK equation is given by

8 f +09.f = —=(f — MIf]),

where f = (x,t,9) is the distribution function, ¥ is the velocity variable, and ¢ is a small relaxation

parameter. The function M denotes the Maxwellian equilibrium distribution [4-6].

Macroscopic quantities are defined as moments of the distribution function:
p=[M[flds, q=[dM[f]d9, s= [9*M[f]dd
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representing density, momentum, and energy, respectively. The objective of this work is to derive a
linearized form of the BGK equation by approximating the Maxwellian distribution using a finite-
dimensional orthogonal polynomial basis. Specifically, we consider an approximation of the form

M[f1(8) = ap + ay 9 + a, ().

where the basis functions are chosen to satisfy orthogonality conditions.

This approximation allows us to preserve the main macroscopic moments while simplifying the
structure of the kinetic equation. By projecting the distribution function onto this basis, we obtain an explicit
representation of the equilibrium function [7,8].

Furthermore, by taking moments of the BGK equation, we derive a system of macroscopic equations
governing the evolution of density, momentum, and energy. The resulting system is then expressed in matrix
form and analyzed through its eigenvalues and eigenvectors, which characterize the propagation of waves in
the system.

The derivation of BGK Model. We start from the classical BGK equation

0. f +90.f = —=(f — MIf]).

Where are f(x,d,t) is the distribution funksion,® is the velocity and £ is a small relaxation
parameter.

M[f] is the Maxwellian equilibrium

We define the macroscopic moments as follows

p=[M[fldd, q=[dM[fldd, s= [9*M[f]dd

These quantities represent density, momentum, and energy respectively.

We begin by approximating the equilibrium distribution function M[f] using a finite-dimensional
polynomial expansion in velocity.

M[f1(8) = ag + a9 + a, ()
where @ () is a function and ay, a,, a, are constants.
The goal is to construct M[f] such that it preserves the first three macroscopic moments. To obtain
this, we choose basis functions that are mutually orthogonal over the interval % € [—1,1].
We take the following basis
{L9, o)}
The function ¢ () must satisfy orthogonality conditions
[l 0@ d9=0, 2, 9p@)dd = 0.
We start from 192, but it is not orthogonal to 1 since:
Lgegg=2_1__4_2
j_18d8—3 =3 ( 3)—3;&0.
Therefore, we modify it by subtracting a constant:
e =9 —-C
To enforce orthogonality with 1, we impose:
1 2 _ 1 2 1
f_l(ﬁ' —C)do = j_lﬁ dv —f_lc dd.
Compute each term:
1 2 . 1 1 . 2 1 _ _ _
J_, 9% add =;-(-9=3, J,cdd=C8=C—(-0)=2C
t_2c=0 20=2% c=1.
. 3 3 3
Hence, @ (9) = 92 — 5

We now verify that the chosen basis is orthogonal. Indeed,

1 #2101
f_lﬁdﬁ—?—g—g—o, ( between 1 and 7).

1 1 1 11 1 1 1 1
J_ (@? —)did = Jo, 9% dY — f_lg d = —(—7) —;—; =0, (between L and ¢ (9)).

1 2 _ 1 _ (Y93 g9 (P g B ¥ _1 1 1 1
o007 —Hao =" o a0 [ Las =0T = +2 =0, (between o

6 4 4 6
and @(19)).
Thus, the set:

2 _1
{1,1?, ® 3)}.
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and we have this
MIf1(8) = ap +a,0 +a, (0% —2).
We now determine ay,, @,, a; using moment conditions.
1 1 1 1
1
pzf M(f)dﬁzaﬂf 1d9 +a1[ 9d9 -l—az[ (92 —§)d8
-1 -1 -1

-1

_ap 92 9 9
P = ag "‘31?"‘32(?_5)
We evaluate the expressionat 9 = 1 and 9 = —1, and then take their difference.

. P le(l) —p(=1), . -
p=(agl +a;J +a(5—73)) —(a(~1) +aJ +a(—3+2)),
And we take this:
p = ap +31%+320 + ag —alé—agﬂ,
p = 2ap and a, =g.
For momentum:
1 1 1 1 9
q= j_l IM[f]dd = a, j_lﬂdﬁ + a; f_lﬂzdﬂ +a, f_1(83 —g)dﬂ.
Next, we simplify the obtained expression.

82 83 gt gt
q= 30?"‘31?"‘32(:—?),
We evaluate the expressionat 8 = 1 and O = —1, and then take their difference.

Firstly, we evaluate 9 = 1
1 1 1 1
q(1) = ag; +a s+ ax(; — ),
1 1 1
q(l) = 305“‘315"‘325-
Now, d = —1
1 -1 11
q(—1) = ag; +a;(7) +a(f — ),
1 1 1
a(—1) =ap; —a;; +a .
And subtract the results:
q=q(1) —q(-1) . . . . . .
q=(ap;+as+taz;) —(a;—ar;+az5)
q= alg andwe finda; a; = 32—q.
For energy:
1 1
s = J_, (8% —)MIfld9,
1 1 1 1 1 1 1
s = a, f_1(82 — E)dﬂ +a, f_.l 9(02 —g)dﬂ +a, f_l(ﬁz —5)(82 — E)dﬂ,
We make this expression a bit simpler:
1 1 1 8 1 1
s = ag j_l(ﬁz — g)dﬂ + a4 f_1(83 — E)dﬁ +a, f_l(ﬂz —5)2d8,

1 1 1 8 1 282 1
s = ag j_l(ﬂz — E)dﬁ + a, f_1(83 — E)dﬂ + a, f_l(ﬂ“ - -I—;)dﬁ.
We compute the integrals with respect to 9.
ERE gt 9% 85 290  ®
s=ag(5 —3) taily —7) talo——+9)
Now, we evaluate the expressionat 9 = 1 and 9 = —1, and then take their difference.
Firstly, we evaluate 9 = 1
1 1 1 1 1 2 1
s() =apgG—3) +ai( -0 taC—5+7),
1 4
s(1) =ag0+ a;; tax
Now, 9 = —1
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-1 1 1 1 -1 2 1
s(=1) =ap(5+3) +ai(—)tal-+;-2)
1 4
s(—1) = ay0 ta;;—ax ;.

And subtract the results:

s =s(1) —s(—1),
1 4 1
5= (315"‘325) —(315
s= 32% and we find a,, a, = %.

Final form of the Maxwellian:

MIf(0) =2 +2qd + 5 (87 s

Substitution into the BGK equation, starting from this:

0. f +90.f = —=(f — MIf]).

Substituting the expression of M[f], we obtain:

1 3 43 1
Of +90.f == 2(f —E+3a9 + T (3% = D)3).

Derivation of Macroscopic Equations. This derivation shows that the linearized BGK model is
obtained by projecting the distribution function onto an orthogonal polynomial basis that preserves the first
three macroscopic moments.

Having determined the explicit form of the Maxwellian distribution, we now derive the macroscopic
equations governing the evolution of the moments. This is achieved by taking successive moments of the

BGK equation and passing to the limit as the relaxation parameter tends to zero.(¢ — 0)
We start from the kinetic BGK equation.

1
Oef +00.f = _Q(f).
To derive the first macroscopic equation, we integrate this equation with respect to the velocity
variable 9 over the interval [—1,1]:

4
_a —
245

),

[,@cf +00,£)d0 = [, 2Q(F)dv.
To prevent the right-hand side from becoming unbounded as &, the distribution function f, must
approach the g 1 g qd + % (9% — g).
Using the linearity of the integral and exchanging differentiation and integration,we obtain,
o, fad +a. |1, 0fdd == [, Q(f)av.
The collision operator satisfies the conserva'iion of mass property,
J-,Q(av = o.
Therefore, the right-hand side vanishes and we obtain,
3, [1 fav +a, [ ofdo =o.
Using the definitions of the macroscopic quantities,

1 1
p:[ fd?, q:f qfduo,
-1 -1
we finally obtain,
dip +0,q =0.
Next, we multiply the kinetic equation by 17 and integrate over velocity:
J2, 98 + 98,)d9 =0,
[, (98, +928,)d0 = 0.
This gives,
3, [1,0d9 +a, [-, 62d9 = 0.
Using the definitions,

q=]J,0d9, s= [ 9%av.
we obtain the second macroscopic equation:
3tq + axS =0.

Now we multiply the hole equation by 92and integrate,
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[5,0%0cfd0 + [1, %0, fd0 =2 [ 62Q()d,
[, 928, fdo + [ 9%8,fdd = 0.
Using the definition,
1
- [ 92 fdo.
-1

And we have this,

1
05 + Mf 93 F(9)d9) = 0.
-1

The remaining task is to compute the flux term f_ll I3 (9)d?.
In the limit £ — 0, the distribution funcsion f is given by the equilibrium expression,
f@) =2+2q9+Z 0% s

We now compute the integral,

1 g3(p 3 5092 1

j—lﬁ (2+zqﬁ+8(ﬁ s)s)dﬁ’
We can wright like this:
JL038a0 + [ 932 qudo+ [, 935 (97 —3) sdo.
The quantities p, g, s are mdependent of the mtegratlon varlable 7,
el 0Pas +2 [ wtan + =1 0% - —)da

We substitute the expression for into the integral and compute each term separately.
First integral:

Pl 9339 _ P 5%
Zj_le d9 =2,

Now, we evaluate the expression at 9 = 1 and 9 = —1, and then take their difference.
gl ey
2(G)-2(G) =0
Second integral:
Af 0t a0 =2,
Now, we evaluate the expression at 9 = 1 and 9 = —1, and then take their difference.
3g 1 3q 1y 3_q
?(E) _?(_E) T 5"
Now the third integral:
455 455 95
f (@ ——)dl? = & _E)
Now, we evaluate the expression at 9=1 and 9=-1, and then take their difference.

455(1 1) 455(1 1)_{:|
8 \s 12 g \se 12/

Ops +20,q = 0.
Thus, the macroscopic system takes its final form as follows:
dip +09,q=0
0:q+ s =0
Ops +20,q =0
Eigenvalue and Eigenvector Analysis.
The system can be written in a compact matrix form. Let us introduce the vector of macroscopic
variables. U = (p,q,s)T.
The entries of the matrix A are obtained directly from the coefficients of the spatial derivatives in

system.
It is given by the following form:

Therefore, the result is:
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A=

o o o

0
1
0

Ul W o =

The system can be written in matrix form:
a;:U+ A9, U =0.
In order to analyze the wave propagation properties of the system, we compute the eigenvalues of the
matrix A.
These eigenvalues are obtained from the characteristic equation: det(4 — AI') = 0.

We compulte,
01 0 1 0 0 -1 1 0
A—ar=(0 01 —)1(0 1 0>, A—a=(0 -4 1
0 - 0 0 0 1 0 = -i
5 5
-4 1 0
_ 3
deta—an=|% == (;L? —g) ~1(0 - 0) +0(0 — 1),
0o = -4
° 3
det(a— A1) = (2 — ).
Setting the determinant equal to zero yields:
3 3 3
—;1(;12—5):0, A =0, ;12:\[;,;13:— =

These eigenvalues represent the characteristic speeds of the system.In particular, the system has three
characteristic fields corresponding to left-going, right-going, and stationary waves.

Eigenvector computations.

We compute the corresponding eigenvectors 9 = (9,;,9,,9;)" by solving:

(A—AN¥=0.

)5)- ()

Eigenvector for 1 = 0
A = 0.
This gives the matrix system:

=R ]

—
[ [ o
LA S I e Y

191_:0, 19220, 19320.
Therefore, the eigenvector is:

1
v(l] _ (0)
0
3

Eigenvector for 1 = \F

e
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|

Hence, the eigenvector is: v?) =

u W

Eigenvector for A = —\E,

21 0 ﬁ191+192=0

3 ﬁl 0 3
0 - 1 192 ={0]) J;‘Lg'z + 193 =0.
=] 193 0 b=

0 3 z 2192 + E’SE =0
e 3 3 3
From this: 9, = —\Fﬁl, 95 = _\ng - 9, =29,
Final result:
1 1
L 3 3 3 3
,11=0:v(13= 0); 4, = 2o p@ = z 5'13=_\F=U(3]= —J
0 } 3 s 2

Conclusion. In this work, we presented a systematic derivation of the linearized BGK equation based
on an orthogonal polynomial approximation of the Maxwellian distribution. The proposed approach ensures
that the fundamental macroscopic quantities—density, momentum, and energy—are preserved while
reducing the complexity of the kinetic model.

By projecting the distribution function onto a finite-dimensional space, we obtained an explicit and
tractable representation of the equilibrium function. This allowed us to derive a closed system of
macroscopic equations that captures the essential behavior of the original kinetic model.

Furthermore, the resulting system was analyzed in terms of its characteristic structure. The eigenvalue
analysis demonstrated that the model possesses well-defined propagation speeds and exhibits wave-like
behavior, confirming its hyperbolic nature.

Overall, the presented framework provides a clear connection between microscopic Kinetic
descriptions and macroscopic models. It highlights the effectiveness of orthogonal polynomial methods in
simplifying complex systems while preserving their key physical properties. The results obtained in this
work can serve as a foundation for further research, including extensions to higher-dimensional problems,
more accurate approximations, and applications to more complex kinetic models.
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UOK 51

IKKINCHI TUR PARABOLIK-GIPERBOLIK TIPDAGI TENGLAMA UCHUN BITSADZE —
SAMARSKIY SHARTI BILAN QO‘YILGAN MASALA TAHLILI

Asqgaraliyeva Muxtasar Azizjon qizi,
Qo ‘gon davlat universiteti o ‘gituvchisi, PhD
asgaraliyevamuxtasar@gmail.com

Annotatsiya. Ushbu magolada (1) ko ‘rinishdagi buzilish chizig ‘ida uzilishga ega bo ‘Igan ikkinchi tur
parabolik-giperbolik tipdagi tenglama uchun BCp masalasini qo ‘yilishi, BCp masala yechimining

yvagonaligi, parallel xarakterisikalarda Bitsadze —Samarskiy sharti bilan qo ‘vilgan masala yechimining bir
qiymatli yechilishi tenglamalar orqali ko rsatilgan, lemma va uning isbotlari keltirilgan.
Kalit so‘zlar: tenglama, parabolik, giperbolik, parallel, buzilish chizig’i, isbot, masala, yechim.

AHAJIN3 3AJAYUA JJIA YPABHEHUSA BTOPOI'O POJA TAPABOJIMKO-
I'NMIIEPBOJIMYECKOI'O TUIIA C YCJIOBUEM BULHA/BE-CAMAPCKOI'O

Annomauyus. B Oaunou cmamvbe nocmaeieHa 3a0aia napaboIuKo-2unepoOoIUecKko20 YpasHeHUs
8MOP0O20 NOPAOKA C PA3PbIGOM 6 JTUHUU pazioma euod (1), nokazana eOUHCMEEHHOCHb PeuleHus 3a0a4i,
NOKA3aHO 0OHO3HAYHOe peuleHue 3a0adu, NOCmasienHol ¢ ycrosuem buyaoze-Camapckozo 6 napaiieibHblx
Xapaxkmepucmukax, RoCpeoCmEoM YPasHeHUll, NPe0Cmasilend 1eMMa U ee 00KA3ameibCmeo.

Knrouesvle cnoesa: ypasnenue, napadonuneckas, 2unepOoIuvecKas, napaiieibhdas, TUHUS pa3iomd,
dokazamenbcmeo, npobiema, peuienue.

ANALYSIS OF A PROBLEM WITH THE BITSADZE-SAMARSKII CONDITION FOR A
SECOND-ORDER PARABOLIC-HYPERBOLIC TYPE EQUATION

Abstract. In this article, the problem of the second-order parabolic-hyperbolic equation with a
discontinuity in the fault line of the form (1) is posed, the uniqueness of the solution of the problem is shown,
the single-valued solution of the problem posed with the Bitsadze-Samarsky condition in parallel
characteristics is shown through equations, the lemma and its proof are presented.

Key words: equation, parabolic, hyperbolic, parallel, line resolution, proof, problem, solution

Kirish. Aralash tipdagi differensial tenglamalar ko‘plab muhim: gaz dinamikasi nazariyasi, magnitli
gidrodinamika, elektronlarning tarqalish nazariyasi, sirtlarning cheksiz kichik egilishlari nazariyalari va yer
osti suvlari darajasini bashorat gilish kabi amaliy masalalarni yechishda qo‘llanilishi tufayli, o‘tgan asrning
50-yillaridan boshlab jadal suratda rivojlanayotgan xususiy hosilali differentsial tenglamalar nazariyasining
asosiy yo‘nalishlaridan biri hisoblanadi. Matematik fizika tenglamalar nazariyasining muhim masalalaridan
biri nostandart chegaraviy shartli aralash tipdagi tenglamalar uchun chegaraviy masalalarning yechilishini
o‘rganishdir. Shu sababli, ikkinchi turdagi aralash tipdagi tenglamalar uchun lokal va nolokal chegaraviy
masalalarni qo‘yilishi va ularni o‘rganish ilmiy tadqiqotning ustuvor yo‘nalishlaridan biri bo‘lib hisoblanadi.

Buzilish chizig‘iga ega bo‘lgan aralash tipdagi tenglamalar uchun qo‘yilgan chegaraviy masalalar
yechish hozirgi paytda xususiy hosilali differensial tenglamalardagi asosiy rivojlangan yo‘nalishlardan
biridir. Buning sabablaridan bir tomoni bu tenglamalarni amaliyotga qo‘llanilishi bo‘lsa, ikkinchi tomondan
esa nazariy jihatdan bu tenglamalarga qo‘yilgan masalalarni yechilishidir.

Manba va usullar. Chegaraviy masalalar yechimining bir giymatli yechilishini isbotlashda ikkinchi
turdagi Volterra va Fredgolm integral tenglamalari nazariyasidan, oddiy differensial tenglamalarni yechish

usullaridan, R2 sinfdagi umumlashgan yechim xossalaridan, maxsus funksiyalar xossalaridan, kasr tartibli

integro—differentsial operatorlarning xossalaridan foydalaniladi.

Bog‘liq adabiyotlar yoki muammoning o‘rganilganlik darajasi. Chet el, MDH va respublikamiz
olimlari tomonidan chop etilgan va chop etilayotgan ilmiy maqolalarga nazar solsak, unda asosan bu
tenglamalar uchun Trikomi, Gellerstedt, Bitsadze, nolokal masalalar o‘rganilgan bo‘lib, bundan tashqari bu
tenglamalar uchun yangi korrekt bo‘lgan masalalar qo‘yilmoqda va o‘rganilmoqda. Bular haqidagi to‘liq
ma'lumotni A.V Bitsadze, M.S.Saloxitdinov  tomonidan chigarilgan monografiyalarning adabiyotlar
ro‘yxatidan topish mumkin.Bizga ma'lumki, buzilish chizig‘ida uzilishga ega bo‘lgan ikkinchi tur parabolik
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- giperbolik tipdagi tenglama uchun chegaraviy masalalarni taxlil etish kamroq o’rganilgan.Shuning
uchun ushbu magolada buzilish chizig‘ida uzilishga ega bo‘lgan ikkinchi tur parabolik-giperbolik tipdagi
tenglama uchun nolokal va parallel xarakterisikalarda Bitsadze — Samarskiy sharti bilan qo‘yilgan
masalalarni bir qiymatli yechilishi o‘rganilgan.

Natija va topilmalar. Quyidagi tenglamani qaraymiz:

XUy, + Uy —Uy, x>0, y=>0,
0= o oam (1)
Uy —(=Y) Uy, x>0, y<0,

bu yerda
O<eay,<1+2p<1, Zﬁ:%, O<m<l -1<28<0. (o

(1) tenglama uchun BCp masalasini qo‘yilishi

Q orqali X>0, Yy>O0 bolganda X=0, X=1, y=1 mos ravishda to‘g‘ri chiziglarda
yotgan AAO, BBO’ AbBO kesmalar va X >0, y< O bo‘lganda esa (3.1) tenglamaning

AB: y=0,
2-m
AC: x——( y) 2
2—
2-m

BC: x+—( y) 2 =1

xarakteristikalari bilan chegaralangan sohani belgilaymiz.

Quyidagicha belgilashlar kiritamiz: J = {(X, y): O0<x<1, y= O},
Q,=Qn{x>0, y>0}, Q,=0n{x>0, y<0}, Q=Q UQ,UJ,
. + — . ot
yIlﬁrrgou(x, y)=7"(x), (x,0)eJ, yILTouy(X’ y)=v(x), (x,00eJ,ul,. (@3
E(C,O)E J nugtasidan chigib, (1) tenglamaning AC va BC xarakteristikalariga parallel
bo‘lgan  xarakteristikalarini  mos  ravishda ~ EP: X—(1-28)(-y)Y*?P =c  va
EQ: x+(1—2,8)(—y)]/(1‘2ﬂ) = C belgilaymiz.

(1) tenglamaning M (X,0) € J, nugtadan chiquvchi xarakteristikalari bilan mos ravishda AC va

EP xarakteristikasi kesishish nuqtasining koordinatalarini

YR " X+C x—c |7
S | O ] “

2 | 20-2p)
orgali belgilaymiz (1-chizma).

O(x) =
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AO(O,l)I y B,
u ) u
A(0,0) EcO  M(x0) B(L,0)
o O (x XV
Q P

O(x)
C
1-chizma.

BCIO —masala. Quyidagi shartlarni ganoatlantiruvchi U(X, y) funksiya topilsin:
~ ~ 1 .

Hu(x,y)eC(Q,u,) N"C(Q);

2) U(x,y) ECf,'i,(Ql) bo‘lib, Ql sohada (3.1) tenglamani ganoatlantirsin;

3) u(X,y)€R, [1-bob, 1.3-§ ga qarang] bo‘lib, £2, \{EP U EQ} sohada (3.1) tenglamani

umumlashgan yechimi bo‘lsin;
4) u(X,Y) - funksiya quyidagi shartlarni ganoatlantirsin:

u|AAo = o (Y), u|BBO =@, (Y). 0<y<}],

C
U(X1y)‘AQ:W1(X)1 OSXSE,

u[@(x)]:uu[®*(x)]+://2(x), (x,0)eJ;
5) J; va J, buzilish chizigtida quyidagi
Ji_)rpou(x, y) = p.(x) yli_)rgou(x,y)+ql(x), (x,0)eJ,
JLnjouy(x,y) = p,(X) JL”)O“y(X’ y)+0,(x), (x,0)ed,ul,,
ulash sharti bajarilsin, bu yerda 2 (Y), @,(y), a(x), b(x), p,(x), q,(x)(j=12)

berilgan funksiyalar bo‘lib, quyidagi shartlarni bajarsin:

A0 =100, (5 |=1,(0)
0,(x)eC[0,1]NC*(0,1), (j=12),
l//l(X)ECZ{O;%}, WZ(X)GCZ[C;l],

p(x), 6;(x)eC?(T), p,(x)eC(I)NC*(I), (j=12),
L =const <0, pj(X)>0,(j:1,2) Vxel,
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®(X) va ®*(X) funksiyalar (4) formula orgali aniglanadi.

+ T
Ql va QZ sohalardan Y =0 buzilish chizig‘ida olingan T (X) va V (X) funksiyalar
orasidagi funksional bog‘lanishlarni topish hagida gap ketganda,
(2), (3) (5) shartlar va BC_ masalanig 1) sharttini e'tiborga olib, Q parabolik sohadan (1)
p 1

tenglamaga Y — +0 limitga o‘tib quyidagi masalani hosil gilamiz:

X" (X)+ e,z (X) =vT(x), (x,0)ed, (15)
77(0)=¢,(0)=0, 77(c)=0, (16)
77(c)=0, 77(1) =,(0). (162)

(161) va (15), (162) masalalarni yechib, Ql parabolik sohadan mos ravishda ‘]1 va Jz

+ +
buzilish chizig‘ida T (X) va V (X) funksiyalar orasidagi birinchi funksional bog‘lanishni topamiz:

o7 (¥) = [G,(x, v (Hdt, (x,0)e T, , (17)
0
va
1 1 .
£ (X) = [G,(x, v (Dt + X" D0, (0), (x,0)eT, . (17)
bu yerda
1 Xl—ao (Cao—l _tao—l) 0O<x<t
G,(x,t) = - AR (18)
1-« c0T 0 1, t<x<1,
l—ao . ao—l < <
G, (x,t) = 1 |X 1(1 t07), c<x<t, (18)
1-op | xt0 _q, t<x<l.

(18) (j =1,2) formula bilan aniglangan G j (X,t) funksiya bir jinsli (15) , (16;) masalasining Grin

funksiyasi bo‘ladi[17].
Qz sohada (1) tenglamaning

5
uEm=[m—-¢)"(E-¢)’T()dg +

+[ 7= (¢ =& NS (19
yechimidan foydalanamiz, bu yerdi
1 _
N(g):m-r(é/)—%‘/ (<), (20)
1 op
T (x) “TA-25) Dy /77 (X). (21)

(319)ga £=0, 7 =X va &=cC, 1] = X qo‘yib va (3.4) dan foydalanib, hamda bir necha hisob
kitoblardan so‘ng quyidagini hosil gilamiz:
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u[@)(x)]:f(x—t)_ﬂt‘ﬁN(t)dt, (22)

c

X

j (c-t) " T(t)dt+[(x-t) " (t-c) " N(t)dt. (g
C

(22) va (23) X bo‘yicha dlfferenSIaIIab so‘ngra formulani qo‘llab, quyidagini olamiz:

%“[@)(X)k—ﬂT (=0 t/N ()t -

=L(1- B)DL x"N(x), (24)
%U[G)*(x)] :—ﬁi(x—t)ﬂl(c—t)ﬁ T(t)dt- ﬂf(x-t)‘“(t-c)‘ﬂ N(t)dt=

-1
_—ﬁj (x—t) e (c—t) ﬂT( t)dt+ (1= B)DLX—C) "N(X). 5
Endi (7) shartnl X bo‘yicha differensiallab,
d d * '
T ULO00]= - u[ €9 [+ (x). (26)

so‘ngra hosil gilgan tengligimizning o‘ng tomoniga Dc_xﬂ [-] operator qo‘llab, ushbuni

d dpad 1 d dt{[é’ (t)Jdt
Dcxﬂd ulo(x) ]—d—D'B ulo(x) ]F(1+,B)dx-[ (x-t)*

{ LO(t) ]} 1 d dt{ LO(t) ]}

1 d} N
EY)) d_i (x—t)7” F(1+ﬂ)dx (x—=t)*

Curow]) at

Q_‘Q_

d
B _ dt
= Do g ulo ()] F(1+ﬁ)a'xI (x—t)7 0y
d
d d 1 degrulomia
p p U dt
D,/ & —u[0(x)]=Dy/ o u[(x)] F(1+ﬂ)d£ D7 (x,0)ed, @7
hosil gilamiz.
(27) ga ko‘ra (26) tenglikdan quyidagini olamiz:
d
r(1+ /) dx 3 (x—t)_ﬂ
= 4 Dy _u|:® :|+Dcx ‘//2( ) (28)

bu yerda Dg( ['] = o« Kasr tartibli differensial operator.
(24) va (25) ni (28) ga qo‘yib, (28), (6), (20) hamda
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D;/”Df x#N (x)=x"7N (x),

D,/DL(x—¢) " N(x)=(x—c) " N(x)
ni hisobga olib,
iy 1L up
X)= T(X)— d _
LAY 2coszfp ) T(1+B)T(1- )| u(x—c)” —x7 "
xDgxﬁc(x—t)‘ﬂ‘l(c—t)‘ﬂT(t)dt+Fl(x), (x,0)0J,, (30)
ni hosil gilamiz, bu yerda0
D3/ v, (X)
F(X)= — +
09 T(1-B)T(L+B)| u(x—c) " =x7 |
ot
1 d Wl(Zjdt. (31)

_|_ . —
C(L-B)T 1+ B)(u(x—c)” —x7) dx 5 (x-1)”
Xuddi shunday (19) ga & =0, 77 = X va (3.6) dan foydalanib quyidagini olamiz:

N
72 (0= 5e05 T O~ T Df¥Vi(X), (60<), @)

2c037r,8
(21) ni (30) va (32) tenglikka qo‘yib, noma'lum V™ (X)funksiyani 7~ (X) orgali ushbu

ko‘rinishda

1

v ()= 2y,0(1— Zﬂ)cosmB Do,z (%) -
—WD& wi(X), (x0)ed, (33)
1 126 (x) - Up

7V (%)= 2T (1-2)cos, Do r(L+ ,B)F(l—ﬂ)[ﬂ(X—C)_ﬂ - X_ﬁ} X

x DL [(x=t) " c-t) /Dy (dt+ Fy(x), (x0)ed, (34
0

topamiz.
Demak, (33) va (34) formulalar mos ravishda €2, giperbolik sohadan J; va J, buzilish chizig‘ida

olingan T_(X) vaV (X) funksiyalar orasidagi ikkinchi
funksional bog‘lanishdir.
BC, masala yechimining yagonaligi
(3) belgilashga ko‘ra (8) va (9) shartlarni quyidagicha yozab olamiz:
T (X)=p(X)c" (X)+0,(x), (x,0)ed, (35)
v (X)=p,(X)v" (X)+0,(x), (x,0)e. (36)
(35) va (36) ifodalarni (33) va (34) tenglikka qo‘yib, ushbu ko‘rinishda

pz(X)v+(X)+q2(X)_2 T ;,8)0057;,3 D5, | pu(xX)z* (%) +y(x) |-
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(1 ,B) ﬂ ’(X)’ (X’O)E‘Jl' (37)
72[p2(X)V (X )+q2(x)} Zr(l 22)00877 12ﬂ[p1(x)7 (X )+q1(x)}—
_ pp B Py B
1“(1+ﬂ)1“(1—,8)[/.1(x—c)_ﬁ—X—,BJ D¢/ .(';(X t) (c—t)
« DE2# [ p ()™ (1) + ql(t)]du F.(x), (x0)eJ, (38)

topamiz.
Agar (2), (14) shartlar bajarilsa, u holda Q) sohada BCp masala birdan ortiq yechimga ega emas.

Lemma. Agar 7 (X) funksiya O<X<1 da K>—2/ korsatgich bilan Gyolder shartini
ganoatlantirsa, u holda

P(x)= fr—' (t)(x —1)*” dt
funksiya birinchi hosilaga ega va quyidagi °
P'(x)=7"(X)1+x)* + zﬁf[r—' (=77 () |(x-t)*"dt.
ko‘rinishda bo‘ladi. °
Lemma. Aytaylik 7~ (X)eCJ[0,1]m c k) (0,1), bu yerda k>-28,
= XO (XO € (0,1)) nugtada eng katta musbat (eng kichik manfiy) giymatga erishsa. Unda T(X)
funksiya X = Xg nuqtada quyidagi ko‘rinishda ifodalash mumkin

1 0B _
T(X)=sm—57 D577 (X)

r(1-25) .
= < 2h 7= —7 (%)
Tz P T (%) -2A0- Zﬂ)f ( t“ﬂ dt|

hamda
T (%,)<0 (T(XO)>0), X, €(0,1). (40)

Lemma. Agar (2), (14) va (40) shartlar bajarilsa, u holda BCp masalaning U(X, Y) yechimi

l/jl( ) l/jg( ) O ql(X)qu(X)EO da o‘zining musbat maksimumiga va manfiy

minimumiga Ql yopig sohaning AA U ABO da erishadi.

Lemmanimg isboti. Parabolik tipdagi tenglamalar nazariyasining ekstremum prinsipiga ko‘ra , Ql
parabolik sohada (1) tenglamaning U(X, y) yechimi o°‘zining musbat maksimumiga va manfiy
minimumiga [_)1 sohaning chegarasi K0 N B—BO U 'Jl U J2 U E(C,0) da erishadi. (3.1)

tenglamaning U (X, y) yechimi o°zining musbat maksimumiga (manfiy minimumiga) ‘]1 N 5 E(c,0)
intervalda erishmasligini ko‘satamiz.
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Teskarisini faraz gilamiz. 1) Aytaylik U (X, Y) funksiya biror Ql(Xo,O) € ‘]1 nuqtada o‘zining
musbat maksimumiga (manfiy minimumiga) erishsin.

Unda (37) tenglikdan ¥, (X) =0, ¢, (X) =0, (X)=0 daquyidagini olamiz:

oy 1 128 +
P,(X)v* (X)= 27T (1—25)cos 7B Do pi(X)z7(x), (x,0)ed;. (1)
(2), (14) va ishdagi
DL Pu(%)7" (%) >0 DA Pu(x)" (%) <0| 2

shartlardan foydalanib, (41) tenglikdan Ql(Xo,O) el 1 hugtada musbat maksimumi (manfiy

minimumi) uchun quyidagiga ega bo‘lamiz
+ +
v (%)>0 (v (x)<0). @
Ikkinchi tomondan Ql(XO,O) € ‘Jl nugtada musbat maksimumi (manfiy minimumi) uchun (15)
tenglikdan quyidagilarni
(%) =0, 77 (x)> O[H (%)< O], (%) < O[r“ (%)= O] (44)
e'tiborga olib, ushbu tengsizlikka ega bo‘lamiz:
v (%)<0 [v*(xo) > 0} .
Bu tengsizlik (3.43) tengsizliklarga ziddir.
Shunday qilib, u (X: Y) Jl intervalda o‘zining musbat maksimumiga (manfiy minimumiga)
erishmaydi.
2) Aytaylik U(X, Y) funksiya biror Q2 (XO,O) € ‘JZ nuqtada o‘zining musbat maksimumiga
(manfiy minimumiga) erishsin.
Unda (3.37) tenglikdan l/ll(X) =V, (x)=0, ql(X) =0, (X) =0 da quyidagini olamiz:
1 1-2
X)WV (X)= D22 p, (X)r* (X) -
7/2p2( ) ( ) Zr(l—Zﬂ)COSﬂ'ﬂ 0x pl( ) ( )
C
- L A _ D/ [(x—t) " (c—t) ¥
DL+ BT (L-B)| u(x-c) " =x 7| 75

x Dg 2 py(t)z* (t)dt, (x,0)e, (45)

(2), (14) vaishdagi (42) shartlardan foydalanib, (45) tenglikdan Q2 (XO,O) € J2 nugtada

musbat maksimumi (manfiy minimumi) uchun quyidagiga ega bo‘lamiz :
+ +
v (%)>0 (v (x)<0). (46)

Ikkinchi tomondan QZ (XO,O) € ~]2 nugtada musbat maksimumi (manfiy minimumi) uchun (15)

tenglikdan (44) ni e'tiborga olib, ushbu tengsizlikka ega bo‘lamiz:
v (%,)<0 (v+ (%) > O).
Bu tengsizlik (46) tengsizliklarga ziddir.

Shunday qilib, u (X, y) J 2 intervalda o‘zining musbat maksimumiga (manfiy minimumiga)
erishmaydi.
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Lemma isbotlandi.
Yugoridagi lemmani hamda (5) da @1()/) = (02()/) = 0 ni hisobga olib (2, sohada

U(X, y) = 0 bo‘ladi. (1) tenglama uchun QZ sohada

Koshi masalasining yagonaligini hisobga olib, Qz da U(X, y) = 0 ni olamiz.
Demak,

u(x,y)=0, (x,y)eQ.
Bundan esa BCp masalaning yechimining yagonaligi kelib chigadi.

Xulosa. O‘tgan asrning ellikkinchi yillaridan boshlab ikkinchi tur elliptiko-giperbolik, parabolik-
giperbolik va parabolik-elliptik tipdagi tenglamalar uchun qo‘yilgan lokal va nolokal masalalarni yechishga
bo‘lgan qiziqish yanada ortdi. Bunga sabab bu tenglamalarni ko‘pgina fizik, mexanik va biologik
jarayonlarni o‘rganishda qo‘llanishidir.Xulosa sifatida shuni aytish mumkinki, maqolada R2 sinfda ikkinchi
tur buzilish chizigiga ega bo‘lgan giperbolik tipdagi tenglama uchun qo‘yilgan Koshi masalasining
umumlashgan yechimi topilgan, buzilish chizig‘ga ega bo‘lgan parabolik tipdagi tenglama uchun birinchi
chegaraviy masala yechilgan va maqolada (1) ko‘rinishdagi buzilish chizig‘ida uzilishga ega bo‘lgan
ikkinchi tur parabolik-giperbolik tipdagi tenglama uchun parallel xarakterisikalarda Bitsadze —Samarskiy
sharti bilan qo‘yilgan masala yechimining bir qiymatli yechilishi va uning isboti ko’rsatilgan.
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Abstract. In this paper, a nonlocal problem of the Samarskii-lonkin type is studied for a degenerate
elliptic equation with a singular coefficient. The spectral method is applied to solve the problem. Under
certain conditions on the given functions, theorems on the existence and uniqueness of a solution are proved.
The proof of uniqueness is based on the completeness of the eigenfunction system, whereas the solution is
represented as an absolutely and uniformly convergent biorthogonal series.

Keywords: degenerate elliptic equation, equations with singular coefficients, half-strip, nonlocal
boundary conditions, spectral method, modified Bessel functions, uniqueness, existence, biorthogonal series,
completeness, basis property, adjoint problem, eigenvalues, eigenfunctions.

CIHEKTPAJIbHBIN AHAJIN3 HEJIOKAJIBHBIX BbIPOKIEHHBIX 3/VIMIITUYECKHX
YPABHEHUU C CUHT'YJISIPHBIMU KOO PUIIUEHTAMMU

Annomayua. B Oannou pabome paccmampueaemcsa uenoxanvhas sadada muna Camapckoeo-
Honkuna 015 8b1pOACOEHHOL0 INIUNMULECKO20 YPABHEHUS C CUHSYTAPHBIM KOdpduyuenmom. [ns pewienus
3a0ayu nNpUMeHAemcs CheKmpanbhvii Memoo. IIpu onpedenénnvix Ycnousax Ha 3a0anmvle @OYHKYuu
YCMAaHABIUBAIOMcs meopemvl O eOUHCMBEHHOCMU U  CYWecmeosanuu peuwenuti. Jlokazamenbcmeo
€OUHCBEHHOCMU OCHOBAHO HA NOJHOME CUCMEMbl COOCMBEHHBIX QYHKYUL, a peuieHue npeocmasisiemcs 6
8ude abCcoOMHO U PABHOMEPHO CXO0AUE20C DUOPMOSOHATLHO20 PAOA.

Kniouesvie cnoga: 6uvipodicoennoe 9anunmuyeckoe ypaeHeHue, YPAGHEHUs C  CUHSYIAPHbIMU
KOI(uyuenmamuy,  NOAYNONOCA,  HENIOKAIbHble — CPAHUYHbBlE — YCAOBUS,  CHEKMPAIbHbIL  Memoo,
Moouuyuposannvie @yukyuu beccens, eOUHCMBEHHOCHb, CYWECMBO8AHUE, OUOPMOSOHAIbHbIE PAObI,
nonnoma, 6asucHvle C8oUCMEA, CONPANCEHHAS 3a0aiad, coOOCMEeHHble 3HAUEeHUsl, COOCMEeHHble QYHKYUU.

CHUHI'YJIAP KOEOOUIIUEHTJIN HOJIOKAJI JETEHEPAIIUSJIAHTI'AH JIVIMIITUK
TEHT'JIAMAJIAPHUHI' CHHEKTPAJI TAXJINJIN

Annomauus. Ywby maxonada cuneyisp KodpuyueHmau auHuean OSNIURMUK MEeH2IaMa YUVH
Camapckuti-Honukun munuoaey HOLOKAN Macana ypeawuneanw. Macaranu eyuwida cnexmpair ycyn
Kyananuneatn. bepunean Qynkyusnap yyyH Maviym wapmiap ocmuoa e4uMHURE MABAHCYOIUSU 8A A2OHATUSU
Xaguoazu meopemanap ucOomianean. HeoHATUKHUHE UCOOMU XOC PYHKYUALAD MUBUMUHUHS MYTUKIUSUSA
acocnavean OYaub, euum abcomom 6a MEKUC AKUHAAWYEUU OUOPMOSOHAN KAMOp  KYPUHUUUOA
ugooananaou.

Kanum cyznap: aiinuean 511unmux MeH2LAMA, CUHZSYIAD KOIDOuyueHmau meHeramaniap, sapum
nonoca, HONOKAN 4e2apasuil Wapmiap, Cnekmpan ycyn, moouguxayus xununean beccen gynxyusnapu,
S2OHATUK, MABAHCYOTUK, OUOPMO2OHAN KAMOp, MYAUIUK, OA3UC Xoccacu, KYWMA MACAid, Xoc KUUMamiap,
xoc gyuryusnap.

Introduction. The theory of nonlocal boundary value problems was first established in the pioneering
works of T. Carleman [1]. In these studies, the author investigated solvability questions for boundary value
problems with nonlocal conditions arising in the theory of holomorphic functions defined in bounded
domains. In particular, the formulation involved relations connecting the values of the unknown function at
different points of the boundary. Later, A. V. Bitsadze and A. A. Samarskii [2] proposed a new class of
nonlocal boundary value problems for elliptic differential equations motivated by applications in plasma
physics. By reducing the original problem to a Fredholm integral equation of the second kind and applying
the maximum principle for elliptic equations, they proved the uniqueness of the classical solution.
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Subsequent developments in the theory of partial differential and functional-differential equations made it
possible to investigate the solvability of nonlocal problems for a wide class of elliptic equations.
Monographs [3, 4] provide a detailed classification of nonlocal elliptic boundary value problems, establish
unique solvability results in Sobolev and weighted Kondratiev spaces, and present their applications to heat
conduction, diffusion, and the cooling of aircraft engines. Similar problems were studied in [5-10], and for
parabolic systems in [11, 12].

Regarding degenerate equations, it is worth noting the study [13], in which, for equation (1) with a
different type of degeneracy in the half-strip, a nonlocal problem of the Samarskii-lonkin type was
investigated. Similar problems for degenerate equations with Samarskii-lonkin type conditions were studied
using the spectral method in [14, 15]. In [16, 18], mixed-type equations whose elliptic component coincides
with a half-strip and contains equation (1) were investigated. In these works, the Tricomi problem as well as
boundary value problems with nonlocal periodic-type conditions were analyzed. Moreover, local and
nonlocal boundary value problems for degenerate mixed-type equations, whose elliptic part is a half-strip,
were also studied in [13, 14].

For degenerate elliptic equations, refer to work [21], where a nonlocal problem of lonkin type was
studied for an equation similar to (1) in the half-strip. Similar problems for degenerate equations with
nonlocal boundary conditions solved by the spectral method were investigated in [16, 19]. In [18], Tricomi-
type and nonlocal periodic-type problems for mixed-type equations whose elliptic part coincides with a half-
strip have been studied in a number of works. Local and nonlocal boundary value problems for degenerate
mixed-type equations with an elliptic component in the form of a half-strip were also analyzed in [24]. In the
present study, a nonlocal boundary value problem of the Samarskii-lonkin type is considered for a second-
order degenerate elliptic equation. The analysis is based on the spectral method, which enables the
determination of the eigenvalues and corresponding eigenfunctions of the associated spatial problem, as well
as the investigation of their completeness and basis properties in an appropriate functional space. The
spectral characteristics of the adjoint problem are also examined.

In the present work, a nonlocal problem of Samarskii-lonkin type is studied for a degenerate second-
order elliptic equation. Using the spectral method, the eigenvalues and corresponding eigenfunctions of the
associated spatial problem are obtained, and their completeness and basis properties in the relevant
functional space are established. The spectral properties of the adjoint problem are also examined.
Samarskii-lonkin type problems are characterized by nonlocal conditions that relate the values of the
solution or its derivatives at different parts of the boundary, which leads to a non-self-adjoint spatial
differential operator. Consequently, the system of eigenfunctions is generally incomplete and nonorthogonal,
making the study of its completeness and basis properties a nontrivial and important mathematical problem.

Materials and Methods.

Problem statement. Let O={(x,y)ER*:0<x<1,y>0} and
0 ={(x,y) € R*:0 < x < 1,y = 0}. Consider the degenerate elliptic equation
.Vm Uy T Uy + = Uy, — bE.Vmu =0, (1)

where p is a real number, m and b are positive numbers.
The domain 0 is bounded by the segment 04, connecting the points 0(0,0), 4(1,0) and laterally by

the half-linesx =0,y = 0andx =1,y = 0.

Investigate the following nonlocal boundary value problem corresponding to equation (1) in the
domain Q.

Problem N,(2p < —1 —m). Find a function u(x,y) in the domain Q satisfying the following

conditions:
u(x,y) € C*(QU{x = 0,y > 0}) N C*(1), @)
lim u(x,y) = 0 uniformly for0o < x < 1, 3)
V=t
u(0,y)=0,y=0, u,(Ly)+u, 0y =0,y>0, 4)
111110_}1‘1‘”’*1;1,[1', y)=v(x),0=<x<1. (5)
y—+ °
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Problem N,(2p = —1 —m). Find a function u(x, y) in the domain Q satisfying conditions (3), (4)

and
u(x,y) € CH(Q\04) N C2(Q),
v—l—m
lim =
y—+0 Iny

Problem N;(2p > —1 — m). Find a function u(x, ¥) in the domain Q satisfying conditions (2)-(4) and

u,(x,y)=v(x),0=x=1 (6)

the following condition
u(x,y) € CH(Q\04) N C2(Q),

lim y*Pu,(x,y) =v(x),0 = x = 1, (7

y—=+0

where v(x) is a given function.

Results and Discussion.
Spectral properties of the problem. To solve the problem, apply the spectral method (Fourier
method). Seek nontrivial solutions of equation (1) in the form
u(x,y) = X(x) - T(y).
Substituting this expression into equation (1) and performing the separation of variables, arrive at the
following spectral problem for the function X (x)
X'(x)=—AX(x)=0,0<x <1, (8)
subject to the boundary conditions:
X(0)=0, X'(0)+X'(1)=0. (9)
For A = 0, problem (8) and (9) has only the trivial solution. For A = 0 the general solution of (8) is
X(x) = €,cos\Ax + C,sinVAx.
Imposing the boundary conditions (9) yields the characteristic equation that determines the
eigenvalues. The eigenvalues are found to be:
A=((2n-1m)’ ,neN. (10)
The corresponding eigenfunctions form a system of two linearly independent functions for each
eigenvalue A:

X, (x) =sinu,x, X, (x)= xcosu,x,n€N. (11)
where 1 = pZ.
Problem (8) and (9) is non-self-adjoint. Therefore, also consider the adjoint problem:
Y'(x)+pui-¥Y(x)=0, x €(0,1), (12)
Y'(1)=0, ¥(0) + ¥Y(1) =0. (13)

The eigenvalues of the adjoint problem (12) and (13) coincide with those of the original problem,
given by (10). The corresponding eigenfunctions of the adjoint problem are:

Y, (x) = cosp,x, ¥,(x) = (1 — x)sinu,x,n € N. (14)
The systems of eigenfunctions { X, (x), X,,(x)} and {¥,,(x), ¥,.(x)} constitute a biorthogonal system in
L,(0,1). Moreover, it has been shown in [23] that these systems are complete and form a Riesz basis in
L,(0,1).
Existence and uniqueness of the solution to problem N,. Begin by proving the uniqueness of the
solution for Problem N .

Theorem 1. If a solution to problem (2) - (5) exists, then it is unique.
Proof. Let u(x, v) be a solution to problem (2) - (5) with v(x) = 0. Will show that u(x,y) = 0 in (.

Consider the following functions
() = [; u(x, y)cosp,xdx, (15)
i, (y) = folu[x,y)(l — x)sinu, xdx. (16)
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Differentiating u,, () twice with respect to y and using equation (1), it is obtained that
wy (y) = =221, — 22 () + D2y 2w, (),

where 2q = m + 2.

Now integrate the term T, by parts twice. Applying the boundary conditions (4), obtain the following
result

Ty = [ e (v, ) cOSppxdx = —p2 [ uCx,y)cospxdx = —p2u, (v). (17)

Substituting this into (17) gives the ordinary differential equation for w,, (y):

) (v) + 2, (v) — (b2 + ud)y>2u,(v) = 0. (18)
From the boundary condition (5) and the condition at infinity (3), derive the boundary conditions for
Uy (1)
lim y*~2%y (v) = v,, lim u,(y) =0, (19)
y—=+0 Y—+too
where
v, = fOIV(I)COSﬂnIdI. (20)
To solve equation (18), apply the change of variables:
U, (¥) = Z(b,y ")yt = u, (y) = Z(D)yPs, (21)
where
b2 4 ?t
1:=br!.q.'",q!‘vpl=lzp’bn_\I -

This transformation reduces equation (18) to the modified Bessel equation of order p, :
2
Z"(t) + iz’(r) - (1 + Z—;) Z(t) = 0.
The general solution of this equation is expressed in terms of the modified Bessel functions of the first

and second kind, I

1, (t) and K, (t), respectively:

Up (¥) = Aplp, (bpy?) + BpKy,, (D y?).

Substituting this expression for Z(t) into the transformation (21), obtain the general solution of
equation (18) in the following form

Uy (¥) = A, YL, (b y?) + By P2 Ky (D7) (22)
Using the asymptotic behavior of these functions I,,(z) and K,,(z) as z — oo [22]:

e? g2
(@)~ = Ky(2)~ = (23)

and the second condition (19), conclude that 4, = 0. Consequently, the solution of (22) can be

represented in the following form

Uy, (V) = Bnyqlep,(bnyq)l (24)
where B,, is an arbitrary constant.

As z — 0, recall the formula for the derivative of the modified Bessel function given in [4, p. 91]:

L (2K, (@) = ~2°K, 1 (@), S (27K, (2)) = ~27K,.1(2) (25)
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Using the first relation in (25), differentiate equation (24) and determine the expression for u;, (v). As
a result, obtain the following

U (V) (¥) = —Bpqb,y" 11K,y (by?). (26)

Next, applying the asymptotic expansion of the function K,(t) as z — 0 [14]:

K,(2) % 55 ,v > 0, Ky (2) = —Inz, 27)

Taking into account (26) and the first boundary condition of equation (19), obtain the following
relation

vlili:loyl_gq[_Bnqbnyq-'-qpl_lh’pl—l(bnyq)] = Vn.

By applying the first of the asymptotic formulas in (27), obtain the following result
B - _ v (b_n)pl_z
nT O gTp, 1)\ 2 '
Consequently, the solution of equations (18) and (19) can be expressed in the following form
Vn by P2 .
U () = = = () Ty K, By ). (28)

Next, using conditions (3) - (5), determine the explicit form of the function i, (y). For the purpose of
this analysis, equation (16) is differentiated twice, and by employing equation (1), the following relation is
obtained.

0 (y) = =277 [ e (1, Y) (1 = X)sinpx dx =2t (v) + b2y 2, (y).

Performing two successive integrations by parts on the first term, obtain the following inhomogeneous
differential equation for i,,(y):

iy () + i (y) — (b7 + pd)y2920,(y) = 2,y 2u,(¥), (29)

with boundary conditions:

111110}?1‘2‘?&;{ (y)=1,, limi,(y)=0, (30)
y—+ Yy—eo
where

7, = fol(l — x)p(x)siny, xdx. (32)

Since the differential equation (29) is nonhomogeneous, its solution can be represented as the sum of
the general solution of the corresponding homogeneous equation and a particular solution of the
nonhomogeneous equation. Using the method of undetermined coefficients, a particular solution of equation
(29) can be taken as follows

Cnyq-'—qpl Kp,+1(bnyq)’

where the constant C,, is given by

_ Hn ¥n by py—3
n— - .

2q%(1-2p, (py—1) * 2
Then

-3
_ Hn'Vn (b_n)pl q+apy b va
2q*(1-2p, (p,—1) \ 2 Y pu+1(OnY%).

The general solution of problem (29) and (30) is readily seen to have the form

Un(y) = Apy il (b y®) + By ®Pr Ky (bpy®) + Coy " P Ky, 4q (b ?). (32)
Using arguments similar to those for wu, (y), conclude that 4,, = 0. Thus, expression (32) can be

written as
U,(y) = By™1K, (b,y?) + C,y"" P K, ,1(b,y?). (33)
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Now, taking formula (25) into account, from (33) this yields
Un(¥) = Bpbyqy ¥ ¥ 71K, i (Bay?) + Cpbpqy ™ T2971K, (boy?). (34)
Next, using the first boundary condition from (30) together with (27) and (34), we obtain
_ Vn b_n P2 fn v T(py ) b_n P14
Bn=- I(p,-1) ( ) 2g3(1-2p, 02 (py-1) ( ) '
As a result, formula (33) takes the form:

~ ( )_ V]"! (bn)pl_z qu_K [:b Q)_l_
Uyl = F(ﬂj—l) 2 y Py nY

Ky 'an—‘(pl)
2¢3(1 - 2p,)T3(py, — 1)

p,—4
n
(?) yqu_ Kpl (bnvq) —_

— HnVn b_“ P13 +ap,
() Ty, L (). (35)
Formulas (28) and (35) together imply that problem (3) - (5) has a unique solution. Indeed, if v(x) = 0
on [0,1], then ii,,(y) = 0 and u,, (v) = 0. Then, from (15) and (16), it is obtained that:
_[Dlu(x,y)cos;znxdx =0, fol u(x,v)(1 — x)sinu,xdx = 0.

Given that systems (11) and (14) form a complete set in L,(0,1), immediately deduce that u(x,v) = 0

in Q. This establishes the uniqueness of the solution for problem N, .
Now turn to the question of existence for a solution to problem N,. To this end, formulate the

following lemma:
Lemma 1. If v(x) € €***[0,1] and v(0) = 0, v’(O) +1'(1) = 0, then the estimates below are valid

vl < |7, | <

2+Ct 2+Ct

Proof. Applying integration by parts two times in (15) and (16). Then, taking into account the
conditions of Lemma 1, it is obtained that

Az
n2ta’

v | < |V, ] <

Z+Gt’

Lemma 2. Under the assumptions of Lemma 1, the following inequalities hold for any y > 0

lu, ()] < 2280 g, ()] < 2o

Proof. Let 0 < y < g where £ > 0 is a sufficiently small number. By employing the asymptotic
behavior of Bessel functions, we estimate w,, (y) and i, (v), defined by formulas (28) and (35), respectively.

The following holds:

b\ - qp |{ by P12 qp I'(py) {Aalﬂnl
Iu (V)I qr(pl—l]( ) y lK (b y9) Ay QT(IJJ.—U( ) y lzl‘PJ.bf:lyQPJ. - ar
To estimate i,,(y), express it as a sum:
i, (V) = ay (.V) + bn (V) + (}'), (36)
where
_n b_n P2 ap q
a0 = i (2) K, ),
= |— ¥n b_n P12 qap q e — Tn b_n P12 qp I'ip,) A5|Fﬁn|
Ian(v)l—| r(pl_l](g) YIPIK, (b,y9)| < 43 qr(pl_lj(g) iy S
(37)
—_ Pn""'n'r':IJJ.] b_n pl_“‘ qp q
ba(y) = g B (1) y Rk, (b,
pn v T(PyL) bn P4 I'ip,) Ag vy
< - b ap
b, ()] < 45 2q3(1—2pl]1'2(pl—1](2) o e (38)
- _ Hn¥n b Pas a+aqp q
) = o () Y K G
Hn"Vn bn P13 + T'ip,+1) Aglvyl
<= — “n q+ap
ICH(V)I - AT 2q3(1—2pl]1'(pl—1](2) y l2_pl(bn:!,}Q]pJ_+l - anr (39)
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It follows from (36) - (39) that

Ag vyl

2,V = ,

n

where all constants 4;(i = 1,2,...,5) are positive and remain so throughout. Now state the following
theorem:
Theorem 2. If v(x) € C***[0,1] satisfies the conditions of Lemma 1, then there exists a unique

solution to problem (2)-(5), which can be represented in the form of a biorthogonal series:
u(x,y) = 2 g (V)sing,x + Tz @, (y)xcospi,x, (40)
where the functions w,, (y) and i,,(y) are defined by formulas (28) and (35), respectively.
Proof. Since the systems of functions (11) and (14) form a Riesz basis, if v(x) € L,(0,1), then the

function u(x, y) can be represented by the biorthogonal series (40), which converges in L,(0,1) for any
y > 0. If the function v(x) satisfies the conditions of Lemma 1, then, using the estimates for u, (y) and
i, (v) from Lemma 2, the series (40) converges uniformly for any (x,y) € 0. Consequently, the function
u(x, y) is continuous on Q1 and can be expressed as the sum of a uniformly convergent series.

We now show that the series (40) can be differentiated twice with respect to x and y. To do this, we
demonstrate that term-by-term differentiation yields series that converge absolutely and uniformly in Q.
Formally differentiating the series (40) term by term, we obtain:

Upy = —Hp Tomy Uy (V)SINpLLX — py X0y W, (W) sinp, X —pp ¥y @, (V) XCOSH, X, (41)
uxy = Hn z:j:l ﬁlrn CV)COSﬁnx + fly ;D=1ﬁ;: (3’)505#111' - z:ozlﬁ;! (_’}T)COS;J,“IJ (42)
Uy, = —fy Loey Uy ()sinu,x + Yo, @) (y)xcosp,x. (43)

Thus, by the Weierstrass criterion, the series (41)-(43) converge absolutely and uniformly within the
closure of the domain Q. Consequently, the second-order partial derivatives wu,, i, and the first-order
derivative u,, are continuous throughout Q. By substituting the expressions (41) and (43) into equation (1), it
can be verified that the function u(x, y), defined by the series (40), indeed satisfies the differential equation
(1) throughout the domain Q. This demonstrates that the constructed function u(x, y) is not only continuous
together with its required derivatives but also fulfills all the necessary conditions of the degenerate elliptic
equation under consideration.

Therefore, we conclude that the function u(x,v) represents a valid and well-defined solution to
equation (1). Hence, the theorem is completely proven.

Existence and uniqueness of the solution to problem N,. Let us now prove the existence and

uniqueness of the solution to problem N,. When 2p = 1 — 2q, equation (1) takes the following form
V2 Uy, + 1y, + l_jq wy, — (b + pp)y**u =0, (44)

First, find the function for w, (). To this end,"integrating u, (v) y parts twice and taking into account

(44), we get the following
. 1

u, (v) = J-uw (x, V)cosp,xdx = —y2972 J- U, (X, V) cOSp, xdx —

0 0
1 1
1-2
— qJ- u, (x, y)cosp,xdx + +b*y?9=2 J- u(x, y)cosp, xdx =
0 0
=~y = L () + DRy PR, (),

Thus, considering the last obtained expressién together with equation (17), arrive at the following
problem associated with the function u,, ():
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w + 12 ’(v)—vz‘*" 2(b? +ud)un () = 0, (45)

J.
lim £
y—=+0 Iny

() = e lim u, () = 0, (46)
Yyt
where
v, = _[Dlv(x)costtnxdx. (47)
Now introduce the substitution u,, (v) = ¥?Z(t). In this case, equation (45) takes the following form
[11]:
t2Z"(t) + tZ'(t) — (£ + 1)Z(t) = 0.
Hence, the solution of problem (45) and (46) can be written as
U, (v) = B,y*K_;(b,v?). (48)
By substituting expressmn (48) into the first boundary condltlon of (46), we obtain

(BV K_;(b,y? ))’ —yl Bbqu‘? 1Ko(b,v?) = v,.

lim £

1;—.

From the first asymptotlc formula in (25) and the above expression, we find B,,

B, =——".
n bnqz
Thus, the function u,, () to problems (45), (46) is given by
U, (y) = — qi’; VOK_; (b y?). (49)

Now we find the function i, (y). Differentiating expression (16) twice with respect toy, and taking

into account (44), obtain We following
1

i, (y) = J-uw(;t y)(1 — x)sinp,xdx = —y?372 J- Uy, (x,¥) (1 — x)sinp, xdx —
0 0

1
1-2
- qJ- u, (x, y) (1 — x) sinp,, xdx + b>y?9=2 J-u(;t,y)(l — x)sinp,xdx =
4]

0
= Y2972, = U () + B2 ().

Similar to the computation of the integral T, , evaluate the integral T, as follows:

1

T, = fol U, (x, V)(1 — x)siny,, xdx.
Using integration by parts and the boundary conditions (4), the following result is obtained
= jluxx(x V(1 — x)sinp,xdx = —2p,1u, (V) — 21, (y).
Thus, i,,(y) satlsfles the mhomogeneous ordinary differential equation

iy Tl () — (5 + DY, (1) = 26,7 U, (), (50)
with the boundary conditions:
lim % qﬁ; (y) =17, lim i,(y) =0, (51)
y—+0 Iny y—+co

where u,, (y) and i, (y) are the Fourier coefficients corresponding to the given functions and
v, = _[01[1 — x)v(x)sinu, xdx. (52)

Solving equation (50) with boundary conditions (51), (52) (e.g., by the method of variation of
parameters or by finding a particular solution) obtain the expression for i,,(y):

Un(y) = L1 (0ay?) + TR YK, (By?). (53)

2bz &~
From formulas (49) and (53), it follows that the solution to problem N, (i.e., (2)-(4) and (6)) is unique.
Specifically, if v(x) = 0 on [0,1], then v, = 0 and ¥, = 0, which in turn implies that w,(y) = 0 and
it,,(y) = 0 for y > 0. Consequently, owing to the completeness of the systems
{cos(2n — Dmx}ii, and {(1 — x)sin(2n — 1)mx};2, in L,(0,1),
conclude that u(x,y) = 0 for all x € [0,1] and y € (0, o). This establishes the uniqueness of the
solution to problem Nj.
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From formulas (49) and (53), it follows that the solution to problem N, (i.e., (2)-(4) and (6)) is unique.
Indeed, v(x) = 0 on [0,1], then v, = 0 and ¥, = 0, which implies w,(y) = 0 and i,,(v) = 0 for y > 0.
Therefore, due to the completeness of the systems

{cos(@2n — Dymx}, and {(1 — x)sin(Zn — Vmx}iz,

in L,(0,1), it follows that «(x, y) = 0 for all x € [0,1], y € (0, o). This proves the uniqueness of the

solution to problem N .

Similarly, the solution to problem N, may be expressed as a biorthogonal series:

(=]

u(x, y) = Ly Un (V)sing,x + X0, @, (y)xcosp, X,
where u,, (y) and ,,(y) are given by (49) and (53), respectively. By substituting these expressions, the
explicit form of the equation can be obtained as follows:

w  Vntin
n=1 bnqz

Based on the expressions (49) and (53) and the asymptotic properties of the Macdonald function
K,(z) for small and large arguments, estimate the functions w,, () and i,,(y) uniformly in y:

By |vnl - Bo Vg B vy
Jun ()] = 222, a1, ()] < 22l 4 Zelnd (55)

1
n2

o HEnmo2ap (b,y9)xcosp,x.  (54)

=1 J
n brthd

u(x,y) = — VK _;(b,y?)sinp,x —

here B;(i = 1,2,3) are positive constants, and these estimates follow from the fact that
v(x) € €?*%[0,1] and the decay rate of Fourier coefficients in the trigonometric system [21,22]. Similarly,
we estimate the Fourier coefficients v,, and i, using integration by parts (as in Lemma 1), which yields |v, |
and |7, | for v(x) € €?*%[0,1]. Since the function systems {sin(2n — 1)mx}:_,, {xcos(2n — 1)mx};>, and
their biorthogonal counterparts form a Riesz basis in L,(0,1) the uniform convergence of the series (54)
follows from the estimates K, (b,, y?) and the exponential decay of v,, for large n with fixed y > 0.

For y = ¢ > 0, the asymptotic behavior of the Macdonald function k,(z) [10], implies that the terms
K_,(b,y?) and K_, (b, y?) decay exponentially as n — e. The other factors in (49) and (53) grow at most
polynomial in n. Therefore, the terms |u, (y)| and |, (y)| decay exponentially for y = 0. This ensures the
absolute and uniform convergence of the series Y.7°_, [, (y)| and X7, |d,(y)| for y = £ > 0.

It follows that the series (54) converges both absolutely and uniformly in the domain x € [0,1],
y = & > 0, which establishes the existence of a solution to problem N, .

Existence and uniqueness of the solution to problem N,. Now consider Problem N, where

22 < 0. Let us denote —p, > 0. We now establish the

2p > —1—m. This condition implies p; = 2a

existence and uniqueness of the solution to problem N, (i.e., (2)-(4) and (7)).
Theorem 3. If a solution to problem N; (i.e., (2) -(4) and (7)) exists, then it is unique.

Proof. The proof of uniqueness follows the same pattern as for Problems N, and N,. Define the

Fourier coefficients using the adjoint eigenfunctions
{sin(2n — Dymx}-,, {xcos(2n — Dmx}i,,
{cos(2n — Dmx},, (1 — x)sin(2n — Dmx}i,,

are biorthogonal systems, complete and form a Riesz basis in L,(0,1) [21].

Using formulas (15) and (16), and proceeding analogously to the method applied for u,, () and i, (v)
in problem N, we define the Fourier coefficients w,, (y) and i, (y). First, consider w, (y). Differentiating it
twice with respect to y and using equation (1) together with the boundary conditions (3), (4) and (7), find
that u,, (y) satisfies the differential equation

wy (y) + 2, (3) = (3 + H)y™u, () = 0 (56)
and the boundary conditions
lim y??u,(y) =v,, lim u,(y) =0, (57)
y—=+0 y—+too
here
v, = folV(I)COS;.LnIdI. (58)
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The unique solution to problem (56) and (57) can be found using the substitution
u, (v) == y®1Z(b,v?), leading to a modified Bessel equation. Furthermore, by employing the second
formula in (25), the solution can be represented in the following form

() = ——2—. (2) 7y, (b,y?) (59)
mA gT(1-p,) ‘2 ’ TR
Now we find function ,(y). Similarly to the previous cases, derive the following ordinary

differential equation for i, (y):

i, (v) + zv—pﬁn(.v) — (ua+ b1y 2, (y) = 227 2u, (). (60)
From the boundary conditions (3), (4) and (7), the boundary conditions for i,,(y) are:
lim y?Pi,(y) = 7,, lim i,(y) =0, (61)
¥—=+0 y—=+aow
where
v, = _[01[1 — x)v(x)sinu, xdx. (62)

Equation (60) is a linear inhomogeneous ordinary differential equation. Its general solution is the sum
of the general solution of the corresponding homogeneous equation and a particular solution of the
nonhomogeneous equation. The homogeneous equation is identical to equation (56) and its general solution
is given by a linear combination of y?¥11, (b,y9) and y?#1K,, (b,y?). A particular solution to equation
(60) can be found using the method of undetermined coefficients or variation of parameters, and is given by
the function

by P17t
Cr- (?n) yq+qle—pl—1(bnyq)'

here
— Hn*Vn
" 2T (1-p,)’
It then follows that
B S 4 N . .
2g3T(1-py) (2) y lK—pl—l(bny ) (63)

Thus, the general solution to (60) can be written as
Un(y) = Apy™ 1y, (bpy®) + By 1Ky (bpy?) + Cuy ™™ K_p, 1 (b,y?), (64)
where the last term is the particular solution (63). Using the asymptotic behavior of the functions I,,(z)
and K,(z) as z — o (see (23)), and applying the boundary condition lim i, (y) = 0, we conclude that

A, = 0 because I, (z) grows exponentially at infinity. Therefore, formula (64) is reduced to the following
form
Un(y) = Bpy LK p (bpy?) + CryPr9K_, 3 (bpy?). (65)
Next, we apply the first boundary condition from (61) and use the asymptotic formula for the
derivative of K,(z) for small arguments. After calculations, we obtain the constant B,;:

Bn=- qrcii}tm (%n)_pl'

Substituting the expressions for B,, and C,, from (63) into (65), the function i, (y) assumes the form:

i, () Vi (bﬂ)_pl a1 . K__ (b, y?)
Un\Y) == =1 o\ 2 yE AL L
qr(l—p,)\2 21
En'Vn bn ~pi-l .
_zqam_pl;(?) yrr®L K p 1 (bny?). (66)

Since the systems of functions (11) and (14) form a Riesz basis in L,(0,1), the solution to problem N,
in the domain (1 is sought in the form of the biorthogonal series:
u(x,y) = L=y Un (¥)Sinp,X + X0 @, (V) XCOS,X,
where u,, () and i,,(y) are given by (59) and (66), respectively. Substituting these expressions yields
the explicit series representation

1 h —FP1
u(x,y)=— Z m - (En) VIPLK_, (bpy?) (v, sing, X + ¥, XCOSp, X)

oo Hy W b Pl - .
~ gt () Ty K by xcospyx. (67)

n=1

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 43



MATHEMATICS

It can be verified by direct substitution that the function defined by the series (67) satisfies equation
(1) in the domain 0, provided the series converges sufficiently well. Furthermore, it satisfies the boundary

conditions (4) and (7), as well as the conditions at infinity (3), by construction of the functions w,,(y) and
it,,(v) as solutions to (56), (57) and (60), (61).

Thus, the solution to problem N, can be represented by the series (67). For each fixed x € (0,1) and
¥ > 0, this series converges in L,(0, o) sense with respect to x. Furthermore, for any y = £ > 0, where ¢ is
sufficiently small, the series (67) and all its term wise derivatives of arbitrary order converge absolutely and
uniformly. This is due to the exponential decay as n — oo of the Macdonald functions K_, (b,y?),
K, (b,y?) and K_, _;(b,y?), which dominates any polynomial growth of the coefficients v,, 7, and the
powers of n arising from b,,. Therefore, the function u(x, y) defined by (67) is smooth in Q and satisfies
equation (1) by term wise differentiation.

We now show that the series (67) also satisfies the boundary conditions (4) and (7). This requires
verifying the behavior of the solution as y — +0. Assume the function v(x) satisfies v(x) € €?**[0,1],
v(0) =0 and v'(1) +v'(0) = 0. Then, integrating by parts in (58) and (62) (analogously to estimates in
Lemma 1), we obtain the estimates

D, ~ D,
[v,| = n—zand [7,] < =

Now, for fixed n € N and sufficiently small y > 0, we estimate the function u,, (y) given by (59)
using the asymptotic behavior of K,,(z) for small z [22]:

1, ()] (%) " yen, @) <
U, M == yiPLK vy <
" qr(1—py\2/ TR
Vn bn P F{-p,)
=G|~ Faos (7) Y Py an Kpl[:bn};q)| < Golvnl. (68)
Similarly,represent i,,(y) from (66) as a sum of two terms:
ﬁn[:v) = an[:y) + bn[:v)'
where
_ ___Vn bn s qp q
iy [:V) - aT(1-p,) ( 2 ) y lK—:GIJ_ (an )
Using the asymptotic (27) for z — 0 and p, > 0 [22], estimate
7, (bn)_pl -
a, Vil =|——/——\|— yIPiK_ (by9)| <=
a0 = |- s () o, B
___Vn bn T q+qp, _ Tlpa) o5
=G qr(l—pl]( 2 ) y ' 22401 by y?) 1P = Gyl (69)

The second term b, (v) is given by
— ___ #Fawm  (bn Pt q+ap, q
b (V) =~ o eram ( ; ) YR, i (by ).
The asymptotic behavior of b, (y) as ¥ — 0 depends on the sign of the exponent and the order of the

Bessel function. Consider different cases based on the value of p, = 1;—2" which corresponds to the cases

2p<1,2p>1land2p =1.

Case 1: 2p < 1 (which implies p, = 0). In this case, —p, — 1 < 0.Using the asymptotic K,(z) for
z— 0andv > 0[10]:

Case 2: 2p > 1 (which implies p, < 0). For z — 0, the asymptotic depends on whether 2p > 1 + 2q,
2p=1+2gand1 < 2p < 1+ 2q respectively. We first analyze the case in which 2p > 1 + 2q is present.

Subcase 2a: 2p > 1 + 2q. Using the first formula (27), we have

—p,—1
Ly -V, b 25
b ()] = |— s (3) YTy <
HnVn by Pl + F(-1-p,)
= C? 2p, q?T(1-py) (?) yarae 2240y (b, y3)~ 1Py = anlvn I (70)

Subcase 2b: 2p = 1 + 2q:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 44



MATHEMATICS

|b, (M| = | EPZFL;’;]KD(E) ¥ )l < Gy EPZF(’;]lIl(bnyq)l < Cyoninn|v,|.  (71)
|2, (V)| < Cal,| + Cioninnv, |, (72)

where the Fourier coefficients v,, and 7, are defined by (58) and (62). Assuming v(x) € C**%[0,1]
with v(0) = 0 and v'(0) +v'(1) = 0, integration by parts yields:

V, = folv(x)cos;znxdx, v, = —Piz_[olv”(x)cos;inxdx,
7, = [ v() (1 — x)sing,x dx, 7, = Piafolv”(I)COSﬂnx dx +
+ Pizfol"lf”(x)[l — x)sing,x dx.

Applying integration by parts two times, while observing that the boundary terms disappear as a result
of the constraints on v(x), the following is obtained:

v | < == |97, (73)
H5

172 < 2 1971+ 21y (74)

here, C;(i = 1,...,3) are positive constants and

v, = fol V()1 — x)sinp,x dx; v = _[01 v''(x)cosp, xdx.

The estimates (68)-(72) for |u,, (v)| and |i,,(y)|, together with the estimates (73) and (74) for |v| and
||, guarantee the absolute and uniform convergence of the series (67) and its required derivatives in the
domain Q = {x € [0,1], ¥ € [0,)}. Therefore, the function u(x, y) defined by (67) is indeed a classical

solution of problem Ny, satisfying equation (1), boundary conditions (4), (7) and the condition at infinity (3).
This completes the proof of Theorem 3.
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JORDAN CANONICAL FORMS FOR MATRICES OVER FINITE FIELDS AND
NILPOTENT MATRICES OVER RESIDUE CLASS RINGS
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Abstract. We develop a complete theory of Jordan canonical forms for matrices over finite fields F,

and their algebraic closures ?p. Existence and uniqueness theorems are established via the decomposition

into generalized eigenspaces and the construction of Jordan chains. We derive explicit formulas for
determining Jordan block sizes from the dimensions of kernels of powers of 4-41. Computational algorithms
are presented and illustrated through detailed examples over F,, F; and F; including cases requiring
extension fields.

Keywords: Jordan canonical form, finite fields, nilpotent matrices, generalized eigenvectors, rational
canonical form

KOPJAHOBBI KAHOHUYECKHUE ®OPMBI U151 MATPULL HAJL KOHEYHBIMU
IHOJIAMU N HWIBIIOTEHTHBIE MATPHUIIBI HA/I KOJIBIIAMHU BBIYETOB

Annomauusa. B pabome paszgusaemcs nOaHAs mMeopusi HCOPOAHOBbIX KAHOHUYECKUX ¢hopm 0ast
mampuy Hao Koneunvimu noasmu FPF_PFp u ux areebpauueckumu zamvixanusmu. Ycmawnasnusaromces
meopembl Cyuecmeo8ans U eOUHCMEEHHOCMU HA OCHO8E PA3N0dCeHust Ha 0006wéHHble cobCcmeeHHble
HOONPOCPAHCMBA U NOCTHPOEHUSL JHCOPOAHOBbIX Yenouek. Bvisooames aenvle hopmynvl 0as onpedeneHust
PaAsMepPos HeopoaHoswix 6IOK08 uepes pazmeprnocmu sodep cmenenei onepamopa A—AIA - \lambda 1A—A1.
Ilpeocmasnensl gvluuciumenvhvie anleopummsvl U npusedensvt noopodHsle npumepsvl Hao noasamu F2F_2F2,
F3F_3F3 u FSF_5F5, sxarouas cayuau, mpebyowue pacuwupenus nois.

Knrwouesvie cnosa: sxcopoanosa KanoHuueckas (hopma, KOHeuHvle NOJs, HUTbNOMEeHmHble MAmpuybl,
0000WéHHbIE COOCMBEHHbIE BEKMOPbL, PAUUOHATLHASL KAHOHUYeCKAs (hopma.

CHEKLI MAYDONLAR USTIDAGI MATRITSALAR UCHUN JORDAN KANONIK
SHAKLLARI VA QOLDIQ SINF HALQALARI USTIDAGI NILPOTENT MATRITSALAR

Annotatsiya. Ushbu ishda chekli maydonlar FpF_pFp va ularning algebraik yopilmalari ustidagi
matritsalar uchun Jordan kanonik shakllarining to ‘lig nazariyasi ishlab chigiladi. Mavjudlik va yagonalik
teoremalari umumlashgan xos giymatlar osti fazolariga ajratish va Jordan zanjirlarini qurish orgali
isbotlanadi. Jordan bloklari o ‘lchamlarini A—AIA - \lambda 1A—Al operatori darajalari yadrolari
o‘lchamlari orqali aniglash uchun aniq formulalar keltiriladi. Hisoblash algoritmlari taqdim etilib,
F2F _2F2, F3F_3F3 va F5F_5F5 maydonlarida, shu jumladan kengaytirilgan maydonlarni talab giluvchi
holatlar uchun batafsil misollar bilan yoritiladi.

Kalit so‘zlar: Jordan kanonik shakli, chekli maydonlar, nilpotent matritsalar, umumlashgan xos
vektorlar, ratsional kanonik shakl.
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Introduction. The Jordan canonical form stands as one of the cornerstones of linear algebra,
providing a nearly diagonal representation for linear operators over an algebraically closed field. Since its
introduction by Camille Jordan in the 1870s, the theory has found applications across mathematics, from
differential equations to representation theory. While the classical treatment focuses on the complex
numbers, the theory extends naturally to fields of positive characteristic, including finite fields.

Let F,, denote the finite field of prime order p and FP its algebraic closure. For a matrix A€ M,,(F,), the

Jordan form theorem asserts the existence of an invertible matrix PEGT_”(]_:},] such that P1 AP is a direct sum
of Jordan blocks
i1
(A= )
AL ok
with }.E]_:P. This decomposition is unique up to permutation of the blocks.

The present paper has two principal objectives. First, we provide a self-contained and rigorous
development of the Jordan theory over finite fields, emphasizing the algorithmic aspects necessary for
explicit computation. Second, we investigate nilpotent matrices over the non-field rings Z/»*Z and Z/mZ,

where Jordan theory does not directly apply but combinatorial enumeration remains possible.

The structure of the paper is as follows. Section 2 collects preliminary results on finite fields and basic
matrix cardinalities. Section 3 treats nilpotent matrices over residue class rings, culminating in Theorem 1.12
which gives explicit counting formulas. Section 4 presents the core Jordan theory: generalized eigenspaces,
Jordan chains, existence and uniqueness theorems, and the block size formula. Section 5 provides extensive
computational examples, illustrating the theory over various finite fields. Section 6 discusses the relationship
with the rational canonical form and compares computational complexities. Section 7 concludes with open
problems and directions for future research.

Definition 1.1 Let p be a prime number. The finite field of order p, denoted F,, is the set {0.1.....p-1}

with addition and multiplication modulo p. For any positive integer k, there exists a unique (up to
isomorphism) extension field F i of degree k, and F e 2F, [x]/(f(x)) for any irreducible polynomial f€F[x] of
degree k.

Definition 1.2 The algebraic closure 1_:IJ is the direct limit 111-11 Fpe It is an algebraically closed field of

characteristic p, and every element of fp lies in some finite extension Fpk.

Proposition 1.1 (Frobenius automorphism) The map ®,:F,—F, defined by @,(x)=xF is a field
automorphism, called the Frobenius automorphism. Its fixed field is F,, and it generates the Galois group
Gal( Fpk.-"Fp V12=Z/kZ.

Proposition 1.2

ME)F.  IGLEN-TIE @5 T, @D,

Proof. The first formula follows because each matrix entry can be chosen independently from the p
elements of F,. For the second, an invertible matrix consists of n linearly independent columns. The first
column can be any nonzero vector (p"-1 choices). The second column can be any vector not in the span of
the first (p"-p choices). Continuing this argument yields the product formula.

Definition 1.3 A matrix AeM,_(R) over a commutative ring R is nilpotent if A¥=0 for some positive
integer k. The smallest such k is called the nilpotency index of A.

Theorem 1.1 (Fine-Herstein) For any prime power g=p, the number of nilpotent matrices in M, (Fg)
is qn2 . Consequently, the probability that a uniformly random matrix in M,,(F,) is nilpotent equals q™.

Sketch. The proof proceeds by counting matrices with a given Jordan form. Over F,, a nilpotent matrix
is similar to a direct sum of Jordan blocks with eigenvalue 0. The number of matrices with a given partition
AFn S g”:"” times a product of Gaussian binomial coefficients that telescopes to q”: o

For a prime power p# (5=2), the ring Z/p*Z is not a field. Nevertheless, the nilpotence condition lifts.
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Lemma 1.1 Let :'r:z..-"pﬁZ—>Fp be the natural projection. For any matrix AEM,(Z/pPZ), we have
(ASy=n(A)* for all k=1.

Theorem 1.2 (Lifting Criterion) A matrix AeM,(Z/pFZ) is nilpotent if and only if its reduction
A=n(A)eM,(F,) is nilpotent.

Proof. (=) If 4%=0 in Z/p#Z, applying = gives 2 =0in F,, 50 4 is nilpotent.
(=) Suppose 4'=0. Write A=A+pC where CEM, (Z/p*'Z). By the binomial theorem,
a=Gpoy=3h, ()7 oy

1

Since Ek=0, every term in the sum contains at least one factor p. Hence 4"=pD for some
DeM,(Z/p°Z). Repeating this argument, we obtain A%=pE=0 in Z/p*Z.

Theorem 1.3 |{A4€M, (Z/pfZ):Anilpotent } |=pF" .

Proof. By Theorem 1.2, nilpotence depends only on 4. There are p”:'” nilpotent choices for 4 by
Theorem 1.1. For each such 4, the lift ¢ in the decomposition 4=4+pC can be chosen arbitrarily in
M,(Z/pF1Z), giving p 7 choices. The product yields pf.

Theorem 1.4 Let m=mm, With ged(m,.m;)=1. Then

ZimZ=Z/m ZxZIm, Z,

and consequently,

M (ZimZY=M,(Z/m Z)< M, (Z/m, Z).

Theorem 1.5 (Multiplicativity) For coprime m;.m,,

Nsp (g mo =N (.01 )Ny (mamy ),

where Ny, (n.m) denotes the number of nilpotent matrices in M, (Z/mZ).

Proof. Under the CRT isomorphism, a matrix A€M, (Z/m;m,Z) corresponds to a pair (4,.4,) with
A€M (Z/m,Z). Then 4*=0 iff 4¥=0 and 4%=0. Since the choices for 4, and 4, are independent, the counts
multiply.

Theorem 1.6 (Main Counting Theorem) Let 111=p?1p51---pft be the prime factorization of m. Then

;’\"ml(n.mj=m”: | e P (nm)=I1L,; p".
where P, (n.m) denotes the probability that a uniformly random matrix in M, (Z/mZ) is nilpotent.
Proof. By Theorem 1.5,
. C o B frtn_ 2 _
Nuin(r.m)=ITiey Nay(np =11 p, T | A

The probability is Ny (n,m)/ | M,(Z/mZ) =[] p?".

Corollary 1.1 For square-free m with prime factors p,.....p,, the probability of nilpotence is
(HI:I Pi)_n-

a. Jordan Canonical Form over Finite Fields

From this point forward, all matrices are considered over the algebraic closure I_JP unless otherwise
specified. The Jordan form exists precisely when the characteristic polynomial splits, which is always true
over F,,.

Definition 2.1 For AEMH(I_:P), the characteristic polynomial is ¥, (1.)=det(A-AI). For an eigenvalue
I&DEI_:P, the algebraic multiplicity m, (i) is the multiplicity of i, as a root of y, . The geometric multiplicity
m, (4g) is dimker(A-A,T).

Theorem 2.1 (Eigenvalue Inequalities) For any eigenvalue i, of A,

1=m, (Ao )=m, (Ao)-

Proof. The lower bound follows from the definition of eigenvalue. For the upper bound, note that
eigenvectors for distinct eigenvalues are linearly independent, and the sum of the geometric multiplicities is

at most n. More directly, ker(4-4,)Sker(4-4,1)"="?, and the dimension of the latter equals m,,(4;).
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Definition 2.2 4 is diagonalizable if there exists PEGLI,(TTP) such that P"L4P is diagonal.
Theorem 2.2 (Diagonalizability Criterion) A is diagonalizable if and only if m,(iy)=m,(%,) for
every eigenvalue 7.

Definition 2.3 A vector vel_:; is a generalized eigenvector of A for eigenvalue i, if (A-L,I)*v=0 for
some k=1. The smallest such k is the height of v.
Definition 2.4 The generalized eigenspace for eigenvalue %, is
V,, (A)={vEF, :(A-d D)™ 0v=0}.
Theorem 2.3 (Primary Decomposition) Letk,......, be the distinct eigenvalues of A. Then
Fp=@®V,,(A).
each ¥, (4) is A-invariant, and dim 7, (A4)=m,(7;).
Proof. The minimal polynomial m ,(r)=I1, (t-4;)™ factors into pairwise coprime factors. The primary

decomposition theorem yields the direct sum decomposition. The dimension claim follows from considering
the restriction of 4 to each primary component.

Definition 2.5 A Jordan chain of length k for eigenvalue } is a sequence of nonzero vectors v,.....v;
satisfying
(A-hDvi=0. (A-hDvi=vi; (2<<k).
Lemma 2.1 If v,.....v, is a Jordan chain, then these vectors are linearly independent.
Proof. Suppose Y, ¢;v,=0. Apply (A-1,I)*': the only term that survives is ¢,v;, SO ¢,=0. Proceed
inductively.
Definition 2.5 A Jordan block I, (%) is the kxk matrix with 7, on the diagonal, 1 on the superdiagonal,
and 0 elsewhere.
Proposition 2.1 For J=I,. (A,):
L 35 00=(hg-1
2. dimker(J-3,I)=1;
3. (T-h,)¥=0 but (J-3,)*!=0;
4. The vectors e,.(J-hgD)e.(T-hgD) c;.... (appropriately interpreted) form a Jordan chain.
Theorem 2.4 (Jordan Canonical Form) For every AEMH(]_JPJ, there exists PEGLH(]_JPJ such that

T
Plap= EBIJ*f (7).
=

where Z; are the eigenvalues of 4 (with repetitions).

Proof. We proceed by induction on »n. The case »=1 is trivial. Assume the theorem holds for all
smaller dimensions.

By Theorem 2.3, we may restrict to a single generalized eigenspace 7;. On ¥/, the operator N=4-AI is
nilpotent. Let k be the nilpotency index of N.

Choose a vector vekerNF\kerN*!. The vectors v.Nv.....N*1v are linearly independent and span a M-
invariant subspace  of dimension k. In the basis N*v.....Nv.v, the restriction of N to ¥ is a single Jordan
block J3(0), s0 Al is Ji(4).

Now consider the quotient space ¥,/. By the induction hypothesis, 4 induces a Jordan form on this
quotient. Lifting back gives a complete Jordan basis for ¥;. Repeating for each eigenvalue yields the result.

Definition 2.6 For an eigenvalue i of A, define

n(W)=dimker(A-A1)¥,  k=0.1.2....,

with ny=0.

Lemma 2.2 The sequence {ny. (%)} is non-decreasing and concave: -ty ;= ; -iy..

Theorem 2.5 (Block Size Formula) The number t;(+) of Jordan blocks of size j for eigenvalue i is
given by

(=20 (M) 1 (L) ().
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Proof. For a single Jordan block I (), we have n,=min(r.k). One verifies that t,=1 and ;=0 for j=k.
Since n, is additive over direct sums, the formula follows by linearity.

Corollary 2.1 (Uniqueness) The Jordan canonical form of A is unique up to permutation of the Jordan
blocks.
Proof. The numbers #;(i) are determined solely by the dimensions m(%), which are similarity

invariants. Hence any two Jordan forms must have the same multiset of block sizes for each eigenvalue.
We now illustrate the theory with detailed examples over various finite fields. Each example includes
the computation of the characteristic polynomial, kernel dimensions, and the resulting Jordan form.

Example 2.1 Consider
1 0
A:/g 1 EJEJ'V& (Fz)
0 0

The characteristic polynomial is ;_fj(}.)=(1-,3.)3, so /=1 is the only eigenvalue with m_,=3. Compute

B=A-I'
1 0
A
0 0

Then B*=0. The kernel dimensions are n;=dimkerB=2 and n,=3. Applying Theorem 2.5:
ty=2n-ng-n=4-0-3=1, t,=2n,-n;-n;=6-2-3=1.
Thus the Jordan form consists of one 1x1 block and one 2x2 block:

0 0
J={0 1 j1/
0 0

Example 2.2 Let

01 1
/110
=l o EM,(F5).
0 0 0

One verifies that i(é.j=(1-}.j4. Computing powers of B=A4-I yields:
0
A=)

01 1 0 0 1 0
_/1 0 0 1 »_ /0 0 1 1 s_ /0 0
Blooo 1/ o011/ F7[o o 1
00 0 00 0 00 0

The kernel dimensions are n;=1, n,=2, n;=3, ny=4. Theorem 2.15 gives t;=r,=t;=0 and 1,=1. Hence 4

is similar to a single 44 Jordan block.
Example 2.3 Let
1 1
A=f0 2 i/E;Mg (ng
1 0
Set u=2-/. Expanding the determinant yields
7= u 1,
Testing 4=0.1.2 in F; gives 1.1.1 respectively, none of which are zero. Thus y , is irreducible over Fj.
Over the extension field F,-, it splits into three distinct linear factors. Consequently, A is diagonalizable over

F,-:
0 0
J=/g @ 0 /
0 0 o

—_ =

where ¢ -a+1=0.
Example 2.4 Consider the matrix

1 4 0
0 2 1 4
A= E;Mi.
4 0 2 3 4(Fs)
0 4 0
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Step 1: Characteristic Polynomial. Set u=2-. Expanding the determinant gives
i (=det(d-ATy=p 1P +2u+2.

Testing all ueF5={0.1.2.3.4}:

w22

0 220

1 1-14242=420

2 16-8+4+2=14=4£0

3 81-27+6+2=62=220
4 256-64+8+2=202=240

No root exists in Fs, so x, is irreducible of degree 4 over Fs.

Step 2: Splitting Field. Let F;+=Fg,5 be the extension field containing all roots of y,. Since y, is
irreducible and separable (characteristic 5 does not divide the derivative), it has four distinct roots
0l .0 .03 .04 EF g0

Step 3: Jordan Form. Because all eigenvalues are distinct, 4 is diagonalizable over Fg,5. Thus there
exists PEGL,(Fg,5) such that

g 0 0 0
1 . EIZ O 0
L o

0 0 0 o
where a; are the four distinct roots of y, in Fys.
Conclusion. The Jordan form is diagonal with four distinct eigenvalues in the extension field F-s.
Example 2.5 (Alternative: Companion Matrix Construction) A simpler way to obtain a 4x4 matrix
over F5 with irreducible characteristic polynomial is the companion matrix of an irreducible quartic. For
instance, take

0 0 4

1 00 0

= 01 0 0
0 01

whose characteristic polynomial is x*-4=x*+1 (since -4=1(mod5)). One checks that x*+1 has no roots
in Fs, and it is irreducible. Hence C is diagonalizable over Fg,5 with four distinct eigenvalues.
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Annotatsiya. Ushbu maqolada o‘ng tomondan tasodifiy senzurlanishli informativ model va bu
modeldagi bir bahoning xossalari tadqiq etilgan. O‘ng tomondan senzurlangan tanlanmalar uchun
Abdushukurov—Cheng-Lin (ACL) bahosi asosida muvofiglik mezonining limit tagsimoti sonli usullar
yordamida o ‘rganilgan. Asosiy natija sifatida limit tagsimotning F(t) tagsimot funksiyasi va uning

parametrlariga bog‘liq emasligi, lekin senzurlanish darajasiga kuchli bog ligligi aniglangan. Turli
senzurlanish darajalari uchun kritik nuqtalar jadvali tuzilgan hamda normallashtirilgan statistikaning
Kolmogorov tagsimotiga yaginlashish masalasi ko ‘rib chigilgan.

Kalit so“zlar: tasodifiy senzurlanish, informativ model, proporsional intensivliklar, muvofiglik mezoni,
ACL bahosi, Kolmogorov tagsimoti.

A GOODNESS-OF-FIT CRITERION FOR THE ESTIMATION OF THE PROPORTIONAL
INTENSITY MODEL

Abstract. This article investigates the informative model of right-censored data and the properties of
the estimate within this model. The limiting distribution of the goodness-of-fit criterion based on the
Abdushukurov—Cheng-Lin (ACL) estimate for right-censored samples has been studied by numerical
methods. It is shown that the limiting distribution does not depend on the distribution function F(t) or its

parameters, but strongly depends on the censoring level. A table of critical values for various censoring
levels is constructed, and the problem of approximation of the normalized statistic to the Kolmogorov
distribution is considered.

Key words: random censorship, informative model, proportional hazards, goodness-of-fit test, ACL
estimate, Kolmogorov distribution.

KPUTEPHUI COT'JIACUA JIJISI OIEHKH MOJIEJIA ITPOITIOPIIMOHAJILHOM
HMHTEHCUBHOCTH

Aunomauus. B omou cmamve ucciedyemcs UHGOPMAMUSHASL MOOelb OAHHLIX C NHPABUTLHOL
YeH3ypoll U CEOUCMBA OYEHKU 8 PAMKAX 3MOU Mooenu. JucieHHviMu Memoodamu OblI0 U3YYeHo npedenbHoe
pacnpeoeienue Kpumepusi COOMEemcmesus, OCHoganHoe Ha oyerke AOOyuykyposa-Yene-Jluna (ACL) ons
8b100pOK ¢ npasunvHoll yensypoil. Ilokasano, umo npedenvroe pacnpeoeieHue He 3a8UCUM OM QYHKYUU
pacnpeoenenus F(t) wmu eé napamempos, no cunvro 3aeucum om yposHs yensypupoeanus. Ilocmpoena

mabnuya Kpumuyeckux 3HaAueHutl Osi pPA3UYHLIX YPOGHEl UYeH3YPUPOBAHUs, U pACCMOmMpeHa 3adaua
annpoKcuMayuy HOpMAatu308aHHoOU cmamucmuku pacnpeoenenuem Konmozoposa.

Knwouesvie cnosa: cnyuainas yeusypa, UHQGOpMamueHas Mo0elb, NPONOPYUOHATLHBIE DPUCKU,
kpumeputi coomgemcemausi, oyerka ACL, pacnpedenenue Konmozoposa.

Kirish. Tibbiy-biologik tadgiqotlarda bemorning yashab qolish ko‘rsatkichlarini tekshirishda yoki
muhandislik tajribalarida texnik qurilmaning ishonchliligini o‘rganishda, tadqiq etilayotgan obyekt hagidagi
ma’lumotlar o‘ng tomondan senzurlanishi mumkin. Bunga misol sifatida biror klinikada davolanayotgan
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bemorning muayyan sabablarga ko‘ra (yashash joyining o°zgarishi, boshga klinikaga ko‘chishi va hokazo)
klinikani tark etishini keltirish mumkin. Bunday holda bemor klinikaga kelgan paytdan boshlab ketgunga
gadar bo‘lgan ma’lumotlar mavjud bo‘ladi, lekin ketganidan keyingi axborot yo‘q. Shunga o‘xshash holatlar
o‘ngdan senzurlangan ma’lumotlarning namunaviy misollari hisoblanadi.

Faraz gilaylik, X — tadqiq etilayotgan obyektning yashash davomiyligi bo‘lib, u Y tasodifiy migdor
yordamida o‘ngdan senzurlangan bo‘lsin. X va Y bog‘ligsiz bo‘lib, ularning tagsimot funksiyalari mos
ravishda F va G.

O‘ngdan senzurlangan ma’lumotlar bilan ishlashda asosiy statistik masala — senzurlangan tanlanma
asosida F tagsimot funksiyasini baholashdan iborat. Bu masalani birinchilardan bo‘lib Kaplan va Meier [4]
ko‘rib chiqqan. Ular taklif etgan noparametrik baho amaliy masalalarda keng qo‘llaniladi. Biroq, ma’lum
informativ model sharoitida Abdushukurov [1], Cheng va Lin [2] hamda Csorgé [3] tomonidan mustaqil
ravishda o‘rganilgan ACL bahosi bir qator afzalliklarga ega ekanligi isbotlangan.

Muvofiqlik mezonlari statistik tahlilning muhim qismi bo‘lib, ular ma’lumotlarning faraz gilinayotgan
tagsimotga mosligini tekshirish uchun xizmat giladi. To‘liq tanlanmalar uchun Kolmogorov mezoni keng
go‘llaniladi [5]. Biroq, senzurlangan tanlanmalar uchun bu mezonning analogini qurish qo‘shimcha nazariy
va amaliy tadgiqotlarni talab etadi [6-7].

Ushbu magolada asosan ACL bahosi asosida senzurlangan tanlanmalar uchun muvofiglik mezonini
qurish va uning limit tagsimotini sonli usullar yordamida o‘rganish magsad qilingan.

Matematik asos.

1 Informativ model va acl bahosi.

Faraz qilaylik, {(X,.Y,), k >1} — (X,Y) juftliklarning bog‘ligsiz realizatsiyalari ketma-ketligi va

s™ ={(z.,5,),i=1,...,n}
kuzatilgan tanlanma bo‘lsin. Bu yerda 7Z, = min{X,)Y,}, & =1(X; <Y,) va I(A) — A hodisaning
indikatori. Eslatib o‘tamizki, S™ tanlanmada X, ning kuzatilishlari soni &, +---+48, ga teng.

Statistik masala S™ tanlanma asosida F tagsimot funksiyasini baholashdan iborat. Buning uchun Z,
ning tagsimot funksiyasini H orqali belgilaymiz. Minimumning tagsimotiga ko‘ra:
H(t)=1-(1—-F(@®)1-G(t)), teR. 1)
(1) ga qo‘shimcha ravishda, gandaydir musbat 6 parametr mavjud bo‘lib, barcha t&R uchun
quyidagi funksional bog‘lanish o‘rinli bo‘lsin:
1-G(t) =(1-F()" )
Bu modeldagi 6 parametr o‘ngdan senzurlanish darajasini belgilaydi (6 =0 — senzurlanish yo‘q,
0 — 1 — kuchli senzurlanish). (1) va (2) formulalarni birlashtirish orgali F uchun quyidagi ifodani olamiz:
F@)=1-[1-H(®)]", teR, (3)
1
bu yerda p= e
(H(t),p) juftlik o‘rniga S™ tanlanma yordamida olingan uning baholarini (3) ifodaga qo‘yib, ACL
bahosini hosil gilamiz:
FAM)=1-[1-H, @)™, teR, 4)
bu yerda

=355, H.M=13@ <)
n o= n o=

Bu baho [1-3] adabiyotlarda mustaqil ravishda o‘rganilgan bo‘lib, uni ACL (Abdushukurov—Cheng—
Lin) bahosi deb atash tavsiya etilgan.

2 To‘liq tanlanma uchun muvofiqlik mezoni.

Tekshirilayotgan asosiy gipoteza:

H,:F(t)=F,(t) barchatuchun,
muqobil gipoteza esa:
H,:F(t) =F,(t) gandaydirtuchun.

Bu gipotezani tekshirish nazariy tagsimot funksiyasi F(t) va empirik tagsimot funksiyasi F (t)

orasidagi fargning moduli supremumiga asoslanadi:
D, =sup| F(t) — F, (). (5)

teR
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D, ning ixtiyoriy n da tagsimoti F(t) ga bog‘liq emas — bu xususiyat mezon qurishning asosi
hisoblanadi. Tegishli limit tagsimot quyidagi teorema bilan beriladi.

Teorema 1 (A.N.Kolmogorov) Agar F(t) — uzluksiz tagsimot funksiya bo‘lsa, u holda barcha t >0
uchun

limP ¥nD, <t =K(t), (6)
bu yerda
KO= 3 (-1 e (7)

k=—oc

Kolmogorov tagsimot funksiyasi deb ataladi.

K(t) — parametrsiz taqsimot funksiyasi bo‘lib, K(t) ning giymatlari va K *(p) kvantillari statistik
jadvallar yoki kompyuter dasturlari yordamida hisoblanadi. Statistika sifatida R = \/ﬁDn olinadi. H,
gipotezasini gabul gilish sohasi:

[0, K™ (1-a)],
bu yerda o — ishonchlilik darajasi. R > K *(1—«) bo‘lganda H, gabul gilinadi.
3 Senzurlangan tanlanma uchun muvofiglik mezoni. (5) da F, (t) o‘rniga (4) ACL bahosini
go‘ysak, limit tagsimot qanday o‘zgaradi? Ushbu savolga quyida javob topishga urinamiz.
D, =sup| F(t) - (), (8)

t<T,
T, =inf{x:H_ (x) =1}.
[2] da quyidagi yaginlashish tezligi isbotlangan:
D/t =0 /hinn 9)
Bu tezlikni inobatga olib, mezonning asosiy statistikasini shakllantiramiz:
T, = i supl F () - 1) (10)

Inlnn t<T,

Endi yuqoridagi (10) T, ning limit tagsimotini sonli usulda o‘rganish uchun quyidagi iterativ algoritm
(Monte-Karlo usuli) qo‘llaniladi.

Algoritm:

1. Berilgan F(t) va senzurlanish darajasi ¢ asosida katta hajmli sun’iy tanlanma hosil qgilinadi.

2. Hosil gilingan tanlanma asosida T, ning empirik tagsimoti quriladi.

3. Qurilgan empirik tagsimot bo‘yicha kerakli kvantil topiladi.

4. 1-3-qadamlar zarur aniqlikka erishilgunga qadar takrorlanib, olingan kvantillarning o‘rtachasi
hisoblanadi.

Har bir seriyada ne{500,5000}, F(t) sifatida eksponensial Exp()\), normal N(u,o°) va tekis
U(0,1) tagsimotlar, senzurlanish darajasi esa 10% dan 80% gacha tekshirildi. Alohida ko‘rsatilmagan

holatlarda barcha grafiklar o‘rtacha 50% senzurlanish darajasida tasvirlangan. Barcha amaliy tekshiruvlar
Python dasturlash tili yordamida bajarildi.

ACL bahosini (4) haqiqgiy tagsimot funksiyasi bilan solishtiruvchi grafik 1-rasmda keltirilgan.
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0 1 2 3 2
1-rasm. ACL bahosi va F(t) : n=1000, senzurlanish darajasi 30%.
1-rasmdan ko‘rinib turibdiki, F*°(t) hagigiy tagsimot funksiyasiga juda yaqin joylashadi. Turli
adabiyotlarda bu bahoning Kaplan—Meier bahosiga nisbatan bir qator ustunliklari ko‘rsatilgan: asimptotik

samaradorlik, kichik tanlanmada barqarorlik va senzurlangan nuqtalarda yaxshiroq o‘zini tutishi kabilar.
Eng avvalo muvofiglik mezonini qurish uchun yagqinlashish tezligi zarur bo‘ladi. Ushbu tezlik (9) da

O VInInn/n shaklida berilgan. Tezlikni sonli tekshirish uchun turli n larda D" ning o‘rtacha giymati
va nazariy egri chizig‘i birgalikda tasvirlangan (2-rasm).

0.12 v,f'ln[ln[n))
o sup|F(x) — FA%(x)|
0.10
0.08 -
0.06
0.04 -
9

0.02 . -

0 1000 2000 3000 4000 5000

2-rasm. D”°* ning +/InInn/n yaginlashish tezligi: nuqtalar — tajriba natijalari, chiziq — nazariy
tezlik.

2-rasmdan ko‘rinib turibdiki, empirik qiymatlar nazariy ~/Inlnn/n egri chizig‘iga yaqin joylashgan
bo‘lib, bu (9) ning to‘g‘riligini tasdiqlaydi.

Natijalar.

1 Limit tagsimotning F(t) va uning parametrlaridan mustagilligi.

T, ning limit tagsimoti F(t) ning parametrlariga bog‘ligligini tekshirish uchun eksponensial va
normal tagsimotlar bir necha parametrda sinab ko‘rildi.
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F(-) ~Expf-), n=500

- Exp(1)

Exp(3)
Exp(5)

0.00

0.25

050 075 100 125 150

a) n=500

175

10

0.8 1

0.6 1

04

021

004

F(-)~Exp(-), n=5000

=== Exp(1)
Exp(3)
— Exp(5)

000 025 050 075 100 125 150 175

b) n=5000

3-rasm. F(-) ~Exp(\), A=1,2,3
3-rasmdan (a) vab) ko‘rinib turibdiki, n =500 va n=5000 da ham A ning turli gqiymatlari uchun T,

ning empirik tagsimotlari deyarli ustma-ust tushadi. Bu holat eksponensial tagsimot parametrlari limit
tagsimotga ta’sir qilmasligini ko‘rsatadi.

F(-} ~N(-), n=500

= N(3,25)

N0, 1)
N(1,4)

0.00

0.25

050 075 100 125 150

a) n=500

175

10

0.8

0.6

04

02

00

F(-) ~N(-). n=5000

=== N(0,1)
N(1.4)
— N(3,25)

000 025 050 075 100 125 150 175

b) n=5000

4-rasm. F() ~ N(u,0%)
4-rasm normal tagsimot uchun ham xuddi shunday xulosa beradi: (;,0%) giymatlari o‘zgarganda limit
tagsimot o‘zgarmaydi.
Yuqorida limit tagsimotning parametrlarga bog‘liq emasligi o‘rganildi. Endi limit tagsimotning
tagsimot funksiyaning o‘zini ko‘rinishiga bog‘liq emasligini tekshiramiz. Umumiylikni chegaralamasdan,
barcha tekis U (0,1), eksponensial Exp(1) va normal N(0,1) tagsimotlar standart parametrlarda olinib T,
o‘rganildi (5-rasm).

n=500

— N(0,1)

uio, 1)
Exp(1)

0.00

0.25

050 075 100 125 150

a) n=500

175

10

08

0.6

0.4 1

0.2 4

0.0 1

n=5000

— N(0,1)

000 025 050 075 100 125 150 175

b) n=5000

5-rasm. U(0,1), Exp(1), N(0,1)
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5-rasmdan ko‘rinib turibdiki, uch xil tagsimot uchun ham T, ning tagsimoti amalda bir xil. Aynigsa
n=5000 da (5b-rasm) uchta egri chiziq deyarli to‘liq ustma-ust tushadi. Bu esa T, ning limit tagsimoti
F(t) tagsimot funksiyasining ko rinishi va parametrlaridan bog‘liq emasligini anglatadi.

2 Limit taqsimotning senzurlanish darajasiga bog‘ligligi.
Senzurlanish darajasining T, ga ta’sirini o‘rganish uchun bir xil F(t) da turli # qiymatlari qo‘llanildi
(6-rasm).

F(-) ~ Exp(1), n=5000 F(-) ~N(0, 1), n= 5000
10
08
06 1
041
02
00
000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
a) F()~Exp(1) b) F()~N(0,1)

6-rasm. n =5000; senzurlanish 10%—50%.
F(-) ~N(0, 1), n= 5000

10 -
0.8 1

06 - i
I

ol )i 10%

' : 20%

/j 30%

02 - H 40%

/ - 50%

0.0 1 _..'—"r“-/——-’ - 60%

0.0 05 10 15 20 25 30 35
7-rasm. F(-) ~N(0,1), n=5000; senzurlanish 10%—-60%.
6-7-rasmlardan yaqqol ko‘rinib turibdiki, T, ning limit tagsimoti senzurlanish darajasiga kuchli

bog‘lig. Buni aynigsa 8-rasmda yaqqol ko‘rishimiz mumkin. Senzurlanish darajasi 50% dan oshganda
tagsimot keskin o‘ngga siljiydi. Bu senzurlanishli tanlanmalar uchun muvofiglik mezonlarini analitik usulda
ishlab chigishda giyinchilikni keltirib chigaradi.
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8-rasm. D”°" ning senzurlanish darajasiga bog‘ligligi (gorizontal o‘q — senzurlanish darajasi,%,

vertikal o‘q — 20 000 ta tajribada o‘rtacha supremum qiymati).

8-rasmdan ko‘rinib turibdiki, D/®- senzurlanish darajasi ortishi bilan monoton o‘sadi va 50% dan
keyin sezilarli tezlashadi. Yuqoridagi sonli tajribalar asosida olingan natijalarga ko‘ra limit taqsimotni
analitik usulda ko‘rsatish murakkab masala ekanligini xulosa gilishimiz mumkin. Chunki limit tagsimot
senzurlanish darajasiga kuchli bog‘liq.

F(t) dan mustaqillik. T, statistikasining limit tagsimoti F(t) ning ko‘rinishi va parametrlariga
bog‘liq emasligini aniglash — bu ish natijalarning eng muhim gismidir. Eksponensial, normal va tekis
tagsimotlar uchun olib borilgan tajribalar (3-5-rasmlar) ushbu faktni aniq tasdigladi. Bu xususiyat ACL
bahosiga asoslangan muvofiglik mezonining universalligini ta’minlaydi.

Senzurlanish darajasiga bog‘liqlik va amaliy yechimlar. Limit tagsimotning senzurlanish
darajasiga kuchli bog‘ligligi (10-12-rasmlar) mezonni amalda qo‘llashni qiyinlashtiradi. Bu holatda
muammoni hal etishning uchta amaliy tavsiyasi beriladi:

1. Jadval usuli. Muayyan senzurlanish darajalari uchun yugori aniglikda kritik nugtalar jadvalini
oldindan tayyorlash (1-jadval). Kamchiligi: ixtiyoriy senzurlanish darajasi uchun jadval tuzish imkonsiz.

2. Monte-Karlo usuli. Berilgan model va senzurlanish darajasi uchun dastur orgali empirik kvantilni
real vagtda hisoblash. Bu usul zamonaviy kompyuterlar bilan yaxshi ishlaydi va juda aniqg natija beradi, biroq
hisoblash vagtini talab etadi.

3. Normallash usuli. ¢(6) funksiyasi yordamida W._(0) = ©(0)T, statistikani Kolmogorov tagsimotiga
yaginlashtirish (2-jadval). Agar ¢(f) ning analitik ko‘rinishi topilsa, bu eng samarali yondashuv bo‘ladi.

Yugorida aytilgan uchta tavsiya barchasi uchun yechim namunalari keltiramiz. Monte-Karlo usulida
(har biri 20000 ta takrorlash) turli senzurlanish darajalari va ishonchlilik darajalari uchun T, ning empirik
kvantillari hisoblandi (1-jadval).

1-jadval.
T, statistikasining kritik nuqtalari
Senzurlanish darajasi «=0,10 a=0,05 a=0,01
5% 0,8498 0,9430 1,1311
10% 0,8492 0,9430 1,1294
15% 0,8515 0,9451 1,1326
20% 0,8565 0,9512 1,1424
25% 0,8652 0,9610 1,1526
30% 0,8800 0,9768 1,1719
35% 0,9029 1,0016 1,2024
40% 0,9400 1,0401 1,2417
45% 1,0163 1,1168 1,3222
50% 1,1871 1,3064 1,5504
55% 1,5332 1,7061 2,0554
60% 2,1338 2,3671 2,8066
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65% 3,0211 3,3128 3,8522
70% 4,2853 4,6352 52771
75% 6,0780 6,4921 7,2249
80% 8,6178 9,0822 9,8962

1-jadvaldan ko‘rinib turibdiki, past senzurlanish darajalarida (5%-30%) kritik nuqtalar nisbatan
bargaror va Kolmogorov tagsimotiga yagin, 50% dan oshganda esa ular keskin ortadi.

Keyingi usul

normallashtiradigan ¢(f) ko‘paytuvchi yordamida:

normallashtirilgan statistika va Kolmogorov tagsimoti.

ACL

D" ning o‘sishini

W, (0) = (6) h (11)
statistikasining Kolmogorov taqsimotiga yaqinlashishi tekshirildi, ya’ni:
: "kl _#0)
limP W,(0) <t ~K t]. (12)
n—o JIninn

9-10-rasmlarda (11) ning tagsimot funksiyasi va Kolmogorov tagsimotining tagqoslanishi keltirilgan.

i ¥ e 5
0z ’.‘. i 'I. ‘,l‘
' [ 'll
RS -
=3 | \‘
0+ | ‘ I|
‘I 0 ' !
" ' ‘I'
0z f \
f HEY | '-.'
/ | 5
{1 — . ) N
| UM Y Y
- e o < 1% no b 1< % ¢
a) tagsimot funksiyasi b) zichligi
9-rasm. F(x)~ Exp(1) tagsimot funksiyasi va zichligi 6 =1, ©(#)=0,7 .
.-.) y g l"\
08 20 'l '||
RS ,f -3 ' l'
f \
0n¢ | =90 ' I'.
{ & | \
{l 3 'l‘ ' .c.
~ 05 [ \
| A
wr| ———~ : ) R
T T T | L) T T T
-1 no D] 10 B 20 -1 na oh 10 1 21
a) tagsimot funksiyasi b) zichligi

10-rasm. F(x) ~ N(0,1) tagsimot funksiyasi va zichligi 6 =1, ©(6)=0,7 .
9-10-rasmlardan ko‘rinib turibdiki, ¢(f) to‘g‘ri tanlanganda W, (f) ning empirik tagsimoti

Kolmogorov tagsimotiga yaxshi mos keladi. ©(#) funksiyasining turli senzurlanish darajalaridagi sonli
giymatlari 2-jadvalda keltirilgan.

2-jadval.
©(0) funksiyasining giymatlari
S;Eizslil” 10% 20% 30% 40% 50% 60% 70% 80%
©(6) 0,99 098 0,95 091 0.70 0.40 0.19 0,08

2-jadvaldan past senzurlanish darajalarida o(f) ~1 bo‘lib, senzurlanish darajasi 50% dan oshganda
(0) keskin kamayadi.
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©(@) ning tahlili. Senzurlanish 10%-30% oralig‘ida ¢(f) €[0,95;0,99], ya’ni normallash
ahamiyatsiz. 50% dan yuqorida o(f) keskin kamayib, 80% senzurlanishda 0,08 ga tushadi. Bu holat yugori
senzurlanish darajalarida Kolmogorov yaqinlashishi sezilarli darajada buzilishini ko‘rsatadi. Kelgusida ¢(6)

ning polinomial yoki boshga analitik yaginlashtirishini topish muhim masala bo‘lib goladi.
Xulosa. Ushbu maqolada o‘ngdan senzurlangan tanlanmalar uchun ACL bahosi asosida muvofiqlik
mezoni qurildi va uning xossalari sonli usullar yordamida o‘rganildi. Tadqgiqotning asosiy natijalari:

ACL bahosining hagiqiy tagsimot funksiyasiga yaginlashish tezligi O +/Ininn/n ekanligi sonli

tajribalar tomonidan tasdiglandi.

T, =n/(Inlnn). D" statistikasining limit tagsimoti F(t) ning ko‘rinishi va parametrlaridan
bog‘liq emasligini ko‘rsatuvchi empirik dalillar olingan. Bu xususiyat universal muvofiglik mezonini
gurishning asosi hisoblanadi.

Limit taqsimotning senzurlanish darajasiga kuchli bog‘ligligi aniqlandi; senzurlanish darajasi 50% dan
oshganda keskin o‘zgarish kuzatildi.

Turli senzurlanish darajalari (5%—-80%) va ishonchlilik darajalari («=0,10;0,05;0,01) uchun

Monte-Karlo usulida kritik nuqgtalar jadvali tuzildi.

Normallashtirilgan W, (¢) statistikasining Kolmogorov tagsimotiga yaqinlashishi empirik tarzda
ko‘rsatildi va () ning sonli giymatlari aniglandi.

Kelgusidagi tadgigotlarda (f) ning analitik ko‘rinishini topish, limit tagsimotga nazariy asoslash
berish hamda boshqa senzurlanish modellari uchun o‘xshash mezonlarni qurish rejalashtirilgan.
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Wz(z’l)(O,t) FAZOSIDA IKKI NUQTALI VAZNLI KVADRATUR FORMULALAR QURISH
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Annotatsiya. Ushbu magolada W,*" (0,t) Gilbert fazosida kvadratur formulalarni qurish va ularning

xatolik funksionalini baholash masalalari o ‘rganilgan. Xatolik funksionalining normasi analitik ko ‘rinishda
topilgan va optimal koeffitsiyentlarni topish uchun sistema tuzilgan. Tuzilgan sistemada N=1 bolgan hol
uchun koeffitsiyentlarning aniq ko ‘rinishi topilgan.

Kalit so“zlar: Gilbert fazosi, kvadratur formula, xatolik funksionali, xatolik funksionalining normasi,
optimal koeffitsiyentlar.

IOCTPOEHME JIBYXTOYEYHBIX B3BEILIEHHBIX KBAJIPATYPHBIX ®OPMY.JI B
POCTPAHCTBE W,*" (0,t)

Annomauus. B 0annoii cmamve u3yuenvl 60Npocbl NOCMPOEeHUs KEAOPAMYPHBIX QOPMYIL U OYEHKU UX
21
@dyHKyuonania nocpewHocmu 6 2UrbOEepPmo8oOM NPOCMPAHCIEE Wz( )(O,t) . Hopma @yuxyuonana

NOZPEWHOCMU HAIOEHA 68 AHATUMUYECKOM 8UOe, U COCMABIEHA CUCTEMA OISl HAXOHCOEHU ONMUMATbHBIX
Koappuyuenmos. [{nsa caywas N=1 6 cocmasnennoll cucmeme HatloeH MOYHbLI 8UO KOIDDUYUEeHMO8.

Kniouesvie cnoga: [unvbepmoso npocmpancmeo, keaopamypuas —@opmyna, — @GyHKYUOHan
no2pewHOCmuU, HOPMA QYHKYUOHANA NOZPEUHOCIMU, ONMUMATbHbIE KOIDhuyuenmoi.

Wz(z'l) (0,t) CONSTRUCTION OF TWO-POINT WEIGHTED QUADRATURE FORMULAS IN
FAZO SPACE

Abstract. This paper studies the problems of constructing quadrature formulas and estimating their
error functional in the Hilbert space W,*"(0,t) . The norm of the error functional is found in an analytical

form, and a system is constructed to find the optimal coefficients. The exact form of the coefficients is found
for the case N=1 in the constructed system.

Keywords: Hilbert space, quadrature formula, error functional, norm of the error functional, optimal
coefficients.

Kirish va asosiy tushunchalar. So‘nggi yillarda kasr tartibli differensial va integral operatorlar
matematik modellashtirishning ko‘plab sohalarida — fizik jarayonlar nazariyasi, viskoelastiklik, diffuziya
jarayonlari, biofizika, signalni gayta ishlash va moliyaviy matematikada keng qo‘llanilmoqda. Klassik butun
tartibli operatorlar ko‘plab real jarayonlarning xotira effektini yetarlicha ifodalay olmagani sababli, kasr
tartibli operatorlar asosidagi modellar alohida ahamiyat kasb etmoqda [6-10].

Kasr tartibli integrallar tarkibida ko‘pincha singulyar yadrolar qatnashadi. Bunday integrallarni aniq
hisoblash ko‘p hollarda murakkab yoki imkonsiz bo‘lib, ularni taqribiy hisoblash masalasi dolzarb
hisoblanadi. Aynigsa, kuchsiz singulyar integrallarni Sobolev fazolarida optimal kvadratur formulalar
yordamida hisoblash masalasi nazariy va amaliy jihatdan katta ahamiyatga ega.

Sobolev fazolarida optimal kvadratur formulalar qurish masalasi funksional analiz, operatorlar
nazariyasi va sonli analiz kesishgan nuqtada joylashgan murakkab ilmiy yo‘nalishdir. Ikki nuqtali optimal
formula qurish esa minimal hisoblash xarajati bilan maksimal aniglikka erishish imkonini beradi.
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Shu sababli, Sobolev fazosida kuchsiz singulyar [3] integrallarni tagribiy hisoblashning ikki nugtali
optimal formulalarini qurish va ularning xatolik funksionalini minimallashtirish masalasi dolzarb ilmiy
muammo hisoblanadi.

Ushbu tadqiqot ishi funksional yondashuvga taallugli bo‘lganligi sababli, biz asosan ushbu sohadagi
natijalar sharhini keltirib o‘tamiz. Kvadratur va kubatur formulalarni qurishdagi funksional yondashuv
integral ostidagi funksiyalarning ma’lum bir Banax yoki Gilbert fazosiga tegishli bo‘lishini nazarda tutadi.
Integral va integral ostidagi funksiya giymatlarining taqribiy kombinatsiyasi o‘rtasidagi farq chiziqli uzluksiz
funksional sifatida qaralib, u kubatur yoki kvadratur formulaning xatolik funksionali deb ataladi.
Formulaning xatoligi ushbu xatolik funksionalining normasi orqgali baholanadi. Xatolik funksionalining
normasini kvadratur va kubatur formulalarning parametrlari (tugunlari va koeffitsiyentlari) [4-5] bo‘yicha
minimallashtirish orgali sonli integrallash uchun optimal formulalar olinadi.

Biz quyidagi kvadratur formulani qurish bilan shug‘ullanamiz

[P =Scln) ®

Bu yerda C, koeffitsiyentlar, x, (xﬂ =hg, h:WJ lar esa tugun nuqtalar (0<a <1). Ushbu ¢(x)

funksiyalar esa W,*" (0,t) fazoning elementi va fazo quyidagicha ta’riflanadi
W, 2 (0,t) = {q) :[0,t] > R| ¢, @' abs. uzl., p'*) €L, (O,t)} :
Ushbu fazodagi ixtiyoriy ikkita ¢ va w funksiyalarning skalyar ko‘paytmasi quyidagicha aniglangan

t

{p.v) :f((/’"(x)Jr(0'(X))(l//"(x)+t//'(x))dx .

0
Wz(z'l) (O,t) fazosi Gilbert fazosi bo‘lganlgi uchun norma skalyar ko‘paytma yordamida kiritiladi

o= o0 o) 0

0

(1)- ko‘rinishdagi kvadratur formulaning Xatoligi quyidagicha

(to)= (t_—la—ZN:Cﬂ(P( 5) 2

(2)- ko‘rinishdagi xatolikka mos xatolik funksionali esa ushbu ko‘rinishda

E(x)——g[ (

— — C S X=X, 3)
Bu yerda €0y (x)— [0,t] kesmaning xarakteristik funk5|ya5|, 6(x) - Dirakning delta funksiyasi.
Funksionalning normasi quyidagicha

L,
[ = sup o)
ol lplhyges
Xatolik funksionalining normasini topish. Koshi-Shvars tengsizligiga ko‘ra xatolik xatolikning
absolyut qiymati quyidagi ko‘paytma yordamida yuqoridan baholanadi

(o)<l Lol @

(4)- munosabatdan foydalanib xatolikning yugori bahosi topish uchun ¢ funksionalning normasini
ko‘rinishini topishimiz kerak bundan esa quyidagi masalaga kelamiz.

1-Masala. Yugoridagi (3)-ko‘rinishdagi xatolik funksionalining normasini ko‘rinishini topish.
fazoda umumiy holda [1] va [2] ishlarida

(m,m-1)

Xatolik funksionalining normasini topish masalasi W,

yechilgan.
Xususan biz quyidagiga ega bo‘lamiz

N, (G, (x=hB)dx & G,(x—y)dxd
e =ZZCCG hB—hy) 22(:4 o +” 2 (X—y)dxdy -
oo A0 0 - 00 t—Y)
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2 2
kvadrati C, koeffitsiyentlar va X, tugun nuqtalarga bog‘liq tugun nuqtalarni fiksrlab olib, ushbu normaga

sign —e*
Bu yerda G ( ) g ( )(e € —XJ ga teng. (5)-normaning ko‘rinishidan ma’lumki normaning

eng kichik giymat beruvchi C, koeffitsiyentlarni topamiz. Ya’'ni quyidagi masalaga kelamiz.
2-Masala. (5)-xatolik funksionalining normasiga eng kichik giymat beruvchi C, koeffitsiyentlarni
topish.
Shuni ta’kidlash kerakki, ¢(x) xatolik funksionali uchun quyidagi shartlarni qanoatlantiradi
(t.e™)=0, (6)
(¢,1)=0. (7
(6) va (7) tenglamalar (1)-kvadratur formula de™ + P, kabi har ganday chizigli kombinatsiyasiga anig.
(5)-normaning ko‘rinishidan ma’lumki normaning kvadrati C, koeffitsiyentlarga nisbatan ko‘p

o‘zgaruvchili funksiya. (6) va (7) shartlarni inobatga olib Logranjning anigmas koeffitsiyentlar metodiga
asosan quyidagini yozib olamiz

A(C,d,Ry) =[[fferr —2d (£,67) = 2P, (1,1)
Bu yerda (2), (6) va (7) tenglamalarni hisobga olgan holda

t
(Le)=[—1is ¢ dX ZC e =0
o (t-
F dx N
(1l)=| ———->»C,=0
( ) _([(t_x)l—a /;) B
U holda

A(C,d,Ry) = [l —2d (C,67) = 2Py (£,2) =

2 S, L o ®)
=||£||W2(21)*—2d[_.'(t_ ZCe } u—(t_x)l_a—;cﬂJ

(8)da C, (8=012..N), d va P, bo‘yicha xususiy hosila olib quyidagi tenglamalar sistemasini
hosil gilamiz.

0 (t - X)l_a
N ¢ odx
C =
; B .([(t _ X)l—a
Biz quyidagi belgilashlarni kiritamiz
¢G,(x—h
t,(vp) = [ g (©)
o (t—x)
9= [———dx, (10)

X (11)

Keyingi paragrafda biz ushbu sistemani yechish bilan shug ullanamiz
Asosiy natijalar
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Teorema: Ushbu W2(2'1) (0,t) fazoda (1) ko‘rinishdagi kvadratur formulaning N=1 bo'lgan hol uchun
koeffitsiyentlarning analitik ko‘rinishi quyidagicha

_ gae' —t”
Co= 0:(6t —1)
e (t“ - ga)

Ot(et —1)
bo‘ladi.
Isbot: Birinchi navbatda biz (9), (10) va (11) larni hisoblaymiz. Ushbu integrallarni bajarish uchun
bizga quyidagi Teylor qatori kerak bo‘ladi.

Dastlab

t t—X)k © 1 t N © tk+a
=e 4d( x =" —-|(t— dx=e"
!gw(t—x)l‘“ kzzf;k' l( ) ék!(k+a)

_1)k pths _ ghst
R (2(
(t-x) = 4kl(k+a)
_2(t—h,8)”(haﬂ+t)—t“”+2h,8(t—hﬁ)“—hﬁt“ __
20(a+1) 2a ’
Endi sistemani N=1 da yechamiz:
C,G,(hB)+CG,(hp—h)+ de™ +PR,=f,(hB), =01
Ce’+Ce"=g,
C,+C, =g,

Xulosa. Yuqoridagi sistemadan ko‘rinib turibdiki sistemadan C; va C, koeffitsiyentlarni topish
uchun ushbu ikkita tenglamadan foydalanish yetarlidir

{Coe0 +Ce =g,

C,+C,=9,.
Ushbu sistemani yechib quyidagi yechimlarni olamiz:
_ goe" -t°
o a(eh —1) '
h(ya
e e"(t* - ga)l
a(eh —1)

Xususan N=1 bo"lganda h=t bo’ladi bundan esa
gae' —t*
C,=—r—~
° a(et —1)
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e' (t“ —ga)
oc(et —1)

teorema isbotlandi.
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Annotatsiya. Ushbu ishda birinchi tartibli diskret Hardy tengsiziigi Pol’ja shartlarini
qanoatlantiruvchi chegaraviy shartlar bilan o ‘rganilgan. Chegaraviy shartlarning tanlanishiga qarab turli
yangi tengsizliklar paydo qilingan va ularning o ‘rinli bo ‘lishini ta 'minlovchi ekvivalent shartlar olingan.

Kalit so“zlar: diskret tengsizlik, yuqori tartibli Hardy tengsizligi, vazn, ketma-ketlik, chegaraviy shart,
Pol’ja sharti, yadro, ekvivalent shartlar.

JUCKPETHOE HEPABEHCTBO XAP/1 IIEPBOTI'O ITOPSA KA

Annomauus. B oannoii pabome uccaedyemcs Ouckpemuoe HepaseHcmeo Xapou nepeoeo nopsoka ¢
CPAHUYHBIMU YC08UAMU, YOoslemeopsiowumu yeroguam Ilotia. B 3asucumocmu om 6bl60pa epaHutmvlx
VCIOBUTL  NOJYYEHbl  PA3IUYHbIE HOBble HEPABCHCMEd, U YCMAHOBIEHbL IKGUSANCHMHbIE  YCIOBUS,
obecnequsaiowue ux cnpaseoIusoCnlb.

Kniouesvie cnosa: ouckpemuoe Hepasencmeo, HepaseHcmeo Xapou, eec, NOCie008amenbHOCHb,
epanuyHoe ycnogue, yciosue Ilotia, 50po, sK6UaIeHMHbIE YCI0BUSL.

FIRST-ORDER DISCRETE HARDY INEQUALITY

Abstract. This paper investigates the first-order discrete Hardy inequality under boundary conditions
satisfying the Polya criteria. Depending on the choice of boundary conditions, various new inequalities are
derived, and equivalent conditions ensuring their validity are established.

Keywords: discrete inequality, Hardy inequality, weight sequence, boundary conditions, Pdlya
condition, kernel, equivalent conditions.

Kirish. 1925-yil Buyuk Britaniyalik olim G.Hardy quyidagi tengsizlikni isbotladi: ixtiyoriy p > 1 va
har ganday {a,, },,-, homanfiy hagiqiy ketma — ketlik uchun

oo

Z(a1+a2:--+an)1’£(ﬁ)pzai an

n=1 n=1

D
tengsizlik barcha {a,}n-, no‘manfiy ketma-ketliklar uchun o‘rinli bo‘ladi. Bunda (ﬁ) son

n=1

tengsizlikning eng yaxshi konstantasidir, ya’ni tengsizlik o‘rinli bo‘ladigan konstantalar ichida eng
kichigidir. O‘tgan asrda (1.1) tengsizlik turli ko‘rinishlarda umulashtirildi, ularni quyidagicha umumiy

ko‘rinishda yozish ham mumkin:
1

=] n q q =] %
Z (Z ak) u, | =¢ (Z aﬂvn) ) (1.2)
n=1 “k=1 n=1

bu yerda 0 < g <o, 1 <p <o va {u,},{v,} lar vazn ketma-ketliklari, ya’ni nomanfiy ketma-

ketliklar. (1.2) tengsizlik umumlashgan Hardy tengsizligi deyiladi. Bu tengsizlikning integral ko‘rinishi
quyidagichadir:
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1 1

b x q a b r
U U f(t)dt) u(x)dx) ch fp(x)v(x)dx) L 3)

bunda u(x) va v(x) lar vazn funksiyalari. (1.2) va (1.3) tengsizliklar yaxshi o‘rganilgan, ma’lumot
uchun [1], [2] ga garang. Agar (1.3) da

y(x) = f f(t)de

deb olsak u holda tengsizlikni ushbu ko‘rinishda gayta yozish mumkin:
1 1

b 2 b >
(J- [v(x)]? u(x) dx) £C(J- |y’(x)|pv(x)dx). (1.4)

(1.4) tengsizlik (1.3) ning differensial ko‘rinishi bo‘lib, bunda y(a) = 0 shartni ganoatlantiradi. Agar

(1.4) ga e’tibor qaratilsa u funksiyani hosilasi orqali integral normada baholashni ifodalaydi. Xuddi shunday
funksiyani uning yuqori tartibli hosilalari orqali baholashlar ham qaralgan, ya’ni:
1 1

b q b )
(J- Iy(x)lqu(x)dx) < C(J- |y(’f](x)|pdx) ) (1.5)

Bunday tengsizliklar ham yetarlicha o‘rganilgan bo‘lib, unga tengsizliklar nazariyasida yuqori tartibli
Hardy tengsizliklari deb yuritiladi, ma’lumot uchun ([1], [2], [3]) adabiyotlarga garang.
(1.5) da chegaraviy shartlar turlicha olinishiga qarab (1.3) tengsizlikka nisbatan yangi ko‘rinishdagi
tengsizliklar paydo bo‘ladi, ularning umumiy ko‘rinishi qayidagichadir
1

([ l

b a a b »
fx(x,t)f(t)dr u(x)dx) gc(f |f(x)|pv(x)dx),

bunda K(x, t) — Green funksiyasi K (x, t) —tengsizlikning yadrosidir.

Bunda asosiy masalalardan biri chegaraviy shartlarni qanday tanlanishiga bog‘liq. Uzluksiz holda Pol’ja
shartlari nomi bilan mashhur shartlar keltirilgan bo‘lib, ular yuqori tartibli Hardy tengsizligi ma’noga ega
bo‘lishi uchun chegaraviy shartlar tanlanishini ko‘rsatadi. Ma’lumot uchun [2], [7] ga qarang.

Ushbu ishda, shu nugtayi nazardan diskret Hardy tengsizligi (1.2) ning birinchi va ikkinchi tartibli
differensial ko‘rinishlari o‘rganilgan. Asosiy masala, differensial ko‘rinishda berilgan Hardy tengsizligining
turli chegaraviy shartlarda paydo gilingan Hardy tipidagi tengsizliklarni tadqiq gilishdan iborat.

Yordamchi natijalar. Ushbu paragrafda biz quyidagi umumiy ko‘rinishdagi k-tartibli vaznli diskret
Hardy tengsizligini garaymiz:

1 =
el v

e q
(Z |s(n)|? u(n)) =C Z:|‘G’ks(n)|IJ v(n) |, (2.1)
n=1 n=1
bunda 1 < p,q < oo, {s(n)} — hagiqiy sonlar ketma-ketligi, u(n) va v(n) esa mos ravishda musbat
vaznli ketma-ketliklar. (2.1) tengsizlikning o‘rinli bo‘lishi {s(n)} ketma-ketlikka qo‘yilgan chegaraviy
shartlarga bevosita bog‘liq. Agarda {s(n)} ketma-ketligi darajasi k dan kichik bo‘lgan ixtiyoriy ko‘phad
ko‘rinishidagi ketma-ketlik bo‘lsa, u holda (2.1) tengsizlikning o‘ng tomoni nolga aylanib, 0‘z mazmunini
yo‘qotadi.
Shu sababli biz {s(n)} ketma-ketligi qo‘shimcha chegaraviy shartlarni qanoatlantirishi talab etiladi.
Ushbu ishda:
[V"sﬁl) =0, agari€M,
Vis(w) =0, agarjeM,
bu yerda My, M, < {0,1,..., k — 1} — chegaraviy shartlar indekslar to‘plami. Ushbu shartlar ketma-

ketlikning boshlang‘ich qiymatlariga va uning cheksizlikdagi holatiga bog‘liq ekanligini bildiradi. Endi
chegaraviy shartlarning to‘g‘ri tanlanganligini kafolatlash uchun Pol’ja shartidan foydalanilamiz.

Ta’rif (Pol’ja sharti). (M,, M,) juftligiga mos keluvchi E = (e,;) insidentsiya matritsasini (2x2
o‘lchamli) quyidagicha kiritamiz:

(2.2)
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0 — [1, agarie€ M,
at 0, agari € M_"’
Agar quyidagi munosabat o‘rinli bo‘lsa (M,, M, ) juftligi Pol’ja shartini qanoatlantiradi deyiladi:
Z(em +e;)=r+1, r=01
i=0
Quyida Drabek va Kufnerning [8] teoremasini diskret holatdagi analogini keltiramiz:
Teorema (Drabek-Kufner). Faraz gilaylik, 1 < p,q < o va k € N bo‘lsin. U holda (2.1) tengsizlik
(2.2) shartlar bilan ma’noga ega bo‘lishi uchun (M,, M,) juftlik Pol’ja shartini ganoatlantirishi yetarli va
zarurdir.
Endi (2.1) tengsizlikning birinchi tartibli (k = 1) holati uchun bo‘lishi mumkin bo‘lgan barcha
chegaraviy shartlar juftliklari
{s(l) =0
s(o) =10
ni tahlil qilamiz. Bu holatda chegaraviy shartlar indekslar to‘plami M,, M; < {0} ko‘rinishida bo‘ladi.
Pol’ja shartiga ko‘ra, k = 1 bo‘lganda jami shartlar soni kamida bittaga teng bo‘lishi, ya’ni

0
Z(EO:' + Ela’) =1
i=0

munosabati bajarilishi talab etiladi. Quyida ushbu shartni qanoatlantiruvchi uchta asosiy holatni ko‘rib
chigamiz:

1. s(1) = 0 holati.

Bu holda chegaraviy shartlar to‘plami M, = {0} va M; = @ ekanligini anglatadi. Unga mos keluvchi
insidentsiya matritsasi:

e-()- ()

Pol’ja shartini tekshiramiz:
0

a € {0,1}.

(2.3)

i=0

Shart bajarildi, demak ushbu chegaraviy shart birinchi tartibli Hardy tengsizligi uchun o‘rinlid bo‘ladi.

2. s(c0) = 0 holati.

Bu holda chegaraviy shartlar to‘plami M, = {0} va M, = {0} va ko‘rinishida bo‘ladi. Insidentsiya
matritsasi ushbu:

e-()-()

ko‘rinishga ega bo‘ladi.
Pol’ja shartini tekshiramiz:

0
Dlen+e)=0+1=121 (2.5)

j=0

Shart bajarildi, ya’ni ushbu holat ham (2.1) tengsizlik uchun ma’noga ega.
3. s(1) = s(e0) = 0 holati.

Ushbu holda shartlar ikkala chegarada ham berilgan bo‘lib, M, = {0} va M; = {0} bo‘ladi. Tegishli
insidentsiya matritsasi:

€ 1
e (o) = )
€1 1
Pol’ja shartiga ko‘ra:
0
Z(em te)=1+1=2>1 (2.6)

j=0
Ko‘rinib turibdiki, shart bajarilmoqda.
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Shunday qilib, birinchi tartibli diskret Hardy tengsizligi uchun yugoridagi barcha chegaraviy shartlar
Pol’ja mezonini to‘liq ganoatlantiradi. Maqgolaning keyingi paragrafida biz ushbu shartlarning har biri uchun
mos keluvchi vaznli tengsizliklarning aniq ko‘rinishlarini va ularning o‘rinli bo‘lishi uchun zaruriy va yetarli
shartlarni bayon gilamiz.

Birinchi tartibli diskret hardy tengsizligi. Ushbu paragrafda biz (2.1) tengsizlikning k = 1 bo‘lgan
holatini garaylik:

1 1

(Z s(n)? u(n))q =C (ZlVSl:n)lp v(n ))p, (3.1)

n=1
bunda u(n), v(n) lar berilgan vazn ketma-ketliklardir va Vs(n) = s(n+ 1) —s(n). Dastlab,
tengsizlik ma’noga ega bo‘ladigan ketma-ketliklar fazosini angilab olishimiz zarur, sababi
s(n) = const = 0 ketma — ketliklar uchun (3.1) o‘rinli emas, chunki uning o‘ng tomoni nolga teng, lekin

chap tomoni noldan farqli.

Quyida turli chegaraviy holatlarga mos (3.1) tengsizlikning ko‘rinishlarini taqdim etamiz:

a) Agar biz s(n) ketma-ketligi uchun fagat chap chegarada gabul gilsak:

s(1y =10

shartiga ega bo‘lamiz. (2.4) ga asosan, s(1) = 0 sharti birinchi tartibli diskret Hardy tengsizligi uchun
Pol’ja mezonini to‘liq qanoatlantiradi. Ushbu shart {s(n)} ketma-ketligi orasida noldan farqli o‘zgarmas
funksiyalar (s(n) = const # 0) mavjud emasligini kafolatlaydi, bu esa (3.1) tengsizlikning o‘rinli bo‘lishi
uchun zaruriy va yetarli shartdir.

Agar

Vs(n) =s(n+ 1) —s(n) = a(n)

belgilash olsak, u holda
a(1) = s(2) — s(1)
a(2) = s(3) —s(2)
a(3) = s(4) —s(3)

an—2)=s(n—-1) —s(n —2)
aln—1)=sn) —sn—1)
ga ega bo‘lamiz. Tengliklarni ikki tomonlarini hadma-had qo‘shib va (1) = 0 ni e’tiborga olsak, u
holda

n—1

Z a(n) =sn)

k=1
ni hosil gilamiz. Demak, (3.1) tengsizlik s(1) = 0 shart bilan ushbu ko‘rinishdagi

1 1

oo gn—1 q q oo p
alk)| un) | < C( |a(n)|pv(n)> ,

diskret Hardy tengsizligiga ekvivalent bo‘lar ekan.
Shunday gilib, quyidagi teoremani isbotladik.
1-teorema. Birinchi tartibli (3.1) tengsizlik s(1) = 0 chegaraviy shart bilan o ‘rinli bo ‘ilshi uchun

quyidagi shartning bajarilishi yetarli va zarurdir:
1 1

A = sup (i v(k)l‘p’)pr (i u(k))q < oo,

nEN \j=1 k=n
b) (2.3) shartga ko‘ra ketma-ketlikning kamida bitta chegarada nolga teng bo‘lishini talab etadi. Agar
biz s(n) ketma-ketligi uchun faqat o‘ng chegarada qabul qilsak:
s(e0) = 0
shartiga ega bo‘lamiz. (2.5) ga asosan, s(e0) = 0 sharti birinchi tartibli diskret Hardy tengsizligi
uchun Pol’ja mezonini to‘liq qanoatlantiradi. Ushbu shart {s(n)} ketma-ketligi orasida noldan farqgli
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o‘zgarmas funksiyalar (s(n) = const = 0) mavjud emasligini kafolatlaydi, bu esa (3.1) tengsizlikning
o‘rinli bo‘lishi uchun zaruriy va yetarli shartdir.

Agar

Vs(n) =s(n+ 1) —s(n) = a(n)

belgilash olsak, u holda

a(n) =s(n +1) —s(n)

am+1)=sn+2)—sn+1)
aln —I—Z) = S(n —I—S) —S(n +2)

a(N — 1) = S(N) — S(N -1)
a(N) =s(N +1) —s(N)
ga ega bo‘lamiz. Tengliklarni ikki tomonlarini hadma-had qo‘shib olsak, natijada quyidagi yig‘indiga

ega bo‘lamiz:
N

Z a(k) = —s(n) + s(N + 1),

k=n
Agar N — co daS(N + 1) — 0, ya’ni s(e0) = 0 ekanligini ¢’tiborga olsak, u holda

s(n) =— Z a(k)

k=n
hosil bo‘ladi. Demak, (3.1) tengsizlik s{0) = 0 shart bilan ushbu ko‘rinishdagi
1 1
] o] q q ] E
(Z Z a(k) u(n)) =C (Z la(n) Ipv(n))
n=11k=n n=1

diskret Hardy tengsizligiga ekvivalent bo‘ladi. Bu tengsizlik ham yaxshi o‘rganilgan.

Shunday gilib, quyidagi teoremani isbotladik.

2-teorema. Birinchi tartibli (3.1) tengsizlik s(e0) = 0 chegaraviy shart bilan o ‘rinli bo ‘ilshi uchun
quyidagi shartning bajarilishi yetarli va zarurdir:

1 T

A = sup (i u(k))q (i v(k)l‘p’) < oo,

mEN A\j=n k=1

¢) Faraz qgilaylik

s(1) =s(@) =0

bo‘lsin. (2.6) ga asosan, s(1) = s(e0) = 0 sharti birinchi tartibli diskret Hardy tengsizligi uchun
Pol’ja mezonini to‘liq ganoatlantiradi. Ushbu shart {s(1)} ketma-ketligi orasida noldan farqli o‘zgarmas
funksiyalar (s(n) = const # 0) mavjud emasligini kafolatlaydi, bu esa (3.1) tengsizlikning o‘rinli
bo‘lishi uchun zaruriy va yetarli shartdir.

Ma’lumki, birinchi tartibli Vs(n) = a(n) ayirmali tenglamasi uchun bitta chegaraviy shart {s(n)}
ketma-ketligini to‘liq aniqlash uchun yetarlidir. Agarda biz fagat s(1) = 0 shartidan foydalansak, ketma-
ketlikning umumiy hadl quyldaglcha topiladi:

s(n) —s(1) = Z Vs(k) = s(n) = Z alk).
=1 k=1

Birog, s(1) = s(oo) = 0 ga muvofiq qo‘yilgan ikkinchi shart — s(e0) = 0 tizimni haddan tashqari
aniglangan (over-determined) holatga keltiradi. Ketma-ketlik cheksizlikda nolga intilishi uchun {a(n)}
ketma-ketligi ustida quyldagl muvoflqllk munosabati bajarilishi zarur:

5(e0) = lim Z a(k) = Z a(k) = 0.
k=1 k—1

Ushbu munosabat bajarilgan taqdirdagina {s(n)} ketma-ketligini qoldiq yig‘indi orgali ham ifodalash
imkoniyati tug‘iladi:
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(=)

s(n) = — Z a(k).

k=n
Bu bilan biz ushbu teoremani isbotladik.
3-teorema. Birinchi tartibli (3.1) tengsizlik s(1) = s(e0) = 0 chegaraviy shartlar bilan o ‘rinli

bo ‘ilshi uchun quyidagi shartlarning bajarilishi yetarli va zarurdir:
1

Ay = sup (i u(k))E (i v(k)l‘p’) <
. N \k=n k=1
A, = sup (i u(k))E (i v(k)l‘p’) < oo
neN \k=1 Je=n
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UO‘K 51

MATEMATIK OLIMPIADA MASALALARINI YECHISHDA KESMADA UZLUKSIZ
FUNKSIYALAR XOSSALARIDAN FOYDALANISH

Husenova Jasmina To‘lginovna,
Buxoro davlat universiteti
Ahrorova Hilola Hakimjon gizi,
Buxoro davlat universiteti

Annotatsiya. Maqgolada dastlab matematik analiz kursidan yaxshi ma’lum bo ‘Igan Veyershtrassning
birinchi va ikkinchi teoremalari hamda Bolsano-Koshining birinchi va ikkinchi teoremalari o ‘quvchiga
qulay va sodda tarzda bayon gilingan. Mazkur teoremalar asosida xalgaro matematika olimpiadalarida
uchragan 6 turdagi masalaning yechimlari tahlil etilgan. Shuningdek, o ‘quvchilarning mavzu bo ‘yicha bilim
va ko ‘nikmalarini mustahkamlash hamda mustaqil ishlash malakasini rivojlantirish magsadida 5 turdagi
mustaqil yechish uchun masalalar tavsiya etilgan.

Kalit so‘zlar: uzluksiz funksiya, Veyershtrass teoremalari, Bolsano-Koshi teoremalari, xalgaro
matematika olimpiadasi.

MCHOJIb30BAHUE CBOMCTB HEIIPEPBIBHBIX ®YHKIUI HA OTPE3KE ITPA
PEHIEHNMU 3AJAY MATEMATHYECKUX OJIMMIINA

Annomauusa. B cmamve 6 npocmoui u 00CmynHot 0151 Yyumamest popme usnodceHvl nepeas U 6mopast
meopembl Beliepwmpacca, a makace nepeas u emopas meopemol bonvyano-Kowu, xopouio uzgecmuuie u3
Kypca mamemamuyeckozo ananuza. Ha ocnose 0anHvix meopem npoanaiu3uposansi peuieHus tecmu munos
3a0ay, 8CMPEYABUIUXCA HA MENHCOVHAPOOHLIX Mamemamuyeckux oaumnuaoax. Kpome moeo, ¢ yenvio
3aKpenienus 3HAHUN U HABGLIKOB YHaAWuUxcsi NO OAHHOU meMe, d MAKdCe pa3eumus YMeHull
CAMOCIMOSAMENbHO20 PeuleHsl 3a0ay NPedioAHceHbl NAmb MUN08 3a0ay 0151 CAMOCMOSMENbHOU Pabombl.

Kntouesvle cnoea: menpepvienas gyukyus, meopemwvl Beliepwmpacca, meopemsi borvyano-Kowiu,
Mesicoynapoonas mamemamuseckas OIUMRUAOA.

USING THE PROPERTIES OF CONTINUOUS FUNCTIONS ON AN INTERVAL IN
SOLVING MATHEMATICAL OLYMPIAD PROBLEMS

Abstract. The article first presents, in a simple and reader-friendly manner, the first and second
theorems of Weierstrass as well as the first and second theorems of Bolzano-Cauchy, which are well known
from the course of mathematical analysis. Based on these theorems, solutions to six types of problems taken
from international mathematics olympiads are analyzed. In addition, five types of problems for independent
study are proposed in order to strengthen students’ knowledge and skills on the topic and to develop their
independent problem-solving abilities.

Keywords: continuous function, Weierstrass theorems, Bolzano-Cauchy theorems, International
Mathematics Olympiad.

Kirish. Matematik analiz kursi oliy matematikaning fundamental bo‘limlaridan biri bo‘lib, unda
uzluksiz funksiyalar nazariyasi alohida muhim o‘rin egallaydi. Xususan, Veyershtrass hamda Bolsano-Koshi
teoremalari nafaqat nazariy jihatdan, balki amaliy masalalarni yechishda ham keng qo‘llaniladigan asosiy
natijalardan hisoblanadi. Ushbu teoremalar funksiyalarning kesmadagi xossalarini chuqur o‘rganish,
ekstremal giymatlarni aniglash, tenglamalarning ildizlari mavjudligini asoslash hamda turli nostandart
masalalarni tahlil gilish imkonini beradi. Shu sababli uzluksiz funksiyalarning asosiy xossalarini puxta
o‘zlashtirish matematik tafakkurni rivojlantirishda muhim ahamiyat kasb etadi.

Hozirgi kunda xalgaro matematika olimpiadalarida matematik analiz elementlariga asoslangan
masalalarning ulushi ortib bormoqda. Bunday masalalar o‘quvchilardan nafaqat nazariy bilim, balki mantiqiy
fikrlash, tahlil qilish va nostandart yondashuv ko‘nikmalarini ham talab qiladi. Amaliyot shuni ko‘rsatadiki,
ko‘plab olimpiada masalalarini murakkab hisob-kitoblarsiz, aynan uzluksiz funksiyalarning asosiy
teoremalari yordamida ixcham va elegant usulda yechish mumkin. Bu esa mazkur mavzuning dolzarbligini
yanada oshiradi.
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Mazkur maqolada matematik analiz kursidan yaxshi ma’lum bo‘lgan Veyershtrassning birinchi va
ikkinchi teoremalari hamda Bolsano-Koshining birinchi va ikkinchi teoremalari sodda va tushunarli tarzda
bayon gilingan. Ularga izohlar berilgan hamda geometrik nuqgtayi nazardan nimani anglatishi ham gisgacha
aytib o‘tilgan. Teoremalar mazmunining o‘quvchilar uchun qulay shaklda yoritilishi ularning nazariy
bilimlarini mustahkamlash bilan birga, amaliy masalalarni yechishda ushbu natijalardan samarali foydalanish
imkonini beradi.

Magolada xalgaro matematika olimpiadalarida uchragan olti turdagi masalaning yechimlari batafsil
tahlil qilingan. Har bir masalada uzluksiz funksiyalarning asosiy xossalaridan foydalanish usullari ko‘rsatilib,
masalalarni qisqa, mantiqiy va samarali yechish yo‘llari yoritilgan. Ushbu usullar o‘quvchilarda matematik
mulohaza yuritish, isbotlash va umumlashtirish ko‘nikmalarini rivojlantirishga xizmat qiladi. Ayniqgsa,
murakkab ko‘rinishga ega bo‘lgan ayrim olimpiada masalalarining oddiy nazariy teoremalar yordamida
yechilishi o‘quvchilarning fanga bo‘lgan qiziqishini oshiradi hamda matematik analizning amaliy
ahamiyatini yaggol namoyon etadi.

Shuningdek, maqolada mavzu bo‘yicha bilim va ko‘nikmalarni mustahkamlash magsadida mustagqil
yechish uchun besh turdagi masalalar tavsiya etilgan. Bu masalalar o‘quvchilarning mustaqil ishlash
malakasini rivojlantirish, nazariy bilimlarni amaliyotga tatbiq gilish hamda olimpiada masalalarini yechish
tajribasini boyitishga xizmat giladi. Shu jihatdan magola matematik analiz fanini o‘qitishda, iqtidorli
talabalarni olimpiadalarga tayyorlashda hamda metodik qo‘llanma sifatida foydalanishda muhim ahamiyatga
ega.

2. Kesmada uzluksiz funksiyalar haqidagi to‘rtta asosiy teoremalar.

Ushbu bo‘limda kesmada uzluksiz funksiyalar nazariyasiga oid to‘rtta asosiy teorema [1] qisqa va
tushunarli shaklda bayon etiladi. Jumladan, Veyershtrass hamda Bolsano-Koshi teoremalarining olimpiada
masalalarini yechishdagi eng muhim jihatlariga alohida e’tibor qaratiladi. Bo‘limning asosiy maqsadi chuqur
va batafsil isbotlarni keltirish emas, balki amaliy masalalarda tez va samarali qo‘llaniladigan natijalarni
yoritishdan iborat. Shu sababli teoremalar mazmuni olimpiada darajasidagi masalalarga yo‘naltirilgan holda
izohlanadi. Bu yondashuv o‘quvchilarga nazariy bilimlarni amaliyotga tatbiq etishni osonlashtiradi.

Aytaylik f(x) funksiya [a, b] segmentda berilgan bo‘lsin.

Teorema (Veyershtrassning birinchi teoremasi). Agar f(x)funksiya [a, b] segmentda uzluksiz,
ya’'ni f(x) € C[a,b] bo‘lsa, f(x) funksiya [a, b] da chegaralangan bo‘ladi.

Mazkur teorema uzluksiz funksiyaning yopiq va chegaralangan kesmada “cheksiz osib ketmasligi’ni
kafolatlaydi. Boshqacha aytganda, agar funksiya kesmada uzluksiz bo‘lsa, uning qiymatlari ma’lum bir
oralig ichida goladi. Bu xossa olimpiada masalalarida funksiyaning maksimal yoki minimal giymatini
baholashda, tengsizliklarni isbotlashda hamda ekstremal masalalarni yechishda muhim ahamiyatga ega.

Bizga yaxshi ma’lumki, geometrik nuqtayi nazardan, uzluksiz funksiyaning grafigi [a, b] kesmada
uzilishsiz chiziladi va u vertikal yo‘nalishda cheksizlikka ketmaydi. Ya’ni, grafik butunlay ma’lum bir
gorizontal tasma ichida joylashadi. Bu esa quyidagini anglatadi: funksiyaning grafigi “sakrashlar” hosil
gilmaydi; grafik yuqoridan ham, pastdan ham ma’lum to‘g‘ri chiziglar bilan chegaralanadi; kesmada
funksiyaning barcha giymatlari chekli bo‘ladi.

Teorema (Veyershtrassning ikkinchi teoremasi). Agar f(x) € C[a,b] bo‘lsa, bu funksiya[a, b]
segmentda eng katta hamda eng kichik qiymatlarga erishadi, ya’ni

Ac, € [a, b],vx € [a, b]: f(x) < f(cy)

dc, € [a,b],vx € [a,b]: f(x) = f(c,)

bo‘ladi.

Mazkur teorema uzluksiz funksiyaning yopiq kesmada nafagat chegaralanganligini, balki uning eng
katta va eng kichik giymatlari haqiqatan ham mavjud bo‘lishini kafolatlaydi. Boshqacha aytganda, funksiya
maksimum yoki minimum qiymatlarga “yaqinlashib qolmaydi”, balki kesmaning biror nuqtasida aynan shu
giymatlarni gabul giladi. Bu teorema matematik olimpiada masalalarida ekstremal giymatlarni topishda,
tengsizliklarni isbotlashda, funksiyaning eng qulay yoki eng noqulay holatini aniglashda, parametrli
masalalarni yechishda keng qo‘llaniladi.

Ta’kidlash joizki, geometrik jihatdan garalganda, uzluksiz funksiyaning grafigi [a, b] kesmada eng
yuqori va eng past nuqtalarga ega bo‘ladi. Ya’ni grafikning eng tepada joylashgan nuqtasi - maksimum
giymatga, eng pastda joylashgan nugtasi - minimum giymatga mos keladi. Bu nugtalar kesmaning ichki
gismida ham, chekka nugtalarida ham joylashishi mumkin.

Teorema (Bolsano—Koshining 1-teoremasi). Faraz gilaylik f(x) funksiya [a, b] segmentda berilgan

bo‘lib, quyidagi shartlarni bajarsin:
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1) f(x) € Cla,b];

2) segmentning chetki nugtalari @ va b larda har xil ishorali giymatlarga ega, ya’ni

f(a) <0 < f(b)yokif(a)> 0> f(b)

bo‘lsin. U holda shunday x, € (a, b) nuqta topiladiki

flxg) =10

bo‘ladi.

Bayon qilingan teorema uzluksiz funksiyaning oraliq qiymatlar xossasini ifodalaydi. Ya’ni, uzluksiz
funksiya bir giymatdan ikkinchi qiymatga o‘tishda ular orasidagi barcha giymatlarni ham qabul qiladi.
Funksiya giymatlarda “sakrash” qilmaydi. Bu teorema olimpiada masalalarida tenglamaning yechimi
mavjudligini asoslashda, funksiyaning ma’lum qiymatni qabul qilishini ko‘rsatishda, kesishish nuqtalarini
topishda, parametrli masalalarni tahlil gilishda muhim ahamiyatga ega.

Geometrik jihatdan garalganda, uzluksiz funksiyaning grafigi (a, f(a)) nugtadan (b, f(b)) nugtaga
uzilishsiz o‘tadi. Shuning uchun grafik y = C gorizontal to‘g‘ri chiziqni kamida bir marta kesib o‘tadi, agar
C soni f(a) va f(b) orasida joylashgan bo‘lsa. Boshqacha aytganda, uzluksiz grafik yuqoridan pastga yoki
pastdan yuqoriga o‘tayotganda oradagi hech bir gqiymatni “tashlab ketmaydi”.

Teorema (Bolsano-Koshining 2-teoremasi). Agar f(x) € C[a,b] bo‘lsa, u holda chegaralari f(a) va
f(b) bo‘lgan segmentga tegishli ixtiyoriy € soni olinganda [a, b] da shunday x, nuqta topiladiki,

flxg)=1£

bo‘ladi.

Mazkur teorema uzluksiz funksiyaning ishorasi o‘zgaradigan kesmada kamida bitta ildizga ega
bo‘lishini kafolatlaydi. Ya’ni agar funksiya kesmaning bir uchida musbat, ikkinchi uchida manfiy qiymat
gabul qgilsa, u albatta nol giymatdan o‘tadi. Bu natija olimpiada masalalarida tenglamalarning yechimi
mavjudligini isbotlashda, ildizlar sonini aniqlashda, parametrli tenglamalarda yechim borligini ko‘rsatishda,
grafik kesishish nuqtalarini tahlil qilishda juda muhim rol o“ynaydi.

Geometrik jihatdan bu teorema shuni anglatadiki, uzluksiz funksiya grafigi [a, b] kesmada x-o‘qni
(ya’ni y = 0 chizig‘ini) kamida bir marta kesib o‘tadi, agar funksiya qiymatlari kesmaning uchlarida turli
ishorali bo‘lsa. Boshqacha aytganda grafik bir tomondan x-o‘qdan yuqorida, ikkinchi tomondan esa pastda
joylashgan bo‘lsa, uzluksizlik sababli u x-0°gni kesib o‘tmasdan “sakrab” o‘ta olmaydi.

3. Uzluksiz funksiyalar xossalariga asoslangan olimpiada masalalarini yechish usullari.

Uzluksiz funksiyalarning asosiy xossalari matematik olimpiada masalalarini yechishda kuchli va
samarali vosita hisoblanadi. Ushbu bo‘limda Veyershtrass hamda Bolsano-Koshi teoremalarining amaliy
go‘llanilishi orqali turli tipdagi olimpiada masalalarini yechish usullari ko‘rib chiqiladi. Har bir usul
masalaning mazmuniga mos ravishda tanlanib, yechimni gisqga va mantigiy asoslash imkonini beradi.
Shuningdek, uzluksizlik xossalaridan foydalanish murakkab ko‘rinishdagi masalalarni sodda va tushunarli
yondashuv bilan hal gilishga xizmat qiladi. Bu esa o‘quvchilarda analitik fikrlash va isbotlash madaniyatini
rivojlantiradi.

1-masala (IMC 2011 1-kun 1-masala, [2])

f:R — R uzluksiz funksiya bo‘lsin. Agar y > x bo‘lgan shunday y € R nuqta mavjud bo‘lib,
f(v) = f(x) bo‘lsa, x nugta soya nuqta deyiladi. @ < b haqiqiy sonlar uchun quyidagilar o‘rinli deb faraz
gilinsin:

* (@, b) ochiq intervalning barcha nugtalari soya nuqtalardir

* @ va b soya nugtalar emas.

U holda quyidagilarni isbotlang:

a) Barchaa < x < b uchun f(x) < f(b)

b) f(a) = f(b).

Yechim. a) Teskarisidan faraz qilib isbotlaymiz.

Faraz gilaylik shunday c € (a, b) nugta mavjudki f(c) > f(b). [c, b] kesmani qaraylik. f funksiya
[c, b] da uzluksiz. Veyershtrass teoremasiga ko‘ra f funksiya [c, b] kesmada maksimal m giymatga ega va
bu giymatni biror d € [c, b] nugtada gabul giladi:

f(d) = max f(x)=f(c)>fb)=f(d)>fb).d=b

demak d € [c,b) c (a,b)=d € (a, b).
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d nugta (a,b) da yotgani uchun u soya nuqta. Soya nuqtaga ko‘ra y >d bo'lgan y € R uchun
f(v) = f(d) bo‘ladi. Tengsizliklarni birlashtirish orqali f(y) > f(d) > f(b) hosil bo‘ladi.

Endi y ning gayerda joylashganligiga qarab 2 holat ko‘riladi.

1-holat. y > b. Shartga ko‘ra f(y) > f(b)-bu esa b ning soya nuqgta ekanligini bildiradi. Lekin
masala shartida b soya nugta emas. Ziddiyat.

2-holat. y < b.

y>dvay<b=ye(db] cleb].

d - [c, b] kesmadagi maksimum nuqta, ya’ni

f(d) = max f(x)

x € [e.b]
lekin y € [¢,b] bo‘lsa
f) = xlg?fb]f(x) =f(d) <f(») = fy) < f(y).Ziddiyat.

Ikkala hol ham ziddiyatga olib keldi. Demak boshlang‘ich farazimiz noto‘g‘ri, ya’ni f(c) > f(b)
bo‘ladigan ¢ € (a, b) nugta mavjud emas. Barcha x € (a, b) uchun f(x) < f(b) bo‘ladi.

b) 1) shartga ko‘ra a nuqta soya nuqta emas va a < b, demak b > a,f (b) < (a) bo‘ladi.

2) (a) gismdan x > a, x € (a, b) uchun f(x) < f(b) ekanligi ma’lum.

x = a + yaqginlashsa, f uzluksizligidan

Jim f(x) = f(a)

bo‘ladi. f(x) < f(b),

xh:?2+ flx) in?2+f(b) = f(a) = f(b)

hosil bo‘ladi. f(a) = f(b) va f(a) < f(b)=f(a) = f(b).

2-masala (IMC 2000 2-kun 2-masala, [2])

f funksiya [0,1] segmentda uzluksiz va shu segmentning hech qayerida monoton bo‘lmasin. f

funksiya lokal minimumga erishadigan nuqtalar to‘plami [0,1] da zich ekanligini isbotlang.

(Funksiya hech gayerda monoton deyiladi, agar birorta ham segmentda funksiya monoton bo‘lmasa.
To‘plam zich deyiladi, agar har bir bo‘sh bo‘lmagan ochiq interval to‘plamning hamida bitta elementini o‘z
ichiga olsa.)

Yechim. (x —a,x +a) c [0,1] ixtiyorly bo‘sh bo‘lmagan ochiq interval bo‘lsin. f funksiya
[x — a x]va[x,x + a] kesmalarda monoton emas, demak shunday hagigiy sonlar mavjudki

r—asp<qg=x;x<r<s<x+a

bu sonlar uchun f(p) > f(g) va f(r) < f(s) bo‘ladi. Veyershtrass teoremasiga ko‘ra f funksiya
[p. s] kesmada global minimumga ega. f(p) va f(s) giymatlar minimum emas, chunki ular mos ravishda
f(g) va f(r) dan katta. Demak minimum (p,s) intervalning ichki nuqgtasida, bu minimum lokal
minimumdir. Demak har qanday bo‘sh bo‘lmagan (x —a,x +a) c [0,1] interval kamida bitta lokal
minimum nuqtasini oz ichiga oladi. Bu esa lokal minimumlar to‘plamining [0,1] da zich ekanligini
bildiradi.

3-masala (IMC 2006 2-kun 2-masala, [2])

Quyidagi shartlarni ganoatlantiruvchi barcha f:R — R funksiyalarni toping: har qanday a < b
hagiqiy sonlar uchun f([a, b]) obrazi uzunligi b — a ga teng bo‘lgan yopiq kesma bo‘Isin.

Yechim. y = x + c va y = —x + ¢ funksiyalar masala shartini ganoatlantirishini tekshiramiz.

fx)=x+c;, f([a,b])=[a+c,b+cluzunligi(b+c)—(a+c)=b—a

f(x)=—x+c; f([ab])=[-b+c,—a+c]uzunligi(—a+c)—(—b+c)=b—a

Endi fagat shu funksiyalar berilgan xususiyatga ega ekanligini isbotlaymiz.

Har ganday x < y va ixtiyoriy z € [x,y] uchun f(z) € f([x,v]) bo‘ladi. f([x,¥]) ning uzunligi
¥ —x ga teng. f([x,y]) ning eng katta qiymati v — x ga teng, ya’ni f([x, y]) ichidagi har ikki gqiymatning
fargi y — x dan oshib ketmaydi:

f)—fWl=y—x=[x—yl
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bu Lipshits sharti. Lipshits shartidan uzluksizlik kelib chigadi. f uzluksiz bo‘lganligi uchun,
Veyershtrass teoremasiga asosan, f har ganday yopiq [x, y] kesmada maksimum va minimumga erishadi.
Ularnia vab (a, b € [x,y]) nugtalarda erishadi deylik. U holda f([x, v]) = [f(Db), f(a)]

Masala shartiga ko‘ra bu obrazning uzunligi y — x ga teng, ya’'ni

fla—fb)=y—x

y—x=fl@-f) =If(a)-f@)=la-bl=y—x

Bu har ganday x < v uchun {a, b} = {x, y} ekanligini bildiradi. Demak maksimum va minimumga har
doim kesma uchlarida erishiladi. Bu esa f funksiyaning monoton ekanligini bildiradi. Endi 2 holatni
ko‘ramiz.

1) f o‘suvchi bo‘lsa f(y) — f(x) =y — x,

f(x)—x=f(v)—v=const =c= f(x)=x+¢c

2) f kamayuvchi bo‘lsa f(x) — f(v) =y — x,

f(x)+x=f(v)+v=const =c=f(x)=—-x+rcc€eER

4-masala (OMOUS 2023 B kategoriya 6-masala, [3])

Faraz qilaylik f:[0,1] = [0,1] uzluksiz funksiya bo‘lsin. Shunday a € [0,1] nugta mavjudki, u uchun
f(a) < a < f(f(a)) sharti bajariladi. Shunday z € [0,1] nugta mavjudligini isbotlangki, bunda f(z) = z va
f(f(z)) = z bo‘lsin.

Yechim. f(a) <a va f:[0,1] - [0,1] bo‘lgani uchun f(a) € [0,1]. f funksiya [f(a), a] kesmada
uzluksiz va f(a) <a < f(f(a)). Bolsano—Koshi teoremasiga asosan shunday b € (f(a),a) mavjudki
f(b) = a bo‘ladi.

Quyidagi yordamchi funksiyani tanlab olamiz:

g(x) = f(f(x)) —x

f uzluksiz bo‘lgani uchun g ham [0,1] da uzluksiz: f € C[0,1] = g € C[0,1].

gb)=f(fB)—b=f(a)-b<0

g(0) =f(f(0)-0=f(f(0))=0

Bolsano—Koshi teoremasiga asosan shunday z € [0, b] mavjudki

g(z) =0=f(f(2)) —z=f(f(2)) =z

Endi f(z) = z ekanligini isbotlaymiz.

N = {x € [0,1]]|f(x) = x} f funksiyaning qo‘zg‘almas nuqtalar to‘plami. f uzluksiz bo‘lgani uchun 0
yopiq to‘plam.

1-holat. A N [0,b] # ©.

Q) yopiq to‘plam bo‘lgani uchun ¢ = sup (2 n [0,b]) ham Q ga tegishli, ya'ni f (a) = «.

f(b) = a > b bo‘lgani uchun b & 2, demak a < b.

Endi f ni [a,b] kesmada ko‘rib chigamiz: f(a)= a, f(b) = a > b. Bolsano—Koshi teoremasiga
asosan shunday ¢ € (o, b) mavjudki f(c) = b.

gl =f(f(c))—c=fb)—c=a-c>0

gd)=f(f0)—b=f(a)-=b<0

Bolsano—Koshi teoremasiga asosan shunday z € (¢, b) mavjudki g(z) = 0 = f(f(z)) = z.

f(z) #z. Sababi ze€ (c,b) va c¢>a=sup(2n[0,b]). Demak z > a, ya’ni z & 2n [0, b].
z<b=1lvaze[0,1]=z ¢, demak f(z) = z.

2-holat. 2 n [0,b] = @, ya’ni [0,b] da f funksiyaning qo‘zg‘almas nuqtasi yo‘q. ixtiyoriy z € [0, b]
uchun f(z) # z.

5-masala (NCUMC 2021 1-masala, [4]).

Faraz qilaylik f:(1,00) — R funksiya uzluksiz va chegaralangan bo‘lsin. Shunday {x,} ketma-ketlik
mavjudligini isbotlangki, unda quyidagi shartlar bajarilsin:

Iim x, = +oo

n— oo

fim (f(xn +2021) = f(xn)) = 0.
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Yechim. g(x) = f(x +2021) — f(x) yordamchi funksiyani garaymiz. f uzluksiz bo‘lgani uchun g
ham uzluksiz. Ikki holatni ko’ramiz.
1-holat. Faraz gilaylik, shunday x, > 1 mavjudki, barcha x > x, uchun g(x) > 0.

X, = Xy + 2021n deb olamiz. U holda lim x, = +oo.

gix) =0

flxg+2021n +2021) — f(x, + 2021n) > 0

flxg+2021(n+ 1)) — f(x, +2021n) > 0

flxg+2021(n+ 1)) > f(x, +2021n)

ya’ni {f(x,+ 2021n)} ketma-ketligi monoton o‘suvchidir. f chegaralangan bo‘lgani uchun bu
ketma-ketlikning limiti mavjud:

nIi_{rin(xo +2021n) =L;L e R

g{x,) = f{xy +2021n + 2021) — f(x, +2021n)

nIiniDg[xn) = n”"io flxg+2021(n+1))) — nIiniD flxg+202In)=L—-L=0

lim g(x,,)=0.
2-holat. Faraz gilaylik bunday x, mavjud emas, ya‘ni g(x) hech ganday nugtadan keyin doimiy
ishorali bo‘lmaydi. U holda har bir n = 1 uchun n dan katta giymatlarda g musbat ham, manfiy ham giymat

oladi:
da, =>n,gla,) = 0;3b, >n,g(b,) <0.

Bolsano—Koshi teoremasiga asosan shunday x, € (a,, b,)
mavjudki,g(x,) = 0.x, >n= lim x, = +oo.
n — oo

6-masala (SEEMOUS 2023 4-masala, [5]).
Faraz qgilaylik f:[0,1] = [0,1] uzluksiz va gat’ily kamayuvchi funksiya bo‘lsin. Har bir n € N\{0}
uchun f(x) = x™ tenglamasining (0,1) oraligda yagona a,, yechimi mavjudligini isbotlang va lim a, = 1

ekanligini ko‘rsating. "

Yechim. Mavjudlik. Yordamchi funksiyani kiritamiz: g(x) = f(x) —x" x € [0,1]. g funksiyasi
[0,1] da uzluksizdir, chunki f uzluksiz va x™ ham uzluksizdir. Endi giymatlarni hisoblaymiz.

g(0) = f(0) — 0" =£(0)

f qat’iy kamayuvchi va f([0,1]) € [0,1] bo‘lgani uchun f({0) = f(1) = 0. Agar f(0) = 0 bo‘lsa, f
kamayuvchiligidan f =0 kelib chiqadi, bu esa qat’iy kamayuvchilikka zid. Demak f(0) > 0, ya’ni
g(0) > 0.

g =f(H)-1"=f(1)-1

f qat’ly kamayuvchi va f(0) € [0,1] bo‘lgani uchun f(1) < f(0) < 1, demak f(1) < 1, ya’ni
g(l) <o.

Shunday qilib, g(0) > 0 va g(1) < 0. g funksiyasi [0,1] da uzluksiz bo‘lgani uchun, Bolsano—
Koshining 1-teoremasiga asosan, shunday a,, € (0,1) mavjudki g(a,,) = 0, ya‘ni f(a,) = a;.

Yagonalik. Faraz gilaylik a < b ikkala yechim bo'lsin, ya'ni f(a) =a™ va f(b)=b". f qat’iy
kamayuvchi va a < b bo’lgani uchun f(a) > f(b),ya’ni a™ > b™. Lekin 0 <a < b < 1 bo‘lganda
a" < b" bo‘ladi. Ziddiyat. Demak yechim yagonadir.

Endi lim a, =1 ekanligini isbotlaymiz.

n—co
1-qadam. (a,,) ketma-ketligi qat’iy o‘suvchi.
Faraz qgilaylik a,, = a,,,. f kamayuvchi bo‘lgani uchun f(a,) < f(a,.,), yani al < a?f1. Lekin
@,.; € (0,1) bo‘lgani wuchun ail < a®,,.a,= a,,; dan a? =al,, kelib chigadi. Demak
a = at,, >ail buesaal < a’t! gazid Demak a, < a,.,, ya'ni (a,) qat’iy o‘suvchidir.
2-gadam.(a,) qat’iy o‘suvchi va yuqoridan 1 bilan chegaralangan, demak biror £ € (0,1] limitga
yaginlashadi.
3-qadam. £ = 1 ekanligini isbotlaymiz.
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Faraz gilaylik £ < 1. U holda barcha n uchun a,, < £ < 1, demak lim aj, =0 (chunki a, < £ <1

n— oo

va £ — 0). f uzluksiz bo‘lgani uchun va a,, — £ dan

f€)= lim f(a,) = lim aq) =0.

Demak, f(£) = 0. Lekin f qat’iy kamayuvchi va £ < 1 bo‘lgani uchun f(£) > f(1) = 0. Agar
f(1) = 0 bo‘lsa, gat’ily kamayuvchilikdan f(#) > f(1) = 0 bo‘ladi, bu f(£) =0 ga zid. Agar f(1) >0
bo‘lsa, f(£) = f(1) =0, bu ham f(£)= 0 ga zid. Har ikki holda ham ziddiyat. Demak ¢ =1, ya’ni
lim a, = 1.

n— oo

4. Mustagqil ishlash uchun tavsiya etiladigan masalalar

Ushbu bo‘limda uzluksiz funksiyalar xossalari va ularning olimpiada masalalarini Yyechishdagi
qo‘llanilishiga oid mustaqil ishlash uchun masalalar keltiriladi. Berilgan topshiriglar o‘quvchilarning nazariy
bilimlarini mustahkamlash va ularni amaliy masalalarda qo‘llash ko‘nikmalarini rivojlantirishga xizmat
giladi. Masalalar turli murakkablik darajasida tanlangan bo‘lib, mantiqiy fikrlash va isbotlash madaniyatini
shakllantirishga yo‘naltirilgan. Ularni yechish jarayonida o‘quvchilar Veyershtrass va Bolsano—Koshi
teoremalaridan samarali foydalanish malakasini oshiradilar. Bu esa mustaqgil ijodiy yondashuvni
rivojlantirishga imkon beradi.

1-masala (Putnam and Beyond 389-masala, [6])

f: R — R-uzluksiz funksiya bo‘lib, quyidagi shartni qanoatlantirsin:

fl+2n) —f(x+h)

lim =0;xeR

h—o0t h

f funksiyasi o‘zgarmas, ya‘ni f = const ekanini isbotlang.

2-masala (IMC 2016 1-kun 1-masala, [2])

f:la,b] — R funksiya [a,b] da uzluksiz va (a,b) da differensiallanuvchi funksiya bo‘lsin. Faraz
gilaylik f funksiya cheksiz ko‘p nollarga ega, ammo hech qanday x € (a, b) nugtada f(x)= f'(x)=0
shart bajarilmasin.

(@) f(a) - f(b)=0 ekanini isbotlang.

(b) [0,1] kesmada yugoridagi barcha shartlarni ganoatlantiruvchi funksiyaga misol keltiring.

3-masala (SEEMOUS 2008 1-masala, [5])

f:[1,+) — (0, +o0)-uzluksiz funksiya bo‘lib, har bir a > 0 uchun f(x) = ax tenglamasi [1,+0)
da kamida bitta yechimga ega bo‘lsin.

(a) Har bir @ = 0 uchun f(x) = ax tenglamasi cheksiz ko‘p yechimga ega ekanini isbotlang.

(b) Yugoridagi xossani ganoatlantiruvchi qat’iy o'suvchi uzluksiz funksiyaga misol keltiring.

4-masala.( IMC 1997 2-kun 6-masala, [2])

Aytaylik, f:[0,1] = R uzluksiz funksiya berilgan bo‘lsin. Agar f(x)= 0 bo‘lsa va x ning ixtiyoriy
atrofida f(y) < 0 hamda f(z) > 0 bo‘ladigan y,z nuqtalar topilsa, f funksiya x nuqtada “o‘qni kesib
o‘tadi” deyiladi.

a) “o‘qni” cheksiz ko‘p marta kesib o‘tuvchi uzluksiz funksiyaga misol keltiring.

b) uzluksiz funksiya “o‘qni” cheksiz ko‘p marta kesib o‘ta oladimi? Javobingizni asoslang.

5-masala (IMC 2002 1-kun 4-masala, [2])

f:la,b] = [a, b]-uzlukiz funksiya va p € [a, b] bo‘lsinp, = p va p,., = f(p,).n =0,1,2, .. deb
ta’riflansin. Faraz qilaylik,

T, ={p,:n=0,12..}

to‘plami yopiq bo‘lsin,ya’ni agar x € T,, bo’lsa ,u holda shunday & > 0 mavjudki, barcha x’ € T,
uchun |[x" — x| = & bo’lsin.

T, to‘plam chekli ko‘p elementdan iborat ekanligini isbotlang.

Xulosa. Ushbu maqolada matematik analiz kursining muhim bo‘limlaridan biri hisoblangan uzluksiz
funksiyalarning asosiy xossalari Veyershtrass hamda Bolsano—Koshi teoremalari orgali sodda va tushunarli
tarzda yoritildi. Mazkur nazariy natijalarning amaliy ahamiyatini ko‘rsatish magsadida xalqaro matematika
olimpiadalarida uchragan turli tipdagi masalalar tahlil qilinib, ularning yechimlarida uzluksiz funksiyalar
xossalaridan samarali foydalanish usullari namoyish etildi. Tahlil qilingan masalalar o‘quvchilarda
matematik mulohaza yuritish, mantiqiy fikrlash va nostandart yondashuv ko‘nikmalarini rivojlantirishga
xizmat giladi. Shuningdek, maqolada tavsiya etilgan mustaqil yechish uchun masalalar o‘quvchilarning
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mavzuni chuqurroq o‘zlashtirishiga, nazariy bilimlarini mustahkamlashiga hamda olimpiada masalalarini
yechish bo‘yicha amaliy tajribasini oshirishga yordam beradi. Olingan natijalar matematik analizni
o‘qitishda va iqtidorli o‘quvchilarni xalqaro olimpiadalarga tayyorlash jarayonida samarali metodik manba
sifatida foydalanilishi mumkin.
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DISCRETE SPECTRUM OF THE EVEN PART OF A LATTICE SCHRODINGER
OPERATOR WITH ON-SITE AND NEAREST-NEIGHBOUR INTERACTIONS
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Abstract. We study a one-particle discrete Schrédinger operator on the lattice Z with a finite-range
external potential. The potential consists of an on-site interaction of strength y € R and nearest-neighbour
interactions of strength 4 € R. The present paper is devoted to the restriction H}f’ﬁ: = Hy, ;|22 Of this

operator to the even subspace. The eigenvalues of H;’A outside the essential spectrum are characterized by

an explicit Fredholm determinant equation. This characterization yields a complete classification of the

number and location of the discrete eigenvalues of the even part in terms of the parameters (y, 1) € R?.
Keywords: Schradinger operator, one-particle operator, eigenvalue, lattice.

BIR TUGUNDA VA ENG YAQIN QO‘SHNI TUGUNLARDA TA’SIRLARGA EGA
PANJARADAGI SCHRODINGER OPERATORI JUFT QISMINING DISKRET SPEKTRI

Annotatsiya. Biz Z panjarada aniglangan, chekli ta’sir radiusiga ega tashqi potensial bilan
ta’sirlashadigan bir zarrachali diskret Schrédinger operatorini o ‘rganamiz. Mazkur potensial y € R kuchga
ega bir tugundagi ta’sir hamda A € B kuchga ega eng yaqin qo ‘shni tugunlardagi ta’sirlardan iborat.
Ushbu magola mazkur operatorning juft funksiyalar fazosidagi qismi H;’A:= yalizemni o'rganishga

bag ‘ishlangan. H;; operatorning muhim spektrdan tashgarida joylashgan xos giymatlari aniq Fredholm

determinanti tenglamasi orgali tavsiflanadi. Ushbu tavsif (y, 1) € R? parametrlar bo ‘yicha juft gismning

ajralgan xos qiymatlari soni va joylashuvini to ‘liq tavsiflash imkonini beradi.
Kalit so‘zlar: Schrédinger operatori, bir zarrachali operator, xos giymat, panjara.

JUCKPETHBIA CHEKTP YETHOM YACTHU PEIIETOYHOI'O ONEPATOPA
IIPEJUHTEPA C OJJHOY3EJBbHBIM B3AUMMOJENCTBUEM U B3AUMOJENCTBUSIMU HA
BJNKANIINAX COCEJHUX Y3JIAX

Annomamuyusn. Mol usyuaem oonoyacmuunwlii Ouckpemuuwiii onepamop Lllpéouncepa na pewémre T ¢
BHEWHUM HNOMEHYUAIOM KOHeuHo20 paouyca Oelcmeus. Ilomenyuan cocmoum u3 00HOY3EIbHO2O
s3aumooeticmeusi unmercugHocmu Yy € R u  e3aumoolericmeuli Ha  OAUNCAUWUX — COCEOHUX  Y31aX

unmencusnocmu A € R. Hacmoawasa paboma nocesawena cyxceHuro H]f 20 = Hy ;| 2ery dannoco onepamopa

Ha uémHoe nodnpocmpchmeo. Cobcmeennvie 3HAUEHUS onepamopa H]fﬂ’ Jesicaujue 6He Cyuecni6eHHoco

CHeKmpa, Xapaxmepusyromcs a6HbIM ypasHeHuem 0 0emepmunanma Ppedeonvma. Ima Xapaxmepucmuxa
0aém Nonyio KAACCUDUKAYUIO HUCTA U PACNONONCEHUST OUCKPEMHBIX COOCMBEHHBIX 3HAYEHUl Y4EéMmHOlU
yacmu 6 mepmunax napamempos (y, 1) € R2.
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Kntouesvie cnosa: onepamop Illlpéduncepa, oonouacmuuHwlii onepamop, coOCmMEeHHOe 3HAuYeHue,
peuémxa.

Introduction. Lattice Schrodinger operators form a fundamental class of models in spectral theory
and mathematical physics. They arise naturally both as discrete counterparts of continuous Schrédinger
operators and as effective Hamiltonians for quantum particles moving in periodic media. Such operators play
an important role in the analysis of spectral bands, isolated eigenvalues, threshold effects, and finite-rank
perturbations of multiplication operators.

The spectral theory of lattice Hamiltonians has been extensively studied for one-, two-, and three-
particle systems; see, for example, [1, 2, 3, 4,5, 6, 7, 8, 9] and the references therein. Particular attention has
been paid to the structure of the essential spectrum, the existence and location of eigenvalues outside spectral
bands, and threshold phenomena. In this setting, Fredholm determinants and Birman—Schwinger type
methods provide an effective approach; see also [10].

Discrete Schrodinger operators also arise in the description of quantum systems in periodic structures.
Typical examples are ultracold atoms in optical lattices generated by interfering laser beams; see [11, 12, 13,
14, 15]. The possibility of controlling lattice geometry and interaction strengths makes such models suitable
for studying bound states, spectral thresholds, and related phenomena.

In the present paper we study the even part of a one-particle discrete Schrodinger operator on the one-
dimensional lattice Z. The external potential consists of an on-site term with coupling constant y € R and a
nearest-neighbour term with coupling constant A € R. Under the Fourier transform, the operator is unitarily
equivalent to a bounded self-adjoint operator in L*(T), where T = (—m, 7], with dispersion relation

g(p) = 2(1 —cos2p) = 4sin®p, peT.

The essential spectrum is the interval [0,4]; hence discrete eigenvalues may occur only in (—o, 0) and
(4, ).

Since the dispersion relation and the potential are even, the even subspace L*#(T) is invariant. We
therefore consider the restricted operator

H]i?l: = },AILZ,EOI].

The main purpose of the paper is to describe the discrete spectrum of Hy; outside the essential band
[0,4] forall (v, 4) € R?.

For the even part, the eigenvalue problem is reduced to the scalar Fredholm determinant equation

(1+ya(z))(1+ Ac(2)) =0, =z € C\[0,4].

By analyzing the sign properties, monotonicity, and threshold asymptotics of the functions a and ¢, we
determine the number and location of the eigenvalues of H;’A below and above the essential spectrum. This

gives a complete classification of the discrete spectrum of the even part in terms of the parameters (y, 4).

The paper is organized as follows. In Section 2 we introduce the coordinate-space lattice Schrodinger
operator and derive its momentum representation. Section 3 is devoted to the essential spectrum, the parity
decomposition of H, ;, and the reduction to the even subspace; we also obtain the corresponding Fredholm

determinant criterion for the eigenvalues of H;’A. In Section 4 we state and prove the main results, giving the
classification of the discrete spectrum of the even part in terms of the parameters (y, 1) € R=?.
1 Coordinate and momentum representations of the lattice Schrodinger operator. Let £%(Z) denote the

Hilbert space of square-summable complex-valued functions on Z. We consider the bounded self-adjoint
operator
H].'AZHO_'_V}!A! 'y,.:;l,E]E.
The free part H, is defined by
(Bof)0) = ) &)f(x+5),  fef @)
seE
where
é(S) = 26;0 - 55.2 - 65'.—2’ se E.
Here §;; denotes the Kronecker delta.

The perturbation ﬁ},ﬁ is the multiplication operator
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(Fa)) = 0,,00f(x),  fe @),

with

V() =y6,0+ A6, +6,—1), XEL

Thus the parameter y corresponds to an on-site interaction at the origin, whereas A describes the
nearest-neighbour interaction.

Let L?(T) be the Hilbert space of square-integrable complex-valued functions on the torus
T: = (—m,m]. We denote by

FE@D - BT, FHE) == fE)e
. , L ,

xeL

the Fourier transform. In momentum representation, the operator H}, ; takes the form
H,,:= FH,F™' = Hy + V,;.
Then H, is the multiplication operator

(Hof)(p) = e@f(p),  f€L¥(D),
where

g(p) =2 —e?P — e=2%P = 2(1 — cos2p).
Moreover,

1
W) = ELU’ +2Acos(p —0))f (D) dt,  f€L*(T).

2 Essential spectrum and the even part of H,,. Since V,, is a finite-rank operator, Weyl’s theorem
implies that

Uess [:H].'A) = Oess(Ho)-

Because H, is the multiplication operator by

g(p) = 2(1 —cos2p) = 4sin®p, pe€T,

it follows that

Uess [:H].'A) = [0,4].

Using the trigonometric identity

cos(p — t) = cosp cost + sinp sint,

the perturbation term can be written in the form

(V f)(p)=1ff(r) dt +icos J-costf(r) dt+isin J-sinrf(t) dt
ra 21 Jg 7w O%P T po P T )

Accordingly, the operator H,; = H, + V,,; acts in L*(T) as

A A
(H,.H)®) = £(@)f () + — f F(O) dt + = cosp f cost f(t) dt + ~sinp f sint f(¢) dt.
2T T T T T T
Since ¢ is even and V,; preserves parity, the subspaces

L*%(T):= {f € L*(T):f(p) = f(—p) fora.e.p € T}
and

L*°(T):={f € L*(T):f(p) = —f(—p)fora.e.p € T}
reduce H,;. Hence

L¥(T) = L**(T) @ L*°(T), H,; =H,;, DH.
More precisely, if f € L##(T), then the function t ~ sint f(t) is odd, and therefore
J-sint f(t)dt = 0.
T
Thus

e ¥ A
(Hp, P (@) = S(p)f(p)+£J;If(r) dt+Ecoschosrf(t) dt.

Similarly, if f € L*°(T), then both t — f(t) and t ~ cost f(t) are odd, so that

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 83



MATHEMATICS

f f(t)dt =0, f cost f(t) dt = 0.
T T
Hence
|
(HY () = e()f(p) + Esiﬂpfsiﬂf f(o)de.
T

The main objective of the present paper is to determine, for each (y, A1) € R?, the exact number of
discrete eigenvalues of the even part H}f’ , lying below and above the essential spectrum.
To characterize the discrete spectrum of the even part H;’A, we introduce the corresponding scalar
Fredholm determinant. For z € C\[0,4], set
AL, (2):= (1 +ya(z))(1 + Ac(2)),
where
1 d 1 { cos®qd
a(z)=—J- 1 , C[:Z)=—J-¢.
2mlpe(q) —z mlre(q) —z
The next lemma shows that the discrete eigenvalues of H}f,a outside the essential spectrum are

precisely the zeros of :‘_\.f,ﬁ.
Lemma l. Foreveryz € C\[0,4], z € 04(Hy;) < A7;(z) =0.

The proof of this lemma is straightforward and can be found in various sources, such as [6]. Therefore,
we do not provide a proof in this paper.

Lemma 2. The functions a(z) and c(z) are real-analytic on each of the intervals (—co,0) and
(4, o). Moreover, they are positive and strictly increasing on (—eo, 0), while they are negative and strictly
increasing on (4, w).

Proof. Since

e(q) = 2(1 —cos2q) = 4sinq, q €T,

one has £(T) = [0,4]. Hence, for z € (—,0) U (4, %), the denominators £(g) — z do not vanish.

Let I be a compact subinterval of (—oo, 0) or (4, e). Then there exists §, = 0 such that

le(q) —z| = & forallg € T, zel

Therefore differentiation under the integral sign is justified, and a and ¢ are real-analytic on each of
the above intervals. In particular,

‘) 1 J’ dq () lJ’ cos?q dq
az)=—| —/——, @)= ——/——.
2m Jy(e(q) — 2)? mJy(e(q) — 2)*
Since (e(q) — z)? > 0 for all g € T, it follows that
a'(z) > 0.
Likewise, cos®q = 0 for all g, and cos?q > 0 on a set of positive measure. Hence
c'(z) = 0.

Thus both a and ¢ are strictly increasing on (—co, 0) and on (4, ).

If z< 0, then £(g) —z = 0 for all g € T. Therefore the integrand defining a(z) is strictly positive,
while the integrand defining c¢(z) is nonnegative and positive on a set of positive measure. Hence

a(z) >0, «c(z)>=0.

If z> 4, then e(q) —z < 0 for all g € T. Therefore the integrand defining a(z) is strictly negative,
while the integrand defining c(z) is nonpositive and negative on a set of positive measure. Hence

a(z) <0, c(z) < 0.

This completes the proof.

Lemma 3. The following threshold asymptotics hold:

1 1
= _ = _3/2
a(z) = zZ+0 z asz 720,
@)=, = 1 (-2)*?)
1 1 1 /2
c(z) =———+-V—z+0(—2)?*?) asz20
V—Z 2 8
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1 1
+—\,z— +0((z—4)°*?) aszv4,

a(z) = —
@) 2yz—4 16

1 1
c(z) = ——+g\,z— +0((z—4)*?) aszv4
Proof. Using
£(q) = 2(1 — cos2q) = 2 — 2cos2qg,
we may Write
T d
a(z) = J- . S .
2ml)_,2 —z —2coslq
After the change of variables t = 2q and the 2m-periodicity of the integrand, this becomes
1 (" dt
a(z) = J- —_—
2mJ_,2 —z —2cost
Now apply the tangent half-angle substitution
1—x? 2 dx
, t = .
14+ x2 1+ x?

t
Xx=tan_, cost =
p

Then

dx
a(z) = L( 2)+ (4 2)x%

Consequently,

1
forz <0, a(z) = —ﬁ forz > 4.
z(z —

RN eI y

N
Next, since

£(q)

cos?g = 1 — sin? q—l—T

we obtain
1J’ cos’qdq _ 1J’ 1—e(q)/4 p

€@ =1) -2 6Q) -2

£(q) dq
= 2a(z )__J- e(q)—z

Using

(@ .,z
£(q) —z e(q) —z
we infer that

1 J’ g(q)dq l+z
nlre(q)—z 2 2
and hence

a(z),

-z @) 1

alz) ——.
2 2
We now derive the stated threshold expansions.
Letz ~ 0. Then

1 =z
c(z) = 2a(z) —373 a(z) =

a(z) = = 1—-)"1/2,
O IeEs =l @
Since

(l—u)‘1f2=1+%+0(u2), u—0,

with u = z/4, it follows that

1 1
a(z) =—————V—z+ 0((—2)%?).

Substituting this into
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(@) =22 a(z) -~
clZ) = alz) ——,
2 2
we obtain
(2) = ——— =+ "z + 0((—2)*2).
c(Z)=—=—-—=-+= z

J—z 2 8'
Letnow z v 4, and putw = z — 4 > 0. Then

1 1 1 w

a(z) = — =— =— 1+—)72,
) Jz(z —4) JE+Fww 2\,@( 4)
Using

u
(1+u) 2= 1—E+O(u2), u—0,

with u = w/4, we get

N e T
a@) =~y =5t g VE 0@~ ),
Finally,

— 1
c(z) = a(z) =73 a(z) >

and therefore
1 1
c(z) = ——+E\£'ZT+O([Z—4)3”).

This completes the proof.

3 Main results. We next state the main classification result for the restriction H}, = H, |z, of

H,, to the even subspace L*#(T). It provides a complete description of the discrete spectrum of HY, outside

the essential spectral interval [0, 4].
Fory,1 € R, let N2(y,4) and N{(y,4) denote the numbers of discrete eigenvalues of Hy; in (-0, 0)
and (4, o), respectively, counted with multiplicities.
Theorem 1 Lety, A € R. Then the discrete spectrum of H? Vi is finite and satisfies
d4(Hy;) © (=0,0) U (4, ).
Denote by
NE(y,A):=#(04(Hy;) N (=0,0)),  NI(y,A):=#(04(Hy;) N (4 ),
where eigenvalues are counted with their multiplicities. Then
(1,1), y>0  1<0,
(0,1), y=o0, 0=1=2
(0,2), y=0  1>2
(1,0), y=0, A <0,
(Ne(y, D, N2(r, D)) ={(0,0), y=0 0=1<2
(0,1), y=0, 1>2
(2,0), y<0, 1<0,
(1,0), ¥<0,  0=4=2
(1,1), ¥ <0, A= 2
Proof. Since the restriction of the perturbation to L*#(T) is finite-rank, Weyl’s theorem gives

Oess [:H]i?l) = [0r4] .

Hence

04(Hy;) © (—,0) U (4, ).
By Lemma 3.1,

z€aq(Hy;) < A(2)=0
where

AL;(z) = (1 +ya(z)(1 +Ac(z)).
Thus it remains to count the zeros of the two scalar factors on (—oo, 0) and (4, «).
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By Lemma 3.2, a is positive and strictly increasing on (—eo, 0), negative and strictly increasing on
(4, o). Moreover, Lemma 3.3 gives

lim a(z) =0, lima(z) = +oo,
E——00 z/0

and

lima(z) = —oo, lim a(z) = 0.
Zud Z—+oo

Therefore 1 + ya(z) = 0 has exactly one solution in (—o, 0) if ¥ < 0, exactly one solution in (4, )
if ¥ = 0, and no solution if ¥ = 0.
Similarly, c is positive and strictly increasing on (—o, 0), with
lim ec(z) =0, lime(z) = +oo.
z/0

z——c0

Hence 1 + Ae(z) = 0 has exactly one solution in (—oo, 0) if and only if 4 < 0.
On (4, =), the function c is negative and strictly increasing, and

. 1 .
lzlilic(z) =3 ZEELC(Z) =0.
Thus
1
c((4, o)) = (— % O).
Therefore 1 + Ac(z) = 0 has exactly one solution in (4, eo) if and only if
1 1
(L)
i<(3

which is equivalent to A > 2. For A =< 2, no such solution exists. In particular, for A = 2 the value
—1/2 is attained only at the threshold z = 4, which is not a discrete eigenvalue.

Combining these alternatives gives precisely the nine cases stated in the theorem. Each scalar zero is
simple by strict monotonicity. If the two factors vanish at the same point, the corresponding eigenfunctions

1 cos(-)

e()-z  &()-z

are linearly independent. Hence the eigenvalues are counted with the stated multiplicities. The proof is
complete.
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Abstract. This article examines elementary mathematical methods used to find optimal solutions for
economic problems where the objective is to determine the maximum or minimum value of a linear function.
The study focuses on scenarios with a small number of independent variables, making these manual
calculation methods convenient and practical. Through three detailed case studies, the text demonstrates the
process of: Mathematical Modeling: Translating logistical and production constraints into systems of linear
equations and inequalities. Optimization of Logistics: Minimizing transportation costs between multiple
supply points and destinations by satisfying specific demand requirements.Production Efficiency:
Maximizing factory profit while balancing resource limits (such as steel and non-ferrous metals) and
ensuring full utilization of specific machinery. The methodology emphasizes reducing multi-variable systems
into single-variable linear functions to identify optimal values within a feasible range. These techniques
provide a grounded approach to resource allocation and cost reduction in industrial and commercial
contexts.

Key words: linear function, optimization, transportation problem, mathematical model, feasible
plan, constraints, resource allocation,profit maximization, cost minimization.

3JEMEHTAPHBIE METO/bI HAXOXKIEHUS ONITUMAJIbHBIX PEIIEHUAM
KOHOMMYECKHUX 3AJAY

Annomauyus. B oannoil cmamve paccmampusaiomcs 1eMeHmapHvle MamemMamuyeckue memoovl
NOUCKA ONMUMANbHBIX peulenuti O0as CHneyu@uuecKux IKOHOMUYECKUX 3a0ay, 8 KOMOpwlX peuieHue
3aKII0YAEMCS. 8 HAXONCOEHUU MAKCUMANLHO2O0 UMY MUHUMATLHO20 3HAYEHUs! JUHEUHOU @yHKyuu. IOmu
Memoovl Hauboree YOOOHbl 8 CAYYASX, K020d KOIUYECMBO He3A8UCUMbBIX NEPEeMEHHbIX Hesenuko. B pabome
HA KOHKPEMHBIX NPUMEpax OeMOHCMPUPYEmcs Npoyecc NOCMPOEHUs MAmeMamuideckux mooenel OJisl
PA3IUYHBIX CYeHapues: MpPAHCNOPMHAS JOSUCUKA: MUHUMUAYUA OOWUX 3ampam HA NepeosKy 2py308
MedHcOy NYHKMAMU OMnpasienus U HA3HA4yeHusi npu coOn00eHul yCiosuil nocmagox u nompebHocmell.
Pacnpeodenenue pecypcog: onpedenenue naubonsee IKOHOMUUHO2O CHOCOOA OOCMABKYU CbIPbsL CO CKIAO08 8
maeasunvl. llnanuposanue npouzeoocmea: MaKCumMuzayus npudbLiy npeonpuamus npu coomooenuu
UMUMOB HA CbIPbE (cmanb, yeemHvle Memainsvl) U mpebdO8aHull no IKCHIyamayuyu 060pyo006aHusl.
Memoouxa ocHosvigaemcs Ha c@edeHUU Cucmem OSpaHudeHull K JAUHEeUHbIM @QYHKYuAM om OOHOU
nepemennou. Auanusupys smu  QYHKYuu Ha OONYCMUMbBIX UHINEPBANAX, a6mMOpbl NOKA3bIEAIOM, KAK
onpedenums ONMUMATbHbIE 3HAYEHUS NEPEeMEHHbIX Oas OOCMUICEHUSI HAUTYYUE20 IKOHOMUUECKO20
pe3zyremama.

Knwuesvie cnoea: nuneiinas @yukyus, onmumanbHoe peuienue, MPAHCHOPMHAA  3a0aud,
MamemMamuieckas Mooenb, OONYCIMUMbBIN NIAH, CUCmeMa O02PaHuuenull, pacnpeoeieHue pecypcos,
MAaKCUMu3ayus RPUOLLIY, MUHUMUZAYUS 3aMPam

IQTISODIY MASALALARNING OPTIMAL YECHIMLARINI TOPISHNING
ELEMENTAR USULLARI

Annotatsiya. Ushbu magolada yechimi chizigli funksiyaning maksimal yoki minimal giymatini
topishdan iborat bo‘lgan muayyan iqtisodiy masalalarning optimal yechimlarini topishning elementar
matematik usullari ko ‘rib chigiladi. Bu usullar erkli o ‘zgaruvchilar soni kam bo‘lgan holatlarda juda
gulaydir. Ishda aniqg misollar yordamida turli ssenariylar uchun matematik modellarni qurish jarayoni
namoyish etilgan: Transport logistikasi: Yetkazib berish shartlari va ehtiyojlarni hisobga olgan holda,
jo‘natish va yetkazish punktlari o ‘rtasida yuk tashishning umumiy xarajatlarini minimallashtirish.
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Resurslarni tagsimlash: Xomashyoni omborlardan do ‘konlarga yetkazib berishning eng tejamkor usulini
aniqlash. Ishlab chigarishni rejalashtirish: Xomashyo (po ‘lat, rangli metallar) cheklovlari va uskunalardan
foydalanish talablariga rioya gilgan holda korxona foydasini maksimallashtirish. Ushbu uslub cheklovlar
tizimini bir o ‘zgaruvchili chizigli funksiyalarga keltirishga asoslangan. Mualliflar ushbu funksiyalarni ruxsat
etilgan intervallarda tahlil qgilish orqali eng yaxshi iqtisodiy natijaga erishish uchun o ‘zgaruvchilarning
optimal giymatlarini ganday aniqlashni ko ‘rsatib beradilar.

Kalit so‘zlar: chizigli funksiya, optimal yechim, transport masalasi, matematik model, muvofiq reja,
cheklovlar tizimi, resurslarni tagsimlash, foydani maksimallashtirish, xarajatlarni minimallashtirish

Introduction. In the modern economic landscape, efficiency is often dictated by the ability to make
precise decisions under specific constraints. Finding the most cost-effective way to transport goods or the
most profitable way to utilize factory resources requires a systematic approach to optimization. This article
explores elementary mathematical methods used to find optimal solutions for economic problems where the
objective is defined by the maximum or minimum value of a linear function. When the number of
independent variables is small, these methods offer a convenient and practical way to achieve economic
goals without requiring overly complex computational tools. By translating real-world scenarios—such as
logistics coordination and industrial production—into mathematical models, we can define a "feasible plan™
that satisfies all operational requirements.

Through the analysis of a constraint system, these models allow us to identify the "optimal plan" that
yields the best possible financial outcome. This study examines three specific types of optimization
challenges: Transportation Logistics: Minimizing the total cost of delivering raw materials from multiple
supply points to various destinations. Warehouse Distribution: ldentifying the most economical delivery
route from warehouses to retail stores while meeting specific demand units. Resource and Production
Planning: Maximizing factory profit by balancing raw material stocks, such as steel and non-ferrous metals,
against equipment labor hours. By reducing these systems of inequalities and equations into single-variable
linear functions, we can clearly determine the precise values needed to minimize costs or maximize returns.

Problem 1. At points A and B, there are 15 wagons each, making a total of 30 wagons of raw
materials. All wagons must be delivered to points C and D, where 10 wagons must be delivered to point C
and 20 wagons to point D.The transportation cost for one wagon is as follows:from A to C — 1 soum,;from A
to D — 3 soums;from B to C — 2 soums;from B to D — 5 soums.Plan the transportation of the raw materials in
such a way that the total transportation cost is minimized.

Solution of the problem.The following table fully represents all the conditions of the problem:

C D
E 3

15

2 5

15

10 20

It is also convenient to represent the transportation plan in a similar table.For example, let us present
the table corresponding to sending 3 wagons from point A to C, 12 wagons from A to D, 7 wagons from B to
C, and 8 wagons from B to D:

C D

A3\—112\—315
B 7\i8|i15

10 20

For this plan, we calculate the corresponding transportation costs:

H=3-1+12-3+7.2+8-5=93 soums.

Many similar transportation plans can be constructed. Among all feasible plans, it is required to find
the optimal one.By a feasible plan, we mean a plan in which 15 wagons are shipped from each of points A
and B, and 10 and 20 wagons are delivered to points C and D, respectively. By an optimal plan, we mean a
feasible plan that requires the minimum total transportation cost.

To solve the problem, we construct its mathematical model. Let x wagons be transported from A to C,
and y wagons from B to C. Similarly, let z wagons be transported from A to D, and u wagons from B to D.
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c D
A x L1 z 3 15
B y 2 u 5 15
10 20

Since a total of 10 wagons must be delivered to point C, we obtain the condition: x +y = 10.
Similarly, since 20 wagons must be delivered to point D, we have the condition: z + u = 20.
On the other hand, since 15 wagons must be shipped from each of points A and B, we have:
X+2z=15
y+u=15
The inequalities obtained above and the non-negativity of the quantities (X, y, z, u) are called the
constraint system of Problem 1, that is, the constraint system can be written in the following form:
x+t=10,
—+u=20,
x+=15.
=15,
x=0, y=0, z=0, =0
Let us denote the transportation cost of the goods by (F) and calculate it:
F=1x+2-y+3.2+5-u (2)
To solve the given problem, we need to find values of the variables (X, y, z,) and (u) such that the
function (F) takes its minimum value.
The problem can be reduced to checking a single-variable linear function. Indeed, from system (1) we
get the equalities: y = 10 - x, z=15-X, u =5 + x and we substitute these into (2):
F=x+3 (15-x 22 (10-x )45 (5+x )=90-+x
Here, the variable (x) can take integer values from 0 to 10. Therefore, when x = 0, the function F
attains its minimum value of 90. Thus, the optimal transportation plan is represented in the following table:

C D
A |0 \—1 15 \—3 15
B 10 \—2 5 \—5 15
10 20
Problem 2. There are raw materials in two warehouses, which need to be delivered to three stores.
Warehouse 1 has 10,000 units, and warehouse 2 has 5,000 units of raw materials.lt is required to deliver

4,000 units to store 1, 8,000 units to store 2, and 3,000 units to store 3.The transportation cost per unit from
the warehouses to the stores is given in the following table:

(1)

1- store 2-store 3-store
1-warehouse 3 soums 3 soums 2 soums
2-warehouse 6 soums 5 soums 1 soum

Plan the delivery of goods from the warehouses to the stores in such a way that the total transportation
cost is minimized.

Solution of the problem.Let x units be transported from warehouse 1 to store 1, and y units from
warehouse 1 to store 2. Then, from warehouse 1 to store 3, the number of units transported will be:10000 - (x
+y).

From warehouse 2, the units delivered to stores 1, 2, and 3 will be, respectively:

4000 - x, 8000 -y, 3000 - [10000 - (x +y)] =x +y - 7000.

1-s 2-S 3-s

Tw | x L3 v L3] 10000-x-y 10000

[ 2]
2-W 4000-x |—6 8000-y li x+y-7000 u 5000

3-w 4000 8000 3000
Now we calculate the transportation costs:
F=3x+2y+2 (10000-x-y)+6 (4000-x 45 (8000-y Hx+y-7000=77000-4x-3y
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Taking the above conditions into account, for the variables x and y:
0=x=4000. 7000=x+y<10000
inequalities arise. Then
F=77000-x-3 (x+y J=77000-4000-3-10000=43000
Thus, the function F attains its minimum value when x = 4000 and y = 6000.
Accordingly, the optimal transportation plan is represented in the following table:

1-s 2-S 3-s
1-w | 4000 \i 6000 Ii 0 \L 10000
2-w |0 \i 2000 ‘i 3000 \L 5000
3-w | 4000 8000 3000

Thus, the minimum cost of delivering all the goods amounts to 43,000 soums:

FLin=43000.

Problem 3. In the production of two types of products, A and B:The first stage uses the services of
lathes and benchwork machines.The second stage uses two types of raw materials: steel and non-ferrous
metal. The table below provides information on the resources required to produce one unit of each product
and the total availability of these resources in the factory:

Resource name Measurement Cjnsumptlon for lg"t Resource stock
Steel kg 10 70 320
Non-ferrous metal kg 20 50 420
Lathe Hour 300 400 6200
Benchwork station Hour 200 100 3400
Profit per unit soum 3000 8000

The factory earns a profit of 3,000 soums per unit of product A and 8,000 soums per unit of product
B.Plan the factory’s production so that, first, the carpentry machine is fully utilized, and second, the factory’s
profit is maximized.

Solution. Let the factory produce x units of product A and y units of product B. Then the consumption
of resources will be steel: (10x + 70y); non-ferrous metal: (20x + 50y) Since the available stock of steel and
non-ferrous metal is 320 kg and 420 kg, respectively, the consumption must not exceed the available amount:

10x+70y=320,

20x+50v=420.

In the production process, the lathe is used for (300x + 400y) hours, and its operating time must not
exceed 6,200 hours:
300x+400y=6200.
According to the problem condition, the benchwork machine must be fully utilized:
200x+100y=3400.
Thus, the constraint system of the problem takes the following form:
10x+70y=<320,
20x+50y=420,
300x+400y=6200, (3)
200x+100v=3400,
x=0, =0,
The profit from selling the products is represented by the function:
F=3000x+8000y
From equation 200x + 100y = 3400 of system (3), let us express y in terms of x and substitute it into
the remaining equations of the system and into the function F:
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11
/ x+34-2x<32, ’{‘3155-
Fx+5 (34-2x )<42, / =16,
y=34-2x; g_1+4(34-2x)§62. = 4 = 16=x<17
[ 34220 pla
'fr x=0 ’{ x=17
'{ x=0

F=3000x+8000 (34-2x }=(272-13x)-1000

Thus, to solve the economic problem under consideration, we need to determine the maximum value
of the function F = (272 - 13x)1000 on the interval [16; 17]. By simple reasoning, we find that
X =16. F,, ., =64000dr

Conclusion. This study demonstrates elementary approaches to solving linear programming problems
in economics. Through three distinct scenarios—ranging from wagon logistics to factory production
planning—it is shown that complex economic conditions can be effectively reduced to rigorous
mathematical models. The primary findings of the analysis include:Modeling Versatility: The use of systems
of linear equations and inequalities allows for the formalization of diverse constraints regarding resources,
equipment capacity, and market demand. Variable Reduction Method: When the number of independent
variables is small, expressing all parameters through a single variable transforms the search for an optimum
into the analysis of a simple linear function over a specific interval. Economic Impact: Applying these
methods yields concrete quantitative results, such as minimizing transportation costs to specific values (e.g.,
90 or 43,000 soums) or maximizing factory profit while ensuring full utilization of machinery. In summary,
these elementary methods serve as an accessible and powerful tool for operational decision-making in
environments with limited resources.
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MODULLI TENGLAMALAR SISTEMALARI VA TENGSIZLIKLARNI YECHISH
USULLARI
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Annotatsiya. Magolada modulli tenglama va tengsizliklar hamda ularning tatbiglariga doir
masalalarni yechishning odatdagi usulida hagigiy sonning moduli ta’rifiga asosan noma’lumning gabul
giladigan qiymatlari to ‘plami har birida qatnashayotgan funksiyalar oz ishorasini saglab qoladigan,
kesishmaydigan qismlariga ajratilib, tengsizliklar to ‘plamini yechishga o ‘tish usullari keltirilgan bo lib,
ba zi hollarda boshga usullardan ham foydalanish mumkinligi yoritilgan. Modulli tenglama va tengsizliklar,
ularning tatbiglariga doir masalalarni yechish bevosita hayotda uchraydigan ilmiy-amaliy masalalarni hal
qilishga qaratilgan fanning muhim yo ‘nalishlaridan biri hisoblanib, uzluksiz ta’lim tizimining barcha
bosqichlarida qo ‘llash amaliy ahamiyatga ega.

Kalit so‘zlar: modulli tenglama va tengsizliklar, tenglamalar sistemasi, hagigiy sonning moduli,
funksiya, tengsizliklar to ‘plami, usul.

METO/1bl PEIIEHWS CUCTEM MOJYJIbHBIX YPABHEHU U HEPABEHCTB

Aunomayusa. B cmamve 8 00blyHOM MemoOe peuieHusi 3a0a4, CEA3AHHbIX C MOOYIAPHLIMU
VPABHEHUSAMU U HEPAGEHCMEAMU U UX NPUTLONCEHUSIMU, OCHOBAHHOM HA  ONPeOeieHUuu MO0yl
O0eUCMBUMENbHO20 YUCIA, MHONCECMBO 3HAYCHUU HEU386eCMH020 pa3oueaemcs HaA Henepecekaouuecs
yacmu, Kaxcods U3 KOMopvlx COXPAHsiem Ce0l 3HAK U peuiaem cO8OKYNHoCmb Hepasencms. Tlepeuucisemcs
COBOKYNHOCb MEMO008 PEUIeHUsT HEPABEHCME, A 6 HEeKOMOPbLIX CAYYAsAX NOSICHAEMCs, YMO MOJNCHO
uUcnonw3oeams u opyeue memoovl. MoOynibhble YypasHeHUs U HepaseHcmeda, a Maxdice peuleHue 3a0ad,
CBSA3AHHBIX C UX NPUMEHEHUEM 8 PedbHOU JHCUSHU, SGIAIOMCS OOHUM U3 BANCHBIX HANPAGLEHUN 00YUeHUSL.
Omo umeem npaxmuueckoe 3HAYEHUE HA 6CEX DMANAX HENPEPLIGHOU CUCmeMbl 00pa308anus, U e2o
npumenerue 001a0aem nPAKMUYecKol 3HaUUMOCIbIO.

Kntouesvle cnoea: mooynsapuvie YpasHeHue U HEPABEHCMSA, CUCEMAd YPAGHEHUl, MOOY/b
OeliCmeUmenbH020 YUucid, QyHKYus, Habop HepaseHcms, Memoo.

METHODS FOR SOLVING SYSTEMS OF ABSOLUTE VALUE EQUATIONS AND
INEQUALITIES

Abstract. In the article, in the usual method for solving problems related to modular equations and
inequalities and their applications, based on the definition of the modulus of a real number, the set of values
of the unknown is divided into disjoint parts, each of which retains its sign and solves the set of inequalities.
A set of methods for solving inequalities is listed, and in some cases it is explained that other methods can be
used. Modular equations and inequalities, along with solving problems related to their applications in real
life, are considered one of the important directions of the subject. Addressing problems directly related to
the scientific and practical challenges encountered in daily life is a crucial aspect of the comprehensive
education system at all levels. This application holds practical significance across all stages of the education
system.

Key words: modular equations and inequalities, system of equations, modulus of a real number,
function, the set of inequalities, method.

Kirish. Mamlakatimizda mavjud uzluksiz ta’lim tizimining har bir bo‘g‘inida o‘quvchi-yoshlar,
talabalarni o‘qitish ishlarida an’anaviy metodlardan tashqari noan’anaviy metodlardan foydalanish, yangi
pedagogik texnologiyalar, kompyuter va axborot texnologiyalaridan unumli foydalanish, tabiiy va ijtimoiy
fanlarni, jumladan, matematik tahlil, differentsial tenglamalar, matematik fizika tenglamalari fanlarini
o‘qitishda, muhim amaliy masalalarni yechishda yangidan-yangi usullarni qo‘llash va bunday usullarni
ishlab chigish va takomillashtirish masalalari dolzarb masalalardan biri bo‘lib kelmoqda.
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Ta’lim-tarbiya jarayonini maqsadga muvofiq tashkil etish va o‘qituvchilarning pedagogik faoliyati,
ularning kasbiy tayyorgarligidagi gayd etilgan kamchiliklarni bartaraf etish uchun:

- 0‘qituvchi va o‘quvchilar o‘rtasidagi munosabatlarni insonparvarlashtirish va demokratlashtirish;

- ta’lim-tarbiya jarayonida o‘quvchilarning bilish faoliyatini hamkorlikda tashkil etish va boshqarish
orgali ongli intizomni tarkib toptirish;

- o‘qitishda zamonaviy pedagogik va axborot texnologiyalaridan uyg‘un ravishda foydalanish orgali
ta’lim samaradorligiga erishish;

- o‘quvchilarning bilish faoliyatini mustaqil va ijodiy izlanish asosida tashkil etish orqali mustaqil va
ijodiy faoliyatni tarkib toptirish;

o‘quvchilarning qiziqishlari, ehtiyojlari va qobiliyatlarini hisobga olgan holda ta’lim-tarbiya
jarayoniga tabagalashtirilgan yondashuvning ilmiy-metodik asoslarini ishlab chigish va amaliyotga joriy
etish zarur.

Matematika fanining o‘zida ham ko‘rsatib o‘tilgan masalalarga aloqador alohida mavzular va
masalalar mavjud. Shulardan biri modulli tenglama va tengsizliklar va ularni tatbiglariga doir misollardir.
Umuman olganda ushbu misollar “modulli tenglamalar”, “modulli tengsizliklar”, “modulli tenglama va
tengsizliklar sistemalar” kabi tushunchalar va bu misollarni elementar ko‘rinishlari orqali o‘quvchilar ongida
quyi sinflardan boshlab shakllantirilib boriladi. Modulli tenglama va tengsizliklar, ularning tatbiglari
masalalari va ularni hal gilish esa bevosita hayotda uchraydigan ilmiy-amaliy masalalarni hal gilishga
garatilgan fan yo‘nalishidir. Shuning uchun tenglama va tengsizliklar hamda ularning tatbiqlariga doir
masalalarni ta’lim bosqichlarining barcha bo‘g‘inlarida, ya’ni umumta’lim maktablari, akademik litsey va
kasb hunar kollejlari va oliy ta’limda o‘rgatilishini tizimli tahlil gilish, modulli ifodalar va ularning tatbiglari
masalalari bo‘yicha tadqiqot ishlarini olib borish matematik usullari bilan bog‘liqligini ochib berish dolzarb
masalalardandir.

Asosiy gism. Modul belgisi gatnashgan tengsizliklarni yechishning odatdagi usulida hagigiy sonning
moduli ta’rifiga asosan noma’lumning qabul qiladigan qiymatlari to‘plami har birida gatnashayotgan
funksiyalar o‘z ishorasini saqlab qoladigan, kesishmaydigan qismlariga ajratilib, tengsizliklar to‘plamini
yechishga o‘tiladi.

Bu asosiy usul bo‘lib, ayrim misollarni yechishda juda ko‘p hollar bilan ish olib borishga to‘g‘ri
keladi. Shuning uchun ba’zi hollarda boshqa usullardan ham foydalanish mumkin.

F(x)=g(x)

1-qoida : \f(x)\s g(x)<:>{f (x)>—g(x) (*)

‘ f(x)>g (x)‘ N { ff((xx))j_gg((xx)) (*%)

teng kuchlilik xossasidan foydalanish mumkin [3;134].

2qoida: |f(x)>|g ()= [f ()] >[9(9]  (x2)
[ <lo() &[0T <[a(x)] (x+%)

3- qoida: |a| <b<< -b=<a<b teng kuchlilikdan ham foydalaniladi.

4- qoida: Ba’zi bir sodda tengsizliklarni ,O(M , N) masofa tushunchasidan foydalanib ham
yechish mumkin.

1-misol : |[X—2|<3 tengsizlikni yeching.

a) 3- goidadan foydalanamiz.

[Xx-2| <3 -3<x-2<3=>-1<x<5

b) |X—2| =p (M (X), N (2))<3, bu 2 nuqtagacha bo‘lgan masofalari 3 dan kichik bo‘lgan
X nugtalar to‘plami: —1<X<5

v) Yugoridagi 2- qoidadagi (* * % *) gako‘ra:

X—2<3 {x<5
= =-1<x<5

X—2>-3

d) Umumiy qoidaga ko‘ra :
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X<2
X<2
—X+2<3
x>-1 —1l<x<?2
|x—ﬂ<3¢> X>2 = =
X> 2 2<x<5h
X—2<3
X<5

<= -1<x<5

2-misol: [L—3X| > 2 tengsizlikni yeching.

1-3x>2 -3x>1 x<—1 1
p—34>2¢3 = o 3 demak, X<—= va x>1
1-3x<-2 -3x<3 w>1 3

3-misol: [2x—1<|3x+1 tengsizlikni yeching.

(2x-1)° <(3x+1)" © 4x* —4x+1<9x* +6x+1 5x* +10x > 0 < 5x(x+2>0)
[ x>0
X+22>0 x>0
<~
x<0 X<-2
| [(X+2<0

Demak, X<—2Va x>0 yechimlar to‘plami.

1
>1 tengsizlikni yeching.
2x-1

4-misol:

3x+1  [3x+1

2Xx-1#0=> x¢é-udmn =
2x -1 12x-1|

shuning uchun >1 tengsizlikni yechamiz.

[SX*4
[2x -
Eii}L>1c>Bx+lﬁ42x—ﬂ¢3(3X+QZ>(2x+nzbwﬂan

[2x—4

OX* +6X+1>4x* —4x+1 yoki 5x*+10x>0  kvadrat tenglama  ko‘rinishiga  keldi.
. . . 1
5X(X+2)>0 tengsizlikni yechimlar to‘plami X<-2 va X>0 dan iborat, lekin yugorida X # B deb

1 1
olgan edik. Shuning uchun yechimlar to‘plami (—oo : —2) ) (0 : EJ ) (E : +OOJ dan iborat bo‘ladi.

5-misol: [X—1+[2x+3|>7 tengsizlikni yeching [1; 67].
Yuqoridagi (* * % *) qoidani qo‘llaymiz:

i 5 x—1>7—\2x+3\c> 2x+3)>8-x
2x+3>8-X X>— X—1+[2x+3[> 7 & [x—1|> 7—[2x+3 & | x—1<[2x+3~7 [ =
%13 < X8 3 |2x+3|> x+6

P Xx<-11 _
2X+3>X+6 x> 3 x<-11 X>3
2% +3<—%X—6 { Demak, (—oo:—ll)u(B:oo) tengsizlikni yechimlari to‘plami
X <=3 .
L L bo‘ladi.

6-misol: |Xx—1|+|x—2| < x+3 tengsizlikni yeching.
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x=1+[x-2|<x+3<|x-1<x+3-|x-2| <

4<-2<4 —2<X<6 —2<X<6
X—-1<x+3—|x-2| x-2|<4
= = X—2<2X+2 & X>-4 < x>0
x—1>|x—2|—x—3 |x—2|<2x+2
X—2>-2X-2 x>0 O0<x<b6

Demak, (0 : 6) tengsizlikning yechimlar to‘plami.
7-misol: |X|+|x—1|+|x—2| < 4 tengsizlikni yeching.

Bu tengsizlikni umumiy qoidani qo‘llash orqali yechamiz.
Har bir hadni nolga aylantiradigan nuqtalarini topib, hadlarning ishorasi o‘zgarmaydigan oraliglarni

ajratamiz.
Bu oraliglar (—o0:0),[0:1),[1:2),(2: ) bo‘ladi.
1) xe(—0:0) da x<0,x-1<0,x-2<0 boladi.  Shuning  uchun
X| ==X, [x =1 =1-x,]2- x| =X -2 bo‘ladi.
2) xe[0:1)da x.0,x-1<0, x=2<0 bo‘lib,
X =X,|x -1 =1-%,|x=2|=2-X bo‘ladi
3) Xg[l: 2)da x>0,x-1>0,x-2<0 bolib,
4) xe(2:0) da x>0, x-1>0, Xx=2>0 bo'lib, |X|=X, [x=1=x-1, |x=2|=X—2 boladi.
Shunday qilib, berilgan tengsizlik quyidagi sistemalarni to‘plamiga teng kuchli bo‘ladi.

X| = X,|x=1=1-X,|x=2| = 2= X bo‘ladi.

) x<0
{ x<0 1
X>—=
-3x<1 3 1 <0
0<x<1 0<x<1 3
0<x<1
-x<1 X>-1 1 7 1 7
& & & ——<X< = Demak, (——:—j berilgan
1<x<2 1<x<2 3 3 33
1<x<?2
X<3 X<3
7
X > 2 X > 2 2<X<2
3x<7 7
L X < —
L 3
tengsizliklar tenglamalar yechimi bo‘ladi.
2 —
8-misol: w >1 tengsizlikni yeching.
X°+3X+2
2
52——§£ig:>1c:>‘x2—3x+2‘:>‘x2+3x+2‘, (x=-2, x=-1)
X°+3x+2

Bu tengsizlikni ushbu paragrafdagi 1- va 2- qoidalar yordamida bajarish mumkin:

X2 —3x+2>‘x2+3x+2‘
‘xz —3x+2‘>‘x2+3x+2‘<:> ,
X +3x+2<—‘x2 +3x+2‘
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(X2 +3X+2< x> —3x—2 [ x<0
[X*+3x-+2 < x*~3x+2 X2 4+3X+2> —X2 +3x—2 X*>-2 [x<0
= = , = = x<0
‘x2+3x+2‘<—x2—3x+2 X2 4+3x+2<—Xx>+3x-2 {x <=2 ®
i X2 4+3x+2>%x>—3x+2 | x>0

Tengsizlik yechimlar to‘plami (—OO ) —2) U (—2 : —l) v (—l : 0) bo‘ladi.
9-misol: ‘Iogﬁ X— 2‘ —|2—1log,| >1 tengsizlikni yeching.
Bu tengsizlikni ham ilgari ko‘rib o‘tilganlardan biri bilan yechamiz, lekin yozuvni ixchamlashtirish

: 1 . .
magsadida log_, b ==log, b ayniyatdan foydalansa bo‘ladi.
n

log, x* —2>1+|2-log, X

| -2|>1+2-1
‘Ogﬁx ‘> +| ngX|<:>{|ogzx2—2<—1—|2_|092X|

(2-log, x <logx®-3
|2—-log, x| < log, x* -3 2—log, x> 3*log, X
2—log, x| <1-log, X* 2—log, x <1-log, x

_{2— log, x > log, x* -1

_ _ 5 -
log, X* >5 3log, x> 5 log, x>~ x>2VZ:>X>2yZ
log, x>1 log, x>1 log, x >1 X>2
2 =
log, x<-1 log, x<-1 0<x<0,5
923 d: log, x <-1 ::>O<x<l
log, x* <3 3log, x<3 log, x <1 O<x<2 2
L L , L
2 5% .3
10-misol: [x+1° 272 <1 (*) bu tengsizlikni yechamiz.
[[2<x<-1
_ -1<x<0
0<|x+1<1 _
x<1
ﬁ——x+g>0 —2<x<-1
X>5 =] Z1<x<0
x+1>1 3
5 3 l<x<—
X*—=Xx+=<0 x>0 L
L 2 2 3
l<x<—=
2

3
Demak, yechimlar to‘plami: (—2 : —l) U (—1: 0) v (1: Ej bo‘ladi
Modul gatnashgan tenglamalar sistemasi yoki tengsizliklar sistemasini yechishga ifodalardagi modul
qatnashgan hadlarni modulsiz yozishga o°tib, so‘ng odatdagi sistema yechiladi [4; 94].
_ |x|+3y =7
11-misol:
2x+2|y-1=3

yordamida koordinata o‘glari shunday oraliglarga bo‘lamizki, ularning har birida modul ostidagi ifodalar
o‘z ishoralarii saglab goladilar. Shunday qilib,

tenglamalar sistemasini yeching. X=0 va y—1=0 munosabatlar

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 98



MATHEMATICS

[(x<0,y<1 x<0,y<1
~X+3y=7= o e
2x-2y=1
x<0,y>1 :?
|x|+3y =7 ;:Z;;: x<Oy<l
{2X+2|y—]4=3<:> x>0,y<1 :%’ 2%36
X+3y=7= x>0,y <1
2x-2y=1 { 17 1320
x>0,y>1 )
X+3=7 = x>0,y>1 1 1
| [2x+2y=5 X:%Hy:%:>X=Zny=ZZ

1 1 .
Demak, tenglama X = 2 y= ZZ yagona yechimga ega.
x4y
X 1+y
12-misol: sistemani yeching.
ot (x=1_,
1+y X

x-1_ 1| _ o fuev=l
=u, =V belgilashlar Kiritilib, sistemani hosil gilamiz. Bundan
X 1+ y” 2V—-U=

Oldin

V=1 va u=0 kelib chigadi. Demak, ﬁzl:ﬂ y=1yoki y=-2 va y=0, ‘XT_l‘ =0 va x=1
hosil bo‘ladi.
Demak, berilgan sistema (1:—-2) va (1:0) yechimga ega.
llog, x| <1
13-misol: < log, X -1 (a>1) sistemani yeching [2;127].
1-log, x

log, x>-1

|log, x| <1 log, x> -1
&
{Zloga x<1

log, x 1° log, x<1
1-log, x log, x <1-log, X

< —1<Iogax<%:>1<x<\/a
a

X+y-7<0
14-misol:{ |[x—y|<2 sistemani yeching.
4x>5

|X - y| >2 & —2<X—Y <2 bo‘lgani uchun berilgan sistema
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X+y-7<0
X—y>-2
X—-y<2
4x>5
Endi X+y=7, X—y=-2, X—-y=2, 4Xx=5 to‘gri chiziglarni koordinatalar sistemasida
chizib, so‘ngra har bir tengsizlikni ifoda qiladigan yarim tekislik aniqlanadi.

Shtrixlangan soha:

5 5 5 9
—<X<— —<X<—
4 2 2 2 bilan chegaralangan.

X=2<Y<X+2|X-2<y<—X+7
Demak, sistemaning yechimlari to‘plami tekislikda shtrixlangan sohaning yuzidan iborat, faqat to‘g‘ri
chiziglar kirmaydi.

sistemaga teng kuchlidir.

YA

XY

1 —rasm.

x=1+]y-5=1
[x-1-y=-5
Sistemaning 2- tenglamasidan |x—]4:y—5 ya’ni Yy—5>0 yoki Yy=>5 kelib chigadi. U holda

15-misol: { sistemani yeching.

|y - 5| = Y —5 bo‘lib, sistema quyidagicha bo‘ladi:

|X_1|+(y_5):1<:>2|x_1|:1:> X:l, X:§
[x-1=y-5 2 2
U holda yzg, demak [l,l—l) [E,l—l) sistemaning yechimlaridir.
2 2 2 2 2

Xulosa. Shunday usullar orgali misollarni yechishni o‘quvchilarga, talabalarga, abutiriyentlarga
tushuntirsak, ularning tushunishlari oson bo‘ladi. Bunday usullarni golgan modul gatnashgan misollarga

qo‘llab ularni yechish ancha qulaydir.
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ON THE CAUCHY PROBLEM FOR A TIME-DEPENDENT EQUATION WITH A
FRACTIONAL POWER OF THE BESSEL OPERATOR
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Abstract. In this paper, we study the Cauchy problem for a second-order time-dependent equation
involving a fractional power of the Bessel operator. By applying the Fourier—Bessel (Hankel) transform, the
original problem is reduced to an ordinary differential equation in the spectral domain. Using the obtained
spectral solution and the inverse Hankel transform, an explicit integral representation of the solution is
derived. Employing the product formula for Bessel functions, the solution is rewritten in terms of a
generalized translation operator and Bessel convolution, and the corresponding Green functions are
introduced. Finally, the existence of the solution is established using Young'’s inequality, while the fulfillment
of the initial conditions is verified via the Plancherel theorem.

Keywords: Bessel operator, Fourier—Bessel transform, Hankel transform, Green function, Bessel
convolution, Young inequality, Plancherel theorem.

BESSEL OPERATORINING KASR DARAJALI VA VAQTGA BOG‘LIQ TENGLAMASI
UCHUN KOSHI MASALASI HAQIDA

Annotatsiya. Ushbu ishda biz Bessel operatorining kasr darajasi gatnashgan vaqtga bog ‘liq ikkinchi
tartibli tenglama uchun Koshi masalasini o ‘rganamiz. Tenglamani yechishda Fourier—Bessel (Hankel)
almashtirishidan foydalanib, masalani spektral sohada oddiy differensial tenglamaga keltiramiz. Spektral
yechimdan foydalanib, teskari Hankel almashtirish orqali yechimning aniq integral ko ‘rinishini hosil
gilamiz. Bessel funksiyalari ko ‘paytmasi formulasi yordamida yechimni umumlashgan siljitish operatori va
konvolyutsiva ko ‘rinishiga keltiramiz hamda Green funksiyalarni aniqlaymiz. Nihoyat, Young tengsizligi
yordamida yechim mavjudligini va Plancherel tengligi orqali boshlang ‘ich shartlarni qanoatlantirishini
ko ‘rsatamiz.

Kalit so“zlar: Bessel operatori, Fourier-Bessel almashtirishi, Hankel transform, Green funksiyasi,
Bessel konvolyutsiyasi, Young tengsizligi, Plancherel tengligi.

0 3AJAYE KOIIHA JJJIs1 YPABHEHUSA C 3ABUCALLAM OT BPEMEHU IPOBHBIM
IHOKA3ATEJIEM OIIEPATOPA BECCEJIAA

Annomauus. B oannoii pabome uccnedyemces 3adauwa Kowwu Ons ypasHenus emopoco nopsoka no
epemenu ¢ OpobOHou cmenenvio onepamopa beccens. C nomowwio npeobpazosanuss @Pypve-beccensn
(Xankens) ucxoOHoe ypaeueHue nNpusoOUMCs K OObIKHOBEHHOMY Ou@depeHyuanvHomy YpAasHeHur 6
cnekmpanvhou obdaracmu. Hcnonv3ys Haul0ennoe CheKmpanbHoe peuieHue, ¢ NpuMeHeHuem oopammozo
npeobpazosanus Xaukeiss NOAYYEHO UHMezpanvHoe npedcmasienue pewenus. Illpumensas @opmyny
npoussedenuss Qyuxkyuti beccens, pewenue npusooumcs k 6udy 00600wénHoco onepamopa coguea u
c8EpMKU, a maKdce 6600amcs coomeemcmayiowue @yukyuu Ipuna. B 3axniouenue, ¢ ucnonv3oganuem
Hepagencmea FOnea Ookazvieaemcs cyujecmeosanue peuleHus, a ¢ nomowwpio pasencmea Ilianuepens
VCMAHABIUBACTNCSL BLINOJIHEHUE HAYATbHBIX YC0BUIL.

Knioueswie cnoea: onepamop beccens, npeobpaszosanue @ypve—beccens, npeobpazosanue Xankens,
ynxyus Ipuna, ceépmra beccens, nepasencmeo FOnea, pasencmeo Ilnanwepens.

Introduction. Fractional differential equations have been extensively studied in recent decades due to
their wide range of applications in physics, engineering, and applied sciences. Fundamental contributions to
the theory of fractional calculus and its applications can be found in the monographs by Podlubny ([1],[8]).
These works provide the analytical background for studying nonlocal operators and fractional evolution
equations.
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On the other hand, differential equations involving the Bessel operator arise naturally in problems with
radial symmetry and singularities at the origin. Various properties of Bessel functions and related integral
transforms are discussed in detail in classical works such as Watson \cite{Watson}. Equations associated
with the Bessel operator and their spectral analysis have been investigated in a number of papers, particularly
in connection with Fourier—Bessel (Hankel) transforms and generalized translation operators (see, for
example, [2]-[7]).

Fractional powers of differential operators, including the Bessel operator, have also attracted
significant attention. In particular, problems involving fractional diffusion-wave equations have been studied
in ([9]-[13], where existence, uniqueness, and inverse problems were analyzed under various conditions.
These studies demonstrate that the combination of fractional derivatives and singular operators leads to new
analytical challenges, especially in weighted functional spaces.

Despite the considerable progress in this direction, the analysis of Cauchy problems for second-order
in time equations involving fractional powers of the Bessel operator still requires further investigation,
particularly for the case 1 < f < 2.

In the present paper, we study the Cauchy problem for a second-order in time equation with a
fractional power of the Bessel operator. Our approach is based on the Fourier—Bessel (Hankel) transform
([14],[15]), which allows us to reduce the problem to an equation in the spectral domain. The solution is then
represented in a convolution form.

To establish the main results, we employ the Plancherel theorem for the Hankel transform and
Young’s inequality. The Plancherel identity is used to verify that the obtained solution satisfies the initial
conditions in the weighted space L%(0,20), while Young’s inequality provides the necessary estimates to
prove the existence of the solution.

Basic Notions and Definitions. In this section, we present the fundamental concepts and definitions
that will be used throughout the paper. These preliminaries establish the analytical framework necessary for
studying the problem under consideration. In particular, we recall the definition of the Bessel function of the
first kind of order v, which plays a central role in our analysis. All introduced notions will be employed in

the sequel without further reference. The normalized Bessel function
J,,(x) associated with the Bessel function of the first kind /,,(x) is defined by
(z) =2"T(v+ 1)z7],(2)
here

( 1] 2k+v
J,(x) =X gm() , X€ER.v>-—1.

Definition 1. Let v > —5 The Hankel transform of order v of a function f (x,t),x € (0, ), is

defined by
(HHRO =f (40 = [ fx0j,()do,(x), 1> 0. (1)

The corresponding inverse Hankel transform is given by

(H' A0 = f (A1) = [ f(x.0),(Ax)da, (D), x> 0. )

The eigenfunction j, (A&)satisfies the following product formula (see, [3]): for all x,& € (0, +o0),
j, (A)j, (A8) = ¢, [; j, (Ap(x.£,6))(sing)*"ds, (3)

Where

p(x,,8) = Jx? + &2 + 2x&cosh, c, =%.
VT 1"(14'+E)

The previous product formula allows us to define the Hankel translation operator and the convolution
product related to the Bessel operator (—B,)#/2,
Theorem 1. (Plancherel)(see [3], 143-144). Let f,g € L*((0,),da, ). Then

fftx)gmda 0= [ 1.8, @O, .
In particular, ’

I ez (0,e)ae, ) = I Hy (F) i, (0,000, )-
Theorem?2. (see, [13]) Let da, (x) = x2¥*! dx, and let = v denote the Bessel convolution.
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() If f,g € L*(0,),da, then

f* g € 1(0,0),da,,

Hf = g WL ((0,9),d0, ) < U f N ((oeorae, ) 19 Nt (0,00 day )

(i) If f € L*(0,0),da,and g € L?(0,),da,

f* g € 1?(0,),dg,,

I f o g 122 ((0,9),d0, ) I f iz (oerda, ) 1 9 12 (00 ey )

Proof (see, see, [13])

The Cauchy problem. In this subsection, we consider the Cauchy problem for the second-order in
time equation with a fractional power of the Bessel operator. In the domain Q := {(x, t): x € (0,),t > 0},
we consider the Couchy problem for the time-fractional diffusion-wave equation with a fractional power of
the Bessel operator:

a%u(x,t) + (=B, ) 2u(x,t) = F (x,1), (x,t) € 0, 4)

Where 1 < B < 2andl <a < 2

Here 8 denotes the Caputo fractional derivative of order & € (1, 2), defined by

a?
ofu(x, t) = )J- :S D —1)1%dr,

The Bessel differential operator B, is given by
2z
BUH(I, f) _ 32 ulxt) 2v+1 Aulx.t)

dx? '
And (—B,)#/2 donetes its fractional power of order g/2, with 1 < B < 2. Moreover, T'(-) is the

x dx
Euler gamma function.
The initial conditions are prescribed as

A regularity condition at x = 0, usually |u(0,t)| < oo, is imposed to ensure bounded behavior of the

solution near the singular point of the Bessel operator.
A function u(x, t) is called a classical solution of the direct problem if:

1. For each fixed t = 0, the function u(-,t) is twice continuously differentiable with respect to x in
(0, w);

2. For each fixed x > 0, the Caputo fractional derivative af u(x, t)exists and is continuous for
t = 0;

3. The fractional power (—Bu)ﬁ”u(x, t) is well-defined for x > 0,t > 0;

The function u(x, t) satisfies equation (1), the initial conditions (5), and the additional condition

6).

'(I'rze Bessel operator B, is self-adjoint in the weighted space L3, (0,20), x*¥** dx, which allows the use
of the Hankel transform and ensures the spectral representation of the solution.

To find the solution of (10)-(8), we apply the Hankel transform with respect to the space variable x.

Denoting

(H,u)(A,t) = (A, 1), (H,F)(A,t) = F (A, 1),

and using the standard property

H, (=B, )" *u(- ) (1) = 4% @(4,1).

we obtain

a%ii(A,t) + APa(At) =F (4,1), A > 0.

The initial conditions (8) take the forms

(4, 0)l¢= = P(D), = A4 D)le=o = B(D), 4> 0,

where ¢ = H, @ and ) = H 1.

For fixed A > 0, (5)-(6) is a Cauchy type problem for an ordinary fractional differential equation in t.
Its solution is expressed by the Mittag—Leffler functions as

v>—%,x>0.
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A0 0) = G B (%) + PDE.o(~#1%) + | (€= DB (- (e - %)F (.

We denote by

¢ = (H,9) (D) = [ 9(8)j,(2)da, (8), 1> 0, (A1)
) = (HP)D) = [ 9(8)j,(A)da, (8), 1> 0, (A2)
And

F(D) = (H,FA1) = [ FE0),(A)da,(8), 1>0,t>0. (A3
Applying the inverse Hankel transform and using (A1)-(A3), we return to the physical space. By the
linearity of the Hankel transform the solution u(x, t) admits the following integral representation:

w0 = [ | [ Eea (200000, o), 0

+f [ [ tEaa(2 e, ux)fuuf)dauw]wmdauta

+ [ U8 = D9 E (- 28 (2 — D)), (10}, (A do, (D]F (£, 1) do, (§), ()
Forx >0andt > 0.
Note that each spectral bracket in (5) contains the product j,(Ax)j(A¢). To handle this product we

invoke the classical product formula for Bessel functions and introduce the generalized Hankel translation
operator 1y associated with the Bessel operator (by the product formula and the definition of 7 ).
Inparticular, for every fixed A > 0 the factor j,(Ax)j, (A&). Substituting this representation into the brackets
and changing the order of integration (by Fubini), we are led to expressions of the type

Ju (Ax)j, (48) = T2 (), (1)) (©).

Substituting this identity into each spectral bracket in (5) and changing the order of integration by

Fubini's theorem, we obtain a convolution-type representation of the solution.
Indeed, for the first term in (5) we have

[} a2 e 0i0d, 0| o000

= [ B a2 0| o2, 6.
Interchanging the order of integration yields
[7ox [ a0, 200,00 06000,

This motivates the introduction of the kernel

Gl (T: t): = fgm Ea.l [_’:{S ta)jv (':h‘)dgv(‘:t): (6)

Then, by the linearity of the generalized translation operator and its compatibility with the Hankel
integral, we have

[ Een(—# 520,00 D@20, = 126,660

Therefore,

j; B (< £)j,()9(2) o () - f 16,2 0(D)9(8)da (O

By the definition of the Hankel convolution, the last integral can be written as
[ 660 @000 6) = 6.0 - )

In the same way, for the second term we define
Gy(r,1) =t [ E . (=27 t%)j, (Ar)do, (R), (7)
and obtain

J U tEq 5 (=282)j, (WO, (A doy (D) | $(§)do,(§) = (Go(-8) +, Y ().
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Similarly, for the third term we introduce
Gi(r,t —1) = [ (t =D E, (¥ (t =D )}, (Ar)da, (), (8)
which leads to

f f U (t — D= E, (— 2 (¢ — D)), (), () da, D)| F (&, Dda, (&)

i
= J- (Gt — 1) =, F(-, 1) )(x)dr.
]
Consequently, the solution u(x, t) can be rewritten in the convolution form
u(x,t) = (G, () +, @) () + (6,0, )+, Y+ [1(Gs (e — 1) #, F(, 7)) (x)dr. ©)
Theorem 3. Let v = —i, 1< a< 2 1<f<2 and T > 0. Assume that ¢, € L2(0,)and
F € L} (0,00) N L(0, ). Define, for t € (0,T), (9 ).Then u(x,t) is the solution in L2(0,c0) of the
Cauchy problem (1)-(3).
Preposition. Let v = —i, 1< a< 2. Assume that ¢, € L%(0,%)and F € L (0,) N L3(0, o).
Define, fort € (0,T ), (9). The kernels G,, G,, G, are determined via
their Hankel transforms by

H,(6,(.0))(1) = E, . (—AFt), 1>0,t>0, (B1)
H,(G,())(1) = tE, ,(—4Ft7), 1>0,t>0, (B2)
H, (G () = t*E, (-1Ft7), 1>0,t>0 (B3)

where E_, , (-) is the two-parameter Mittag—Leffler function.
Proof. Let the kernel G, be defined by

6,00 = [ Epa(-07),Gr) do,)

Then G, (-, t) is the inverse Hankel transform of the function
Eq (-2t%).

Since the Hankel transform is self-inverse in 12,0, o), that is,
H;'=H,

we obtain

H, (6, (D)D) = E, o (-22F 7).

Indeed,

B, (6, 0) (D) = B, [H7* (Ee 1 (-2Pt%))] (1) = E (2P 1),

Thus, the kernel G, is chosen in such a way that its Hankel transform coincides with the spectral
multiplier appearing in the solution formula.

Proposition. Let wv=>—-1/2 and 1<a<2 Assume that ¢, €L5(0,0) and
F(,7) € 1*((0,7); L3(0,)),

u(x,t) = (6,(,0) +, @ () + (G, (- 1) =, W)+ [[(Gs (.t — 1) =, F(.D))(x)dz, T € (0,T).

where the radial kernels G, G,, G, are characterized by their Hankel transforms (Al1)-(A3) for4 > 0
and t > 0. Then the initial position condition holds in LY (0,), i.e.,

limflu(,t) = ¢,y = 0.

Proof. Our aim is to prove. By Teorem 1,

||,f||2v = ”vallz.w
it suffices to estimate the Hankel transforms of the three terms in (??).
Step 1: the term ¢ =, g, (-, t). By the Teorem 1 is enough to estimate the Hankel transforms:

||':JfJ *u gl(': f) - @HL% = ||HU[¢; *y gl('rf)) - HU'CPHL%
Using the convolution theorem for the Hankel transform, we have

H, (¢ =, :(-0) (D) = (H,9) (D (H,g,C. D).
Hence
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),

H,(¢ =, g:(.0) (D) — H,0(D) = [(H,9,(. 0)(D) — 1]H, 0 ().

By the definition of g, in the transform domain, we have

(Hyg: (D)D) = Egy (—# ).

Therefore, I1#,(¢ *, 9. 0)(D = HeD| ;. = [[[(H,9:C.0)(D - 1]H, 0D ;.-
Since E,..(0)=1

and E,, , is continuous at zero, we have, for each fixed A4 = 0,

E,.(-#t*)>1 as t—0.

Moreover, by the uniform bound for 1 < « < 2, there exists € = 0 such that

|E, (=2Ft*)—1| =1 +cC,

So

[(Ee1(—2¢%) = 1) Hyp() | = 1+ ClH, (D).

Because H,, is an isometry on L2, we have H, @ € L. Hence, by the dominate convergence theorem

lim||#, (¢ +, g:(.0) (D) - H,eW)| 5 =0.

and again by (14),

Il *, g:(t) — @llz = 0.

Step 2: the term ¥ = v g- (-, t). Again by the convolution property,

H,( +, 9, ) () = HPD(H,g5,(. ).

By the definition of g, in the transform domain,

(H,g:(-0))(A) = tE, ,(—2t").

Therefore,

H,(¥ +, (. 0)(D) = tE (- t*)H,Y(A).

Hence,

1+, 920l = l[tEa 2 (=2 ) Hp (D] 5.

Using the boundedness of E,, , on the negative real axis, there exists a constant ¢ > 0 such that
|E..(-s)|=¢c, s=o.

Thus [l =, g2 C,0) |5 < CellHyllz = Cellplz.

Since t — 0, we get

Il *, g:(t) — @llz = 0.

Step 2: the term I(-,t) = j;(Gg (-t —1) *, F(,1))dr.

Applying the l—|anke| transform and using the convolution theorem, we obtain

HI(L£) = fﬂ(ag(-,r— D) «, F(,7))dr.

Hence,
t

HI(L£) = f (G, (.t — D)) (H,F(, 1)) (Ddr.
0
By the definition of G, in the transform domain, we have

H(Gy(nt —D)() = (t — D E, (- # (t — D7),
Therefore,

HI(LE) = f(r— D1, (= (t — D)%) H,F(A, D) dx.

By the Plancherel theorem and Minkowski’s integral inequality, we get
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€Ol = IHICOllg < [ (6= D Eaa(=7 (= D) HF (LD

Since E,, ., is bounded on the negative real axis, there exists a constant ¢ > 0 such that
E, .(—s)=cC, s=0.
Thus,

t t
GOl < Cf(t— D HHFCGOllzdr = Cf(t— D HIFC Ol dr
0 0

Assume that
F € ¢((0,T]; 12(0,)).
Then

t
o

t
11 Bl ECMFJ-(t—r)“_ldr=CMFE.
1]

Since 1 < @ < 2,we have t¥ — 0ast — 0. Hence,
t

lim J-(Gg (t—1) =, F(-, r))dr = 0.

t—=0 . L%

Thus, the third term vanishes at t = 0.

Conclusion. In this paper, we studied the Cauchy problem for a second-order equation in time
involving a fractional power of the Bessel operator. By applying the Fourier—Bessel transform, the original
problem was reduced to an ordinary differential equation in the spectral domain, which allowed us to
construct an explicit representation of the solution. Using the inverse Hankel transform together with the
product formula for Bessel functions, the solution was rewritten in terms of generalized translation operators
and expressed in a convolution form. As a result, two distinct Green kernels corresponding to the initial
displacement and initial velocity (as well as the source term) were identified.

The existence of the solution was established by means of Young’s inequality for the Bessel
convolution under appropriate assumptions on the Green kernels and given data. Moreover, by applying the
Plancherel theorem for the Hankel transform, it was shown that the constructed solution satisfies the initial
conditions in the L%(0, o) sense. These results demonstrate the effectiveness of harmonic analysis methods

for equations involving Bessel-type operators and provide a basis for further studies, including inverse
problems and qualitative analysis of solutions.
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LAPLAS TENGLAMASIGA QO‘YILGAN DIRIXLE MASALASINI FURYE USULI BILAN
YECHISH
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Safarov Rasul Choriyor og-li,
Qarshi daviat universiteti o ‘qituvchisi
r.safarovli@gnsu.ru

Annotatsiya. Ushbu magolada xususiy hosilali differensial tenglamaning ta rifi va qutb koordinatalar
sisitemasida Laplas tenglamasining ko ‘rinishi keltirilgan. Laplas tenglamasiga qo ‘yilgan birinchi
chegaraviy masalaning yechimi Fure usulidan foydalanib keltirilib chigarilgan.

Kalit so“zlar: Laplas tenglamasi, Dirixle masalasi, qutb koordinatalar sistemasi.

PEIIEHUE 3AJIAYU JUPUXJIE, IOCTABJEHHOM IEPEJ]I YPABHEHUEM JIAILTTACA,
C UCITIOJIB30BAHUEM METO/JIA ®YPBE

Annomauus. B Oannoti cmamve npedcmasieno onpeoeieHue Ou@d@epeHyuaivHoco0 VpPasHeHus 6
YACMHBIX NPOUZBOOHBIX U ONUCAHUE YpasHeHus Jlanniaca 6 noaspHoil cucmeme Koopournam. Pewenue nepsotl
Kpaeeotl 3a0a4u, NOCMasieHHol 05l ypaenenust Jlaniaca, nomyueno ¢ ucnoivzosanuem memooa Oypoe.

Knioueswie cnosa: ypasnenue Jlannaca, 3a0aua /fupuxie, noispras cucmema KoOopouHam.

SOLUTION OF THE DIRICHLET PROBLEM POSED FOR THE LAPLACE EQUATION
USING THE FOURIER METHOD

Abstract. This article presents the definition of a partial differential equation and a description of the
Laplace equation in polar coordinates. The solution to the first boundary value problem posed for the
Laplace equation is obtained using the Fourier method.

Keywords: Laplace equation, Dirichlet problem, polar coordinates.

Kirish. € orqali Dekart orthogonal koordinatalari X, X,,...X,, N =2 bo‘lgan X nugtalarning

nl
N — o‘lchovli E" Evklid fazosidagi sohani belgilaymiz.
U(X) =U(X;,X,,...X,) funksiyaning X € Q nugtadagi || = &, + &, +...cx,, tartibli hosilasini
a‘a‘u 0
D“u=D;"D;?..D;"u=——— —, Du=u(x)
OX{ 10Xy 2..0X,"
ko‘rinishda yozib olamiz, bu yerda &, &, ..., manfiy bo‘Imagan butun sonlar.
F=F(,..,p,..) funksiya Xe nuqta va

(aj =0,1..., j =1223,..., n) haqiqiy o‘zgaruvchilarning berilgan funksiyasi

bo‘lib, kamida bitta

) |05 | =M > 0 hosila noldan farqli bo‘lsin.
op,,

Ushbu F (X,..., D“u,...) =0 tenglik noma’lum U(X) =U(X,,...,X,) funksiyaga nisbatan m -

tartibli xususiy hosilali differensial tenglama deyiladi.[4]
Faraz qgilaylik, V soha markazi (0, 0) nuqtada joylashgan R radiusli doira bo‘lsin:

V= zvy |2°+y°<R®,
V= mzy |2°+y <R .
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Laplas tenglamasi uchun Dirixle masalasi V' doirad garaymiz.

V' sohada ikki marta uzluksiz differensiallanuvchi, \7 sohada uzluksiz, quyidagi Laplas tenglamasini
ganotlantiruvchi U(X, y) funksiyani topaylik

o’u o4

:T+T:O, (X,y)EV ,
o°x 0%y

va doira chegarasida X2 + y2 =R? berilgan giymatlarni gabul gilsin:

u(x,y)=f(x,y), x*+y*=R>%

Dekart koordianatalar sistemasida qutb kordinatalar sistemasiga quyidagi alamshtirish yordamida
o‘tamiz:

AU

{x = pCOSQ, "
y = psine.
p<€[0,R], p€<]0,27].
(1) alamshtirishdan © va @ ni topamiz:
p=yx"+y’,
y @

@ = arctg =.
X

Laplas tenglamasining qutb koordinatalar sistemasidagi ko‘rinishi topish uchun U, , U W larni p
va (0 larga bog‘liq holatda topamiz:

_ _X y
UX—Upr'FU(p(DX—;Up—?U(p
u.tC!‘ - [f u/) - %/U/ = [Eup] o [_u p — 2 pI u/) —I_ N u/)/)px —I_ /)'ASOL"

P e ), e "), p . P P "

2xy Y y? T|lx Y 2zy
_4u<,9 o _2 u(p(psom + Impplj = _4u/) +_ T PP __QU/M,/ +_4 » o
P P P pP\P P P

— T 2 2T T 2
%[_guw—i——uw :y_S /’+_4y Y__:iyu/’¢+_2u/’/’+y_4uwv
p \p P P P P P P
Uy =u,p, +U,0, :lup t—u,

P P

|y X |y X _P=Ypy y
L e P R D e U
2Xp X X2 2Xy 2Xy y? x*
psy u, +?(up¢7py +u¢¢¢y) :Fup _Fuw +Fup¢ +?upp +?u¢w

u - va uw larni Laplas tenglgamasiga qo‘ysak, Laplas tenglamasining qutb koordinatalar
sistemasidagi ko‘rinishiga ega bo‘lamiz:
1 1
Au = u, +—u  +—u. (3)
p p
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Doira chegarasida esa

u(R, @) = f(¥) (4)
Natija va muhokamalar. (3), (4) masalaning yechimni o‘zgaruvchilari ajralgan ko‘rinishida
izlaymiz:
u(p, ) = P(p)2(p). (5)
bu yerda P ( p) va q)(gp) noldan farqli funksiyalar. (5) tenglikni (3) tenglamaga qo‘ysak
1 1
P"(p)2() + p P(p)®" () + 5 P'(p)2(p) =0 ©)

tenglamaga ega bo‘lamiz, (6) tenglikning har ikkala tomonini p2P ( p)@(g@) ko‘paytmaga bo‘lib
yuborsak quyidagi tenglikka ega bo‘lamiz

P// P/ (D”
[pz (), , (p)] _¥e) _ 0
P(p) ~ Plp)) ()
(7) tenglikdan quyidagi (8), (9) tenglamalarga ega bo‘lamiz
d dP
— | p— |-AP=0 8
p{oS) ®
2
d (12) +AD =0,
do ()

O (@) =D(p+27).
@(go) funksiyaning davriy ekanligidan u(r, 90) funksiyaning ham davri 277 ga teng ekanligiga
erishamiz.
(9) masala noldan faqrgli yechimlarga xos sonning fagat A = k°, k£ =0,12,...,
giymatlarida ega bo‘ladi va u quyidagi ko‘rinishga ega bo‘ladi
®(p) = A cosky + B, sinkey (10)
(8) munosabatdan A = k* bo‘lganda quyidagi tenglamaga ega bo‘lamiz
2 pl !/ 2
p P (p)+ pP'(p) —k"P(p) =0 (11)
(11) tenglamaning xususiy yechimini quyidagi ko‘rinishda izlaymiz
P(p) = p“, o = const.
Ushbu funksiyani (11) tenglamaga olib borib qo‘ysak, & = +k, ekanliga erishamiz. Demak
k . -k
P(p)=p", yoki P(p)=p""

p <R daP(p)=p* garmonik funksiya emas.
U holda (5) ga ko‘ra (3) tenglamaning xususiy yechimini quyidagi ko‘rinishda yozish mumkun ekan

U (p,9) = p“ (A coskp+B,sinke), k=0,12,....

(3) tenglama bir jinsli va chiziqli ekanligidan, umumiy yechim xususiy yechimlar yig‘indisidan
iborat bo‘ladi va uni qgator ko‘rinishda quyidagicha yozishimiz mumkun

u(o,p) = U, (p.9) =2 p"(A coskp+B,sinke).
k=0 k=0

(4) chegaraviy shartga ko‘ra
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u(p,¢) =Y R(A coske +B,sinkep) = f (¢). (12)
k=0
f () funksiyani Fure gatoriga yoyamiz
f(gp):%+2(ak coske +b, sinkg) = f (o). (13)
k=1
Bu yerda
17 17
a,==[ f(t)dt, a, == f(t)cosktt, (14)
T - 4 -
17 :
b, =—j f(t)sinktdt, k =1,2,... . (15)
7 -
(12) hamda (13) gatorlarni teng ekanligidan
a a b
A-%A-E -

Demak, Laplas tenglamasi uchun Dirixle masalasining yechimi p < R sharda quyidagi ko‘rinishda
ekan

" k
U(p,@)z%-i—Z(gJ (a, coske + b, sinke), (16)
k=1

buyerda 4, , 4, , bk koeffitsiyentlar (14) yoki (15) formulalardan aniglanadi.

Teorema. f (@) funksiya, o =R doira chegarasida uzluksiz bo‘lsin. U holda koeffitsiyentlari

(14), (15) formulalar bilan aniqlangn (16) qator (3), (4) masalaning yechimi bo‘ladi.
Minnatdorchilik. Hurmat bilan ushbu maqola mualliflari ushbu maqola taqrizchilariga oz
minnatdorchiligini bildiradi.
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DIRICHLET-NEUMANN PROBLEM FOR A SECOND-ORDER NONLINEAR ORDINARY
DIFFERENTIAL EQUATION DEGENERATING AT THE BOUNDARY OF THE DOMAIN
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Abstract. This paper investigates Dirichlet-Neumann problem for a nonlinear second-order ordinary
differential equation with degenerating coefficients at the boundaries of the interval. The differential
equation is defined on the interval (0,1) with degeneracy at both endpoints x = 0 and x = 1. The problem is
reduced to an integral equation using the Green's function method. Under appropriate conditions on the
nonlinear term, the existence and uniqueness of the solution are established based on the contraction
mapping principle. Explicit estimates for the solution are provided using Gronwall's inequality.

Keywords: a nonlinear second-order ordinary differential equation, an integral equation, Green's
function method, Gronwall's inequality.

SOHA CHEGARASIDA BUZILADIGAN IKKINCHI TARTIBLI NOCHIZIQLI ODDIY
DIFFERENSIAL TENGLAMA UCHUN DIRIXLE-NEYMAN MASALASI

Annotatsiya. Ushbu magqolada interval chegaralarida buziladigan koeffitsiyentlarga ega bo ‘lgan
ikkinchi tartibli nochizigli oddiy differensial tenglama uchun nolokal chegaraviy masala tadqiq gilinadi.

Differensial tenglama (0,1) intervalda qaralib, X=0 va X =1 nugtalarda buzilish holati mavjud.

Masala Grin funksiyasi usuli yordamida integral tenglamaga keltiriladi. Nochizigli had uchun mos shartlar
ostida yechimning mavjudligi va yagonaligi gisgartirib aks ettirish prinsipi asosida isbotlanadi. Yechim
uchun aniq baholar Gronwall tengsizligi yordamida olinadi.

Kalit so‘zlar: ikkinchi tartibli nochizigli oddiy differensial tenglama, integral tenglama, Grin
funksiyasi usuli, Gronwall tengsizligi.

3AJAYA TUPUXJIE-HEUMAHA JIJI1 HEJIMHEHHOT'O OBBIKHOBEHHOI'O
JANODOEPEHIIUAJIBHOI'O YPABHEHUSA BTOPOI'O TOPAJAKA, BBIPOXKIAIOLIEI'OCS HA
I'PAHHUIE OBJACTH

Annomauus. B oannoii pabome paccmampusaemcs 3adaua upuxie-Hetimana Onsi menurneiinozo
O0ObIKHOBEHH020 — OuhhepeHyuanvHoco  ypasHeHus — 8MOpo2o  NOPSOKA  C  GbIPOAHCOAIOUUMUCS
Koa(puyuenmamu Ha epanuyax ummepsana. [uggpepenyuanvioe ypasnenue paccmampueéaemcs Ha

unmepeaJe (0,1) u umeem guipodicoenue 6 obeux spanuynvix moukax X =0 u X =1. 3a0aua ceooumes

UHMESPANbHOMY VPABHEHUI0 ¢ UCNONb308aHuem memooda @yuxyuu I puna. Ilpu coomeemcmeyiowjux
VCA0BUAX HA HETUHEUHBI YleH YCMAaHAGIUBAIOMCS CYWeCMBO8aHUe U eOUHCIMBEHHOCMb PeUeHUsl HA OCHOGe
NPUHYUNA COHCUMAIowe20 omoopaicenus. flenvie Oyenku peuieHus NoayyeHbl ¢ NOMOWbIO HEPAGEHCMEd
I'ponyonna.

Kniouesvie cnosa: nenuneiinoe obviknosenHOe Ougghepenyuanvroe ypasHeHue 6mopoco NopsoKd,
unmezpanvHoe ypagnenue, memoo ¢gyuxkyuu I puna, nepasencmeo I ponyonia.

Introduction. Differential equations with degenerating coefficients are widely used in mathematical
physics, mechanics, heat conduction theory, and the modeling of filtration processes [1, 2]. In particular, the
tendency of coefficients to zero or infinity at the boundaries of a domain allows for a more accurate
description of real physical processes [3, 4].

Classical boundary value problems usually involve local boundary conditions. However, in many
applied problems such conditions are insufficient, necessitating the introduction of nonlocal boundary
conditions [5]. Nonlocal conditions are given in the form of integral, functional, or coupled boundary values,
enabling the consideration of memory and global properties of complex processes [6, 7]. Recent studies have
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shown that integral conditions with nonlinear kernels are particularly effective in redefining vectors for
complex systems [8].

Interest in nonlocal boundary value problems has significantly increased in recent years. In particular,
the issues of existence and uniqueness of solutions for linear and nonlinear differential equations under
nonlocal conditions have been extensively studied using Green's functions, integral equations, and functional
analysis methods [9, 10]. Modern research also explores these problems for second-order functional
equations and systems with piecewise constant arguments [11, 12]. When singular weight functions are
involved, the construction of the Green's function becomes one of the key challenges [13, 14].

It should be noted that the majority of existing works deal with equations possessing a single singular
point or linear cases [15, 16]. Problems with two-sided degeneration, nonlinearity, and nonlocal boundary
conditions have been relatively less studied.

This work considers a nonlocal boundary value problem for a nonlinear second-order ordinary

differential equation defined on the interval (0,1) , with degeneracy at both endpoints X =0 and X =1.

Statement of the problem. Consider the following nonlinear second-order ordinary differential
equation with two lines of degeneracy on the interval (0,1) :

[X*@A-X)’y(X)] = f(x,y(X)), 0<x<l1, (2.1)

where Y() is an unknown function, f (:,-)is a given function, @ and S are given real numbers
suchthat O<ax <1,0< B <1.
Problem 1 (Problem qu ). Find a function Yy  belonging to the class

y, x“(L—=x)’y eC[0,1], [x*(1-x%)"yT €C(0,1), satisfying equation (2.1) and the boundary
conditions

limx"y'(x)]=A, y1)=B, @2)

where A, B, are given real numbers.

Construction of the Green's function
First, let f (X, y(X)) = F(X) and seek the function y(X) in the form

y(x) = yo(X) + Ye (X)

where Y, (X) is a solution of the problem

[x*(=x)" y; ()] =0 -

iy, (1= A, Yo() =B, |
and Y (X) is a solution of the problem

[x* (0= X)"yr ()] = F(x)

[y (0]=0, Y, () =0 2

It is not difficult to show that the general solution of the equation in problem (3.1) is given by

X

dz
Yo(X)=C, + Cl_[ p

» 2%(1-2)”

Substituting this general solution into the boundary conditions in (3.1), we find Cl and C2 :
C.=A, C,=B-Ag,
FA-a)'A-p)
Ir2-a-p)

Substituting the obtained C, and C, into (3.3), we find the function Y, (X) in the form:

(3.3)

where o =

, and I'(z) is Euler's gamma function.
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Yo(X) = Alj z7“(1-2)"dz-Ac+B, (3.4)

Now we proceed to solve problem (3.2) using the Green's function method.
Definition 4.1. The Green's function for problem (3.2) is defined as a function G(X,S) satisfying the
following conditions:

1) G(x,5) is continuous for X,s €[0,1];

2°) For each interval (0,S) and (S,1), the derivative (8/3x)G (x,s) is continuous, and at x = s there is a
jump equal to [-s~%(1 — s)~F], i.e.,

0G(X,9) 0G(X,S)

OX - OX  lieso

3’) On each interval (0,S) and (S,1), the function G(X,S) satisfies the homogeneous equation
with respectto X:

=—s*(1-9)"; (3.5)

x=5+0

[Xa (1_ X)ﬁGx (X’ S)]x = O’
4°) Forall s(0,1),
IXiLTO1[x“GX(x, s)]=0, G(,s)=0 (3.6)

are satisfied.
Lemma 3.1. The Green's function for problem (3.2) exists and is unique; it is defined by the formula:

1

Iz’“(l—z)’ﬁdz, X<s;

G(x,8) =1, (3.7)
_[z“"(l—z)‘ﬁdz, S< X

Proof. Since «,f € [0,1), each integral in formula (3.7) is a continuous function with respect to its
upper  limit.  Therefore, the function G(X,S) is continuous in the  domain

Q ={(x,5):0<x<1,0<s<1} for X#5S.
Furthemore, for each fixed S € (0,1),
lim G(x,s) = Iirr]oG(x,s):G(s,s)

X—s+0
holds, where
1
G(s,s) = j 27 “(1-2)"dz.
S
Since G(S,S) is continuous for s €[0,1], it follows that G(X,S) € (€2) . Now, by
directly differentiating formula (3.7), we obtain:
P 0, Xx<s,
—G(x,8) =9 _ B (3.8)
OX X“(L-x)", s<x
From here, the validty of equality (3.5) follows easily. According to (3.8),
0 0
—| x“(L-x)" =G(x,s) |=0,
OX OX

holds for X € (0,s) W (S,1) i.e., the function G(X,S) satisfies the homogeneous equation with
respectto X:
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Ol eq—xy 9 _
ax[ @—x) aXG(X,S)}—O.

Using formulas (3.7) and (3.8) , and also taking into account the equality
1
Jz‘“ (1-2)’dz=0,
0

we derive the following:
G(Ls) =0, |ing[xaGX(x,s)] =0.

From these equalities, the fultfillment of condition (3.6) follows straightforwardly.
Using the Green’s function, we find the solution (3.2) in the form:

Ye (X) =J1‘G(X,S)F(s)ds.

Utilizing these solutions and the relations Y(X) = Y,(X) + Y (X), (X, y(X))=F(X), we
reduce the problem (2.1), (2.2) to the following equivalent integral equations:

Y() = Yo(X) + [G(x,5) f (5, y(s))ds. (39)

Existence and uniqueness of the solution. Now we examine the existence and uniqueness of the
solution to integral equation (3.9). For this purpose, consider the following operator:

Y(X) = Yo(X) + [ G(x,5) (5, y(s))ds.

Definition 4.1 (Contraction mapping). [17] Let X be a metric space and A a mapping from X into
itself. If there exists a number & € (0,1) such that for all X,y € X the inequality

P(AX, Ay) < 5p(X,Y)
holds, then A is called a contraction mapping, where o(Y,,Y,) is the metric of the space X .

If for a mapping A: X — X there exists a point X € X such that AX = X, then the point X is called a

fixed point of the mapping A.

Lemma 4.1 (Contraction Mapping Principle). [17] Every contraction mapping in a complete metric
space has a unique fixed point.

Lemma 4.2. [17] The space C[a,b] is complete. It is known that in the space C[0,1], the norm

P(X,Y) is defined by
p(yp yz) = maX|y1 - y2|

0<x<1
We will show that the operator TY under consideration is a contraction in C[0,1] . For this, consider
the following norm:

p(Ty,,Ty,) =

0<x<1

= max[Ty, ~Ty,|=max| [ G(x ) f (5. y,(s)) ~ f (5. Y, (|- (41

Assume that the function T (X,Yy(X)) satisfies a Lipschitz condition with respect to its second
argument, i.e.,
£y, 00) = £ (%, Y, () < Ly, = Yy (4.2)

holds, where L is a positive real number.
Substituting (4.2) into (4.1), we obtain the following inequality:
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1
p(TY;,TY,) < Lmax [|G(x,5)]|y; - Y,|ds <
o

1
< Lmax|y, — maxj G(x,s)ds.
0<x<1 ‘yl yz‘ 0<x<1 O‘ ( )‘
1
Let us evaluate the integral I|G(X, S)|dS . Using the explicit form (3.7), it can be shown directly that
0

the inequality |G(X, S)| < |G(O,1)| holds, or equivalenty,

¢ dz
G(x,9)|< | —————. 4.3
G(xs)| !Za(l_z)ﬂ (43)
Using inequality (4.3), we derive the following inequality:
p(Ty,,Ty,) < Lop(y,, Y,).
If
-1
L<[CA-a)LA-pB)/T2-a-p)] .
then the operator T is a contraction.
Now we show that T : C[0,1] — C[0,1].
For y=Ty, consider the following

equality |y (X)| =[Ty| ={yo (X) + _[G(X, s) f (s, y(s))ds| < |y, (x)|+ _”G(X’ s)f (s, y(s))[ds.

It is not difficult to show that for the function Y,(X) the inequality

Yo (X)|<2|A|o +|B|]
holds. Using this inequality and the fact that f (X, y(X)) satisfies the Lipschitz condition, we write
the following inequality:

y(9)| <2|Ao+[B)|+ L[|y(s)[G(x.5)lds.

Using inequality (4.3), we obtain

y(9)|<2|A|o+[B,|+ oL [|y(s)ds.

Applying Gronwall’s inequality, we obtain the following result:

1
y(x)| < (2|A|o +|B/|) exp(oL j |y(s)|ds).
0
This implies that Y(X) € C[0,1]. Since y =Ty , it follows that T : C[0,1] — C[0,1].

Based on the obtained results, we formulate the following theorem for problem (2.1), (2.2).
Theorem 4.1. If the function f (X, Y(X)) is continuous, satisfies the condition

HCSACHERTCAACI) [ E RIS AL

and

L{r(l—a)r(l— ﬁ)}l’
r2-a-p)

Then the problem (2.1), (2.2) has a unique solution.
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Proof. The proof follows from the contraction mapping principle applied to the operator T in the
complete metric space C[0,1]. The operator T maps C[0,1] into itself and is a contraction under the

given conditions. Therefore, by the contraction mapping principle, T has a unique fixed point in C[0,1],

which corresponds to the unique solution of problem (2.1), (2.2).

Conclusion. This paper provides a detailed investigation of Dirichlet-Neumann problem for a
nonlinear second-order ordinary differential equation with degeneracy at the boundaries of the interval. First,
corresponding auxiliary linear problems were solved, and the Green's function was explicitly constructed. As
a result, Dirichle-Neumann problem was reduced to an equivalent integral equation.

Using the contraction mapping principle, a fundamental result in functional analysis, the existence of a
unique solution to the integral equation was proved. The existence and uniqueness of the solution were
ensured under a Lipschitz condition and corresponding parametric constraints.

The obtained results contribute to the development of the theory of nonlinear differential equations
and can be applied in the study of practical models involving nonlocal conditions.
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NOLOKAL CHEGARAVIY SHARTLARGA EGA BO‘LGAN BALKA TENGLAMASI
UCHUN BOSHLANG‘ICH CHEGARAVIY MASALASI
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Annotatsiya. Ushbu maqolada to‘sin tenglamasi uchun nolokal chegaraviy shartli boshlang ‘ich-
chegaraviy masala bilan birga o ‘zgaruvchan koeffitsiyentni aniglashning teskari masalasini tadqiq etamiz.
Dastlab, nolokal chegaraviy shartli boshlang ich-chegaraviy masala o ‘zgaruvchilarni ajratish usuli
yordamida ikkita masalaga keltirildi. Bular fazo o zgaruvchisi bo ‘yicha to ‘rtinchi tartibli oddiy differensial
tenglama uchun spektral masala, vaqt o zgaruvchisi bo ‘vicha ikkinchi tartibli oddiy differensial tenglama
uchun Koshi masalasidir. Tadqiq jarayonida spektral masala uchun xarakteristik determinant to ‘liq
hisoblandi va transsendental xos giymat tenglamasi chiqgariladi. Shundan so ‘ng, xos son va xos funksiyalar
aniqlandi. So ‘ngra Koshi masalasi tadqiq etildi. Nolokal chegaraviy shartli boshlang ‘ich-chegaraviy masala
yechimi mavjudligi va yagonaligi isbotlanildi, yechimning regulyarligi ko ‘rsatildi.

Kalit so‘zlar: balka tenglamasi, boshlang ‘ich va chegaraviy shartlar, to‘g‘ri masala, spektral usul,
analitik yechim, yagonalik, mavjudlik, turg ‘unlik.

HAYAJIBHAS KPAEBAS 3AJAYA VIS YPABHEHUA BAJIKA C HEJIOKAJIBHBIMH
I'PAHUYHBIMMU YCJIOBUSIMUA

Annomayus. B 0annoii cmamvse paccmampueaemcs HauaibHas Kpaeeas 3a0a4a 018 ypasHeHus OaiKu
C HENOKANbHBIMU 2PAHUYHBIMU Ycaosuamu. [lep8oHauanbHo HA4aIbHO-Kpaesas 3a0aua ¢ HeNOKATbHbIMU
CPAHUYHBIMU YCA0BUAMU ObLIA C8e0eHA K 08YM 3A0adam NpUu NOMOWU Memooda pasoeienusi nepemeHHbIX.
Omo cnexmpanvras 3a0a4a 015 00bIKHOBEHHO20 OUPhepeHyUaAnbHO20 YPAGHEHUs YeMEEPNO20 NOPAOKA NO
nepemeHHol npocmparcmea, 3aoaia Kowu ons 0b6vikHO8eHHO20 JuhepenyuaivHo2o ypasHeHus 8mopo2o
nops0Kka no nepemenHol epemenu. B npoyecce uccrneooeanus 01 cnekmpanbHOU 3a0auu NOJIHOCMbIO
paccuumuléaemcs Xapakmepucmuieckutl 0emepmMuHanm, u 6bl60OUMcs ypasHeHue mpancyeHOeHmaibHo20
CcOOCMBEHH020 3HaUeHus. 3amem onpeoeneHvl cOOCMEEHHOe YUCTO U cobcmeenHble yHKYuu. 3amem Ovina
uccneoosana 3adaua Koww. [oxasano cywecmeoganue u eOUHCMEEHHOCMb peuleHUs HA4alibHO-KpAesol
3a0a4u ¢ HeLOKANbHLIMU SPAHUYHBIMU YCIOBUAMU, NOKA3AHA Pe2YNIAPHOCHb PEUUEHU.

Knwuesvie cnoea: ypasnenue 6anku, HAYATbHbIC U 2SPAHUYHLIE YCIOGUS, NpAMAA  3a0aud,
CNEeKMpanbHblll Memoo, AHATUMULECKOe peuleHue, eOUHCIMEEHHOCb, CYWeCmBosanue, YCmouiugocmb.

INITIAL BOUNDARY PROBLEM FOR A BEAM EQUATION WITH NONLOCAL
BOUNDARY CONDITIONS

Abstract. In this article, we will consider the initial boundary problem for a beam equation with
nonlocal boundary conditions. Initially, the initial-boundary value problem with non-local boundary
conditions was reduced to two problems using the separation of variables method. This is a spectral problem
for a fourth-order ordinary differential equation with respect to a space variable, and a Cauchy problem for
a second-order ordinary differential equation with respect to a time variable. During the research process,
the characteristic determinant is fully calculated for the spectral problem and the equation of the
transcendental eigenvalue is derived. Then the eigenvalues and the eigenfunctions are defined. Then the
Cauchy problem was investigated. The existence and uniqueness of the solution to the initial-boundary value
problem with non-local boundary conditions are proved, and the regularity of the solution is shown.
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Kirish va masalaning go‘yilishi. So‘nggi yillarda to‘sin tebranishlari tenglamasi uchun boshlang‘ich-
chegaraviy masalalarni o‘rganishga Kkatta e’tibor garatilmoqda. Ko‘plab ishlarda bunday masalalar uchun
yechimlarning mavjudligi, yagonaligi va regulyarligi turli analitik va sonli usullar yordamida tadqiq etilgan
[1], [2]. Xususan, o‘zgaruvchilarni ajratish usuli asosida spektral masalalarni qurish, xos giymatlar va xos
funksiyalarni aniglash hamda yechimlarni ortogonal qatorlar ko‘rinishida ifodalash keng qo‘llanilmoqda.
Shu bilan birga, nolokal chegaraviy shartlar fizik jarayonlarni yanada aniqroq aks ettirishi sababli, bunday
masalalar nazariy va amaliy jihatdan muhim ahamiyat kasb etadi.

Masalan, lIbrohim va Somnay [3] oddiygina qo'llab-quvvatlanadigan elastik nurning tayanch
nugtasidagi ishgalanishni nokonservativ kuch sifatida ko'rib chiqgdilar, natijada chizigli bo'Imagan tayanch
hosil bo'ldi. Ular turli xil ishgalanish koeffitsiyentlari bilan tashgi kuchlar ta'sirida asosiy jismdagi
deformatsiyalarni tahlil gildilar.

Takidlash joizki, mavjud adabiyotlarda to‘sin tebranishlari tenglamasi uchun boshlang‘ich-chegaraviy
masalalarni umumiy holatda o‘rganish, shuningdek, ularga mos teskari masalalarni tadqiq etish muhim
yo‘nalishlardan biri sifatida qaralmoqda. Bunday tadqiqotlarda spektral usullar, o‘zgaruvchilarni ajratish
usuli hamda integral tenglamalar nazariyasi keng qo‘llanilib, yechimlarning mavjudligi, yagonaligi va
turg‘unligini asoslash masalalariga alohida e’tibor garatiladi [4]-[10]. Shu jihatdan, boshlang‘ich-chegaraviy
masalalarni umumiy matematik yondashuv asosida o‘rganish ushbu sohadagi tadqiqotlarning muhim
davomiy yo‘nalishi hisoblanadi.

Quyidagi boshlang‘ich-chegaraviy masalani garaymiz:

ot +g(Du,(n)=fx.r),  0<x<1, =0, (1)

chegaraviy shartlar

u(0.0=0, u,, (0.0)-1, (1.6)=0. u,,(1.5)=0

1o (0.8) 10, (1.1)70, O=r=T 2
va boshlang‘ich shartlar
u(x.0)=0(x). u, (3.0 )=wr (). 0=x<1. 3J
To‘gri masala. (1)-(3) munosabatlarni hamda u(x.ECET (Qp)hartini

ganoatlantiruvchi uix,t) funksiyasini topish masalasi to’g’ri masala deb ataymiz, bu yerda a.l, T sonlari
berilgan sonlar va g(1).f{x,t),e(x),u{x) funksiyalar berilgan yetarlicha sillig funksiyalar.
(1)-(3) boshlang‘ich-chegaraviy masalani tadqgiq etamiz

Bir jinsli tenglama (~=0. ¢=0) uchun (1)-(3) boshlang‘ich-chegaraviy masalani tadqiq etamiz. (1)-(3)
boshlang‘ich-chegaraviy masala yechimini quyidagi ko‘rinishda izlaymiz

u (.t )=X()T(2). (4)

(1) ga qo‘yib:

XO)T'(0)+a2 X (x)T(1)=0.
o X(x)T(1) ga bo‘lib (nolga teng bo‘lmagan joyda):
T XV
AT0) X))
Shunday qilib, ikkita oddiy differensial tenglamani olamiz:
T ()+a2AT(H)=0, X*(x)-L¥(x)=0. (5)
Spektral masala. (2) chegaraviy shartlardan X{x) ga nisbatan quyidagi masalani olamiz:
X (x)-AX(x)=0, 0<x<l,

X(0)=0. X (0)-X(1)=0. X (1)=0. X (0)+X (1)=0. (6)

(6) spektral masalaning xos son va xos funksiyalarini aniglaymiz. i=u* deb belgilaymiz (u — spektral
parametr, umuman kompleks). U holda (5) tenglama:

X =0,
Bunda X, (x) xos funksiyalar }.,J=.ui x0s giymatlarga bog’liq holda aniglanadi:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 121



MATHEMATICS

X, (x)= cash(‘u” x)- cas{‘u” x)

- sinh - sin
L TR, smh[,u”r)+'u z sin(u x),
cosh u ) cos
bu yerda =2 == tenglamaning ildizlari

-
w=-1  cosu

Bu xos funksiyalar o’zaro ortogonal emas. Shuning uchun Biortogonal sistema quramiz. Dastlab,
berilgan masalaga qo’shma (adjoint) masalani aniqlab va uni to’liq holda keltiramiz.

Yuqoridagi mulohazalardan kelib chiqib, berilgan (6) masalaga qo’shma masala quyidagicha bo’ladi:

PP ()-A¥(x)=0, 0<x<l,

Y (0)=0. ¥ (1)=0. ¥(0)-Y (1)=0. ¥Y(0)+¥'(1)=0.

Bu qo‘shma masalaning xos funksiyasi quyidagidan iborat

Y, (x)=(cos u x + cosh u x)

simp_ +simhp sinu_+ sinh
+———Tginy x-— "
cos y, X & cosh

Shunday qilib, biz X,(x) va ¥,(x) biortogonal sistemasini qurdik. Biz boshlang’ich-chegaraviy
masalani tadqiq etishda yechimni X, (x) xos funksiyalar sistemasi orgali, berilgan funksiyalarni esa ¥, (x) xos
funksiyalar yordamida hosil gilingan Fure koeffitsiyentlarini aniglab, Furye gatorlarga yoyib o’rganamiz.
Bunda (23) ning xos funksiyalarida mos ravishda £ (x.r), ¢(x) va w(x) funksiyalarning Fure koeffitsiyentlarini
quyidagicha belgilaymiz:

(F D). 1, 0)=, 0,

(¢ 0).7,0))=0,. (v (x).7,()=v,. (7)

(1) ga ko‘ra va (u (x.t) X, (x) )=u, (1) bo‘lganda, (7) dan foydalanib, u,(r) ga nishatan quyidagi

sinh y x

masalani tuzamiz:

it () +0 11, (D) +q (1)1, ()=, (1), (8)
boshlang‘ich shartlar bilan:
(=g,  1,(0)=w,. (9)
Dastlab, tenglamani soddalashtirish uchun quyidagi belgilashlarni kiritamiz:

o=, F,(0=f 0+q(0)u,().
U holda (8) tenglamani quyidagicha yozamiz:
w, (e’ u, (=F,(1).

Bu tenglamaga mos bir jinsli tenglamani garaymiz:

u, (1) +e? u,(1)=0. (10)
Xususiy yechimni Lagrange (o‘zgarmaslarni variatsiyalash) usuli bilan topamiz:
u,(1)=A, cos(e,t)+B,sin(c,t)

91 f : 91 t
-MJ- Sm(mj,f)Fj,(r)dr+Mf cos(e,T)F,(t)dr.
@y 0 @y ]
Yugoridagilardan foydalanib, «, () ga nisbatan quyidagini olamiz:

1 T
nﬂl:r)=_»iﬂcos(m,,r)+Bﬂsr'u(mﬂr)*——J- sin(e,(t-))F,(7)dr
o) 0

Boshlang‘ich shartlardan ::,,(Oj=qa:_. u,'(0)=y, ~ foydalanib xususiy yechimini aniglaymiz. Dastlab
u,(0)=¢, tekshiramiz:

1,(0)=A4, 1+B,-0=4,~¢ .

Endi u,,(0)=y, shartni qo’llaymiz, =0 da

i, (0)=0+w, B, 1+0=0,B,=v, .
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Shuning uchun: B,=".
iy
Bulardan xulosa qilib, umumiy yechimni quyidagicha aniglaymiz:
1 f
u”(z)=¢aﬂcos(m”r)+ﬁ.5':';1(&3},:)+—J- sin(e,(t-7))F,, () dr.
“n Yn 40

Belgilashlarni keltirib qo’ysak, (8)-(9) Koshi masalasi yechimi quyidagi integral tenglamani
ganoatlantirishini olamiz:

v, .
a;z Sm(tx,uir}

1 ’ 1 ! .
+—.}J- Sf?i[ayi(r-ﬂ)};(f)dr‘" .}J- Sm[ayi(r-rj)q(r)u”(T)dr. (11)
oH, 0 o, Yo

(11) integral ostida u,(r) ishtirok etmogda. Shuning uchun (11) tenglamani ¢ bo’yicha
differensiallaymiz va u, (r) ga nisbatan quyidagi integral tenglamani olamiz:

1w, l:r)=-aiui @, Sin (ogui !)+l,[f” cas(ayi t)
¢ f
+ J- cos(fx,u;‘: (r-r))j; (t)dr+ J- cos(fx,u;‘: (r-r))q (Du,(Ddr.  (12)
0 ]

u, () va u, (r) funksiyalar uchun quyidagi tasdiglarni isbotlaymiz:

u,(D=g, cas{ayi t)+

2-lemma. Faraz qilaylik, geCf0.T/. barcha wr€[0.T] va yetarlicha katta neN uchun quyidagi baholar
o‘rinli:

ARE;
iy (I){—:lﬁnl_'—ay_%_'— rz‘u% “ff‘?' || clo.7

I
o llgllcro.m (ﬂsuf,|¢ﬂ,,|+|¥f,,|+f|l£,||c.m_ﬂ) exp(tllgllcro.n) - (13)
: .

i 0l<(alo, 4w, 4l ) explilalcnn). a9

.. AN
2.4
Il g 7 ol

r
* gz Ml (@lo, l+lw, 1+l 1, ) EXp(rllqllc-mﬂ})
1 .

“llgllcron (@le, [+, [+l15 ., ) 5o (gl o). (15)
Isbot. Dastlab, (12) integral tenglamaning ikkila tomondan modul olamiz:

|;;;J (1) |= -ccyi @ sin [ayir)—kgfn cos(fx,u;‘:r)

+J- cos(cx.ui(r-r)lf; (t)dr+ J- cas(ayi(r-r))g(ﬂu;; l:'f)df|
0 0

So’ng baholaymiz:

f
|u, ()| Gs“i|¢9},|+|¥f,,|+T|l}:,||C.[D:ﬂ+||9'||€[0:ﬂJ; |, ()| de.

Gronoull integral tengsizligiga asosan, yugoridagidan (14) bahoni olamiz.
Endi (11) tenglamadan foydalanib, quyidagini olamiz:
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qa”ms(ayi t)+ :f”z .S'fﬂ(fx‘uii')

M

|, (1) =

1
2
ot

¢ ¢
+ a‘tz J; sin (a#i (;-ﬂl{;} (D) dr+ J; Sin [ayi (r-rj)q (Du,(Ddr

L

t t
|{’Un|+ |U;?||C'[D:ﬂ+r||Q'||C'_ED:ﬂ I”y;ul(ﬂlflqgj,l_'-lwnl_'- |V;’||C'[D:ﬂ

fl@nl"' 2 2 2 2 2
oui o oyt oy ou]

tllqll efo,7
1 >

Bundan esa, 2-lemmadagi (13) tengsizlikni olamiz. (8) tenglamadan foydalangan holda, biz u,(7) ga

nisbatan (15) bahoni oldik.
Faraz qilaylik, u,(z) va @, (1) funksiyalar (8)-(9) Koshi masalasining turli yechimlari bo‘lsin. Birinchisi

(8)-(9) Koshi masalasining yechimi, ikkinchisi esa bu tenglamaning g . ¥ va };(z) funksiyalari bilan

o‘zgartirilgan holdagi yechim:
aynl Sm(tx,u”r}

M

i, (=@, cas{ayi t)+

f t
+iﬁ£ sfﬂ[fxﬂi(r-ﬂ}t;(f)w ajx;—:J; Sm[ayi(r-rj)g(r)ﬁ;J(«L-)drl (16)

(16) tenglamaning ¢ bo’yicha differensiali esa
i, l:r)=-aiui @,,sin (ogui r)+’:,t"f” cas(ayi t)
t f
+ J- cos(fx,u;‘: (r-r))}; (t)dr+ J- cos(fx,u;‘: (r-r))@(r) i,(Ddr.  (17)
0 0

u,(D-ii, (r) va u,(r)-ii, () ayirmalarni tuzib, dastlab (12) va (17) integral tenglamalar yordamida
guyidagi integral tenglamani hosil gilamiz:

t, (1), () =-aut;sin(agey 1) (0,8, ) reos(a) (v, -7,)

+cho.&' (fx.uf,(r-r)) (j; ()7, (T))dr

- J: cas(fx,u;‘: (t-1))§(0) (u;, (0)-it, (T)) dr

+ J; “cos (a210) (4940 Vi (e (18)

Shundan so’ng, (11) va (16) integral tenglamalar yordamida u,()-i,(r) ayirmaga nisbatan quyida
integral tenglamani hosil gilamiz:

1
u,, (1) -ii,, [z)=cas(fx,ui 1) (rpﬂ -G )+ p” sin [ayi t) [:;fﬂ - )

L

1

2
EI‘u”

+

J:Sm (fwi (?-T)) (j; (r).}; (r)) dr

1 [ L
+Ex‘uz J; sm[ay;(r-rj)q (1) (u” (2)-i,, (T))dr

L

+ ijxz J; sin (rzyi (r-r]) (q (0)-g(2) }u;, (1)dr. (19)

7
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So’ngra (18) tenglamadan foydalanib, u,(r)-it,(t) ayirmani baholab, |u,()-ii,(r)| uchun quyidagi
chizigli integral tengsizlikni keltirib chigaramiz:
|II;J(I)-E}JJ(I)|S&}I§S |¢J”-@” |+|W;;|-§I‘I}};||+r|l\f;;|-}:;|||c-[l:l:ﬂ

+tllg-dllcton (a2le, [+, 1+llf, | o ) exp(tllgllcro )

t
Nallcon [ il
0

Gronoull integral tengsizligiga ko’ra quyidagi bahoni olamiz:
|“;’ (I)-ﬁ;,(!) |{_: (a’ui |¢Jn-&n |+|{P-n-r{;}n |+F|UJ:J -‘}:” clo.n -

+tllg-Gllcro,m ("‘i“i|@;:|+|‘f’nl+r”’{nl|c-[uﬂ)

exp(tllqllcro.n)) exp(tllgll cro.n) (20)
Xuddi shunday, (19) tenglamadan foydalanib, u,(¢)-ii,(z) ayirmani baholab, |u, (¢)-i,(#)| uchun
guyidagi chizigli integral tengsizlikni keltirib chigaramiz:
~ ~ 1 - t -
I””[:I)-””(I)Iilqgﬂ-@ﬂ|+giu—|Wf?-¥f”|+giu—%”‘}:’-‘ﬁ’lh'[ﬂl:ﬂ

2
1

I

o (@lo, |+lw, I+, 1, ) ladllcron
2 |

t

2
oy

+

||&”C'[D:.T] (cxyi |(.$I”-@” |+|J’Un-&}n|+r|lj;:l-}i‘1||c-[g:;]+

+tllg-Gllcro,m ("‘i“i|@;:|+|‘f’nl+r”’{nl|c-[uﬂ)

exp(tllgllcio.n)) exp(tldllcro.n)- (20)
Bu baholar teskari masalani tadqiq qilishda qo‘llaniladi.

Keyin, hosil gilingan integral tenglama (11) ni (4) ga qo‘yib, w(x.z) funksiyasiga nisbatan quyidagini
topamiz:

\ 1
u(x.f)= E ﬂg”ms(ayir} Yo Sm(fx,uir)-f- /Sf}}(?x‘ui(r-f))ﬁn{,f)dr
0

2 2
=1 oL, oL,

t
+ 1_} J- sr'n[ayi (t-0))q (D, (T)dr) X, (). (21)
o2 Jy

L

Dastlab, u(x.r) funksiyaning uzluksizligini isbotlaymiz. (21) gatorning Qr={(x.t): 0=x=<1. t€[0.T]}
sohasida tekis yaginlashuvini isbotlaymiz. Bu qator barcha (x.r)e€; lar uchun quyidagi sonli gator bilan
majorantlanadi

oo

| T
Z |mn|+ ”2 * |U;J||C'[D:ﬂ

5
=1 o, o,

T
+ allallcn (adle, 141y, +Tlf |, 1) exe(Tlalleton) |

L

Oxirgi gatorning yaginlashuvini ta'minlash uchun quyidagilar bajariladi deb faraz gilamiz:
L o(x)EC.1]. ¢ (xJEL,(0.1). p(0)y=p(1)=0:

2. w(x)JeC .1}

3. fe.ec(@r).

Bulardan foydilanib,

NI TS

n=1 =1 =1 aﬁu”
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1

() <(E) (B =55 2)

=1 =1 =1 =1

b ] =

1
2

(52

=1

5 )

=1

<Cy ("@I".E;.(D:E]_'—"W"L_«.(D:EJ_'—TIV"C'{[D:ﬂ,L;.(D:E]}) :

(21) yechimning xossalarini o‘rganamiz. Formal ravishda, (4) ni differensiallab, quyidagi gatorlarni
hosil gilamiz:

W)=Y (X, (). (22
=1
()= )5, (DX, 0. 23)
=1
Uy (-\'_.‘I)ZZ .“i ly (I)-Xn (“) (24)
=1

(8), (12) va (13) qatorlarning Qr={(x.r): 0=x=1. t€[0.T]} sohasida tekis yaginlashuvini isbotlaylik.
Bu qatorlar barcha (x.r)eQ; lar uchun quyidagi sonli gator bilan majorantlanadi

=l

Z (a2l |y, 1+ T ) exp(Tlalcron) @s)

Z (A s (l@,,| L#; |V||C[Dﬂ ||'9‘||C[Dﬂ(fx#,,|¢9,,| |w, |+ T|LQ||C[Dﬂ)ﬂp(ﬂlqllcmﬂ))
“Ilglleto,z (ﬁ.“i|@j,|+|¥f,,|+T”};||C.[m)EXP(THQr:[nr]})- (26)

Z ( v }' leon™s i”@”c-[n:ﬂ (ﬁ#f,|¢°,,|+|¥f,,|+3'|[£,|C[D:H)SXP(Tqllc-[g:ﬂ)). @7)

(22)-(24) gatorlar yaqmlashuvchanllkni tanimlash uchun quyidagi yordamchi lemmani keltiramiz:
3-lemma. Agar shartlar bajarilsa

L g(eC0]. ¢PEL(0.]). o0)=gp()=g"(0)=¢"()=o(0)=g™(1)=0,
2. p(eCO]], yPMEL(0D). wOpl=y" O=y" ()=,

3. f.ec?[0d]. £ (0L (0.0). R0.N=ALey= (0.0=f (1.H)=0. 0=t<T.

u holda quyldagllar o’rinli

o 1 1
@ __ ‘:"J( ).‘ w},z'FWff}r ﬁ,(zjz'#_}ﬁf)(zjr (28)

nogl

Bu yerda

o )_ff Ox)cosu, xdx, (,Lff)—ff w® (X)cosyu xdx,
;ff}(r)= ﬁ J- [ ()eosu xdx
e

Shu bilan birga quyidagi baholar ham o’rinli:

5312 ST 2 2
D PP g D WP, .

=1 =1

@ 3002 2
T K OP Mo 20 (29)

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 126



MATHEMATICS

¢, dagi integrallarni besh marta, v, vaf (r) dagi integrallarni esa uch marta bo‘laklab integrallash,

hamda 3-lemma shartlarini hisobga olgan holda, (28) ni hosil qgilamiz. (29) tengsizlik esa ¢,

va f2)(#) funksiyalarining Furye yoyilmalari koeffitsiyentlari uchun [0.7] segmentida mos xos funksiyalar

sistemasi bo‘yicha Bessel tengsizligidan iboratdir.
3-lemmaga asosan, (25)-(27) gatorlar

o1,
DI CLT A
H
=1
yaqginlashuvchi sonli gatori bilan majorantlanadi, shuning uchun ular - da tekis yaginlashadi.
Buni birinchi gator uchun ko‘rsatamiz, ikkinchisi uchun esa xuddi shunday isbotlanadi. Haqgiqatan
ham, (28) va Koshi-Bunyakovskiy tengsizligidan foydalanib, quyidagini  hosil  gilamiz:

oo

5)12

2

Bundan, (29) dagi birinchi tengsizlikka, asosan, ¥=, n* ¢ |sonli qatorining yaginlashuvi kelib
chigadi.

Endi boshlang‘ich shartlarning bajarilishini ko‘rsatamiz. (21) qator Qrda absolyut va tekis
yaqinlashuvchix bo‘lgani uchun, yig‘indi belgisi ostida limitga o‘tib, quyidagini hosil qilamiz:

lian l:x.r)=linnlz u, (X,(x)

=1

=D T, (0,00 D 1,00, ). 0, %, (=p(x)

=1 =1 =1

Keyin, (4) gatorning ¢ bo‘yicha differensiallidan foydalanamiz. Bunda (12) dan foydalangan holda

lin[}u, (r.r)=li11[} Z u (DX, (x)

=1

=Zl }i_l}[}fr'n(len(ﬂ=Z ”"’(O)‘J"”("):Zl v, X, ()=u().
Yuqorida keltirilgan natijalardan foydalanib, quyidagi tasdigni hosil gilamiz.
1-Teorema. Faraz qilaylik, g(1)eC[0.7] va 3-Lemma shartlari bajarilsin. U holda (1)-(3) to‘g‘ri

masalasining u (xr)EC‘ff (£7) bo‘lgan yagona yechimi mavjud.
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CHEGARADA EGILISH MOMENTI NOLGA TENG BO*‘LGAN TO*G*‘RI TO*‘RTBURCHAK
PLASTINKANING TEBRANISH TENGLAMASI UCHUN BOSHLANG*‘ICH CHEGARAVIY
MASALA
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Annotatsiya. To’g’ri to’rtburchak plastinkaning tebranish tenglamasi uchun chegarada egilish
momenti nolga teng bo’lgan chegaraviy shartli boshlang’ich-chegaraviy masala o’rganilgan. Masala
yechimining regulyar va umumlashgan yechimlar sinfida mavjudligi va turg’unligi haqidagi tegishli
teoremalar isbotlangan. Qo yilgan masala yechimining mavjudligi spektral tahlil usuli bilan olib borilgan va
u o’zgaruvchilarni ajratish usuli bilan qurilgan tegishli ikki o’lchovli spektral masalaning xos funksiyalar
sistemasi bo’yicha ortogonal qator yig’indisi ko ’rinishida qurilgan. Qurilgan uch o’lchovli qatorning
regulyar yechimlar sinfida yaqginlashishini to’liq asoslash berilgan. Umumlashgan yechim boshlang’ich-
chegaraviy masala regulyar yechimlari ketma-ketligining tekis limiti sifatida aniglanadi.

Kalit so‘zlar: to’g’ri to’rtburchak plastinka tebranish tenglamasi, boshlang’ich-chegaraviy masala,
yagonalik, qgator, mavjudlik, turg unlik.

INITIAL-BOUNDARY VALUE PROBLEM FOR THE EQUATION OF A RECTANGULAR
PLATE OSCILLATIONS WITH ZERO BENDING MOMENT ON THE BOUNDARY

Abstract. In this work, an initial-boundary value problem for the vibration equation of a rectangular
plate with boundary conditions corresponding to zero bending moment is investigated. The existence and
stability of the solution are established in both regular and generalized solution classes. The existence of the
solution to the posed problem is obtained using the spectral analysis method. The solution is constructed in
the form of an orthogonal series expansion with respect to the system of eigenfunctions of a corresponding
two-dimensional spectral problem, derived via the method of separation of variables. A rigorous justification
of the convergence of the resulting three-dimensional series in the class of regular solutions is provided. The
generalized solution is defined as the uniform limit of a sequence of regular solutions to the initial-boundary
value problem.

Keywords: rectangular plate oscillation equation, initial-boundary value problem, uniqueness, series,
existence, stability.

HAYAJILHO-KPAEBASI 3AJJAYA JJISI YPABHEHUSI KOJIEBAHUM
MPSIMOYTOJIbHOM IJIACTUHBI C HYJIEBBIM U3r'UBAIOIIIUM MOMEHTOM HA
TPAHULIE

Annomauusa. B oannoil pabome uccredyemcs HauanvbHo-Kpaesas 3a0a4a 0isl YPasHeHus: Koreoanuil
NPSAMOY2ONbHOL NIACHMUHBL C ZPAHUYHBIMU VYCAOSUAMU, COOMBEMCINEYIOWUMU HYIEBOMY U32UOAiowemy
Momenmy. Jloxkazamvl cyuwjecmeosanue u YCMOUYUBOCHb peuleHus KaK 6 Kldcce peyisipHulX, mak u
0000wénnvix peutenutl. Cyuecmsoganue peuleHuss NOCMAasieHHOU 3a0ayu YCMAHOBIEHO ¢ UCNONb308AHUEM
Memoda cnekmpanvbHo2o ananuzd. Pewenue nocmpoeno 6 6ude 0pmo2OHANbHO2O psida NO cucmeme
COOCMBEHHbIX (PYHKYULL COOmeemcmayioueti 08YMEPHOU CREeKMPAIbHOU 3a0ayu, NOIVHEHHOU Memooom
pazoenenus nepemenHvix. Jlano cmpoeoe 060CHOBAHUe CXOOUMOCIU NOLYUEHHO20 MPEXMEPHO20 psoa 6
Kaacce peeyaspuvix peutenuu. O000wénnoe peuienue onpeoensemcs KAk PAGHOMEpHbuLL npeoei
NOCe008aAMENbHOCU PeYIAPHbIX PeuleHUll Ha4aIbHO-KPAesoll 3a0ayu.
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MATHEMATICS

Knrouesvie cnoea: ypaeHeHue Konebanuil I’lp}lMO)/ZOJleOlZ naacmuHsbl, HA4ajibHO-Kpaeeda:s 3a0aqa,
eduncmeeyﬂocmb, p}l@, cyujecnieoedaHue, ycmoﬁlmeocmb.

Masalaning qo‘yilishi. So‘nggi yillarda balka tebranishlari tenglamasi uchun to‘g‘ri va teskari
masalalarni o‘rganishga gizigish ortib bormoqda. Shu boisdan balka tebranishlari tenglamasi uchun to‘g‘ri va
teskari masalalarni o‘rganish dolzarb ilmiy yo‘nalishlardan biriga aylandi [1]-[2]. To‘g‘ri masalalarda
berilgan boshlang‘ich va chegaraviy shartlar asosida tebranish jarayonining xatti-harakati aniglansa, teskari
masalalarda esa kuzatilgan ma’lumotlar orqali noma’lum koeffitsiyentlar yoki tashqi ta’sirlar tiklanadi.
Bunday masalalar muhandislik, qurilish va mexanika sohalarida, aynigsa, konstruksiyalarning
mustahkamligi va barqarorligini baholashda muhim ahamiyatga ega. Ushbu yo‘nalishda analitik, sonli va
spektral usullar yordamida yechimlarning mavjudligi, yagonaligi va turg‘unligini tadqiq etishga alohida
¢’tibor garatilmogda [3]-[8].

Ushbu [3], [4] ishlarda balkaning tebranish tenglamasi uchun boshlang‘ich-chegaraviy masalaning
yechimi dastlab tashqi kuch mavjud bo‘lmaganda va bir jinsli chegaraviy shartlar qo‘yilganda qurilgan,
so‘ngra tashqi kuch mavjud bo‘lganda va bir jinsli bo‘lmagan chegaraviy shartlar qo‘yilganda umumiy holat
ko‘rib chiqilgan. [9] ishda esa cheksiz balkaning tebranish tenglamasi bilan bog‘liq to‘g‘ri masala, xususan,
Koshi masalasi, shuningdek, ushbu tenglamadagi bosh hadning vaqtga bog‘liq koeffitsiyentini aniqlash
bo‘yicha teskari masala yechilgan. Tadqiqotda mavjudlik, yagonalik, va teskari masala yechimlarning shartli
bargarorligi isbotlanilgan.

To’rtinchi tartibli xususiy hosilali differensial tenglamani garaymiz [1, b. 394]:

Lu=u,+a* A* u+q(tu, (xy.0=F(x..0), (1)

bu tenglama yupga bir jinsli to’g’ri to’rtburchak plastinkaning ko’ndalang tebranishlarini
modellashtiradi, bunda o’=EJ/(ph); EJ — plastinkaning gattigligi; p — plastinka birlik yuzasiga to’g’ri
keladigan massa; E — materialning elastiklik moduli; J — inersiya momenti; Au=u,+u,,; F(x.y.r) —
plastinka birlik yuzasiga hisoblangan uzluksiz tashqgi kuch; wu(x.y.r) — plastinkaning (x.») nuqtasining ¢
vaqtdagi siljishi.

Plastinka nugtalarining tebranishini (siljishini) aniglash uchun x=0, x=p, y=0 va y=q chetlarida
chegaraviy shartlarni berish kerak. Bu ishda x=0 va x=p tomonlari sharnirli mahkamlangan, y=0 va y=¢
tomonlari esa qistirilgan holda mahkamlangan hol o’rganiladi (0<t<T):

(03011, (0. 0)=u(p.y. =11, (p.y.0)=0, 0=y<q:
[u(x.O.r)=uJ.(x.O.r)=u(x.q.rj=uj.(x.q.r)=0. O=x=p. (2)
Boshlang’ich shartlar membrana tebranishlaridagi kabi:
u(xy.n)l o =e(y), w0l _=elxy)., 0=xsp, 0=y=g. (3)

Belgilashlar kiritamiz:

O={(x.y.0)|(x)ED.0<t<T}. D={(x.y)I0<x<p.0<y<g}.

bu yerda p.q va T berilgan musbat sonlar.

1-masala. Quyidagi xossalarga ega «(x.y.r) funksiyani toping:

u(x.:-.‘.!jEC'fﬂi(@j.
Lu(xy. 0 =F(xy.1), (x.1)€eQ, 4)
bu funksiya boshlang’ich shartlar (3) va chegaraviy shartlar (2) ni qanoatlantiradi, bunda F(x.y.1),
o(x.y) va w(x.y) berilgan yetarlicha sillig funksiyalar.
1-Ta'rif. (1)—(4) masalasining C‘ff,@) sinfidagi yechimi bu masalaning klassik (regulyar) yechimi
deb ataladi.
Teskari masala. Agar to‘g‘ri masala (1)-(4) yechimi haqida qo‘shimcha ma’lumot

J-J- i (-\:9,1'93) h(-‘»’;,’t')d"@.t‘:g(ﬂ- O=r=T. (5)
D

ma’lum bo‘lsa, (1) tenglamadan g(r) koeffitsiyentni aniglash masalasi, bu yerda h(x,y). g(z)— berilgan
funksiyalar. Bunda g(t) gandaydir o‘lchangan kattalikni, masalan, to‘sin-plastinkaning qaysidir spesifik

nuqtadagi og‘ishini yoki unga bog‘liq kattalikni (masalan, o‘rtacha og‘ish yoki nurlanish, yuklanish effekti)
ifodalashi mumkin. h(x,y) funksiyasi esa to‘sin-plastinka bo‘ylab ushbu o‘lchanayotgan kattalik profilini

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 130



MATHEMATICS

beradi va uning ko‘rinishi qaysi fizik kattalik o‘lchanayotganiga bog‘liq bo‘lishi mumkin: bu og‘irlik, kuch,
kuchlanish yoki og‘ish bo‘lishi mumkin.
q(t)=0 bo’lganda, yechimning yagonaligini K. Sabitov tomonidan [10] ishda isbotlangan.
Ikki uchi mahkamlangan (gisgichlangan) chegara shartlariga ega bo‘lgan to‘sin-plastinkaning
tebranishlari
(1) tenglamada o’zgaruvchilarni ajratamiz wu(x.y.r)=v(x,)»(r). U holda w(x.y) ga nisbatan spektral
masala hosil bo’ladi:

Alv-itv=0, (xy)eD, (20)
-V(O -'J lj:“".‘.’.‘.’ (O -'J .):V(p-'.} lj:"’.\'.\' (p'} I:]ZD > DS} .Sq ® (l l)
v(x, 0=, (x.00=v(x.q)=v,(x.q)=0, 0=x=p. (12)

Plastinkaning tebranish chastotalari va tebranish shakllari aynan ana shu chegara shartlariga bog‘liq.
(10)—(12) spektral masala yechimini v(x.y)=X(x)¥(y') ko’rinishida qidiramiz. U holda (10) tenglamadan
O oy
e Fa o e
X ¥y X
ga ega bo’lamiz.
'=-C, X deb faraz gilaylik, bunda Cy=const=0. U holda quyidagilarni olamiz:
X7 (P X(x)=0,  0<x<p, (13)
FI(0)-2G Y (0)-(2+22)Y()=0.  0<y<q. (14)
'=-C,pX shartidan X7 =-C,x"=C3.X kelib chigadi. Demak, (13) tenglamadan u?=-C3 ni olamiz va X(x)
ga nisbatan quyidagi spektral masalaga ega bo’lamiz:
X (0)-C3X(x)=0., 0<x<p, (15)
X(0)=X"(0)=X(p)=X"(2)=0. (16)
C*(0.p)NC?[0,p] funksiyalar to’plamida X differensial ifodasi bilan hosil gilingan L operatori (16)

chegaraviy shartlarini qanoatlantiruvchi o‘z-o‘ziga qo‘shma hisoblanadi. (15), (16) masalaning xos
funksiyalari va ularga mos xos qiymatlari quyidagi ko’rinishga ega [10]:

X, (0= Esind, (17)
Co=d=(5)' m=1.2... (18)
¥(y) funksiyalar uchun (14) va (12) ga asosan quyidagi masalaga ega bo’lamiz:
P (1)-2Co P'(0)-(A*-CHY)=0.  0<y<q. (19)
Y(0)=Y(0)=Fg)=Y(g)=0. (20)

(19) differensial tenglama uchun xarakteristik tenglama tuzamiz:
20yl +C5-4=0,
uning ildizlari:
k={Co+imo. ly=-0. ks=\Co-i=i\[i-Co=if. ky=-if.
Bu yerda Cy+4>0, Cy-4<0 deb hisoblaymiz. U holda (19) differensial tenglama umumiy yechimi:
Y(v)=a, chay+a, shay+a; cosfiv+ta, sinfly, (21)
bu yerda a; — ixtiyoriy o’zgarmaslar.
(21) funksiyani (20) dan dastlabki ikki shartga bo’ysundirib, topamiz:
&

ay=-a,, a;=-—a,.
U holda (21) funksiya quyidagi ko’rinishni oladi:

Y(yv)=a, (chay-cosfy)+a- (Shrz}'- g smﬁl) : (22)
Endi (22) funksiyani (20) ning oxirgi ikki shartiga bo’ysundiramiz:
{:l(chtxq-cosﬁqﬁaz (Shaq-’%sinﬁq) =0,

1 (eshag+fsinfq)+a; a(chag-cosfig )=0.
5 ni aniglash uchun bu sistemaning determinantini nolga tenglaymiz:

20f-20fchageosfq-(f°-a” )shagsinfig=0. (23)
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(23) tenglamani quyidagi ko’rinishda yozamiz:

sin(Bg )=, (24)
bu yerda
. 2aPchag
Jarcsin .
Azx/“xzﬁzchzaq+(ﬁz-cxzfshzaq= 402 f+(a+ [ shag
(24) tenglamadan topamiz:
— g 24,
5= /m-F( 1)"arcsin y / nEN, (25)

chunki (24) tenglamaning 0’ng tomoni noldan katta va blrdan kichik.
Olingan (25) tenglik £ ga nisbatan nochizigli tenglama hisoblanadi. Uning yechimi mavjudligini

asoslash uchun quyidagi funksional tenglamani garaymiz:
2

B=Ab6)y= ! /ﬂﬁ(-l Y arcqmﬁ -
q s
berilgan » da.
Ma’lumki, bunday tenglamaning yechiluvchanligi uchun |[f(5)/<1 bo’lishi yetarli. Hosilani topamiz:

O e jf 2 [y ffh“‘f/

Bu yerdan quyidagi bahoni olamlz.
~ 2 2y 2 g2 2,02
f(ﬁ)z-fx(fx +3f ):}(fx f -:(fx2 +57)chag)
(0" -f")(o"+") shog
katta f larda, demak katta o larda ham (¢ bo’lgani uchun) 1 dan kichikdir.
U holda (25) tenglama kamida bitta yechimga ega. n ga har xil giymatlar berib, (24) tenglamadan
topiladigan 5, qiymatlarining sanoqli to’plamini olamiz. Katta n larda asimptotik formula o’rinli:

. JH
ﬁ}:lh ? )
Xos funksiyalarning tegishli sistemasi quyidagi ko’rinishga ega:
Y},,,,(l')=ﬁ”5htx},,,,q-cx,,,,,r-;inﬁ”qchrznmg-cosﬁ”g(cosﬁwl'-chcxj,,m V)

+ﬁ}, ShanmJ = Cym FJH],IG”_}'
=Ap, (COSﬁ,,}"Cha;::n}')_'_ﬁ,,'?hanm\" a}::nsmﬁ”}

1 .
[ﬁ;, (Shanchor“ﬁ V= Shamn.. COSﬁ”qj-ﬁ”Shﬁ”m [:Q'J')'anmsmﬁ” [:Q'J)

zchij,mq-cosﬁ”q
+ij,m(cho:”m}'smﬁ”q-cha},mqsmﬁw'-.')], (26)
bu funksiya umumiy holda m nomeriga bog’liq, chunki e?=C,+i=2 CD+ﬁi=2d,2n+ﬁi n vam ga bog’liq.
(19), (20) masala xos funksiyalar sistemasining (26) ortogonalligi (20) chegaraviy shartlarini
ganoatlantiruvchi ¢*(0.g)NC?[0.q] funksiyalar to’plamida ¥ -2C,¥" differensial ifodasi bilan aniglangan

differensial operatorning 0‘z-o0°‘ziga qo‘shma ekanligidan kelib chiqadi.
(26) xos funksiyalar sistemasining normasini topamiz:

g ., q
b 2 ks 2 2
I K‘J???II‘-:J- E;m(-"')d}':f [A,,m(COSﬁWT-ChEI”m}'j +2Aw:l (cosﬁ,,}"‘?hamn}')
0 0

. . )
x(ﬁ” ShanmJ Oy SH]J’G},.1')+(.FG}, Shamml"anm Smﬁ;,} ) ]d}z"rl +"r2 +J3 .

J; integrallarni hisoblaymiz:
q
2 pJ . , , 2 AT e
JIZA:?‘.'}JJ- I:COFJ ﬁ,,} '2‘:05—‘!6,,} Cha}::n}+6h Oy} )d}_
0

2 (§+ Sin’.’ﬁnq) -A;rm
mn y
2 48 ) i, p

— q Sh—rzmq)

[ f:lmco:’ﬁ;,qShanmq_'-ﬁ;,E‘u]ﬁ;,thafJ:'raQ] Arrm (_ 4a

M
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g
Jr=24, J- (B8, cosf ysha,,v-0,,,cosf vsinf y-f cha,,yshe,,v+a,,, cho,,,vsinf v)dy=

) 2
--Amnﬁ;, -ﬁ},g Shhanmq

= 1[ nmcor“ﬁ qfhfxnmq_'_ﬁ ':-‘mﬁ thfxnmq a}:m] -Am}:lfxnm '2Amnﬁ” ~
aﬁm_'—ﬁ 'ﬁn <O
-Am}:l Oy . 2

+ 2 [aiamsmﬁ;,Q'Shaian'ﬁ”cosﬁnqc}lanmq_'_ﬁ”] tﬁ”'?hanmq a}:mr‘-‘mﬁnqj
Exﬁm ﬁ}, ”’""‘ﬁn

g
242
J'3=J- (B,,sh" 0yny-2, 0yshey, vsinf yoy, o sin ﬁ V)dy=
0

ﬁz sha,,.q 25, O . fxf}m sin2ff g
=§( 2a,,, -q)-fx}:;:"'ﬁi (anmSulaﬁj,g‘:’haimm‘Q"ﬁ;,cosﬁ”gﬁ'hanmg)_'- 2 Q'Tnn :
U holda quyidagiga ega bo’lamiz-
v
= 2_ }Jm-ﬁ; Ay r“m—ﬁ q Sh-a}:lmq
1T lP={ A =5 g+
= 4 ﬁ}, Dyim
ﬁismarmr@ ﬂ}]m nmﬁ“ 2 “‘-r.-m v
P s, g T sl 0y g i g, (27)
(19), (20) masala xos funksiyalarining ortonormal sistemasi quyidagi formula bilan aniglanadi:
.?Ji'??(} }Jm(}l)-‘ (28)

1%l lel
bu yerda ¥,,,(v) (26) formula bilan topiladi, norma ||

tenglikdan olinadi.
Topilgan bir o’lchovli spektral masalalarning (15), (16) va (19), (20) xos funksiyalari (17) va (28)
asosida quyidagi xos funksiyalarni tuzamiz:

vﬂi’ﬁ‘ [:"’--‘.}I) Z‘XFJ?‘W (\') I’}Ji’ﬁ‘ (}I) ® (29)
ular

P =t (30)
xos giymatlariga mos keladi, bunda d,, va 8, mos ravishda (18) va (25) formulalardan topiladi.
(2)—(5) masala yechimini formal ravishda qator yig’indisi ko’rinishida ifodalaymiz:

WG )= Dt (0 (22, (1)

m=1

(27) formuladan, 8 xos giymatlari esa (25)

ii'i’?‘l'"

bu yerda
= [| D). (32
D

(32) tenglikni ¢£(0.7) bo’yicha ikki marta differensiallaymiz va (1) tenglamaga qo’yamiz, natijada
guyidagini olamiz:

J-J- i'.fﬁ(.‘rﬁ_.}',!)l’m}, (-tr}')dtd}+a2 J-J‘ (”.\'.\'.\'.\'_'_2!f.\'.\11'+!r1'1'1'1')vmn (-tr}')dtd}
D D oo

ﬂ- q(Du,(xy.0) vy, (x3) dxdy= ﬂ- F(xy.0) vy, (x.y)dxdy. (33)
D D
Chegaraviy shartlar (2) va (11), (12) ni hisobga olib, bo’laklab integrallaymiz:

& :
| e v a2 [[ v sy,
D ¢rlp

D étllp
ooy Vi \ X2V d d"":di? mn A=Y d -d}'.-
fer____x (x.v)dxah ﬂ:pm (xv)dx

|| v arsa= [| e @2€0n0)
D D
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e T2, || 0, 0T, ey || vl
D D

J-J- Uy Vinn (—‘:.-.:" jd"d} = d:?n J-J. i (-‘:.-.:" ')](:m: (1) KI'IJ:??C" jd"d}
D D

Topilgan integral qiymatlarini (33) tenglikka qo’yib, u,,(z) ga nisbatan ikkinchi tartibli oddiy
differensial tenglamani olamiz:
”;.i'i'ﬂ (r)+a2’:';??'|‘ﬂ ”i'??.?i' (r)_'-g‘(r:]”.;”?? (F)Z‘F‘??HJ (r) ® (34)
bu yerda

Fun= || Fx iy iy
D

(34) differensial tenglamaning umumiy yechimi quyidagi formula bo’yicha topiladi:
u mn =a??’i‘}? cos Ex’:' mn T_FEJ My 5 infx’:' mn ?

j; (o ()6t (5) ) sl (-5) s (35)

bu yerda e,,,=0/ . @y VA b,,, — ixtiyoriy o’zgarmaslar.
Noma’lum a,, va b,, larni aniglash uchun boshlang’ich shartlar (3) va (32) formuladan

foydalanamiz:

0= || a0Vt | 0 ea)ebd=s,,,. (36)
D D

”I:lm:l (O)Z J-J;J II,(.\I,}',O)VW,(.\I,}')d‘fd}z J-J,‘D W(-\:r}ljvmn (—‘:r.}'jd‘:d}:ww;'(j?j

(35) dagi nomalum koeffitsiyentlarni, boshlang’ich shartlar (37) va (38) shatlardan foydalanib
guyidagicha topamiz:
_,’U:'?i'}:'

G:mJ_@,m, ] mn-
“ThI

Topilgan a,,, va b,,, qiymatlarni (35) formulaga qo’yib, funksiyalarning aniq ko’rinishini olamiz:

+

w

- Yo .-
Uy (?)=$ﬂ,,,},00-’5fxf-mnr" SOy, T

“mn

i

J- F,.,(s) sin[e,,, (t-s)]ds

1
+
&

N

t

[ 462t 5) sinlo, -9 39)

+

("ji'?m
(38) integral ostida u,(r) ishtirok etmogda. Shuning uchun (38) tenglamani ¢ bo’yicha

differensiallaymiz va u,(z) ga nisbatan quyidagi integral tenglamani olamiz
i

i, (1) ==y @, SOy 1Y COSOL 1+ J- (F,m (5)-q(5)1t,, (s)) sinf@,,, (#-5)]ds. (39)
0
Endi, biz u,, (1), u, (1) va u,(r) funksiyalar uchun quyidagi tasdigni isbotlaymiz.

1-lemma. Faraz qilaylik, geC f0.T/. barcha wre[0.T] va yetarlicha katta neN uchun quyidagi baholar

o‘rinli:

[
III,J(T)Iflwnmil_'-?m_k Yo

||Frrm||l.’."[|:|:f]

t .
N ||Q||C[D:ﬂ(

@ EZ-;.W;.|§9,m1|+|‘,ffm”|+T||F,m,||c-[|j:j']}EXP(?”QH,{_'-[D:I]}_- (40)

N
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|II.;J [:I) |S(a’:'mn |(.$|m” |+|'!Um” |+r||an || clo,n } SXP(IHQH clo,n } » (41:]

| ol
|”n[:r)|£||an”C'[D:.T]_'_w"-mn |$mn|+ Ex’;mn + . ”an”C'[[J:ﬂ
M i

t .
N ||'E'||C[D:ﬂ(

@ a’;-mn |§9m” |+|'!Um;;. |+r||an || clo,n } SXP(IHQH clo,n }l

M

Hgllcton(@mle,, [+lw,  [+1Fullcion) exp(tliglepn).  (42)

Isbot. Dastlab, (39) integral tenglamaning ikkila tomondan modul olamiz
H S

|II;J(I)|= 'a’;-mnwm;,sma’:-mnﬁwm;,cosa’;-mnI+J- Fmr:l (s)sin[mm,,(z-s)]ds- J- Q(S)”Imn(S)Sm[mmn(!'s)]ds .
0 0

So’ng baholaymiz:
H

|II;J(I)|£ af:-mnl‘;gmﬂ|+|{P-W;.|+r||an||C'[D:ﬂ+”9||f'[[):ﬂJ- |”I?m:(5)|d5-
0

Gronoull integral tengsizligiga asosan, yugoridagidan (41) bahoni olamiz.
Endi (38) tenglamadan foydalanib, quyidagini olamiz

i i
. w . 1 , 1 , .
I”:J(I)IZ (SWJCOSEI}_WJI‘F f:-mn Slﬂﬁf.mnl-kr—f Sm[(ﬂm},(l-.ﬁ')]Fm,,(S)dS‘F ) J- sm[mm},(r-ﬂ]q(s)u”(s)ds
biri m biri D
lw, |t tllgllcron,
<o, 2 — Il et at— = lu, (D).
Aty Doy Yo

Yugoridagi tengsizlikda (41) tengsizlikdan foydalanib 2-lemmadagi (40) tengsizlikni olamiz. (24)

tenglamadan foydalangan holda, biz u,,(¢) ga nisbatan (42) bahoni oldik.

Faraz qilaylik, u, (¢) va @i, (¢) funksiyalar (34), (36), (37) Koshi masalasining turli yechimlari bo‘Isin.

o~

Bunda u,(:) (34), (36), (37) Koshi masalasining yechimi, i,(r) esa bu tenglamaning ¢ va

mn’ {p-mn

F, (1) funksiyalari bilan o‘zgartirilgan holdagi yechim:

f f

. . N I [~ . 1 . .
”m}:(z)zmw,cosa"—w:ﬁ - Sma"—mnﬁ_J- an(s) Sm[&)m},(r-.ﬁ')]dﬁ J- Q(s)“mn(s) sm[mm,,(r-s)]ds. (43}

L 7 (0]
mit mit mit
0 0

(43) tenglamaning ¢ bo’yicha differensiali esa
t t

ﬁ;:l(I)z'a’:-mn&mnsma’;-mnﬁ,&mncosa’:-mnﬁJ- j:—mn(s) COS[(QW,(I-S)]JS“"J- @(S)ﬁ;m;(-?) COS[&}W,(I-S)]JS. (44)
0 0
1, () =01, (1) Va1, (1)-ii,,, (1) ayirmalarni tuzib, dastlab (39) va (44) integral tenglamalar yordamida
quyidagi integral tenglamani hosil gilamiz:
Ir;,,},(!)-ﬁ;m;,[:t)=-a}_m” Sma’;-mnr (Qﬂmﬂ-@wn}‘FCOSEximﬂI (Wm},'ﬂq}m;,)
i 1
+ J- (Fmﬂ (5)-F (5)) cos|e,,, (t-s)]ds+ J- cos| @, (t-5)]G(s) (u;,m (5) i, (s))ds

0 0
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f

+ [ o0+ (a(6)-(5) (51, @5)
0
Shundan so’ng, (38) va (43) integral tenglamalar yordamida u,,,(#)-i,,,(f) ayirmaga nishatan quyida
integral tenglamani hosil gilamiz:

, ~ STHOA ~
”m;,(I)'!Imn[:!)=£’05a}_mnl (m } 7””:( }

™) Yo
— f (o () (5)) i, (2-5) I+ (91 f §(5) (1 ()T () ) sinlcopy (1-5)] di
i ] i ]
+m J-”;"’”’ (5)(q(s)-é(s))sm[mml:r-s)]ds. (46)

M

0
So’ngra (45) tenglamadan foydalanib, w,(r)-i, () ayirmani baholab, |i,,, (1)-i,, ()| uchun quyidagi
chizigli integral tengsizlikni keltirib chigaramiz:
|”me(I)'ﬁmn(I)|{—:a’:'mﬂ|¢gmn'ﬁmn|+|¥fmn-}’}}mn|+r||F”"'”-F”"”||C'[D:ﬂ
!
+tllg-gll cro.m [Gf;-mn|$°m,,|+|¥fm,,|+f||f:mn||c-[ojj)3313(3”9'”c-[ozﬂ)+||§||c-[ozﬂJ- |1y (5) Tty (5) | .

0
Gronoull integral tengsizligiga ko’ra quyidagi bahoni olamiz

|”Imn (I)'ﬁ;m:l (I) |{_:[a’:-mn |$ﬂm-5m |+|¥fm” 'n{p&mﬂ |+r||an'FFm}:l || C.[D:ﬂﬁ’”fi'@” clo.n]
A0, [+, [+ Foll cro.n) exp(tllgllcro )] exp(#lldll cron) - (47)

Xuddi shunday, (35) tenglamadan foydalanib, i,,,(#)-i,,, (r) ayirmani baholab, |u,,, (¢)-i
quyidagi chizigli integral tengsizlikni keltirib chigaramiz

[ F
|+ mn_ Tl ||ij,'an||c'[D:ﬂ

N 2 mn

()| uchun

mn

Ii'fm;,(t)-ﬁm;,(!)l{_:lﬁ

mn -mi’ﬁ‘i!

+F||9"Q||C'[D:ﬂ (

© - |$mﬂ |+|¥fm;, |+r”an I clo.1] ) EXP(IHQ'” clo,1 )

mn

tlall ~
N 11l cro,11 [

“rn |¢Jmn-amn |+|{}fmn-&}mn |+r||an'ﬁan || C-[D:H_HHQ"QH clo.n

2 mn

X[a’;-m}:l |§gm}, |+|¥fm” |+r||an I clo.n ) EXP[IHQH clo.n )] exp[IH@” cloq ) . (48)
Bu baholar teskari masalani tadqiq qilishda qo‘llaniladi.

So’ngra, hosil gilingan integral tenglama (38) ni (31) ga qo‘yib, wu(x.r) funksiyasiga nisbatan quyidagini
topamiz
t

o0
1
ulx.y.t)= E @ COSOULuy 1+ i}{m smrx}_w,ﬁ—/}:w, (s) sinfes,,, (-5 ) Jds

as L
mit mm
0

m=1
!

J- q ()1t (5) sinfe,,, (+-5)] d_g-) Vi (X)) (49)

o
mn
0

+

Dastlab, wu(x.r) funksiyaning uzluksizligini isbotlaymiz. (49) qatorning Qr={(x.1): 0=x=1. t€[0.T]}
sohasida tekis yaginlashuvini isbotlaymiz. Bu qator barcha (x.r)eQ; lar uchun quyidagi sonli gator bilan
majorantlanadi:
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ral

Z | |+ |¥’m;,|
m}:l a}

] ”an”C'[D:ﬂ
g “mn mn
Tligllcron
+T [W-mn|¢9,,m|+|*§fm,,|+T||an||cl[):ﬂ)‘3313[}—”'9'”('[0:1?}) . (50)

i

Oxirgi gatorning yaginlashuvini ta'minlash uchun quyidagi lemmani keltiramiz:
Lemma 3 Quyidagi shartlar berilgan bo’lsin:

p(eECT D). p(01)=¢(Py)=0. 0y<g:

0 x.0=0 M x.g)=p*V(x.0=0*D(x.q)=0.  0zx=p:
y(r)ECH D). w0y =y(py)=0. 0=y<g:
w0, 0= (x,9)=0.  O=x<p:

Flxy.)€C(QNCyI (D). FOy.0=F(py.t)=0. 0<y=<q. O0<i<T:
F.(x.0.0=F,(x.q.t)=0, 0=x<p, 0=s<T.

U holda quyidagi baholar o’rinli:
e N
dpy T A, T T dup,
Proof. (36) dagi integralni x o’zgaruvchi bo’yicha ikki marta bo’laklab integrallaymiz. U holda

1 o] a4
O d_IJ-J- E D]]vmn(\' 1)d\'d1=' J- X, [:‘)d\'J- 2.0 Ynm[’\v)d}" (52)

Ichki integralni yana ikki marta bo’laklab 1ntegrallayrnlz.
g

|(.;|m”|_ (51:]

| 6202, 0)d=g 0 IR0E- [ 6PV DI

0 0

bu yerda
1) _| = : ﬁ}:
YI(JP?? (}')_ Ynm (J")d}': S [Sha}:lmqsmﬁ,,}" Cha}:m}'cosﬁ”q

"Ynm" C’hﬁnmg-COSﬁ”q Dam

o o 1 _n
> Chanm(g'}')' —= COSﬁ (g'}')+5haimm}'5h]ﬁ q- —= Chanmqu‘naﬁ 1-]=_ I}[Ji'i‘(}l:]:

n n m L
- B B s
n n n

f’}[,l,i(v) funksiya katta » va m larda chegaralangan. U holda yuqoridagi tenglik quyidagi ko’rinishni
oladi:

q g g

1 1
| o2 G T W)= | 0 | #20) T ()= | o021
0 n 0 n 0
Bu yerda

1 a 1 B,
1200 [ T 22 sha,,, geosp, v
II Yﬂm II Chaﬂmq cor’ﬁ q Exi:l??‘.'

4

Shtxnmll:OSﬁ q- ﬁ” Shanm(qq)_ﬁ’mﬁ (q'l)_'- ﬁ” Chanmv'-’m:ﬁ q- Chanmq:’mﬁnq] Y[ii@:]
EI

7
Exnm nm nm ﬁﬂ

Yf,,,,(v) funksiya ham katta » va m larda chegaralangan. Bundan, f[f 029 (x))7¥,,,()dv integralni
quyidagiga tengligini olamiz:
q g
2.0, 1 (2 1)
@ (-\'r}')zmb')d}:_'} (\'1) ”mlll)dl (53)
0 B, 0
U holda (52), (53) tengliklardan foydalanib, (51) dagi birinchi gismi uchun baho olamiz:

| | M,
L
mn - ﬁ”

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 137




MATHEMATICS
Endi, w _vaF,,() hadlarnl ham xuddi yuqoridagidek quyidagi yozamiz:

i

1 ’2
Yom— IJ- cosd, ‘d\' '4’{1 D)(\'l) f:lm@')d:‘:d 8 _ﬂ‘ {z('f[lzl) (x.-J')COSdm(\'jﬁmlrgro)dtd:".-
i r
n D

1
Fi'??.?i' (”: d ﬁ p
i~

bularga asosan (51) ning qolgan baholarining o’rinliligiga ishonch hosil gilamiz.

- M, IF < M;
{JI‘T —_ * my —
" dy, B,

(51) baholarga ko’ra, majoranta qilingan (50) qator m.n=N, da, N, Yyetarlicha katta natural son,
quyidagi yaginlashuvchi gator bilan majorantlanadi:

Z ( M1 M, M3 ) <c, Z 1
mai=Ny ”?ﬁn d”ﬁn d’”ﬁn mai=Ny mzﬁz

Demak, (49) funksional gator tekis va absalyut yaginlashuvchi ekan. Bundan u(x.y.t) funksiyaning
mavjudligi kelib chigadi.

Endi, yechimning yegulyarligini tekshiramiz. Ya’ni u(x,y.z) yechim klassik ma’noda mavjud bo’lishini
tekshiramiz. (31) gatordan hadlab differensiallash bilan quyidagi gatorlarni tuzamiz:

.
\F f FED (xy,t)cosd,, (0¥ ()dxdy,
D

1= D (V). (54)
m.n=1
o= D Bt (i (29). (55)
ma=1
Uyyyy ™ Z 1y (D, () ¥, ()
m.n=1
2 Bt OO O ) B ot Vn2). (56)
ma=1 m=1
oy ™ Z d;n”mﬂ(rmn(-ﬂzm:l”(l')' (57)
m.n=1

(54)—(57) gatorlarni tekis va absalyut yaginlashuvchanlikga tekshirganda, xuddi shunday (x.y.) €@ da
1 va 2 lemmalarga asosan (54)—(57) gatorlarni majorantlaymiz va quyidagi sonli gatorni olamiz:

1
Z r:z:‘:v.' (l@,m,l"'al*}f,m,l ; ||Frr.'im||C[D.T]) (58)

m =1 P

(58) qatorning yaqinlashishini ko’rsatish uchun berilgan @(x.y), w(x.y) va F(x.y.r) funksiyalarga
go’shimcha shartlar kerak. Shuning uchun g(x.y), w(x.y) va F(x.y.r) funksiyalarga qo’shimcha shartlar talab
gilib quyidagi lemmani keltiramiz:

Lemma 4. Faraz gilaylik, 0<y<g va D{\.‘Ep lar uchun quyidagi shartlar bajarilsin:

L oG)eC”® (D). o(0.y)=p@3)=0, 972 (0.3)=0"2(p.y)=0:
¢@0(r.g)=0% O (x.0)=¢"*V(x.9)=0(x.0)=0,

@ 9(x.0)=0% P (x.q)=¢"(x.0)=0(x.q)=0.
¢*D(x,0)=p D (x.g)=p D, 0=pVx.g)=0,

2.y )eC D). w0~y @y )=v" 03)=v" (py)=0.
v (o) =y (0= (r. )=y (x.0)=0:

3. F(xy.)eC(@)NCE (D). F(0.y.0=F(p.y.1)=0,
FED(0.0.0=F2P(py.n=0. 0=1<T:
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FEO(,0.0=F 0 (x.q.0)=F 5D (x.0.0=F 5 D (x.q.0=0,  0=e<T.
U holda quy1dag1 baholar o’rinli:

M M,
|¢ﬂmﬂ|_dﬁ4 |W,,?,,|_F.- | F el co. 1= ﬁ (59)
i gy i'?'l'.”

D o Pnm
Isbot. (36) tenglikni garaymiz. Unda x o’zgaruvchi bo’yicha ikki marta bo’laklab integrallab,
quyidagini olamiz:

1
‘:jmﬂz J-J‘ (‘g(-"_r}')vw: (-‘:r}')d\:d}':' =) J-J‘ (‘g(lm (-\:r}')v:m: (""})d"d} (60}
D d, Hp
So’ngra yuqoridagi (60) tenglikning 0’ng tomonidagi integralni quyidagi ko’rinishda ifodalaymiz:
r q

f f P () ¥y (5= f X, | OO ()T, ()

0
f X, () f 00O [E5n ()25, Yo" ()]

"mn

Yana bo’laklab integrallaymiz:

J-J- ‘;'J(I:D] (-‘:r}')v:m: (""})d\'d}
D

1

ﬁ,, nm

(61) tenghkmng o’ng tomonidagi integralni qaraymiz va uni quyidagi ko’rinishda ifodalaymiz:
p q

[ (2:4] [:-‘:.'J ) +2$(4:21 [:-‘:.'J ) ]V;;lm [:-‘:.-J ) d"d_] (6 1 )

|| 029264 e i epredr= | e [ [600 0012642 ()17, 0
D
0

0
1 P q
P f X,,(x)dx f [0 ()25, 29 (32049 ()-4dhy, 04D (2 )] F, ()
Fia 0 0
1
zﬁ'} 3 |:¢J @8 (L})_Hl §g(4:6}(-‘:.'} j+4 ('9(6:4) (-\:r}')]v}:lm (—"—.'.:" jd"d}
;a;;f.” D

U holda (60) tenglik (61) va oxirgi tenglikni hisobga olib, quyidagi ko’rinishni oladi:

— ﬁJ el N e COR EL G ELRICR)) PEREE
Xuddi shunday (60) va (61) ga asosan:
| o) 242 ) b (e, (63

1
{p-i'??.?i' B ﬁ
i gy .FJi'i'i'

Fo (1)=- N C Rl T PMER LT R CO
(62)—(64) tenghklardan quyidagi bahoning o’rinliligi kelib chiqadi
( M, M, M, ) 1
Z =t 5 |=C, Z I
iy Nl B, B, iy T
4-lemmaga va yuqoridagi bahoga asosan (58) gator m.n=N, da quyidagi yaqginlashuvchi gator bilan
baholanadi:

oo ] oo

S (e ) S
2 2 n2 27
ma= Ny dmﬁ: dmﬁ,,"—m}:l ma=Np (mn)

Shunday qilib, biz quyidagi teorema isbotladik:
Teorema 2. Agar g(x.y), wix.y) va F(x,y.r) funksiyalar 3- va 4-lemmalar shartlarini ganoatlantirsa, u

holda (2)—(5) masalasining C'4 ?(Q) sinfida yagona yechimi mavjud bo’lib, u (49) qatorning yig indisi bilan
aniglanadi.
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UO*K 51

SIMMETRIK KO‘PHADLAR VA ULARNING ELEMENTAR MATEMATIKAGA AYRIM
TATBIQLARI

Ummatova Mahbuba Axmedovna,

Qo ‘gon davlat universiteti katta o ‘gituvchisi
Gofurova Mavjuda Aliyevna,

Qo ‘gon davlat universiteti o ‘gituvchisi

Annotatsiya. Ushbu maqolada algebra kursining muhim mavzularidan biri ko ‘phadlar nazariyasi
bo ‘limidagi simmetrik ko ‘phadlar bilan, ya’ni ixtiyoriy ikkita o ‘zgaruvchisining o ‘rnini almashtirganimizda
o ‘zgarmaydigan ko ‘phadlar bilan yetarlicha tanishtirilib, antisimmetrik ko ‘phadlar haqidagi fikrlar va
uning elementar matematikaga ayrim tatbiglari o ‘rganiladi.

Kalit so‘zlar: kompetensiya, algoritm, algebra, ko '‘phadlar nazariyasi, simmetrik ko ‘phadlar,
o zgaruvchi, simmetrik ko ‘phadlar haqidagi asosiy teorema va uning natijalari, antisimmetrik ko ‘phadlar, n
ta noma’lumli simmetrik ko ‘phadlarning algebraik yig ‘indisi va ko ‘paytmasi.

CUMMETPUYHBIE MHOI'OYJIEHBI U
HEKOTOPBIE IPUMEHEHMS K JIEMEHTAPHOM MATEMATHUKE

Aunomauuﬂ. B oannoti cmamve npe()cmagﬂenbl docmamounble C8eOeHUsT O CUMMEMPUUHBLX
MHO20UY/IEHAX 6 pasdejze meopuu MHO2OYJEHRO8, OOHOU U3 BAINCHBIX MeM Kypca aﬂ2€6pbl, mo ecnib
MHO2OUJIEHbL, KOMOopbvle HE USMEHAIOMCA npU 3adMeHe deyx npouU360JIbHbILX NEPEMEHHDBIX, A MAKIHCE U3YUAIOMCA
ceeoenus 06 AHMUCUMMEMPUHYHbIX MHOCOYIEHAX U HeKomopsvle UX NPUONCEeHUS K SﬂeMeHmapHOIZ
mamemamuke.

Knwueevie cnoea: Komnemernyusd, aicopumm, aﬂee6pa, meopusi MHOCOYIEHO08, CUMMemMpPU4HblLE
MHOCOUJIEHbL, NEepPeEMEHHAs, OCHOB6HasA meopema O CUMMEMPUUHBIX MHOCOUYJIEHAX U e€e pe3ylbmambl,
aHmucummempudrvle MHO204/1€HbL, 61]12@6])(171%@6‘1(’(1)1 cymma u npou3eedeuue CUMMEMPUUHBIX MHOCOYIEHO6
ont n Heu36eCmHbovlx.

SYMMETRIC POLYNOMALES AND SOME APPLICATIONS TO ELEMENTARY
MATHEMATICS

Abstract. This article provides a sufficient introduction to symmetric polynomials in the section of
polynomial theory, one of the important topics of the algebra course, that is, polynomials that do not change
when we replace two arbitrary variables, and studies ideas about antisymmetric polynomials and some of
their applications to elementary mathematics.

Key words: competence, algorithm, algebra, polynomial theory, symmetric polynomials, variable, the
main theorem on symmetric polynomials and its results, antisymmetric polynomials, algebraic sum and
product of n unknown symmetric polynomials.

Kirish. Matematika qadimdan “fanlar onasi” deya e’tirof etilgan. Chunki bu fan tafakkurda aniqlik,
izchillik, tizimlilik, mantigiy tahlil kabi muhim kompetensiyalarni shakllantiradi. Barcha tabiiy va aniq
fanlarning negizida matematika yotadi. Bugun sun’iy intellekt, raqamli igtisodiyot, zamonaviy injiniring
va texnologik innovatsiyalar haqida so‘z yuritilar ekan, ularning barchasining asosi bo‘lib aynan
matematik modellashtirish, algoritmlar va tahlil vositalari xizmat gilmoqda.

Shunday ekan, har ganday islohot, har ganday strategik rejaning markazida matematika fanining
rivoji turmog‘i zarur.

Yurtimizda so‘nggi yillarda matematika fanini rivojlantirish, uni xalgaro andozalarga mos ravishda
o‘qitish, yoshlarni bu sohaga qiziqtirish bo‘yicha muhim islohotlar amalga oshirildi. Xususan, Prezident
qarori bilan Matematika fani bo‘yicha ilg‘or ilmiy maktablar tashkil etildi; iqtidorli o‘quvchilar uchun
maxsus matematika maktablari va litseylar ochildi; nufuzli xalgaro olimpiadalar va tanlovlarda
qatnashayotgan yoshlar uchun mukofotlar va grant tizimi yo‘lga qo‘yildi; yuqori malakali kadrlar
tayyorlash bo‘yicha magistratura va doktorantura dasturlariga alohida e’tibor garatilmoqda.

Algebra kursining ko‘phadlar nazariyasi bo‘limida simmetrik ko‘phadlar bilan, ya’ni ixtiyoriy
ikkita o‘zgaruvchisining o‘rnini almashtirganimizda o‘zgarmaydigan ko‘phadlar bilan yetarlicha
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tanishtirilib, simmetrik ko‘phadlar haqidagi asosiy teorema va uning ayrim tatbiqglari o‘rganiladi.

Ushbu maqolada esa dastlab simmetrik ko‘phadlar, keyin esa, nisbatan kam o‘rganilgan, simmetrik
ko‘phadlarga juda ham yaqin bo‘lgan ko‘phadlar sinfi - antisimmetrik ko‘phadlar bilan tanishtirishga va
ularning elementar matematikaga ba’zi tatbiglarini ko ‘rib chiqiladi.

Ta’rif. Agar ko’p noma’lumli ko‘phaddagi ixtiyoriy ikkita noma’lumning o‘rinlarini almashtirganda
ko‘phad o‘zgarmasa, u holda bunday ko‘phad simmetrik ko‘phad deyiladi.

n ta noma’lumli simmetrik ko‘phadlarning algebraik yig‘indisi yana n ta noma’lumli simmetrik
ko‘phadlar bo’ladi. Hagiqatan ham, noma’lumlarning istalgan o‘rin almashtirishida har qaysi simmetrik
ko‘phad o‘zgarmasa, ravshanki, ularning algebraik yig‘indisi va ko‘paytmasi ham o‘zgarmaydi. Masalan,

f1(X1,X2,X3) = X1+XotX3 Va F2(X1,X2,X3)= X1X2X3

simmetrik ko‘hadlarning quyidagi algebraik yig‘indisi va ko‘paytmasi yana simmetrik
ko‘phadlardir:

fiEfL=x Tt S X

fi -f2=r% Xo X3y x%xﬁrl Xy r‘}
Ta’rif . x1,X2,...,.Xn noma’lumlardan tuzilgan simmetrik ko‘phadlar asosiy (elementar) simmetrik
ko‘phadlar deb ataladi.

T =X T LT,
=X X T Ay, X,

Tn=X1 X2 Xy (1)

Antisimmetrik ko‘phadlar ixtiyoriy ikkita o‘zgaruvchisining o‘rnini almashtirganimizda ishorasi
o‘zgaradigan ko‘phadlarga aytiladi.

Avvalo, ikki o‘zgaruvchili antisimmetrik ko‘phadlarni ko‘rib chigaylik. Bunday ko‘phadlarga misol
tarzida, x -y, x® -y, x% - xy* ko‘phadlarni olishimiz mumkin. Aslida agar, masalan, x°-y* ko‘phadda x
va y o‘zgaruvchilarning o‘rinlarini almashtirsak, u holda ko‘phad, y® - x® ko‘rinishga o‘tadi. y® - x3 = -(x3
- y®), bo‘lganligi uchun x® - y® ko‘phad antisimmetrik ko‘phaddir. Xuddi shu kabi, x -y vaxy - xy*
ko‘phadlarning ham antisimmetrik ko‘phadlar ekanligini isbotlash mumkin.

Uch o‘zgaruvchili antisimmetrik ko‘phadlarga misol tarzida (x —Yy) (X —z) (y —z) ko‘phadni olish
mumkin. Bu ko‘phadda x va y o‘zgaruvchilarning o‘rinlarini almashtirsak, u holda (y - x)(y - z)(X - z)= -
(X - y)(X - 2)(y - z) ko‘rinishga o‘tadi. Xuddi shu kabi boshqa o‘zgaruvchilar o‘rnini almashtirilganda ham
ko‘phadning ishorasi o‘zgaradi.Antisimmetrik ko‘phadlar uchun o‘rinli bo‘lgan quyidagi muhim xossani
keltiramiz: antisimmetrik ko‘phadning kvadrati simmetrik ko‘phad bo‘ladi.

Aslida, ixtiyoriy ikkita o‘zgaruvchisining o‘rnini almashtirganimizda antisimmetrik ko‘phadlar
ishorasini o‘zgartiradi. Lekin ko‘phadning kvadratining ishorasi o‘zgarmaydi. Demak, antisimmetrik
ko‘phadlarning  kvadratida ixtiyoriy ikkita o°‘zgaruvchisining o‘mini almashtirganimizda ko‘phad
o‘zgarmaydi, ya’ni antisimmetrik ko‘phadlarning kvadrati simmetrik ko‘phaddir.

Antisimmetrik ko‘phadlarning nafaqat kvadrati, balki, ixtiyoriy ikkita antisimmetrik ko‘phadlarning
ko‘paytmasi ham simmetrik ko‘phaddir. Chunki, ixtiyoriy ikkita o‘zgaruvchisining o‘rnini
almashtirganimizda har ikkala ko‘phadlar ishorasini o‘zgartiradi, shuning usun ko‘paytmaning ishorasi
o‘zgarmaydi. Antisimmetrik ko‘phadni simmetrik ko‘phadga ko‘paytirish natijasida esa antisimmetrik
ko‘phad hosil bo‘ladi. Chunki, ixtiyoriy ikkita o‘zgaruvchisining o‘rnini almashtirganimizda bir ko‘phad
ishorasini o‘zgartiradi, ikkinchisi esa o‘zgartirmaydi, shuning uchun ko‘paytmaning ishorasi o‘zgaradi.
Ixtiyoriy antisimmetrik ko‘phad qanday tuzilganini aniqlashtiraylik.  Yuqorida keltirilgan jumla
antisimmetrik ko‘phadni qurish usulini ko‘rsatib turibdi. Biror antisimmetrik ko‘phadni ixtiyoriy simmetrik
ko‘phadga ko‘paytiramiz va ko‘paytmada antisimmetrik ko‘phadlar hosil bo‘ladi. Tabiiy savol kelib
chigadi. Biror antisimmetrik ko‘phadni topish mumkinmiki, uni barcha simmetrik ko‘phadlarga
ko‘paytirish natijasida barcha antisimmetrik ko‘phadlarni hosil gilish mumkin bo‘lIsin. (o‘zgaruvchilar soni
berilgan). Bu savolga quyidagicha javob beriladi.Ikki o‘zgaruvchili ko‘phadlardan boshlaylik. Bu holda,
izlanayotgan antisimmetrik ko‘phad x—y dan iborat bo ‘/adi. Boshqacha aytganda, quyidagi teorema o‘rinli.
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Antisimmetrik ko‘phadlar haqidagi asosiy teoremani va lemmani keltiramiz.

Teorema. Ixtiyoriy ikki o‘zgaruvchili f(x,y) antisimmetrik ko‘phad

X, Y)=(x)g(x, v) ko ‘rinishda bo‘ladi, bunda, g(x,y) - X va y o‘zgaruvchilarning simmetrik
ko‘phadi.

Lemma. Agar f (X, y) — antisimmetrik ko‘phad bo‘lsa, u holda f (X, X) = 0 bo‘ladi.

Yoki boshgacha aytganda, X va y o ‘zgaruvchilar ustma-ust tushganda antisimmetrik ko‘phad nolga
aylanadi.

Antisimmetrik ko‘phadlarning matematikaning ko‘plab sohalariga tatbiglari uchraydi. Misol
tarzida, ko‘phadni ko‘paytuvchilarga ajratish, ko‘phadning diskriminantini va uning tenglamalar
ildizlarini tejkshirishga tatbiglari, tengsizliklarni isbotlash, ayniyatlarni isbotlash, kasr maxrajini
irratsionallikdan qutqgarishni keltirish mumkin. Shundan elementar matematikaga ba’zi tatbiglarini,
xususan, Kko‘paytuvchilarga ajratishga tatbiglarini ko‘rib o‘tamiz.

Antisimmetrik ko‘phadlar haqidagi asosiy teorema elemantar algebraning bir gator masalalarni

yechimini sezilarli darajada soddalashtirish imkonini beradi. x..z uch o‘zgaruvchili ixtiyoriy
antisimmetrik ko‘phad

T(y.o)=(x-y)(x-2)(-2)
ko‘phadga bo‘linganligi uchun ixtiyoriy flx,r.z) antisimmetrik ko‘phadni Ax.y.2)=T(x.y.z)g(x.v.z)

ko‘paytuvchilarga ajratish imkoni mavjud. Bu yerda g(x.y.z) simmetrik ko‘phad. O‘z navbatida g(x.y.z)
simmetrik ko‘phad ham ba’zan ko‘paytuvchilarga ajratilgan bo‘lishi mumkin. Ta’kidlash kerakki,

g(n)=f(—’; nisbatni topish uchun fx.y.z) antisimmetrik ko‘phadni T(x..z) kubik ko‘phadga ustun
o

shaklida bo‘lish magsadga muvofiq emas. Xususiy giymatlar usuli nisbatan qulayroq. Aynan flx.y.z)
o)

antisimmetrik ko‘phad uchinchi darajaga ega bo‘lsa, P
by et

nisbat nolinchi darajali ko‘phad bo‘ladi, ya’ni

son bo‘ladi. flx.y.z)=kT (x.y.z, munosabat ayniyat bo‘ladi, ya’ni (x.».z) larning ixtiyoriy giymatlarida
o‘rinli bo‘ladi. Shuning uchun, k& sonini aniglash uchun oxirgi tenglikga (x.y.z) ga qandaydir (o‘zaro har
xil ) son giymatlarni berish yetarlidir, bundan k soni aniglanadi. Agar fx.y.z) antisimmetrik ko‘phad

to‘rtinchi darajali bir jinsli ko‘phad bo‘lsa, u holda % nisbat birinchi darajali bir jinsli simmetrik

ko‘phad bo‘ladi, ya’ni flx..2)=T(x.y.z)ka; (k -son) va bu yerda k noma’lumli koeffisiyentni aniqlash

uchun x,y.z larga gandaydir son giymatlar berish yetarli. Xuddi shunday, agar f{x.y.z) 5-darajali bir jinsli

antisimmetrik ko‘phad bo‘lsa, u holda i\'auﬂ

e

nisbat ikkinchi darajali bir jinsli simmetrik ko‘phad

bo‘ladi, ya’ni K 0-12 +lo, ko‘rinishga ega bo‘ladi, bu yerda k va | lar noma’lum koeffisiyentlar.
fixy.2)=T(x.y.z) (kei+ls5, k va | ikkita noma’lumlarni topish uchun biz x,y.z larga ikki marta

gandaydir son giymatlar berishimiz kerak. Agar f{x.y.z) 6-darajali bir jinsli antisimmetrik ko‘phad bo‘lsa,

u holda flx.y.2)=T(x.y.z) (ko +lo, o5 +may ). bo‘ladi.
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1-misol. f(x,y,2)=(x-y)3+(y-z)3+(z-x)® ko‘phadni ko‘paytuvchilarga ajrating.
Yechish. Bu ko‘phad yuqoridagi ta’rifga asosan, antisimmetrik ko‘phad. Yana shuni aytish

mumkinki, u uchinchi darajaga ega bo‘lgani uchun, f{x.y.z)=k T(x.y.z) bo‘ladi. k noma’lum koeffisiyentni
topish uchun x=0, y=1, z=2 qiymatlarni qo‘yamiz. 6=-2K ni hosil gilib, k=-3 ni topamiz.

Shunday qilib,

f(x,y.2)=(x-y)*+(y-2)*+(z-X)* =-3(x-y)(x-2)(y-2)=3(X-y)(y-2)(z-X)

2-misol. f(x,y,z)=yz(y?-z?)+xz(z?-x?)+xy(x?-z?) ko‘phadni ko‘paytuvchilarga ajrating.

Yechish. Yuqorida aytilganlarga ko‘ra,

flx .2 =T (x.yv.z oy (k -son)
Ya’ni
YZ(y?-22)+XZ(Z2-X?)+xy(x*-2%) =K(x+y+2)(X-y)(X-2)(y-2)
k noma’lum koeffisiyentni topish uchun x=0, y=1, z=2 qiymatlarni qo‘yamiz. k=1 ni hosil qilib,
javobni topamiz:
YZ(y?-2%)+XZ(Z2-X?)+Xy(x*-2%) =(x+y+2)(X-y)(X-2)(y-2)
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UO‘K 517.95

PARABOLO-GIPERBOLIK TIPDAGI TENGLAMA UCHUN 3-TUR INTEGRAL SHARTLI
MASALA HAQIDA

Xalilov Qobiljon Solijonovich,

Farg ‘ona davlat universiteti dotsenti
gsxalilov@gmail.com

Xolmatova Robiyaxon Xasanboy qizi,
Farg ‘ona davlat universiteti magistranti
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Annotatsiya. Ushbu magolada ikkinchi tartibli singulyar koeffitsiyent gatnashgan parabolo-giperbolik
tipdagi tenglama uchun uchinchi tur integral shartli masala o ‘rganilgan. Masala maxsus sohada qo ‘yilib,
uning yechimi mavjudligi va yagonaligi integral tenglamalar nazariyasi asosida isbotlangan. Tadgigot
jarayonida masala Volterra va Abel tipidagi integral tenglamalarga keltirilib, ularning xossalari yordamida
yechimning aniglanishi asoslab berilgan. Shuningdek, yechimni ifodalashda Grin funksiyasi va maxsus
funksiyalar, xususan, Mittag—Leffler funksiyasidan foydalanilgan. Olingan natijalar parabolo-giperbolik
tipdagi tenglamalar uchun integral shartli masalalarni chuqurroq o ‘rganishda muhim ahamiyat kasb etadi.

Kalit so‘zlar: parabolo-giperbolik tenglama, integral shart, Volterra integral tenglamasi, Abel
integral tenglamasi, Mittag — Leffler funksiyasi, integro- differensial tenglamalari, Grin funksiyasi.

3AJAYA C UHTEI'PAJIBHBIM YCJIIOBUEM TPETBEI'O POJA JJISI HTAPABOJIO-
I'NMITEPBOJIMMECKOI'O YPABHEHUSA

Annomauusn. B oannou cmambe ucciedyemcs 3a0a4a ¢ UHMeZPanibHbIM YCA08UeM Mmpemve2o pood
OJ15l YPABHEHUs 6MOPO20 NOPsOKa Napadono-2unepOoIudeckoe0 muna ¢ CUHSYIAPHbIM KO3phuyuenmom.
3aoaua paccmampusaemcs 6 cneyuarbHoU obracmu, a Cywecmeosanue U eOUHCMEEHHOCHb €€ PeuleHUs.
O00KA3bIBAIOMCSL C UCNONIb308AHUEM MeOPUU UHMESPATbHbIX ypasHeHul. B npoyecce ucciedosanus 3adaua
C800UMCSL K UHMESPATbHLIM YpaeHeHusiM muna Bonvmeppa u Abens, u ux ceoticmeéa ucnoab3yomecs O
0bocHo8aHus Haxodcoenust pewenus. Kpome moeo, 0ns npedcmaenenus pewieHus npUMeHsiomcst (pyHKyust
I'puna u cneyuanvhvie ynkyuu, 6 vacmuocmu Qyuxyus Mummaza—Jlepghnepa. I[lonyuennvle pezyivmamol
umerom 6adxcHoe 3HaweHue O 0olee 21YO0K020 U3YYEHUS 3A0ay C UHMESPATbHLIMU YCI0GUAMU OJls
ypasHeruil napadono-2unepboIUYecKo2o mund.

Knwuesvie cnosa: napabono-cunepbonuueckoe ypasHenue, UHmMeepaibHoe YClogue, UHMeZPAanibHOe
ypasHenue Bonbmeppa, unmeepanvhoe ypaswenue Abens, @ynxyus Mummaea-Jlegpprepa, unmeepo-
oughghepenyuanvrvie ypasnenus, ynxyus I puna.

THIRD-KIND INTEGRAL CONDITION PROBLEM FOR A PARABOLIC-HYPERBOLIC
EQUATION

Abstract. This article investigates a third-type integral boundary value problem for a second-order
parabolic-hyperbolic equation with a singular coefficient. The problem is formulated in a special domain,
and the existence as well as uniqueness of its solution are proven using the theory of integral equations. In
the course of the study, the problem is reduced to Volterra and Abel type integral equations, and their
properties are used to justify the determination of the solution. In addition, Green’s function and special
functions, in particular the Mittag—Leffler function, are applied to represent the solution. The obtained
results are important for a deeper study of integral condition problems for parabolic-hyperbolic type
equations.

Keywords: Parabolic-hyperbolic equation, integral condition, Volterra integral equation, Abel
integral equation, Mittag—Leffler function, integro-differential equations, Green’s function.

Kirish. Aralash turdagi tenglamalarni o‘rganish XX asrning o‘rtalaridan boshlab shakllana boshlagan
bo‘lib, bu yo‘nalishda respublikamiz hamda xorijiy olimlar tomonidan turli masalalar ilgari surilgan va ilmiy
jihatdan tadqiq etilgan. Hozirgi kunda ham aralash turdagi tenglamalar bilan bog’lig muammolarni o‘rganish
jadal sur’atlarda davom etmoqda. Ayniqgsa, xususiy hosilali differensial tenglamalar uchun integral shartli
masalalarga bo‘lgan qiziqish tadqgiqotchilar orasida tobora ortib bormoqda.
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O‘tgan davrda parabolo-giperbolik tenglamalar uchun lokal va nolokal chegaraviy masalalarni bayon
qilish va o‘rganish bo‘yicha A.M.Naxushev, V.A.Vragov, N.Y.Kapustin, M.S.Saloxiddinov, T.D.Jo‘rayev,
Y.P.Apakov, U.l.Boltayeva, A.S. Berdishev, V.A.Eleev, B.Islomov, E.T.Karimov, O.A.Repin, K.B.Sabitov,
M.A. Sadibekov, A.Sopuyev, J.O.Taxirov, A.K.Urinov, T.G.Ergashov va boshgalar tomonidan muhim ilmiy
natijalar olindi.

Uchinchi tur integral shartli masala dastlab A.V. Golovanchikov, I.LE. Simonova va V.V. Simonov
tomonidan issiqlik tarqalish tenglamasi uchun qo‘yilgan va tekshirilgan. Hozirgi kunda uchinchi tur integral
shartli masalalarni bayon qilish va tadqiq etishga bag‘ishlangan ishlar ko‘p emas. Ikkinchi tartibli aralash
parabolo-giperbolik tenglama uchun A.K.Urinov va A.O.Mamanazarov, uchinchi tartibli tenglamalar uchun
0.S. Zikirov va M.M.Sagdullaeva uchinchi tur integral shartli masalalarni bayon qilganlar va o‘rganganlar.

xOy tekisligining x=0,y=1 x=1 to‘gri chiziglar hamda tor tebranish tenglamasining
X+y=0,x—y=1 xarakteristikalar bilan chegaralangan chekli sohani D deb wva ushbu

D,=DN(y>0),D,=Dn(y<0),AB={(x,0):0<x<1}, A |:—_{( X)y =y <R g%} belgilashni

kiritaylik.
Ikkinchi tartibli singulyar koeffitsiyet gatnashgan parabolo — giperbolik tipdagi tenglama
u,—u,=0, (xy)eD,
2/ @

U, — U, —TUy =0, (x,y)eD,

D sohada berilgan bo‘lib, uning yechimi u(x, y) quyidagi shartlar yordamida aniglanadi:
1-masala. Shunday u(Xx, y)eC(B)mey@(Dl)mevy(Dz) funksiya topilsinki, u D, va D, sohada (1)
tenglamaning regular yechimi hamda

1 y
Iu(x,y)dx:ju(o,t)dt+;ﬁ(y),Osysl; 2)

0 0
uLy)=u,(y), 0<y<l @)
u(x,—x) =y (x), 0<y<1/2; 4)
yILrpouy(x,y)zylLr?O(—y)zﬁ u,(x,y), 0<x<1 (5)
shartlarni ganoatlantirsin, bu yerda 4(Yy) ., (Y).w(x)-berilgan yetarlicha silliq funksiyalar bo‘lib,

v (0)=14(0).

Teorema. Faraz gilaylik B<(0,12) va

w(x)eC'[0,/2]nC*(0,1/2) 14 (y),1,(y)€C'[0,1] w(0)=44(0)=0 u holda 1 - masala yagona
yechimga ega.
Isbot. Aytaylik, u(x,y) funksiya qo‘yilgan masalaning yechimi bo‘lsin . Masalaning (5) sharti hamda

u (X, y) eC (5) ekanligini e’tiborga olib, quyidagi belgilash va farazlarni kiritaylik:

u(x,+0)=u(x,-0)=7(x), }

limu,(x,y)= )!Lmo(_y)Zﬂ u, (x,y)=v(x),0<x<1.

y—+0 y

(6)

D, sohada noma’lum funksiya u(x,y)e(ﬁ) va u, (x,y)eC(D) ekanligini hisobga olib, (1) tenglama va
(2),(3) chegaraviy shartlardan y —+0 da limitga o*tsak:
7"(x)—v(x)=0, (7)
1
[7(x)dx=44(0), 7(1)=(0) 8)
0

integral shartlar hosil bo‘ladi.
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Faraz gilaylik, 7(x)eC[0,1]nC*?(0,1), 5>1-24,
[x(l—x)]fzﬁv(x)e L(0,2). [x(l—x)]fzﬂv(x)e L(0,1). Shunda u(x,y) funksiyasi D, sohada
U, —Uy, —Z—ﬂuy =0, formula orqali aniqlanadi [8] :

u(x,y)zyjr[Hy(1_2t)][t(1_t) "t - yz(—y)l_zﬂj.v[x+y(1—2t):|[t(1—t):|ﬂ dt, ©)

0

buyerda y, =I'(28)/T*(B), r,=T(1-2B)IT*(1-p) , T(z)- Eylerning gamma funksiyasi.
(9) ko‘rinishdagi u(Xx, y) funksiyani (5) shatrga qo‘yamiz , so‘ng hosil bo‘lgan tenglikda barcha X larni g

ga o‘zgartirib quyidagi ifodani hosil gilamiz:
1

1
p-1 1-25 -B X
T(tx)| t(1-t dt—y,(x/2 v(txX)|[t(l-t)| dt=y|—-|[,0<x<1
7/1_([ ( )[( ) 7.(x12) _([ ( )[( )] W(Z)
endi esa z=tx belgilashorqali quydagi tenglika o‘tib olamiz:

7lx“ﬁi[r(z)]z“(x— z)" " dz —7222&1}[‘/(2)2%}()(_ 2)” dz ZV’[§)

0
bu tenglikni quydagicha gayta yozish mumkin:
277y, T (1= B)DE [ X Pv(X) |= T (B) XDyl | X"z (x) |-y (x/2),0<x <1, (10)

bu yerda D7, ¢(x) va D§¢(X) - kasr tartibli integro —differensial operator [8]

M (-a)
P (x)= o(x), =0,
1 3y o
F(l_a).!:(x_t) p(t)t,0<a <1,
(11)
1 7 —a-1 .
F(_a).!-(t_x) ¢(t)d'[,a<0,
D)= o(x).a=0;
1 T —a
F(l_a)j(t_x) p(t)dt,0<ear <1,
(12)

(11) tenglikda D}’ operatorni qo‘llab hamda [8] da berilgan quyidagi belgilashlarni hisobga olib;
Dy, Dy () = (), DG/ X DX p(x) = x Dy p(x),
ushbu tenglikni hosil gilamiz:
v(x) =D ¢r(x)+ f(x) , 0<x<1, (13)
bu yerda 4 = Zzﬂr[ﬁJrﬂ/FE—ﬁ}, f(x)= -2 X" Dy (x1 2) [ 7,0 (1- )]

(10) ga asosan, (12) tenglik quyidagi ko‘rinishda yozamiz:

i d
V(X)zr(zﬁ)_x

(x—t)zﬂ_lr(t)dtJrf(x),0<x<1 (14)

O Ly <
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(14) tenglik D,va D, kesmada aniglangan noma’lum 7(x) va v(x) funksiyalar orasidagi munosabatni

ifodalaydi. Keyin, y —+0 da limitga o‘tib va (6) belgilanishlarni hisobga olib, (1) tenglama hamda (2) va

(3) shartlardan (7) va (8) tengliklarni hosil gilamiz. Endi(14) dan v(x) funksiyani (7) ga qo‘yib, noma’lum
r(x) funksiyaga nisbatan quyidagi integro-differensial tenglamani hosil gilamiz

" ﬂ/ d f 2p-1 _
T (x)—r(zﬂ)&l(x—t) r(t)dt=f(x),0<x<1. (15)
(15) tenglikda x ni z ga almashtirib, so‘ng uni z bo‘yicha [O, X] oraliqda ikki martta integrallab quyidagi
tenglikni hosil gilamiz;
r(x)—r(%zﬂ)%o(x—t)zﬂr(t)dt = f,(X)+cx+¢,,0<x<1, (16)

bu yerda c,,c, — ixtiyoriy o‘zgarmaslar, fl(x)zj'( —t) f(t)d(t) .
0

(16) da Abelning ikkinchi tur integral tenglamasini qo‘llaymiz va uning yagona yechimi quyidagi
ko‘rinishda yoziladi ;

_clijtgap e, gL [0y o, (0,

(17)
bu yerda E, ( Zz”l“1 an+1)— Mittag-Lefler funksiyasi [7] , a =1+28
n=0

d ¢

f2(><)=0|X B[ A(x=t)" ], (1)t
quyidagi tengliklarni hisobga olib

—jE [ 2(x=t)" Jit=E, ( th [ 2(x

]dt =XE,,(1x"),

ushbu ma’lum bo‘ 1gan tengliklardan quyidagilarni hOSI| qllamlz
d a d

&Ea[i(x—t) }:-aE [ 2(x “E [ 2(x

]dt =(x-a)E,, [}t(x—a)“},
£,(0=J(x-DE, o[ 20-1)" ] F () E, (2

0

=ZZ”F‘1(an +m),meN
n=0
(17) ifodamizni yuqoridagi tengliklarni bilgan holda quyidagicha gayta yozishimiz mumkin

7(X) =CXE, , (Ax*)+C,E, (Ax“ )+ j(x t)Eaz[ (x—t)” }f (t)dt, (18)
(18) tengligimizga (8) shartlarnni qo‘lagan holda ¢, va C, larni aniglaymiz .
Bundan avval bu jarayonda kerak bo‘ladigan ba’zi tengliklar va belgilashlarni kiritamiz

1 1

IEQ (/Ix“ )dx =E,,(4), j'anyz (/lx“ )dx =E, (1),
[ (x=DE, (A=) f Ot = A1)’ E, (AL-1)") ,

(19)
.[01 (A-t)E,,(A@-t)*)f(®)dt=1,

[[a-v%E,(a-v") fodt=J

Es,z (A)-E,(A) Ea,S (A=K
(8) shartlar natijasida quyidagi sistemaga kelamiz, bu sistemadan c, ni c, orqali ifodalab c, ni aniglaymiz
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CIE, s (VHCoE, o (A)+ ], 1-7E, 5 (2A-)%) 1 ()= (0)

CLE, 2 (D) 1C,E, (A)+[, 1-0E, 5 (20-0°) f (Ddt=45,(0) (20)

ushbu sistema EZ,(1)—E,(1)E, 3(/1) #0 bo‘lganda yechimga ega .

E, (1)
C =u 1-tE, ,(AQA-1)%) f (t)dt - C,,
= 15,(0) az(z) Mf( .20 T Odt - 8
az( ) as(z) E.s(1), E.()
#4,(0) #,(0) " I < J (21)
c, va c, larni aniqlagandan so‘ng r( ) funk51yamlzn1ng (18) ko‘rinishini qaytadan yozamiz .
az(z) agw E,(1), E.() o E) .

7(x) = ( (0) #,(0) Tk J](Ea(/’LX ) E.() E,.(Ax")) +

+(y2(o)E 1(/1)—E 1(/1)IJXEM(/lx“)+J-0X(x—t)EaY2(/1(x—t)“)f(t)dt.
| | (19)

r(x) funksiyamizni yuqoridagi kabi topamiz. Bunda 1- masala D, sohada quyidagi masalaga ekvivalent

keltiriladi.
1'-masala. D, sohada bir jinsli

u, —u,=0 (20)
issiglik targalish tenglamasining (2), (3) va u(x,0)=7(x),0<x<1
shartlarni ganoatlantiruvchi yechimi topilsin, bu yerda 7(x) funksiya (10) formula orqali aniglanadi. 1’ -
masalaning bir giymatli yechilishini tadqiq gilaylik.

Faraz qilaylik, u(x,y) funksiya 1'-masalaning yechimi hamda

u(x,0)=p(y),0<y<Lu(y)eC[0]]

bo‘Isin. U holda (12) tenglama uchun ushbu
u(x,0)=7(x),0<x<%u(0,y)=p(y),0<y<Lu(Ly)=s,(y),0<y<1
birinchi chegaraviy masalaga ega bo‘lamiz, bu yerda £(y) - noma’lum funksiya. D, sohada birinchi

chegaraviy masalaning yechimi u(x, y) funksiya [8];

u(x,y)=[7(£)6 (% ¥,£,0)dé+ [ u(n)B. (% y,0.7)dn = [ 1, ()G, (x,y.1,m)dn (21)
ko‘rinishda yoziladi, bu yerda G (X, y,f,n) - Grin funksiyasi,
B 1 s (x—§+2n)2} {(x+§+2n)2}}
G(XY,En)=——m— exp| ——————— |+exp| ——— | . (22)
( ) 2«/7r(y—77) n;o{ [ 4(y—77) 4(y_77)
(21) ni (2) shartga bo‘ysindirsak
[l [7(£)6(x.y.£.0) d§+fu (xy,0.77)d7 — jﬂz (X,y,l,n)dn}=f/¢(77)d77+/11(y),0ﬁyﬁl
(23)

kelib chiqadi. Oxirgi tenglikda belgilash kiritib, so‘ngra integrallash tartibini o‘zgartirsak,
jﬂ(n)dang(X, y,0,77)dx —i#(n)dn =g(y), O=<y=<1
kelib chigadi, bu yerda 0 0 0
9(y) = (y) —j jf(f)G(X, y,&,0)d¢ - _I,uz (MG (x.y.1, n)dn}dx

ol 0
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so‘ngra ( % 98)G = _(%X)Gl tenglikni e’tiborga olsak , bunda
(x=¢—2n)? (x+¢&—2n)°
G]_ 1 Y15 VR YV
Y ) ( y-1) Z{ ( 4y-n) JHXp( 4y=n) H

i 1
G, (X, Y,0,7)dx = ————=——+ K, (y,7),
gf( y.0,7) oy e

bo‘lib,
(24)
kelib chigadi, bu yerda

(2n-1)° n’
K, (Y, LN | _expl - 25
R = e (y , Z{ ( 4(y—n)j exp[ y—nﬂ @)

(24) ni inobatga olsak, (23) tenglama ushbu

K( n)d 0<y<1,
jmnf y.mu(n)dn—g(y),0<y<

ko‘rinishga ega bo‘ladi, bu yerda k(y,7) =K,(y,7) -1

(26)

(26) tenglamaning o‘ng tomonini vaqtincha ma’lum funksiya desak, u holda noma’lum /1(77) funksiyaga
nisbatan Abel integral tenglamasi hosil bo‘ladi. g(y)eC'[0,1] va ¢ (0) =0 ekanligini e’tiborga olsak,

integral tenglamalar nazariyasiga ko‘ra (26) tenglamani

#(y) - [K(y,mutdn=g,(y), 0<y<1 (27)

ko‘rinishda yozish mumkin, bu yerda

<=2 [ -8 [ L

yuqoridagi (27) integral tenglama 2-tur Volterra integral tenglamasi bo* hb, uning K(y,7) yadrosi kuchsiz
maxsuslikka ega. Berilgan T(X), ,ul(y),yz(y) funksiyalardan foydalanib, (27) tenglamaning o‘ng tomoni
[O,l] oraligda uzliksiz ekanligini ko‘rsatish mumkin. Ma’lumki, 2-tur Volterra integral tenglamasi yagona
yechimga ega. x(y) funksiyani topish orgali u(x,y) funksiyani D, sohada bir giymatli aniglanadi. D,
sohada masalaning yechimi u(x, y)funksiya (9) formulaga asosan topiladi. z(x) va v(x) funksiyalar esa

mos holda (19) va (10) formulalarga ko‘ra aniqglanadi.

Xulosa. Ushbu ishda parabolo-giperbolik tipdagi singulyar koeffitsiyentli tenglama uchun integral
shartli masala o‘rganildi. Masala integral tenglamalar usuliga keltirilib, uning yechimining mavjudligi va
yagonaligi asoslab berildi. Tadqiqot natijalari integral va nolokal shartli masalalarni o‘rganishda muhim
ahamiyatga ega bo‘lib, aralash tipdagi tenglamalar nazariyasini yanada rivojlantirishga xizmat giladi.

Aralash tipdagi differensial tenglamalarning murakkab modellarini o‘rganishda yangi uslubiy
yondashuvlarni shakllantirishga xizmat giladi. Tadgigot xulosalari gidrodinamika, gaz dinamikasi va issiglik
o‘tkazuvchanlik jarayonlaridagi chegaraviy muammolarni matematik modellashtirishda nazariy asos bo‘lib
xizmat gilishi mumkin.
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VJIK 517.957

CMEIIAHHAS 3ATAYA 1151 YPABHEHUSI, COCTABJIEHHOI'O U3 KOMBUHAIIA
HEJIMHEUHbIX YPABHEHUU mKn®(+1) U MKad(-1)

Kocumosa Magpmyna Ynyzoexoena,
Camapranockutl 20Cy0apCmeeHHblll YHUSepCUmen
yusupovamaftunal40199@gmail.com

Annomauusa. B pabome paccmampugaemcs cMewlauHas 3a0aya Oasi HEeIUHENHO20 YPAaGHeHUs,
COCMABIEHH020 U3 KomOuHayutl ypaeHenui mKO®D@ nonooscumenvuoco u ompuyamenrbHozo NopsoKa
(MKoD(+1) — mKod(-1)). Buisooumca auanoe cucmemst Oughgpepenyuanvhuvix ypasuenuil J[ybposuna,
ONUCHIBAIOWAS IBOTIIOYUIO CHEKMPATILHBIX OAHHBIX, ACCOYUUPOBAHHBIX C COOMBEMCMBYIOUUM ONePAmopoM
Jupaxa. [lokazvieaemcs meopema 0 cywecmeoganuu u eouHcmeenHocmu peutenus 3adauu Koww ons
beckoneynoll cucmemvl Ou@epenyuanrvuvix ypasHenuil Jlybpoeuna. Ycmanoenena paspeusumocmo
cmewannoi 3a0auu 01 Henunelino2o ypasnenusi MmKo@(+1) — mKod(-1) ¢ knacce C°(R) nepuoduueckux
OECKOHEeUHO30HHBIX (OYHKYUIL.

Knrwuesvie cnosa: onepamop Jupaxa, memoo oOpammoii CheKmpaibHOU 3a0ayu, MOOUGUYUPOBAHHOE
ypasnenue Kopmeseea-oe Opusza nonoxcumenvrozo nopsaoxka (MKod(+1)), mooupuyuposannoe ypasrenue
Kopmeseea-oe @puza ompuyamenvrozo nopsioxa (MKod(-1)), popmyna credos.

NOCHIZIQLI mKdF(+1) VA mKdF(-1) TENGLAMALAR KOMBINATSIYASIDAN
TUZILGAN TENGLAMA UCHUN ARALASH MASALA

Annotatsiya. Ushbu ishda musbat va manfiy tartibli modifitsirlangan Korteveg-de Friz (mKdF(+1) —
mKdF(-1)) tenglamalari kombinatsiyasidan tuzilgan nochizigli tenglama uchun aralash masala o ‘rganilgan.
Dirak operatori spektral berilganlari evolyutsiyasini tavsiflovchi Dubrovin differensial tenglamalar
sistemasi analogi keltirib chigariladi. Cheksiz Dubrovin differensial tenglamalar sistemasi uchun Koshi
masalasi yechimining mavjudligi va yagonaligi hagidagi teorema isbotlangan. Nochizigli mKdF(+1) —
mKdF(-1) tenglama uchun aralash masalaning yechimga egaligi davriy cheksiz zonali €*(R) sinfga

garashli funksiyalar sinfida o'rnatilgan.

Kalit so<lar: dirak operatori, teskari spektral masala yechish usuli, musbat tartibli
modifikatsiyalangan Korteveg-de Friz tenglamasi (mKdF(+1)), manfiy tartibli modifikatsiyalangan
Korteveg-de Friz tenglamasi (mKdF(-1)), izlar formulasi.

A MIXED PROBLEM FOR AN EQUATION COMPOSED OF A COMBINATION OF
NONLINEAR mKdV(+1) AND mKdV(-1)

Abstract. In this work, considers a mixed problem for a nonlinear equation formed as a combination
of the modified Korteweg—de Vries equations of positive and negative orders (mKdV(+1) — mKdV(—1)). An
analogue of the system of Dubrovian differential equations is derived, describing the evolution of the
spectral data associated with the corresponding Dirac operator. A theorem on the existence and uniqueness
of the solution to the Cauchy problem for an infinite system of Dubrovian differential equations is proved.
The solvability of the mixed problem for the nonlinear equation mKdV(+1) — mKdV(—1) is established in the
class €*(R) of periodic infinite-gap functions.

Keywords: Dirac operator, inverse spectral method, modified Korteweg—de Vries equation of positive
order (mKdV(+1)), modified Korteweg—de Vries equation of negative order (mKdV(—1)), trace formula.

Beenenue. B pazsutre TeOpUM PEKYPCUBHBIX OIEPATOPOB U UEPAPXUA UHTETPUPYEMBIX HEJIMHEHHBIX
cucreM Oonpliol Bkiax Obul caenan B paborax I1.OnBepa [1], rme Obuta pazpaborana oOmiasi Teopus
CUMMETPHUI 1 PEKYPCUBHBIX ONEPATOPOB AJIsl HEMMHEHHBIX quddepeHunansHpix ypaBHeHuil. [lo3anee 6bu10
MTOKa3aHO, YTO PEKYPCHUBHBIE OINEPATOPHI JOMYCKAIOT HE TOJNBKO IOJOKHTEIbHBIE, HO U OTPHULATENIbHBIC
CTETeHU. DTOT MOAX0]] OBUT MPUMEHEH B poOoTe BepoBckwii [2], Tae MCCae0BaHbl OTPUIIATEIBHBIE CTCIICHU
pexypcuBHoro omeparopa Kn®d-tuma ypaBHeHM. OTO MO3BOJIMIO paccMaTpuBaTh TaK Ha3bIBAEMBIE
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OTpHIIATENIbHBIC TOTOKM WHTETPUPYEMBIX HEpapXwid, KOTOphle CYIMECTBEHHO pPACHIMPSIOT  KJIAcC
MHTETPUPYEMBIX DBOJIIOIMOHHBIX ypaBHeHHU. B pabote [3] Obuta mocTpoeHa mepapXus OTPHUIATSIHHOTO
nopsinka MKnd — Tuma ypaBHEHHH, YTO MO3BOJIMIIO CYHNIECTBEHHO PACHIMPHUTH OOJIACTH MPUMEHEHHS STHX
MoOJIeJIeH B TEOPUU HHTETPUPYEMBIX CHCTEM.

Hepapxun BBICOKOIO MOJIOKHUTEIBHOTO M OTpULATENbHOro mopsiaka ypaBHeHHM MKad moxxHO
MOJYYHTh, UCTIOJIB3Ys, COOTBETCTBEHHO, CICAYIOIINE YPABHCHHS:

u; = R™u,; R™uy =u,, u=ulx,t), x€ERt >0,

rne R = 02 — 4u? — 4u,.d~ 'u — oneparop pexypcun.

Ecmm n = 1, To Mpl momyanMm ypaBHeHus monoxuteasHoro MKn®(mMKad(+1)) u orpumarensHOTO
MKa®(MKad(-1)), cooTBeTCTBEHHO:

Up — Uppr + 6u%u, =0, x ER,t >0,

Uper — 2(Upe)y — Uy =0, e =u?, u=ulxt), pu=ulxr.

Hacrosimass paboTa  MOCBSIEHA  WCCICAOBAHHMIO  CMEIIAHHOW  3ajayd Ui ypaBHCHUS,
npeacTaBisirormero  coboit  komomHarmio MKad(+1) w  MKao®(-1), B Kimacce NepHOAMYECKHX
0EeCKOHEYHO30HHBIX (DYHKIIHH.

IMocTranoBka 3agaun. B HacTosmeit paboTe paccMaTpuBaeTCsl CMEIIaHHAs 3ajada JiIsl HeJIMHEHHOTO
YpaBHEHUSI, COCTABICHHOTO N3 KoMOMHanui ypasHernid MKnd(+1) u MKnd(-1) Buna:

{ut = Uy — 6% Uy + D () [ty — 2(upe), — uy],
e = u?,

(D

HpI/I yCHOBI/IﬂX
w(x, t) oo = ug(x), uelx +m) =1uy(x) € C>(R),
p(x,t) | =0 = B (1), (2)
[u O, ) + pe (x, ]| x=0 = {(2),

nu yCJ‘IOBI/ISIX HepI/IOHI/IqHOCTI/I U TJIaAKOCTHU

{u(x +m,t) = ulx, t) € C;'tl(t = 0)NC(t =0),

(3)
plx, t) € €Lt > 0)NC(t = 0).

3neck b(t), B(t), {(t) € C([0, o]) — 3ananHble AelicTBUTEIBHBIE OPAHMYEHHBIE (DYHKIIHH.

Ecimm b(t) = 0, To MbI osryunm MoauduimpoBanHoe ypaBuenus Kopresera-ne ®@pusza (MKad(+1)).

OCHOBHBIM M3y4aeMBIM 00BEKTOM B 3TOU CTAThe SBISETCS Pa3sperImMocTh cMerrantoi 3axaqn (1)-(3),
TO €CTh YCTaHOBJIEHUE MUHMMAIIBHBIX TPeOOBaHHIl [IaKOCTH JUIs HauadbHBIX JAHHBIX Ug (x), B(t) u {(t),
MPU KOTOPBIX CYIIECTBYET €IMHCTBEHHOE MI00ANTBHOE PEIICHUE STOH 3a1auu.

B nmanHOl paboTe mpejyraracTcss anrOpPUTM TIOCTPOCHHS TEPHOJUYECKUX OCECKOHEUYHO30HHBIX
peleHui (u(x, t), u(x, t)) x € R, t > 0 cvemannoii 3amaun  (1)-(3) cBenenwem €€ K 0OpaTHOM
CHEKTPAIbHOMU 3aj1aue JIjIsl IEPUOIUISCKOI0 CaMOCOIIPSKEHHOTo orepaTopa Jupaka:

L0y = ( ° (3”5) +( 0 u(x H't)) (3”1) :A(yl) X, TERt>0. (4)

' -1 0/ \w u(x +1,t) 0 Y2 Yo/ '
O603Ha9NM uepes clx, A, 1,t) = (cl (x,A,1,t),c5(x, 4,1, t))T u

s(x, A, 1,t) = (51 (x,A,1,t),5,(x, 4,1, t))T pelienre ypaBHeHUs (4) € HayaubHBIMH  YCIOBHSAMH
c(0,41,t) = (1,00T us(0,4,1,t) = (0,1)7, coorsercraenHo.

@ynxmus A(A) = A(A, 1, t) = ¢y (m, A, 1, t) + s5(7, A, T,t) HasbiBaercsa Qpynkuueii JlsmyHosa aus
ypaBHeHus (4).

Crnextp omeparopa L(T,t) 4uCTO HENPEPHIBEH U COCTOMT U3 MHOKECTBA

[+]
o(l) ={AeR:|AD)| =2} =R\ ( U (ﬂzn—l-ﬂm))-
n=—co

Unrepsansl (A3, _1,42,), 1 € Z HaseiBaroTcs NakyHamu, rae A, = A,(t,t) xopHu ypaBHeHus
A(A) F2 =0, oun coBNagalOT ¢ COOCTBEHHBIMHU 3HAYEHUSAMHU TIEPHOANYECKON MM aHTHIEPHOIMYECKOH
(v(0,t,t) = +y(m, 1,t)) rpannunoii 3anaum s ypasuenus (4). Kopun ypasmenns s;(m, A,7,t) =0
0603HaunM uepe3 &,(T,t) ,n € Z. OHM COBNANAIOT C COOCTBEHHBIMM 3HAYEHUAMH 3aaud J{Upuxje s
cuctembl  (4) ¢ rpanmmunbiMM  ycnosusmu  y4(0,7,t) =0, y;(r,T,t) =0 wu npu 3TOM

'fn(rn t) € [/12n—1-/12n] e Z.
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Onpenenenne 1. Yucna &(t,t) , n€EZ, " 3HAKH
o,(t,t) = sgn{s,(m,&,,1,t) —c,(m, &, 1,t},n € Z, Ha3pBAIOTCA CHEKTPAILHBIME  [APAMETPAMHM
oneparopa L(7,t). CrnekrpaibHble MapameTpsl U rpaHulbl crektpa A, = A,(T,t), n € Z, HasbBatoTcs
CIIEKTPAILHBIMH JaHHBIME oriepaTopa Jupaka L(T, t).

Omnpenesnenne 2. 3a/1a4a HAXOKICHUS CIIEKTPAILHBIX JaHHbBIX oneparopa L(T,t) HasbIBaeTCs mpsaMoi
3aj1aueii, a 3aja4a BOCCTaHOBJICHUS moreHmana u(t,t) omeparopa L(T,t) MO CIEKTPaIbHBIM TaHHBIM
Ha3bIBACTCsI 00paTHOM 3a1a4eii.

Teopema exuncrBenHocTn. Koaddummenr omeparopa L(T,t) ompemensiercs OIHO3HAYHO IO
CHEKTPATbHBIM JIAHHBIM {/ln (t,1), &n (r,t), Op (r.t) = +1, n€ Z}.

Ecnu ¢ momompo HavansHol (yHKumii iy (x + 1), x, T € R, mocrpouts onepatop Jupaka L(t,t),
TO MBI YBHJIMM, YTO TPaHMIBI CrieKTpa Ay, (T),n € Z, momydeHHOH 3a1auM He 3aBUCAT OT IapamMeTpa T, TO
ectb, Ap(1) =A,,nE€EZ, a choekTpanbHBIE  MapaMeTppl  OT  HapaMeTpa T  3aBHCAT:
&EN1),02(1) =+1,n €L, 7 SABISIOTCS IEPHOJANYECKUMH byHKIUAMU
E(m+1) =&2(1),02(t +m) = 0l(1), n €EZ. Pemas npamyio 3amady, HAXOAUM CHEKTPAIBHbIC
nannbie {4, £2(1),0(1) = +1, n € Z} oneparopa L(t,0).

Pe3yabTaThl U 00cy:kneHue. OCHOBHON pe3yJbTaT HACTOSIICH pabOThl COACPIKUTCSA B CIICAYIOMICH
TeopeMe.

Teopema. [Tycts pyuxuun b(t), B(t), {(t) u 1y (x) ynoBneTrBopsoT ycnoBusm:

o (x + 1) = up(x) € C°(R), b(t),£(¢),{(t) € C([0,00]),

b =My, 1B@®I=M,, [{()]=M; M;>0,j=13.

Torma CYILIECTBYET OJIHO3HAYHO onpejensieMbie 0€CKOHEYHO30HHbBIE pereHus
(u(x,t),ulx,t),x € Rt > 0), cmemannoii 3amaun (1)-(3), KOTOpble OHpPEAENAIOTCS COOTBETCTBEHHO
CIIeIYIOIUMU (POpMyITaMu:

[++]

wC ) = ) (D" o Oha(£0 D), (5)
n}:‘z_mm 2
peo) = | ( > (—1)"-1an(s.r)hn(f(s.r))) ds+pO, (6

0 n=-—o0
rac

h, (f(x- t)) = J(f(x- t) — RZn—l)(RZrt - f(x- t))fn (‘f(x- t))-

ﬁ (Aonos — £, ) (Aon — EGx, )
2L (B D-&(x D)

k#n
IIPU 3TOM KOOPIUHATEI
§=&(mt) = (., 5o, .. 50T, &), 64T, .. (), ),

g =o,(1,t) = (...,0_,(1,1),...,0_,(1,t),00(1,t),0,(T, 1), ..., 0, (T, 1), ...).
BEKTOPOB yJIOBJICTBOPSIOT cHcTeMe auddepeHIranbHbix ypaBHeHuit lyopoBuna

9¢, (1,
L;; 220 ﬂ\/ (@0 = Aan-1) (Aan = & (T 0)f2 (g @), (8)

C Ha4aIbHBIMH YCIOBUSMU:

';:n(r- t)|t=ﬂ = 'fr{t](r)- Jn(’[, t)|t=ﬂ = JT{I](T) — iln n € Z. (9)

3necs £2(1),02(r) = +1, n € Z — cnextpanbHble TapameTpel omepatopa Hupaka L(T,0),
T10CJIEI0BATENBHOCTD gy, (§), 1 € Z onpelensrorces clepyronuM 00pa3oM:

fl§(0) = (7)

- 483 () + 286, (1,0 (W (r, 1) +u (1, 0) +
5.0 = Ty e g B0 + 2 E @D +un(r D)
+2b(0)¢, (. (1 + u (T, t) + pe(r,t))], nel (10)
Jlemma 1. CoOcTBeHHbBIE 3HAYEHHS A (T,t), neL IPaHUIHON 3a/1a9H

L(t.t)y = Ay, ¥ = (¥, %), v(0) = +y(1) He 3aBUCAT OT mapameTpoB T U t, 1.e., A,(7,t) = 4,,, n€ L.
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Jlemma 2. CripaBeIMBBI ClIEAYIOLIHE (GOPMYIIBI:
T

V(t,t) = u(r,t) + p (1, t) = exp U-A(s, f)ds]({(f) +

0

+J-B[s,t) exp!fﬂ(y,t)d_v]ds), (11)

0 0

rIe

AT, 0) = ;oz_mﬂb(t)( D" g, (1.0)E2(T,0)h, (5)

1+ 4b(t){n (r.t)

H=1)" 2o (.0 (44 (1.8) + 2b(OE (1,07 (D)
B(T.t) = 2n=—en T+ 4b(DE2 (L0

4H(=1)"0,(1. 08 (L DR, ()
F e T 1 4 (D8 () (12)

2 2
X En——m (w_ fr?[:f,f))

Hcnoneays (11) u BTOpyto dhopMyiy CIeIOB:

p (T 0) +up (v, 1) = Z (M—c‘ﬂm)), (13)

2

TIepenuIIeM paBeHCT;az(_ IG(D)) B BUJIE!
46 (nt) +2b(0)¢, (. 0) 25,(n)
R T o ) B E T Ty

N ‘:{%n—l + ';L%n 2 Zb(f)fn(r, f) i
' Z ( 2 _5“(”))+ 1+ 4b(t)&2(1,t) EXPLJ-A(MMS].

n=—co

=

'({l:f)-l-J-B(S, t)exp ,—J-A(y, t)d}r]ds), (14)

0 0
rae dyukiun A(T,t) 1 B(1, t) onpenesnenst popmyoii (12).
Jlis mokaszarenbcTBa CYIIECTBOBAaHHME W €MHCTBEHHOCTH pemieHwst 3amaun Komm (8), (9), (14)
BOCIIOJIE3YEMCS 3aMEHOM NIEPEMEHHBIX .

E(1,t) = Ay + (Mg, — A5y ) sin® x, (1,8), n € Z. (15)
Torma MBI OJTyYUM CIIEyIONTYIO 3anady Komu:
dx(t,t)
i =H(x(1.0), x(t. )]sz = x°(1), (16)
e

Hx)=(..,H_(x),...H_;(x),Hy(x),..,H, (x),..),
H (x)= (1"’ (D) f (. Ay + (g — A_y)sin® x,(7, 1), ...) - G, (X)),
gl (1) = 0,(t, t)sgn{sin x,, (7, t) cos x,,(7,t) },

(1) = (- x2, (1), x 24 (0), 68 (D), -, 2 (T), ),
) et g:r?[:r)_ ';I'Zn—l
xp (1) = arcsin —;{zn . n ez

VYpaBuenue (16) paccMaTpuBaeTcs B CiieyIoeM 0aHaX0BOM IIPOCTPAHCTBE:!

K- !x = (g %o 2, Xl = ) (L Iyl < oof

n=—uao

3necv ¥, = Aoy, — Aoy, NE L
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N3BecTHO [4], uro ecnmum  HavyanbHas ~ (QYHKOMA Uy(X)  YHOBJIETBOPSIET  YCJIOBHIO
Up(x + 1) = uy(x) € C°(R), TO U COOCTBEHHBIX 3HAUCHUH NEPUOANIECKOM U aHTUIIEPHOANUECKON 3312

JUTsl CUCTEMBI ypaBHeHHH [{upaka:
L(t,0)y = Ay,y = (. )2)7
CIIpaBEJIUBBI COOTHOIICHUS:

Do Ao = K+ )Gk F 278K q ] + KI0gE

j=1
|‘?25;c| 6
= — A4 = -+ — 17
Ve 2k 2k—-1 24”‘:'3 Iklé ( )
s 2 + 2 + _
Dlasl <o ) (@) <o b=8 &
k=—co k=—co
Tenepb MOXKHO JJOKa3aTh CICIYIOIIYIO JICMMY.
Jlemma 3. CripaBeyTHBHI CISAYIONINE OIICHKU:
- fn ()
€= |f;1 (l)l =Gy, an_ = C3¥m (18)
l]‘i
0G0, (X)| o Vm
7. ()| = €. (In] + 1), = C*———(|m|]* + 1), 19
G201 < Cllnl + 1), SR < COpEo(mP+ D), (19)

e KoHcTantel {; > 0, = 1,2,3,4,5, He 3aBUCAT OT apaMeTPOB M U M.

Jlemma 4. Ecnu HavasbHble faHHbIC Uy (X ), [ (t), {(t) u b(t) yAOBICTBOPSIOT YCIOBHAM

uy (x + 1) = uy(x) € C>(R), b(1),8(£), (1) € C([0,2]),

|b(D)] =My, [B(D] =M, [((D]=M;, M;>0, j=13.

T0 3aa4ya Kommm (16) nMeeT eMMHCTBEHHOE TI100aTFHOE PEICHIE.

HokazatenbcTBo. Mcrions3ys nemmy 3 u otieHKy (17), ycTaHaBiIMBaeM CIpaBeNIMBOCTh HEPaBEHCTBA
JInmmuna;

IH) -HWMI =tlx-yll.  vryek (20)
rue
=C ) (InPP+1) (nl+ Dy < o (21)

C = Const = 0.
Kpowme Toro, 3amaua Komm (16) sxBuBaneHTHA ClIeAyIOIIEMY HHTETPaIbHOMY YPaBHEHHIO!
t

x(7,t) = x“(r)+J-H[x(s,f))ds. (22)
0
[Honp3ysice HepaBencTBoM Jlummuma (20) u WHTErpanbHOMY ypaBHEHHWIO (22), MOXKHO J/IOKa3aTh
CYIIECTBOBaHUE M EAWHCTBEHHOCTh peulieHus 3afgaun (16) mpu MoObIX HavyaidbHBIX HOaHHBIX. CrenyeT
OTMETHUTH, YTO CXOJUMOCTE YHCIIOBOTO psifa (21) cneayet u3 ornenku (17).
Xoporio u3BecTHO, 4T0 K03 duiment (T, t) omeparopa dupaka L(T,t) omnpexnensercs mo Gopmysie

(5) oaHO3HAYHO MO CHEKTpaibHbIM naHHbIM  {4,,¢, (1, t),0,(1,t) = +1, ne€ Z}. Barem HaxomsaTcs
byuxust @ (T, t) mo popmyie (6).

Jlemma 5. OyHKIus (u(r, t), u(t,t) ) Tt€R,t>0, mOCTpOEHHas C IOMOIIBI) CHCTEMBI
muddepenumansieix  ypaBHenuit [yOoposuna (8), (9) m ¢opmynsr cienoB (5), (6), ymoBieTBopsieT
HelMnHeHHOMY ypaBHeHHIo (1).

3akaouenue. Metox oOpaTHOW CHEKTpajdbHOW 3afadd JJis MEepHOAMYECKoro omeparopa Jlnpaka
MPUMEHSIETCSl Al MHTErPUPOBaHUs ypaBHEHHSA, 0Opa3oBaHHOTO KoMOuHanuii ypaBHeHud MKad(+1) u
MKa®d(-1) B kiacce nepnoimuecKkux 0ECKOHEYHO30HHBIX (DYHKIINH.
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NPUMEHEHHUE JPOBHBIX TPOU3BOJHBIX JISI IPOIHO3UPOBAHUA
BPEMEHHBIX Ps1JIOB U AHOMAJIMU

Myxuoounosa Axuna Tynkun kusu,

u.0. doyenma ynusepcumema Peneccanc,
cmapuiutl HayyHvlil compyornux Hucmumyma
mamemamuxu AH PY3 umenu B.H. Pomanosckozo
ogilal992@mail.ru

Boxuooe Kozumocon Xaiipynno yenu,

cmyodenm TawkeHmcKo2o ynusepcumema uHQGOPMayuoHHbIX
mexHono2ull umenu Myxammaoda anv-Xopesmu
kozimjonnewcastle1403@gmail.com
Mupcabypoea I'ynoaxop Mupaxmamosna,

u.0. doyenma xaghedpwvi Mamemamuxu u
ecmecmeenHbIX HayK Yuueepcumema Peneccanc
mirsaburovagulbahor26@gmail.com
Pescamamos Xacan @axpumoun yanu,
accucmenm Kagpeopvr Mamemamuxu u
ecmecmeeHHbIX HayK YHusepcumema
rezamatovhasan@gmail.com

Annomauus. Ilpocnosuposanue 6pemeHHbIX p008 U AHOMANUL AAeMC OOHOU U3 BAICHBIX MeM
uckyccmeenno2o unmeiiekma. Koeoa mexywee cocmosnue sasucum om @ceti npedbiCmopuu, mo o4eHb
XOpOWo NPUMEHSIOMCSE NPOU3800Hble OPOOHO20 nopadka. B omauuue om yenouucieHHvIX npou3800HULIX,
OpOOHYLIL  NOPSOOK NO380JIeM  MOYHee ONUCHIBATNb AHOMAIUU, CMEHY DedCUMO8 U 00120CPOUHbIE
3A8UCUMOCTU, A MAKHCE 80CCMAHABIUBAMb CIMPYKMYPY OAHHBIX C bICOKOL MOYHOCTbBIO.

Knrwouesnie cnosa: spementvie paobl i UX NPOSHO3UPOBAHUs, OpodHble npou3eooHvie Kanymo, eamma-

yHryust.

VAQT QATORLARI VA ANOMALIYALARNI PROGNOZLASHDA KASR TARTIBLI
HOSILALARNING QO‘LLANILISHI

Annotatsiya. Vaqt qatorlari va anomaliyalarni prognoziash sun’iy intellekining muhim
yo ‘nalishlaridan biri hisoblanadi. Tizimning joriy holati uning butun oldingi holatlariga bog liq bo ‘lgan
hollarda kasr tartibli hosilalardan foydalanish, aynigsa, samarali natija beradi. Butun tartibli hosilalardan
fargli ravishda, kasr tartibli hosilalar anomaliyalarni, rejimlar almashinuvini hamda uzog muddatli
bog ‘ligliklarni yanada aniqroq tasvirlash imkonini beradi. Shuningdek, ular ma’lumotlar tuzilmasini yugori
aniglik bilan tiklashga xizmat giladi.

Kalit so“zlar: vaqt gatorlari va ularni prognozlash, Kaputo turidagi kasr hosila, gamma-funksiya.

APPLICATION OF FRACTIONAL DERIVATIVES FOR TIME SERIES FORECASTING
AND ANOMALY DETECTION

Abstract. Time series and anomaly forecasting is one of the key directions in artificial intelligence. In
cases where the current state of a system depends on its entire history, fractional-order derivatives provide
an effective modeling tool. In contrast to integer-order derivatives, fractional derivatives allow for a more
accurate description of anomalies, regime changes, and long-term dependencies. Moreover, they enable
high-precision reconstruction of the underlying data structure.

Keywords: time series forecasting, Caputo fractional derivative, gamma function.

BBenenue. B HacTosiee Bpemsl 3aJaud NMPOTHO3MPOBAHHS BPEMEHHBIX DSIOB M OOHAPYKEHHS
aHoOMaJIMi HUrpar0T BaXHYIO0 pPOJIb B Pas3IMYHBIX O6.HaCTSIX, TaKUX KaK OKOHOMHKA, OHEPIrCTHKA,
TEJICKOMMYHHUKAIIUN U aHAIIN3 JaHHBIX. TpaguIliOHHBIE METOBI MOJISIIMPOBAHUS BPEMEHHBIX PSJIOB YacTO
OCHOBaHbI Ha KJIacCHYecKnX MU (EpPeHINANTBHBIX M CTATUCTUYECKHUX IMOJX0JaX, OJHAKO OHH HE BCETa
CroCcOOHBI A3PGEKTUBHO YUUTHIBAThH CIOXKHYIO THHAMHUKY IPOIIECCOB U HAJTUYUE JOJTOBPEMEHHOMN NaMsITH B
JTAaHHBIX.

OnHMM U3 TEPCIIEKTUBHBIX TOJXO0J0B K PEUICHHUIO STOW MPOOJIEMbI SBISIETCS MPUMEHEHHE TPOOHOTO
HCYHUCIICHHS, B YaCTHOCTH NOPOOHBIX IPOM3BOMHEBIX. JIpOOHBIE MPOM3BOIHBIE 000OIIAIOT KIIACCHYECKOE
MOHSATHE TIPOU3BOJHOM Ha HETleTbIe MOPSAKH U MO3BOJSIFOT YYUTHIBATH HEJIOKAIBHBIC CBOHCTBA M A(PQEKTHI
MaMsTH B HCCIIEyEMBIX MPOIECCax.
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Omnacenue, 4To ydvaiirecs BOCIPUMYT TEPMHUH BPEMEHHOH psiji IMEHHO KaK BPEMCHHBIN, 3aCTABUIIO
MPEIIOYecTh HOBBIA JUIS CTATHCTHKH W HETOYHBIH 10 CYyIMECTBY TEPMHH TUHAMUYECKUN DA, Psa
OUHAMUKH. HeTOYHOCTh TOCHEOHEro TEePMHHA COCTOMT B TOM, YTO HE KaXIbld psiI YpPOBHEH 3a
MocJeI0BaTeIbHBIE MOMEHTHI WJIM IEPUOJBI BPEMEHH COJEPXKHUT Ha caMOM Jeiie (OTpakaeT) HWHAMUKY
KaKoro-iubo mpu3Haka. TepMHH <«JIMHAMHKA» INpaBHIbHEC OTHOCUTh K W3MCHCHHSIM, HAIPABICHHOMY
Pa3BUTHIO, HAMYUIO TEHJCHIIMM PAacCMATPHBAEMBIX BO BpPEMEHU TOKasarenieil. BpeMeHHbIC psibl — 3TO
YIOpsAOYECHHBIE 110 BpeMEHH HaOOphl JaHHBIX, PUKCUPYIOIIME U3MEHEHHUS MoKa3arens (IpoJaKy, IOoroja,
aKIWK) Yepe3 perysIipHble WM HEepaBHBIE NPOMEXyTKH. OHH COCTOST W3 TpeHma (oOImas TeHIEHITHS),
CE30HHOCTH (TOBTOpsIONIHecs Koyiebanms) u 1ryma. OCHOBHas Ieidh — aHaIW3 3aKOHOMEPHOCTEH u
MPOTHO3UPOBaHUE OYAYIINX 3HAUCHHH.

Onpenenenune apoOHO ponsBoaHoii KamyTo nopsaka o (rae 0<a<I) uMeeT BUA:

1 fw
D (x)= r(i-rx)/u' poom 2t (1)

I'me

r(1-a)-T'amma QyHKITHS

f(t)-06bIuHAs IPOM3BOAHAS

Ecnu paccMOTpeTh MpOU3BOAHBIE LIETIOr0 HOPSIIKA, TO P 0=1BBIpa>keHUE CBOJUTCS K KJIACCHYECKON
MIPOU3BOJAHOM.

Takum o0pazoM, onpenenenre KamyTo siBiisseTcsl eCTeCTBEHHBIM 0000IIIeHHEeM 00BIYHON MTPOU3BOIHOMN
Ha cilydail Hewuenoro (apoOHOro) mopsaka. Mcropuuecku omnpezaeneHrue npousBoaHoi Kamyto Obu10
NPEAJIOKEHO UTANbsSHCKUM MaTemaTukoM Mukese Kanmyro B cepennne XX Beka. Ero moaxon oxazancs
0COOEHHO TIOJNIE3HBIM B MPHKIAAHBIX 33/1a4ax, IOCKOJIBKY JOMYCKaeT HCHONb30BaHHE CTaHJapTHBIX
HavyanpHBIX ycnoBuid f(0), f(0) yro nemaet npousBomnyro Kamyro Gosee ynoOHOW Ui MOJCIUPOBaHUS
peanbHbIX (PU3NUECKUX MPOLECCOB, YeM pou3BoAHas Pumana—JInysums.

Kpome Toro mpu BBIYHMCIEHUM NMPOU3BOIHBIX IPOOHOrO MOpsAKAa MCHOJIb30BANACh TaMMa-(hyHKLHS.
PaccmoTtpum e€ cpoiictBa. 'amma-QyHKIMM —wiH, MO-Apyromy, GyHKUuMM Oiiilepa MPHTOASTCS TPH
BEIYHCIICHUN CIIOKHBIX WHTETPajioB JHOO BBIYHCICHHH (DAaKTOpUANIOB APOOHBIX uwncen. Camy (QyHKIHIO
MO>KHO Hamucarh TaK:

(@)= xeds 0)
Cl:OﬁCTBa ramMma-(QyHKIUH:
(@) ()= ——; 3)
M(z+1)=2(z); 4)
r(n+1)=n! (5)

Tenepb NOCMOTPMM BAMAHWE NPOKM3BOAHbIX ApobHoro nopaaka B TMne Kanyto.
[aHHbIE U pelleHWe 3a0a4 Mbl pellanuy B EXEL

HeHb t Harpyszka PasHocTb
3agaya (BpeMeHHbIE PAAbLI H AaHAJIN3

1 120 H3MeEHEeHMs)

2 125 5 B rteuenuwe 7 paHe#d HaOMrOmamM HarpysKy Ha

3 130 5 cepeep (B YCIOBHBIX  eauHHUNAx). [lomydeHs
CIIEyIOIINE TaHHbBIE:

4 128 8 JUIS aHANIK3a U ONpeAesICHUs] aHOMalIMii Pa3HOCTH

5 135 7 UCTONB3YEM UHUCICHHYIO AallpPOKCUMAlUIO, APOOHbIE
pou3BoAHbIe B TUIE KaryTo.

6 180 45 D% f(r Yot Z“ £t )-Ct1) ©)

7 140 40 TT05) dymy ()%

Pucynoxk 1.

Boruuciaenue ¢ popmy.oii (6)
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Apobrana

deHb
2
3
a
5
o
7

APOBHAA NPOU3BOAHAA

nPporaz2so
aHaa
2,82
4,36
2,95
9,01
11,2
8,75

Pucynok 2.

[IpoBenéHHBII aHaIM3 BPEMEHHOTO pAda HArpy3KHd CcepBepa C HCIHONb30BaHMEM ApOOHOMN
npousBogHoi Kamyro nopsaka a=0.5 nokasain BbICOKYO 3()()eKTUBHOCTh JAHHOTO MOIXO0/A IPH BBISIBICHUI
AHOMAaJIUM.

B otnnume ot 00BIYHBIX pa3HOCTEH, APOOHAS MPOU3BOAHASL YIUTHIBACT I eKT NaMATH CUCTEMBI, TO
€CTb BJIMSHHE NPENBIIYIIMX 3HAYEHUM Harpy3Kd Ha TEKyllee COCTOSHHE. DTO IO3BOJIAET 0ojiee TOYHO
BBIABJIATH KaK PE3KHUE CKAa4YKH, TaK U CKPBITHIC U3SMCHCHHUS TPCH/IA.

B xoze pacuéroB ObUIO YCTaHOBJICHO:

e Ha 6-ii JeHb HaOMIOAAETCS BEIPAXKEHHAS aHOMAJIHS, CBSI3aHHAS C PE3KUM YBEJIMUCHHEM HArpy3KH;

e Ha 7-il JeHb (UKCHUPYETCSl PE3KOe CHIKEHHE, YTO TAKXKE OTPaKaeTcsl B 3HAUYEHHUSX APOOHOMN
IPOU3BOIHOM;

e B OCTaJIbHBIC IHU U3MEHEHHS HOCAT OoJjiee IIaBHBIN XapakTep U He BBIXOIAT 3a MPeAesIbl HOPMBI.

Taxum o0pazom, npuMeHeHue qpoOHOoH npousBoaHol KamyTo mo3Bosnser:

® [NOBBICUTHh TOYHOCTH aHAJIM3a BPEMCHHBIX PAT0B;

® BBIABJISATD KPUTUYCCKUE U3MCHCHUA HArpy3Ku,

e ICNOJIB30BAaTh JIAHHBIH METOJ JUIsI MOHHTOPHMHTAa M IPOTHO3HPOBAHMS COCTOSIHHS CEpPBEPHBIX
CHCTEM.

[Mony4yeHHBIe pe3ysbTaThl MOJATBEPKIAIOT IIEIIECO00PA3HOCTh HUCIOJIL30BAHUS METOJIOB JIPOOHOTO
WCYMCIICHUS ITPH aHAIN3€ PEANIBHBIX TEXHUUECKUX JIAHHBIX.

3axioyenue. B nanHoil paGore Ob1 mpoBenéH aHAIM3 BPEMEHHOTO psiia HAarpy3Kd cepBepa C
HCIIOJIb30BaHUEM JIpoOHOW mpou3BogHol KamyTto mopsaka o=0.5 PaccMOTpeHHBIH MMOAXOJ] IO3BOJIMI
BBISIBUTE OCOOCHHOCTH W3MEHEHHS HAarpy3Kd, KOTOpbIE TPYAHO OOHApYyXHUTh IIPU HCIIOIb30BAHUH
KJIACCHYECKUX METO/I0B IU(PepeHINPOBAHHUS.

B xoxe uccnenopanus:

e ObUIA PACCMOTPEHA TEOPETHYIECKasi OCHOBA IPOOHOTO MCUHCIICHHS;

e IPUMEHEHA YHCIICHHAsl allpoKcuManus ApoOHoi npousBoaHoil KamyTo;

* BHITIOJIHEHBI pacu€Thl Ha OCHOBE PeasIbHBIX (MIIH MPHOIMKEHHBIX K PEAIbHBIM) JJAHHBIX;

e [IPOBEEH aHAIN3 [IOJYUECHHBIX PE3YJIbTATOB.

YcTaHOBIIEHO, YTO IPOOHAs IPOU3BOIHAS:

¢ 5()(heKTUBHO BBISBIACT PE3KUE CKAYKHU U NaJICHUS HArpy3Ku;

e YUMTHIBACT HAKOILUICHHBIH 3P GEKT NPeAbIAYIIMX 3HaUeHHUH (CBOHCTBO MAMSITH);

e sBIIAETCA OOJIee UyBCTBUTEILHBIM HHCTPYMEHTOM aHAJIH3a 10 CPABHEHUIO C OOBIYHOM Pa3HOCTHIO.

[IpakTryeckas 3HaUUMOCTb PaOOTHI 3aKII0YAETCS B BO3MOKHOCTH MTPUMEHEHUS TAHHOTO METOAA IS
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¢ MOHUTOPHHIA CEPBEPHBIX CUCTEM;

e aHaJM3a CeTeBOro Tpaduka;

¢ paHHEro OOHapy>KEHUsI aHOMAIIMH U TIEpeTPy30K.

Takum 00pa3oM, METOIBI APOOHOTO MCUHCIICHUsS], B YaCTHOCTH Mpou3BoaHast KamyTo, mpencTaBisioT
cOOOH MEepCIIeKTUBHBI HMHCTPYMEHT AJsl aHaln3a BPEMEHHBIX pPSAAOB B 3a7adyax HMHGOPMALMOHHBIX
TEXHOJIOTMH U TEIEKOMMYHHKALUH.
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UCCJIEJJOBAHUE ITPSIMOM 3ATAYM JIJISI UHTEI PO-IU®PEPEHIIUAJIBHOI'O
HCEBJAOTMHEPBOJIMYECKOI'O YPABHEHMUSA

Cauoosa Hunyghap Myxammaooena,

bazoewiti doxmopanm kageopwvl Jughepenyuanvrole ypasHeHus
Byxapckozo eocyoapcmeennozco ynueepcumema, byxapa, Y30exucman
nilufarsaidova93@gmail.com

Aunnomauus. B Oannoil cmamve ucciedyemcsi npsamas 3a0a4a 071 uHmezpo-ouphepenyuaibHo2o
ncesdozunepbonuueckoeo ypasnenus. Ilpsamas 3a0aua cghopmynuposana ¢ HA4ATbHLIMU U HEKAACCULeCKUMU
epanuunvimu  ycrnogusmu. CHauana Mmvl aHATU3UPYEM COOMBEMCMEYIOWYI0 CNEeKMPAIbHyl0 3a0ayy, 8
KOMOPOU YCMAaHAGIUBAIOMCS NOIHOMA COOCMBEHHBIX YHKYUL, NOCMpoeHUue DUOPIMOZOHANLHOU CUCTEMbL 8
npocmpancmee Ly(0,1) u ceoticmea cobcmeennvix gyukyuil. Ilpumensans memoo Dypve, npamyro 3a0auy
CB00UM K UHMESPATbHOMY YPAGHEeHUl0 6mopoeo pooa muna Bomvmeppa. Cywecmeosanue u
€OUHCMBEHHOCMb €20 peulenus OO0KA3bIBAIOMCs ¢ NOMOWblo Hepasencmea I powyonna u  ceoticms
YHKYUOHATBHBIX PAOOS.

Knrouesnie cnoea: unmezpo-oughgepenyuaivHoe ncegdocunepbonuieckoe  ypaeHeHue,
HeKaaccuyeckue — epanmuunvle  ycaosus, memoo Dypve, cnexmpaivHas —3a0aud,  Cyuwecmseosauue,
€OUHCMBEHHOCMb.

INTEGRO-DIFFERENSIAL PSEVDOGIPERBOLIK TENGLAMA UCHUN TO'G'RI
MASALANI TADQIQ ETISH

Annotatsiya. Ushbu maqolada integro-differensial psevdogiperbolik tenglama uchun to'g'ri masala
tadgig gilingan. To'g'ri masala boshlang'ich va noklassik chegaraviy shartli masala hisoblanadi. Avvalo,
unga mos spektral masala tadqiq qilinadi, bunda xos funksiyalarning to’laligi, L,(0,1) fazoda biortogonal
sistema qurilishi hamda xos funksiyalarning xossalari isbotlanadi. Furye usuli yordamida to ‘g ‘ri masala
Volterra tipidagi ikkinchi tur integral tenglamaga keltiriladi. To’g’ri masala yechimining mavjudligi va
yagonaligi Gronuall tengsizligi hamda funksional gatorlarning xossalaridan foydalanib isbotlanadi.

Kalit so“zlar: integro-differensial psevdogiperbolik tenglama, klassik bo'lmagan chegara shartlari,
Furye usuli, spektral masala, mavjudligi, yagonaligi.

A STUDY OF THE DIRECT PROBLEM FOR AN INTEGRO-DIFFERENTIAL
PSEUDOHYPERBOLIC EQUATION

Abstract. We study the direct problem of an integro-differential pseudo-hyperbolic equation. The
direct problem is formulated with initial and nonclassical boundary conditions. First, we analyze the
corresponding spectral problem, where the completeness of the eigenfunctions, the construction of a
biorthogonal system in the space L»(0,1), and the properties of the eigenfunctions are established. By
applying the Fourier method, the direct problem is reduced to a Volterra-type integral equation of the
second kind. The existence and uniqueness of its solution are proved using Gronwall’s inequality and the
properties of functional series.

Keywords: integral-differential pseudo-hyperbolic equation, non-classical boundary conditions,
Fourier method, spectral problem, existence, uniqueness.

Beenenne. Uuterpo-nuddepeHnunansipie ypaBHEHUs TICEBIOTHIIEPOOTMYECKOTO THIIA 3aHUMAIOT
B2XHOE MECTO B COBpEMEHHOH TeopuH auddepeHIMaTbHbIX YpaBHEHH U MaTeMaTHaeckoi ¢usnke. OHU
BO3HHUKAIOT IPY MOJCIUPOBAHHMH IIHPOKOI0 Kpyra MpoieccoB, oomanaronmx 3hGHEeKToM MaMsaTH, TAKUX KakK
pacrpocTpaHEeHHE BOJH B BS3KOYNPYTHX CpelaxX, TEIUIONEPEHOC B MaTepuaiax ¢ HaCJICICTBCHHBIMU
CBOMCTBaMH, a TAKXKE B 33/1a4aX TCOPHH (GUIbTPAIH U OUOPU3UKH.

OcoOBblif UHTEpPEC MPEACTABISIOT 33J]a4d C HEKJIACCHYSCKUMHU TPAHUYHBIMU YCIIOBUSIMH, MOCKOJBKY
OHH TO3BOJISIFOT 00JIee aJIeKBaTHO OMKCHIBATh PeaibHble (PU3MUECKUE MPOLIECCHI, I/Ie CTAHAAPTHBIC YCIOBHUS
(Inpuxie, Helimana) Oka3bIBAIOTCS HEIOCTATOYHBIMA. B TO jk€ BpeMs HaJIMYHWE HHTETPAITBHOTO CIIaracMoro
M0 BPEMEHU CYIICCTBCHHO YCJIOXKHICT aHAIM3, TaK KaK MPUBOJUT K HEOOXOAUMOCTU YYUTHIBATH HCTOPHUIO
mporiecca.
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MATHEMATICS

B nanHoii paboTe paccMmarpuBaeTCs IpsMas 3aaada JUiss MHTErpo-audGepeHInalbHOTO YpaBHEHHS
TICEBIOTUTIEPOOTUIECKOTO TUIIA C TIEPEMEHHBIM KO(GHUIIMEHTOM U SIPOM CBEPTKH 110 BpeMeHU. OCHOBHOI
LIEBbI0 UCCIICOBAHUS SBJISACTCS YCTAHOBJICHHE YCJIIOBUI CYIICCTBOBAHUS W CAMHCTBEHHOCTH PEIICHUS, a
Takke pa3paboTKa KOHCTPYKTHBHOTO METOJa €ro MOCTpoeHwus. VcciemoBaHus MHOTHX 3ajad Tra30BOU
TUHAMHKH, TEOPHH YIPYTOCTH, TEOPHH IUIACTHH M 000JI0YeK OMHCHIBAOTCS Au(QepeHnaTbHIMA
YPaBHEHUSIMH B YaCTHBIX MPOM3BOJHBIX BBICOKHX MOPAAKOB. C TOUKH 3peHUs (U3NUECKUX MPHIOKEHUH
MPENICTABISIFOT OOJBIION MHTEpeC M AU QEpEHIMAIBHBIC ypaBHEHUS YETBEPTOTO MOpSAIKa (CMOTPUTE,
Hampumep, [ 1-4|]). B cmygasx, korma rpanuna o0racTu mpoTeKanus (GU3MIECKOro MpoIecca HeJOCTYITHA IS
M3MEPCHHM, ITOTOTHUTEIBHON WHGOPMAIMEeH, MTOCTATOYHOW IS OJHO3HAYHOM pa3perIuMOCTH 3adadd,
MOTYT CITY’KUTh HEJIOKAIBHBIC YCIOBUS B HHTETPAIBbHON opMe [5, 6|. Meron pa3aeneHus nepeMeHHbIX TPy
uccienoBannu TUuGpepeHIUANTBHBIX U UHTETPO-TH(PepeHIINATEHBIX YPABHEHUH B YaCTHBIX MPOU3BOJIHBIX
pHUMeEHsIETCS B paboTax MHOTHX aBTOPOB, B 9acTHOCTH [7-9)].

Teopus nceBaOrunepOOIMISCKUX YpPaBHEHUH TNOMyYJa 3HAYUTEIBLHOE pa3BUTHE B paboTax,
MOCBSINEHHBIX MOZCIUPOBAHUIO TMPOIECCOB ¢ Auccumnanuer u sddexramu mnamsaTu. Kiaccuueckue
TICEBIOTUIEPOOTMIECKNE YPaBHEHUS BIIEPBBIE CHUCTEMATHYECKH HCCIENOBANNCh B CBSA3M C 3a/ladaMi
MEXaHHKH CIDIONIHBIX CPEJl M TEOpUHU QMIIbTpanud. B aTux paboTax ObUIM yCTaHOBIIEHBI OCHOBHBIE CBOMCTBA
pELICHUIA, BKITFOYasi KOPPEKTHOCTh MMOCTAHOBKH Ha4YabHO-KpaeBbIX 3amad. [10-13].

WuTerpo-nuddepenmmansapie ypaBHEHHS C SAPOM CBEPTKU MO BPEMEHH IIMPOKO MPUMEHSIOTCS IS
OIMCaHUS MPOIIECCOB C HACIEICTBEHHOCTHIO. CyIIECTBEHHBIN BKJIA B X HCCIIEIOBAaHUE BHECIH Pa0OTHI, B
KOTOPBIX W3Yy4YaJKCh BOMPOCKI CYIICCTBOBAHUS, SIMHCTBCHHOCTH M YCTOMYUBOCTU PEIICHUHN JUIS YPaBHCHUN
¢ namsTho. [Ipu 3TOM BakHYIO POJIb UTPACT CTPYKTYpa AApa MHTETPAILHOTO OIEpaTopa U €ro IaIKOCTHBIC
CBOICTBA.

Meron ®ypse H CHOEKTpalIbHBIA MOAXOJ OCTalOTCSd OAHUMHU M3 OCHOBHBIX HHCTPYMEHTOB
WCCIICIOBaHNS JTUHEHHBIX 3a]lad MaTeMaTH4ecKol ¢u3uku. B kiaccuueckux paboTax JOKa3aHa IMOJHOTA
CUCTEM COOCTBEHHBIX (DYHKIWH JUIsi MIMPOKOTO KJIacCca KPAeBBIX 3aJ]lad, YTO IIO3BOJISIET MPEICTaBISATH
pemenus B Buae panos Oypee. [l 3a1ad ¢ HEKIACCHYECKUME TPAHUIHBIMHU YCIOBUSMHU JAHHBIN ITOAXOI
TpeOyeT JOTOHUTEIILHOTO aHaJIM3a, CBSI3aHHOTO C MOCTPOCHUEM OMOPTOTOHAIBHBIX CUCTEM.

Hexnaccuueckue TIpaHWYHBIC YCIIOBHUS, BKIIIOYAIONIME IPOM3BOJHBIC 00J€€ BBICOKOTO IOPS/IKA,
paccMaTpuBaIMCh B psijie padoT, Tie MOKa3aHO, YTO TAaKHe YCIOBHS MPHBOISAT K HECAMOCOINPSHKEHHBIM
CHEKTPaIbHBIM 3ajadaM. B 3THUX cly4asx CTaHAapTHbIE OPTOTOHAIBHBIC PA3JIOKCHUS 3aMEHSIOTCS
OMOPTOrOHAJILHBIMH CHUCTEMaMHM, YTO CYIICCTBCHHO YCJIOXHSET HCCIICIOBAHHE, HO IMO3BOJIIET COXPAaHUTh
BO3MOXKHOCTH ITPUMEHEHUS CTIEKTPAIBHBIX METOJIOB.

MNocranoska 3agaum. B obmactm Q@ ~{(x.r)| 0<x<l, 0<t<T}  paccMOTpHM  HHTErpo-

middepeHnnanbsHOe ypaBHEHHUE!
T
Um0y =1 T (1) 1= J- K(t-Du(x.n)dr+f(x.0). (x.t) €Q; (1)
0

C HaYaIIbHBIMHU YCIIOBHAMHU:
u(x.0)=e(x), u,(x.0)=yx). 0=x<l. (2)
Y TPAaHUYHBIMH YCIIOBUSIMH:
u(0.0)=0. wu, (1.t )+du,, (1.:1)=0, 0<r=T. (3)

rae o0 u d >0~ 3ananHble Yucia, ¢ (x ),y (x )f(x.t )-10CTaTOYHO TIIaJKUe (YHKIIHH.
IIycth Cf_’:mj (Qr} 0003HaYaAET MPOCTPAHCTBO (PYHKIMH Ww(x.t), OTIPEIEITICHHBIX B O, TAKKX YTO

Ak
o
WEC(QT} OSF(ETH.OEIEH.
cx Of

Kpome Toro, C

M
xt

muddepeHmpyembix 1o t B obnactu Q.

(Op) — xmacc GyHkumi, m-kpatHO JU(PEPEHIMPYEMBIX MO X M N-KPATHO

Onpenenenne. OyHKIUS 1 (x.r)ECf f” (¢ QT)H C‘I[: (0 r/; Ha3bIBAETCS KJIACCHYECKUM PEIIICHHEM 3a1a4uu
(1)-(3), eciit OHa YIOBIETBOPSIET CICAYIOLINM YCIOBHUSIM:

Al) u(x. 1) €C(Q,);

A2) {”.\'.\' (l’.!). ”rr(-‘:-r)-“_v.vrr(x-rj}EC[Qf)

A3) u(x.r) ynosnersopsier (1)-(3) B O
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HccaenoBanue npsimMoii 3axaun. B stom pazgene Mbl paccmorpuM 3amady (1)-(3). Me1 mokakem
CYIIIECTBOBAaHNE W EAMHCTBEHHOCTH Kilaccudeckoro pemeHus 3amadu (1)-(3) ¢ momompio MeToma Dyphe.
BHauase uccnenyeM CieKTpaibHYIO 3a/1a4y.

HccienoBanne cnekTpaibHOii 3aga4u. Pemmas oqHOpoIHYIO 3aa4y, COOTBETCTBYOIIYIO 3a1aue (1)-
(3) MeTomoM pazaeneHus MePEMEHHBIX, MBI PUXOANM K CIICKTPaIBHOM 3amade:

V'(0)+HAv(x)=0, O=x<1,

v(0)=0.  y(U=diy(1). d>0. 4

CrnenmoBarenbHO,  CHEKTpalibHas  3amada (4) WMeeT  TONBKO  COOCTBeHHBIE  (DYHKIHMH

};?.(x)= /2 sin \,",ﬂ'—j-x_. J=0.1.2..... C TIOJIOXUTENLHBIMU COOCTBEHHBIMU 3HAYEHUSMH /;, ONPENEISAEMBIMH M3
ypaBHeHHus ctg/i=dV4, /; O0pa3syloT MOHOTOHHO BO3PACTAIOLIYIO IOCIEAOBATENBHOCTD, I KOTOPOH
CIIpaBEJIUBO: Aphy i<l L. s OOIBIINX i ACUMIITOTHYECKAS dhopma
é;,-:z(xj)z-dejﬂLa(;—:), MPOHYMEPOBAHHLIMH B TIOPSIKE BO3pacTaHus. B kadecTBe BCIOMOTraTelbHBIX (DAaKTOB

MBI OyJeM HCIOJIb30BaTh CIICAYIONIUE YTBEPKACHUS, CHOPMYJIUPOBAaHHBIE M OOOCHOBaHHBIE B pabore
H.IO Kanycruna u E.1.Mowuceesa (cm., ¢.1071, [13]).
Jlemma 1. (cm. [13]). Haumnas ¢ HexoToporo mesnoro yncia N, oleHKa

1
0< |} -mj<—
\ﬁ 7 g
BEPHO.
CaencrBue 1. Ilycth :J-(r)=\."§ sin J‘Ifr, JUTS Jyj.:;rj, j=1,2,.... Toraa BBIMOJHSIOTCS CJEIYIOIINE
HEPaBEHCTBA!

2

2 2
relo 1] "1«’ ()5) " 1(0.1) {ﬁzjz ’

: L
2,050l <5

Jlemma 2. (cm. [13]). buoproroHampHas compsik€HHas cucTeMa -{1}-(.¥)}:_D1 K CHCTEeMe {};r.(r)}x
= 1

omnpenenseTcs GopMyoii:

o sm\,@-smvﬂx
SN 4y X
SIII\,-}.D

vi(x)=v2 ———
J 1+dsin” \,"z_.ui.-

Teopema 1. (Teopema bapu) (cm. [14]). Ilycth {:J,-(x)} — oOpa3syer 0a3uc Pucca B mpoctpaHCTBe

L,(0.1), a cucrema {1,;- (x)}< L,(0.1)) — nuneiiHo He3aBUCHMas U KBagpaTudHo 6rmskas k {z;(x)} B Ly(0.1).
Toraa cucrema {1J (x)} sBisercs Gasucom Pucca B L,(0.1).
Teopema 2. Cuctema {)}. (x)} ] = 1,2,3... sBsiercs 6asucom Pucca B mpoctpancTse L, (0.1).

Joka3aTeanscTBo. 111 JOKa3aTenbCTBA TEOPEMBI, HCIOIB3yeEM TeopeMy bapu. {};?. (x)}"  saBnsercs
1

JIMHEHHO HE3aBUCUMOM CUCTEMOM, KOrJa
oo
Z C;};,-(-YFO.- B Vx € (0.1) C=0. nauaxamzoro].
=1

DaKTUYECKH, KaXKI0e x'.“,- SIBJISIETCSI YHUKAJIBbHBIM 3HAUYCHUEM, “v';:.“i.- EVA,,, €CIH j£m. DTO 03HAYACT, YTO

'1‘.;I (\.) NpeaACTaBIIAOT coboit CUHYCOUAAJIbHBIC KoJIeOaHHs ¢ Ppa3HbIMHU YaCTOTaMHU, JIMHEHHAs KOM6I/IHaI_[I/I$I

KOTOPBIX PaBHa HYJIIO TOJBKO B TOM Cllydae, eciii Bce Ko3(hduimeHTsl paBHbl Hyir0. CienoBaTelbHO,
ral [V

o (x)}~ nwuHeitHO He3aBUCHMBI B L,(0,1)..
Al

CormacHo CIEACTBHUIO 1:
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<o

ZiAX
I hL(0,1)

oo

S -
7

=l

CrnenoBaTeNnbHO, MOCKOJIBKY CUCTEMA {);?_(x)}j =1,2,3,... oOpasyet 6a3uc Pucca B ,(0.1). Teopema 3

JI0Ka3aHa.
CunencrBue 2. (cm. [15]) Ecim cucrema };r.(x) j = 1,2,3... obpazyer 0asuc Pucca B L,(0.1), To oHa

SIBIISIETCS IOJTHOM B L4(0,1).

Jlemma 3. (cm. [15]) Ilycts {1}-(1')}3_01 u {3;?.(1-)}3 — OHMOPTOTOHAJIBHBIC IMOCIIEA0BATEILHOCTH
F =1

beccens B L,(0.1). Ecin oqHa 13 HUX noaHa B L,(0.1), To Apyras Takke moaHa B L,(0.1).

CymecTBoOBaHHe U €JHHCTBEHHOCTh PellleHHus.
Teopema 3. Ilycte K(#) € C[0.T] ¥ NIpeANoNOKHUM, YTO BBINOIHAIOTCS yciaoBus (A41)—~(43). Torma

CYILECTBYET KJaccuueckoe pemeHue npsmoi 3agaun (1)—(3).
Joka3aTeabcTBO. MBI 6YZ[CM HCKaTh Kiaccuueckoe pemienue 3anaun (1)-(3) B Bume:

ulx.t)= u-{’!)}}.{ﬁ'), (5)
rae a

uj(r)=J-u(.‘c_.r):-.;?.(x)dt_. j=1.2.3.... (6)

3areM, npuMmeHss (OpMalbHYI0 cxeMy Meroga Dypbe IS ONPENE]EHHs HEU3BECTHOIO
ko dummenta u;(¢) (j = 1,2,...) u3 (1)~(2), nomyqaem:

.| (o) D+ @£ (D1 @)
=1

- J- K(r+-t)u;()dr :-.;?.(x)=0
0

WIH
1; (r)+( }rrj(r) ( } F(tu;.q (7)

rIe
F(ta,a KO~ (-1, ()+ f K(-0u ()de

VYcnosue (2) naér
?J}'(O)zwf ”_‘r' [:O)Z{;'{? ’ }'=1.2. e OSET- (8)
Pemras 3anaqy Komm (7) u (8), Mbl HaXOMM HHTETPATLHOE YPABHEHHE OTHOCHTENBHO 1;(1):
1
u;(t)= @ cospL I+ " y sinLt
o
i

1 . .
w DJ- Fy(ray.q K)sinp(r-r)dr. j=1.2.... 9)

rae

n= =,
J I_WJ

Honcrasus F(t.1;,q.K) B (9), N0Iy4MM HHTETPANILHOE yPaBHEHHUE:
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1 1
i:(1)= @ cosut+ — wsinut+ —— | f{r) sinp (t-0) dt
J'( ) (.';lj v !_EFWJ' o !_b(l—ka,-ﬂrjf"{;( ) '..i'( )

0

1 |
- m!g(ﬂﬂj(ﬂ sin .'-';,-(I'T)df

1 T
+ Lt(l—'i'rzxj)DJ- sin_u}.(z-fj DJ-K(J;)UJ-(T-J;)JJ;JT . j=1.2..... (10)

Huddepenuupys asa pasza no t ypaBHeHHe (10), momyunm:

10; (z)=-LL qa Sty cosi cos L. (r 7) dr
. t
- l_fo:_.J- q(Du;(7) cos .I.l:.?.(l-‘i'.':]ﬂzi’.'
7
¢
+ J-cos w (- TJJ-K(J' Ju(z-n)dndr . j=1.2...., (11)
1+a/ 4
0
(=2 iy f X0
w; (1)=-1 qaj_cas;b.r-{;{?.srmb. Tai’) f f t
¢
+ 1+ ") J-q(r)u (f)sinp. (r 1) j.(r-r)dr
To
t
I
- 1+J fsm w (- T)J-K'(rlr)u (-n)dndr. j=1.2... (12)
T

Crienyromiast leMMa CripaBeUInBa ISl CyIIeCTBOBAHHUS nj(z),n}-(r) u u; (1).
Jlemma 4. Ilycts K(t).q(1)eC[0.T]. Cnenyromue oueHku BepHbl st Bcex t€/0.T) u
(UKCUPOBAaHHBIX JEN:

il

|uy(o)|< |¢9|+ —+G|W|+
J'

ﬁ

(Ilqllﬁ—llKll) ; (13)

il | |¢a| |:,u|+1+a ||q||r+—||f<||))
!’2
||+ —+a|¢|+ ;nf:n)_. (14)
7 2
1 1
|!rj(z)|£’i-ﬂz|%|+ué_ﬂx|%|+ j+a’;; 1+rxx |f|
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1 1 #
+ +—— | llgll+ = IK|
R .2 1+Exx_j 2
?

f_j-"'w

==

IKlcto.n= max 1K) llgllc.n = max 4.

(Ilqllﬁ—llKll) . (13)

1
] [ it | ,|+
|@;| % *1¥;

rae

Jloka3zaTeqbCcTBO. SICHO, YTO S5in .uj_r_il_. cas.uj_z;il it Beex j=1,2..... t€f0.T/. U3 storo ¢axra u (13)

MO’KHO MTOJTYYHUTH OLEHKH JIJIsI uj-l:r):
i

[ Cal1&1G-0) oy @)

1
-
+
JJwJD

|uy(o)|< |¢9|+ —+G|W|+
J'

:
2
. (nqnwgnxn)

oy
"'_,i' Wj

il

lwl<o |+ —+rx|¢;f|+
J'

-
+
J;“"J

Ortcrona, UCX01s U3 HEpaBEeHCTBa I poHyoIIa, oIydaeM:

flfl

exp

IIpoBoxs 31eck onenku u ucnoib3ys (11), momyuaem (14). Aranorudno, u3 (12) muddepeHuupys u
OIICHUBAS MTOJIYYCHHOE COOTHOIIICHHE, TTorydaem (15).
IToncraBus BmpaxceHMe (10) B (7) s onpeiesieHusi KOMIIOHEHTHI pernenus 3anauu (1)-(3), nomyumm:

1
u(x.t)=v2 @ cosy, I+ :,rfsmLL
1 IL. {1+w
=

)J-q(r)u (t-1) SlIlLI. (t) drt ———

L, (1+rzz y

t

fsin.l.l}.(‘i'.':]fg(ﬂ u;(t=n)dndr | sin ij.\. (16)
0

0

Hdns ¢yskumnm (16) mokaxkeM HENPEPHIBHOCT BCEX IMPOM3BOIHBIX, BXOASIIMX B ypaBHeHue (1).
Oyuxmmio (16) dopmanbao npoandhepeHmIpyem:

Uy (.\:,r)=\,’§z ”,; () sin ij.\. (17)

fl

ty, (x.1)== "_Z Asll; (I)smf (18)
1y (6. 0)=\2 ; ,Jj-::;(r) sin ij.\. (19)

B psanax (17)-(19) cnenyromue OIICHKH BEPHBI:
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lu(x.0)|<V2 i |u,(9)]. (20)
..?'=£3
e GAIVE Y [0 @)
J=1
e (x.0) V2 i Al (0] (22
=1
10750 () |<V2 i 4] (23)

J=1
VYuuteigas nemmy 1 u semmy 2, pamwt (7), (17)-(19) npu moGom (x.))EQ,  MakopupyroTcs
CXOISIINUMCS PSIIOM:

13 13 22
Z (‘7’1’3' |“’f|+‘7’1"ﬁ' |¥G‘|+"’3’u’ ”5[:’)")

=1

Gl REY = | (4) ©
_CIZ |@»" +cy |¥f-’ |+CSZ Ifxu(r)l
= J =1 J = J
1 1 1 1
oo 2 oo 2 oo 2 oo 2
1 2 1 2
sl L] (2101 ) =l 2z ) | 217
=1 J =1 J=1 J J=1

b=

+

=

Lad
MH
S| =

Do
=1 =1

Hcnons3ys pasenctso IlapceBans, nomayyaem:
=l

Zl (c22 ro])
=c (”4"‘(4” I;[01] +|M‘-ﬂ'|

1

= 17z
rac c= max C’; =1 2
=123 A

Torma psamet (7), (17)-(19) cxomsrcs abcomoTHO M paBHOMEpHO Ha O, To ecTh yHkums (1)

13 12
qaj.l Tegs; g{rl T3k

e

Ly[0.1] - ||W(4]|

L3[0.1]=C[0.1] )

yaoBieTBopsieT yciaoBusaM (2)-(3). CrnemoBareibHO, KaKa0e HETPUBUAIBHOE pelleHne npsmoi 3amaun (1)-
(3), ynoBnerBopsiroree ycinoBusM 3anauu (2)-(3), npeacrapnsiercs B Buge psaga Oypwe (7).

Cremyromnuii pe3ysbTaT 0 eIMHCTBEHHOCTH cripaBeamB s 3amaun (1)—(3).

Teopema 4. Eciin 3amaua (1)—(3) uMeeT Ki1acCHIecKoe perieHne, TO OHO €TMHCTBEHHO.

Jloka3aTesabCTBO. V; (x) — Qynkuus, GuoproroHanbHas K };?.(rj. Ecnu npennonoxuts, yto 3anayda (1)—
(3) umeer aBa peuieHus, TO U3 UX PAa3HOCTH cienyer cieayromee: u3 ¢(x)=0,w(x)=0, fix.r)=0 cnenyert, uro
@ = 0. Y, = OJ; (f)=0, a ouenka (13), nonyuennas us ypasnenus (10), nompasymesaer, uto |u;(1)/< 0, uro

BBITIOJIHSACTCS TOJIBKO TIpH #4;(2) = 0. TTocne/iHee paBEeHCTBO SKBUBAJIEHTHO TOMY, YTO
(”('rr)r 1’:;"
o0

[Tockonbky cuctema {1}-(1‘)]  ABIAETCS noJiHOM B mpoctpancTBe L;(0,1), To dynkums u(x.r)=0 B
=

}L;(DJ): 0

(0.1) st xaxgoro +€[0,.7]. CnenoBaresbHO, Pa3HOCTh MEXY ABYMsI IIPEAINOIaraéMbIMHU PEIICHUSIMU paBHA
HYJIIO, TAaKUM 00pa3om, peuienue 3anadu (1)-(3) sBiseTcsi eJMHCTBEHHBIM.

3akunwuenue. B manHoi paboTe paccMOTpeHBbI mpsMasi 3agada Uit HHTErpo-auddepeHInanbHOro
MICEeBIOTUNEPOOINIECKOTO YpPaBHEHHS C HEKJIACCHYECKMMH T'paHWYHBIMH ycnoBusmHu. CHadana Oblna
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M3y4eHa CeKTpajibHast yacTh 3agauu (1)—(3) u npoaHaIM3upOBaHbl CBOMCTBA COOCTBCHHBIX (DYHKIUI. 3aTeM
IUTSL IPSIMOM 3a1a4yu ObUT puMeHEH MeTo Dyphbe ¢ LEeNIbI0 YCTaHOBJICHUS XOPOIIO OCTaBICHHOCTU. Briin
JTIOKA3aHbI CYIIECTBOBAHUE M €IUHCTBCHHOCTh PEIICHUS MPSMOM 3a][a4H.
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BBIYMCJIEHUE UHTEI'PAJIOB IPOBHOI'O MOPSIAKA: AJITOPUTMBI U
METO/IbI
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u.0. doyenma Ynusepcumema Peneccauc

Annomayusa. B pabome npedcmasneno cucmemamuieckoe UcCile008anue aieopummos U YUCIeHHbIX
Memooo8 BbIMUCTIEHUS UHMeSPanos OpobHO20 NopadKka ¢ axkyewmom Ha unmeepan Pumana—/Tuyeunis.
Axmyanvnocms  ucciedosanus  00ycioénena  8ospacmaioweli  poivio  OpoOdHO20  UCUUCIEHUs  Npu
MOOenUpoBanuu npoyeccos ¢ NAMAMbIO U HENOKATbHLIMU CEOUCMEAMU, BO3HUKAIOWUX 6 (u3uKe,
UHdICeHepuy, OUOIOUU U NPUKIAOHBIX HAYKAX. B omauuyue om uyucmo meopemuueckux ucciedosanui, 6
O0aHHOU pabome OCHOBHOE GHUMAHUE YOeNeHO NPAKMUYecKou peanuzayuu OpOOHbIX UHMESPANos ¢
UCNONIL306AHUEM HUCTIEHHbIX —aneopummos Ha sasvike Python. Kiaccuueckue memoovl 4UCIEHHO20
UHMeZPUPOBAHUs, BKIIOYAS MemoO mpaneyuti, aoanmuposanvl Oid NPUOTUICEHHO20 — BbIYUCTEHU
uHmezpanos OpooHo2o nopsaoka. llpeocmagieHvl ULTIOCMPAMUBHbLE YUCLEHHbIE NPUMeEPbl U 00CYHCcOeHUe
nozpewHocmeti, nNOOMEEPHCOAIOWUe MOYHOCHY U YCMOUYUBOCIb NPEONOHCEHH020 nooxooa. [lonyuennvie
pe3yibmamusl  OeMOHCMPUPYIOM, YmMoO  paspabomanHvle —anOpUmMMbL  MO2ym Obimb  dghdexmusno
UCNOIL308AHBL KAK 8 00PA308AMENbHBIX YEsAX, MAK U 01 NPUKIAOHBIX HAYYHBIX UCCIe008AHUIL.

Knroueswie cnosa: unmezpuposanue 0pobHoeo nopsioka, I amma-@ynkyus, unmezpanst Pumana.

KASR TARTIBDAGI INTEGRALLARNI HISOBLASH: ALGORITMLAR VA USULLAR

Annotatsiya. Ushbu ishda kasr tartibli integrallarni hisoblash algoritmlari va sonli usullarini tizimli
ravishda o ‘rganish taqdim etilgan bo ‘lib, asosiy e 'tibor Riman—Liuvill integraliga garatilgan. Tadgigotning
dolzarbligi kasr tartibli hisoblashning xotira effektlari va nolokal xususiyatlarga ega bo ‘Igan jarayonlarni
modellashtirishdagi tobora ortib borayotgan ahamiyati bilan izohlanadi. Bunday jarayonlar fizika,
muhandislik, biologiya va amaliy fanlarda keng uchraydi. Sof nazariy tadqigotlardan farqli o ‘laroq, ushbu
ishda kasr tartibli integrallarni Python dasturlash tilida amalga oshirilgan sonli algoritmlar yordamida
amaliy hisoblash masalasiga asosiy e’tibor qaratilgan. Klassik sonli integrallash usullari, jumladan,
trapetsiyalar usuli, kasr tartibli integrallarni taxminiy hisoblash uchun moslashtirilgan. Taklif etilgan
yondashuvning aniqligi va barqarorligini tasdiglovchi ko rgazmali sonli misollar hamda xatoliklar
muhokamasi keltirilgan. Olingan natijalar ishlab chigilgan algoritmlar nafaqat ta’limiy magsadlarda, balki
amaliy ilmiy tadqiqotlarda ham samarali qo ‘llanishi mumkinligini ko ‘rsatadi.

Kalit sozlar: kasr tartibdagi integrallar, Gamma funksiyalari, Riman integrallari.

FRACTIONAL ORDER INTEGRALS CALCULATION: ALGORITHMS AND METHODS

Abstract. This paper presents a systematic study of algorithms and numerical methods for computing
fractional-order integrals, with particular emphasis on the Riemann-Liouville integral. The relevance of the
study is motivated by the increasing importance of fractional calculus in modeling processes with memory
effects and nonlocal properties arising in physics, engineering, biology, and applied sciences. Unlike purely
theoretical investigations, this work focuses on the practical implementation of fractional integrals using
numerical algorithms developed in the Python programming language. Classical numerical integration
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techniques, including the trapezoidal rule, are adapted to approximate fractional-order integrals. lllustrative

numerical examples and a detailed discussion of approximation errors are provided, confirming the

accuracy and stability of the proposed approach. The obtained results demonstrate that the developed

algorithms can be effectively employed for both educational purposes and applied scientific research.
Keywords: integration of fractional order, Gamma functions, Riemann integrals.

Beenenne. J[poOHoe mcumcienue, ododuiaromee Kiaccuieckue omnepanuu auddepeHuupoBanus 1
WHTETPUPOBAHMSI Ha HEIeJble IMOPAIKH, B TIOCIEIHHUE [ECATHIICTHS MPHUBIEKAaeT OOJbIIOE BHUMAaHHE
uccienoBareneil. 3To 00yCIOBIEHO ero CIOCOOHOCTBIO aJeKBATHO OIMCHIBATH MpoIecchl ¢ A dexkramu
namsITH, HACIEACTBEHHOCTH M aHOMalbHOU Au(dy3uH, KOTOpble HE MOTYT OBITH KOPPEKTHO OIHCAHBI C
WCTIONB30BaHUEM MOJIEJICH KIaCCHUECKOT0 IeT0YUCICHHOTO OPSIKa.

MeTtompl IpOOHOTO HMCYHUCIEHUS HAXOAAT ITUPOKOE NMPUMEHEHHE B PAa3IWYHBIX OOJIACTSIX HAYKH U
TEXHWUKH, BKJIIOYas  3aJauyd  BSA3KOYNPYrOCTH, TEOPUIO  ympaBleHus, o0OpabOTKy  CHTHaJOB,
SMHUIEMHUOJIOTHYECKOE MOJENUPOBaHUEe, a TaKkkKe MOICIUPOBAHUE CIOKHBIX JAWMHAMHYECKHX CHCTEM.
brnarogapsi cBonmM cBoiicTBaM ApOOHBIE MOJIEIH IMO3BOJSIOT OOJNEe TOYHO YYUTHIBATH JIONTOBPEMEHHBIE
3aBHCHMOCTH W HENOKAIbHBIE A()()EKThI, BOZHUKAIOIINE B PEATbHBIX (PH3UIECKHUX MPOIIeCCcax.

HecMmoTpsi Ha 3HAYUTENIbHOE KOJMYECTBO TEOPETHUYCCKHX HCCIEAOBaHUNH B 00JacTé JpoOHOrO
aHaIM3a, MPaKTHYECKas pean3allis alrOpUTMOB BEIUUCIEHUS APOOHBIX HHTETPAJIOB M MX MCIOIB30BaHUE B
BEIYHCIUTEIHHBIX DKCIEPUMEHTaX OCTAOTCS aKTyalbHOW 3amadedl. UWCIEeHHBIE METOABl JIPOOHOTO
WCYUCIICHHS CPAaBHUTENBHO PEAKO paccMaTPUBAIOTCA B CTaHIAPTHBIX YUEOHBIX KypcaX, YTO 0OyCIIOBJICHO
KaK MaTeMaTHYECKOH CIIOHOCTBIO COOTBETCTBYIOIIMX OIEPATOPOB, TaK M OTPAHUUYEHHOH JTOCTYIMHOCTHIO
YAOOHBIX BEIYUCIUTEIHHBIX HHCTPYMEHTOB.

Llenpto HacTosimiel pabOTHI SIBISIETCS HCCICAOBAHME YHCICHHBIX alTOPUTMOB BBIYHCIICHUS
MHTETpajJioB JAPOOHOrO TMOpsJAKa M HMX TNporpaMMHas peanusainus Ha s3sike Python. B paGore
paccMmarpuBaeTcs uHTeTpanm PumaHa-JImyBWis M METOABl €ro YMCICHHOTO TNPHUOMIKEHHWS Ha OCHOBE
KJIACCHYECKUX CXEM WHTETPHPOBAHMS.

Hayunas HOBH3HA pabOTHI 3aKJII0YaEeTCs B pa3paOdOTKe HATJSAIHOTO M BOCIIPOM3BOJIUMOrO ajJrOpUTMa
YHCJICHHOTO BBIYHMCICHUS JPOOHBIX WHTETPAloOB, OCHOBAHHOTO Ha MPUMEHEHUHM KJIACCHYECKUX METOJIOB
YUCIEHHOTO WHTETPUPOBAaHUSA, a TakKe B CO3JAaHWHA TNPOTPAMMHON pean3alid, ITO3BOJISFOIIEH
WCTIOJIB30BaTh MPEIUIOKEHHBIN MOIX0 KaK MHCTPYMEHT JUIsl HayYHBIX HCCIIEOBAaHUN U 00pa30BaTENbHBIX
nenedi. Ocoboe BHUMaHHE YAESIETCS aHAINW3y TOYHOCTH BBIYMCICHWH W HCCIIEJOBAaHHIO CXOAUMOCTH
WCTIONIb3YEMBIX YHCIIEHHBIX CXEM.

B 3akmoueHre OTMETHM, 9TO CTPYKTYpa CTaTbU OpPraHU30BaHa CIEAYIOMUM o0pa3oM. B cremyromem
pasjzesne paccMaTPUBAIOTCS TEOPETUUECKUE OCHOBHI IPOOHBIX MHTErpaiioB. /lanee onmuchIBaOTCS YHCICHHBIE
METOJIbI WX BBIYHCICHHS M TpOTpaMMHasl peanu3alus MPeJIOKEHHBIX alrOpUTMOB. B 3aKIIFOUNTENbHOM
YacTH TIPUBOASTCA PE3yJbTaThbl BBIYMCIUTENBHBIX OKCIIEPUMEHTOB W OOCYXHAIOTCS MMONydYeHHBIE
pe3yIbTaTHL.

K coxaienuto, B y4eOHBIX 3aBEIICHUSIX PEAKO O0YYarOT PELICHHI0O WHTETPajoB JAPOOHOIO MOPSJIKA.
Urto0sl crienath 3Ty TeMy OoJiee TOCTYITHOH, Mbl OOBEAMHUIIN TEOPHUIO C MPOTPAMMHUPOBAHUEM H HATIHICAIN
KoJ Ha s3pike Python. J{ns peanmusanuu wucnosb3oBaivuchk Metoabl X. Xoamrpena u b, Pumana ans
BBIYHCIICHHSI HHTETPAJIOB APOOHOTO mopsiika. Popmyria BBITISIUT CAeayomuM oopasom (em. [1]-[4]):

I‘xﬁ$ ) J’D‘ﬂr) . (_\;_r)fx-l At x>0 (1)

-

rae I'- ramma pyskmwst: I'(o)= fD_x Ty
0. - IOPSIIOK UHTETPUPOBAHHUS;
f(t) — dynkums , onpenenéunas Ha [0,0).
®opmyny (1) MBI XO0TenH JOKa3aTh CIEAYIOMIAM 00pa30M.
i a .
DIf== f fG)7v
Kpowme Toro, Ham U3BECTHO, UTO AJis V€N BepHO PaBEeHCTBO
(DI)™=J.
CHauvana onpeaeiauM HHTerpail M- ro mopsijka:
1-oro nopsiaka:
I= f, fG)ey,

2-0r0 MOopsijKa:
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X

PA)=IMIfI= f A ay= Jl .ﬂr)ﬂ?ﬂ'}':
o 0

0

3-ro nopsaka:
X

f P (1 r)

0
3aMeTUB 3aKOHOMEPHOCTbH B HUX, nonyqaeM 001IyI0 (bopMyny

m- 1
1)1 fgﬂr)(\ !)
1
a CBA3AHHYIO € npobjeMy MBI PEHIMIM C TMOMOINBI0 TamMa-QyHKuuH. Takum oOpazom,
M- -
noryumia hopmyiry (1).

HcTtopus wHTETpUpOBaHUS IPOOHOTO TMOpSAIKa CBsA3aHA ¢ WMeHamu X. XonMmrpeHa u b. Pumana.
Puman momyunn sty ¢opmyny u3 ¢opmynsl JlmyBmwuia. Kpome Toro, ypaBHeHune AOensi Toke HrpaeT
OOJIBIIYIO POJIb B Pa3BUTUU TEOPHH UHTETPUPOBAHUS IpoOHOTO Oopsiaka. OHO UMEET CIIeTy IO BUI:

X

1
—— | A (-0 =Ax 2
o [oeotay @
0
OHO OBLIO B KOMIUIEKCHOM ITPOCTPAHCTBE JIJISl aHATUTHYSCKUX (DYHKITUH:
Pt L a o
()71
B 1917 roay B kuure «The General Theory of Operators» maremaruk I'.Beitn [5], paspaboran
(hopMyITy HHTETPUPOBaHHS APOOHOTO MOPSAKA ISl IEPHOANIECKUX (DYHKIIHUH.
3neck wmcmonb3oBanach lamma-pynkumsa. PaccMoTpum ee cBoiictBa. ['amma-QyHKIMHM WK TO-

apyroMy (yHKOMH Oinepa NPUMEHSIOTCS JIMOO NPH BBIYHCICHUM CIOXKHBIX HMHTETpajoB, OO NpH
BBIYUCIICHHN (PaKTOpUAIOB NpoOHBIX yrcen. Camy QyHKIHIO MOXKHO HAaIUCATh TaK:
0

]—(EI)=J- ¥l gy (4)

CpoiicTBa ramMmma-(yHKIWH:

T()T(+1)=- T

]"(:+1)=:]"(3 '.K:
T'(n+1)=n!

s mpoBepkH KOPPEKTHOCTH U 3(P(PEeKTUBHOCTH NPEASIOKEHHOIO alrOPUTMa ObUIM TNPOBEAEHBI
BBIYUCIUTEbHBIE JKCIIEPUMEHTHl C HCIOJIB30BaHUEM TECTOBBIX (YHKUMH, IUIsI KOTOPBIX HW3BECTHBI
AHAJIMTUYECKUE 3HAYCHUS IPOOHBIX HHTETPAJIOB.

1. YUncneHHble SKCIIEPUMEHTHI U aHATIU3 PE3YIbTaTOB

Mpu1 B3sn pynkumio B Buge Y=t JlaBaiite MpoBeNEM YMCIIEHHBIE SKCIIEPMMEHTBI IS TOYHOCTH M
CXOJIUMOCTH.

st Heé aHamMTHYECKOE 3HaYeHHE JPOOHOTO MHTETpaJIa IMEET BUL:

—!',t
PPl ©)

UmncneHHbIe 3KCTIEPUMEHTHI

Pacuérsl npoBogmince Ha otpeske [0, 2] ¢ 401 Toukoi.

Pesynprarel jisa t = 2:

E‘AH&JIHTH‘IGCKOC 3HaqennquncneHH0e 3HaquneHA6c. lIOFpeHIHOCTLHOTH. NOrpeuHocTh (%)l
0.3 ~ 1.8352 I ~2.777 I ~0.942 I ~513 |
0.9 ~ 1.7022 | ~3.092 | ~ 1390 | ~81.7 |
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E‘Aﬂa.nnnmecxoe 3Ha‘leHﬂe|quCHeHH06 3HaqeﬂneHA6c. ﬂOFpeHIHOCTb“OTH. NOrpeurHocTh (%)l

0.7]F 1.5580 k3.010 [z 1.452 k932 |

BhICOKHE 3HAUEHHS OTPEIIHOCTH O0BSICHIIOTCS CHHIYIAPHOCTBIO siapa (t - 8)* ! mpu

S — t ¥ WCITOJIB30BAaHUEM IIPOCTOTO METOAA Tpamenuii 0e3 CHeIHaIbHON 00paboTKH 0COOCHHOCTH.
JUJ1 TIOBBIIIIEHNS] TOYHOCTH PEKOMEHIyeTCs YBenMnduTh uncio y3ioB (N > 5000), mpuMeHsITs KBaIpaTypsl
BBICIIIETO TIOPSIIKA HITH MCTIONB30BaTh MeToAbI Tuma Griilnwald-Letnikov.

fit) O-TIOPATOK AHAJIMTHYECKOE PEIICHHE
1 0.7 Wt
VT
0.5 (2 .. _
! (D) 17_0,000018192477
r(2.7)
2 1.3 (3
d TG 55 13060783
r'(4.3)

[Tony4eHHbIE pe3yabTAaThl YHCIEHHOIO HHTETPUPOBAHMS OBUIM COMOCTABIICHBI C COOTBETCTBYIOIINMHU
AHATMTUYECKUMH PEeIICHUAMH. Takoe CpaBHEHHE TO3BOJIMIIO OLIEHUTh TOYHOCTh pa3pab0TaHHOIO alropuTMa
" OIIPEACIIUTL CTCIICHL €0 COOTBECTCTBUA TCOPECTUYCCKHUM 3HAUCHUAM.

IIpoBenénuple pacdy€Tel MOATBEPIMWIM  PabOTOCIIOCOOHOCTH  aNrOpUTMa, OAHAKO  BBIIBHIN
3HAYUTENBHYIO MOTPEITHOCTh MPU MAaJbIX O W3-3a CHHTYJSIPHOCTH SApa. OTO OXHIAEMOE MOBEACHHUE IS
0a3oBoii peanuzanuu MeTona Tpanenuid. [lomydeHHbIE Pe3yNbTaThl MOTYT CIIY>KUTh XOPOILIEH OTIpaBHOM
TOYKOM IS JAIBHEHIIETO YIIyYIIEHUS alIrOPUTMA.

s Oonee neTanpHOM OLIGHKM TOYHOCTH BBIYMCICHUH ObUIa NMPOBEAECHA KOJMYECTBEHHAS OLICHKA
HOTPENIHOCTH YUCICHHOTO MeToja. AOCOMIOTHAs IOTPELIHOCTh OIpeAeNsiach Kak pPa3sHOCTb MEXKAY
AHAJIMTUYCCKUM U YUCJICHHBIM 3HAUYCHUAMU UHTETpaJia:

E= IE.‘.'CI."F - I}mm

IIpoBen€HubIil aHanM3 TMOKa3ad, 4YTO NPU YMEHBIICHWM IIara HWHTETPUPOBAaHUS HaOII0NaeTcs
yCTOﬁ‘IHBOG YMCHBUICHUE BCJIMYMHBI NOTPEIIHOCTH. 9t0 CBUACTCILCTBYET O CXOAUMOCTHU HCIIOJIB3YyEMOI'O
YHCIEHHOTO METOJA U OJATBEPKAAET KOPPEKTHOCTh PEAIN30BAHHOTO AITOPUTMA.

CryneHT 3aTeM MOXKET CaMOCTOSITeNbHO 3aJaBaTh MOPSJIOK M MECTO NepeMeHHOW. B muTore Mol
MOJIyYUM OIpeIelIEHHBIN HHTEerpal ApoOHOTO ropsAaka. Pazdbepémcs B Hamem Koje:

import numpy as np

import math
def rl_integral(f, t, alpha):
n = len(t)

result = np.zeros(n)
for i in range(1, n):
s=t[:i]
if len(s) == 0:
continue
ds =t[i]-s
kernel = ds ** (alpha - 1) / math.gamma(alpha)
integrand = f(s) * kernel
result[i] = np.trapz(integrand, s)
return result
# Tect
t = np.linspace(0, 2, 401)
f = lambda x: x**2
alpha=0.5
num = rl_integral(f, t, alpha)
exact = t**(2 + alpha) / math.gamma(3 + alpha)
print("Anamutnueckoe (t=2):", exact[-1])
print("Uucnennoe (t=2): ", num[-1])
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print («ITorpemHocTs: «, abs(numl[-1] - exact[-1]))

Meton Tpaneuuii METOJlT YMCJICHHOI'O HWHTETPUPOBAaHUSA (YHKIUH OJHOHW IECPEMEHHOM,
3aKJIFOUAIONIUICS B 3aMCHE Ha Ka)JIOM AJICMCHTApPHOM OTPE3KE TOJIBIHTETPAIbHON (DYHKIIMM Ha MHOT'OUWICH
MEPBOM CTENECHHU, TO €CTh JHMHEHHYH ¢yHKumwo. [Inomane mox rpadukoM (QyHKIUU anmpOKCUMHUPYETCS

IIPAMOYTOJIbHBIMH TPAICUsAMU.
n-1

Zﬂ-ﬂﬁ{(ﬂ-l)h
=0 )

ol

B
=

RO,

\

—

V)

A 370 - POpMyJIBI METOZIA TPATICLIUH.

Crenyer OTMETUTbh, YTO METO/IbI JPOOHOI0 UCUUCICHUS HAXOIAT IIHMPOKOE NPUMEHEHHE B PA3IMYHBIX
00JIaCTSIX HAYKH U TEXHUKH. B 4acTHOCTH, OHM MCHOIB3YIOTCS IIPH MOJCIUPOBAHNH MIPOLIECCOB aHOMAJIbHOM
muddysun B Gpusrke, Mpu ONMHUCAHUU AUHAMHYECKHX CUCTEM C 3P (deKTaMu TaMATH B OHMOJIOTHH, a TAKXKE MPH
aHaJM3e BA3KOYNPYTHUX CBOMCTB MAaTEPUAIOB B MH)KEHEPHBIX 33/1a4ax.

B cBs13u ¢ 3THM pazpaboTaHHBIE aITOPUTMBI U IPOTPAMMHBIE CPEICTBA MOT'YT OBITh HCIIOJIb30BAHbI HE
TOJILKO B 00pa30BaTENbHOM NPAKTUKE, HO U MPH MPOBEICHUN MPUKIAJHBIX HAYYHBIX UCCIICTOBAHHH.

3akimouenue. B Hactosielt paboTe paccMOTpEeHBI OCHOBBI APOOHOTO HMHTErpupoBaHus Prmana-
JlnyBWiIs, M mpenioKeH MPOCTOW YHCIEHHBIH aJrOpuTM €ro NpHONMKEHHOTO BBIYMCICHUS Ha SA3BIKE
Python. Pa3paGotaHHbIii 0X0/] OCHOBaH Ha KJIACCHYECKOM METOJIC Tpareliii i KOHBOJIIOIMOHHON CXeMe,
YTO JICNIAET €ro JOCTYITHBIM JUII IOHUMAaHUS CTyICHTAMH U HAYMHAIOIMIMMH CIICIIHATHCTaMH.

IIpoBei€éHHBIE BBIYMCIUTENIBHBIE SKCHEPUMEHTHl IMOATBEPAMIN PaOOTOCHOCOOHOCTh alropuTMa,
OJTHAKO BBISIBMJIM HEOOXOJMMOCTb JTAJIIbHEHUIIETO MOBBILIEHUS! TOYHOCTH 3a CUET y4€Ta CHHTYJISIPHOCTH siipa
W IpUMEHeHHs OoJiee COBEpPIICHHBIX KBaJpaTypHBIX GopMyd.

[Monmy4eHHBIH TPOrpaMMHBIA KOJA OTKpPBHIT, MPOCT B HWCIOJNB30BAaHHA M MOXXET OBITh YCHEIIHO
NpUMEHEH B yueOHOM mpolecce By30B Y30€KMCTaHa Uil M3YYEHHUS JIEMEHTOB APOOHOI0 HCUHCICHUS, a
TAaKKe B HAaYaJbHBIX HAYYHBIX HCCIENOBAHUAX, CBS3aHHBIX C MOACISIMH NaMATH W HEJIOKAJIbHBIMH
s pexTamu.
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VIIK 51

HECMEILEHHAS U € - CMEIEHHASI OLEHKH JIJ1S1 PEIIEHUS 3AJJAYM KOILIUA
JUIS1 OBOBIIEHHOT'O YPABHEHUSI HEU30TPOITHOM IU®®Y3UU

Toorcues Toxup Xanumosuu,

Odoyenm rkaghedpvr  MUnopmayuonuwix mexnonoeui
Depaanckozo 20cy0apcmeenHo20 yYHugepcumema,

KaHOUOam mexHuyecKux HayK

Hcmounosa lunpabo Cuouxrnconosna,

cmapwuii npenodagamens Kageopwvl Hngopmayuonnsix
mexnonocuti @epeancroco 20cy0apcmeeHH020 YHugepcumema
dilrabohismoilova59@gmail.com

Annomayua. B pabome uccnedyemcsa sadaua Kowu 01a 0000WéEHHO20 YpagHeHUs HeUu30MpONHOU
ougppyzuu. Ilocmpoenvl necmewénnvie U CMeWEHHbIE OYEHKU PeuleHUsi HA OCHO8e MAPKOBCKUX yeneu u
memooa Monme-Kapno. /lokazanvl cgoucmeéa MapmuHeaibHOCMU U KOHEYHOCMb OUCHepCUU OYEHOK.
THonyuennvie pezymvbmamvl Mo2ym OblMb UCNOAL30GAHbL OISl YUCIEHHO20 DEUEeHUss MHOZOMEPHBIX 3a0ay
MamemMamuieckol Qu3uKu.

Knrouesvle cnosa: szadaua Kowwu, neuszomponuas oupgysus, mapkosckas yenv, memoo Moume-
Kapno, necmewénnas oyenxa.

UNBIASED AND BIASED ESTIMATES FOR SOLVING THE CAUCHY PROBLEM FOR
THE GENERALIZED EQUATION OF ANISOTROPIC DIFFUSION

Abstract. This paper studies the Cauchy problem for a generalized anisotropic diffusion equation.
Unbiased and biased estimators of the solution are constructed using Markov chains and the Monte Carlo
method. Martingale properties and finiteness of the estimator variance are proved. The obtained results can
be applied to numerical solutions of multidimensional problems in mathematical physics.

Keywords: Cauchy problem, anisotropic diffusion, Markov chain, Monte Carlo method, unbiased
estimator.

ANIZOTROP DIFFUZIYANING UMUMLASHTIRILGAN TENGLAMASI UCHUN KOSHI
MASALASINI YECHISHDA SILJIIMAGAN VA SILJIGAN BAHOLAR

Annotatsiya. Ushbu ishda umumlashtirilgan anizotrop diffuziya tenglamasi uchun Koshi masalasi
o ‘rganiladi. Markov zanjirlari va Monte-Karlo usuli asosida yechimning siljimagan va siljigan baholari
qurilgan. Baholarning martingallik xossalari hamda dispersiyaning chekli ekanligi isbotlangan. Olingan
natijalar matematik fizikaning ko ‘p o ‘Ichovli masalalarini sonli yechishda qo ‘llanilishi mumkin.

Kalit so‘zlar: Koshi masalasi, anizotrop diffuziya, Markov zanjiri, Monte-Karlo usuli, siljimagan
baho.

Beegenme. Paccmorpum 3amauy Komm B KIacCHMYeCKOM ITOCTaHOBKE B (n +l) MEPHOM

IIPOCTPaHCTBE R™ & cioe Q=R"x [O,T]

u(xt) & ;o%u( k ;ou( xt)
L g)=——- =f(x,t), 1
(Lu)(x.t) p ijz_;a 8x8x’ +lelmz; (x.t) (1)
u(x,0)=¢p(x),  xeR" 2)
rmue aij 154 ,Bjm (i =12,... k j—l 2,.. k m=12,.. I)HOCTOS[HHBIC KO3 PHUITHECHTBI,

n=k+l.
Iycts @ =(0(ij) -kxk Marpuiia, ,B=(ﬂjm) -Ixk Marpuiia.

Ipennaraem:
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i
- MaTtpuia o= (0( ) ) CUMMCTPpHUYHA U MOJIOXKUTCIIBHO OIIPCACIICHA.

-1
- Marpuia ﬂ = ( ,Blm) TakKas 4To, I xI marpuna I'pamma (a) = ( ﬂaﬂT) ) TOJIOXKUATEIBHO

ompenencHa (HEBBIPOXKICHA).
OyHKINN f(X,t) u gD(X) OyneM cuYuTath HEMPEpPHIBHBIMU B R". B MIPEI0KESHIN

CYIIECTBOBaHHs CIUHCTBEHHOCTH pemieHus 3anad (1)-(2) mocTpouM anroput™ il €ro YHCICHHOM
peanuzanuu.

Jns nanpHeiimero OyayT ynoOHBI cienyromue oOo3HadeHus. Beenem (B Onounoit 3ammcu) NXN
MaTpHIBL. DTH MaTPULBI UIMECIOT CJIECTYIOLIHA BUI:

a=a(s)=(mi mzj, a=q(s)=a"(s).

m, M,

C(S):[_'SKA ?j:exp[_gﬂ 8} d(p):[p“:k p;’z“],

3
6ok M, = 4i|:a1 +3ﬂTa)ﬂ] pasmepa K x K, 6ok m, = Z—SZﬂTa) pasmepa K x|, 6ok mz
S

pasmepa | XK, M, = — @ pasmepa | <1, marpumer |k,0, yog |, ananornunsix pasmepos. 3nech u nanee
S

I r - XTI enuanvnas matpuua, d ( ,0) - muaroHaibHas marpuna S=1—17.
Jlemma 1. Marpuiist a(s) u( (S) npu S > 0 nmonoxurensHO onpeeneHsL.

JoxazarenbcrBa. Jlerko npoBepuTs, uTo MaTpuna ( (S) B OJIOYHOM pa30veHUH UMEET BU/I:

da ~2saf3’
=q(s)=s =a'(s)=a
9=0(8)=5 s Sar (s)

JlocTaToyHO 10Ka3aTh MOJIOKUATEIBHYIO ONPEAEIEHHOCT MaTPHULLB 4— q (S) . CooTBeTcTBYIOIIAsA €1
S

k k
kBaapatuuHas gopma ot mepemennsix ¢ € R° (R" - K - MepHOE €BKIHIOBO MPOCTPAHCTBO CTPOK) H

ne RI UMECT BU/I:
2 T
T T, S TT 1 1 1 T\,T
K=¢al" —séap'n’ +=npap'n’ =| E=snp |a| E=Zsnp | +on(paB’ )n
BujmM, 4TO OHA paBHA CymMMe ABYX KBaAPAaTHUYHBIX (OPM ¢ HEBBIPOXKIEHHBIMA Marpuuamu ['paMma & u
1
BB’ unosromy K >0. Pasencrso K =0 sneuer pasencrsa 7 =0 u & — ES?]ﬁ =0, re. Jlemma

JOKa3aHa.
N3 nokazaHHOro ciieqyeT, 4To MaTpuua a SIBJISETCS CAMMETPUYHOMN U MOJIOKUTEIBHO ONIPENEIEHHOM.

T
A10 03Hauaer, uto kaxpatuyHas popma XaX =0 mwrs nmpomssonsrOro X = ( Xiyeeny Xn) eR" , TTIO3TOMY

o .. T
MaTpuiia A MOpeJcTaBUMa B BUJE MPOU3BEAEHUS HEKOTOPOU MaTPHUIIbI b na ed TPaHCIIOHUPOBAHHYIO b ,a

WMEHHO d = bbT .

Torna Z(X,t; y,Z') - (yamaMeHTasbHOE pemieHHe ypaBHeHHE (1) ¢ CHHTYISPHOCTHIO B TOYKE

( Y, Z') HUMECT BH/I!
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Z(xty,7)=

=7 "2|af " (t-7) " exp{—(y—Cx)T d(t 1 jad(t 1 j(y—Cx)}
- -7
rie ||a|| = det(a), Y= k+3l.

n+1
C momombio (PyHIAMEHTAaIBbHOTO pelieHns ompeaenuM B R obmact (IIapOUABI) CIEAYIOMINM

o6pasom. Iycts uncio (mapamerp) I > 0.
Ob6nacth

3)

B (xt)={(v.7):Z(xtiy.7) > 7" af 17 t> 7}

OyneM Ha3bIBaTh MIAPOHIOM panuyca I ¢ IEHTpOM B TOUKe (X,t) . B, (X,t) MOYKHO TIEpEIHCaTh B

BUJIE.

B, (x,t) {(yr) (y—Cx)' d[ L ]ad(tffj(y_c;x)ggm r } @

t—7 t—7
2
U3 (4) BumHO, 4TO 7 yhoBIeTBOpseT ciaemymum yemouam: 7 <t, 7 >1—7". Kaxnoe ceuenne
o 2
mrapoua TOpU3OHTaIbHOM miiockocthio 7 =CONSt, t—7° <const <t, spnserca N - mepHBIM

SJUTHIICOMIOM C LEHTPOM B TOUKE (e‘(t")ﬁx,r). Ecm p<TI. 1O Bp(X,'[) c B, (X,t). Ipu r —>0
B, (X t) u OB (X t) MOHOTOHHO CTSATHBAKOTCS K IIEHTPY ( '[)
[ostomy cymectyer takoe ' > 0 gro mpu (X t) e, B (X t) C Q

Hycrs I > 0 Takoe, uto Br (X,t) C Q torma jyist pemenust 3aaaun (1)-(2).

CIIPaBEAJIMBO CJICAYIOIIECC COOTHOIICHHUE:!

u(x,t)=(Eu)(xt)+ f(xt), ©)

rIe

(Eu)(xt)=

—(y1 )”’Zj/vl(ln(lm )" ([ u(y(2.0).2(4))n" (0)4bab"n(0)dsd 2’

0 $1(0)

J.J. |: Xt Y, 2’ n/2||a||1/2 r7:|f (y,z')dydz-_

(x.t)
3nech 51(0) (n 1) MepHasi equHUYHAs cdepa ¢ OOBIYHBIMH OPTOTOHAIBHBIMU KOOPIHMHATAMH

6’=(92,6’3 ..... Qn), OSHJ- <7 o 2< j Sn—l,OSHj <2r. H(Q)eSl(O) eAMHUYHBIH N -

MEPHBII BEKTOP.
y(4,0)=e"“Px+(yIn(L/ 2)) " d(r*2%)bn(6), (6)
r(/i) =t-r’i*.

U3 (6) ciemyer, uTo eciu r(X,t)Stllz,an (X,I)EQ, TO Br(X,t)Cﬁ.

- - o0
[IpucTtynuM K TIOCTPOECHUIO MAapKOBCKMHU LENH {(XJ ,tJ )} , Ha KOTOpOH OyJeM CTpOHTH
j=0

HECMEIIEHHYIO OLIEHKY pernenus U ( X, t) 3amaqn (1)-(2).

Hna U ( X, t) =1, npumenus opmyny (5), momyunm:
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(7//ﬂ)nlzjﬂ‘l(ln(llﬂ))nlzdﬂ,H W' (0)4bab" n(0)ds =1
0 $,(0)

OTtcrona ciaenyeT, 4To SApO MHTETPaIbpOoro ypaBHEHHs (5) MOXKHO paccMaTpuBaTh Kak IJIOTHOCTH
pacnpezneneHusl.
PaccmoTpum uHTErpa:

1
J=[A*(in(/2))" da.
0

e—p/7

CI[CJ'IaB 3aMC€HY IIEPEMCHHDBIX /1 = , IOJTY4YHM.

1 7 . I'(1+nl2)
J=—5m Ie ’p"dp= @n2)
v 0 Y

rne [’ (-) - raMMa QyHKIus. Ternepb MOXeM NpeAcTaBUTh ( E.u )(X, '[) CIIEAYIOIINM 00pa3oM:

(Eru)(x,t):IPl(p)dpjo)Pz(H)u(y(e—ply,e),f(e—my))dp

1

rae P, ( p) - IVIOTHOCTh FAMMa-PaCNPENETEHHOMN CIly4aiiHOM BEJMYUHBI C TAPAMETPOM (1+ n/ 2) :
P,(H)=H"4BaB"™H / yo,.
Jlyig Hammx 1enei 0yaeM MOACIUPOBaTh CIy4YailHbIA BEKTOP C MOJIHBIM PaclpeieiiCHUEeM
1 n
P,(H)=P,(H,, Hz,...,Hn):_w ZKiningsl(o)(H ). )
n ij=1

rae lsl(o)(H) - MHIUKATOP MHOXKECTBa Sl(O), O, - moBepxHOCTh equundHon chepwr, K. -

n ]
T
DJIEMEHTBI MaTPHULIBI K =4bab pasmepa - N X N. Tak kak Hl, Hz,..., Hn SIBIISIFOTCSL KOOpAUHATAMU

eJIMHUYHOTO BEKTOpa U le + H22 +..+ an =1 nonymm H'KH < My, toe p4 - Haubonblice

coGerBenHoe 3Hauenue matpumsl K . Torza MOXKHO MOJENMPOBAaTH CIyYaiHBIA BEKTOP C INIOTHOCTHIO
pactpenenenus 3.5.7 meronoM Helimana. [IpuBeaém anroputM MoIEIUpOBaHHUS.
AJaropurm:

1) Moaenupyercs a):(a)l,a)z,...,a)n) U30TPONHBIA  BEKTOp U ), - PaBHOMEPHO

pacripenenéHHas B (0,1) cilydaiiHasi BeJIMUMHA;
2 E=yup;
n
3) Ecmm Z Kija),a)j / y 2 E , ro @ npunnmaercs, nnaue mosropstercs myHkr 1).
ij=1

0
HYCTB {fj } 4 - IIOCJIEJOBATCIIBHOCTh HE3aBHMCUMBIX 'aMMa pacnpe;[enéHHHX CJ'Iy‘-IafIHLIX BCJIIMYHH C
j=

L)
rnmapamMeTpom (1+ n / 2), {a)J} - MOCJICA0BATCIIbHOCTh HE3aBUCHUMBIX C IIJIOTHOCTBIO PACIIPEACIICHUA

P,(H). a

. )0
OHpC,ZLeJ'II/IM B Q OCIIb MapKOBa {XJ ,tJ } i CJICAYIOINNMHU PECKYPPCHTHBIMU COOTHOILICHUSAMMU

X’ =x, t*=t, t! =t/ (1-exp(-2¢, /7).
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Xij = Xij_l +t,, exp(_fj /7)~’§J'1/2Z_1bima)ij , (8)

. . K ) n _
Xy =X ~tia0xp(=28, 1 7) 3 Brex! + 5 exp(=35, 1 7) &7 2 by,
c=1 v=l

me 1=12,...K, p=1,2,...,|, j=L2,... l'(xjfl,ti*l):(tj_l)ll2 cootHorreHus  (8)
nony4eHbl u3 Gopmyssl (6). Termepb hopmyiy (5) MbI MOXKEM 3aIKCaTh B CIACAYIOLIEM BHJIC:

u(x Tt =g | u(x )+ f(xI 9

( ) (xJ,tJ)( )+ ) ®)

0
OHpC}ICHI/IM IOCJICO0BATCIIBHOCTD cnyqafmmx BCIINYNH {nl }l—O CIICOYIOIIM PAaBCHCTBOM:

m =3 h(x1t) £ (y o) u(x.t) W)
j=L

rae (yl’z'l) CllydaiiHas TOYKa IIapouja Br (X,t) npu (UKCHPOBAHHBIX (XJ t! ), AMeromIas B

HEM TUIOTHOCTB PaCIpeICIICHHUS:
Z(x Uy r) [ 7 |
h(xj,tj)
h(xt)= ” [Z (.t y.7) -]l n‘”’zr‘y}dydr .
B (x.t)

, TIIC

Bzse U (X,t) =1t u npumenus dopmyny (2.9) s | =1, u3 (2.8) momyunm:

rz (X,t) y 1+n/2 i B
h(x,t)=E —2&1y)= " dn =
()= By exp(-217) F(1+n/2)(7/+2} !e T

1+n/2
:rz(x,t)( /4 j (11)

y+2

o0
Iycth {3’, }I—O - MOCHEeNOBATENFHOCTE O - anredp, MOPOXIEHHAS CITyYailHBIMH BEITUYHMHAMHU
0 1 I .
981,52,...,; MOCJEIOBATEILHOCTRIO ~ BEKTOPOB (), (D ...,V W CIy4alHBIMH  TOYKAMU
0 0 11 -1 11
(y T ),(y T ),,(y T ), Uf’(p(X,t) - perenns 3amaun (1)-(2), COOTBETCTBYIONTHE 3aaHHBIM
f,p.
o0
Teopema 1. a) IlocmegoBaTenbsHOCTH {nl}l—o obpazyer wMaptunran. W3 ompenencHuS

o0
MOCIIE0BATEIILHOCTH O - anredp {& }I—o'

0) Ecim U t20 (X,t) <+ u UMO (X,t) < +00, T0 7]| ABAAETCSA KBaAPATHYHO UHTEIPUPYEMOHA.

0
Joka3zatenbcrBo: CriepBa 10KaXeM, 4TO {77, }I—o oOpasyet MaptuHrain. W3 onpenenexus SI BUJTHO,

4TO 7], ABIAETCA 8", — nu3MmepuMoit. Jlanee
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, (h(xj,tj)f(yj,rj)+u(x'+1,t'+1))/glj:
=Ei IZl( (e )yl ) +h(x ) £ (y'e!) +u (™ '”))/&]

J:

'M—

Il
o

E(xt (77|+1/3|):E )(

_E,, h(x'ti)f(yf,rj)/s.}E<x,t)(h(x5t')f(Y"f')’&)+

(u(zx'+1 '*1)/8,)

1-1
h(x),t)) f(y! 7] - i i
Tak xak X y y T SABJISICTCA I U3MCpUMOH, TO U3 CBOUCTB YCIIOBHOI'O

MaTeMaTHYECKOTO OKHMIAHUS CISIYET, YTO
E(X,t)(ih(xj,t")f(y",r")/&]zih(xj,tj)f(yj,rj).
=0 j=0
ATK h(XI,'[I) - & — U3MepuMa u f(yI,Tl) HE 3aBHCHT OT 3, TO

o (1) 1)1 5 ) =0 0 ) .)

I+1 41+1
Hanee n U (X N ) HE 3aBUCHUT OT SI U TI03TOMY

E(Xt)( ( I+l t|+1)/3|)— )(U( |+1 t|+1)),Torz[aI/IMeeM:

o (1T 8)= SR 1 (B0 B ().

Hcnoneays popmyms (9) u (10), HOJ‘Iy‘II/IM

Eo(7:73) Zh(x t’) (yj,rj)+u(x',t'):77,.

€S o
OTCI-O,Z[a ciaeayer, 4to {nl}l -0 06pa3yeT MapTUHIrajl OTHOCHUTCIIBHO {&}ho' I[OKa)KeM, 4qTo

E(Xt)ﬂl 00 . JlocTaTO4HO OKa3aTh, YTO

. 2
|:E(m)[:j;h(xi,u)f(yi,fi)] <o

Pas6usas | ma nBa caraempix |1, |2

- E(X’t{lihz(xj,t")fz(yj,r")}+
=0

TTOKaX€M KOHCYHOCTb I .
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1+n/2
W3 (10) u yerosus I (X,t) <t nomyuum, uto h(X,t) < (LZ] t u nosromy
Y+

-2 1-1

=28, 5 S0 £ (1) £ (3 )
<2, 55 S (00 (117 () (1)
<2, 55 58 00 ) (e )0 )
<26, S0 ) 1 (31 000 <

< 2( max uf‘o(x,r))ufyo(x,t)<+oo

xeR" t>7
Teopema nokazana.
Tenepp nokaxxeM O,I[I/IH U3 CII0COOOB OLICHKHU IO OI[HOMy CIIy9alHOMY Y31y BETUIHHBI

” |: x4y, T n/2||a||1/2 r—7:|f(y,z')dydz-.

JlemmMma (2). g pyHKIUM f (X,t) CITPaBEJIUBO COOTHOIIICHUE:
Tt)=(r1(r+2))"" B (y(6.6.0).7(6:6)) e
y(¢&. ¢ o)=

—r?ex _ﬁ gZ/Vﬁ 12 (1)2
—e p[ y+2j X+( /4 5} a£r2 exp[— 28 ]Cjwbla)}
y+2

]/+
_ _ 25 2y
t(&0) =t exp( —7+2j§ .

3nech QE - ramma, pacnpeznenHHas cly4aiHas BeJIMYMHA C IapaMeTpoM (n / 2), C - Oerta

pacrpenenéHHas ciydaiiHas BEJIMYMHA C IapaMEeTPOM (2 / Y, 2) U (U - CIy4YalHbIM €IMHUYHBIA BEKTOP.

Jloka3zaTeabcTBa: BBEIEM 001aCTh
:{(y,r): y'd(1/z)ad(1/7)y <%In r’lr,t >0}

MoJIy4aromyrcs, OYCBHUIHO, 3CpPKaJIbHBIM OTO6pa)K6HI/I€M raponaoB Br (0,0) OTHOCHUTCIIBHO

mnockoctu 7 = 0. Dtu o6nactu Takoke Gyaem HasbiBaTh mapounamu (paguyca I ). Torna uveem:

f(xt)= ”n,”2 H[rr”zexp( y'd(1/7)ad(1/7)y)- ]x

x f (e‘fﬁx +y,t— r)dydr
CrenaeM B 3TOM HHTErpaje 3aMeHy IMePEeMEHHbBIX HWHTErPHUPOBAHUHHUS (y,Z') Ha ( p,ﬂ,@) o

dbopmymnam:
y=(yIn(1/ 1)) d(z)bH(0). r=2p%.
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HecnoxHble BEIYUCICHUS IIOKa3bIBACT, YTO
dyd r=[la ¥ "2 (In(21 2)) " prid pd Ads
v exp(-y'd(1/7)ad(1/7)y)=r"p”

OO0nacTh MHTErpUPOBaHUS Tiepeodpa3yercs B IHIMHIP (O <p< I’) X (O <A< 1) X S1 (0)
OTcroma momyJum:

n/2

?(X,t) =7:T7jp(r7 —py)dpj17+l(|n(1/ l))nlz*ld/lx
T

ﬂ ( e x4 (yIn(1l 1)) d(pzﬂ,z)b‘lH(o)’t_ﬂzpz).

—Zly+2
CHavana BO BHyTpEHHEM HHTErpaje CAeIacM 3aMEHY ITEPEMEHHBIX A=e"" , 3aTEM BO BHEIIHEM
i
uHTErpaine O = U "f u TOT4a, IMOJIy4YUM.:

1

. 2 ni2 q
f(xt)= rn/z(Lj J‘UZ’H(l—U)duje_zznlz‘ldz><

i\ y+2) 5
1+n/2 ¢
><” f(y,(z,u,u(@)),r(z,u))ds:rz(L) jP J. z)dvx
50) y+2
1+n/2
Xs;!; P, (n ( Z,0, H(@)),z’(z,u))ds :rz(_yiz_) Ef(y,(f,g’,a)),r(g,g)),
5 ( ) e zznlz -1
e - cayuaifHas BenmumHa © IUIOTHOCTHIO pacnpenenenus P, (Z)=——— - (ramma-
(n / 2)
pacpenenenne), { - CoyuaiiHas BENHUHHA C IUIOTHOCTBIO PACIPEICTCHIS P )=% o -
B(2/7,2
CITydaifHblii BEKTOP C IIOTHOCTBIO pactpesencuus Py (H(H)) =1/0, (0, = ['(22+”/22) - OBEPXHOCTh
Vs

eMHUYHOHN cdepsl). Jlemma mokazaHa.
Paccmotpum Bompoc o BeMUCHHTENHHON peanm3yemoctu omeHku (10). BozememM & pocrarodno

MaJIBIM ¥ paCCMOTPHUM (aQ)g = ( R" x [O, 8]) .

[lycts Ng :min{l :(x',t')e(@Q)g} - MOMEHT NEpBOrO MOMaJaHus Ipolecca (Xl,tl) B

(8Q)g T.C. N ¢ ~ MOMCHT OCTaHOBKHM IIpoHeccca (MapKOBCKI/Iﬁ MOMCHT).

1+n/2
Jlemma 3. imeeT MecTo HEpaBeHCTBO: E, N < (LJ
&

(xt) “e 7/+2

JokazateabcTBo. B3ss U ( X t) =1 u npumenus popmysi (10) u (11) nomyuwnm:

1) 26, SR [ﬂsz(m)Nirz(xi,tJ).

-1
U3 onpepieneHus I’(X,t) crenyer uto I (Xj,tj)={t1} > &
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1+n/2 1+n/2 t
Ortcrona moyunm, uro { > [Lj EE(X ) N . CnemoBaTensHO E(X 0) N [LJ —.
y+2 y+2 g

Jlemma nmokxazaHa.
Teopema 2. Ilycte BemonmusroTcss ycinosusi Teopembl (1). Torma 77  sBiseTcs HECMEIEHHON
&

oneHkon s U ( X, t) . [ucnepcus e€ koHeuHa.

HokasareabcTBo. U3 Teopembl (1) cnenyer, 4to 7], KBaApaTHYHO HHTETPHpYyEMa M OTCIOa 7]

SIBISIETCSI PaBHOMEPHO HMHTEIPUPYEMOU U N o, <100, Jlanee MOMEHT OCTaHOBKM IIpOLECCa SABISAETCS
MapKOBCKUM MoOMeHTOM. [losTomy cornacuo teopeme [[yb6a “O mpeoOpa3oBanuu CBOOOJHOrO BhIOOpa” U

¢dbopmyne 3.5.9 E?]N = E77| ZU(X,t), T.e. 7] SBIACTCS HECMEUIEHHOW OLEHKOW Jist U(X,'[). U3

OTIpe/ieNieHns CIlydailHbIX BenuduH 77, U 7], Buano, uro Dryy < Drny_ . lanee, nmeem:
& &

(S (e o) <[ Snieae (v
+2u(x°°,t°°)§h(xi,ti)f(yi,ri)+u2(x°°,t°°)=i e (1) £2(y' )+
+2§:h(xl,t1)f(y‘,r‘)glh(xj,tj)f(yj,rj)+2u(x t )gh(xi,t‘)f(yi,ri)Jr

1+n/2
£7+2J Yo(x,t)+2(xgnaxmufo(x,r))x

\f\o( t)+2u,,(x,t)u ’ ‘O(X,t)+u01¢2(x,t).
Dn, =En? —(E?]oo)2 = En; —u®(x,t) <+ re. Dry <+0.

NgE

Il
o

.. *
Uz T, CTaHIAPTHBIM CrocoOOM CTPOUTCS CMELIEHHAS, HO MTPAKTHUECKU peann3yeMas OlleHKa M, -

[lycts ¢1(X,0) = q)(X) XxeR"u (X,t*) - OJpKapIas K (X,'[) touka OC). B oueHku
:th(x",t") f (yj,rj)+u(xN8,tN£)
j=0

+Ne
3aMCHsIEM U(X,tN‘g) Ha ¢1(X,t ) U TIOJTy4aeM:

N, -1
ro . . . . *N{;
=Y h(x),t))f (y‘,r’)+¢l(x,t )
j=0
Teopema 3. ITycts U ( X,t) YAOBIETBOPSIET ycaoBuio Jlunmuia u A(&‘) MOAYJIb HEMPEPHIBHOCTU
u (X,t). Tormpa cnyuyaliHas BeIMYMHA 7]:, SBIISIETCA CMEIIEHHOM omeHkod miga U (X,'[).

D77:l orpaHuueHHas GyHKIUS napameTpa & .

JokazaTeabcTo. Tak Kak E(x,t)nNg =Uu (X,t) , TO

‘U(X,t) - E(X,t)n:l - ‘E(X,t)u (X’th ) B E(Xi)¢1(x’t*Ng )‘ =

. :‘E(x,t)nNg - E(x,t)ﬂrl
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(et} u(x,th)—u(x,t*NS )‘ =A(e).

* .. v
T.C 77N - CMCIIICHHAas OILICHKA (CMGHICHI/IG KOTOPOH HE MEPEBOCXOAUT A(g) )
&

<E

2 2
Dy, = E(x,t)(n:l& - E(x,t)ﬂfl.) - E(x,t)(”:u 7y, 1, ~U(xt) +u(xt) - E(x1t>77:‘e) =
2 . 2 « \?
4B, (i, —u(x0)) +4E, 0 (73—, ) +4E o (u(61) =B ) <

<4E (¢1(x,t*Ns )—u(x e ))2 +4Dp, +4A%(¢)<8A?(g)+4Dp, <+oo. Teopema

(x)
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MATEMATHYECKOE MOJAEJIMPOBAHUE DKOHOMUNYECKHUX 3A1AY

Myxuoounosa Akuna Tyakun kusu,

u.0. doyenma Yrusepcumema Peneccanc,
cmapuwiutl HayyHvlil compyornux Hucmumyma
mamemamuxu AH PY3 B.A. Pomanosckozo
0gilal992@mail.ru

Boxuooe Kozumocon Xaiipynno yenu,

cmyodenm TawkeHmcKo2o ynusepcumema uHGOPMayuoHHbIX
mexHono2ull umenu Myxammaoda anv-Xopesmu
Paxmonoea /Junagpys Illlaskamoun Ku3u,
Kagpedpa Mamemamuxu u ecmecmeeHmvlx

Hayk Yuueepcumema «Peneccancy
raxmonovadilafruz32@gmail.com

Pescamamos Xacan @axpumoun yanu,
accucmenm kagpeopvr Mamemamuru u
ecmecmeenHbIX HayK YHueepcumema «Peneccancy
rezamatovhasan@gmail.com

Annomayus. Ilpu pewieHuu dKOHOMUYECKUX 3aA0a4 Mbl ONUPAEMCS HA 3apanee paspabomauHvle
NAaHbL, KOMopble GOPpMUPYIOMC C UCNONb30BAHUEM MEMOo008 Mamemamuyeckoeo mooenuposanus. 1100
MamemamuiecKkum Mooeiupo8anuem NOHUMaemcs npoyecc NOUCKA peuleHus 3a0a4u ¢ NOMOUbIO0 YUCTOBbIX
u ¢hopmanvuvix memooos. Mamemamuxa 3anumMaem Kuo4ue6oe Mecmo 6 aHaauze U ONMUMUIAYUU
IKOHOMUYECKUX —npoyeccos. B omoii  cmamwve 06ydem paccmompena paspabomka npozpammul,
npeoHasHaueHHol OJis peuleHus IKOHOMULECKUX 3a0ad HA OCHOB8E MAMEMAMUYECKO20 MOOEIUPOBAHIUSL.

Knrouesvie cnoga: mamemamuueckoe MoOeIuposanue, akmyaibHble 60npocul IKOHOMuKU, A3blk C++.

IQTISODIY MASALALARNI MATEMATIK MODELLASHTRISH

Annotatsiya. Igtisodiy masalalarni yechishda biz oldindan ishlab chigilgan rejalarga tayanamiz, bu
rejalar matematik modellashtirish usullari yordamida shakllantiriladi. Matematik modellashtirish — bu
masalani sonli va formal usullar yordamida yechish jarayonidir. Matematika igtisodiy jarayonlarni tahlil
qilish va optimallashtirishda muhim o rin tutadi. Ushbu maqolada iqtisodiy masalalarni matematik
modellashtirish asosida yechishga mo ‘ljallangan dastur yaratish ko ‘rib chigiladi.

Kalit so‘zlar: matematika modellashuvi, igtisodiyotning dolzarb masalalari, C++ tili, dastur.

MATHEMATICAL MODELING OF ECONOMIC PROBLEMS

Abstract. When solving economic problems, we rely on pre-developed plans that are formed using
mathematical modeling methods. Mathematical modeling is the process of solving a problem through
numerical and formal methods. Mathematics plays a key role in analyzing and optimizing economic
processes. This article discusses the development of a program designed to solve economic problems based
on mathematical modeling.

Keywords: mathematical modeling, current economic issues, C++ language, program.

BBe}IeHI/le. MaremaTHaeckoe MOACIIUPOBAHUC CIIYKHUT KIHOYEBBIM HWHCTPYMCHTOM JJId aHalin3a
SKOHOMHMYECKHX TpoueccoB. OHO MO3BOJSIET BU3YaJH3UPOBATH CIIOKHBIE 3KOHOMHYECKHE MPOOJIEMBI M
HaXOJIUTh ONTHUMAIILHBIC pellleHHus depe3 GopManuzaiuio 3aBucumocteir. Ocoboe 3HaYCHUE 3/1eCh UMEET
JIMHEHHAs anrera, KOoTOpas HaéT BO3MOXHOCTE BBIpaXaTb B3aUMOCBA3U MEXKAY OSKOHOMUYCCKUMHU
MOKAa3aTesIMU Yepe3 CUCTEMBbl YPaBHEHHH.

Hamu paspaboTtana cnenmanu3upoBaHHAs NpOrpaMMa, aBTOMAaTH3MPYIOIIas PELICHHE TaKWX 3a/ad.
Ona AHAJIM3UPYET BXOJHBIC IOaHHBIC, CTPOUT MATEMATUYCCKHUEC MOIACIN W BBIYHUCIIEIET 3KOHOMHYCCKU
00OCHOBAaHHBIE PE3yAbTATHl. JTOT MOAXOJ HE TOJIBKO YCKOPSET pacdérsl, HO M MUHHMH3HPYET PUCKH
CyOBEKTUBHBIX OIIHOOK.
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IIpumeHeHne MaTeMaTHYeCKUX METOJOB B 3KOHOMHKE OOECICUMBAET TOUYHOCTh IPOrHO3UPOBAHUS U
CIIOCOOCTBYET NPHUHATUIO B3BEILIEHHBIX YIIPABICHUYECKUX peleHUd. BHeapeHHe momoOHBIX MPOTrpaMMHBIX
pelIeHn OTKpPhIBAE€T HOBBIE BO3MOXKHOCTH ISl ONTUMH3ALHMK PECYPCOB M TOBBILICHUS 3((EKTUBHOCTH
SKOHOMHUYECKHUX CHUCTEM.

TpancnopTHas 3agaya. Yrosb, 100bIBaéMblii Ha HECKOJIBKHX MECTOPOKACHUSX, HAIPaBIISIETCS
pasNUYHBIM MOTPEOUTENSIM, TaKUM KakK 3aBOJbI, 3JEKTPOCTAHLMU W ApPYyrue Hpeanpustus. M3BecTHbHI
00BEMBI JOOBIUM YIS HA KQKIOM MECTOPOXKIICHHH 32 ONpeAeTIEHHBIN IePHO, HalIPUMED, 32 MECSIL, a TAKKE
NOTPeOHOCTH KaKAOTo U3 moTpebureneil 3a ToT ke cpok. Kpome TOro, MMeroTCsl AaHHBIE O PACCTOSHUAX
MEXIY MECTOPOKACHUSIMHM U IIyHKTaMHM MNOTpeOJIeHHs, a TAaKKe O COCTOSHUM TPAHCHOPTHBIX IyTeH W
YCIIOBUSIX JOCTABKH.

Hcxons u3 3THX mapaMeTpoB, MOXKHO PacCUMTaTh CTOMMOCTH ITEPEBO3KM OIHOM TOHHBI YIIIS OT
000T0 MECTOPOKICHHS 10 JTF0O0ro moTpedbuTtens. Ha ocHoBaHMM 3THX pacdéToB HEOOXOAMMO pa3padoTaTh
ONTUMAJbHBIA TUIaH TPAHCHOPTUPOBKU YIS, KOTOPBIM MO3BOJIMT MHHUMH3HPOBATH OOIIME 3aTpaThl Ha
MEPEBO3KY.

Taxoli moaxoxn nmomoraeT 3p(HEeKTUBHO PACHpPEAEITh PECYpChl, CHIKATh TPAHCHOPTHBIE PACXOABI U
obecnieunBath OecniepeboiiHoe cHaOXeHue MpeanpuaTuii. B cOBpeMeHHBIX YCIIOBHUSX, YUUTHIBAS TUHAMUKY
IeH Ha TOIUIMBO M W3MEHEHHS B HHQPACTPYKType, ONTHMH3ALUS JIOTUCTUKA CTaHOBHUTCS OCOOEHHO
aKTyallbHOW 3a7aueil uid TpeAnpusTHA YyriieqoOBIBalOIIe W 3HEpPTreTH4ecKod oTpacieid. [Ipumenenne
MaTEeMaTHYECKUX MOJeNell U CIeUaIM3HpPOBAaHHBIX IPOrpaMM MO3BOJISAET IPUHUMATH B3BCILCHHBIC
pElLICHHS U CYIIECTBEHHO MOBBIIIATH IKOHOMHUECKYIO 3P PEKTUBHOCTH MEPEBO3OK.

Nmerotes aBa Mectopoxxaenust M1, Ma u Tpu notpedutens 11y, Ip, I13. KonmngectBo yrist B My, 1 M» -
cootBeTcTBeHHO A1 U Ay. 3ampockl motpebutenei Iy, 1o, I3 mycts Oynyt Bi, Ba, Bs. Cumraem, uto
CyMMapHbI€ 3amacbl paBHbl CyMMapHBIM moTpeOHOocTsIM: A1 + A=B; + B, + Bs; (Takoe mpenmnomnoxenue
BIIOJIHE €CTECTBeHHO). 3aaanbl uncia Cij (=1, 2; j=1, 2, 3), npeACTaBISAIONINE CTOUMOCTh IIEPEBO3KH TOHHBI
yrast u3 M B I1. Heobxomumo onpenenuts mects uncen Xi1, Xi2, X1z, Xot, X22, X23, T1Ie Xij — MOCTaBKa yTiIs,
npeIHa3HaYeHHOE j-My MOTPEOHUTEIIIO.

CocTaBuM TaOJUILY:

I11 112 113 Bcero otnpaieHo
M1 X1 X1z X13 A1
M2 Xo1 X2 Xa3 Az
Bcero nocrasiieno B: B> Bs

OO1ee KOTUYECTBO YTJIs, BRIBE3eHHOE M3 M1, HOIDKHO paBHATHCS Ay OTCIO/Ia MTOTydaeM yCIoBUe:
X11+X12+X13=A1
AHaJIOTUYHOE YCJIOBHE JTOJKHO BBITOHITHCS I Ma:
X21+X22 +X23=A>
OO1ee KOITUYECTBO YTJIs, JocTaBieHHoe B 111, MomKkHO paBHATHCS By
X1+ X2 =B;
AHaJIOTUYHO MOTYyYaeM yCIOBUSI:
X12+X22 =B,
X13+X23=Bs,
Jlist yoporteHus 3a1a9u, Mbl BOCTIONB3YEMCST HOBBIMU JTaHHBIMHA. JlOTTycTM, I HalIe porpaMMbl
HY>KHO OTIPEJICIIUTh YMCIIO BBIC3]IOB — BBEJEM HOBBIN KO3 durment C:
[C1X1+CoXo+CaXa=A1
CuyX 4+CsX5+CsXs=A2
CiX 1 +CsX4=B1
CoX 2+ CsX5-B>
CsX 3+ CeXe=Bs3
s xona BBoasTces Bee X, A, B, 3arem naxoaum C. Eciu Mbl Haiiem Ci, MOXHO ONPEACIUTh OOIIHI
pacxoji.
#include<iostream>
#include<cmath>
#include<string>
using namespace std;

int main()

{
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int X[10], C[10], B[3],m,AL1,A2;
string S1, S2, S3, S4, S5;
cout<<"Otkyna(Ampec 1) : ™;
getline(cin,S1);

cout<<" \nOtkyma(Aapec 2) *;
getline(cin,S3);

cout<<"\nKymal : ";

getline(cin,S2);

cout<<" \nKyma2: ";

getline(cin,S4);

cout<<" \nKyma3: ";

getline(cin,S5);

cout<<"\nPaccrosuue(Ha km): "; cin>>m;

double d=m*8000/10;

cout<<"\nCpennsist croumoctb lnurpa 6ersuna 8000 cym";

cout<<"\n Jlist Bac CTOMMOCTh OJIUH pa3:"<<d<<" cym";
cout<<"\nBeemure koM4ecTBO(TOH) yIiist oT "<<S1<<" Ha "<<S2<<endl;

cin>>X[0];

cout<<"\nBeenute KomnuecTBO(TOH) yritst oT "<<S1<<" Ha "<<S4<<end];
cin>>X[1];

cout<<"\nBeenute KommuecTBO(TOH) yrimst oT "<<S1<<" Ha "<<S5<<endl;
cin>>X[2];

cout<<"\nBeemure KonM4ecTBO(TOH) yrist OT "<<S3<<" Ha "<<S2<<endl;
cin>>X[3];

cout<<"\nBeenute KomnuecTBO(TOH) yrimst oT "<<S3<<" Ha "<<S4<<endl;
cin>>X[4];

cout<<"\nBeexure Kon4ecTBO(TOH) yrist oT "<<S3<<" Ha "<<S5<<endl;
cin>>X[5];

cout<<"\nBeenute konn4ecTBO(TOH) TOBap U3 :"<<S1<<"";

cin>>al;

cout<<"\nBeeaure KOIMYECTBO(TOH) TOBAp U3 :"<<S3<<"";

cin>>a2;

cout<<"\nBeemure o0t ToBap s :"'<<S2<<"";

cin>>B[0];

cout<<"\nBeexute 061HMii TOBap IS ;"'<<S4<<" ",

cin>>B[1];

cout<<"\nBeemure o0Imuii ToBap JuIs :"<<S5<<" "

cin>>B[2];

C[0]=(B[0]-X[3])/X[C];

C[1]=(B[1]-X[4])/X[1];

C[2]=(B[2]-X[5])/X[2];

C[3]=(B[0]-X[0])/X[3];

C[4]=(B[1]-X[1])/X[4];

C[5]=(B[2]-X[2])/X[3];

int S,F=0;

for(int i=0; i<6; i++){

F+=C[i];}

S=F*d;

cout<<" \nBam pacxoy : "<<S<<" cym";
return O;

¥
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Cutput

Omxyvaa({Aapece 1) : Angren

Omxyma(Axpec 2) Fargona

Kynal fashkent

Kyaa2: Olmalig

Kya3d: Parkent

Paccrosmme(ma sx): 115/

Cpepmn cropmoets 1 -awrpa bosrsmm 8000 oym

Jaa Bac cronmmocrs aume pas: 925600 oym

Beewrre sovmmecrso{ron) yvrax or Angren so Tashkent; 5
Bacurre xommectsof{ton) yrmm or Angren me Olmaliq; 10
Beourre sovntsecrno( tom ) r Angren zo Parkent; 15
Bacprre sovmrcctso( yor ) r Fargona ae Tashkent; 30
Beeasrre xomesecrso( rom ) - Fargona s Olmaliq; 20

Boacurre somesectso( Tom ) 1 or Fargona so Parkent; 10
E

Becprre sommsectno(tor) tossp ws Angren 68

Bagune sommvectso{ton) wwsap »s Fargona 62
Beeprre obomslt tosap v Tashkent 50
Becmrre obumedl vomap wm Olmaliq 40
Beemrre obupsit romap aus Parkent 40

Bam pacxox : 117107200 cywm

Code Execution Successful

3akiaoueHue. B naHHON cTathe MOAPOOHO MPOAHATU3HPOBAHO, KaKMM 00pa3oM MaTeMaTHYECKOe
MOJIETTMPOBaHUE CHOCOOCTBYET A(PPEKTUBHOMY PEUICHHIO SKOHOMHYECKHMX 3a1ad Pa3INYHON CIIO0KHOCTH.
MaremaTHyeckoe MOJICIIMPOBAHUE TTO3BOJISIET BBISIBUTH KITIOYEBBIE acMEKThI MPOOJIEMBI, CTPYKTYPHPOBATh
JIAaHHBIC W TIPEJICTABUTh UX B BUje (HOpMalbHBIX MOJIENIEH, YTO 3HAUYUTEIHHO 00JieryaeT MpoIece aHan3a.
Ilpy »>TOM TpOrpaMMHUpPOBAaHHE BBICTYNIAET HEOTHEMJIEMBIM BCIIOMOTATENILHBIM ~ MHCTPYMEHTOM,
00€eCIIeUYnBAIONINM TOYHOCTh, KOPPEKTHOCTh M aBTOMATH3ALUIO BBIYMCICHUI, YTO OCOOEHHO Ba)KHO P
pabote ¢ 6oIBIMMH 00bEMaMH UHPOPMAITH U CJIOKHBIMUA CHCTEMaMHU.

PazpaGoranHass B pamKax HCCIENOBaHUS MpOrpaMMa IpelHa3HaueHa il TpeIBapUTELHOrO
IUTAHUPOBAHUS 3aTpaT, CBS3aHHBIX C MPOU3BOJACTBEHHBIMH IpOLECCaMHU. JTO MO3BOJAET OPraHU3aLHUsIM
3apaHee OICHHTh (DMHAHCOBBIE M PECYpCHBIE TMOTPEOHOCTH, YTO SIBISIETCS KPHUTUYECKH BAKHBIM JUISI
paLMOHATIBHOTO PACHpPENeNICHUsT CPEACTB W ONTHMHU3aIMM pPabOThl B 000 OTpaciy 3KOHOMHKH.
Hcnonb3oBanue noJOOHBIX HHCTPYMEHTOB TOMOTaeT MUHUMHU3UPOBATh U3EPIKKH, TIOBBICUTH MPO3PAYHOCTh
TUTAHUPOBAHUS M YIYYIIUTh KOHTPOJIb HAJl BBIIOJIHEHHEM POU3BOICTBEHHBIX 33/1a4.

KpoMe TOro, mnpuUMEeHEHHE MAaTEeMaTHYECKOTO MOJICIIUPOBAHUSI W TPOTPaMMHBIX pElIeHHH
CHOCOOCTBYET CHM)KEHHUIO PHCKOB, CBSI3aHHBIX C YEIOBEUECKUM (PAaKTOPOM M OIMOKaMu B pacuérax. DTo
0COOEHHO aKTyaJbHO B YCJIOBUSIX OBICTPO MEHSIOLIEHCS HKOHOMUYECKOH Cpenpl, IZleé CBOEBPEMEHHBIE U
000CHOBaHHBIE PEIICHNS UTPAIOT KITFOUEBYIO POJIb B JIOCTH)KEHUH KOHKYPEHTHBIX IIPEUMYIIecTB. BHenpeHne
TAKUX TEXHOJIOTHH MO3BOJISIET MPEINPUSATHAM aJalTHPOBATHCS K HOBBIM BBI30BAM, YJIYUIIATh KauyecTBO
yIpaBJIeHHsI U OBBILIATH OOLIYI0 3P PEKTUBHOCTH AESTEIBHOCTH.

Takum 00pa3oMm, UWHTErpalHs MaTeMaTHYECKOrO MOJICIIMPOBAaHHUS W MPOTPAMMHUPOBAHHS B
HKOHOMHYECKYIO NPAKTHKy OTKpPHIBACT INUPOKHE BO3MOXKHOCTH [UIS aHAiHW3a, IPOTHO3UPOBAHHSA H
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ONTHMH3AlMA  TPOLECCOB, YTO  CHOCOOCTBYeT  YCTOMWYMBOMY  Da3BUTHI0O W TIOBBIIIEHHUIO
KOHKYPEHTOCITOCOOHOCTH MPEPUSITHH.
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VIIK 51
METOJIMKA U3YUYEHUS CJIOKHBIX BBICKA3BIBAHMIA

Yumamosa Maxoyoa Axmedoena,
cmapwuii npenodagamens Kageopvl Mamemamuku
Koxanocxozo eocyoapcmeennozo ynugepcumema

Annomauun. B Oannoli cmamve paccmampueaemcs O00HA U3 OMHOCUMENbHO MOAOObIX, HO
uHmepecHvlx obaacmel MamemMamuxky — 2AaéHbIL 00bEeKm MamemMamuieckoll 102UKy — A3bIK CUMBOJI08 U
paccysicoenuil. CHauana npugooamcs Kpamxue U OCHOBHble (hakmuvl 00 UCOPUU MATNEMATNUYECKOU T02UKU,
3amemM ONUCHIBAIOMCST OCHOBHbBIE MUNbL JOSUYECKUX ONEpayuli — Mmaxkue Kax ompuyauue, KOHbIOHKYUSL,
OUBBIOHKYUS, UMNIIUKAYUS, IKBUBANEHMHOCMb — U PACCMAMPUBAIOMCA  CIONCHBIE PACCYHCOCHUS,
chopmuposanHvle HA UX OCHOBE C UCHONb308AHUEM JIOSUYECKUX C6A30K U ux munog. Ilpedcmasnenvl u
NPOAHATU3UPOSAHbL Madauybl UCMurHOCHU. ONUCAHbl OUZLIOHKIMUBHBIE CYICOEHUsl, CMPOcUe U HeCmpo2ue
OU3BIOHKIMUBHBLE  CYNHCOEHUsl, KOHBLIOHKMUGHbIE CYNCOeHUsl, Cmpozue U Hecmpozue KOHbIOHKIMUGHbIE
cyocoenus, cyacoenus 06 dKeusareHmuocmu u ompuyanuu. Ilpusedenvl HECKOILKO NPUMEPOS CAOICHBIX
paccysicoenuil, ChOPpMUPOBAHHBIX C UCHONIL3OBAHUEM CEA30K HA eCMEeCMEEHHOM 3bIKe.

Knwouesvie cnosa: mamemamuyeckas n02UKA, CUMBOIUYECKUL S3bIK, PACCYICOEHUs, UCMOPUSL
MamemMamu4eckoli 102UKu, OCHOGHbIe MUNbL JTO2UYECKUX Onepayull, ompuyanue, KOHbIOHKYUS, OU3LIOHKYUS,
UMNIUKAYUS, DKGUBAIEHMHOCHb, NT0SUYECKUe CBS3KU, CLONCHbIE PACCYIHCOeHUs, MAOUYbl UCTHUHHOCTIU,
OU3BIOHKIMUBHOE NPeONIodiCeHUe, CIMpo2oe U HeCmpo2oe OU3bIOHKMUBHOe NPedNiodiceHue, KOHbIOHKIMUBHOE
npeonodicenUue, Cmpo2oe U HeCmpo2oe KOHbIOHKMUGHOe Npediodicerue, IKEUBANeHMHOe U OMPUYamenbHoe
npeonodiceHue.

MURAKKAB BAYONOTLARNI O‘RGANISH METODIKASI

Annotatsiya. Ushbu maqolada matematikaning nisbatan yosh, biroq gizigarli sohalaridan biri —
matematik mantigning asosiy obyekti bo‘lmish ramzlar va mulohazalar tili ko ‘rib chigiladi. Avvaliga
matematik mantiq tarixiga oid gisqacha asosiy faktlar keltiriladi, so ‘ngra inkor, konyunksiya, dizyunksiya,
implikatsiya, ekvivalentlik kabi mantigiy amallarning asosiy turlari tavsiflanadi hamda ular asosida
mantiqiy bog ‘lovchilar va ularning turlari yordamida shakllantirilgan murakkab mulohazalar tahlil gilinadi.
Chinlik jadvallari taqdim etilgan va tahlil gilingan. Dizyunktiv, qat’iy va noqat’iy dizyunktiv mulohazalar,
konyunktiv, qat’iy va nogat’iy konyunktiv mulohazalar, ekvivalentlik va inkor mulohazalari bayon etilgan.
Tabiiy tildagi bog lovchilar yordamida shakllantirilgan murakkab mulohazalarga bir nechta misollar
keltirilgan.

Kalit so‘zlar: matematik mantiq, ramziy til, mulohazalar, matematik mantiq tarixi, mantigiy
amallarning asosiy turlari, inkor, konyunksiya, dizyunksiya, implikatsiya, ekvivalentlik, mantigiy
bog ‘lovchilar, murakkab mulohazalar, chinlik jadvallari, dizyunktiv mulohaza, qat’iy va nogat’iy dizyunktiv
mulohaza, konyunktiv mulohaza, qat’iy va nogat’iy konyunktiv mulohaza, ekvivalentlik va inkor mulohazasi.

METHODOLOGY FOR THE STUDY OF COMPLEX STATEMENTS

Abstract. This article examines one of the relatively young yet interesting fields of mathematics and
the main object of mathematical logic: the language of symbols and reasoning. It begins by providing a brief
overview of the history of mathematical logic, then describes the main types of logical operations—such as
negation, conjunction, disjunction, implication, and equivalence. The article also considers complex
statements formed on the basis of these operations using logical connectives and their types. Truth tables are
presented and analyzed. Disjunctive propositions, strict and non-strict disjunctive propositions, conjunctive
propositions, strict and non-strict conjunctive propositions, and propositions of equivalence and negation
are described. Several examples of complex statements formed using connectives in natural language are
provided.

Keywords: mathematical logic, symbolic language, reasoning, history of mathematical logic, main
types of logical operations, negation, conjunction, disjunction, implication, equivalence, logical connectives,
complex statements, truth tables, disjunctive proposition, strict and non-strict disjunctive proposition,
conjunctive proposition, strict and non-strict conjunctive proposition, proposition of equivalence,
proposition of negation.
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Beenenme. Jloruka — 3TO HeoTheMJIMMas 4YacTh Kypca anreOpbl, Hayka o (opMax M 3aKoHax
MpaBWILHOTO MEIUIeHUsA. OHa TosIBMIIACh MpuoOIu3uTenbHO B IV Beke mo H. 3. B lpesHedt I'penun. Eé
co3laTelieM CUYMTaeTcs 3HAMEHUTHIM JApeBHerpeueckuii uiocod u ydeHslid Apucrorens. Kak Buanm,
JIOTUKE MpUMEpPHO 2,5 Thicsiuu jeT. OJHako OHA JO0 CUX TOp COXpaHsAeT CBOE MPAKTUYECKOE 3HAUYCHHE.
MHorue Hayku B UCKyccTBa JI[peBHEro mMupa HaBCET/Ia yIUIA B MPOIIIOE M MPEICTABISIIOT Ui HAC TOJBKO
«My3eHHOe» 3HA4YeHHEe, WHTEPEeCHBI HMCKIIOYUTENHHO KaK MaMATHUKH CTapWHBI, HO HEKOTOpBIE W3 HHX
MEpEeKWIN BeKa, U B HACTOAIIEE BpeMs MBI MPOJOKaeM MMM MOib30BaThesa. K MX uuciy oTHoOcATCA
reoMeTpus EBkima (B mIKoiie MBI M3y9aeM UMEHHO e€) M JIOTHKa APHCTOTENS, KOTOpas TakKe Ha3bIBaeTCs
TpaguimonHoi jormkoid. B XIX Beke mosBHiach W crajga OBICTPO pPa3BHUBATHCS CHUMBOJIMYECKAs (WA
MaTeMaTHyecKkas) JIOTHMKa. B TpagunMoHHON JOTMKE [ HCCIENOBaHMWA MPABWIBHOTO MBIIUICHUS
WCTIONB3YETCsl €CTECTBEHHBIN SI3BIK (TOT, HA KOTOPOM MBI TOBOPHM, IHUILEM, YATAEM), @ B CHMBOJINYCCKON
JIOTUKE — WCKYCCTBEHHBIA S3bIK, WM SI3BIK CHMBOJIOB, TOJOOHBIA S3bIKy MaTeMaTWkd. CHMBOIMYECKas
JIOTHMKa — JOCTAaTOYHO Ccrenuduueckass M HEmpocTas Hayka, €€ MOXHO paccMaTpHBaTh Kak paszel
MaTeMaTHKH U WHPOPMATHKH. APUCTOTENEBCKas JIOTHKA, HAPOTUB, Oyay4n 0ojiee MIMPOKOH, IpeACTaBIIsIET
c000if CBOETO poJla YHUBEPCAIBHYIO HAyKy: €€ OCBOSHHE OJIMHAKOBO ITOJIE3HO U JJa’Ke HEOOXOANMO KaXKIOMY
YeIIOBEKY, HE3aBICHMO OT TOTO, Kakre 00JacTH 3HAHUS U MIPEIMETHI SIBITIOTCS TSI HETO OoJiee OIM3KUME —
collMaibHO-TYMaHUTapHbIE, ECTECTBEHHO-MAaTEMaTHYECKUE UITH TEXHUUECKHUE.

B 3aBucHMOCTH OT CO103a, C TOMOIIBI0 KOTOPOTO MPOCTHIE CYXKICHHS COSHUHSAIOTCS B CIOXHBIE,
BBIETISIETCSl TATh BHIOB CJOXHBIX CYXKJIEHWUH: KOHBIOHKTHBHEIE, MU3BIOHKTUBHBIC, WMILINKATUBHEIE,
9KBHUBAJICHTHbIE U OTPHUIIATEIbHBIE CYKICHUS.

KoHbloHKTHBHOE CyXeHHE (KOHBIOHKIIHS) — 3TO CIOKHOE CYXACHHE C COCIUHUTEIBLHBIM COr030M U,
KOTOpBIIA 0003HA4YaeTCs B JIOTHKE YCIOBHBIM 3HaKOM «A». C TOMOMIBIO 3TOTO 3HaKa KOHBIOHKTHBHOE
CYXXIEHHE, COCTOSIIIEE U3 ABYX MPOCTHIX CYXKICHHIA, MOYKHO MPEACTaBUTh B BuAE Gpopmynsl: a A b (autaercs
«aub ), raeaunb—3To qBa KaKUX-THOO MIPOCTHIX CykIeHus. Hanpumep, cioxkHoe cyxaenue: CBepKHYyJia
MOJIHUS, U 3arpeMel TPOM — SBJISIeTCS KOHBIOHKIMEH (COeMHEHNEM) ABYX MPOCTHIX cyxJaeHuil: CBepkHya
MoJHUS U 3arpemen TpoM. KOHBIOHKIIHS MOXET COCTOSATh HE TONBKO M3 JIBYX, HO W M3 OOJBIIEro 4Yucia
npocThiX Cyxaenuii. Hampumep: CBepKHyIa MOJTHHUS, H 3arpeMeIt TPOM, M TOIIEN 10Kk (a A D A ¢).

JIM3BIOHKTUBHOE CYyXJAEHUE (AM3BIOHKIUA)— 3TO CJIOXKHOE CY)KJIEHHE C pa3feNUTEeNbHBIM COI030M
MJIN. BcnoMHUM, 4TO, TOBOPA O JIOTUYECKUX OMEPALMAX CIOKEHUS U YMHOXKEHUSI TOHATUNA, Mbl OTMEYaJIU
HEOJIHO3HAYHOCTh 3TOTO COI3a — OH MOXKET HCIOJb30BaThCsl KaK B HECTPOTOM (HEMCKITIOYAIOIIEM)
3HaYeHHH, TaK U B CTPOroM (MCKIIOYaromeM). HeyaAuBUTEIbHO MO3TOMY, YTO TU3BIOHKTHUBHBIE CYXKACHUS
JIeJIATCS Ha JIBA BU/IA: HECTpPOrasi M cTporast TU3bIOHKIUSA COOTBETCTBEHHO.

HecTporast Tu3bI0HKITNS — 3TO CIIOKHOE CYXKJIEHHE C pa3aenuTenbHsM coto3oM WJIN B ero Hectporom
(HeHcKITIOYaroeM) 3HaUYeHUH, KOTOPBIi 0003HadaeTcs 3HaKOM «V». C MOMOMIBIO 3TOTO 3HaKa HECTPOroe
TU3BIOHKTUBHOE CYXJEHHE, COCTOSIIee M3 JIBYX NPOCTBIX CYXICHHH, MOXHO TpEACTaBUTh B BHIE
dbopmynel: a V b (unTaeTcs «a wim b »), e a u b — 3T0 JBa MPOCTHIX CyXKAeHus. Hampumep, cioxHOE
cyxkneHue: OH H3ydaeT aHIJIMUCKUM, WIM OH HM3ydyaeT HEMEUKHUH SIBISETCS HECTPOrod AUIBIOHKIUEH
(pazmenenneM) ABYX MPOCTHIX CykaeHni: OH nzydaer anrmumickuil 1 OH u3ydaeT HEeMEIKU. DTH CYXKICHUS
JpyT Apyra He MCKIIIOYAlOT, BEAb BO3MOXKHO U3y4yaTh U aHIIMUCKUNA, U HEMEUKHHA OJJHOBPEMEHHO, MTO3TOMY
JaHHAsI TU3BIOHKIINS SBISETCS HECTPOTOM.

Crporasi TU3BIOHKIUS — 3TO CJIOXHOE CY)KIEHHE C pa3JenuTenbHbM coro3oMm WM B ero ctporom
(uckmoyaronieM) 3HaYeHHH, KOTOpBIH 0003HadaeTcss 3HaKOM «V_». C TMOMOIIBIO 3TOTO 3HaKa CTPOTroe
TU3BIOHKTUBHOE CYXACHHE, COCTOSIIEE M3 JIBYX HPOCTBIX CYKIEHWH, MOXHO IpEACTaBUTh B BHJE
¢dopmynbl: a V_ b (uutaercs «uiu a, win b »), rae a 1 b — 3To ABa NpOCTHIX cyxaeHus. Hanpumep, cnoxuoe
cyxnaeane: OH yuntes B 9 kmacce, wim OH yuntcs B 11 Kiacce SIBIIeTCS CTPOTOM IU3BIOHKIHEH
(pa3menmenueM) NBYX MPOCTBIX cyxaeHuit: O yuutcs B 9 xiacce, O yumres B 11 xmacce. O6parum
BHHUMAaHHE Ha TO, YTO 3TH CYXACHHA APYT Apyra UCKII0YaI0T, BEAb HEBO3MOKHO OJHOBPEMEHHO YUHUTHCS U B
9, u B 11 xnacce (ecnu oH yuures B 9 kiacce, To TOUHO He yuuTcs B 11 kmacce, U, HA000POT), B CHILY Yero
JaHHAS TUIBIOHKIUS SBISIETCS CTPOTOM.

Kak nectporas, Tak u cTporas TU3bIOHKIMK MOTYT COCTOSITH HE TOJBKO M3 IBYX, HO M U3 OOJBIIEro
yycia MpocThIX cyxaeHui. Hanpumep: OH u3yuyaeT aHITIMHCKWMN, MM OH HM3y4aeT HEMELUKHH, W OH
nsydaet (paniysckuii (a V b V ¢ ); On yunrcs B 9 kimacce, wiu on yuurcs B 10 kimacce, wian oH yautcs B 11
kmacce (aV_bvVv_c).

UmnnukaTuBHOE CyXIeHHWE (MMIUIMKALMS) — S5TO CIOXKHOE CYXKAGHHE C YCIOBHBIM COHO30M
ECJIN...TO, koTopsiii 0003HaUaeTCs 3HAKOM «=>». C TIOMOIIBIO 3TOTO 3HaKa UMILTUKATUBHOE CYXXICHHE,
COCTOSIIIEE U3 JBYX MPOCTHIX CYXKICHHI, MOXKHO MIPEACTABUTh B BHJIE (OPMYIBI: @ => B (YMTACTCS «ECIH a,
T0 b »), TIe a u b — 5T0 ABa MpOCTHIX cykaeHus1. Hampumep, cioxkHoe cyxaenue. Ecnu BemecTBo sBisieTcs
. ]
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METaJUIOM, TO  OHO  3JEKTPOIPOBOJHO  IPEACTaBAsfeT  COOOH  MMIUIMKAaTUBHOE  CY>KICHHUE
(IpUUUHHO-CJIEAICTBEHHYIO CBA3b) JIBYX IIPOCTBIX CykAeHuil: BemecTBo sBisiercs metaiuioM u BemiectBo
AIIEKTPONPOBOAHO. B 1aHHOM ciydae 3Tu ABa CyKIEHHS CBSA3aHBI TAKUM 00pa3oM, UTO U3 MEPBOTO BHITEKAET
BTOpOE (eCNM BEIIECTBO — METAJLI, TO OHO 00SI3aTENBHO AIIEKTPOIPOBOIHO), OHAKO U3 BTOPOTO HE BHITEKAET
HepBOE (€CIIH BEIIECTBO 3JIEKTPOIIPOBOJHO, TO ITO BOBCE HE O3HAYAET, YTO OHO SBIISIETCS METAIIIIOM).

IlepBass 4YacTh MMIUIMKAIMM Ha3bIBA€TCSI OCHOBAHWEM, a BTOpas — CIEACTBHEM; W3 OCHOBAHMSA
BBITEKAET CIICACTBUE, HO M3 CIEACTBUSI HE BBITEKAeT ocHOBaHHE. DOpMyly MMIUIMKALUHU: a => b, MOXXHO
MIPOYNTATh TaK: «ECIIH a, TO 00s3aTENIBHO b, HO ecii b, TO He 0053aTEIHHO a ».

DKBUBAJICHTHOE CYXKICHHE (3KBUBAICHIINS) — 3TO CIIOkHOe cyxaeHue ¢ corozom ECJIN...TO ue B ero
YCJIOBHOM 3HaueHWH (Kak B clydae ¢ MMIUIMKALUei), a B TOXISCTBEHHOM (PKBUBAJIEHTHOM). B naHHOM
cllyyae 3TOT COI03 0003HAdaeTcs 3HAKOM «<=>», C MOMOIIBI0 KOTOPOTO SKBHUBAICHTHOE CYXXICHUE,
COCTOSIIIEE U3 IBYX MPOCTHIX CYXKACHUM, MOXKHO MPEICTABUTH B BUIE (hopMyJbl: a <=> b (YUTaeTCA «eCiu a,
To b, m ec b, T0 a »), TAe a u b — 3T0 IBa MPOCTHIX cyxAeHus. Hanpumep, crnoxHoe cyxneHue: Eciu
YHUCIO0 SABJSETCS YETHBIM, TO OHO AENMTCA 0€3 ocTarka Ha 2 — IMPEACTaBlseT cO00M 3KBUBAJIEHTHOE
cyXIeHue (paBeHCTBO, TOXAECTBO) JIBYX MPOCTHIX CykAeHUH: UYucno sBisercss 4€THBIM M Yncino aenutcs
0e3 ocrarka Ha 2. HetpynHo 3aMeTuTh, YTO B JAHHOM CIIydae [1Ba CY>KACHHUS CBA3aHBI TaK, YTO U3 MEPBOTO
BBITEKAET BTOPOE, @ U3 BTOPOTO — MIEPBOE: €CIIM YUCIIO YETHOE, TO OHO 0053aTeNIbHO AEIUTCS Oe3 OCTaTKa Ha
2, a eCIM YHCII0 JeauTcs 0e3 ocTaTKa Ha 2, TO OHO 00513aTeIbHO YETHOE.

IToHATHO, YTO B SKBUBAICHIMH (B OTIMYME OT MMIUIMKALMHM) HE MOXKET ObITb HH OCHOBAHMS, HU
CJICACTBUSI, TaK KakK JIB€ €€ 4aCTH SBJISIFOTCS PAaBHO3HAYHBIMU CY>KICHHUAMHU.

OrtpunarenbHoe CyXJaeHue (OTpULlaHHE) — 3TO CJIOXKHOE cyxkaeHue ¢ cotozom HEBEPHO, UTO,
KOTOpBI 0003Ha4yaercss 3HakoM «». C MOMOIIBIO 3TOTO 3HAKa OTPHUIATENFHOE CYXKICHHE MOYKHO
MPECTaBUTh B BuAe (GOpMyNbl: — a (UUTAETCsl «HEBEPHO, UTO a »), TI€ @ — 3TO MPOCTOE CY)KACHHE. 3AECh
MOJKET BO3HMKHYTbH BOIIPOC: TJIE KE BTOPAst 4aCTh CJIOKHOTO CYXKICHHUS, KOTOPYIO MbI OOBIYHO 0003HAYAIH
cuMBosioM b ? B 3ammcu — a, y:Ke IPUCYTCTBYIOT JBa MPOCTHIX CYKACHUS: a — 3TO KaKOe-TO YTBEpKIeHHE, a
3HaK «™» — ero orpuuanue. Ilepen HamMu Kak Obl IBa MPOCTHIX CY)KICHUS — OAHO YTBEPAUTEIBHOE, APYroe
orpuuarensHoe. [Ipumep orpunarensHoro cyxaeHus: HeBepHo, 4To Bce MyXH SIBISIFOTCS NTULAMH.

Cor030B B €CTECTBEHHOM $SI3bIKE MHOT'O, HO BCE OHHM IO CMBICTY CBOJSTCS K PACCMOTPEHHBIM TISATH
BUAAM, U JII00O0OE CIIOKHOE CYKICHHE OTHOCHUTCS K OZHOMY W3 HHMX. Hampumep, ciokHoe cyxiaeHue: Yx
nojmHo4b Onm3urcs, a ['epmana Bc€ HeT — SABISIETCS KOHBIOHKLMEH, MOTOMY 4YTO B HEM COI03 A
yIoTpeOsieTcsi B posid coeAMHUTENBHOTO coto3a W. CrnoxHoe cyxnenue: [loceems BeTep, MoxxHEN Oypio,
B KOTOPOM BOOOIIIE HET CO03a, ABJISACTCS MMILIMKAIIMCH, TaK KaK J[Ba MPOCTHIX CYXKJICHUS B HEM CBSI3aHBI
ycioBHbIM corozoMm ECJIN... TO.

IIpuBeném enié HECKOIbKO NPUMEPOB CIIOKHBIX CYKIEHUN C Pa3iIu4HBIMU COXO3aMHU €CTECTBEHHOTO
SA3bIKA, KOTOPBIC BBICTYIIAIOT B POJIM HECKOJIBKUX PACCMOTPEHHBIX HAMU JIOTHUYECKHUX COIO30B.

KuBoe cymecTBo SABISETCS YEIOBEKOM TOJBKO TOrNa, KOrAa OHO oOOJIafaeT MBIIUICHHEM
(2KBHBAJICHIINSA).

YenoBeUeCTBO MOXKET HOFI/I6HYTB TO JIM OT UCTOLICHHA 3E€EMHBIX PECYypCOB, TO JIU OT SKOJIOTHYECKOM
KaTacTpoQbl, TO JIU B PE3YJbTaTe TPEThel MUPOBOM BOWHBI (HECTPOTasi U3BIOHKIINS).

Buepa oH nonmy4uin 1BOMKY HE TOJIBKO 110 MaTEMATHKE, HO €I U MO PYCCKOMY (KOHBIOHKIIHS).

OH He TOTOBHWJICS K 3aHATHUSAM MM CUCTEMAaTHUECKH TPOTYIUBAN UX (HECTPOTrasi IU3bIOHKIIHS).

.HI'O6OC CJIOKHOEC CYXICHUEC ABJIACTCSA MCTUHHBIM WJIN JIOXKHBIM B 3aBUCUMOCTU OT MCTUHHOCTHU HJIN
JIOKHOCTH BXOJISIIMX B HEro MPOCTHIX CyXAeHWH. Hrxe mpuBeneHa TaOnuia MCTHHHOCTH BCEX BUIOB
CIIOKHBIX CY)XICHHH B 3aBHCHUMOCTH OT BCEX BO3MOXKHBIX HAa0OpPOB HCTHHHOCTHBIX 3HAYEHHUH IBYX
BXOJISIIIIAX B HUX MPOCTHIX CYKACHHMA. Taknux HaOOPOB BCETO YETHIPE:

* 00a IPOCTHIX CYK/IECHUS HCTHUHHBIE;

* [IEPBOE CY>KACHUE UCTHHHOE, & BTOPOE JOXKHOE;

* [IEPBOE CYXKICHHUE JIOXKHOE, & BTOPOE UCTUHHOE;

* 00a Cy>XJIEHUS JIOXKHBIE.
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Taoauna 1.
a & anb avb avh | a=b | ash —
M 4| 4 14| J H 41 I
4| J1 Jl 14| M J JI
J 14| Il " M 4 JI 14l
J J1 Il Jl J 1 4

Kax Buamm, koHBIOHKIUSA (2 A b) UCTHHHA TOJBKO TOTNA, KOTJa UCTHHHBI 00a MPOCTHIX CYXKACHHUSA,
BxoJnMx B He€. Hajo oTMETUTh, UTO KOHBIOHKIIUS, COCTOSINAS HE W3 JIBYX, a U3 OOJIBIIET0 KOJUYECTBA
MPOCTHIX CYXJICHUH, TAK)Ke UCTUHHA TOJIBKO B TOM CJIydae, KOTJla UCTHHHBI BCE BXOJSIIUE B HEE CYKICHHUS.
Bo Bcex ocTanpHBIX CiIy4asix OHa SIBJSIETCS JTOAKHOM.

Hecrporas au3pronkius (a V b), Ha000pOT, UICTHHHA BO BCEX CIIyYasx 3a MCKIIOYEHHEM TOTO, KOT/Ia
063 BXOOAIIUX B HEC MNPOCTBIX CYXKIACHUA JIOKHBI. HCCTpOFaH JU3BIOHKIWA, COCTOAIIAsA HE U3 ABYX, a4 U3
0O0JIBIIIEr0 KOJIMYECTBA MPOCTHIX CYKIACHHUN, TAKXKE JI0’KHA TOJIBKO TOT/IA, KOTa JIOKHBEI BCE BXOMAIINE B HEE
mpocteie cyxaenns. Ctporas Tu3bIOHKIWA (a Vb ) HCTHHHA TOJNBKO TOTJIA, KOT/Ia OJHO BXOHAIIEe B HE
MPOCTOE CYKIEHHUE HCTHHHO, a Jpyroe JiokHo. CTporas TU3BIOHKIIMSA, COCTOSIAs HE W3 JBYX, a W3
6OJ'II)IHCI‘O KOJIMYCCTBA IPOCTBIX Cy)KIlCHI/II\/'I, HNCTHHHA TOJIBKO B TOM ClIy4dac, €CJIM UCTUHHO TOJIbKO OAHO U3
BXOJIAIINX B HE€ MPOCTHIX CYKIEHHI, a BCE OCTAILHBIC JIOXKHEI.

Nmmukanms (a => b) 0>KHA TONBKO B OTHOM CITydae, — Korjia €€ OCHOBAHHE SIBISIETCS NCTUHHBIM, a
CJICJICTBHE JIOXKHBIM. BO BceX OCTaNIbHBIX ClTydyasiX OHAa UCTHHHA.

OxBuBaNeHIs (a <=> b) HCTUHHA TOTJa, KOT/Ia JIBA COCTABIISIONIVX €€ MPOCTHIX CY>KICHHSI HCTUHHBI,
WJIM )K€ KOT/Ia OHHM 00a SIBJISFOTCS JIOKHBIME. Eciy ofiHa 9acTh S5KBUBAJICHIIMY UCTHHHA, a APYyTras JOXHA, TO
3KBUBAJICHIUA JTOXKHA.

[Ipome Bcero ompenenseTcss WCTUHHOCTh OTPHUIAHUS: KOTJa YTBEpXKIAeHUE (a) HCTUHHO, €ro
oTpuIlaHue (— a) JIOXKHO; KOT/Ia YTBEpKACeHHUE (a) JI0’KHO, €ro OTpHIlaHue (— a) HICTUHHO.

3aknwuenue. Mtak, 31paBoro cMbiciia U dKHU3HECHHOT'O OIIBbITA, KAK MPABUIIO, JOCTATOYHO IS TOTO,
LITO6LI OPUEHTHUPOBATHCA B PA3JIMYHBIX 3aTPYAHUTCIIbHBIX CUTYallUAX. Ho ecim k HameMy 34paBOMYy CMBICITY
M JKU3HEHHOMY OIBITY JO00aBUTh €MI€ W JIOTUYECKYIO KYIbTYpPY, TO MBI OT 3TOTO TOJBKO BEIMTPAEM.
KoneuHo, Bcex mpo0IieM JI0ruKa He PEIIuT, HO TIOMOYb B )KU3HU OHA, HECOMHEHHO, MOJKET.
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VJIK 51

METO/ BBIYMCJEHUSA UHTETPAJIBHBIX YPABHEHUI ®PEATOJIBMA
HOCPEACTBOM OINIPEAEJIUTEJIEN

Xatiumoea Xunona I'aghyposna,

npenodasamens Kageopwl « Mamemamuueckuti ananusy,
byxapckoeo 2ocyoapcmeennozo ynusepcumema
xilola_xayitova@mail.ru

Annomauus. B oannou cmambe npedcmasieHbl 00HO U3 OCHOBHLIX NOHAMUL OudeperyuaibHo2o
UCHUCTIeHUSI — JIUHEUHble UHMEeZPATbHble YPABHEHUs, a MAKdice HeKOmopble Memoobl UX PeuleHus..
Paccmampusaromess  maxoce mMemoovl  peulenus UHMeSPAlbHbIX  ypaeHeHuti munos @pedeoibma u
Bonemeppul. Ananuzupyemcs meopema @ped2onoma u e€ npuioiceHus.

Kniouesvie cnosa: unmecpanvhoe ypasHneHue, S0pO, CUMMEMPUYHAS  QYHKYUs, JUHENHOe
npPoOCMpaHcmeo.

METHOD OF DETERMINANTS IN FREDHOLM INTEGRAL EQUATIONS

Abstract. This article presents one of the fundamental concepts of differential calculus — linear
integral equations, as well as several methods for solving them. Methods for solving Fredholm and Volterra
type integral equations are also considered. The Fredholm theorem and its applications are analyzed.

Key words: integral equation, kernel, symmetric function, linear space.

FREDGOLM INTEGRAL TENGLAMALARINI DETERMINANTLAR ORQALI
HISOBLASH USULI

Annotatsiya. Ushbu maqolada differensial hisobning asosiy tushunchalaridan biri bo‘lgan chizigli
integral tenglamalar hamda ularni yechishning ayrim usullari keltirilgan. Shuningdek, Fredgolm va Volterra
turidagi integral tenglamalarni yechish usullari ham ko ‘rib chigilgan. Fredgolm teoremasi va uning
tatbiglari tahlil gilingan.

Kalit so“zlar: integral tenglama, yadro, simmetrik funksiya, chizigli fazo.

Beenenue. HTErpanbHoe ypaBHEHUE BUAA!
b

| k0 o = fe, (1)

a
HE coAcpikaliee HCKOMOM (I)yHKLII/II/I (ﬂ(l) BHC HMHTCrpajia, HA3bIBACTCs MHTCTPAJIbHBIM YPABHCHUCM

®penronema 1-To pona.
JInHEeWHBIM MHTETpaIbHBIM ypaBHEeHHEM Pperonbpma 2-ro poja Ha3bIBAaeTCs ypaBHEHHE BHUJIA!

b
00— 1 [ K0 90t = (), 2)

rae @(x)—HeusBectHas QpyHkuws, K(x,t) u f(x) —u3BectHpie QyHKUUH, X U t —ACHCTBUTEIbHbBIC
nepeMeHHbIE, U3MEHSIoIUeCs B uaTepsaie (a, b), A —4ucI0BON MHOKUTEb.

Oyukuust K(x,t) HasslBacTCs SAPOM HMHTErpaabHOro ypasHenus (1); mpeamonaraercsi, 9To SAPO
K(x,t) onpeneneno B kBagpare 2 {a < x < b, a =t < b} nHa wiockoct (X, t) ¥ HENPEPBHIBHO B (2, KOO

€ro pa3pbIBbl TAKOBBI, YTO ﬂBOﬁHOﬁ HHTEIrpa:
b b

ffm(x,m?dxdr

a a
HUMeeT KOHEYHOE 3HaYEHHE.
Ecmm f(x)# 0, To ypaBHeHue (1) Ha3bIBaeTCss HEOAHOPOIHBIM; eciu ke f(x) = 0, To ypaBHeHue (1)

MPUHUMACT BU.
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b
0(x)— Afx(x,r) o(O)dt = 0 (3)

Y Ha3bIBACTCS OJJHOPOTHBIM.
Pemenwne ypaBuenus @penroiapma 2-ro poaa naércst popmynoit:

b
()= f)+4 [ RGED FOL, 4
rae ¢yukuus R(x, t; 1), HaseiBaemas pesonbBeHTOM ®penronbma ypaBHeHus (1), ompenensiercs
PaBEHCTBOM:
D(x, t; 1)
R(x, ;1) = — 5
mpu yenouu, uto D(A) = 0. 3mecs D(x,t; A) u D(A) —cTeneHuHbie psabl Mo A:
_ . D"
D(x,t;A) = K(x,t) + o B, (x,t) A", (6)
n=1 ’
[==] _1 n
D(A)=I+Z( n,) Cp 4™, (7)
n=1 ’
KO3 (QUITUEHTHI KOTOPBIX OIMPENeNsIFoTCs (hopMyaMu:
b b K(x,t) K(xt;) .. K(xt,)
B (x,t) = f L [[KED Kt gglig dt.dt, ....dt, (8)
.t
a a K(t]’!’ fl) K[:rn,tz) K(fnrtn)

npu4EM
By(x,t) = K(x,1t).
®ynkums D(x,t; ) HazpiBaetcs muHopom Dpearonsma, a D(A) —onpenenutenem dpexaronbma. B

ciydae, Koraa sapo K(x, t) orpaHMyYeHO WK e HHTETPal
b b
J- J- K?*(x, t)dxdt
a a

MMeeT KOHEYHOe 3HaueHue, panasl (5) u (6) cxonsaTcs Ay BCeX 3HAYEHWH A W, 3HAYUT, SBISIOTCS

LIEJIBIMU aHAJTUTUYECKUMU (PYHKIIUAMU OT A.
Pe3onnBenTa
D(x, t; 1)
D(d)

€CTb aHaJUTU4ecKass PyHKOUS oT A, KpOMe TeX 3Ha4eHUil A, KOTOphIe SBIAIOTCS HYJISIMH (QYHKLIUH

R(x,t; 1) =

D(4). Ilocneanue CyTh MOMIOCH! pe30bBeHTHI R(X, t; 4).
IIpumep. C  nomompro  ompenenurened  @pearonbma  HalTH  pe30NBBEHTY  siApa
K(x,t) =xef;a=0, b=1.
Pemenne. meem B, (x,t) = xe’. Jlanee,
1
xet xe®r
t,et tjefnr

"1 xe! xefr xet:
B,(x,t) = J-J- tiet tie" tie'z|dt,dt, =0,
oo |t.ef tye'r t,ef2
TaK Kak ONPEIENUTENN O] 3HAKOM HMHTErpaja paBHbl Hy/10. OUEBHIHO, YTO U BCE TOCIELYIONINE
B, (x,t) = 0. Haxoaum kod¢durmeHTsI C,;:
1 1
C,= fK(rl,tl)dtl =J-fletldfl =1,

0 0

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 197




MATHEMATICS

11
-]
o0

OueBuHO, 4TO U Bee nocneaywomue €, = 0.
CornacHo ¢opmynam (7) u (8) B HamIeM cirydae nMeeM:
D(x,t: 1) =K(x,t) =xet; DA =1—-A

Taxum oOpazom,

t et
to dfldfz = 0.

t,et
t.elt t,e
2 2

D(x, ;1)  xe*
D(A) 1-21
ITpyMeHUM HOJTyYEHHBIH Pe3yJIbTaT K PEUICHHIO HHTErPaIbHOTO yPAaBHEHHS:

Rix,t; 1) =

b
qm:x)—;{fxet@(r)dr _ () (A= 1),

Cornacuo popmyse (6)
b

xet
_Af(r)dt.

()= F)+1 -

B wactaoctH, 11 f(x) = e~ nomyvaem:

x)=e ¥+ X.

@(x) =7

Teopema 1 (anbTepHaTusa @pearoanbma). Minu HeoTHOPOIHOE THHEHHOE YpaBHEHUE 2-TO poJia
b

0() -1 [ KCeDpdt = f00)

HUMEeT SIMHCTBCHHOC PEIICHUE MpH JTr000i GyHkuuu f(x) (M3 HEKOTOPOrO JOCTATOYHO MIMPOKOTO
KJ1acca), WJIM COOTBETCTBYIOIIEE OJTHOPOAHOE ypaBHEHHE:
b

(-1 [ KxOp@dt =0

HMEET 10 KpalHel Mepe OHO HETPUBHAIBHOE, T.€. HE paBHOE TOKIAECTBEHHO HYJIIO, PEIICHHE.
Teopema 2. Eciiu ans ypaBHeHus (1) mMeeT MeCTO TEpBBIN Cilydail albTepPHATHUBBI, TO OH WMEET
MECTO U AJISl CONPSHKEHHOTO YPaBHEHHMS:
b

¥ -1 [ K op@at = g(x). 9)

OpHOpOAHOE MHTETPAIbHOE YpaBHEHHUE (2) U CONPSHKEHHOE K HEMY YpaBHEHUE!
b
Wix) — ,:tf K(x, p(Ddt = 0 (10)
a

HUMEIOT OJIHO ¥ TO K€ KOHEYHOE YMCIIO TMHEHHO HE3aBUCUMBIX PEIICHUIA.
3ameuanne. Ecmu dynkimu @, (x), @, (x), @5 (x), ..., @, (x) SBIAIOTCS pEHICHUSMH OHOPOIHOTO
ypaBHeHUS (2), TO UX JTMHEHHAS KOMOWHAITHS:

n

e(x) = C1p1 () + G20, (x) + G303 () + -+ + Cr, (x) = Z Cie i (x),

k=1

rae C, (k= 1,2,3,...,n) —IPOU3BOJIbHBIC TOCTOSIHHBIE, TAaKXe SBISETCS PELICHHEM 3TOro
YpaBHEHUSL.

Teopema 3. HeoOXoAuMbIM H  JOCTaTOYHBIM YCJIOBHEM CYIIECTBOBaHHs perueHus @(x)
HEOAHOPOMHOTO ypaBHEHHs (1) BO BTOPOM Ciydae aJbTEPHATHUBHI SBISETCS YCIOBHE OPTOTOHATHHOCTH
OpaBoil YacTH 3TOro ypaBHeHWs, T.e. GyHkuum f(x), Kk moOoMy pemieHH0 Y(X) CONPSHKEHHOTO K
ypaBHEHUIO (2) OMHOPOTHOTO YpaBHEHUS (4):
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b
ff(x) W(x)dx = 0. (1)

3ameuanue. [Ipu BemonHennu ycnosus (5) ypaBHeHue (1) OymeT nMeTh GECKOHEYHOE MHOXKECTBO
pelIeHUH, TaKk KaKk 3TOMY YPaBHEHHIO OyIeT YAOBIETBOPATH Jrobas (yHKuwms Bupa @(x)+ @H) rie
@(x) —kakoe-HHOY b pelieHue ypaBaenus (1), cpﬁ) —m000e pelieHne COOTBETCTBYIOMIETO OTHOPOTHOTO
ypaBHenus (2). Kpome toro, ecnu ypaBHeHuto (5) ymoieTBopsitoT GyHKIMH @, (x) u @, (x), To B cuiy
JMHEWHOCTH yPaBHEHHs HMX PasHOCTh ¢, (x) — ¢, (X) ecTh pelieHHe COOTBETCTBYIOIIETO OIHOPOIHOTO

ypaBHeHU (2).

Ha mpaktuke ocoOeHHO BakHOE 3HAa4YCHHE MMeeT ajbTrepHaTHBa @penronbma. Bmecto TOro uToObI
JIOKa3bIBaTh, YTO JaHHOE MHTErpasibHOE ypaBHeHHE (1) MMeeT peleHne, yacTo ObIBaeT MPOoIIe 0Ka3aTh, YTO
COOTBETCTBYIOIIIEE OIHOPOIHOE ypaBHEHHE (2) WM COMpPsDKEHHOE K HeMy ypaBHeHHE (4) MMEIOT TOJBKO
TpHUBHANbHBIE pemeHus. OTCoIa B CHITY albTEPHATHBEI CIEIyeT, 4To ypaBHeHHE (1) NeicTBUTETHHO UMEeT
pelieHue.

3ameuanusi. 1) Ecnu sinpo K (x, t) uHTerpansHoro ypaBHenus (1) cCHMMETpUYHO, T.€.

K(x,t) = K(t,x),
TO OJHOPOJHOE COMPsDKEHUEM (2), COOTBETCTBYIOMIMM ypaBHEHHIO (1).
2) B cirygae HEOTHOPOIHOTO MHTETPATBHOTO YPAaBHEHHS C BEIPOKICHHBIM SAPOM

bron
ol [Z @ ()b, (r)] o()dt = f(x)
a Lk=1

ycioBue (5) OpTOrOHATHHOCTH MIPABOM YACTH 3TOTO YPABHEHUSI TaET 11 PAaBEHCTB:

b

ff(r) b (Ddt =0 (k=12,..m).
;IpnMep.

0(x)— ;{f(f,xf* _3)62 p(8)dt — e*.

Pemenne. Umeem
@(x)= CA(5x% —3) + e, (12)

rae
1

C= J-rz @(t)dt. (13)

Monacraenss (12) u (13), nomyuum:
1 1

C = CAJ-(SI"‘ —3t?)dt + J- t? etdt,
] ]
OTKyZa
C=e—2.
HaHHOG YpaBHCHUC IIPU J'HO6I>IX ,1 HUMCECT CAMHCTBCHHOC PCHICHUC
@(x)= A(e — 2)(5x% —3) + e,
a COOTBCTCTBYIOIIIECC OAHOPOAHOC YPABHCHHUC

0(x)— ;{f(f,xf* _3)¢2 p(8)dt = 0

MMeeT eJIMHCTBEHHOE HyJieBoe peureHue: @(x) = 0.
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FUNCTIONAL ALEXANDROFF TOPOLOGY ON EXPONENTIAL SPACE

Juraev Rustam Mekhriddinovich,
National University of Uzbekistan named
after Mirzo Ulugbek, Tashkent, Uzbekistan
rmjurayev@mail.ru

Abstract. In this paper, we study hyperspaces of functional Alexandroff topological spaces induced by
a self-mapping. For a given functional Alexandroff space (X,7,) generated by a mapping f: X — X,

we investigate the topological properties of the hyperspace (exp X, ... ), where the topology is induced by

exp f
the mapping exp f.We compare the functional Alexandroff topology on exp X with the Vietoris topology
and show that the former is strictly stronger in general. Several topological properties of the hyperspace are

examined, including discreteness, connectedness, and closure structure.
Keywords: functional Alexandroff topology, hyperspace, Vietoris topology, separation axioms.

OYHKIOUOHAJIBHAS TOINOJIOI'USA AJIEKCAHIAPOBA HA SKCIIOHEHIIUAJIBHOM
ITPOCTPAHCTBE

Annomayua. B oannoui cmamve Mbl ucciedyem  2unepupocmpaHcmeda  QYHKYUOHANbHBIX
MONON0SUUECKUX NPOCMPAHCIE ANeKcanoposa, UHOYYUPOBAHHLIX camum omoopadicenuem. s 3a0anno2o

@ynryuonansrozo npocmpancmea Anexcanoposa (X,7,), noposcoéunozo omodpasxcenuem f: X — X,
MbL  usywaem mononoaudeckue ceoiicmea eunepnpocmpancmea  (EXP X,Texpf), 20e  Mononocus

undyyuposana omoopagicenuem €XP f. Mo cpasnusaem ¢ynkyuonanonyio mononozuio Anexcandposa na
exXp X ¢ mononozueii Buemopuca u nokasviéaem, umo nepeas 6 ooujem ciyuae sgisiemcsi cmpozo 6ojee
cunvHol. Paccmampueaiomes pasiuumvie MOROAOSUYECKUE CBOUCMBA 2UNEPRPOCMPAHCINGA, GKII0Yds
OUCKPEMHOCMb, CEI3HOCHb U CIMPYKINYPY 3AMbIKAHUSL.

Knrouesvie cnosa. QbyHKMMOH(]Jleaﬂ monoJiocus A]leKCGHapOGQ, cunepnpocmpancmeo, nmonolocusl
Buemopuca, AKCUOMBL OMOEUMOCIIU.

EKSPONENSIAL FAZODA FUNKSIONAL ALEKSANDROV TOPOLOGIYASI

Annotatsiya. Ushbu maqgolada o ‘z-o ziga akslantirish orgali hosil gilingan funksional Aleksandrov
topologik fazolarining giperfazolari o ‘rganilgan. Berilgan f :X — X akslantirish yordamida hosil
gilingan funksional Aleksandrov fazosi (X,z) uchun, (exp X,z,,,) giperfazosining topologik xossalari
tadgiq gilingan, bu yerda topologiya exp f akslantirish orgali hosil gilingan. exp X dagi funksional
Aleksandrov topologiyasi Vietoris topologiyasi bilan tagqoslangan va umumiy holda birinchisi qat’iy
ravishda kuchliroq ekanligini ko ‘rsatilgan. Shuningdek, giperfazoning turli topologik xossalari, jumladan,
diskretlik, bog ‘liglik va yopilish strukturasi ko rib chiqilgan.

Kalit so“zlar: funksional Aleksandrov topologiyasi, giperfazo, Vietoris topologiyasi, ajrimlilik
aksiomalari.

Introduction. Functional Alexandroff spaces, first discussed in [6], are topological spaces whose
topology is induced by some mapping. Functional Alexandroff spaces play an important role in domain
theory and theory of dinamical systems. In [5], functional Alexandroff topologies, a new subclass of
Alexandroff topologies on a set were introduced. Functional Alexandroff topologies have been widely
studied and applied in various contexts. As demonstrated in [9], the Ulam—Kakutani—Collatz conjecture is
true precisely when N is supercompact relative to a particular functional Alexandroff topology.

In [7] investigated partial metrizability of functional Alexandroff topological spaces. The author

proved that every functional Alexandroff topology is pseudopartial metrizable and every T, functional
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Alexandroff space is partial metrizable. The product of functional Alexandroff spaces was studied in [5],
moreover, a result was obtained on functional Alexandroff topological groups that characterizes all
functional Alexandroff topologies on a group making it a topological group. In [8] has been described the
algebraic structure of the group J(X) for a connected homogeneous functionally Alexandroff space

(X,7,) asaclosed subgroup of Aut(z) for a certain regular tree.
The main emphasis of this paper is placed on the exponential functor exp, which plays a fundamental

role in our study. In [11] has been proved that if a topological space X is an e -space, then the hyperspace
exp X is also an e-space and the functor exp preserved e -continuity. The behavior of minimal tightness
and functional tightness of topological spaces under the exponential functor of finite degree was investigated
in [12].

: ]Our intention in this paper is to investigate whether some topological properties of the functional
Alexandroff space (X,7) induced by the mapping f , are preserved in the space (exp X,z,,,;) induced
via exp f . In the first section, we present some preliminary terminology needed for the later development.

The second section is devoted to the hyperspace of functional Alexandroff topological spaces.
Preliminaries. A functional Alexandroff topology on a set X induced by the mapping f : X — X,

to be the topology whose closed sets are {Ac< X : f(A) < A}. One can see that arbitrary unions of closed
sets are closed. We denote this topology by 7, , i.e.
7, ={Uc X: f(X\U)c X\U}
We recall that under the topology 7,, X is called the functional Alexandroff space (induced by f)
[6].
It is known that the mapping f :(X,7,) = (X,7;) is closed continuous (see, [3]), i.e. each closed

subset F of X thesubsets f(F) and f*(F) are closedin X .

A topological space X is called Alexandroff if for any X e X there exists a smallest open
neighborhood of X (in other words the intersection of any nonempty collection of open sets is open). For
more details on Alexandroff spaces we refer the interested reader to [1],[4].

Proposition 1. Every functional Alexandrof topological space is Alexandrof space.

Proof. Let (X,7,) be a functional Alexandroff space indused by f . It is enough to prove that an
arbitrary union of closed subsets of X isclosed in X . Consider an arbitrary family

y={F,: aeA}

of closed subsets of X . Prove that

f(UFR)cUF.

ael ael

is closed in X for each a € A, it follows that

f(UF)=U fF)cUF..

ael ael ael

Proposition 1 is proved.
In a functionally Alexandroff space (X,z,), we denote by (X,<,) the corresponding set equipped

with the specialisation quasi-order. Then for any X € X , the closure of X is the orbit

JOGF={f"(X): neN}

and the smallest open neighborhood of X is

V; (X) =T{x}={ye X : thereexists neN such that f"(y)=x},

where N ={0,1,2,...} (see [3],[6]).

A topological space X is called homogeneous if for any points X,y e X there exists a
homeomorphism f : X — X suchthat f(X)=Yy. If atopological space X is homogeneous, then the local
topological properties of each point are preserved. For example local density (likewise: character,
pseudocharacter, tightness and etc.) of any point of a considered space is constant. If (X,z,) is a

functionally Alexandroff space generated by f and p e N\{0}, we say that x € X has period p if
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X, f(x), F2(X),..., FPH(X)
are distinct and f P (x) =X, and we say that f has a cycle of length p ora p-cycle. A point with

period 1 is a fixed point of f and is easily seen to be a minimal pointin (X,<,).
In the following, a necessary condition for the mapping f to be surjective is given.
Proposition 2 (see [10]). If (X,7,) is homogeneous, then f is a surjective map.

The following proposition provides a characterization of homeomorphisms in functional Alexandroff
spaces.

Proposition 3 (see [10]). Suppose (X,7,) is a functionally Alexandroff space and f : X — X has

no cycles. Let q: X — X be a bijection. Then q is a homeomorphism if and only if qo f = f oq
Hyperspace of functional Alexandrof space. Denote by exp X the set of all nonempty closed
subset of topological T,-space X . The family B of all sets in the form of

O(U,U,,..U)={FeexpX: Fc|JU, FNU, #@,j=12,...,n},
i=1

where U,,U,,...,U
topology is called the Vietoris topology (further we denote this topology by 7, ). The set exp X with the

is a sequence of open subsets of X , generates the topology on exp X . This

n

Vietoris 7,, topology is called the exponential space or the hyperspace of the space X . Denote by exp, X
the set of all non-empty closed subsets of X of cardinality not greater than the natural number n, i.e.
exp, X ={F eexp X : |F[<n}.
Put
exp, X :Uexpn X, exp, X =={F eexp X : F is compact in X}.

n=1
It is clear that

exp, Xcexp, Xc exp, X cexp X
for any topological space X [2].
Let X be a non empty setand let f : X — X be a mapping. We define topological space (X,7;).
The set of all non-empty closed subsets of X we denote by exp X . For F eexp X put
exp f(F)=f(F)
and we define the mapping
exp f :exp X —>exp X.

It is easy to show that the mapping exp f is correctly defined. Let 7, be a functional Alexandroff

exp f
topology on exp X induced by exp f . Then the following relation is hold:
Tt =1G cexp X : every F e (exp X)\G yields f (F) ¢ G}.
So we have two topological spaces (exp X,z,) and (exp X,z,,,¢). The question arises: Are these

topologies the same? The following example shows that these topologies do not coincide.
Example 1. Let X ={a,b,c} and let f : X — X be a mapping defined by the rule

f(@=f(b)="1(c)=a
In this case we have 7, ={J, X ,{b, c},{b},{c}}. Let's number its elements:
Ul :@1 UZ = X! U3 :{b,C}, U4 :{b}1 US :{C}
Then exp X ={{a},{a,b},{a,c},{a,b,c}}. Functional Alexandroff topology on exp X induced by
exp f is
Toxp t ={G,,G,,G;,G,,G;, G, G,, G4, G},
where
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G, =@, G, ={{a,c}, X}, G, ={{a,b}, X}
G, ={{a,b}.{a.c}}, G, ={X}, G; ={{a.c}},
G, ={{a.b}}, G, ={{a.b}.{a,c}. X}, G, =exp X.

Now we will construct Vietoris topology.
o(U,)=0(U,)=0(U,)=0(U,,U,)=0(U,,U,)=0(U,,U;)=0(U,,U, U,)=G,,
O(UZ,U4>:O<U2,U3,U4>:GZ, O(UZ,U5>:O<U2,U3,U5):G3,

O(UZ,U4,U5>:O<U2,U3,U4,U5>:GS, O(UZ,U3>:GS, O(U2>:Gg.
The last case we have 7, ={G,,G,,G;,G;,G;,G,}. Therefore 7, =7, .
Theorem 1. Functional Alexandroff topology on exp X induced by exp f is stronger than the

Vietoris topology on exp X .
Proof. Let U,,U,,...,U, beopensetsin (X,z;). Itis enough to show that

O<U1,U2,...,Un>erexpf.

Take an arbitrary element F e (exp X)\O(U,,U,,...,U ). In this case we have F & UUi or there

i=1

exists J ¢1,n such that F NU; =O. Firstly we consider a case F & UUi . Then

i=1

F(X \UUi)¢@ implies f(F)n f(X \UUi);t@.

i=1 i=1

Since U, is open in X for all j%l,_n it follows the set X\UUi is closed and

i=1

f(X\[JU;) = X \[JU,. Therefore f(F)n (X \[JU,) =@. Itmeans that f(F) | U, ,ie.

i=1 i=1 i=1 i=1
f(F)eO(U,,U,,...,.U,).
Now we consider the case F U, =& for some j ¢1,n.Since F isaclosed subset of X we have
f(F)cFand f(F)nU,=0.
So f(F)¢ O(Ul,UZ,...,Un>. Theorem 1 is proved.
Theorem 2. Let (X, 7,) be atopological space induced by f: X — X . If (X,7;) is T,-space, then
(exp X, 7., ) is discrete topological space.
Proof. Let (X,7,;) bea T,-space. Then for every point X € X asubset {X} is closed in X, i.e.
f({x}) ={x} yields f(x)=x.Wehave f =id, . Inthiscase exp f =id,, . We prove that for each
F eexp X asubset {F} is openin (exp X, z,,,). Since exp f is identity mapping it follows that
exp f (exp X \{F}) =exp X \{F}.
Therefore exp X \{F} is closed in (exp X, 7). Hence {F} is open subset of (exp X,z,,,).
Theorem 2 is proved.
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NONLINEAR ALGEBRAIC SYSTEM AROUND SMALL SINGULARITIES
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Abstract. This paper is devoted to the problem of finding local parametric representations of
nonlinear algebraic systems near singular points. At points where the Jacobian matrix becomes degenerate,
the implicit function theorem cannot be applied directly. Therefore, a new approach combining the methods
of Newton polyhedra, Minkowski sums, and power geometry is proposed for studying the local properties of
the solution set. The effectiveness of the proposed method in describing the local structure of solutions near
singularities and obtaining explicit parametrizations is demonstrated through illustrative examples.

Keywords: nonlinear algebraic systems, singular points, Newton polyhedra, power geometry,
Minkowski sum, Puiseux series.

HAXOXKIEHUE JIOKAJIBHOT'O IAPAMETPUYECKOI'O PA3JIOKEHUS
TPEXMEPHBIX CUCTEM HEJIMHENHBIX AJITEBPAMYECKUX YPABHEHUM B
OKPECTHOCTH MAJIBIX OCOBEHHOCTEM

Annomauusa. [lannas paboma noceswena 3a0a4e HaxodHcoeHus 10KAIbHO20 Napamempuiecko2o 6uod
cucmembl HeIUHEUHbIX aneedpauieckux ypasHeHull 8 OKpecmHocmu 0cobbix mouek. B moukax avipowcoenus
mampuysl HAxobu (axobuana) meopema O HesABHOU (YHKYUU He Modcem Oblmb NPUMEHEHAd HANPAMYIO.
Iloomomy Ons usyyeHus JOKANbHBIX CEOUCME MHOICECBA peuleHUull npeoiazaemcs HO8bll Memoo,
couemaowuii 6 cebe memoovl MHozoepannuka Hetomona, cymmul Munko6cko2o u cmenenHou 2eomempui.
Ha npumepax noxasano, umo dannwiti Memoo s¢hpexmusen 0isk ONUCAHUs JOKATbHOU CIPYKIYPbl peUeHull
U NONYUEHUs MOYHOU apamempu3ayuy 8 OKpeCmHOCmu 0COOEeHHOCMEll.

Knioueswie cnosa: ancedbpauueckue kpugvie, 0cobble mouku, mHo2oepannux Helomona, cmenennas
eeomempusi, cymma Munkosckozo, pso ITouszé.

UCH O‘LCHAMLI NOCHIZIQLI ALGEBRAIK TENGLAMALAR SISTEMASINI KICHIK
MAXSUSLIKLAR ATROFIDA LOKAL PARAMETRIK YOYILMASINI TOPISH

Annotatsiya. Ushbu ishda nochizigli algebraik tenglamalar sistemasining maxsus nuqtalari atrofida
lokal parametrik ko ‘rinishini topish masalasiga bag ‘ishlangan. Yakobian matritsasi degeneratsiyaga
uchraydigan nuqtalarda oshkormas funksiya haqidagi teorema bevosita qo ‘llab bo ‘Imaydi. Shuning uchun
yechimlar to ‘plamining lokal xossalarini o ‘rganishda Nyuton ko ‘pyoqligi, Minkovskiy yig ‘indisi va darajali
geometriya metodlarini uyg ‘unlashtiruvchi yangi metod taklif etiladi. Ushbu metod orqali maxsusliklar
atrofida yechimlarning lokal tuzilishini tavsiflash va aniq parametrizatsiyani olishda samarali ekanligi
misollar orgali ko ‘rsatiladi.

Kalit so‘zlar: algebraik chiziglar, maxsus nugtalar, Nyuton ko ‘pyoqligi, darajali geometriya,
Minkovskiy yig ‘indisi, Puiseux gatori.

Introduction. Modern problems in mathematics, physics, and engineering are often described by
systems of nonlinear algebraic equations. In particular, the study of complex surfaces defined in three-
dimensional space, trajectories of spatial mechanisms, and thermodynamic equilibrium states directly
requires the solution of such systems. However, one of the main obstacles in studying nonlinear algebraic
systems is the presence of singular points. At singular points, the Jacobian of the system becomes zero,
causing the classical implicit function theorem to lose its validity. This leads to bifurcation of solutions, non-
existence of solutions, or infinitely many solutions. In the three-dimensional case, reducing such singularities
to a local parametric form is crucial for understanding the behavior of the system in critical regimes and for
stability analysis. Therefore, developing alternative methods that provide explicit parametric representations
of solution branches is of great importance. Methods such as the Newton polyhedron [1], Minkowski sum
[2], and Bruno’s power geometry [3-5] provide effective tools for identifying leading terms near singularities
and simplifying algebraic systems. In recent years, Soleev [3, 6-7] and Batkhin [5, 8] have applied Newton
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polyhedron and power geometry methods to algebraic equations and proposed algorithmic approaches for
local parametrization problems.

In this work, based on these approaches, a new algorithmic method is proposed for computing local
parametric expansions of algebraic systems near their singularities. This method is widely applicable to
solving algebraic problems arising in theoretical physics. In some cases, the practical application of the
proposed algorithm is limited to hand calculations; however, this approach enables the automation of
singularity analysis. All computations are performed using the Maple system. In the study of singularities of
polynomial systems, the notions of the support and the Newton polyhedron are fundamental. In the study of
local properties of algebraic curves and higher-dimensional algebraic structures, Newton polyhedra, Puiseux
series, and power geometry methods play a central role. This direction was further developed by Sathaye,
Kouchnirenko, Khovanskii, and Teissier.

Kouchnirenko estimated the complexity of singular points in terms of degree, while Khovanskii
obtained bounds for the number of solutions of algebraic systems using Newton polyhedra. Teissier studied
singularity structures using gradient systems and linear combinations of gradients. Kollar systematically
developed the theory of resolution of singularities in a broad and comprehensive framework. The problem of
determining singular points of rational algebraic curves and constructing their local parametric
representations was effectively addressed by Chen using symbolic computation.

Bernardi analyzed singular points of rational plane curves using projection techniques and symbolic
methods. Canino applied the Newton-Puiseux algorithm to identify singular points of plane curves. These
approaches provide a modern algorithmic framework for local parametric expansions and singularity
analysis. All the above methods are reflected in the works of Bruno, Soleev, and Batkhin, which form the
basis of modern power geometry approaches to singularity analysis and local parametrization of algebraic
systems [3-9].

This work is a natural continuation of the studies presented in [11-13]. We propose a method for
computing local parametric expansions near small singularities of the following system of nonlinear
algebraic equations to an arbitrary degree of accuracy
fitx)=0, (i=123,..,m, x =%x;,%X3,X3,.., X, m=n—1) (1)

The proposed method consists of the following key steps [11-13]:

Step 1. Determination of the support sets D( f;) for each f;(x);

Step 2. Computation of the Minkowski sum for the Newton polyhedral T'(f;);
Step 3. Construction of the common Newton-Minkowski polyhedron ['(f) for the system;

Step 4. Identification of all faces rj';d] of the Newton-Minkowski polyhedron I'(f);

Step 5. Selection of points corresponding to each face F}d] ;

Step 6. Construction of a system of linear inequalities for a normal vector P;
Step 7. Solution of the obtained system of linear inequalities using the Motzkin-Burger algorithm,
which yields the generators of the normal cone Kj(d];

Step 8. Extraction and analysis of the reduced systems corresponding to the obtained normal cone
Kj(dl;
Step 9. Application of degree transformations;

Step 10. Recursive construction of a formal parametric expansion, followed by successive
transformations back to the original variables to obtain a local parametric solution of the form x;(t). Finally,
the implicit function theorem is applied where necessary.

In this setting, the cone of interest is K = {p < 0}, and the local parametric expansions of the
algebraic curve near singularities x are described and fully analyzed using the following system of two
nonlinear algebraic equations in three variables
filxy,x3,x3) =0 i=12 (2
where,

fi=x+ 23+ x5+ xx3x,, 5 = x3x, + x¥x,x,+ xixg+ X%,

Consequently, for system (1), using the supports of f; and £, the corresponding Newton polyhedra

can be represented as shown in Fig.1.
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Figure 1. Newton polyhedra ['(f,) and T'(f-)
Now we compute the Minkowski sum of the support sets of the polynomials f; and f,, and construct

the corresponding Newton-Minkowski polyhedron. The resulting geometric structure is illustrated in Fig.2.
In this representation, the full three-dimensional polyhedron is located at the top level, while the lower levels
correspond respectively to two-dimensional faces, edges, vertices, and, at the lowest level, the empty set.
This hierarchical structure reflects the combinatorial geometry of the Newton-Minkowski construction and
plays a key role in identifying dominant terms and singular behavior of the system near the origin.

Above, the process of constructing a new Newton-Minkowski polyhedron for the polynomial system
using the Minkowski sum and preparing it for local parametric analysis is illustrated. Since computing all
geometric elements of a three-dimensional polyhedron (vertices, edges, and faces) manually is highly
complicated, Maple packages were used. With the aid of Maple [10], the faces of the polyhedron were
analyzed, and all possible two-dimensional faces were determined. As a result, the normal vectors

corresponding to all two-dimensional faces of the polyhedron are represented as follows

1 1 3
Nii430 = [_L_E:_E]:anaa = [—1,—1,—2],N1?901 = [_L_E:_l]rNagaw = [0,0, 1],

Nigog9 = [—1,—2,—1],N41013 = [_1r_2!_3]rN9989? = [Ll: 1]rN119577 = [O: 1,0],
Ni23261 = [_1;_1:_3]: Nizi237 = [0: 1 1]:N137999 = [1:0: 1]-

7N
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Yo\

BN X/ VS ;r; 7 T
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Figure 2. Newton-Minkowski polyhedron
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Although geometrically many normal vectors exist, not all of them lead to physically or
mathematically meaningful solutions. After the selection process, it was determined that only two normal
directions belong to the cone of the problem

N3gogo = [—1,—2,—1]and Nyp356;, = [-1,—1,-3]

The main property of the selected normals is that the corresponding reduced systems (3) and (4)
possess nonzero, i.e., nontrivial, solutions. For the remaining normals, the system may lead only to the trivial
zero solution or to contradictions. For the normal vector N, 4444, the reduced system takes the form

[flrr39989= (ry + x3)(xf — xfx3+ x1x3 — x1x3+ x3) ®)
£tr39989 = x, (x3 + x,)

and for the normal vector Ny,3.44,

[ﬁn-123261 = (g + x2) (a7 — xixp + x3x3 — X035 + x3) (4)
frtr123261 =x, (x} + x;)

These reduced systems form the basis for constructing local parametric expansions near the singular
points of the original algebraic system. Based on the geometric structure of the reduced systems (3) and (4),
the following unimodular matrices a, and a, can be chosen

1 0 -1 1 0 -1
a1=(—2 1 0), a;1=(2 —2)
0 0 -1 0 0 -1

-1 10 1 0 —1
a,={-3 0 1] a;t=(2 0 -1
-2 10 3 1 -3

For system (3), the degree transformation corresponding to the matrix e« is given by

=

and

X _ Xz _1
= xar.".l’z xi:.".l’z . )
while the inverse transformation takes the form
2
A N i S
11—va:12 V2 s X3 " (6)

After‘épplying fhe degreertransformation (6) together with the corresponding reductions, the reduced system
(3) becomes

[§1 =y +1
Go=vi0n + 1)
As a result, the complete solution of system (7) is
vW=0f =-1y = -1}

These results demonstrate the possibility of determining parametric solutions of the algebraic system
and analyzing them through Newton polyhedra. The root ¥ corresponds to one branch of the desired
algebraic curve. After applying the degree transformation (6), performing reductions similar to those in (7),
and introducing the substitution y; = %system (2) is transformed into the following system

()

lo,..5

5.2 B
T

Y3 Vg
g =Wz dd Ly 4 ©
vi L
Substituting
V=142, =-1+23,Y3 =23
into system (8), we obtain the following system
hy=1t2{%3+ -+ tzZ+ 10z} + 5tz, + 2tz,— 10z{—t + 5z, ©)

h, =t?z3z, — t?z3 — 2t%z3z, + 2%z} + t?z,2, — t?z, + 2,
For system (9), the computations yield the following first terms of the expansion
z,(t) = 0.0137149328736646 + 0.129074407852671 -t + ---,
z,(t) = —0.0268262083952215 + 0.0863511823504431-t+ ---.
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Figure 3. Curve h(zy, 25, t)

The complicated nonlinear algebraic system was successfully linearized, and its local behavior near
the point t = 0,5 was completely analyzed through graphical representations of the parametric expansions.

The intersection curve of the surfaces i; and h, in space represents the actual solution trajectory of the
system. As shown in the graph, the computed red straight line coincides exactly with this trajectory at the
point t = 0,5, confirming the high accuracy of the obtained local parametric expansion (Fig.3). Now,
returning step by step to the original coordinates, we obtain
x,(t) = 0.1290744079 (t — 7.641213182) t + ---,
x,(t) = 0.001438628207 (t — 7.641213182)2 (t — 11.89128139)% t + -, x5(t) = ¢

These parametric expressions describe the local branch of the solution of the original nonlinear
algebraic system near the singular point.
1 -

o~

56 _ =
s ’. A

0.4
i ] =

0

_0_2_

_0_4_

—0.6-

-0.84

X)) —y(t) = Xq(t) |

Figure 4. Curve f(xy, x2,x3)

The complicated nonlinear system was successfully linearized, and its local dynamics near the point
t=0,5 were determined. The intersection of the surfaces shown in the graph confirms the geometric
correctness of the computed parametric expansions.

Result. The local parametric expansion of a nonlinear algebraic system near small singularities has
been analyzed using the proposed method. For each equation, the Newton polyhedron was constructed, and
their Minkowski sum was used to obtain the global Newton-Minkowski polyhedron of the system. The
normal cone of this polyhedron allowed the identification of the leading reduced system. Using the reduced
system, the local structure of solutions, their branches, and parametric expansions were determined. It was
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shown that, through degree transformations, the solutions near small singularities can be obtained step by
step. Thus, the obtained parametric expansions and dynamic analysis not only simplify the mathematical
model of the complex system but also provide insight into the stabilization of its future behavior.

Conclusion. In this work, an algorithm based on Newton-Minkowski and power geometry methods is
developed, which enables the computation of local parametric expansions of nonlinear algebraic systems
near small singularities to an arbitrary degree of accuracy. The obtained results can be applied to the analysis
of high-degree and multivariable algebraic systems, as well as to parametrization problems and the
improvement of computer algebra methods. The solution of system (4) is carried out in the same manner as
for system (3).
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BO‘LAKLI UZLUKSIZ ARGUMENTLI NOCHIZIQLI DIFFERENSIAL TENGLAMA
UCHUN KOSHI MASALASI

Xolikov Suyunjon Xamroqul o°‘g"li,

Navoiy davlat universiteti Matematika kafedrasi dotsenti
xolikovsuyunjon@gmail.com

Keldiyorova Mohinur Nuritdin gizi,

Osiyo xalgaro universiteti magistranti

Annotatsiya. Ushbu maqolada butun gism funksiyasi orqali aniglanuvchi bo ‘lakli uzluksiz argumentli
differensial tenglama uchun Koshi masalasi tadqgiq etiladi. Qaralayotgan tenglamada noma’lum funksiya
y(t) ning uzluksiz argumentdagi giymati bilan bir qatorda y([t]) ko ‘rinishidagi bo‘lakli uzluksiz
argumentdagi giymati ham ishtirok etadi. Bu holat masalani klassik oddiy differensial tenglamalardan fargli
ravishda bo ‘laklar bo ‘yicha tahlil gilish zaruratini yuzaga keltiradi. Magolada tenglama har bir [n,n + 1)
oraligda oddiy differensial tenglamaga keltirilib, yechimning aniq formulasi hosil gilinadi. Shuningdek,
yechimning butun nugtalardagi giymatlari uchun rekurrent munosabat chigariladi. Topilgan yechimning
berilgan tenglama va boshlang ‘ich shartni ganoatlantirishi bevosita tekshiriladi.

Kalit so“zlar: bo ‘lakli uzluksiz argument, Bernulli differensial tenglamasi, Koshi masalasi, rekurrent
formula.

3AJAYA KOIIU JJIs1 HEJJMHEMHOI'O U ®P®EPEHIIUAJIBHOI'O YPABHEHUSA C
KYCOYHO-HENTIPEPBIBHBIM API'YMEHTOM

Annomauus. B dannou cmamve uccredyemes sadava Kowu 015 oughghepenyuanvnozo ypasrenus ¢
KYCOYHO-HENPepbIGHbLIM — APSYMEHMOM, 3adasaemviM (QYHKyuel yenou uacmu. B paccmampusaemom
VpaeHeHuu Haps0y co 3HaueHuem Heusgecmuou @yukyuu y(t) npu HenpepvlgHoM apeymeHme yuacmeyem
maxaice 3nauenue y([t]) npu Kycouno-HenpepvigHom apeymenme. Imo 00CmMoamenbcmeo omauiaen OaHHYI0
3a0ayy Om KIACCUYECKUX ODbIKHOBEHHbIX OUphepenyuanbHblx YpasHenuti U npueooum K HeoOXooumMocmu
NOKOMNOHEHMHO20 AHAU3A PeuleHus HA COOMBEMCMBYIOWUX Npomedcymkax. B cmamve ypasuenue Ha
Kaxcoom npomedxcymke [n,n + 1) ceooumcsa Kk oOviKHOBeHHOMY OugpepeHyuarbHomy ypagHeHuio, O
KOMopo2o noayuena senas gopmyna pewenus. Kpome mozo, visedeHo peKyppeHmHoe coomHowenue Ol
3HaYeHull pewienus @ yeavlx moukax. Henocpeocmeenno nposepsiemcs, umo HatideHHOe peulenue
y008remeopsien 3a0aHHOMY OUpdepeHyUarbHOMY YPABHEHUIO U HAYAIbHOM) YCAOBUIO.

Kniouesvie cnoea: xycouno-nHenpepuvlgnvlii apeymenm, oughgepenyuanrvroe ypasuenue bepuynnu,
3adaua Kowu, pexyppenmmuas ghopmyaa.

THE CAUCHY PROBLEM FOR A NONLINEAR DIFFERENTIAL EQUATION WITH
PIECEWISE CONTINUOUS ARGUMENT

Abstract. In this paper, the Cauchy problem for a differential equation with piecewise continuous
argument defined by the greatest integer function is investigated. In the considered equation, together with
the value of the unknown function y(t) at the continuous argument, the value y([t]) at the piecewise
continuous argument is also involved. This feature distinguishes the problem from classical ordinary
differential equations and requires a piecewise analysis of the solution. The equation is reduced to an
ordinary differential equation on each interval [n,n + 1), and an explicit formula for the solution is
obtained. Furthermore, a recurrent relation for the values of the solution at integer points is derived. It is
directly verified that the obtained solution satisfies both the given differential equation and the initial
condition.

Keywords: piecewise continuous argument, Bernoulli differential equation, Cauchy problem,
recurrent formula.

Kirish. Diskret va uzluksiz jarayonlarning o‘zaro bog‘ligligini ifodalovchi differensial tenglamalar
zamonaviy differensial tenglamalar nazariyasining muhim yo‘nalishlaridan biri hisoblanadi. Ko‘plab amaliy
masalalarda jarayonning o‘zgarishi faqat ayni vaqtdagi holatga emas, balki uning ma’lum diskret vaqt
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nugqtalaridagi qiymatlariga ham bog‘liq bo‘ladi. Bunday holatlar biologik tizimlar, iqtisodiy modellar, texnik
boshqgaruv jarayonlari, impulsli sistemalar, ragamli signallarni gayta ishlash va diskret kuzatuv asosida
boshgariladigan dinamik sistemalarda uchraydi. Shu nuqgtayi nazardan, argumenti butun gism funksiyasi
orgali berilgan differensial tenglamalar alohida ahamiyatga ega. Bunday tenglamalarda noma’lum funksiya
bir vaqtning o‘zida ham uzluksiz argumentda, ham diskret xarakterga ega bo‘lgan argumentda gatnashadi.
Natijada tenglama oddiy differensial tenglamalar va ayirmali tenglamalar orasidagi bog‘lovchi matematik
model sifatida namoyon bo‘ladi.

Bo‘lakli uzluksiz argumentli differensial tenglamalar nazariyasining shakllanishida K. L. Cooke va
J.Wiener ishlari muhim rol o‘ynaydi. Ularning bo‘lakli uzluksiz argumentli, kechikishli tenglamalarga
bag‘ishlangan ishida bunday tenglamalarning boshlang‘ich qiymat masalalari, yechimning mavjudligi va
dinamik xossalari o‘rganilgan. Bu ish keyingi tadqiqotlar uchun asosiy nazariy manbalardan biri bo‘lib
xizmat giladi.

[2] ishda S.M. Shah va J. Wiener tomonidan ilgarilovchi argumentli bo‘lakli-o‘zgarmas differensial
tenglamalar o‘rganilgan. Ular bunday tenglamalar impulsli tenglamalar, yuklangan tenglamalar va aynigsa,
ayirmali tenglamalar bilan uzviy bog‘ligligini ko‘rsatgan. Mazkur yondashuv bo‘lakli argumentli
tenglamalarning har bir birlik oraligda uzluksiz dinamikaga, oraliglar chegarasida esa diskret dinamikaga ega
ekanini asoslab beradi. [3] ishda A.R. Aftabizadeh, J. Wiener va J. M. Xu ishlarida bo‘lakli-o‘zgarmas
argumentli kechikuvchi tenglamalar uchun tebranish va davriy yechimlar tadqiq gilingan. Bu yo‘nalish
yechimlarning sifat xossalarini o‘rganishda muhim bo‘lib, rekurrent bog‘lanishlardan kelib chigadigan
davriylik, tebranish va barqarorlik masalalariga e’tibor qaratadi. [4] ishda J. Wiener va K. L. Cooke
tomonidan sistemalar uchun bo‘lakli-o‘zgarmas argumentli differensial tenglamalarda tebranish hodisalari
tekshirilgan. Bu ishlar bitta skalyar tenglama bilan cheklanib qolmay, ko‘p o‘lchamli sistemalarda ham
bo‘lakli argumentning dinamikaga ta’siri muhim ekanini ko‘rsatadi. [5] ishda J. Wienerning funksional
differensial tenglamalarning umumlashgan yechimlari, jumladan, bo‘lakli-uzluksiz argumentli tenglamalar
tizimli bayon qilingan. Bu ishda bo‘lakli argument tipidagi tenglamalar nazariy, hisoblash va amaliy jihatdan
muhim yo‘nalish sifatida ko‘rsatiladi.

[6]-[8] ishlarda M. U. Akhmet tomonidan bo‘lakli uzluksiz argumentli tenglamalarning umumlashgan
turlari, dinamik sistemalar hamda gibrid uzluksiz-diskret modellar chuqur tadqiq gilingan. Bu ishlar klassik
[t] tipidagi argumentdan kengroq sinflarga olib chigadi.

Shuningdek, [9]-[11] ishlarda avftorlarning ishlari funksional differensial tenglamalar, kechikuvchi
argumentlar, tebranish va ayirmali tenglamalar nazariyasini rivojlantirishda muhim manba hisoblanadi.

Mavjud adabiyotlarda bo‘lakli uzluksiz argumentli differensial tenglamalar asosan chiziqli,
kechikuvchi, ilgarilovchi yoki sistemalar ko‘rinishida o‘rganilgan. Biroq Bernulli tipidagi maxsus nochiziqli
tenglamalarga bo‘lakli-o‘zgarmas argumentni kiritish orqali hosil bo‘ladigan rekurrent struktura alohida
tadgiqot obyekti sifatida yetarlicha ochib berilmagan.

Ushbu ishda garalayotgan tenglama klassik Bernulli tenglamasidan farg giladi. Klassik Bernulli
tenglamasida koeffitsiyentlar odatda t ga yoki y(t) ga bog‘liq bo‘lsa, bu yerda y([t]) hadining mavjudligi
sababli har bir [n,n + 1) oraligda y(n) giymati parametr sifatida gatnashadi. Natijada uzluksiz yechim
formulasidan tashaari, y, = y(n) giymatlari uchun maxsus rekurrent formula hosil bo‘ladi. Masalaning

dolzarbligi shundaki, bunday tenglamalar uzluksiz Bernulli dinamikasi bilan diskret kvadratik iteratsiyani
bog‘laydi. Bu esa yechimning mavjudligi, yagonaligi, chegaralanganligi, o‘sishi yoki so‘nishi kabi
masalalarni nafaqat differensial tenglama orqali, balki rekurrent tenglama yordamida ham o‘rganish
imkonini beradi.

Mazkur tadqiqotning yana bir muhim jihati shuki, yechim har bir bo‘lakda aniq formula orqali
yoziladi. Bu formula asosida y,, ketma-ketlik uchun rekurrent munosabat olinadi va keyinchalik yechimning
bahosi chigariladi. Bunday yondashuv magolani nazariy jihatdan ham, amaliy hisoblashlar nugtayi nazaridan
ham ahamiyatli giladi.

Quyidagi Koshi masalasini garaymiz:

{y’(t) + ay(B(t))y(t) = by*(t),
y(0) = A.

(1)

Bundaa,b,A€ER,a >0, 0=b=aq, A >0, B(t) = [t] esat sonining butun gismi.

Agart € [n,n + 1) bo‘lsa, u holda [t] =n, y([t]) = v(n).
Quyidagi belgilashni kiritamiz:
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€, = v(n), n=012,..

U holda har bir [n, n + 1) oraligda (1)-tenglama quyidagi ko‘rinishga keladi:

V'(t) + ac,y(t) =by* (1),  y(n) =c,. (2)

Demak, Koshi masalasi oraliglar bo‘yicha ketma-ket yechiladigan masalaga keltiriladi. n € N u {0}

fiksirlangan bo‘lsin va t € [n,n + 1) oraliqda ¢, = y(1n) o‘zgarmas son sifatida qaraladi. (2) tenglamani
yechamiz:

V() + ac,y(t) = by*(1).
Quyidagi almashtirishni kiritamiz:

z(t) = (3)

1
v(t)
y'(t)
y2(t)

(2) tenglamani ¥ (t) ga bo‘lamiz:

Z(t) = -

V(o) 1
v Ty =

z'(t) —ac,z(t) = —b. (4)
hosil bo‘ladi. Bu birinchi tartibli chiziqli differensial tenglama. Boshlang‘ich shart

11
— (5)

v,
ko‘rinishga ega.
(4) tenglamaning yechimi quyidagicha bo‘ladi:

z(n) =

b
z(t) = + Ce®¢nt,
ac

(5) shartdern
1 b

c, ac,

+ Ceden”

kelib chigadi. Bundan € topsak:

b
C = ﬂ,e—acnn.

Cn

1 b b
z(t) = — [(1 - —) gacn(t-n) 4 —].

Cr a a
Demak, (3) tenglikka ko‘ra

C

n

() = , t€[nn+1). (6)

(1 _ 2) Eacn(t—n] + =
a a
Yechimning keyingi oraligdagi boshlang‘ich qiymatini topish uchun

(6) tenglikdan t = n + 1 deb olamiz. U holda

Chrr=y(n+1)
va
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Cn

Cner = , Co = A. (7)
(1-D)ewn s
bu rekurrent formula tugun nugtalaridagi giymatlarni ketma-ket aniglaydi.
Co
Cl r
(1 E) gacn 4 —
a
Cy
Cz r
(1-B)esers B
a a
Ch-1
C =

QPR ye—

Bundan quyidagiga ega bo‘lamiz:

n+1 ‘f’[:C‘ )
¢, = d"(4)
#(x) = *

(1-D)eu -2
Yugqoridagilarni e’tiborga olsak (1) masalaning umimiy yechimi quyidagicha aniqlanadi.

. (8)

OES
(1- 2) pasld) 1D 4 P
a a

Endi (8) ko‘rinishida aniqlangan yechimni masalani qanoatlantirishini ko‘rsatamiz:

Awvalo, n = 0 uchunt = 0 bo‘lganda ¢, = 4 va

Cg A
y(0) = = A.
(1—%}9‘42 1—2+E
Demak, boshlang‘ich shart bajarlladl.
Endi quyidagi belgilaymiz:
E(t —(1 b) “nt+b 9
(1) = (1-=)eent+~ (9)

U holda
b
E'(t—n) = ac, (1 - —) gacn(t-n)
a
Endi E(t — n) dan foydalanib,
b
E'(t—n) = ac, (E(f —n) — E) = ac,E(t —n) — bc,,

C2

t —, =— 10
y(® = E(t—n) yHo) = EZ(t —n) (10)
9) va (10) dan quyidagi tenglik o‘rinli
,V.r(f) _ _Cn(aan(t_n) _bcn)z —a Crzi +h Crzi .
. EZ(t—mn) E(t—n) EZ(t—n)
Shu sababli
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Y'(t) = —ac,y(t) + by* (o).
Bu esa (1) tenglamaning aynan o°zi ekanligi kelib chiqadi.

Y'(0) + ac,y(t) = by (0)
Demak topilgan funksiya har bir [n,n + 1) oraligda tenglamani ganoatlantiradi. Bundan tashqari, (8)-

formula bo‘yicha ¢, ; = y(n + 1) tanlangani uchun yechim tugun nugtalarda uzluksiz davom ettiriladi.
Xulosa. Magqolada bo‘lakli uzluksiz argument qatnashgan nochizigli differensial tenglama uchun

Koshi masalasi o‘rganildi. Butun qism argumentining xossasi yordamida masala har bir [n,n + 1) oraligda
oddiy differensial tenglamaga keltirildi. Yechimning bo‘laklar bo‘yicha aniq formulasi, tugun qiymatlari
uchun rekurrent munosabat va umumiy tasviri olindi.
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Annotatsiya. Mazkur maqolada haqiqiy ko ‘rsatkichli klassik Bernulli tengsizligining kvadratik hadlar
yordamida kuchaytirilgan variantlari tadqiq etiladi. Xususan, (1+t)* >1+ at+Ct® ko ‘rinishdagi tengsizlik
uchun optimal konstanta masalasi o ‘rganiladi. Parametr a>2 bo‘lgan holatda tengsizlikning optimal

konstantasi C)™ =a -1 ekanligi qat’iy isbotlanadi. Shuningdek, tadqiqot doirasida ushbu tengsizlikning
ko ‘p o zgaruvchili umumlashmalari ham keltirib chigariladi.

Kalit so‘zlar: bernulli tengsizligi, optimal konstanta, kvadratik kuchaytirish, haqiqiy ko ‘rsatkich, ko '‘p
o ‘zgaruvchili umumlashma.

KBAJIPATUYHBIE YCUWIEHUA HEPABEHCTB BEPHYJIJIM C BEHIECTBEHHBIMH
HHOKA3BATEJIAMHA 1 UX MHOT'OMEPHBIE OBOBIIIEHUA

Afmomauu}l. B oOanmnoii  cmamve uccvle()yfomc;z KGCI()pClmullele YCcuieHus  Kiaccu4eckozo
HepaeerHcmea EepHy/mu C 6eecmeeHHbiM nokasameiem. B yacmuocmu, paccmampueaemcs 3a0aua

onpedenenus. ONMUMAILHOU KoHcmanmol 6 Hepasencmee suda (L+t) >1+ at+Ct?. Cmpoco Ookasano,

max
umo npu a > 2 onmumanbHAasi KOHCMAauma umeen 6uo Ca =a-1. Kpome moeo, 6 pamkax Hacmo:Aweco

uccie008ans noJy4envbl MHO2OMEPHbLE 06061/I4€Huﬂ oannozo Hepaeerncmeda.
Knwuesvie cnoea: HepaeeHcmeo EepHszJm, ONMUMAIbHAsl KOHCmManma, Keaapamwmoe ycuieHue,
88m€cm€eHHbllj nokasameilb, MHOcOMepPHOoe O606LI4€HZ/I6‘.

QUADRATIC REFINEMENTS OF BERNOULLI INEQUALITIES WITH REAL
EXPONENTS AND THEIR MULTIVARIATE GENERALIZATIONS

Abstract. This paper investigates quadratic refinements of the classical Bernoulli inequality with a
real exponent. In particular, the problem of determining the optimal constant in the inequality

(1+1)* >1+at +Ct? is studied. For the parameter range « >2, it is rigorously proven that the optimal

constant is given by C™ =a —1. Furthermore, multivariate generalizations of this inequality are derived

within the scope of this study.
Keywords: Bernoulli inequality, optimal constant, quadratic refinement, real exponent, multivariate
generalization.

Kirish. Klassik analizda funksiyalarning asimptotik xulgini hamda ularning chizigli yaginlashishdan
og‘ishlarini baholashda Bernulli tengsizligi fundamental ahamiyat kasb etadi. Ushbu tengsizlik dastlab
J.Bernulli nomi bilan bog‘liq bo‘lib, keyinchalik ko‘plab matematiklar tomonidan umumlashtirilgan va turli
yo‘nalishlarda rivojlantirilgan. Klassik ko‘rinishda Bernulli tengsizligi

1+ x)" =1+nx (1)
ko‘rinishda ifodalanadi, bu yerda x>-1va ne N. Mazkur tengsizlikning analitik xossalari D.S.Mitrinovich,
J. E. Pecharich va boshqa olimlarning ilmiy ishlarida batafsil o‘rganilgan [1].

Ushbu tengsizlik ixtiyoriy haqiqiy ko‘rsatkichlar uchun umumlashtirilganda, ko‘rsatkichning
qiymatiga qarab tengsizlik ishorasi o‘zgarishi kuzatiladi.
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1-Teorema. Faraz gilaylik, x>-1 (x#0) va @ € R bo‘lsin. U holda [1, 2]:
i) Agar a <0 yoki o >1 bo‘lsa, uholda (1+Xx)* >1+ aX gat’iy tengsizlik o‘rinli bo‘ladi.

i) Agar 0<a <1 bo‘lsa, tengsizlik teskarisiga o‘zgaradi: (1+X)“ <1+ ax.

So‘nggi yillarda Bernulli tengsizligining yangi isbotlari va yanada kuchliroq variantlari ishlab
chigilmogda. Xususan, Christophe Chesneau tomonidan 2024-yilda Bernulli tengsizligi uchun cheksiz
ko‘paytma asosidagi yangi yondashuv taklif qilindi [4]. Ushbu yondashuv Seidel formulasi yordamida

ax Y le@+x)?
@+Xx)° -1 11+ @1+x)2"

ko‘rinishdagi yangi cheksiz ko‘paytma yoyilmasini hosil qiladi va undan Bernulli tengsizligi tabiiy
ravishda kelib chigadi. Muallif, shuningdek, tengsizlikning yangi kuchaytirilgan variantlarini ham keltirgan.

Bernulli tengsizligi va uning umumlashmalari matematik analizda funksiyalarni baholash, gatorlarning
yaginlashuvini tekshirish, differensial tenglamalarda yechimlarni baholash hamda ehtimollar nazariyasida
limit jarayonlarni o‘rganishda muhim vosita hisoblanadi. Shu sababli ushbu tengsizlik nafaqgat klassik
analizning fundamental natijalaridan biri, balki zamonaviy matematik tadgigotlarda ham dolzarb ahamiyat
kasb etmoqda.

Mazkur magolaning magsadi — haqiqiy ko‘rsatkichli klassik Bernulli tengsizligini kvadratik hadlar
yordamida global kuchaytirish, parametr «>2 bo‘lgan holatda asimptotik og‘ishni aniglovchi eng katta

(2)

mumkin bo‘lgan (optimal) C]® =« —1 konstantasini analitik jihatdan gat’iy isbotlash hamda olingan
natijalarni ko‘p o‘zgaruvchili umumlashmalar ko‘rinishiga o‘tkazishdan iboratdir.
Quyidagi teorema haqiqiy ko‘rsatkichli Bernulli tengsizligining optimal konstanta yordamida global
kvadratik anigligini ta’minlaydi.
2-teorema. Agar o >2 va t >-1 bo‘lsa, u holda quyidagi tengsizlik o‘rinli:
@+t 21+ at+(a -1)t2 (3)
Isbot. Quyidagi funksiyani garaymiz:
H(t)=@1+t)* —1-at—(a-1)t°. 4)
Ushbu funksiyaning H (t) >0 ekanligini ko‘rsatishimiz kerak. Ma’lumki, H (0) =0. Endi
funksiyaning birinchi va ikkinchi tartibli hosilalarni hisoblaymiz:
H'(t)=a@+t)* " —a-2(a-1)t,
H'(t)=a(a-1)1+t)*?-2(a-1).
Demak,
H'(t)=(a-1)[ a@+1)** -2]
1-hol: t>0 bo‘lsin. Bu holda 1+t >1 bo‘ladi. Chunki « =2, demak
L+1)* % >1.
Shuning uchun:
H* (1) (a—1)(a—2)20. (5)
Demak, H '(t) o‘suvchi funksiya bo‘ladi. Bundan tashgari H '(O) =0 bo‘lganligidan H'(t)>0
(t=0) bo‘ladi.
Demak, H (t) ham o‘suvchi va H (0)=0 ekanligidan:
H(t)>0, t>0. (6)
bo‘ladi.
2-hol: —-1<t<0 bo‘lsin. Tengsizlikni polinom tipidagi shaklga keltirish uchun A=1+t

almashtirishni kiritamiz. Shunda 0< A <1 va t=1-1 bo‘ladi.
Quyidagi tengsizlikni isbotlashimiz kerak:

@+1)* 21+ at+(a-1)t° (7)
Ushbu tengsizlikka t = A —1 ni quysak quyidagi ko‘rinishga keladi:
A% 21+ a(A-1)+(a-1)(A-1)7° (8)

(8) ni 0‘ng tomonini soddalashtiramiz:
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I+a(A-1)+(a-1)(A-)° =(a-1)A*+(2-a)A 9)
Demak, quyidagini isbotlashimiz kerak:

A% 2(a-1) A% +(2-a)A. (10)
Buning uchun quyidagi funksiyani garaymiz:
U, (1)=2" —(a-1)4* - (2-a)A. (11)
Buni quyidagicha yozamiz:
u, (2)=A(A4" (e -1)A+a-2). (12)
Qavs ichidagini ifodani belgilaymiz:
V,(A)=2"—(a-1)A+a-2. (13)
Endi v, (ﬂ) ning hosilasini topamiz:
v, (1) =(@-1)4“? ~(a-1)=(a-1)(2° " -1). (14)
Chunki 0< A <1 va a>2 bo‘lgani uchun 1% <1.
Demak,
v, (1)<o0. (15)
Shuning uchun v, (A) kamayuvchi funksiya. Bundan tashqari,
v, (1)=1-(a-1)+a-2=0. (16)

Demak, 0<A<1 da v,(4)>v,(1)=0. Shunday qilib, v,(4)=0. A>0 bo‘lgani uchun
U, (4)=A4v,(4)=0 bo‘ladi. Ya’ni, 1% >(a -1)A* +(2-a)A.
Demak,
H(t)>0, —1<t<0.
Shu bilan —1<t <0 hol ham isbotlandi. Teorema isbotlandi.
1-ta’rif. Agar
(1+t)* >1+at +Ct?
tengsizlik barcha t>—1 lar uchun bajarilib, C >C ™ bo‘lgan har ganday konstanta uchun ushbu

tengsizlik kamida bitta nugtada buzilsa, C™™ konstanta optimal konstanta deyiladi,
3-teorema. Faraz gilaylik, e >2. Agar shunday C e R konstanta mavjud bo‘lib,
L+t)* 21+at+Ct%, t>-1 (17)

tengsizlik bajarilsa, u holda C <a -1 (CI™ =« —1) bo‘ladi.
Isbot. Optimal konstantani aniglash uchun barcha t>-1 (t=0) lar uchun quyidagi funksiyani
Kiritamiz:
1+t)* -1-at
)=

f( (18)

Agar asosiy
(1+t)* 21+ at +Ct?
tengsizlik barcha t>—1 lar uchun o‘rinli bo‘lsa, u holda C < f_(t) shart bajarilishi kerak. Demak,

barcha konstantalar uchun quyidagi munosabat o‘rinli:
C< inf f (). (19)

t>-1,t=0

Shuning uchun optimal konstantani topish masalasi f,(t) funksiyasining infimumini aniglashga
keladi.

Tekshirishni osonlashtirish magsadida u=1+t almashtirish kiritamiz. U holda u>0 va t=u-1
bo‘ladi. Natijada funksiya quyidagi ko rinishni oladi:
f ()= u® —a(u—l)—1= u —au+a -1

¢ (u-1)° (u-1)°

Funksiyaning monotonligini tekshirish uchun u bo‘yicha hosila olamiz:

(20)

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 219



MATHEMATICS

LI (u*t —a)(u-1)*-(U* —au+a-1)-2(u-1) _
du “ (u-1°

(Tt —a)(u-D)-2u” —au+a-1)

- u-1° -

(@-2Quf —au“t+au+2-a H,(u)

) (u-1° C(u-pT
bu yerda suratdagi ifoda quyidagicha belgilanadi:

H,(U)=(z-2u* —au“ " +au+2—a.

Endi H,(u) funksiyasining ishorasini tahlil gilamiz. Avvalo, funksiya va uning birinchi tartibli

d

(21)

hosilasi H', (u) =0¢[(oc—2)u""l—(oz—l)u""2 +1] ning u =1 nuqtadagi giymatlarini tekshiramiz:
H,@)=0, H',(1)=0. (22)

Funksiyaning ikkinchi hosilasini hisoblaymiz:

H" (U)=a(a-D(a-2u*>u-1).

Teorema shartiga ko‘ra > 2 bo‘lgani uchun a(a—1)(a —2) >0 bo‘ladi. U holda ikkinchi hosilaning
ishorasi fagat (u—1) ga bog‘liq:

al) O<u<l = H",(u)<0,

bl)u>1 = H",(u)>0.

Bundan xulosa gilish mumkinki, H', (u) funksiya (0,1) oraliqda gat’iy kamayuvchi, (1,00) oraliqda
esa qat’ly o‘suvchi. Biroq H',(1)=0 bo‘lganligi sababli, u=1 nuqta funksiyaning global minimumi
hisoblanadi. Demak:

a2) O<u<l = H', (u)>0,

b2) u>1 = H',(u)>0.

Natijada H_(u) funksiya butun (0,00) oraligda qat’iy o‘suvchi ekanligi ma’lum bo‘ladi. H,(1)=0
shartidan foydalanib, uning ishorasini aniglaymiz:

a3) O<u<l = H,(u)<0,

b3) u>1 = H,(u)>0.

Endi maxrajdagi (u—1)* ifodaning ishorasini hisobga olamiz:

a4) O<u<l = (u-1)°<0,

bd) u>1 = (u-1°>0.

Shuning uchun har ikkala holatda ham surat va maxraj bir xil ishoraga ega bo‘ladi:
a4 f,(u)>0. (23)
du
Demak, >2 bo‘lganda f,(t) funksiyasi t € (—1,0) oraliqda qat’iy o‘suvchi bo‘ladi.
Funksiya qat’iy o‘suvchi bo‘lgani sababli, uning infimumi aniqlanish sohasining chap chegarasida
hosil bo‘ladi. Chegaraviy holatni hisoblaymiz:

lim f,@)= lim Y ~17at
t—>-1+0 s—>-1+0 t
Buyerda t »-1+0 da (1+t)* -0, (-1—at) >a—1 va t* —1. Shuning uchun:
inf f,(0=lim f,@)=a-1,

t>-1,t#0
Demak, C St Il’llft . f,(t) shartga ko‘ra C <o —1.

Boshga tomondan, 2-teoremada C =« —1 bo‘lganda ushbu
L+t)* 21+ at + (a —t?
tengsizlik isbotlangan. Shuning uchun,
Cl™ =g -1.
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Qo‘shimcha ravishda, agar « =2 bo‘lsa, u holda funksiya doimiy giymat gabul giladi:
1+t)?-1-2t
f,(t)= S — =1.
Bu holda ham C,® =1= ¢« —1 ekanligi o‘z tasdig‘ini topadi.
Demak, o —1 optimal konstanta hisoblanadi. Teorema ishotlandi.

1-natija. Faraz qilaylik, «>2, 4,,4,,...,4, €R va 1+ Zﬂﬁ >0 bo‘lsin. U holda quyidagi tengsizlik
i=1
o‘rinli:

(1+Z,11)“ 21+aZﬂi +(a—1)(ZﬂﬁJ (24)

Isbot. Agar t=4 + 4, +...+ 4, deb belgilasak, u holda shartga ko‘ra

1+t>0.
2-teoremaga ko‘ra, har qanday t >—1 uchun

@L+t)* 21+ at+(a-1)t°.
Endi t o‘rniga 4 +4, +...+ 4, ni qo‘yamiz. Natijada:

2
n n n
W+DA) =1+ad A +(a—1)(24] .
i=1 i=1 i1
Natija isbotlandi.
n
2-natija. Agar «>2, 4, 4,,...,A4, € R va 1+ Z/L >0 bo‘lsa, u holda quyidagi tengsizlik o‘rinli:

i=1
W+ DA 214ad A+ (a-1)Y A +2(a-1) D 44 (25)
i=1 i=1 i=1 1<i<j<n
Isbot. Ma’lumki,
n 2 n
LZ&J :inf +2 Z A, (26)
i=1 i=1 1<i<j<n

Boshga tomondan, 1-natija ga ko‘ra,

n n n 2
W+ DA 214ad A +(a —1)(24]

Endi (26) tenglikni (24) ga qo‘ysak, quyidagini hosil gilamiz:
n n n
W+ D A) 21+ ad A+(a =)D A2 +2(a-1) D A4
= i-1 1

i= 1<i<j<n
Natija isbotlandi.
Mazkur maqolada klassik Bernulli tengsizligining kvadratik kuchaytirilgan variantlari tadgiq qilindi.

a =2 holatda
@A+t)* 21+ at+(a-1)t°
tengsizlikning o‘rinliligi va « —1 konstantaning optimal ekanligi qat’iy isbotlandi. Shuningdek, ushbu
tengsizlikning ko‘p o‘zgaruvchili umumlashmalari ham olindi. Olingan natijalar gavariq analiz, funksional
analiz va operatorlar nazariyasida qo‘llanish imkoniyatiga ega.
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VJIK 517.946

HUHTEI'PAJIBHOE NNPEACTABJIEHUE PEHIEHUSI BEKTOPHOI'O YPABHEHUSA
I'EJBMI'OJIBIIA B OTPAHUYEHHOU OBJIACTH

Ipmamamosa 3yxpo Ipmamamosna,

u.0. ooyenma ynusepcumema 3apmeo, PhD
Axmaoosa Maouna Tyiiuuboii ku3u,

bazoeuvitl dokmopanm CamapkaHockoz2o
20CY0apCMBEHH020 NedA202UYECK020 UHCIMUMYma
Ipmamamosa bubuxosrcap Ipmamamosna,
mazucmpanm CamapkanHocKo2o 20¢y0apCmeeHH020
yHusepcumema umenu Lllapoga Pawuoosa

Annomayus. Ilpu pewenuu 31eKMPOMASHUMHBIX ZPAHUYHLIX 3A0AY BAICHLIM SGIACMCA 6bIGOO
UHMESPANbHLIX npedcmaesienuti. B pabome paccmampueaemcs 3a0aua aHaIUMuyeckKo20 NpooOJHCeHUS,
m.e. mooughuyuposannas unmezpanvhas gopmynra Cmpsmmona-qy 0na peuienus 0OHOPOOHOU cucmembl
ypasuenuii Maxceenna 6 oepanuuenno oonacmu. Ilpu 5mom ucnons3yromes d91eKmpoMacHUmubsle nos KaKk
@ynoamenmanvuvie peutenusi 0OHOPOOHOU cucmemvl ypasHnenuii Maxceenna. Hckniouenuem 6exmopos
MASHUMHO20 UMW DNIEKMPU4ecKo20 nojell u3 cucmemvl ypasrenui Makceenna, npugooum K 8eKmMopHoMy
ypaenenuio ['envmeonvya Onsa 00Ho20 u3 smux noaeu. Tozoa Ona peuleHuss 6eKMOPHO2O YPAGHEHUs
Tenomeonvya cnpagednuea uHmezpanvbHas @GopMmyada. Yuumuleass MecHyl0  63AUMOCEA3b  MeNCOY
AKyCMu4eckuMu U 21eKmpOMACHUMHbLIMU GOJIHAMU, CMPOUMCA NPUOTUICEHHOE peuieHue MOl 3a0ayu,
ocHogannoe Ha memoode mampuyvl Kapnemana.

Knwuesvie cnoea: eexmopuas ypasnenus Ienvbmeonvya, UHMeSpanrbHas @QOpPMYIA, VPAGHEHUs.
Makceenna, ananumuueckoe npoooadicenue.

INTEGRAL REPRESENTATION OF THE SOLUTION OF THE VECTOR HELMHOLTZ
EQUATION IN BOUNDED DOMAIN

Abstract. When solving electromagnetic boundary value problems, deriving integral representations
is important. This paper considers the problem of analytic continuation, i.e., a modified Stratton-Chu
integral formula for solving a homogeneous system of Maxwell's equations in a bounded domain. In this
case, electromagnetic fields are used as fundamental solutions to the homogeneous system of Maxwell's
equations. By eliminating the vectors of either the magnetic or electric fields from the system of Maxwell's
equations, we obtain a Helmholtz vector equation for one of these fields. Then, the integral formula for
solving the Helmholtz vector equation is valid. Taking into account the close relationship between acoustic
and electromagnetic waves, an approximate solution to this problem is constructed based on the Carleman
matrix method.

Key words: vector Helmholtz equation, integral representation, Maksvell equation, analytic
continuation.

CHEGARALANGAN SOHADA GELMGOLTS VEKTOR TENGLAMASI YECHIMINING
INTEGRAL KO“RINISHI

Annomauyus. Elektromagnit chegaraviy masalalarni yechishda integral tasvirlarni hosil gilish muhim
ahamiyatga ega. Ushbu maqgolada analitik davom ettirish masalasi, ya'ni chegaralangan sohada bir jinsli
Maksvell tenglamalari sistemasi yechimi uchun modifitsirlangan Stratton-Chu integral formulasi ko'rib
chigiladi. Elektromagnit maydonlar Maksvell tenglamalarining bir jinsli sistemasining fundamental
yechimlari sifatida ishlatiladi. Maksvell tenglamalar sistemasidan magnit yoki elektr maydon vektorlarini
chiqarib tashlab, biz ushbu maydonlardan biri uchun Gel ’'mgolts vektor tenglamasini hosil gilamiz. U holda,
Gel’'mgolts vektor tenglamasining yechimi uchun ham integral formula o'rinli bo'ladi. Akustik va
elektromagnit to'lginlar o'rtasidagi uzviy bog ‘lanshni hisobga olgan holda, bu masalaning taqribiy yechimi
Karleman matritsasi usuli yordamida quriladi.

Kalit so“zlar: Gel 'mgolts vektor tenglamasi, integral tasvir, Makswell tenglamasi, analitik davom.
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Beenenue. YpaBHeHnue ['enpMroibiia mpeacTaBiasieT co00i 0COObIH BU SJUIMIITHYCCKUX YPaBHEHUH,
OCOOCHHO BaXHBIH B HEKOTOPHIX MPAKTHUYECKUX (U3WYECKHUX TMPUIOKEHUAX, CBSI3aHHBIX C
pacnpocTpaHeHHEM BOJH W BHOpaIMOHHBIMHU siBIICHUSMH. OHO 4YacTO WMCHOJIB3yeTcs Juist ommcaHus [3]:
BUOpPALMK KOHCTPYKIUH, 33/1a4l aKyCTUYCCKOW IMOJIOCTH, PaJMAllMOHHON BOJIHBI, PACCESHUS BOJHBI, 337291
TEIUIONPOBOAHOCTH B pEOpax, Teopun [lebas-Xtokkens, muHeapuzanuu ypaBuenus [lyaccona-bonpimana u
npyrux. B mocnennee BpeMst ObLTO TPOBENEHO MHOTO HCCIeoBaHWi 1o mpobieme Kommw mist ypaBHeHHN
I'enpmrosbia, HanpuMep padoTsl [12]-[15] oTHOCATCS K aHanuTHUecKuM pemenusM; a [7]-[9], [4], [10] — k
YUCIeHHBIM perreHusaM. /s nomyuenust 6osnee oOmmpHOW wHpOpManuu o 3amade Komm ans ypaBHEeHUs
I'enpMrobIa MOXHO 00paTUTRCS K [9].

, 3 .
Ilycts € — OrpaHMYEHHAs OHOCB3HAS 06IACTh B TPEXMEpHOM mpoctparctee R ¢ rpanmmeii 0Q,
cocTosmeil M3 KOMNAakTHOM cBs3HO# wactm T mmockoctd Y, =0 u rmagkoro Kycka HOBEPXHOCTH S

JIsmyHoBa, exareii B momynpocrpanctse Y, > 0, Q=0 UoQ, 0QQ=_S Uur.

HNHuTterpaiabHast gopmyJ/ia 0AHOPOIHOI cucTeMbl ypaBHeHHid MakcBesjia B OrpaHUYeHHOI
obJsiacTu
ens wuccnmenoBaHus 3aKIIOYACTCS B M3YUCHHUU 3a/Jaud PacCIpOCTpaHEHHUS BOJMH B OJHOPOJHOMU

. 3 . .
M30TPOIHON cpeie R* ¢ DIEKTPUYECKON MPOHMLIAEMOCTBIO & , MAarHUTHOM IIPOHMLAEMOCTBIO [l U

MPOBOAUMOCTBIO O .

B ocHOBe TeopHM OJIEKTPOMArHUTHBIX IIOJIEH, W3y4aeMbIX Treo(U3nKaMH, JexaT ypaBHEHHUS
Maxkcsemna [2, ¢.38- 40]:

— - — oD
VxH=j+j*+—, 1
]+ P 1)
VXE:—§, )
ot
V-B=0, 3)
V-D=q+q°, )

e E, D, B u H 06b1un0 Hassisator

—

E — manpsxéunocts snexTprueckoro mosms;

D - 3JIEKTpUUeCcKasd UHIYKIUS;

—

H - HaHpSI)KéHHOCTL MAarauTHOI'O I10JIA;

—

B — maraurHas urmyxims;
V - muddepennmansuslii onepatop Hab1a, IPU STOM:

VxE=rotE=| o OB f; [ B 08 15 [OB, O I¢
OX,  OX oX, OX oX, 0%,
03HayaeT poTop BEKTOpa E X
V- E = dIVE = aEl + aEZ + 8E3 03HAyaeT IUBEPreHINI0 BEKTOpa E .
X, OX,

Vx[VxE]zrotrotE, V[V-E]zgraddivﬁ, V.-V-E=V?E=AE.
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Pucynok 1. Chepuueckas c10MCTO-0JHOPOIHAA MOeJIb 3eMJIH

W3 ypaBuenmii Maxkcsemia (1)—(4) MOXHO BHIETb, YTO 3JICKTPOMArHUTHBIC CBOMCTBA CpPEIbI
XapaKTePU3YIOTCsA TPEMs JJIEKTPOMArHUTHBIMHU NapaMeTpaMu &, I u O .

Paccmotpum modems 3emmu paduyca R, nocmpoennyio uz oomopoouvix cepuveckux cnoés c
BIIEKTPOIPOBOJHOCTEIO O | ( ] — HOMep ciost). 3eMilst OKpYXKEHA OJHOPOIHOI MpoBosIIel aTMocdepoid,
3JIEKTPOIPOBOJHOCTE KOTOpoi O (puc. 3). Mogaenb BO30YKIA€TCs HPOU3BOJILHO PACIPENEIEHHBIM
HOHOC(HEPHBIM TOKOM C IUTOTHOCTEIO J .

AnexrpomarautHoe mone £, H B Takoit cromcro-omHOpoaHO MOZETH MOXET GBITH OMHCAHO C

.| H E
MOMOIIBIO IBYX CKAISPHBIX (PyHKIHN U'aU-, YAOBJIETBOPSIIOLIIUX YPABHEHUIO I €IbMIOJIbLIA:
H.E 2 |H.E
AUME L 22UHE =0,

rmue /1' = /10 1,0, , REZJI >0.

OJIEeKTPOMarHUTHYI0 BOJHY C 4YacTOTOHW () OyAeM ONMCHIBATH BEKTOpaMU HANPSIKEHHOCTH
JIEKTPUIECKOTO U MarHUTHOTO TTOJICH:

E(xt) = (¢ +iow) 7ZE(X)e ™, H(xt) = 1 /2H (x)e .

N3 cucremsl ypaBHeHM MakcBeia ¢ IpOU3BOJIbHOM 3aBUCUMOCTBIO OT BPEMEHH:

— —

— oH —  OE e
VxE+u—=0, VxH-g—=0E (5)
ot ot
UMEEM, YTO 3aBUCAIIHUEC OT HpOCTpaHCTBeHHBIX KOOpIII/IHaT qacTu HOHCI\/’I E - (El’ EZ’ E3) nu

H =(H,,H,,H,) ynosrersopsior cucreme ypasnennii Maxcemia B rapMOHHYECKOM pexuMe [5; CTP.
123]:
VxE—-IkH=0; VxH+IkE =0, (6)

rae BomHoBoe uncio K 3amaercst Beipamennem K = (8 + —) M@~ . BpibepeM 3HaK BETHYHHBI
4

TaK, 4T0GbI BHIIONHSIOCH yenosue M k>0.

Onpenenenne 1 Bexrop-¢pynkuun E(y)= (E1 (y), E, (y), E, (V) u
ﬁ(y) =(H,(y), H,(y), H;(y)) masbmatorcs perynspusmvu pemennsmu cucremst (6) B €2, ecrmn
E.(y), H.(y) eC{Q)NC(Q), i =1, 2,3 uynosrersopsor crcteme (6).

O603naunm gepes M (Q) IpOCTPaHCTBO Beex pery sipusix B (Q pernenuit cuctemst (2).
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3anaua 1. Buipasume snexmpomaznumnsie nois E, H & nexomopoii obnacmu € uepes snauenus

E. H na suympenneii cmopone nosepxnocmu 0€, oeparnuuusaroweii smy obnacme.
ChopmynupyeM clieyIoue TeOpeMbl, OTBEUAIOIIHE YKa3aHHOH 3a1a4e.

Teopema 1 ([11; ctp. 124], [6; ctp. 232-235]). Ilycth E, HeM (QY) . Torna umeror mecto
¢dhopmyner CtpatroHa-Uy:

vx [[1(y), E(Y) |®,(y.x; k)ds, —ikvaX [[A0). H() |@, (v, x; k)dS, =

B —E(x), XeQ,
- 0, xe R3\ﬁ,
a_L[n(y) H(y) @, (3. k)dS, + thVxé[)[ﬁ(y),E(y)}@o(y,x; k)ds, =
—H(y) XeQ,
lo, xeRM\Q, @)

rie @_(y,x; 1) onpenensiercs hopmyoit [12]:
0 O'(I\/U2+a2+y3—X3)2 C h(Z,U)

D_(y,x; /1
o ! iNU?+a® +y,— % [VUP+a’

U, BBLAEISISI MHUMYIO YacTh IIOABIHTEIPAIHOTO BBIPAXKEHUS B (8), MOTydIHnM:

272_2 eo‘X§+60l2—O')’§ . (DO_ (y’x’i) — M eiduz Ch(ﬂu)du , (9)

LU+
N - sinztyu® + o
o, (y,xu)=costu’ +a® —(y, —x,) —
VU +a
MOo>KHO MOKa3aTh, 4TO MPH MPE0OPa3OBAHUM:

r=ly—x. r’=a’+(y,— %),

+iva? +U?) (Y, — X, —iva® +u?) =r* +u?,

du (8)

rae

T=20Y;. (10)

—Im[ ! } 1 _
yg—x3+i\/ozz+u2 Vo +U2
o [ 1 j 1
B 2iNa® +u? |y, — X, +|\/a +u? y3—x —iNe?+u? | U’
1 jch(ﬂu)d 12Icozs(|ig)du: 1 e b
27% 4 r* +u 279 r+u 4z |y—X

TO €CTb, q)yHKuHﬂ D (v,x; 1) sBasercs knaccuueckuM QyHIAMEHTATBHBIM PEIIEHUEM YPABHEHHUS

=Q,(y,x; 4), ()

T'enpMmromnsna:

@, (rxi2)=— j Im{ } ChiAw) 4, -
Ju?+a? +Y,—

Ju? + o
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—iAly—x
B E
I/ICHOJ'II)Sy}l OTU TOXACCTBA, Mbl IOJYYHUM BBIPAXKCHUC IJId KIACCHUYCCKOT'O q)yHIIaMeHTaJ'ILHOFO

penieHus ypaBHeHus [ enbMrobia.
W3 pesynpTaTtoB padoTsl [ 12] BeITEKAET

Onpenenenne 2. Oyukius D_ (y,x;A), onpenensiemas (8), HaspiBaercs GyHkumenn Kapremana,

=, (y,x; 1) . (12)

€CJIY TIpeJCTaBUMa B BUJIE:
C.@, (v, x;A) =Dy (y,x; )+ g, ,(¥,x), (13)
rie g, (y, X) — (QyHKIUA KIacca COO(Rs) U yIOBJIETBOPSIONIAsA ypaBHEHUIO ['enbmronnna Imo

nepemenHol Y mpu mo6om O > 0, D, (v, x; A) — xnaccudeckoe PyHIaAMEHTAIBHOE PELICHAE YPABHCHHUS

I'enpMroipna:

A % D, - A’D,=0,yeQ,

12 1+{ 22
. on

rne C (l, Q) — nocrostanast, @, (v, x; k) seusercst knaccuyecknM QyHIaMEHTAIBHBIM PELICHACM

]dSy <C(1,Q)oexp(-ox’), (14)

ypaBHEHHUs | ebMrosblia, TO €CTh

1 —ikr
D, (,x; k):me “, r:‘y_x‘:\/(yl_)ﬁ)z+(y2_X2)2+(y3_X3)2-

Ot ¢dopmynsl, npemiokeHHble X.XoHioMm [16; crp.35] Ha3BIBAIOTCS  MOOUPUYUPOBAHHBIMU
unmezpanoHeimu gopmynamu Cmpammona-4y.

a 3 o o
[ycts & € R” npencrasnser co6oit mocrosuubiit Bextop. Torna

En(X):=V, xad_(y,X),
H () :I%VXXEm(X), xeR*\{y}, (15)
i

NpeaACTaBJISICT co0oi QJICKTPOMAIrHUTHOC TII0JIC MArHUTHOI'O [OUIIOJIA PACIOJIOKCHHOTO B TOYKC

3 o
Y € R”, u ynosnersopser cucreme ypasrennii Makcaeiia (6). AHaJIOIHYHO

He(x):=V, xad_(y,x),
E.(x) ::%Vxxﬁe(x), Xe Rs\{y}, (16)
i

HPE/ICTAaBIsIET CO00M IEKTPOMArHUTHOE I0JIe, BO30YyXKIaeMoe 3JIeKTpudecKuM aumnoneM. Popmyna
(7) naer mpencraBlieHHe JUIS POHW3BOJIBHOTO PEIICHUS] YpaBHEHWH MakcBeiia B BHJIE JJIEKTPUUECKUX H
MarHUTHBIX JAUTOJNEH, pacTipeesICHHbIX 10 TPAHUYHON ITOBEPXHOCTH.

CornacHo [1] nmeem

Onpenenenne 3. OnekrpomarHutHele mons (15) u (16) HaspBaroTcs (QyHIAMEHTAIBLHBIMH
peLIeHUAMHU CUCTEMBI ypaBHeHU Makcseina (6).

Onpenenenne 4. MatpuniamMu ¢pyHAaMEHTAIbHBIX PEIICHHH CUCTEMBI (2) Ha3bIBAIOTCS CUMMETPUYHAS

Marpuia E(y, X, k) ISl BEKTOPA E(X) :
E(y,x; k) = ||Eij (y,X; k)||3X3, (17)
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62@0 (y,x; k)

rue Eij(y,x;k): +5ijk2@0(y,x;k), H  aHTHCHMMETPHYHAs  MaTpHia
i

H (y, X, k) ISl BEKTOPa H (x):

0 0D, (v, x; k) 0Dy (v, x;k)
0%, OX,
H(y,x:k) = _G@Og)/(,x,k) 0 8CDOan,x,k) | (18)
3 %
0Dy (v, x;k)  0Py(y,x;k) 0
X, OX,

rae O, ; - cumoi Kponexepa.

C nomomuipl0 Matpuil E(y, X, k) u H (y, X, k) dopmynel CtpsrTona-Uy (7) MOXKHO HammcaTh B

BUJIE.

E(X)=- j H(y,x; k)| A(Y), E(Y)]dSer% j E(y,x K)[ A(y), H(y) |ds,, xe,

H (%) = - j H(y,x; k)| i(y), H(y) ]ds, —% j E(y, % k)| i(y),E(y) |dS,, xeQ

HNuTerpanbHas ¢opmyia BeKTOpPHOH ypaBHeHui ['eJibMroJiba B OrpaHu4eHHoi 001acTH

PaccmaTtprBaeTcss 3ajada aHAJINTUYECKOTO IIPOAOJDKEHHUS PpEUIEHHA BEKTOPHOTO ypaBHEHHS
l'enmpMronpma B MPOCTPaHCTBEHHOW OTPAaHMYEHHOW OONACTH IO €€ 3HAYeHUSM Ha YacTH TPaHUIBl dTOU
obnactw, T.e. 3anada Komm. [Ipu pemeHnn 351eKTpOMarHUTHBIX TPAHUYHBIX 33184 SIBJISIETCS] BAYKHBIM BBIBOJT
WHTETpaJIbHBIX TpeAcTaBIeHi. ECii UCKITIOUNTh BEKTOPHI UM MAaTHUTHOTO, MJTH 3JIEKTPUYECKOTO oJIeH 13
cucreMbl ypaBHeHU MakcBenna (1), To 3TO IpUBOIUT K BEKTOPHOMY ypaBHEHUIO I enbMronbLa Ajsi OAHOTO
W3 OTUX TOJIel. YUUTHIBasg TECHYIO B3aMMOCBA3b MEXIY aKyCTHUECKHMH U 3JIEKTPOMArHUTHBIMU BOJIHAMHU
CTpPOUTCSI MPUONIMKEHHOE pEIlIeHHE 3TOW 33/1a4r, OCHOBaHHOE Ha MeTo/ie MaTpuIllbl Kapiemana.

CrpaBennuBO CIEAYIOLIEE YTBEPHKACHUE: €CIH JAEKapTOBBl KOMIIOHEHTHl PELIEHHH CHCTEMBI
ypaBHeHHH MakcBena JBaKabl HENPEPhIBHO 1n(epeHINPYEMBbI, TO BBIIIOIHIETCS TOKAECTBO:

Vx|VxE|E=-AE+V|V-E].

Teopema 2. ([5; ctp. 126]). [lycth EuH- peuieHus ypaBHeHuit Makcsesa. Torna auBepreHuuu

EuH PaBHBI HYJTIO, K OHHU Y/IOBJIETBOPSIFOT BEKTOPHBIM ypaBHEHUsM [ enbMromnbiia
AE +k’E =0, AH +k?H =0.

ObpaTtHO, MyCTh E (mm H) SBJIAETCS PEUIEHUEM BEKTOPHOIO YypaBHeHus ['enbmrosbna,

YJIOBJIETBOPSIIOIIMM yCIIOBHIO V - E =0 (V- Fi =0). Torma E u H = %V X E (v Fi u
I

E :=—V x H ) ynosnersopsor cucreme ypapuennit Makcsemna.

ik

R? i 00 : :
HYCTB Q — OrpaHUYC€HHAasA OJJHOCBA3HAA 00J1acTh B C I'paHUIICH , COCTOAIICH U3 KOMITAKTHOMU

ceasHoit wactu 1 miockoctn Y, =0 u rmamkoro kycka nosepxHoctu JlsmyHosa S, nexauweii B
nonynpoctpanctse Y, > 0: Q=QU 0Q, oQ=SUT.

o 2 o
O6o3naunm s obmactu €2 ¢ TpaHULIeH 0Q xmacca C° nuneitnoe MPOCTPAHCTBO BEKTOPHBIX
noJjei:
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F(Q) :={E:Q—>03\E e C*(Q)NCQ), v-,vXEec@)}.

Teopema 3. ([5; ctp. 132-133]). ITycth BeKTOP—hYHKIHSA E(y) € F(QQ) — pemenue BexTOpHOTO
ypaBHeHus I enpMronsua:
AE +k’E=0 8 Q.

Torma cpaBeyTMBO MHTETPAITHHOE MTPEICTaBIICHNE:

Vx [y, EW) @, (3.x:4)dS, =V [ (#(»), EQ) P, (1, x:2)dS, -

B
L B B} _ ~E(x), xeQ,
~[{LV<E). Ay ]+ A V-EW)|, (v.x:4)dS, = o 9
50 0, xeR’\Q),
rne @ (y, X; /1) onpenensercs u3 (1.2.6).
Mycts 8 € R — rocrosmmeii BekTop; ONMpeneNHM BEKTOPHBIE TONS, yIOBIETBOPSIONIHE

BEKTOPHOMY ypaBHEHHUIO [ enbMrosnbiia;
E(X) =V, x€D_(y,x;4),
E,(X)=€D, (y,x;1), (20)
= ) ) 3
E,(X)=V,®_ (y.x;1), xe R*\{y}.
Torma Teopema 2 [aéT MHTErpadbHOE MPEACTABICHHE IOOOTO PENICHHS BEKTOPHOTO yPaBHEHHUS
Tenpmronbua ¢ momowsto noneit E, E, , E;, rne @ (y, X, l) onpenensercs us (12), (13).

Bamaua 2. (3a0aua Kowwu ons éexmoprnozo ypasnenus I'envmeonsya). ONpeneanTb BEKTOPHOE TMOJIC

E(y)eF(Q) (re. sexropuoe mnome E(y)e C*(Q)NC(Q), y xoroporo V-E(y),

V x E(y) E(C(f_l)) YJIOBIIETBOPSIOIIEE BEKTOPHOMY ypaBHeHuto I'enpmrombua B € u rpaHmuHOMY

YCJIOBHIO
[A(Y).EM]=T(y). V-E(M=0(). yeS, 21)

g (y) eC% (S) — 3a/1aHHas QyHKIM, f(y) e A% (S) — 3aJJaHHO€ KacaTeJIbHOE IOJIE.

3ameuanue 1. 3anaya 2 skBuBajeHTHa 3agaud 1. To ecTh cmpaBeasivBa aHamor TeOpeMbl 1 s
BEKTOPHOTO ypaBHeHHs | enbmronbna ¢ ycinoBueM (21).

U3 coorHomenus AV - E(y) =V -AE(y) BUJIHO, YTO ISl JIOOOTO peIIeHuUs E BEKTOPHOT'O

—

ypasuenust lensmronsia V - E ynosnersopsier ckansipromy ypasrenuto IenbMronsia.  CripaBeisa
Jemma 1. Tlycts Bektop — dynxuus E(Y) ymosmersopser ycnosmio Tteopemst 3. Torma
cripaBenBa hopMmyJia

V-E(x)=[{v-E(y)

oD, (y,x; 1)
= _® y 1/1

)(MLnE(y)}a’Sy XeQ, (22)

rae S 0603HAYAeT MOBEPXHOCTh, MapamienbHylo OC), pasgemsiomyio touky X or O€2. B
qactaoctn, V + E ynosnersopser ckamsipromy ypasrennto I'enpmronsia B €.

3ameuanue 2. 13 jmemMbl 1 BBITEKAET, 4TO V-E sasnsercs peIeHnEM CKaSIPHOTO ypPaBHEHHUS
I'enbMromsoa.
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UOK 51
TURLI SANOQ SISTEMALARIDA BO‘LINISH BELGILARI

Madirimov Mamatsoli,

O ‘zbekiston Milliy pedagogika universiteti professori
Nurillayev Muzaffar Eshnazarovich,

O zbekiston Milliy pedagogika universiteti dotsenti

Rizayev Rustam Kobilovich,

O ‘zbekiston Milliy pedagogika universiteti katta o ‘qituvchisi
Jabborov Muhammadi Musurmon o‘gi,

O ‘zbekiston Milliy pedagogika universiteti katta o ‘qituvchisi
rrgobilovich@umail.uz

Annotatsiya. Mazkur maqolada turli pozitsion sanoq sistemalarida sonlarning bo ‘linish belgilarini
aniqlash masalalari yoritilgan. Sanoq sistemalarining nazariy asoslari, sonlarning asos bo ‘yicha yozilishi va
ragamlar yig‘indisi bilan bog‘liq xossalar tahlil qilingan. Paskal alomatining ixtiyoriy asosli sanogq
sistemalari uchun umumiy teoremasi bayon etilib, uning isboti hamda amaliy qo ‘llanilishi ko ‘rsatib
berilgan. Shuningdek, giymat koeffitsiyentlarining davriyligi o ‘rganilgan va o‘nlik hamda ikkilik sanog
sistemalarida bo ‘linuvchanlikni tekshirishga oid misollar keltirilgan. Tadqiqot natijalari sonlar nazariyasi,
diskret matematika va kompyuter arifmetikasida bo ‘linish belgilarini umumiy nazariy asosda o ‘rganish
imkonini beradi.

Kalit so‘zlar: sanoq sistemasi, bo ‘linish belgisi, Paskal alomati, pozitsion sanoq sistemasi, sonlar
nazariyasi, tagqoslama, modulyar arifmetika, ragamlar yig ‘indisi, bo ‘linuvchanlik, kompyuter arifmetikasi.

NNPU3HAKHU JEJIUMOCTHU B PA3JIMYHBIX CUCTEMAX CUUCJIEHUA

Annomauua. B oannoii cmamve paccmampugaiomesi 60npochl Onpeoenenus 3HaKos 0eleHus yucel 6
PA3TUYHBIX  NOZUYUOHHLIX CUCIEMAX CUUCTeHUS. AHAnIu3uUpyiomcs meopemudeckue OCHOBbL CUCHeM
CYUCTIeHUS, 3aNUCL YUCeN N0 OCHOBAHUIO U C8OUCMEBA, CéA3aHHble ¢ cyMMou yucen. Popmyaupyemcs oowjas
meopema o 3nake llackansi 01 cucmem CHUUCIEHUS C NPOU3BONbHLIM OCHOBAHUEM, NPUBOOSIMCA €€
00KA3amenbemeo U npakmuueckoe npumeHeHue. Takdce uzyuaemcs NepuOOUYHOCMb — 3HAYEHUL
KO3 puyuenmos, u npusooamcs npumepsvl NPOBEPKU OeIUMOCMU 8 OeCAMUUHBIX U OB0UUHBIX CUCHEMAX
cyucnenus. Pezynomamol ucciedosanus no3eonsiom uzyuams 3HAKU OeleHus 8 meopuu 4ucei, OUCKpemHoll
mamemamuke u KOMNbIOMEPHOU apupmemure Ha 0OWemeopemuiecKkoll 0CHose.

Kniouesvie cnoea: cucmema cuucienusi, 3max oOenenus, 3Hax Ilackans, nosuyuowuas cucmema
CYUCTIeHUs, MeOpUsl Yucel, CpasHeHUe, MOOYIbHASL apu@pMemuKd, CyMmMa ducei, 0erumocms, KOMNbIOMepHas
apugmemuxa.

DIVISIBILITY CRITERIA IN DIFFERENT NUMERAL SYSTEMS

Abstract. This article discusses the issues of determining the division signs of numbers in various
positional number systems. The theoretical foundations of number systems, the writing of numbers by base,
and the properties associated with the sum of numbers are analyzed. The general theorem of Pascal's sign
for number systems with an arbitrary base is stated, its proof and practical application are shown. Also, the
periodicity of value coefficients is studied and examples of checking divisibility in decimal and binary
number systems are given. The results of the research allow us to study division signs in number theory,
discrete mathematics, and computer arithmetic on a general theoretical basis.

Keywords: number system, division sign, Pascal's sign, positional number system, number theory,
comparison, modular arithmetic, sum of numbers, divisibility, computer arithmetic.

Kirish. Bugungi kunda raqamli iqgtisodiyotga o‘tish jarayonida algoritmlar nazariyasi va hisoblash
tizimlari uchun zarur bo‘lgan nazariy asoslarni, xususan, sonlar nazariyasining tatbiqiy jihatlarini o‘rganish
zarurati tobora ortib bormoqda.

Mazkur yo‘nalishlardan biri sifatida turli sanoq sistemalarini o‘rganish va ulardagi bo‘linish belgilarini
aniqlash masalasi alohida ilmiy va amaliy ahamiyatga ega. Ma’lumki, o‘nlik sanoq sistemasida bo‘linish
belgilarining mavjudligi arifmetik hisoblashlarni soddalashtiradi. Biroq zamonaviy hisoblash tizimlari asosan

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 231


mailto:rrqobilovich@umail.uz

MATHEMATICS

ikkilik, sakkizlik va o‘n oltilik sanoq sistemalari bilan ishlaydi. Shu sababli, ushbu sistemalarda sonlarning
bo‘linuvchanlik belgilarini umumiy nazariy asosda tadqiq gilish, Paskal alomati kabi universal teoremalarni
ixtiyoriy g asosli sistemalar uchun umumlashtirish ilmiy jihatdan dolzarb masaladir.

Har ganday pozitsion sanoq sistemasining asosi sifatida g > 1 natural soni olinadi. Agar sanoq
sistemasi asosi g bo‘lsa, undagi raqamlar to‘plami {0, 1, 2, ... , g — 1} ko‘rinishida bo‘ladi. Ixtiyoriy natural
N sonining g asosli sistemadagi yozuvini quyidagi ko‘rinishda ifodalash mumkin:

N=a,g"+a, ,g" '+ .. +a,9+ a,

Bunda a,— sistema ragamlari, g — sistema asosi bo‘lib, ushbu ifoda sonning razryadlar bo‘yicha
yoyilmasi hisoblanadi.

Sanoq sistemalarining fundamental xossalaridan biri — bu sonning tanlangan asosda yagona
ko‘rinishda ifodalanishidir. Ya’ni, berilgan g asosi uchun a; raqamlar to‘plami yagona tarzda aniqlanadi.
Buni isbotlash uchun teskari faraz qilib, ikkita turli yoyilma mavjud deb olsak, g ularning ayirmasi nolga
teng bo‘lishi va natijada har bir xona birligidagi ragamlar o‘zaro teng bo‘lishi kelib chiqadi. Shuningdek, N
sonini g-asosli sistemada ifodalaganda, ragamlar soni n + 1 ga teng bo‘ladi va bu yerda n = [log,(N)]
munosabati o‘rinlidir.

Sanoq sistemasida har bir raqam o0°‘z pozitsiyasiga ko‘ra qiymatga ega. Masalan, eng o‘ngdagi a,
ragami birliklar xonasini (g®), keyingi a, ragami esa g-lar xonasini (g*) anglatadi. Ixtiyoriy a; ragamini
topish uchun guyidagi matematik formuladan foydalaniladi:

a; = Iﬁ] (mod g)

Bu formula sonni gismlarga bo‘lish va qoldiq olish orqali uning istalgan xona birligidagi ragamini
aniglash imkonini beradi. Masalan, ikkilik sanoq sistemadagi (11010) , sonini o‘nlik sistemaga o‘tkazishda
har bir ragam 2 ning mos darajalariga ko*‘paytirilib, natijada 26 soni hosil gilinadi.

Sonlar nazariyasida bo‘linish belgilarini isbotlashda raqamlar yig‘indisi (§(N)) muhim rol o‘ynaydi.
Taqqoslamaning asosiy teoremalardan biriga ko‘ra, g asosli sanoq sistemadagi ixtiyoriy N soni o‘zining
raqamlar yig‘indisi bilan (g — 1) moduli bo‘yicha taqqoslanadi:

N =S8(N) (modg—1)

Bundan kelib chigadiki, son (g — 1) ga bo‘linishi uchun uning ragamlar yig‘indisi ham shu songa
bo‘linishi shart. Xuddi shunday, "kuchaytirilgan yig‘indi" (sonning juft o‘rinda turgan raqamlari yig‘indisi
bilan toq o‘rinda turgan raqamlari yig‘indisining ayirmasi) uchun

N =5,(N) (modg + 1)

tagqoslamasi o‘rinli. Bu xossalar o‘nlik sistemadagi 9 va 11 ga bo‘linish belgilarining
umumlashtirilgan ko‘rinishidir.

Murakkabroq bo‘linish belgilarini tekshirishda raqamlarni guruhlarga ajratish usuli qo'llaniladi. Agar
sonning raqamlarini o‘ngdan chapga qarab k tadan guruhlasak, u holda

N=M (mod g¥ —1)

munosabati bajariladi (bu yerda M — guruhlar yig‘indisi). Masalan, o‘nlik sistemada sonning 999 ga
bo‘linishini tekshirish uchun uni uchtadan raqamli guruhlarga ajratib qo‘shish kifoya.

Sonlarning bo‘linuvchanlik nazariyasida ixtiyoriy pozitsion sanoq sistemalari uchun umumiy
hisoblash qonuniyatlarini ishlab chiqish muhim amaliy va nazariy ahamiyatga ega. Bu yo‘nalishdagi
fundamental tadgigotlar XVII asrning birinchi yarmida fransuz matematigi va faylasufi Blezy Paskal
tomonidan boshlab berilgan. Paskal o‘zining "Traité d'Arithmétique” nomli risolasida istalgan pozitsion
sanoq sistemasida o‘rinli bo‘lgan bo‘linishning umumiy prinsipini bayon etdi. Garchi muallif o‘z davrida
ushbu gonuniyatni geometrik usullar yordamida asoslagan bo‘lsa-da, XIX-XX asrlarga kelib Karl Fridrix
Gaussning taqqoslamalar nazariyasi hamda berilgan modul bo‘yicha taqqoslama yordamida ushbu alomat
gat'iy matematik shaklga keltirildi.

Paskal alomatining matematik modelini shakllantirishda ixtiyoriy g (g = 2) asosli sanoq sistemasida

berilgan N sonini ko‘rib chigamiz:

N =(a,a,_1...a:0q),
Bu yerda a; koeffitsiyentlari 0 < a; < g shartni ganoatlantiruvchi sanoq sistemasi ragamlaridir.

Pozitsion yozuv qonuniyatiga ko‘ra, ushbu sonni asosning darajalari bo‘yicha ko‘phad ko‘rinishida
ifodalashi bizga ma’lum:
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n
N=a,-g"+a,_,-g" '+..+a,-g+ay = Zai--g"
i=0
1-ta’rif. Berilgan N sonining ixtiyoriy musbat butun d bo‘luvchiga qoldigsiz bo‘linishini aniglovchi
W (N) funksiyasi quyidagi ko‘rinishdagi chiziqli kombinatsiya sifatida aniqlanadi:
n

W(N) = Z a; - 1;

i=0

bu yerda r; koeffitsiyentlari sanoq sistemasi asosi g ning darajalarini d moduliga ko‘ra bo‘lgandagi

goldiglari, ya'ni vazn koeffitsiyentlaridir:
r; = g' (modd) yoki 1, = g'(modd)

1-teorema (Paskal alomatining umumiy teoremasi). Ixtiyoriy g asosli sanoq sistemasida yozilgan N
soni va ixtiyoriy mushat butun d bo‘luvchi uchun quyidagi tagqoslama har doim o‘rinlidir:

N = W(N) (modd)

Isboti. Pozitsion sanoqg sistemasining ta'rifiga asosan N sonining giymati uning ragamlari va mos

darajali asoslari ko‘paytmalari yig‘indisiga teng. Modulyar arifmetikaning fundamental xossalariga ko‘ra,
agar ikki son bir xil modul bo‘yicha taqqoslanuvchi bo‘lsa, ularni ixtiyoriy butun songa ko‘paytirish va
o‘zaro hadma-had qo‘shish taqqoslama munosabatini o‘zgartirmaydi.

Vazn koeffitsiyentlarining ta'rifidan quyidagi munosabat mavjud:

gt = r; (modd)

Ushbu taggoslamaning ikkala gismini sonning mos ragami a; ga ko‘paytiramiz:

a;-g' = a;- (r; mod d)

Hosil bo‘lgan ifodalarni i indeksining 0 dan n gacha bo‘lgan barcha giymatlari uchun hadma-had
jamlaymiz:

Za,- gt = Z a; - r; (mod d)

i=0 i=0

Taggoslamaning chap gismi N sonining analitik ifodasini, o‘ng qismi esa vaznli yig‘indi funksiyasi
W (N) ni ifodalaydi. Bundan:

N = W(N) (mod d)

munosabat kelib chiqadi. Mazkur taqqoslamadan ko‘rinib turibdiki, N soni d bo‘luvchiga bo‘linganda
ganday qoldiq bersa, W(N) yig‘indi ham xuddi shunday qoldiq beradi. Xususan, N soni d ga qoldigsiz
bo‘linadi faqat va faqatgina uning giymat yig‘indisi d ga qoldigsiz bo‘linsa, ya'ni W(N) = 0 (mod d)

sharti bajarilsa. Teorema to‘liq isbotlandi.

Katta tartibli sonlar bilan amallar bajarishda giymat koeffitsiyentlarini cheksiz hisoblash talab

etilmaydi. Bu qonuniyat qoldiglarning o‘ziga xos algebraik xossasiga asoslanadi.
2-teorema (Qiymat koeffitsiyentlarining davriyligi). Qaralayotgan sanog sistemasining asosi g va

bo‘luvchi d uchun aniglanadigan {r,,ry,15,...} goldiglar ketma-ketligi har doim davriy xarakterga ega
bo‘ladi.

Isboti. Taqgoslama moduli d bo‘lganligi sababli, har ganday butun sonni d ga bo‘lganda hosil
bo‘ladigan qoldiglar to‘plami cheklidir va u R=1{0,1,2,...,d —1} ko‘rinishida bo‘ladi. To‘plam
elementlari soni aniq d taga teng. Dirixle prinsipiga ko‘ra, agar ketma-ketlikning ko‘rib chigilayotgan
elementlari soni d dan ortsa, undagi qiymatlar albatta takrorlanishi shart.

Demak, shunday p va g indekslar mavjudki (p < q), ularda r, = 1, tengligi bajariladi. Bu esa
quyidagi taqqoslamaning o‘rinli ekanligini anglatadi:

g’ = g7 (modd)

Ushbu taggoslamaning ikkala gismini g* (bu yerda k = 0) ifodaga ko‘paytirib, quyidagiga ega
bo‘lamiz:

g°** = g% (modd)

Bu munosabat ketma-ketlikning ma'lum bir elementdan boshlab to‘liq takrorlanishini, ya'ni
davriyligini isbotlaydiki, uning eng kichik musbat davri T = g — p ko‘rinishida aniglanadi. Sanoq
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sistemasi asosi va modul o‘zaro tub bo‘lgan holda EKUB(g,d) = 1, davr har doim r, = 1 elementdan
boshlanadi va sof davriy ketma-ketlikni hosil giladi.

Paskal alomatining universal tabiati shundaki, elementar matematikada qo‘llaniladigan barcha xususiy
bo‘linish qoidalari ushbu umumiy alomatning xususiy ko‘rinishlaridir. Quyida tagqoslamalar asosida kelib
chiquvchi asosiy natijalarni ko‘rib chigamiz.

1-natija(d = g — 1 holati). Sanoq sistemasi asosidan bir birlikka kichik bo‘lgan songa bo‘linishni
tekshirishda (masalan, o‘nlik sanoq sistemasida 9 ga bo‘linish) g = 1 (mod g — 1) munosabati o‘rinlidir.
Taqqoslama xossasiga ko‘ra, uning ixtiyoriy darajasi uchun ham

gi=1"=1(modg— 1)

To‘g‘ri tagqoslama bo‘ladi. Demak, barcha qiymat koeffitsiyentlari birga teng bo‘ladi:

=1 =..=T,=1

U holda giymatli yig‘indi funksiyasi sonning ragamlari yig‘indisiga aylanadi:

W(N) =aq, +a,+...+a, =S(N)

Bundan kelib chigadiki, son g — 1 ga bo‘linishi uchun uning raqamlari yig‘indisi g — 1 ga qoldigsiz
bo‘linishi zarur va yetarli.

2 - natija (d = g + 1 holati). Sanoq sistemasi asosidan bir birlikka katta bo‘lgan songa bo‘linishda
(masalan, o‘nlik tizimda 11 ga bo‘linish) g = —1(med g + 1) taqqoslamasi o‘rinli bo‘ladi. Bu holda
darajali asoslar uchun giymat koeffitsiyentlari quyidagi ishora almashinuvchi ko‘rinishni oladi:

r, =(—1) (mod g + 1)

Natijada vaznli yig‘indi ishorasi almashinuvchi ragamlar yig‘indisini ifodalaydi:

W(N)=a,—a; +a, —az +--=5,(N)

Son faqat va faqatgina uning o‘ngdan chapga qarab hisoblangan ishora almashinuvchi ragamlar
yig‘indisi g + 1 ga bo‘lingandagina qoldigsiz bo‘linadi.

3 - natija. Agar g asosining d moduli bo‘yicha aniglangan eng kichik musbat davri T ga teng bo‘lsa, u
holda sonning ragamlarini o‘ngdan chapga qarab T tadan guruhlab, alohida guruhlar ko‘rinishida qo‘shish
hisoblash vaqtini sezilarli darajada qgisqartiradi. Son quyidagi ko‘rinishda guruhlanadi:

N = (D Dry—1 .- D1 Dy)

bu yerda har bir D; giymati T ta ragamdan tashkil topgan mustaqgil sondir. Paskal teoremasining
chiziqli xossasiga ko‘ra, quyidagi algebraik munosabat o‘rinli bo‘ladi:

N =Dy, + D, +D, + ..+ D, (modd)

Ushbu usul o‘nlik sanoq sistemasida 999 yoki 1001 kabi murakkab modullarga bo‘linishni tekshirishni
ko‘p xonali sonlarni qo‘shish amaliga keltirish imkonini beradi.

Paskal alomatining amaliy samaradorligini va turli asoslardagi ishchi xarakterini ko‘rsatish uchun aniq

matematik misollarni tahlil gilamiz. Pozitsion sanoq sistemalarida sonlarning bo‘linuvchanligini aniqlash
uchun ishlatiluvchi matematik usuli.

1-masala. O‘nlik sanoq sistemasida (g = 10) berilgan N = (3241),, sonining d = 7 @a
bo‘linishini Paskal alomati orqali tekshiring.

Yechish: Birinchi gadamda, r, = 10*(mod 7) qoldiglari orqali giymat koeffitsiyentlarini hisoblaymiz:

i =01 =10° = 1(mod7)

i =1r = 10" =3 (mod7)

i =21 = 10 = 2(mod 7)

(3 x 10)=30= 2(mod7)

i =313 = 10° = 6(mod7)

2 x 10 = 6(mod7)

Keyingi gadamda takrorlanish hosil bo‘ladi. Davr uzunligi T = 6 bo‘lib, asosiy koeffitsiyentlar
ketma-ketligi {1, 3, 2, 6, 4, 5} ko‘rinishida bo‘ladi.

Berilgan sonning raqamlarini o‘ngdan chapga qarab mos koeffitsiyentlarga ko‘paytirib, qiymatli
yig‘indini hisoblaymiz:

Ww(3241)=1-1+4-3+2-2+3-6=1+12 + 4+ 18= 35

7 modulga ko‘ra taggoslama orgali tekshirib ko‘rishimiz mumkin:

35 = 0(mod7)
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Qiymatli yig‘indi 7 ga qoldigsiz bo‘lingani sababli, Paskal teoremasiga asosan N = 3241 soni ham 7
ga qoldigsiz bo‘linadi.

2-masala. Ikkilik sanog sistemasida (g = 2) berilgan N = (11011), sonining d = 5 ga
bo‘linishini tekshiring.

Yechish: Ikkilik asosning 5 moduliga ko‘ra qiymat koeffitsiyentlarini aniglaymiz:

r; = 2' (mod 5).

Hisoblaymiz:

1, = 2% = 1 (mod 5),
1, =21 =2 (mod 5),
r, = 2% = 4 (mod 5),
r, = 2% =8=3(mod5),
r,=2%*=16 =1 (mod5).
Demak, giymat koeffitsiyentlari quyidagi davriy ketma-ketlikni hosil giladi:
{1,2,4,3},

bu yerda davr uzunligi T = 4.
Endi, son ragamlarini o‘ngdan chapga qarab belgilaymiz:
N == (11011)2, ao == 1, [11 = 1, az = O,G.g = 1, [14, == 1.
Qiymatli yig‘indini hisoblaymiz:

4

W(N)=Za!-?}-=1-1+1-2+0-4+1-3+1-1==1+2+0—I—3+1=7

i=0

5 asosga tagqoslamaga ko‘ra:

N = W(N) (mod 5) shuninguchun N = 7 = 2 (mod 5).

Demak, (11011), soni 5 ga qoldigsiz bo‘linmaydi.

Xulosa gilib ayganda, Paskal alomati ixtiyoriy asosli pozitsion sanoq sistemalarida sonlarning
bo‘linuvchanligini aniglovchi eng yuqori umumiylikga ega universal qoidadir. U sonlar nazariyasining
klassik gonuniyatlarini va zamonavoy hisoblash matematikasi sohasini o‘zaro bog‘lovchi, samaradorligi
yugori bo‘lgan mukammal matematik model hisoblanadi.
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Abstract. The tensor product is one of the most important constructions in modern linear algebra and
abstract algebra. It provides a framework for studying bilinear mappings by converting them into linear
mappings. Tensor products play a significant role in many branches of mathematics, including differential
geometry, representation theory, algebraic topology, and quantum mechanics. This paper presents the
definition of the tensor product of vector spaces, discusses its construction through the universal property,
and examines several fundamental properties and applications. The tensor product offers a powerful tool for
understanding multilinear structures and establishing connections between different mathematical concepts.

Keywords: tensor product, vector space, bilinear mapping, universal property, multilinear algebra,
basis, dimension.

TEH30PHOE ITPOU3BEJIEHUE BEKTOPHBIX IPOCTPAHCTB U HEKOTOPBIE ET'O
CBOMCTBA

Annomaunus. Tenzoproe npousgedenue s618emcs OOHOU U3 BANCHEUUUX KOHCMPYKYUL COBDEMEHHOLL
JuHeuHot u abcmpaxmuou aneebpvl. OHO npedocmasisiem YOOOHbLL annapam Osl UCCAEO08AHUS
OUNUHETIHBIX  OMOOPAdCEHUIl NOCPEOCMEOM UX C6eOeHUsl K JuHelnvlM omobdpadcenusim. TenzopHuie
NpousBeOeHUss  USparom  3HAYUMEIbHYI0  PONb 60  MHO2UX — pa30enax  MAmeMamuxy,  6KI0Yasl
oughepenyuanvuyio 2eomempuio, meopuro Npeocmasienull, areeopauieckylo monoaio2uio U KEaHmogy
Mexanuxy. B Oannou pabome paccmampusaemcs onpeoeienue MeH30PHO20 NPOU3BEOeHUs] BeKIMOPHbIX
NPOCMpPAHCMe, e20 NOCMPOeHUe HA OCHO8E YHUBEPCAIbHO20 CEOUCMEA, 4 MAKCe U3YUaAIOMCs HeKOmopule
dynoamenmanvuvie ceolicmea U npunodcenus. TenzopHoe  npoussedeHue  AGNAEMCA  MOWHBIM
UHCIMPYMEHMOM OISl UCCLe008aAHUS  MYTbMUIUHEUHbIX CMPYKMYp U YCMAHOGIEHUSL C8s3ell Medlcoy
DA3TUYHBIMU MAMEMAMUYECKUMU KOHYENYUAMU.

Knwuesvie cnosa: men3opnoe  npousgedenue,  GeKMOpHOEe  NPOCMPAHCMBO,  OUIUHElHOoe
omobpadicenue, YHUBEPCATbHOE CEOUCME0, MYIbMUIUHENHAs aneedpa, bazuc, pazmepHOCb.

VEKTOR FAZOLARINING TENZOR KO‘PAYTMASI VA UNING AYRIM XOSSALARI

Annotatsiya. Tensor ko ‘paytma zamonaviy chizigli algebra va abstrakt algebraning eng muhim
konstruksiyalaridan biridir. U bilinear akslantirishlarni chizigli akslantirishlarga keltirish orgali ularni
o ‘rganish uchun qulay nazariy asos yaratadi. Tensor ko ‘paytmalar matematikaning differensial geometriya,
tasvirlar nazariyasi, algebraik topologiya va kvant mexanikasi kabi ko ‘plab sohalarida muhim ahamiyat
kasb etadi. Ushbu maqgolada vektor fazolarning tensor ko ‘paytmasi ta rifi keltiriladi, uning universal xossa
asosidagi qurilishi bayon qilinadi hamda asosiy xossalari va tatbiglari ko ‘rib chigiladi. Tensor ko ‘paytma
ko‘p chizigli (multilinear) strukturalarni o ‘rganish va turli matematik tushunchalar o ‘rtasidagi
bog ‘lanishlarni aniglashda kuchli vosita hisoblanadi.

Kalit so‘zlar: tensor ko ‘paytma, vektor fazo, bilinear akslantirish, universal xossa, multilinear
algebra, baza, o ‘Icham.

Introduction. Linear algebra is a fundamental branch of mathematics that studies vector spaces and
linear transformations. While linear mappings are well understood, many mathematical problems involve
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functions that depend linearly on more than one variable. Such functions are known as bilinear or multilinear
mappings.

Suppose that Vand W are vector spaces over a field F. A bilinear map is a function

BV xW-—=U

that is linear in each variable separately. The direct study of bilinear mappings can be complicated
because they involve two independent vector variables. To overcome this difficulty, mathematicians
developed the concept of the tensor product. The tensor product transforms every bilinear mapping into an
ordinary linear mapping. This property makes tensor products extremely useful in both pure and applied
mathematics. Tensor products appear naturally in geometry, physics, engineering, and computer science. [4],

[5]

2. Preliminaries. Before introducing tensor products, it is necessary to review some basic concepts.

A vector space Vover a field Fis a set equipped with two operations:

1. Vector addition

2. Scalar multiplication

These operations satisfy a collection of axioms such as associativity, commutativity, distributivity, and
the existence of additive identities and inverses.

Examples. 1) R", the set of all n-dimensional real vectors, 2) C", the set of all n-dimensional complex
vectors, and 3) B, (F), the vector space of all polynomials of degree at most n.

Bilinear Mappings. Let V, W, and Ube vector spaces over a field F.

A function

BV xW-—=U

is called bilinear if it satisfies the following conditions:
B(v, + v,,w) = B(v,,w) + B(v,,w),
B(v,w, +w,) = B(v,w,) + B(v,w,),
B(av,w) = aB(v,w),
B(v,pw) = BB(v,w)
for all vectors v,v,,v, € V, w,w,,w, € W, and scalars a,f € F.
The tensor product is specifically designed to study such mappings.
3. Main part.
The tensor product of two vector spaces is defined through a universal property.
Let Vand Whe vector spaces over the same field F. A tensor product of Vand Wis a vector space
denoted by V @ W together with a bilinear map
LV xXW-=VRW
such that for every vector space Uand every bilinear map
B:VxW-=1U,
there exists a unique linear map
BV@W-—-1U
satisfying
B=EBoT.
This condition is called the universal property of the tensor product.
The image of a pair (v» w)under the map tis written as
v @ w.
Such elements are called elementary tensors.
The universal property guarantees that every bilinear map can be represented uniquely as a linear map
on the tensor product space. The tensor product can be constructed explicitly.
First, consider the free vector space generated by all ordered pairs (1 w) where v € Vand w € W.
Next, impose relations expressing bilinearity:
(vy +v,w) = (v, w) + (v, W),
(v.w; +w,) = (v, wy) + (v, wy),
(av,w) = a(v,w),

(v, fw) = B(v, w).
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After factoring out the subspace generated by these relations, we obtain the tensor product space
VRW.
This construction ensures that bilinearity is built directly into the structure of the tensor product. [1],

4
4l Some properties of tensor products
Tensor products possess several important properties.
Bilinearity: for all vectors v,v,,v, € Vand w,w,, w, € W,
(v, +,)@w=r,@w+rv, 2w,
v (wtw)=rv&@&w, +v & w,,
(av) @w =a(v @w),
v & (aw) = a(v @ w).
These identities follow directly from the defining relations.
Basis of a Tensor Product. Assume that {v,, v, ..., v,,,} is a basis of Vand
{w,, w,, ...,w, } is abasis of W.
Then the set
{v!-®uj-|1£££m,1£j£n]
forms a basis of the tensor product space V & W.
This theorem is fundamental because it allows tensor products to be studied using ordinary basis
techniques.
One of the most useful properties is the dimension formula.
If vand Ware finite-dimensional vector spaces, then
dim (V @ W) = dim (V) - dim (W).
Proof. Let dim (V) = m and dim (W) = n. Since the basis of ' & W contains
all tensors v; @ w;, there are exactly m x n such basis elements. Therefore,
dim (V & W) = mn.
The proof is complete.
Associativity. Tensor products satisfy the associative property up to natural isomorphism:
VRWIQU=VR(WRU).

This means that the placement of parentheses does not affect the essential structure.
Commutativity. Tensor products are commutative up to isomorphism:
VRIWzZW®V.
The isomorphism is given by
TRAwWeew@ v
Although the spaces are not literally equal, they are structurally equivalent.
Distributive Property. Tensor products distribute over direct sums:
VRIWaeanz(Vew)everu),
and
(VEWQU=VRU)P(WRU).
This property simplifies many calculations in linear algebra and abstract algebra.
Examples for tensor products
Example 1. Consider V¥ = R* and W = R*. Since dim (V) = 2 and dim (W) = 3, the dimension
formula gives dim (V @ W) = 6. Consequently, R* ® R?* = R®

Abasis consistsof e; @ fi,e, X 5,6, R 1.6, R fr.e. D fr,e, D f.
Example 2. Let v = (1,2) and w = (3,4). Then

v@w=(le, +2e,) @ (3e, +4e,).

Using bilinearity,

v@w=3(e;,Re)+4(e; Re,) +6(e; De,)+ 8(e, Pe,).

This example illustrates how tensor products combine information from both vectors.

Tensor products play a fundamental role in many branches of mathematics, physics, and modern
technology. They provide a powerful framework for combining algebraic structures and studying interactions
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between different mathematical objects. In linear algebra, tensor products simplify the investigation of
bilinear forms, multilinear mappings, and linear transformations by converting multilinear problems into
linear ones. This makes them an essential tool in the study of vector spaces and their relationships. In
differential geometry, tensor products are used to define tensor fields on smooth manifolds. Many important
geometric objects, such as Riemannian metrics, differential forms, and curvature tensors, are naturally
expressed through tensor products of tangent and cotangent spaces. Consequently, tensor products form the
algebraic foundation of modern geometry and general relativity. Tensor products also have significant
applications in quantum mechanics. The state space of a composite quantum system is represented by the
tensor product of the state spaces of its individual components. If H, and H, are Hilbert spaces

corresponding to two quantum particles, then the state space of the combined system is given by H, & H,.

This construction is fundamental for describing quantum entanglement, one of the most important
phenomena in quantum theory. In representation theory, tensor products are employed to construct new
representations from existing representations of groups, rings, and algebras. They provide a systematic
method for studying the structure of algebraic objects and their symmetries. Furthermore, tensor methods
have become increasingly important in data science and machine learning. Modern applications include
computer vision, signal processing, deep learning, recommendation systems, and multidimensional data
analysis. Tensor-based techniques allow researchers to efficiently represent and process large-scale datasets
with multiple dimensions, making them valuable tools in contemporary scientific computing and artificial
intelligence. [6], [7]

Therefore, tensor products serve as a unifying concept that connects diverse areas of mathematics,
physics, and computer science, highlighting their theoretical significance and practical usefulness.

Conclusion. The tensor product is one of the most powerful constructions in modern mathematics. It
provides a universal framework for converting bilinear mappings into linear mappings and serves as the
foundation of multilinear algebra. Through the universal property, tensor products simplify complex
mathematical structures and make them easier to analyze. Several important properties of tensor products
have been discussed, including bilinearity, associativity, commutativity, distributivity, and the dimension
formula. Examples demonstrate how tensor products are constructed and used in practice. Furthermore,
tensor products have numerous applications in mathematics, physics, engineering, and computer science.

Because of their broad applicability and elegant theoretical foundation, tensor products remain an
indispensable tool in advanced mathematical research and scientific modeling.
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Annotatsiya. Maqolada ta rif teorema va ta 'riflarni taxlil gilishda harakatning mo ‘ljalli asosi qanday
amalga oshirilishi mumkinligi ko rib chigilgan. Harakatning mo ‘ljalli asosi bir nechta tiplarga bo ‘linishi
ularning fargi xar bir topshirikqg uchun qaysini foydalanish muxim ekanligi yoritilib berilgan. Misol
tariqasida ta rif va teorema xamda uning taxlili HVIA yordamida jadvalda tushunarli bayon etilgan.

Kalit so‘zlar: ta’rif, teorema, misol, jadval, bir o ‘zgaruvchili funksiya, ketma ketlik limiti, funksiya
limiti, faoliyat, harakat.

®OPMHUPOBAHUE OPUEHTUPOBOYHOM OCHOBBI JEVMCTBUS TP OBYUYEHUU
SJIEMEHTAM MATEMATHYECKOI'O AHAJIM3A

Annomauyua. B cmamve paccmampusaemcs, Kak moodicem Oblmb peanu308anHa OPUEHMUPOBOUHAS
OCHOBA Oelicmeust Npu auaiuze onpeoeienuil, meopem u nouamui. OpueHmupo8oyHas 0CHO8A OeliCmaus.
noopaszoensemcs Ha HeCKOIbKO MUN08, PACKPbIBAIOMC UX PA3IUYUs, A MAaKdice 0OOCHOBbIBAEMC S, KAKOl
MUn YenecoobpasHo UCNONL308aMb OJi KAHCO020 3a0anus. B kauwecmee npumepa ananus onpeoenenus u
meopemul ¢ nomowwro OO/ npedcmasnen 6 mabauye 6 NOHAMHOU Popme.

Kntoueswle cnosa: onpedenenue, meopema, npumep, maoiuyd, yHKyus 0OHOU NepemMeHHoll, npeoe
nOCAE008ameNbHOCIU, Npedel QYHKYUU, 0esmelbHOCMb, OCUCmEUe.

FORMATION OF THE ORIENTING BASIS OF ACTION IN TEACHING ELEMENTS OF
MATHEMATICAL ANALYSIS

Abstract. The article examines how the orienting basis of action can be implemented in the analysis of
definitions, theorems, and concepts. The orienting basis of action is divided into several types; their
differences are explained, and the importance of choosing the appropriate type for each task is highlighted.
As an example, the analysis of a definition and a theorem using the orienting basis of action is clearly
presented in a table.

Keywords: definition, theorem, example, table, function of one variable, limit of a sequence, limit of a
function, activity, action.

Kirish. Inson faoliyat usullarini va uslublarini, obyekt xossalarini, alomatlarini, hodisalar
mexanizmlarini tavsiflovchi axborotni gabul gilish va gayta ishlash orgali unga mos faoliyat turlarini
o‘zlashtiradi.

Oc¢zlashtirish fakti faoliyatni bajara olishda namoyon bo‘ladi. Bu faoliyat turli shakllarda — nutq
shaklida, moddiy (predmetli) yoki agliy-mavjud bo‘ladi, ammo u mo‘ljallovchi va bajaruvchi gismlardan
tashkil topgan yagona faoliyat sifatida goladi. Faoliyatning mo‘ljalli asosi bu aqliy harakatlar shaklida
mavjud bo‘lgan bilimlardir, ko‘nikmalar esa faoliyatning nutq yoki moddiy shaklda namoyon bo‘ladigan
bajaruvchi gismidir.

Shunday qilib, bilimlar va ko‘nikmalar aynan bitta, lekin turli shakllarda mavjud bo‘lgan faoliyatdir.

Agliy harakatlarni va tushunchalarni bosgichma-bosqich shakllantirish nazariyasiga ko‘ra bilim va
ko‘nikmalarni rejali shakllantirishni tashkillashtirish, ongli o°zlashtirish tizimida harakatning mo‘ljalli asosi
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(HMA) sxemalari markaziy o‘rinni egallaydi. HMA ga quyidagilar kiradi: 1-faoliyat magsadini aniq
tushunish (nima hosil bo‘lishi kerak);

2- dastlabki (berilgan) material bilimlarini olish (analiz ob’ekti, berilgan holda matematik fakt);

3-tadgiqot, instrumentariy bilan ishlash metodlarini egallash;

4-topshirigning konkret rejasini va uni amalga oshirishning ketma-ketligini shakllantirish;

5-bajarilayotgan harakatlarning to‘g‘ri yoki noto‘g‘ri ekanligi haqida fikrlashga yordam beradigan
nazorat topshiriglarini egallash. Bular yaxlit holda talabaga ongli va reja asosida o‘quv-kasbiy faoliyatning
o‘zaro shartlashgan uchta qismini-mo‘ljallovchi, bajaruvchi, nazorat- bajarishga imkon beradi.

Eksperimental tadqiqot HMA ni qo‘llagan talabalarda odatdagi ta’lim usulida o‘qitilgan talabalarga
nisbatan afzalliklarini ko‘rsatdi.

O‘quv jarayonida qo‘yilgan magsadlarni amalga oshirish uchun HMA sxemalarini yaratish mustaqil
ilmiy metodik masala hisoblanadi. HMA sxemalaridan foydalanish kasbiy faoliyatning zaruriy usullarini
tizimli va boshqariladigan etib shakllantirishning majburiy sharti hisoblanadi.

P.Ya.Galperin tomonidan ishlab chiqilgan va N.F.Talsizina hamda uning o‘quvchilari davom
ettirayotgan aqgliy harakatlar jarayonini bosgichma-bosqich shakllantirish nazariyasiga ko‘ra, o‘qish —
faoliyatni  rejalashtirish va amalga oshirish bo‘yicha faoliyat, mo‘ljallari hamda ahliy harakatlarni
o‘zlashtirishni anglatadi.

Aqliy harakatlar jarayonini o‘rganish natijasida o‘quvchilarda bilim va ko‘nikmani shakllantirish
uchun ular o‘tishi kerak bo‘lgan bosqichlarning quyidagi ketma-ketligi taklif etilgan edi:

1. O‘quvchida zarur motivatsiyani paydo qilish. Bunda ichki motivatsiya tashgisiga nisbatan
ishonchlirog.

Ko‘p sonli zamonaviy psixologlar, pedagoglar va metodistlarning qayd etishicha (T.G.Bogdanova,
K.V.Volkov, Z.1.Slepkan, E.D.Telegina, L.M.Fridman), aynan o°‘qishning motivatsiyasi bilimlar va mahorat
tizimini shakllantirishning samaradorligini belgilaydi.

O‘qishning motivatsiyasi — o‘quvchilarni xatti-harakatini belgilashning murakkab doirasi bo‘lib,
o‘quvchilarni motivatsiya doirasini o‘zgartirishning asosiy manbai — bu dunyo bilan uni kengayib
borayotgan aloqgalarining murakkablashuvidir (N.A.Menchinskaya, G.S.Kostyuk, V.V.Daveidov).

Shunday qilib, ko‘nikma motivatsiyasini paydo etish talabadan o‘quvchilarning o‘quv faoliyatini
barcha komponetlar birligida magsadli ishlashdir, hamda o‘qish motivatsiyasini rivojlantirishning asosiy
yo‘li o‘quvchida o0z o‘quv faoliyatiga faol munosabatni tarbiyalash, natijasida uni muvaffaqiyatli boshqarish
uchun asos yaratish degani.

2. Harakatni mo‘ljaldagi asosi chizmasini tushuntirish yoki ajratish. Harakatning mo‘ljalli asosi
(HMA) — “bu inson harakatni bajarish vaqtida haqiqatga tayanadigan shartlar tizimidir” [Galperin P.Ya.
Umstvennsie deystviya kak osnova formirovaniya meisli i truda // Voproser psixologii, 1957.-Ne6.-S.58-69.].

Mazkur bosqichda o‘quvchilarga harakat tarkibiga kiradigan mo‘ljalli, ijrochi va nazorat operatsiyalari
ganday hamda qaysi ketma-ketlikda bajarilishi ko‘rsatiladi. O‘qituvchi o‘z aqliy harakatlarini
eksteriorlashtirib, ularni o‘quvchilarga moddiy yoki moddiylashtirilgan shaklda tagdim etadi. O‘quvchi avval
shakllantirilgan harakatlardan foydalanib, HMAni tuzadi.

HMAni o‘quvchilar tomonidan o‘zlashtirishning to‘liqligi va usuliga ko‘ra P.Ya.Galperin mo‘ljalli
asoslarning uchta turini va tegishlicha o‘qitishning uchta turini ajratdi [["anmmepun [1.5]. YMcTBEHHBIC ACHCTBUS
Kak OCHOBA (POPMUPOBAHIIS MBICITH 1 Tpya // Borpocs! nicuxosoruu, 1957.-Ne6.-C.58-69.].

Birinchi tur HMAning to‘ligsizligi bilan tavsiflanib, harakatning va uni mahsulining namunasi
ko‘rinishida taqdim etilgan. HMAning to‘ligsizligi sinov va xatolarga olib keladi. Chunki harakatni bajarish
usuli ko‘rsatilmay, o‘quvchi o‘ni o‘zi izlaydi. “Harakat vaziyat shartlari va sub’ektning ahvoli o‘zgarishiga
nisbatan juda nobarqaror hamda ... yangi vazifalarga o‘tishda juda cheklangan” [['ammepun [1.51. YmcTBeHHBIE
JeWCTBYSI KaK OCHOBA (POPMUPOBAHHS MBICIU 1 Tpya // Borpockr nicrxomoruy, 1957.-Ne6.-C.58-69.].

Ikkinchisi harakatni tulig HMA asosida bajarish bilan ajralib turadi. Ya’ni, HMA nafaqat harakat va
uning mahsuli namunalaridan, balki harakatni gqanday qilib to‘g‘ri bajarish bo‘yicha batafsil ko‘rsatmadan
iborat. Birinchi turdagi kabi, sinov va xatolar paydo bo‘ladi, lekin endi ular tasodifiy hamda o°ziga xos emas.

Yangi vazifalarga o‘tish ancha muhim, lekin har xil harakatlarda turlicha.

Uchinchi tur — aniq vaziyatda harakat usulini emas, balki vazifani tahlil qilishga o‘qitish. To‘liq
HMAning mavjudligi bunda yangi harakat hamda tushunchalarni sinov va xatolarsiz ifodalashni
ta’minlaydi. “Harakatni boshidan o0°zi mo‘ljallangan sohaning barcha hodisalariga to‘liq o‘tishi kuzatiladi”
[Tarmeprr T1.51. YMcTBEHHBIE IEHCTBYS Kak OCHOBA (hOpMUPOBAHIST MBICIH 1 Tpyaa / Borpock! ncuxororum, 1957.-
Ne6.-C.58-69.].

V.V.Davidov harakatlarning mo‘ljalli asosini ikkinchi va uchinchi turlarning solishtirma tahlilini
bajarib, mo‘ljallangan asosning ikkinchi turi — bu hodisa darajasida, uning mohiyatning e’tiborsiz, mo‘ljal
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olish ekanligini ko‘rsatdi. Mo‘ljal olishning bunday turi empirik fikrlashni shakllantiradi. HMAning
uchinchi turi — bu mohiyatga mo‘ljal olish, nazariy fikrlashni shakllantirish yo‘lidir. [[{assimos B.B. O nByx
OCHOBHBIX MYTSX Pa3BUTUSl MBIIUICHUS MIKOIBHUKOB // Martepuansl 4 BcecorozHoro cwezga OoOmectBa
ncuxoJsoros. - Tounucu, 1971.-C. 686-687.].

3. Harakatni moddiy yoki moddiylashtirilgan shaklda shakllantirish.

O‘quvchilar harakatlarni tashqi moddiy yoki moddiylashtirilgan shaklda unga kiradigan barcha
operatsiyalarni keng gamrovli bajarish bilan bajaradilar. Bunda faoliyatni moddiy shakli nutg bilan
uyg‘unlashib, o‘quvchilar bajarilayotgan harakatni sharhlashlari lozim.

Mazkur bosqichda harakatlarni umumlashtirish maqgsadida o‘quvchilar bilan birga mazkur harakatni
go‘llashning namunali hollarini aks ettiruvchi masalalarni yechish, lekin bir xil masalalarni ko‘p soniga yo‘l
go‘ymaslik tavsiya etiladi, chunki bu holda harakat qisqgartirilishi va avtomatlashtirilishi mumkin.
O‘quvchilar harakatni moddiy, keng qamrovli, materialni asosiy turlari doirasida umumlashtirilgan hamda
operatsiyalarning barcha tarkibiga ko‘ra ongli ravishda bajariladigan harakat sifatida o‘zlashtiradilar.

4. Harakatni baland ovozda yoki yozma ravishda moddiy (yoki moddiylashtirilgan) vositalarga
tayanmagan holda shakllantirish. Harakat tarkibidagi barcha operatsiyalar nutq shaklida o‘zlashtirilishi lozim
(boshlang‘ich sinflarda baland ovozda, o‘rta va yuqori sinflarda yozma qgayd etish). Harakat bundan keyin
umumlashtiriladi, lekin hali avtomatlashtirilgan va qisqartirilmagan bo‘ladi. Quyidagi ketma-ketlik
bajariladi: avval harakat “o‘zining so‘zi” bilan aytiladi, keyin asta - sekin ilmiy tilga o‘tib, mazkur
bosgichning pirovard natijasi hisoblanadi.

5. Harakatni ba’zi elementlarni ichida aytilgan holda shakllantirish. Mazkur va oldingi ikkita
bosqichda o‘quvchi o‘ziga ma’lum bo‘lgan HMA chizmasi asosida dasturning har bir gadami bajarilishini
kuzatadi. Ushbu bosqichlar o‘rtasida farq shundaki, moddiy (yoki moddiylashtirilgan) bosqichda o‘quvchi
amalda mazkur chizmadan foydalanadi va chizma uning ko‘z oldida bo‘ladi, keyingi bosqgichlarda esa
chizma olib qo‘yiladi hamda o‘quvchi dasturning alohida gadamlarini ovoz chiqgarib yoki ichida yoddan
gapirib o‘tadi. Lekin, kerak bo‘lganda, u chizmani ko‘rish imkoniyatiga egadir.

6. Harakatni ichki, aqliy sifatida shakllantirish. “Mazkur bosqichda harakat tezkorlik bilan avtomatik
holiga o‘tadi, o‘zini kuzatish uchun noqulayga aylanadi. Endi bu fikrlash harakati bo‘lib, jarayon ko‘rinmas,
aql uchun esa mazkur jarayonning faqgatgina mahsuli ochiq” [Tamesuna H.®. Ynparnenue mporceccom
YCBOEHUsI 3HAHUH (TICHXOJOTHYECKHe OCHOBBI). - M.: 3a-80 MI'Y, 1984. - 344 ¢ ].

Demak, bosqgichlarni yugorida Kkeltirilgan ketma-ketligi matematik  ko‘nikma va mahoratni
o‘qitishning yuqori samaradorligini ta’minlaydigan aqliy harakatlarni shakllantirish jarayonini tashkil
qilishga qo‘yiladigan talablarni belgilaydi.

Faoliyatli yondashuvni amalga oshirishda mo‘ljallar tizimi ta’lim mazmunining majburiy komponenti
bo‘lib, u kasbiy  tayyorgarlik sifatini oshishiga yordam beradi. (B.B./laBbyios, H.®D.Tanbi3zuna,
C.U.Apxanrensckuii, B.I1.becnansko, U..Jlepaep, M.H. Cxatkun, B.B.Kpaesckuii Ba 0.)

Orientirlar tabiati va mohiyatini tushunib olish uchun va matematik analizni o‘qitishga nisbatan
taxminiy sxemasini tuzish uchun harakatlarning mo‘ljalli (orientirlovchi) asosini qarab chiqish lozim.
Harakatlarning mo‘ljalli asosi tarkibiga bilimlar kiradi, bu bilimlarsiz harakatni muvofaqgiyatli bajarib
bo‘lmaydi. Boshgacha aytganda sub’ekt qanday harakatlarni bajarishi kerakligi, nima va qaysi tartibda
bajarish kerakligini bilish zarur. Bundan tashqari, sub’ekt harakat haqida tasavvurga ega bo‘lishi lozim.

Ta’lim oluvchi nafagat matematika predmeti haqida, balki metodik xarakterdagi harakatlar haqidagi
bilimlarni va bu harakatlarni tartiblash ko‘nikmalarini va boshqalarni egallashi lozim. Harakatlarni mo‘ljalli
asos baholovchi bilimlar ham, ya’ni harakat nima uchun bajarilayotganligini bilish ham kiradi.

Harakatlarni mo‘ljalli asosga (HMA) uch tipga bo‘linadi va har bir tipga o‘ziga xos o‘qitish mos
keladi.

Birinchi tip o‘qitishning asosida sinov va xatolar metodi tashkil etadi. Bunda ta’lim oluvchi
bajariladigan harakatlar haqida tasavvurga ega emas va qo‘shimcha harakatningxarakterini ham bilmaydi. Bu
orientir eng quyi pog‘onasi hisoblanadi. Birinchi tipdagi HMA sxemasi to‘la emas va talaba o‘quv faoliyatini
targoq boshgarish bilan xarakterlanadi. Bu degani teskari aloga yo‘q yoki juda sust ekanligini anglatadi.
Odatda, birinchi tipdagi o‘qitish malakasi past o‘qituvchi yoki metodikani egallamagan o‘qituvchi tashkil
qilgan o‘quv jarayoniga xos. Ammo bunday holatni yuqori malakali o°qgituvchi muammoli vaziyatni yaratish
magsadida ham hosil gilish mumkin. Birinchi tipdagi HMAga mos keladigan topshirigga misol keltiramiz:

Ketma — ketlik va uning limiti mavzusidagi ketma — ketlik limiti ta’rifini qaraymiz.

Ta’rif. Faraz gilaylik {x, } ketma-ketlik va a soni berilgan bo‘lsin. Agar ¥& > 0 soni uchun 1, nomer

topilib, vn > n, larda
lx,—al<e¢
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tengsizlik o‘rinli bo‘laversa, asoni ketma-ketlikning limiti deyiladi.

Masala. Umumiy holda ketma — ketlik limiti birga teng ekanligini isbotlang.

Talaba bu masalani yechishda o‘z bilganicha chala berilgan HMA to‘ldirishga harakat qiladi, o‘z
harakatlarining to‘g‘riligiga ishomaydi. U sinjd va xatolar yo‘li bilan harakatlanadi. O‘qituvchi esa ikki
ma’noli holatda: bir tomondan masala qo‘yilgan, uni yechish kerak; ikinchi tomondan u talaba xarakatlarini
nazorat qila olmaydi. Talabaning masalani to‘g‘ri yechishiga ishonchi yo‘q. Natijada talabalarda bilimlarning
past darajasi shakllanadi. Bunda, ba’zi talabalar masalani ijobiy hal qilishi istisno gilinmaydi, golganlar
o‘zlashtirmovchilar qatorida qolaveradi.

Birinchi tipdagi o‘qitishning an’anaviy metodikada etakchi hisoblanadi.

Ikkinchi tipdagi o‘qitish HMA to‘la sxemasi bilan xarakterlanadi. Bunday sxemalar bog‘lanish
bosgichida talabalarga tayyor ko‘rinishda namuna shaklda yoki sxema shaklda beriladi. Yuqoridagi misolda
HMA to‘la sxema harakatlarni bajarish ketma-ketligi shakllanadi (sonning ketma — ketlik limiti ekanligi
isbotlash sxemasi berilishi mumkin).

1 —sxema

Sonning ketma-ketlik limiti ekanligini isbotlang.

1. | x,, — a | ayirmani tuzish;

2. | x,, — a |< £ tengsizlikni nga nisbatan yechish;

3. kerak bo‘lsa, tengsizlikni baholashdan foydalanish;

4. tengsizlikni ganoatlantiruvchi biror natural ny(£) sonni topish;

5. topilgan n, (&) uchun ketma-ketlik limiti ta’rifining bajarilishini ko ‘rsatish.

Yugorida aytilgan HMA sxemasini misollarda ko‘rsatish lozim.

Masala. Quyidagi limitni isbotlang:

n—=2

lim

n—owo 1

Avvalo ifodani limit giymatidan ayiramiz:

n—2 n—-2-n -2 2

I n

—li=sl—————I=l— ==
n n n
Endi limit ta’rifidan foydalanamiz. Ixtiyoriy & > 0Oson berilgan bo‘lsin. Shunday nynatural son topish
kerakki, barcha n = nglar uchun
n—2
I
n
tengsizlik bajarilsin.
Yugorida
| n—2 2
n n
ekanligini ko‘rdik. Demak,

2
—<E
n

bo‘lishi uchun

p
n>-
£

=1

—1|<¢

bo‘lishi yetarli. Shuning uchun

2
o= [
deb olish mumkin. U holda har bir n = ngyuchun
2
n>=-
£

bo‘ladi va bundan

2
—<E

n
kelib chigadi. Demak,
| n—2

n

Bu esa limit ta’rifiga ko‘ra

—1|< e
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. o n—2
lim =

n—w= N

ekanligini bildiradi.

Keltirilgan misoldan ko‘rinadiki, HMA to‘la sxemasini amalga oshirish:

— talabaning har bir harakati bajarilishini nazorat gilishga;

— harakatlarni bajarishda yordam ko‘rsatishga;

— talaba harakatini sxemani amalga oshirishning istalgan bosgichida baholashga imkon beradi.

Ikkinchi o‘qitish tizimida o‘qituvchi va talabaning teskari alogasi mavjud.

Quyida HMA to‘la sxemalariga misollar keltiramiz. Bu sxemalar barcha matematik fanlarni o‘qitishda
foydalanish mumkin va asosiy matematik tasdiglar va ta’riflar, teoremalar formulirovkasi, isbotlari,
masalalar, masalalar echimlari va b. bilan bog‘liq. Bu masalalar OTM matematika o‘qitishining xususiy
metodikasiga taallugli.

Umumiy sxemani ketma — ketlik limiti ta’rifida ko‘rsatamiz:

\ Ne | Umumiy holdagi harakatlar H Aniq harakatlar |

| 1. || Belgilashlar kiritish, ularni yozish. || A) Ketma-ketlik limiti. |

‘ 2. H Iloji boricha rasm, chizma chizish. H B) &, n, nytengsizliklari. |
3 Ta’rifning mantiqiy analizini bajarish. Buning

uchun quyidagi savollarga javob berish kerak:
| || A) Qanday tushuncha aniglanmogda? | A) Ketma-ketlik limiti. |

B) Ta’rif qanday tushuncha wva harakatlar
yordamida aniglanmoqda?

B) &, n, nytengsizliklari.

V1) Ixtiyoriy euchun biror nynomer mavjud.

V) Ta’rifda qanday alomatlar foydalanilmoqda? V2) &— musbat son, n— cheksiz ko‘p.
V3) (
G) Ta’rifdan qancha jumla ajratib olish mumkin? || G) 1)  ve>0soni  uchun  ngtopiladi.
Har bir jumlani alohida ayting, yozing. 2) vn > nyda (
D) Ta’rifni struktura shaklida qanday yozish || D) (\forall \varepsilon>0\ \exists n_O0\ \forall
mumkin? n>n_0:\
Ye) Ta’rifni boshgacha mantigiy ketma-ketlikda || E) asoni {x,}ketma-ketlik limiti deyiladi, agar
ayting. Ve > Quchun 3In,topilib, vn > nyda (
‘ H Misollar keltiring. H X, =1, a=1 |
‘ H Kontrmisol keltiring. H x,=(—1)%a=0. |

Teorema formulirovkasi bilan ishlash uchun HMA.
Konkret misol sifatida yaginlashuvchi ketma — ketlik limitining yagonaligi hagidagi teoremani olamiz.

\ Ne H Umumiy holdagi harakatlar H Aniq harakatlar

| 1. || Belgilashlar kiritish, zarur bo‘lsa ulamni yozish. || {x,}, a

Ketma-ketlik hadlarining asonga yaqginlashishini

2. || Noji boricha rasm, chizma chizish. . .
tasvirlash mumkin.

Teoremaning mantigiy analizini  bajarish.
3. || Buning uchun quyidagi savollarga javob berish
kerak:

| || A) Qanday tushunchalar hagida gap boradi? || A) Ketma-ketlik va uning limiti hagida gap boradi.

B) Ketma-ketlik yaqinlashuvchi bo‘lsa, uning limiti

i i ’ ? . .
B) Bu tushunchalar haqida nimalar ma’lum? mavjud bo‘ladi: lim ,_, x,, = a.

\ H Nimani isbotlash kerak? H Ketma-ketlik limitining yagonaligini isbotlash kerak.

Teoremada bitta asosiy tasdiq bor: agar ketma-ketlik

i )
4. || Teoremada nechta tasdig bor’ limiti mavjud bo‘lsa, u yagona bo‘ladi.
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\ Ne | Umumiy holdagi harakatlar || Aniq harakatlar

Agar lim,_. x, = ava lim
holda a = b bo‘ladi.

x,=b bo‘lsa, u

n—oo

5. || Teoremani boshgacha shaklda ifodalang.

Sharti:  {x,}ketma-ketlik  yaginlashuvchi  va
6. || Teorema sharti va xulosasini ko‘rsating. lim x, =alim x, =b

n—oo n—oo

Xulosasi: a = b.

Ketma-ketlik yaqginlashuvchi bo‘lsa, uning limiti

7. || Teoremani gisqa ko‘rinishda yozing. yagona

Ravshanki, yugorida aytilgan, HMA sxemalarini teorema yoki ta’rifning tiplariga qarab o‘zgartirish
mumkin.

O‘qishning uchinchi tipi ta’lim oluvchining HMA yaratish bo‘yicha mustaqil faoliyati bilan
xarakterlanadi. Bu o‘qishning eng yuqori tipi bo‘lib, uni talabalarning o‘quv — tadqiqiy ishlariga, ba’zi
hollarda ilmiy ishlarga mos qo‘yish mumkin.

POTMdagi ta’lim jarayonida uchinchi tipdagi HMA yaratish va amalga oshirish juda murakkab
masala bo‘lib, hozirgi kunga qadar o‘z echimini topmagan. Uni har bir fan, har bir mavzu, har bir mashg‘ulot
uchun metodik topshiriglar yaratish orgali yechish mumkin.

Metodik topshirig bu — talabani metodik harakatlarni bajarishga yo‘naltiradigan topshirig‘idir.
Talabaning mustaqil ravishda HMA yaratishi bu uning kasbiy jihatdan muhim natija bo‘lib, talabaning
metodik tayyorgarligi darajasining yugori ekanligini bildiradi.

Demak, matematika o‘qituvchisi faoliyatining asosiy magsadlaridan biri — bo‘lg‘usi matematika
o‘qituvchisini HMA to‘la sxemasini yaratishga o‘rgatishdan iborat. Bu holda HMA to‘la sxemasini yaratish
talaba uchun metodik topshirig hisoblanadi. Bunday metodik topshiriglar tizimi bo‘lg‘usi matematika
o‘qituvchisini professionalizmini shakllantirishning samarali vositasi bo‘ladi. Quyidagi savol tug‘iladi:
Matematik analizni o‘qitishda talabani HMA to‘la sxemasini mustaqil tuzishga qanday o‘rgatish mumkin?

Buning uchun quyidagi talablarga javob beruvchi metodik topshiriglar tuzilishini ko‘rish lozim:

1. Tizimlilik, ya’ni HMA tuzish bo‘yicha har bir metodik topshiriq natijaviy maqsadga — o‘qituvchini
shakllantirishga — garatilgan bo‘lishi lozim;

2. Sodda topshirigdan murakkab topshirigga ketma — ket o°tish;

3. Yaxlitlik (bir butunlik), bunda biz barcha matematik fanlarda HMA sxemalarini ishlab chigishini
nazarda tutamiz. Shuning uchun barcha kafedralarning hamjihatligi lozim;

4. HMA sxemalari tizimini qurishga dasturiy — magsadli yondashuv metodidan foydalanish. Bu
talabdan har bir mashg‘ulot nafagat axborot uzatish (reproduksiya), balki tallabaning aqliy faoliyat
madaniyatini, mustaqil ishlashning metodik ko‘nikmalari (malakalari)ni shakllantirishga yo‘naltirilgan
bo‘lishi kerak. Bu so‘nggi natija aqliy harakatlarni bosgichma — bosgich shakllantirishda mumkin bo‘ladi.

Quyida metodik topshiriglar sinflarini qaraymiz. Bu sinflar talabalarga tayyor HMA to‘la sxemasini
foydalanishdan o‘zlari tomonidan tuzilgan yangi HMA to‘la sxemalariga o‘tishga yordam beradi.

Birinchi sinf — HMA tayyor standart to‘la sxemalarini analiz qilish. Bunda HMA to‘la sxemasining har
bir bandining mohiyati va o‘rni aniqlashtiriladi. Tahlilni bajarishda quyidagi savollar qaraladi:

Agar sxemadan bir, ikki yoki bir nechta bandlarini olib tashlasa, u holda sxema hagida nima deyish
mumkin? U to‘laligicha qoladimi? Qaysi bandlarni chiqarib tashlash mumkin emas? Bunda nima sodir
bo‘ladi? Berilgan sxemada bandlar o‘rnini almashtirish mumkinmi, bunda nima bo‘ladi?

Ikkinchi sinf. Berilgan matematik holat uchun yozilgan to‘la bo‘lmagan, sxema asosida to‘la sxemani
qurish.

Masalan, sonning ketma — ketlik limiti ekanligini isbotlang sxemasida 1, 2, 4, 5 bandlarni u to‘la
bo‘ladigan qilib yangi bandlar bilan to‘ldirishni taklif qilish mumkin. Bu topshirigning to‘g‘ri echimi
tengsizlikni yechishda baholashdan foydalanish hisoblanadi.

Uchinchi sinf — HMA to‘la sxemasini tanish. Bu holda talabaga HMA to‘la sxemasi taklif etiladi, lekin
gaysi matematik jumla taallugli ekanligi aytilmaydi. Talaba bu jumlani tayanch so‘zlar yoki sxemaning
vazifasiga ko‘ra aniqlashi lozim.

Masalan,

1) funksiyaning kesmada uzluksiz ekanligini tekshiramiz;

2) funksiyaning kesma uchlaridagi giymatlari ishoralarini aniglaymiz;

3) aniglangan ishoralarga garab xulosa chigaramiz.
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To ‘rtinchi sinf — to‘la bo‘lmagan sxemani tanish va uni to‘la sxemaga qadar to‘ldirish. Talabaga to‘la
bo‘lmagan sxema taklif etiladi, lekin gaysi jumlaga taallugli ekanligi aytilmaydi. Talaba bu jumlani topishi
va sxemani to‘ldirishi lozim.

Masalan, kasr funksiya maxraji va surati limitlarini hisoblaymiz. Agar maxraji va surati 0 ga intilsa, u
holda surat va maxrajini ko‘paytuvchilarga ajratamiz.

Beshinchi sinf — berilgan HMA umumlashtirilgan matematik jumla uchun umumlashtirish.

Masalan, funksiyani elementar usullar bilan mo‘ljallangan HMA to‘la sxemasini funksiya limiti va
uzluksizligi materiallardan foydalanib to‘ldiramiz.

Oltinchi sinf — biror sinfga taallugli matematik jumla uchun tuzilgan HMA to‘la sxemasini ikkinchi
sinfga taallugli bo‘lgan HMA bilan tagqoslash.

Yettinchi sinf — HMA to‘la sxemasini mustaqil tuzish.

HMA sxemalari bilan bog‘liq bo‘lgan metodik topshiriglarni bajarishda talabalarda tafakkurning
asosiy shakllari: analiz, sintez, umumlashtirish, tagqoslash, induksiya, deduksiya, analogiya,
abstraktlashtirish, konkretlashtirish, klassifikatsiyalash, modellashtirish va b. rivojlaanadi.

Yugorida aytilgan sxemalar va metodik topshiriglar sinflaridan 1, 2, 3 lar analizni rivojlantirishga, 5
umumlashtirishni, analogiyani rivojlantirishga 6 metodik topshiriglar yordam beradi.

HMA sinflarini murakkabligi va foydalanish magsadigi qgarab, saralab chigish mumkin. Masalan,
birinchi kursda asosan HMA tayyor to‘la sxemalari garaladi. Ularni o‘rganish va mustahkamlash amalga
oshiriladi. Bunda talabalarda boshlang‘ich kasbiy ko‘nikmalar shakllanadi. Yuqori kurslarga o‘tishi bilan
ikkinchi tip o‘qishdan uchinchi tipga o‘tish masalalari qaraladi. O‘qishini tugatish jarayonida ko‘pgina
talabalar murakkab ijodiy topshiriglarni yechishga qodir bo‘ladi. Quyidagilarni xulosalash mumkin:

— HMA to‘la sxemasini ishlab chiqish matematik jumlani tanlashga bog‘liq emas (murakkabligi,
gaysi matematik fanga tegishli ekanligiga bog‘liq emas);

— HMA sxemalari bilan bog‘liq metodni topshiriqlarni bajarish faoliyatida talabalarning tafakkuri
rivojlanishiga va matematik materialdan o‘zlashtirishga imkon beradi;

— Maxsus matematik fanlarini o‘rganish jarayonida HMA sxemalari bilan bog‘liq metodik
topshiriglarni bajarish bo‘yicha talaba faoliyati uning metodik ko‘nikma va malakalarini rivojlantirishga
imkon beradi;

— Matematikani o‘rganish jarayonida HMA to‘la sxemasini yaratish bo‘yicha talaba faoliyati
talabaning ijodiy o‘sishiga va bilim sifatini oshishiga imkon beradi.

Xulosa. Shunday qilib, matematik analizni o‘rganishda HMA sxemasini yaratish matematik
analizning tanlangan mavzusini, o‘qitishga kontektli yondashuvning predmetli tashkil etuvchisni amalga
oshirishga imkon beradi.
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Abstract. This research investigates the fundamental properties of distributions, emphasizing their
characterization through Fourier analysis. The study introduces and examines key mathematical constructs,
such as asymptotic vanishing and non-vanishing cones, to define the wave front set of a distribution. By
exploring the intersection of topological and functional attributes, this work establishes a formal
mathematical basis for understanding the underlying structure of wave fronts.

Keywords: distribution theory, Fourier analysis, Asymptotic cones, Wave front set, Microlocal
analysis.

KOMPAKT TASHUVCHILI TAQSIMOTLAR TO'LQIN FRONTINING MIKROLOKAL
TAHLILI

Annotatsiya. Ushbu tadgigot tagsimotlarning fundamental xossalarini o'rganishga bag'ishlangan
bo'lib, ularning Furye tahlili orgali xarakterlanishiga alohida e'tibor garatadi. Tagsimotning to'lgin frontini
aniglash uchun magolada asimptotik nol va asimptotik nolmas konuslar kabi muhim matematik
konstruksiyalar kiritilgan va tahlil gilingan. Tagsimotlarning topologik va funksional xususiyatlari
kesishishini o'rganish orgali ushbu ish to'lgin frontlarining ichki tuzilishini tushunish uchun gat'iy matematik
asos yaratadi.

Kalit so'zlar: tagsimotlar nazariyasi, Furye tahlili, Asimptotik konuslar, To'lgin fronti, Mikrolokal
tahlil.

MHUKPOJIOKAJIbHBI AHAJIA3 BOJIHOBOI'O ®POHTA PACHPEJAEJEHHMHA C
KOMITAKTHBIM HOCHUTEJIEM

Annomayua. B oOannoii cmamwve paccmMampusaiomcs HeKomopble CBOUCMBd NpPOCMpPaHcmed
pacnpedeieHull, 8 YACMHOCMU, UX AHAIU3 NOCPEOCmBOM npeobpasosanus Dypbe, NOHAMUSA KOHYCO8
HanpaeneHutl acUMnmomuyecko2o Hysa U acUMNMOMUYECKUX HEeHYLe8blX HANpAGeHUl, a MmakKice Mmakou
BAJICHBLIL MAMeEMamMu4ecKull 00beKm, Kax 60JH060U (hponm pacnpedenenust. OCHO8HOe BHUMAHUE YOesemcs
MONONO2UYECKUM U (DYHKYUOHATbHBIM CBOUCMBAM pACHpedeleHUll, Ymo No360Jsem 21yO0K0 UCCAed08amb
CMPYKmMypy 80JIH08020 PPOHMA HA CIMPO2OT MAMEMAMUYECKOU OCHOGe.

Kntouesana cnosa: Pacnpeodenenue, Ilpeobpaszosanue @ypve, Acumnmomuuecku Hyliegoe
nHanpasenenue, Henynesoui acumnmomuyeckuii xonyc Hanpasnenuu, Boanoeoi ¢poum, Obpammnoe
npeobpazosanue Pypoe.

Introduction. This paper investigates the concept of the wave front set for distributions in the space
E’(X) within the framework of microlocal analysis. The primary focus is on examining the smoothness of
distributions in the dual space of £(X) through the asymptotic behavior of their Fourier transforms at infinity.
A closed set consisting of asymptotic non-vanishing directions of the distribution on the unit sphere is
defined, through which the wave front set is established. This construction is presented using simplified
versions of the definitions proposed by Lars Hérmander. Estimates derived from the Paley—Wiener—
Schwartz theorem and proofs of relevant assertions are provided. This research serves to further explore
theoretical issues related to the microlocal analysis of linear differential equations.

1. Preliminaries
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Let &(X) denote the topological linear space of infinitely differentiable functions defined on an open
set X c Rn, equipped with the topology of uniform convergence of the functions and all their derivatives on
any compact set in X. The dual of this space is denoted by &'(X), and this space coincides with the space of
distributions with compact support in X.

According to Theorem 2.3.1 in [1], &'(X) can be identified with the distributions in &'(Rn) whose
support is located in X. Therefore, if X is an arbitrary open subset of Rn, the notation &'(X) denotes
distributions in &'(Rn) with support contained solely in X.

If u € &'(Rn), we can verify whether the distribution u belongs to COso(Rn) via its Fourier transform .
It is known that if u € COco(Rn), then the following inequality holds. This fact is based on Lemma 7.1.3 in

[1].

[AE) <CN(1+E)-N, N=1,23,.. (1)
Conversely, if the above inequality (1) holds for u € &'(Rn), then u € C0Ooo(Rn), which is proved using
the inverse Fourier transform [1, p. 181]. We define the set Sn—1 as the unit sphere in the space Rn centered
at the origin. Thatis, Sn—1= {x € Rn: |x| = 1}.
Definition: Suppose V c Sn—1 is an open set on the sphere (with respect to the induced topology). If
for any open set U cc V and VN € N there exists a constant CN such that for Vo € U and any A € R+
000)| < 2 2
the inequality holds, then 1 is said to be asymptotically vanishing in V.  We write this relation (2) as
i(Aw) = O(A—o0) and assume it holds uniformly in U.
2. Main Propositions and Their Proofs
Proposition 1: If G is asymptotically vanishing in an open set V c Sn—1, then for any ¢ € C0Ooo(Rn),
(puy'is also asymptotically vanishing in V.
Proof: First, we take an arbitrary open set U cc V and show that inequality (2) holds uniformly in U
for gou. Initially, we write the integral representation of ¢ and split it into two parts:

pu(iw) = | ii(Aw —n)@ln)dn = + ®)
mi |?}'|EJ;|-1| Jl‘:'i'lacl-'ll

Here, the number c satisfying 0 < ¢ < 1 will be chosen later. We estimate the two integrals on the
right-hand side of equation (3) separately. Suppose Ul is an open set containing U and compactly

embedded in V. We choose the number 0 < ¢ < 1 such that whenever |;—’| = ¢ and for Vo € U,

'—HEUJ_
w3

the relation holds. Then we can perform the following estimates:

i (Aw —n)(n)dn| = j | i (Aw — )@ (n) | dn =
[ml=zeldl [nl=elAl

= CyCy j (1 + A |m —%D_N (1 +In)™Mdn =
[nl=cll

= CyC j (1+@ - + g ™Mdp = €y, (L + 12DV
Inl=eldl
Thus, under the above conditions, the following estimate is valid:

ii (A — @l dn| = €y, (L + 12D~ 4

[nl=clal
Next, we estimate the second integral. For G, according to the Paley-Wiener-Schwartz theorem, the following
inequality:

[E(E)] = C(1 + 1ENMeclmil M =0 (5)
is valid for an arbitrary & € Cn and is independent of C. Since & € Rn, inequality (5) takes the following
form:
GO = c1 +1ED™ .M = 0.
Now, using the last inequality above, we estimate the second integral on the right-hand side of equation (3):

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 249




MATHEMATICS

il (Aw —e(dn|=C j (1+ 12— nDM (1 + [y~ M ¥ ndy =

[nl=eldl EEF]
=C j 1+ 1A+ g™ + |pl)M-N-ngp <
[nl=dal
1 M .
=C j (1 + (E + 1) Inl) (1 + )™ M-N-ngp <
[nlzelAl=1

=0 j Inl=¥—"dp = C,1A1=Y
[nlzeldl=1
Therefore,

it (Aw — @) dn| = €121~ (6)
[nl=elal
Estimates (4) and (6) complete the proof of the proposition.

Proposition 2: Suppose Va < Sn—1 for a € | (where I is an index set) are open sets, and for Va € I, G is
asymptotically vanishing in Va. Then 1 is also asymptotically vanishing in Ua Vo.

Proof: Suppose U c Ua Va for a € | (where | is an index set), and let U cc Ua Va. From the
compactness of the sphere Sn—1, the compactness of the set U ¢ Ua Vo follows. According to the Heine-
Borel lemma, from any open cover of U, we can extract a finite subcover U c UB=1N V. According
to the theorem in [3, p. 95], there exists a family of functions with the following properties:

®P(X) € COo(VP) (i.e., ®P(x) is a smooth function with compact support in V).

Forany x € U,  wB(x) = 1.

Forany x € U, 0 < oB(x) < 1.

Now, we extend the function wp as a positively homogeneous function of degree zero as follows:

Ejg{f} = wp (%)Jf = 0.

Obviously, @ig(&) € Coo(Rn \ {0}), supp @g < {AVBIL>0, and for any & € R+U, the following

equality holds:
u(¢) = $=, (@0) () (7)

Considering that G is asymptotically vanishing in each VP, we can easily see that op @ is also
asymptotically vanishing in V. Then, based on equation (7) above, 1 is also asymptotically vanishing in U.
Recall that U cc Ua Vo was chosen as an arbitrary open set. Thus, according to the definition, the
distribution is asymptotically vanishing in the set Ua V. The proposition is proved.

From this, it can be concluded that there exists a unique maximal open set V in Sn—1 where 1 is
asymptotically vanishing (i.e., if G is asymptotically vanishing in some open set W, the relation W < V
holds). Now, let V < Sn—1 be the maximal open set where 1 is asymptotically vanishing. We define the cone
Y(u) as follows:

Y(u)=R"AV, 1=0

>(u) is called the set of asymptotic non-vanishing directions. Now, we introduce the concept of the
asymptotic non-vanishing cone of a distribution at a point. Suppose ¢ € COx(Rn) (¢ (x0) # 0) Is some

function. We denote by ¥y the maximal open set where du is asymptotically vanishing. Now, we introduce
the following open set depending on the point X0 € Rn and u:

Ve =

= ) Vg (8)
! du—Vg da asimprotik :lm!,t,f:'l‘.t‘:'}:[!l}

Definition: The following set
Teo(uw) = (25" N\We)), ., (9)

is called the asymptotic non-vanishing cone of the distribution u at the point x0. The above definition
is equivalent to the definition given in [1, p. 253].
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Definition: If u € &'(X), then the closed subset of X x (Rn \ {0}) defined as follows:

WF(u) = {(x, §) € X x (Rn\{0}) : € € Zx(u)}

is called the wave front of the distribution u. Now, we consider the problem of characterizing the
asymptotic cone at a point.
Proposition 3: For a distribution u € &'(Rn), the following equality holds:

_ C—y0
T 1) = Egﬂz(m( - )u) (10)
Here, ® € COo(Rn) and is defined as follows:
m{._‘}_{ L, lyl=1
Y=o, lyl = 2. (11)

Proof: According to the definition, the asymptotic non-vanishing cone of the distribution u at the point x0 is
defined by the equation:

Vo (u) = (5”‘1‘\
{q&: du—Vp da asimptotik :lw!,qfs':x’:':l:ﬂ}
We introduce the following notation:
S0 () = (S*\U U, )R, (13)
-]

where Ug c Sn—1 is the maximal open set such that (i)u U, is asymptotically vanishing in Ue. If we
&

Ve ) R+ (12)

show the equality:
P {l{} = E.r':'{:u} (14)
we will have proved the proposition. It is self-evident that the relation x0(u) c £x0(u) holds. Because

.t'—.?('n - ~
forve = 0 m( )| = 1. Now, we will show that £x0(u) > Xx0(u).
x=x"

For any fixed function ¢ € C;°(R") (¢{x%) = 0), there existsa numbere>0 such that for
any x € B(x0, 4¢) (where B(x0, 4¢) is an open ball of radius 4¢ centered at x0), the inequality

lp(x)] = Ié'—fnﬂ = 0 holds. Let the function ¢ (x) be:
.
s
T e
1

Obviously, ¢, € COox(Rn) and ¢, (x%) = proryha 0. If arbitrary o € V4, i.e., (puf(lw) = O(A—x) is

asymptotically vanishing, then according to Proposition 1, the relation gu{Aw) = @(1~=) is valid. Taking
into account that
pudp.(A5) = 0(A™™) (16)

we can write equation (16) as follows:
. . x—xP
(ppp)(x) = w ( . )

Thus, we arrive at Vg < Ue. From this, it follows that for any function ¢ € COoo(Rn) (¢ (x0) # 0), we

can write:
V4 © Ue>0 Ue the relation holds. From this, we arrive at the relation:

UvVyc U U, an
& >0
Using relation (17), we arrive at the following relation:
1 -1 (18)
myre)= (5o

From this, the relation x0(u) > =x0(u) follows. Naturally, from relations (15) and (19), equation (14)
follows. The proposition is proved.

Thus, the asymptotic non-vanishing directions at a point can be determined through the dilations of a
single function. These results were presented at the international scientific-theoretical conference "Current
Problems of Physics, Mathematics, and Artificial Intelligence Technologies” (see [4]).
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UCH NUQTALI CHEGARAVIY MASALALAR UCHUN GRIN FUNKSIYASI
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Annotatsiya. Ushbu maqgolada uch nugtali chizigli chegaraviy masalalar uchun Grin funksiyasini
qurishning umumiy algoritmi tadqiq etilgan. Ishda chizigli differensial operatorlarning chegaraviy
shartlarini inobatga olingan holda, uchta turli ko'rinishdagi chegaraviy masalalar tahlil gilingan. Bunda
birinchi hol uchun Grin funksiyasini aniq ko'rinishda qurish bosgichlari batafsil bayon etilgan va golgan
hollarda shu usul asosida natijalar keltirilgan. Taklif etilayotgan algoritm ko'p nugtali masalalarning
yechimlarini integral ko'rinishda tasvirlashda va mos spektral muammolarni o'rganishda asos bo'lib xizmat
giladi.

Kalit so“zlar: differensial operator, uch nugtali chegaraviy masala, Grin funksiyasi, differensial
tenglama, chegaraviy shartlar.

GREEN'S FUNCTION FOR THREE-POINT BOUNDARY VALUE PROBLEMS

Abstract. This paper investigates a general algorithm for constructing the Green's function for three-
point linear boundary value problems. Taking into account the boundary conditions of linear differential
operators, three distinct types of boundary value problems are analyzed. For the first case, the step-by-step
procedure for the explicit construction of the Green's function is detailed, and for the remaining cases, the
corresponding results are presented based on this method. The proposed algorithm serves as a foundation
for representing the solutions of multi-point problems in integral form and for studying related spectral
problems.

Keywords: differential operator, three-point boundary value problem, Green’s function, differential
equation, boundary conditions.

®YHKIIUA I'PUHA JIJISI TPEXTOUYEYHBIX KPAEBBIX 3ATAY

Annomayus. B daunnou cmamoee ucciedyemcs oowuii areopumm nocmpoerusi yukyuu I puna ons
MpEXMoueynvblx AUHeHbIX Kpaegvlx 3a0ay. C yuémom epanuyHbix yCao8ull JTUHEHbIX Ouppepenyuanvhbix
onepamopos Npoananusupo8anbl Mpu pAasIUdHbIX MUNA Kpaesvix 3aoady. [{isa nepeoco ciyuds noopooHo
U3TIOJHCEHbI  dIMANbL  A6HO20 NOcmpoenusi @yukyuu [puna, a 078 OCMANbHLIX CIyHaAes NpuseoeHsl
coomeemcmeylowue pesyibmamyl, NOJIYYeHHble HA OCHO8e 0aHH020 memooda. IIpednodicennvili aneopumm
CIYAHCUM OCHOBO1L OJisl NPeOCMAsIeHUsl peuenuli MHO20MOYeUHbIX 3a0ay 8 UHMeZPAIbHOU (opme U U3yUeHUs.
COOMBEMCMEYIOWUX CREKMPATbHBIX 3a0aY.

Knrwouesvie cnosa: oughgepenyuanvuviii onepamop, mpexmoueunas kpaegas sadada, yuxkyus I puna,
oughepenyuanvroe ypasmenue, epanuunble YCao6us.

Masalaning kelib chigishi va qo‘yilishi. Differensial tenglamalar uchun uch nugtali chegaraviy
masalalar muhandislikning ko‘plab dolzarb muammolarini, xususan, sanoatda oraliq tayanchga ega elastik
to‘sinlarning deformatsiyasini [1], ko‘p qatlamli muhitlardagi issiglik o‘tkazuvchanlik jarayonlarini
modellashtirish natijasida vujudga kelgan [2]. Uch nugtali chegaraviy masalaga mos modellar jarayonning
nafagat chekka nuqgtalaridagi, balki obyekt ichidagi dinamik nugtadagi holatini ham inobatga olish
zaruriyatidan kelib chigadi. Shu sababli klassik ikki nugtali masalalardan umumiyroq hisoblanadi. Ushbu
masalalarni fundamental tadqiq etish, ularning yechimlarini integral ko‘rinishda tasvirlash va mos spektral
masalalarni o‘rganishda Grin funksiyasi usuli eng samarali usuldir.

Chizigli ko‘p nuqtali masalalarning nazariy asoslari va yechimlarining mavjudligi V.A. II’in va E.I.
Moiseev [3], C.P. Gupta [4] kabi olimlar tomonidan faol o‘rganilgan. Chizigli bo‘lmagan ba’zi hollarda
musbat yechimlar mavjudligi R. Ma [5] va B. Liu [6] kabi tadgigotchilar tomonidan Grin funksiyasining
xossalari yordamida ko‘rsatib berilgan. Mavjud adabiyotlarda ko‘p nuqtali masalalar uchun Grin
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funksiyasining mavjudligi asosan isbotlangan bo‘lib, turli xil chegaraviy shartlarga ega differensial
operatorlar uchun ushbu Grin funksiyasini aniq analitik ko‘rinishda qurishning konstruktiv algoritmlari
yetarlicha yoritilmagan. Ushbu maqgolada aynan uch nuqgtali chegaraviy masalalar tahlil gilinib, ular uchun
Grin funksiyasini qurishning universal algoritmi taklif etiladi.
Differensial operatorning Grin funksiyasi: Bizga oddiy differensial tengamalar kursidan ma’lumki
[7], ixtiyoriy
Lu=10,
u) =0
chegaraviy masala tirivial yechimga ega, bu yerda Lu —differensial operator, I{1) —chegaraviy
shartlar. Ushbu masalaga mos bir jinsli chegaraviy shartlar va bir jinslimas tenglama uchun trivial bo‘lmagan
yechimini topish uchun ushbu masalaning Grin funksiyasini qurish zarur. Ba’zi sodda uch nuqtali masalalar
uchun Grin funksiyasini qurish algoritmini keltirsak. Bizga
Lu =u""
differensial operator berilgan bo‘lsin. Ushbu

Lu=0 (1
u(0)=u"(a) =u""(1)=0 (2)
uch nugtali chegaraviy masala uchun Grin funksiyasini qurish algoritmini keltiraylik, bu yerda,
0<a<=1 bolib [0,1] kesmani [0,1] =[0,a] U [a, 1] kesmalarga ajratib olamiz. Bizga ma’lumki, uch
nugtali chegaraviy shartlar umumiy holda i = 1,2,3 uchun:
1i(w) = aqul0) + a;u'(0) + azu'"(0) +
+pyula) + Bru' (a) + Bau' (@) + yqu(l) + you' (1) + yau' (1)
ko‘rinishida yozishida qo‘yiladi. Hisoblashlar aniq va sodda bo‘lishi uchun (2} xususiy holni ko‘rib
chigamiz. (1), (2) chegaraviy masalaning Grin funksiyasini quyidagi:

_ [Gy(t,5), s €[0,a]
G(t,s) = {Glg (t,s), 5 € [a,1] (4)

ko‘rinishda izlaymiz, bu yerda Gy(t,s) va G,(t,s) lar mos ravishda [0,a] va [a,1] oraliglaridagi
ikki nugtali masalalarning Grin funksiyalari, ya’ni (4(f,s) funksiya:

Lu=10
{u{ﬂ} —u'(@) = 0 ®)
masalaning va G- (t,s) esa:

Lu=10
@b =0 ©)

masalaning Grin funksiyasi. Endi (5) masalaning Grin funksiyasini [7] adabiyotdan foydalanib topib
olamiz:

(k)  Glts), te[0,1] dauzluksiz;

(K;) &t 5), t € [0,1] dauzluksiz;

(K3)  Gy(t,s) funksiya t =s nuqtada 1 sakrashga ega;

Uﬁ]‘ LGy =0;

(Ks)  chegaraviy shartlarni ganoatlantiradi;

shartlar o‘rinli bolishini tekshiramiz. (K4) shartni ganoatlantirishi uchun Gy(t,s) funksiya [0,5) va
(s, a] oraliglarda tenglamaning yechimi bo‘lishi kerak. Demak:

Lu=u""=0
tenglama uchun:
u'" = 2c

u =2ct+og

u=ct?+et+c,;
yechimdan foydalanib:

Ait‘+Agt+A3, 0=t=s
Bit?+B;t+B;, s=t=a

Gt s) = { %

tenglikka ega bo‘lamiz. Endi (K1) shartdan:
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A5+ A5+ A; =By 52+ B,5+ Bs
(K;) shartdan:
2445+ A, =2By5+ B,
(K3) shartdan:
2B, — 24, =1
(K3) shartdan esa:
A 02+ A, 0+A4;=0,
2By a+ B, =0
tengliklarni olamiz. Bu yerda 5 ta chiziqli tenglama va 6 ta no’malum mavjud algebraik sistema hosil
bo‘ldi, bundan:
Ay = C—%; Ay =—2aC+5; A;=0;

-
=

B:L:C; B: =_2Cﬂ-; BE =+E

tengliklarni hosil gilamiz. Ko‘rinib turibdiki, {5) masalaning (7) ko‘rinishidagi Grin funksiyasi:
(c—3)t*—(@ac-s9)t, o0st=s

Gy(t,5) = (8)

th—zaCHi—z, s=t=a
ko‘rinishini oladi. Yuqorida keltirilgani kabi (6) masalaning G-{t,5) Grin funksiyasini ham
Cit?+Ct+Cy, a=t=s @)
,t2+Dat+ Dy s=t=1
ko‘rinishida qgidiramiz. {(Ky) — (Kz) shartlaridan yuqoridagi kabi foydalanib, ushbu:

GE (tj 5} =

r(.Dl - 51}52 + (D: - C:}S"‘ DE - CE = 0#
Z(Dl - Cj_} = 1
3 Z(Di_C1}S+D2_C2:ﬂ
chﬂ-z + C: = ﬂ
L 2D, =10
tenglamalar sistemasiga ega bo‘lamiz. Sistemaning yechimi
€= —EF Ca=ay C3=D;
4 32
D:L:ﬂ; D:=ﬂ-2_3; D3=D+_

2
ko‘rinishida ifodalanishini ko‘rish giyin emas. Bu yechimdan foydalanib, (%) tenglikni quyidagi
ko‘rinishida yozishimiz mumkin:

"
r

——+a;t+D, a=t=s
G:(t_..s}: -

S.l’.
{ag—s}t+d+31 s=t=1
Endi G(t,x) Grin funksiyasi s € [0,1] da uzluksiz ekanligidan foydalaniladigan bo‘lsak, s = @
nugtada ham uzluksizlik bajarilishi kerak. Shu sababli 5 = @ nugtada &4 (%, 5) ning t € [5,a] va G4 (%, 5) ning
t € [a, 5] oraliglaridagi giymatlari o‘zaro teng bo‘lishi kerak. Demak biz ushbu:

-
& s

—5 teratD =£'a2—2a£'-a+?

tenglikni hosil gilamiz. Bundan

a’C+D =0

tenglikni  hosil gilamiz. Bu tenglik ¥a € (0,1) da o‘rinli bo‘lishi uchun C=0 va
D = 0 bo‘lishi zarur va yetarli. Demak biz:
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¢ 1,
ts—it‘, 0=t=s5

s5E[0,a): <2
2 s=t=
e 5}:{61&’3}’ sel0,a) _| 5 ,,S a
! G.(t,5), s€(a,1] . t2 e
at——, a<t=s

sE(a,1]: o2
E—ts+at, s=t=1

Grin funksiyasini hosil gilamiz.
Misol 1. Ushbu
{Lu =u"(t)=0 0=t=1,
w@) =u"(p)=u'(1)=0
bir jinsli chegaraviy masala uchun Grin funksiyasi quyidagi ko‘rinishida bo‘ladi:

( t{l—s5), o=t =5,
SE[GJT}]: tz .5'2
I—E—E, s=t=y,
G(t s}={61(t‘5}’ seloal_ | 2
: G.(t,s), s€n1] — —ts, n=t=s,
s € [n1]: 2 5
\ —‘%J s=t=1.

Misol 2. Quyidagi
{ u () =—yt), 0=t=1
u(0) =0, u"(n) =au'(1), u'(1) = pFul1)

masalaga mos Grin funksiyasi quyidagi ko‘rinishda bo‘ladi:

_ (G4(t,5), s €10,n),
G(t,s) = L,}: (ts), s€n1l,
bu yerda:
2 +af— 28 —aps? (1 —a)ps?
G 2@TaE—26) _(‘”mjt’ F=E
1L 5= _aﬁsz , (1—5!}}?52 . 52 =
22 +af—26) 2+af—-28 2
i 2—Ff A-ap ,
2(2+aﬁ—2ﬁ’]t +(2+aﬁ—2ﬁ’3_2+ﬂﬁ’—2ﬂs )t’ £t

] 2J6}_2_':{‘5’5‘H+( 2=F (1-aofp z)thit.

2(2+af — 28) 2+af—28 2+af—28"
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MHOI'OTOYEYHBIE HEJTOKAJIBHBIE 3AZTAYU C TAPAMETPOM J1JIA
JANOOEPEHIIMAJIBHBIX YPABHEHUU BTOPOI'O NIOPAIAKA

Hypanuesa Hasoaxop Hlaiimapoon ku3su,

cmapuuil npenooasamens Kapeopvr Mamemamuyeckozo
ananuza u ougpepenyuanbHbix ypasHeHull
Kapuwunckozo eocyoapcmeennozo ynusepcumema,

2. Kapwu, Pecnyonuxa ¥Y30exucman
n.navbahor2197@gmail.com

T'uiiocoea @apanzuc Ynyzoex kusu,

yuumenv cpeorell 0oueodpazo8amenvbHoll

wixoavt Ne 52 Kacounckoeo pationa,
Kawxkaoapwvunckas obnacmo, Pecnyonuka ¥Y3oexucman
farangizgiyosova86@gmail.com

Annomayua. B oannoti pabome ucciedyemcs HelOKAIbHAs NO 8peMeHu 3a0aua OJid YPAGHEeHUs.
anaunmuyecko2o muna U, (t) — Au(t) = F(t), m.e. nauanvuvie ycnosus samenensl HeIOKATLHLIMU YCIOBULMU:
u@)=au(é)+e, &>0; u(t) oepanuuena npu t — oo, 3deco F(t) e C([0,00),H) — 3adannas ¢ynxyus,
@ € H — uzgecmuwiti anemenm, oo — xoncmanma. [na napamempa o u ¢pynxyuu F(t) natioenvr xpumepuu

€OUHCMBEHHOCIU U 0OCMAMOYHble YCI08Us, 00ecneuusarwue Cywecmeosanue peuerus 3a0aiu. Yciosus
Cyuwecmeo8anus u eOUHCMEEeHHOCMU peuieHus: ObLiu noxydeHvl memooom Pypove.

Kntoueswvie cnosa: 3aoaua buyaoze-Camapckozo, memod @ypve, abcmpakmHulii onepamop, NOaHAs
cucmema, HeOKAIbHbIE 3a0a4U, YPAGHEeHUe ITUNMUYECKO20 MUnd.

KASR TARTIBLI ARALASH TIPDAGI TENGLAMALAR UCHUN UCHTA ULASH
SHARTLI CHEGARAVIY MASALA

Annotatsiya. Ushbu ishda u, (t) — Au(t) = F(t) elliptik turdagi tenglama uchun vagqt bo ‘yicha nolokal
masala o ‘rganilgan, ya’ni boshlang ‘ich shartlar nolokal shartlar bilan almashtirilgan: u(0) = au(t,)+ @,
t,>0, t — oo, da u(t) chegaralangan, bu yerda F(t)eC([0,0),H)— berilgan funksiya, ¢ € H — ma’lum
element, o — o zgarmas migdor (konstanta). o. parametri va F(t) funksiyasi uchun masalaning yechimi
mavjudligini ta’minlaydigan yetarli shartlar va yagonalik mezonlari (kriteriylari) topilgan. Yechimning
mavjudligi va yagonaligi shartlari Furye usuli yordamida keltirib chigarilgan.

Kalit so‘zlar: Bitsadze-Samarskiy masalasi, Furye usuli, abstrakt operator, fo ‘lig sistema, nolokal
masalalar, elliptik turdagi tenglama.

MULTIPOINT NONLOCAL PROBLEMS FOR SECOND-ORDER DIFFERENTIAL
EQUATIONS WITH PARAMETER

Abstract. In this paper, a nonlocal time problem for an equation of elliptic type u, (t) — Au(t) = F(t) is
studied, i.e., the initial conditions are replaced by nonlocal conditions: u(0) =au(&)+¢, &>0 ; ||Ju(t)]] is
bounded, if t — oo, here F(t) € C([0,o0),H) is a given function, ¢ € H is known element, a is constant. For

the parameter o. and the function F (t), uniqueness criteria and sufficient conditions were found to ensure the
existence of a solution to the problem. The conditions for the existence and uniqueness of the solution were
derived by the Fourier method.

Key words: Bitsatse-Samarskii problem, Fourier method, abstract operator, complete system,
nonlocal problems, elliptic type equation.

Beenenme. Ilycte H — cemapabenpHOoe THIBOEPTOBO MPOCTPAHCTBO, @ A — HEOTPAaHWYEHHBIH,

TIONIOXKHUTEIBHEIH U CAMOCOMPSKEHHEIH orepaTop, onpenenénneii Ha H , 1 A™ — KOMIakTHBIH omeparop.
PaccMoTpuM ciaenyromyto HETOKAIBHYIO 3a1a4y:
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u, (t)—Au(t) =F(t), t>0;

u(0) = au(s) +¢; 1)
[lu(t) ||is bounded,if t — oo,

rne F(t) eC([0,0),H) - 3amannas ¢yHkums, @€ H — W3BECTHBI SIIEMEHT, a;, j=1,2,.m; —
IeHCTBUTENbHBIE KOHCTaHThI, ¢ — HenmoaBmxkHas Touka mHTepBana (0,00), C([0,0),H) — mpoctpancTBo
byHK1MHU, HenpepbIBHOM B , [0,00) 1 e€ 3HayeHuii u3z H .

Onpenesnenne 1. Dynkyus u(t) eC([0,0);H), obnadarowas ceolicmeamu
u, (t), Au(t) € C((0,0); H) u yooeremeopsiowasn ycrosusm (1), nasvieaemcs (pyHKyuell HeNOKAIbHOU 3a0a4u
(1).

OTnnunTenbHON OCOOEHHOCTBIO paccMaTpuBaeMoil mpobnemsl sBisiercst yeaosue U(0) =u(é) + ¢,

KOTOpPOE YCTAHABJIMBACT CBSI3b MEKIY 3HAYEHUSIMH HEU3BECTHON (DYHKIIMHM BHYTPH OOJIACTH M Ha TPAHMIIE
obnactu. CylecTByeT HECKOJIBKO HCCIICIOBAHMN CYIIECTBOBAHUS W E€IMHCTBEHHOCTH PEIICHHN TaKHUX
HEJIOKAIBHBIX 3a/1a4, BKJIFOYAONIMX AUIHITHYECKHE OMEPaTOPbl B OTPAHUYCHHON 001acTh (CM., HAIPUMED,
[1], [2], [3], [4], [5]). Bmepsbie Takue 3amaud JUIS YpPAaBHEHHH OJUITMITHYECKOTO THMA OBUIH
chopmynupoBansl A.B. buniaaze u A.A. Camapckum B 1969 rony (cMm. [1] ). B pabote A. Ammpanuesa [6] B
0aHaxOBOM MPOCTPAHCTBE S5 M3ydaaach CICIYIOIIAs 3a/a4a:

u, (t)—Au(t) = F(t), 0<t<I;
u(0) = ¢;
u(l)=u(,) +w, 0<t, <l

bb110 M0Ka3aHO, YTO JaHHAs 3a/1aua KOPPEKTHO IOCTaBJIeHA B IpocTpaHcTBax ['énpaepa, U moirydeHo
HECKOJIBKO TIPUHYTUTEIFHBIX HEPABEHCTB.

B paGore [7] mns caMOCONpsDKEHHOTO U IOJIOXKHUTENBHOrO  Aomeparopa paccMaTpHUBaiach
cleyromas 3ajaya:

—u, (t) + Au(t) = g(t,u(t)), O0<t<I1;
u(0) = ¢;

u(1) = () +v

snech, A> Pl tne u>0u0<E <&, <---<& <1.
ABTOp AO0Ka3ajl CyHmIECTBOBAHUC W CAWHCTBCHHOCTb PCHICHUA, HCIIOJIB3Ys YCJIOBHUC HI/IHH_H/IHa I
¢Gyrkimu g(t,v) 1 METO HEMOABIKHOMN TOUKH. EMHCTBEHHOCTH 00ECTICYNBACTCSI CIEAYIOIIMM YCIOBHEM:

BTL(l_ZWj J(l_ezﬂ)(\/;) <1

3nech — L xoncranTa Jlunmmumna.
B pabote [8] Obulo W3y4eHO clienyrollee ypaBHEHHE JUIsS HEJOKAILHOW 3ajaun THna bunanse-
Camapckoro:
u, (t) = Au(t)+ f(t), 0<t<T,

U =9, uM)=Yau(@)+v,

rae A — 3aMKHYTBIA JIMHEHHBIN OmepaTop, CHEKTP KOTOPOTO PAaCHOJOXKEH Ha IOJIOKHUTENbHON
HOJIyocH. ABTOp YCTaHOBUIJI YCJIOBUE CYILIECTBOBAHUS U €IMHCTBEHHOCTH PELICHUS], UCIOJIb3Ys CIEAYIOIIYIO
XapaKTePUCTUUECKYIO (DYHKUUIO:

m
\P(Z) - 1_ e—ZTz _ Zai (e*(T*ﬁ)Z _ e*(TJrfi)Z).
i=1

beio nokaszano, yro ecnu ¢ynkuus W(z) He mmeer Hyneil B mosymiiockoctTH Rez >0, To 3amaya

MMeeT eIMHCTBEeHHOe pemieHne. Kpome Toro, aBTOp IOKa3aji CleAyrolee sIBHOE yCIOBHE IJIs apaMeTpoB
HEJIOKAIbHBIX YCIOBHI:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 258



MATHEMATICS

Sl l+a)<2.

OTO yclloBUE ONpENeNseT CBA3b MEXKAY HEIOKaIbHBIMU KO3()GHIHUEHTaMU ;U TPaHUYHBIMU
ycnosusamMu . Ecimu 3To ycrnoBue BbIMonHsAeTCs, To 3ajada bunamze-Camapckoro MMeeT €IHMHCTBEHHOE
pemrenue. [Ipu sTom Qynkuus F(t) moKHA yIOBIETBOPSTH CIIEAYIOIIEMY YCIOBHIO:

|F(t)||<Me*, 0<t<T,

rie MU o— HOoNOXUTENbHbIE KOHCTaHTBI. JTO YCJIOBUE KOHTPOIMpPYET CKOpocTh pocta F(t)u
IIOMOTaeT 00eCTIeYUTh CTaOMIBHOCTh PEILICHHUS.

AmnanoruyHas mpobiema Oblia nccienoBana B padbore A. Amupanesa u E. Oztiopka [9], korga T =1.

B cratbe wucciaenoBaHBl YCIOBHSI CYIIECTBOBaHMS M EOUHCTBEHHOCTH peIICHWs 3aJadd B
npoctpancTBax [ €xpaepa, ¥ MOTydeHo clieTyomee KO3pIUTHBHOE HEPAaBEHCTBO:

2 2 2 2 2
| Ug “C([O,l],H) +| Au ||C([o,1],H)S C[” F “C([O,l],H) +H Al +11 Av I ]-
rre
| o(t) ”C([O,l],H) =max || o(t) [l -
0<t<1

B YIOOMAHYTLIX BBILIC pa60Tax CyII€CTBOBAHNUC M CAUHCTBCHHOCTL PCHICHHA 3aJadld HU3Yy4daJInUCh
TJIaBHBIM 00pa30M B OTpaHMYEHHBIX 00JACTSIX.

Jlemma 1. [{na sxcnonenyuanoHotl pyHKyuu ¢ OmpuyamenbHblM apeymMeHmom OJisl 6Cex 8biNOIHACMCs
cnedytowee nepaserncmeo Ne N :

I
e"<%, for all t>0. )

BcenomoraresibHbIe Mpo0JieMbl
Jlnst perenus 3anauu (1) pasgenum e€ Ha ABe BCIIOMOTaTeNIbHbIE 3a/1a4u:

vV, (1) — Av(t) = F(t), t>0;
v(0)=0; @)
[[v({t)|| isbounded,if t—>w

w, (t) — Aw(t) =0, t>0;

w(0) = aw($) +¢; (4)
|[w(t)|| isbounded,if t— oo,

rae ¢ €H —3anana Gynxims.

3agada (3) sBIsSETCS YaCTHBIM cirydaeM 3anadd (1), a pemenne 3agaun (4) ompenensercsi aHaJIOTHIHO
onpeneneHuto 1.

Jlemma 2. Ilycmo o =p+av(é). Ecau v(t) u W(t) aenaromes coomeemcmayrowumu
pewenusimu 3a0a4 (3) u (4), mo noomsepocoaemcs, umo gyuxyus U(t) =v(t) + W(t) sersiemes pewenuem
saoayu (1).

oxazamenscmeo. J0ka3zaTenbCTBO STOM IEMMbI AaHAJIOTUYHO JTIOKA3aTeNbCTRY JIeMMbI 2.1.1 .

CrnenoBarelibHO, IOCTATOYHO PEUITUTh BCIIOMOTATENLHBIE 32/Ia49H.
Pe3yabTaT ISl IEepBOi BCIOMOTaTeIbHOM 32124

3amaya (3) — aro muddepeHIuanbHOe YpaBHEHHUE BTOPOTO MOPSAKA C OJHOPOJHBIMU YCIOBUSMU.
Jlst 3agagan (3) cripaBesTUBO CIIEIYIOIIee YTBEP)KICHUE:

1 )
Teopema 1. Ilycms F(t) e C([0,0),D(A*))u IH Ft)|? dt<oco. Tozoa s3adaua (3) umeem
0 4
€OUHCMBEHHOE peuienue, U Mo pemeHue umeem npeocmasieHue:

t ©
- t -
v(t) = Z J_ e V¢ [shZ R (n)dy + shyZt[e V<R, (n)dn}vk
0 t
RpOMe maoeo, 6blNOJIHAemMCA czzedyrou;ee HepaseHcmeo nptudumeﬂbHozo muna.

v, @1F + IV IE< 20 FO I +f||F(t)||1 dt], t=0. (6)

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135) 259



MATHEMATICS

Joxkazamenscmeo. ITockoneky  cucrema  {V, }sABngeTcs  IOJHOMH,
v(t) € H,t €][0,00)3anaum (3) MOXkeT OBITH BBIpaXKEHO B (hopMe:

v(t) = SV, V..

mr000€e

peleHue

(7)

Bripaxenne (7) ymoBieTBOpseT ychaoBusaM 3ajaud (3). 3amertum, uro ||V(t)|’= Zf:1|vk(t) I n

v(t) ||orpannueno mpu t—>co, Torma |v, (t)|Taxxke orpammyeHo mpu t—>oomas Becex K. Jas xaxkmoro
p p k p p

k monmydaem crenyromyro 3agaqy:
v(®) -4y, () =R @), t>0;
v, (0)=0;
Vv (t) is bounded, if t—oo.

Pemenwne >Toi# 3a1a9m OyAeT MOCTPOEHO C UCIIONB30BaHNeM (PyHKIWH | 'prHa.
Mgl 3anchiBaeM OZHOPOIHYIO 33/1a4y, COOTBETCTBYIOLIYIO 3a1aue (8):

V() -4y, (t)=0, t>0;

v, (0) =0;

v, (t) is bounded, if t—oo.

(8)

(9)

CornmacHo Teopeme o cymectBoBaHuu (yHKimu ['pmaa (cm., Hampumep, [10] , c. 119), ecnm
oJHOpoIHAs 3aaa4a (9), COOTBETCTBYIOIIAs 3a1aue (8), MMEeT TOJILKO TPUBUAIBHOE pellieHue, TO QyHKIUs
I'puna G(t,7) cymectByeT s 3aga4 (8), ¥ CleTyIOMNi HHTETpai AaéT penreHue 3amaan (8):

v, (t) = [G(t.n)F, (m)dn.

W3 ycnosuii 3anaun (9) ciaenyer, uto e€ pemenue Vv, (t) =0.

(10)

Takum oOpazom, pyakuus I'puna G(t,7) cymecTByeT n ompenensercs: CieayronmM odpa3oM (cM.,

nanpumep, [10], ctp. 119):
01(77)21('[), 0<t< n,

o= {Cz Mz, (1), n<t<eo.

3necwy dynkuun ¢ (1), z,(t), c,(17), n z,(t) onpenenstorcs B ClieyOMEM NOPSIKE:

z,(t) sIBIsieTCS HETPUBUAIBHBIM PEIICHUEM CIISAYIONICH 3a1aun:
V(1) - A% () =0, t>0;
{vk 0 =0.
Z,(t) ABNseTCS HETPUBHAIILHBIM PEIIEHUEM CIIeAyoIeil 3a1aumn:
{v&'(t) AV (t)=0, t>0;

v (t) is bounded, if t—oo.
®ynkumu ¢ () u C,(77) onpeaensaroTcs Ha OCHOBE CIEAYIOUIEH CUCTEMBI:
{01(77)21(77) —¢,(m)z, () =0;
¢, (M2, (n) - (m)z () =1.

(11)

(12)

(13)

(14)

IMoacrasiss pemienne  Z,(t) = eli _g Vi sagaun (12) u pemenne Z,(t) = g VA samaun (13) B

cucremy (14), momyqaem:

()™ —e ey — ¢, (me V" =0;
G MAe ¥ 6 () A (@ +e Vi) =1,

Pemas ypaBHeHHE OTHOCUTENBLHO HEU3BECTHBIX QYHKIMIA C (77) 1 C,(77) , momy4aem:

- 1 - - 1 A
¢ (7) 5 ﬂke A, 2\/2(9 eV ).

[Moxcrassis Bee monyueHHbie ¢pyHkuu B (11), Mbl cTpouM (yHKIMIO ['prHa:

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/6 (135)

260



MATHEMATICS
1 efﬁ"(eWt —efﬁt), 0<t<n;
) _ﬁ (eﬁn —efﬁ")efﬁt, n<t<oo,
Teneps, ucnonssys hopmyny (10), Mbl HaxoauM perieHue 3agaqn (8):

v, () = —ﬁ{e‘ﬂtjsinh(ﬁ n)F ()dr +sinh(\/Zt)TeW”Fk (n)dn}.

Hcxoms W3  BBINICHU3NIOXKEHHOTO, 3amuchiBas paa  (7), modydaeM  (GopManbHOE —pelieHne
BCIIOMOTaTenbHOM 3a1a4u (3):

G(t,7)

0

v(t) = —Zﬁ[eﬂ‘ [sinh(/2,7)F, (7)dn +sinh(\/Zt)Te’W F, (n)dn}vk. (15)

k=1
Cravana, HCTIONB3ys TONHOTY chcTeMbl {V,}, MBI MOXeM HPOJEMOHCTPHPOBATH ECIMHCTBEHHOCTh
pemienus 3anayu (3). IIpeanonoxum, uto (3) UMeeT ABa pasIUyHbIX pemenus, V, (t) u v, (t) . Toraa, B cumy
nunednoctd 3anaum (3), dymkuus V (t) =V, (t) —V,(t) ynosnersopser samaue (3), xorma F(t)=0. U3
TIpeIBLIYIINX COObpakeHHii cienyet, uto V (t) =0, 9To T0Ka3HIBAET €IMHCTBEHHOCTh PEIICHHUS.
Teneps nokaxem, uto V, (t), Av(t) € C([0,0); H) nns sToii pynkumm.
Onpenennm yacTHuHyro cymmy psza (15) kax S, (t) :
_ . o
$,(t) = —gﬁ{e‘ﬂt [sinh(Z2,7)F, (n)dn +sinh(J2,1) e F () v,
= 0 t _

IMockonbky AV, = AV, u ucnosnb3ys ToxaecTso Ilapcesans, Mbl aHATM3UPYEM OLEHKY HOPMBI:
2

I Asj(t)||2=i‘;k estinh(\/zn)ﬁ(n)dn+sinh(\/2t)°feW”Fk(n)dn .

MBI Ipo0IKaeM OLIEHKY, UCIIONb3Ys HepaBeHCTBO [ €nbaepa:

18,02 e " {I > finh (%7 (ﬂ)ldn}

+2kZi:ﬂksinh2(\/Zt)ﬁe_ﬁ” |F.(m)] dn} < ZKZi:ﬂke_zmﬂsinh(\/Zn)r d”j' F.(p) [ dny

+2kZilﬂksinh2(\/Zt)Te-2ﬁvdnT| F () dnSTkzi:\/Zl E)F dn, t20.

U3 MMOCJICAHCTO HEPABCHCTBA ITOJIy41acM Cﬂe,[[y}OII_II/Iﬁ PE3yJIbTAT:

| Av(t)llstH F(t)||21 dt,t >0. (16)

4

1 ©
Eciu  F(t) e C([0,0), D(A*)) u J-|| F@)|? dt<co, TO psn AS;(t) cxonutest  paBHOMEPHO —Ha

0 4
0001 [0,T], T >0, n kaxplii wieH storo psaa HenpepsiBeH Ha [0,00) . CiegoBarenbHO, JUTS MPEACTbHON

¢byukimu Met iostydaem Av(t) € C(J0,00), H) . Cornacuo ycnoButo 3amauu (3), Mbl UMeeM
2 i
—S,(t) =D R (t)V, + AS, (t).
dt o=
CrenoBaTeNbHO, UCTIONE3YS HEPABEHCTRO (16), moIydaeM CIeIyIONTyi0 OICHKY:

£25,0) =[2F0% + 45,0 sz{ﬁ FOF +[ % IRl dn}.

k=1 t k=1

N3 sToro CJICOyCT, UTO:

[V, (0) [P< Z[II F(t)IF +T|| FO) L dt}, t20. (17)

4
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Takum o6paszom, nmomyqaem V, (t) € C([0,), H) . U3 nepasencts (16) n (17) caexyer HepaBeHCTBO (6).
AHAJIOrH4HO, UMEEM:

HSAOWszig%e”?{HmJZhhaonMn}

+Zi%shzﬁtﬁeﬁﬂ|ﬁ(n)|dn} s\/l_a TZJ:|Fk(77)|2d77, £>0.

ﬂ’l o k=1
Takum 06pa30M, MBI IPUXOAUM K BBIBOAY:
1

3

VO P<—= [IIF@) | dt,t>0
0
u, cieposarenbHo V(t) € C([0,0),H) , . Ha 3ToM nokazatenbcTBO Teopembl | 3aBepiiieHo.

O
ITo BTOpOII BcOMoOraTebHoI npodJaeme

Hauném pemats (4). B aToM ciydae MBI HCTIONB3yeM Te Ke paccykIeHus, 9to u ais 3amaqn (3). To
ecth, eciu Gynkuus W(t) € H,t €[0,0) siBnsiercst pemennem 3anaun (4), e€, 6e3yciIoBHO, MOYKHO 3aIUCaTh B

cnenyromeit popme pasnoxenns. W(t) = E T, (DV,.
k=1
B nanHom ciyuae HemsBecTHele Koddduumentsl T, (t),K >1BasioTcs pEIIEHUAMH CleayIoIeH
HEJIOKaNbHOU 3a/1a4u:

TM-4T (1) =0, t>0;
T(0)=aT, (&) +¢;; (18)
T (t) isbounded,if t— oo,
re ¢, — kodpdumuentsl Oypbe GyHkmH @ . U3 TeopuH OGLIKHOBEHHBIX IM(P(PEPEHINATHHBIX
ypaBHEHHIA U3BECTHO, uTO oO1ee pemieHue ypasHenus T1,(t) — A4, T, (t) = 0 3amaéres ciaemyromum o6pazoMm:
T.M)=ae V' 1hel™. (19)
Jlns onpeneneHus aucen a, b, MbI HCoab3yeM yciaoBust 3agaqn (18):
akefWt + bkeﬁt isbounded,if t— .
W3 sroro nmomyyaem:b, =0, keN.
Taxum 00pa3zom, peleHne 3a1a4u NPeCTaBICHO B CIETYIOIIEM BUIE:

T (1) =ae Vi, (20)
Ucnonb3ys ycnosue HenokansHoctH T, (0) = aT, (&) + ¢, , nomydaem:
a, (1— aefﬁg) =o,. (21)
Ecnu npu Beex Kk € N ycnoBusix
1-ae V% 20 (22)

Ecnu BBIMONMHAETCS YCIOBHE, TO HEM3BECTHbIe KOI(PQUIMEHTHI &, ONPENeaoTcs OAHO3HAYHO MU
MOTYT OBITh 3aITUCaHbI CIEAYIOIINM 00pa3oM:

*

Dy .
1- ae_ﬁé

Taxkum oOpasom, eciau ycinoBue (22) BBIMOMHSACTCS IS BCeX K, TO HeM3BeCTHbIC KOA((UIIUSHTHI
a, ONPENEISAIOTCS OTHO3HAYHO, U 3371a4a (4) MMeeT eIMHCTBEHHOE PEIICHHE.

a =

— A 5
Ecnu nist Hekotoporo K BemmomnnseTcs 1—ae = 0, To ypaBHeHue (21) uMeeT peleHrne TOJIbKO B
TOM CIlydae, e€Clii CBOOOIHBIN uileH paBeH Hymo, T. €. eciu ¢, =0. B atom cimydae xodddunueHTs!
a, OCTAIOTCs NPOU3BOJILHBIMH, M 3ajada (4) HE MMEET €JMHCTBEHHOro peleHus. Takum o0pa3oM, Mbl

MPUXOJIUM K CIICAYIOMIEMY KPUTEPHUIO €IMHCTBEHHOCTH PEIICHUs 3a1a4u (4):
Teopema 2. J{na moco umobwl 3a0aua (4) umena eouncmeeHnHoe peuieHue, HeoOX00UMO U
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docmamouno, umoowt ycaosue (22) evinonnsanoce 0as écex K e N.
ITpeanonoxum, uto ycnoue (22) BemonHsercs. IloacTtaBnsas momydeHHble 3HayeHus @, B (19),

MIEPETUIIIEM:

[t

T, (1) = (P—{Wﬁ i ,

1-ae
nu HpCHCTaBI/ITb 06HICC pCIHCHI/Ie B BUJIC pﬂI[a:

IR I o

wit)=> — % VA (23)
kzi‘ 1-qe V3 k

UroOBI MOKa3aTh, YTO JAaHHOE MPEACTABICHHUE B BUIC PSAAA YIOBICTBOPAET YCIOBUAM ONpeaeieHus 1,
HaM HE00XOIUMO OLIEHUTh 3HAMEHATEN b JAHHOTO BBIPAYXKEHHUSI, HCIIOJIb3Ys IPUBENEHHBIN HIKE TIPUMED.

HuxHue rpaHunbl 3HAMeHaTeJIst
Hetpynuo ybenuTbesi B ICTHHHOCTH CIIELYOLIEH JIEMMBI:
Jlemma 3. IIpeononodcum, umo 6b1n0IHAEMCA 0OHO U3 CIEOYVIOUUX YCAOBULL!

— é
(a) ae s ¢ 1,
(i <0.
Tozeoa cywecmsyem xoncmanma C, > Qmaxkas, umo ons écex Ke N,
“JA&¢
|1— e Vi |>c,.

Jlemma 4. Boibepem noboe uucno o, u navioem ducino K,makoe, umo ons ecex K> K,evinonnsemes
credyiowas OyeHKka.
11-ae Ve >, (24)
HoxazarenscTBO. JloKaxeM 53Ty JieMMy C [OMOLIbIO MPOCTOTO paccykaeHus. DyHKUus
e 7,7 >0MOHOTOHHO yOBIBaCT W CTPEMHTCS K HYJIO MO Mepe yBeiaudeHus aprymenta. CieoBaTelbHO,

BBIDOKEHHE (€ ' TakkKe CTPEeMHTCS K Hymro. Mcmomb3ys 3TO CBOMCTBO, Uit JOCTATOYHO OOJBIIMX
K cymecTByeT HEKOTOpPBIH MHAEKC K, Takol, 4To

Ote_JKéf <1.

Teneps BO3bMEM HaUMEHBLIUHN TaKON UHIIEKC:
k, =min{k,,r =1,2,3,..}.
Torna st Beex K > K, BbINoHsAETCS Cleyrolee HEpaBeHCTBO:

_ R
1— e Vace >1—|ae E =cC

0

Ha stom moKa3aTeabCcTBO 3aBCPUICHO.

Janee MbI orpeziesnsieM MHOXKECTBO:
K,={k:keN, 1-ae V* =0}
N3 noxazaTenbcTBa IeMMBI 4 HEOCPENCTBEHHO CIIEAYET CIEAYIOLUI pe3yabTarT.
Jlemma 5. Muooicecmso K nubo nycmoe, aubo cooepoicum KoHeuHoe Yucio 371eMeHmos.
Jokazamenscmeo. V3 10ka3aTenbCcTBa JIeMMBl 4 SICHO, YTO €CIM CyllecTByeT uHAekc K e K, To
obsa3atensHo K <k,. D10 03Hayaer, yto K, sABisgeTcs KOHEUHbIM MHOKeCTBOM. OHAKO, COTIACHO pasfiery

1, mocnenoBarensHOCTh {4, } IpUHUMAET JUCKpETHBIE 3HaueHHs. CIIeJ0BaTeNbHO, Ul HEKOTOPBIX 3HAYEHUI

- [ ¢

«’ k
k BeipakeHre «€ ¥ " MOXET OBbITH OONBIIEC CIUHHUIBI, a JUIS JAPYTHX — MEHbIIE CAMHUIBL. JIpyrumu
CJIOBaMHU, OHO HUKOT/Ia HE MOXKET OBITh TOYHO PABHO CAMHUIIE s Tr0boro K . B 3TOM ciydae MHOXKECTBO
K,mycro. Jlemma 5 nokasana.

O
PesyanaT peumeHus BTOpOﬁ BCIIOMOraTeJbHOI 3agavuu

Teopema 3. Ilycmv @ € H u npeononosicum, umo vinoansemcs 00HO u3 ciedyiouux ycioeuii.

a) aef‘/@j <1,
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6) a <0.
Tozoa pewenue 3adauu (4) cywecmeyem, aeiiemcsi eOuHcmeenHviM u umeem euo (23). Bonee moeo,
cywecmgyem koncmanma C > 0 maxas, wmo 6blnoaHsemcst ciedyroujee HepageHCcmeo:

w1 +w@®) [F<Ct* l¢ |*, t>0. (25)

Jokazamenscmeo . Mbl iokakem, uto yHKIus, W(t) onvicanHas B (23), sBISETCS pellicHUEM 3a1a49u
(4) cormacuo ompegenenuto 1. Jng storo cHayama JokaxeM, uToWw,(t), Aw(t) e C((0,),H)IlycTs

S;(t) 6yner wactuunoit cymmoit psina (23). Ilo onpenenennio oneparopa A:

*

AS,(t) = Y4 — P e Vi,
kZ;‘ 1-ce Wé ‘
CornacHo Teopuu paBeHCTBa [lapceBans:
2
W

AS. (t
IAS; )= kz;ikl aeJ—é

Msl ucnonb3yeMm oueHky (2) mis n=2. CornacHo jgemMMe 3, Mbl UMEEM HIDKHIOIO TPaHHULY IJIs
3HAMEHATeJIs:

1—ae_ﬁg >c
IIpuHuMas 3T0 BO BHUMaHHE, MBI IPOJIOJIKAEM OU;eHKy‘
* 2 .
J
| AS;(t) < D> A7 : <A <Ct*> | [
kZ; 1-ae \/—5 z Co ﬂ-kt kZ:; ‘

2

rane C = —. TakuMm 00pa3oM, BBITOIHSIETCS ClIEIYyIOIIee HEPAaBEeHCTBO:
C
0

AW [P<Ct ¢ IP, t>0. (26)
Ecim ¢ €H , 1o pan AS i (t) cxomuTest paBHOMepHO Ha Jr060M otpeske [¢,T], rme 0<e <T <co, u

KXABIH wieH 51oro psiga HempepbiBeH Ha (0,00). CnenoBartenbHO, JUIS €ro NpeielbHONH (YHKIUH MbI
noinygaem Aw(t) € C((0,),H).

ITockonmeky W, (t) = —Aw(t), orcrona ciexyer, uto W, (t) € C((0,0);H) rax:ke u , n crnpase/uiMBa
CIIeIyIOIast OIIeHKa:

Iw, @ IF<Ct*[lo" |, t>0. (27)
W3 mepasencts (26) u (27) ciiexyer HepaBeHCTBO (25).
AHaJIOTHYHBIM 00Pa30M IOTy4YaeM CIIEIYIOIIYI0 OLEHKY:
2

*

i

I1S;OIF< Y |—

k=1

efﬁt

i
<CY g, t=0.
1- eV k=1

Ecmu ¢ €H, 1o pax S ; (t) cxomuTes paBHOMepHO Ha moGom otpeske [0,T], mist t>0, n Kaxmbii
4jeH 3Toro psiga HempepbiBeH Ha [0,00) . CriemoBaTesibHO, Ui €ro HPeAeibHON (YHKIHHA MBI MOJyYaeM
w(t) € C([0,0),H) .

Takum o0pa3om, coriacHo onpeneseHuto 1, Gynkims W(t) seisiercst perenueM (4). Terepb mokaxem
eIMHCTBEHHOCTh 3TOTO perieHus. [Ipeamnonoxkum, 4to (4) UMeeT [Ba pasinyHbIX PEIICHHs, 0003HAYCHHBIX
kak W, (t)u w,(t). Torma, B cuny nmueitHocTH 3amaum (4), gynkmus w(t) =w,(t) —w, (t) yoosaerBopsier
CIeIyroLIeH 3a1aue:

w, (t) — Aw(t) =0, t>0;
w(0) = aw($);
[[w(t)|| isbounded,if t— o0
[Tycts W, (t) = (W(t),V,) . [TockonbKy onepatop A SBISETCS CAMOCONPSIKEHHBIM, HMEEM:
W) = (W (1), Vi) = —(AW(D),V, ) = —(W(t), AV, ) = =AW, (),
U B COOTBETCTBUH C HEMECTHBIMH YCIIOBUSIMH,
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w/(t) - 4w, (1) =0, t>0;
W, (0) = aw, (%);
w, (t) isbounded,if t— oo.

Tenmepr mepeilnémM K  pemieHHr0 3TOM  3agaud. XOpOLIO  M3BECTHO, 4YTO  YPABHEHUE

w/(t) — A, w, (t) = 0 umeeT obmiee pemeHue Buga W, (t) = akef‘/?. [Ipennonoxum, uro a, #0. [loxcrasmss
510 B ycnosue W, (0) = aw, (&), momyqaem:
e V¢ =1, (28)
OnHako mpu ycnoBusx a)u b)Teopembl 3 paBeHCTBO (28) He BBIMONHIETCS HU JUIS Kakoro K .
Orcroma cnemyer, uto 1ust Bcex KeNwmbl umeem a, =0, uyro moapasymeBaeT W, (t) =0. ITockombky
cucrema {V, } iBaseTcs OIHOM, oTCIoAa ciexyet, uro W(t) =0.

Takum 06pasoM, T€OpEeMa JOKa3aHa.

O

Mpl cMsiryaeM TpeGOBaHUS K PELICHHIO, TpeOys JMIIb ero CyIliecTBOBaHM. [laske mpu 3TOM ycIoBUU
MO>KHO TOJIYYUTh BaXKHbIC PE3YJIbTAThI.

EcrectBenno, ecin keK,, ¢ynkumun Bupa (23) ompenenurb HEBO3MOXHO. IloaTomMy MbI

NPEIOIIaraeM, 4To AJIs BBIIOIHAIOTCS CIIETYyIOIUE YCIO0BH OPTOroHanbHOCTH K € K
o, =@ V)=0, keK,. (29)
B atoM citydae HensBecTHble KOA()(GHULUEHTH @, B ypaBHeHUH (21) ocTaroTcsi mpousBonbHbIMU. Jlis
Kaxnoro, Kk nmpunamiexamero MHoxkectBy K, ypaBHeHue (18) wumeer pemenus Buzma (20) c
NPOU3BOJILHEIMH KO3 ULMenTamMu a, .
CnenoBarenbHo, eciii MHOKecTBO K HemycTtoe, oOee pelieHHe ypaBHeHHs (4) MOKHO BBIPa3UTh
CJIETYFOIINM 00pa3oM:

*

wit) = Yae kv + > L{Weﬁ‘vk. (30)
keKq keKg1— e V'**

ITockonbKy B JaHHOM ciy4yae KOI(QQUIMEHTHI &, NPOM3BOJIbHBI, MOXKET CYyHIECTBOBaTh HECKOJIBKO

peIHeHPIfI. CHGHOB&TGHLHO, B OTOM CIICHApHUU CAUHCTBCHHOCTDb PCIHICHHA HC TpeGyeTcsL
KpOMe TOro, CIeAyeT OTMCETUTh, YTO C€CJIIM MHOXCCTBO KO MyCcTOoC, TO PCHICHUC CAWMHCTBCHHOC U

MpUHUMAET QOpMY, IPUBEACHHYIO B (23).

Teopema 4. ITycmo @ € H . Boinonnsemcs 0010 u3 ciedyiouux 08yx yciosuii:

eciu K, aensemes nycmoim mMHodcecmeom, mo 3aoada (4) umeem eOuHcmeeHHoe peuierue, Komopoe
dano 6 popme (23);

eciu K, He a6naemcs nycmolM MHOJICECMEOM U YCIO8UE OpmMo2oHanbHocmu (29) evinoansemcs 0ns
unoexcoe K € K,, mo saoaua (4) umeem pewenue, komopoe evipadxcaemces 6 gpopme (30) ¢ npousonvrvimu
K03 Puyuenmamu a, .

Hokaszamenscmeo. CornacHo nemme 5, MHOKECTBO K, MoxkeT ObITh mycThIM. [Ipeanonoxum, 4o 310
tak. Toraa pemenue npuaumaet Gopmy (23). ITo nemme 4 MBI pa3noKuM 3TOT PsAA HA JBE YACTH:

_ O -t O -t
w(t) = Z—e V, + Z—e V,. (31)
k<ky1— ae_ﬂg kzky 1— ae_ﬂé

IlepBas gacTh mpencTaBiseT co00W KOHEUHYIO cymMMmy. [[is BTOpOro psnia JIETKO IPOBEPHUTH €To
PaBHOMEPHYIO CXOJUMOCTb, KaK IOKa3aHO B [OKa3aTE€IbCTBE TEOpPEeMbl 3. 311eCh HIDKHAS TpaHULA
3HAMEHATENI B3SATa M3 JIeMMbl 4, a WMEHHO w3 HepaBeHCTBa (24). IlockombKy Ui BCeX WHIECKCOB

N
BhImoHsieTcst K ycinosue 1—ae Vi # 0, eIMHCTBEHHOCTD 3TOTO PEUICHUS CIIEIyeT U3 TEOPEMBI 2.
Eciu mMHO)ecTBO K, CONEPKUT DIIEMEHTBI, JEMMA 5 yTBEPXKIAET, YTO ITH DJIEMEHTHl KOHEYHBI. JTO
O3Ha4aeT, YTO peIIeHHe MOXeT ObIThb BhIpaxkeHOo B (opme (30). Koadduumentsr a, ompenensrorcs us3
ypaBHeHus (21), To ecThb OHU MOTYT OBITH OJHO3HAYHO ONpeneNieHbl Toubko ecmu @, =0mma ke K ; B

HPOTUBHOM CIy4ae OHH OCTAIOTCS HPOHM3BOJIBHBIMM KOHCTaHTaMu. Ilo ycloBusM TeopeMsl 3, YCIOBHUS
opToroHanbHOCTH (29) BeImonHs0TC A1 nHAEKcoB K € K, uto obecnieunBaer ¢, =0 a1 k e K.
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Hanee Mmbl nposepseM, uto ¢yHkiusa W(t) ynosnersopsier ycnosuio W, (t), Aw(t) € C((0,00),H).
®opmanpHoe pemerne (30) COCTOMT M3 ABYX YacTel: KOHEYHOW CYMMBI, BKITIOUAIONMIEH IPOH3BOJLHBIC
KOHCTaHTHI, U psaa, aHamornyHoro (31). CnenoatensHo, psaa (30) obiiagaeT TeMU ke CBOMCTBaMH, YTO U
(23). OnHako, MOCKOIbKY KO3 (UIIMEHTHI @, IPOU3BOJIbHEI, PELIEHNUE HE SABISAETCS €AUMHCTBEHHBIM.

O
OcHoBHBIE pe3yabTaThl 3aga4u (1)

Tenepr pemm ocHOBHYIO mpoOiemy (1). Ilpemnonoxum, uro V(t)u W(t) SBISIOTCS pelICHHAME
3a1a4 (3) u (4) COOTBETCTBEHHO, U IYCTh @ =@+ aV(£). B 9TOM ciydae, COIIaCHO JeMMe 2, pelleHHe
3amaun (1) 3amaercst popmynoit U(t) =v(t) +w(t) . CrenoBarensHo, ecinu BhImodHseTCs ycioBue (i) mim
(i) memmbI 3, perenne (1) MOKHO 3amUcaTh CICAYIOLIIMM 00pa3oM:

ut) = ;L“:;Vj@ e VA t+vk<t)} y (32)

rie
v (1) = —ﬁ[e_ﬁt [sinh(/ZmF, () +sinh (7, b e F, (n)dn}.

B stom ciydae emuHCcTBeHHOCTH (yHKIMK U(t) ciemyer n3 eamHcTBeHHOCTH (yHKImiA V(L) m w(t).

Haxonen, Mbl MOYXeM MPUMEHHUTH aHATOTUYHBIE cooOpaxkeHus K 3aaade (1), Kak Mbl 3TO ceNaly Tt 3aa9u
(4). OmHako MBI TIEpeNHUILEM YCIOBHS OPTOroHanbHOCTH (29) must hyHkumit ¢ € H ciaemyrommm o6pazom:

o = (@ V) = (p+av(é),V,) =0,
(33)
IMockonbky mpoBepka ycioBus (33) 3aTpyAHUTENbHA, MBI MOXEM 3aMEHUTH €ro CICAYIOIIUM
OOCTAaTOYHBIM yCJ'IOBI/IeM OpTOFOHaJ’IBHOCTH:

(@V,)=0,(F®),V,)=0,keK,,t>0. (34)
Ecmm Bemonsstorcs ycioBus (34), TO BBIMONHSIOTCS W yCiIOBHA opToroHambHOCTH (33). B atom
cllyyae, COIJIacHO JieMMe 4, obmiee penieHue ypaBHeHus (1), IpH ycIIOBUM, YTO MHOKECTBO K, HemycToe,

MOJKET OBITh BBIPAKEHO CIICIYIOIIUM 00pa3oM:
u) = Yae iy 3 L ¢ By S v, (3)
keKg kekKg 1— e k=1

ITockonbKy KO(QQUIMEHTHI &, NPOU3BOJILHBEL, B 3TOM CIy4ae MOKET OBITH HECKOJBKO DPEIICHHUH.
CrneroBaTesibHO, €JMHCTBEHHOCTh HE MOXKET OBITh FapaHTHpOBaHa. boinee Toro, eci MHOkecTBO K, mmycToe,

pelIeHre eNMHCTBEHHOE 1 TpuHUMaeT Gopmy (32).

Taxum 00pa3om, Mbl OTYUMIIM CIIEAYIOIINE BaXKHbIE PE3YNIbTAThI JUIsI OCHOBHOM mpodiemsl (1):
1

Teopema 5. I[Tycms ¢ H , F(t) e C([0,:0), D(A*)), u npednonosrcum, umo

[IF®IF dt<co.
0 4

Kpome mozo, npeononodxcum, 4umo 8binoIHAEemcs 00HO U3 C1e0YIOUWUX YCI08UL

a) 0564@5j <1,
6) a<0.
Toeoa pewenue 3adauu (1) cywecmayem, a6151emcs eOUHCMBEHHBIM U UMeem CTLeOVIOWUll 8UO:
)= 3| LI e oy ) (36)
1-ce
2oe

v, () = —ﬁ[e@ [Sinh(yZn)F, () +sinn(J7 b e ', (]

u @, aenaomes koagppuyuenmamu Pypve @ gynxyuii F (17) u F(n) coomsemcmeenno .

Kpome moeo, evinonuaemces credyrouee npuHyoOumenbHoe HepageHcmeo.
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[lu, @)1 +[Tu®) [F< CII F ) 1P +I|I FOIL Oltth%(fll FO)I? dt+]l@|)], t>0, (37)
20e
C =max{2 #}
B ’1—0567\/@5 '

HoxkazarenscTBo. UToOBI MoKa3aTh, 4To (GyHKnus, U(t) omucanHas B (36), sBIseTCS pelICHHEM
OCHOBHOM 3anauu (1) cormacHo ompexeneHuro 1, Mbl moctynaem cienytouumM odpazom. Ilo Teopeme 3.1 u
TeopeMe 3 uMeeM

v, (t), Av(t) e C((0,),H), v(t) eC([0,),H),
U aHAJIOTUYHO,
W, (t), Aw(t) e C((0,),H), w(t) eC([0,),H).
C y4eToM JIeMMEI 2 ClleyeT, 4To
u, (t), Au(t) e C((0,0),H), u(t) eC([0,),H).
bonee Toro, cormacuo nemme 2, ¢gynkuus U(t) yoomerBopsier ycnoBusiM 3amaud (1). CkimagsiBast

COOTBETCTBEHHO HepaBeHCTBa (6) 1 (25) u yuuThIBas
9 =p+av(),
MBI TTOJTy9aeM HepaBeHCTBO (37).
a
Teopema 6. /[1s moco umobwl pewenue 3a0auu (1) 6bL10 €OUHCINEEHHBIM, HEOOXOOUMO U
00Cmamouno, 4moobwvl 6bINOIHAIOCH YCIOBUE:.

1—ge Vi 40,

cnpaseoauso 015 cex K eN.
Jokaszamenscmeo. Jloka3atenbCTBO 3TOM TEOPEMbI HEMOCPEICTBEHHO CIEAYeT M3 JI0Ka3aTeIbCTBA
TEOPEMBI 2.
a

1 0
Teopema 7. I[Tycms @< H , F(t) e C([0,:0), D(A*)) u J-|| F()|? dt <o
0 4

3amem,ecru K, aensemesa nycmoim mHodcecmeom, mo 3adaua (1) umeem eourncmeenHoe peuienue,
komopoe oaémcsa opmynou (32); ecnmu K,ne nycmo u ycnosus opmozonanvrocmu (34) ebinonusiomes O
unoexcoe K € K,, mo 3adaua (1) umeem pewenue, komopoe 3aoaemcs gpopmynoi (35) ¢ npousgonbHbLMU
KO3 Puyuenmamu a, .

Joxazamenscmeo. JlokazaTelbCTBO 3TOM TEOPEMbl HENOCPEACTBEHHO CIEIyeT M3 TEOpeM,
JoKa3aHHbBIX JuId 3a1a4 (3) u (4).
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V]IK 517.95

MATEMATHYECKAS IIOCTAHOBKA 3AJAYHA PACIIPOCTPAHEHH A
COBCTBEHHBIX BOJIH B MHOI'OCJIOUHBIX HUJINHAPUYECKUX TEJIAX

Hypuoounoe baxmuép 3agpapoeuu,

Odoyenm TawKenmcko2o XUMUKO-mMexHOI02UYeCK020 UHCIUMymad,
0oxkmop ¢punocogpuu (PhD) no guzuxo-mamemamuveckum HayKam
nuriddinovbaxtiyor1985@gmail.com

Annomayua. B Oannou cmamve uccreoyemcs  mamemamuyeckdas —NOCMAHOSKA — 3a0auU
pacnpocmpanenus coOCMEeHHbIX (C60000HbIX) 8OIH 8 MHO2OCIOUHBIX 63KOYNPY2UX YUTUHOPUUECKUX Melax.
Hunamuueckoe cocmosiHue cucmemvl ONUCLIBACTNC CUCMEMOU UHMEeZPO-Oup@depenyuanvHblx ypasHeHuil,
3aNUCAHHBIX 6 YUTUHOPUYECKOU cucmeme Koopounam. [na yuéma 6a3Koynpyeux ceolicme mamepuana
UCNONL306aHO  penakcayuonHoe :0po Pocanuyvina-Konmynosa, a 0nsa npubaudscénno2o 6bl4ucieHus
UHMEe2PATbHBIX  YIEeHO8 NPUMEHEH Memoo «3amopadxcueanus». B pabome paccmompena 3adaua
pacnpocmpanenus coOOCMEEHHbIX BONH 6 YCI08UAX NIAOCKO20 0ehopMUpOS8aAHH020 cocmosnus. Ilymém
66€0eHUsl 8CNOMO2AMENbHOU QYHKYUU NOTYYeHo Oug@epenyuanvhoe ypasHeHue 4emeeépmoco NopaoKa,
onucwieaoujee ucciedyemulii npoyecc. Kpome moeo, nocmasnennas 3adaua Oviia 000OweHa O0ns
MHOCOCIOUHBIX ~ YUNUHOPUHECKUX —000I0YeK, U320MOBIEHHbIX U3 OpmMomponno2o mamepuana. [ls
U30MPONHO20 U OPMOMPONHO20 CIYHaAe8 NPUBEOeHbl COOMHOUIEHUS MeHcOy MOOVIAMU YAPY2OCU U
xkoappuyuenmamu Ilyaccona.

Kntouesvie cnosa: muoecociolinvlie yunuHopuyeckue mend, coOCMEeHHbvle BOHbL, BA3KOYNPY2OCHIb,
unmezpo-ougepenyuanvusvie ypasuenus, A0po Powcanuyvina-Konmynosa, memoo «3aMOpasCusaHusy,
opmomponHule 000J104KU, NIOCKOe 0epOpMUPOBANHOe COCMOsHUE.

KO*‘P QATLAMLI SILINDRIK JISMLARDA XOS TO‘LQINLAR TARQALISHI
MASALASINING MATEMATIK QO“YILISHI

Annotatsiya. Uch magolada ko'p gatlamli qovushqgog-elastik slindrik jismlarda xususiy (erkin)
to'lginlar ishlab chigarish masalasining matematik go'yilishi aniglangan. Tizimning dinamik holatik
koordinatalar sistemasida yozilgan integro-differential tenglamalar orgali ifodalangan. Materialning
govqog-elastik xususiyatini hisobga magsadida Rjanitsin-Koltunov relaksatsiya yadrosidan foydalanilgan
hamda integral hadlarni tagribiy hisoblash uchun «muzlatish» qo'llanilgan. Tadgigotda tekis
deformatsiyalanish holati uchun xususiy to'lginlarning targalish masalasi ko'rib chigish va yordamchi
funksiya kiritish orgali jarayonni tavsiflovchi to'rtinchi tartibli differens tenglama keltirib chigarilgan.
Shuningdek masala ortotrop materialdan tashkil topgan ko'p gatlamli silindrik gobiglar uchun ham
umumlashtirilgan bo'lib, izotrop va ortotrop holatlar uchun elastiklik modullari hamda Puasson
koeffitsiyentlari o'rtasidagi bog'ligliklar ko'rsatib o'tilgan.

Kalit so‘zlar: ko'p qatlamli silindrik jismlar, xususiy to‘lginlar, qovushqog-elastiklik, integro-
differensial tenglamalar, Rjanitsin-Koltunov yadrosi, "muzlatish" usuli, ortotrop qobiglar, tekis
deformatsiyalanish holati.

MATHEMATICAL FORMULATION OF THE PROBLEM OF EIGENWAVE
PROPAGATION IN MULTILAYERED CYLINDRICAL BODIES

Abstract. This paper investigates the mathematical formulation of the problem of propagation of
natural (free) waves in multilayer viscoelastic cylindrical bodies. The dynamic state of the system is
described by a system of integro-differential equations formulated in cylindrical coordinates. To account for
the viscoelastic properties of the material, the Rzhanitsyn—Koltunov relaxation kernel is employed, while the
“freezing” method is applied for the approximate evaluation of the integral terms. The study considers the
problem of wave propagation under conditions of plane strain. By introducing an auxiliary function, the
governing equations are reduced to a fourth-order differential equation describing the investigated process.
Furthermore, the formulated problem is generalized for multilayer cylindrical shells composed of
orthotropic materials. Relationships between the elastic moduli and Poisson’s ratios are presented for both
isotropic and orthotropic cases.
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Keywords: multilayer cylindrical bodies, natural waves, viscoelasticity, integro-differential equations,
Rzhanitsyn-Koltunov kernel, freezing method, orthotropic shells, plane strain condition.

BBenenue. B coBpeMeHHON WHXCHEPHOW MPAKTHKE, B YACTHOCTH IMPH MPOCKTUPOBAHUM TOIA3EMHBIX
COOpYXCHHH (TYHHeNel), TpyOONpOBOMHBIX CHCTEM W a3POKOCMHYECKHX KOHCTPYKIUH, HCCIeI0BaHHE
JMHAMHYECKOTO TIOBEJCHUS IWIMHAPUYECKUX KOHCTPYKIHUH MpeacTaBIseT cO00 OJHY W3 aKTyaIbHBIX
HayYHO-TEXHUYECKUX 3a/la4. BOJBIIMHCTBO KOHCTPYKIIUH, NPUMEHSICMBIX Ha TPAKTUKE, COCTOST U3
MHOTOCJIOHBIX CTPYKTYP H KOMIIO3UIIMOHHBIX MAaTEPHUAIOB, B KOTOPBIX MPOIECCHl PACTIPOCTPAHCHHS BOIH
00J1aJar0T PSIIOM CHEITUPHUICCKUX B CJI0KHBIX OCOOSHHOCTEH.

B ornmuume oT KiIaccU4ecKol TEOpUH YIPYTrOCTH, PEalbHBIC MaTepUaNbl 00JaJaloT BA3KOYIPYTUMH
CBOWMCTBaMH, YTO TIPUBOAMT K JHUCCUTNAIMK (3aTYXaHUIO) O3HEPTUM BOJH. JlI1 MareMaTH4ecKoro
MOJICIIMPOBAHMS ~ YKa3aHHBIX  PEOJOTMYECKHX  CBOMCTB  IIeJIECOOOpa3HO  HCIONb30BaTh  TEOPHIO
HACJICJICTBCHHOHN YIIPYTrOCTH, OCHOBAaHHYIO Ha MHTETPAIBHBIX oreparopax tura BomsTeppa.

Llenpto paHHON pabOTHI sBIsIETCS pa3paboTKa CTPOroM MaTeMaTU4eCKOH MOJIenH mpoiiecca
pacmpoCcTpaHeHUs] TapMOHMYECKHUX COOCTBEHHBIX BOJNH B MHOTOCIOWHBIX IMIHHIPUYECKAX —Telax,
00JTaIAfOINX BSA3KOYNPYTMMHU CBOWCTBAMH, & TAKXKe TMPHUBEJICHUE MOCTABICHHOM 3a7a4u K (popMe, YI0OHOI
JUIsl aHATTUTUKO-YMCIICHHOTO McclieoBanus. B paboTe paccMaTpuBaeTcsi 0000MIEHHAS CHCTEMa YPaBHEHUH C
YUETOM MEKCIOWHBIX KOHTAKTHBIX YCIIOBUH, & TAKIKE OPTOTPOIHBIX ¥ U30TPOIHBIX CBOWCTB MAaTEPHAIIOB.

Uccnenyercss 3amada pacnpoCTPAaHCHUS CBOOOJHBIX BOINH B MHOTOCIOWHOM JIe(hOPMHPYEMOM

(BSI3KOYMPYTOM) IIMJINHAPUICCKOM TeJIe (k=12..N) (pucynok 1).

~ //
P
v z
g | e -
A \\\/f/
/ / / R/\/ N "\@\ﬂ
Lot | /.'.'|’/
\ | \ | f {
"‘-. \. ¥ . P g / /f !
N I L
\\\\ B '“H..______ S - é /
\_\ \x L _..-if /

Pucynok 1. MHoroc/0iiHoe HHJIMHAPHYECKOE TEJI0
JluHaMu4yecKkoe COCTOSHHE MEXaHWYeCKOW CHCTEMBl ONpEeNeNseTcss ¢ TIOMOIIbI0 HHTErpo-
mrddepeHInaTBHBIX YPaBHEHHUH, KOTOPBIC TIPUBEIEHBI B IMIIMHAPHUYECKIX KOOPANHATAX {r.6,z}

2o, Graddivu(r,t) + s, (V2U(F,t) + graddivu(r 1)) -
t

_AOKJ‘ R (t —z)graddivu(r,z)dz —
0

ol
ot?’

t
_ILIOKJ. Ryk (t - T)(VZU(F,T) + graddiVU(F,T))dT = p/c
0

(K=1, 2,3.....N)
- f:r(xyy,zyt) Rik (t_T) ! R/”k (t_T)

rac u —BCKTOP HepeMeH.[eHI/If/i;

1)
//LKO ! IUKO_

—si7jpa peaKcaluy,

MT'HOBEHHBIE MOJIYJIH yNPYTOCTH; Px -nnotocTs Cpemsl; Vi "~ ko3 punment IlyaccoHa, KOTOPOro CYUTAEM

He penakcupyromieit Benmunnoit [109], xk-mopsiakoBoit Homep cnoé. B (1) uHTErpaIbHbIe WICHBI CUUTAIOTCS
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fO)=ple™ e vl)
MaJIbIMHU. Tor):[a MNOABIHTCTPAJIBHOC BBIPAKCHUC MOXXHO IIPCIACTABUTH TakK: rac -

b
q)yHKI_II/Iﬂ MaJIoro u3BMCHCHU, a)R - p€ajibHasA BCJIWYMHA.

Ucnonme3yst meton 3amopakwBaHus [73], WHTETpalibHBIE WIEHH 3aMEHMM MPHOIKEHHBIMU
BBIPKCHUSIMH:

Al e st o 1

0 0

e ll—j R, (T)COSa)erT—iJ R, (7)sin a)err} f,
0 0 (2)

[Tocne cnenaHHBIX TPEANONoKEeHHH ypaBHeHU (1) UMEIOT BHI:

2o, [1-T (@) -1, (@,) | graddivi +

0
ity | 1T, (@) =T, (,) | (V0 + graddiva) = pa_tu

21

@)

rac

Vi
R, (t)= @+v,)1-2v,) Rec1)

1
R (0= 5175 e O

REK(t)
e - ITPO peTaKCaIni,

2 2 2

V2=8—2+£i+ 0 2+a—2

or: ror o060° o0z _

4)
KOCHHYC U CHHYC 00pa3sl Dypre;
I “(o Vi R 7)CoS w,7 d7,
I (@ Y R 7)sinw,r dr,
1
I “(w,)=————|R. (r)cosw,rdr,
Ak ( R) 2(1+Vk)'£ EK() R
[,° ()= L IREK (7)sinw,7 dr.

2(1+v,) 5
Re. (t) = AEKe_[’)E“t [t

3a sapo npunuMaeM a1apo Pxxanuneina-KontyHnosa:
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B dacTtHOM cirydae, pacCMOTPHM YIIPYTHH WIH BS3KOYIIPYTUN Ie(hOPMHUPYEMBIA CIIOW TOJIIIHHBI h .
[Ipeamnonaraercs, 4To B KaXI0M CJIO€ B OTAEIBHOCTH PACIPOCTPAHAETC COOCTBEHHAs BOJHA ¢ 4acToToi @,
Paccmotpum 3amady mimockot nedopMarti, T.€. IepeMelIeHus CoéB He 3aBUcAT oT Z. AuddepennumansHoe
ypaBHEHHE pacCMaTPUBAEMO 3aa4un UMEET BU/I;

52 8 o agil)
— XX + Yy

Pt T T gy
09, 00 ool
Wy n Xy

P~ = (j=1.2,3....N).
ot oy OX )
3meck ) u ) - CMeILeHHs, COOTBETCTBEHHO, 110 HANIPABICHWM X 1 y,
Terrepn HCCIIelyeM CHUCTEMY (D) TUTSE OJTHOTO CJIOS. Torma BMECTO
o, o, usl
Yy %" [OJCTaBJISIEM CIEAYIOMINE BBIPAKEHUS:

- E. : o, 9,
O'f(x”=ﬁ[l—rch(wR)_'rEis(wR)][ 8)1 : a; ]1

. E, i 99, o,
G;ynzﬁ[l—r;(wk)—'rzsjs(a’k)][ a_; Y a; j

_ E, 9%,
o = @y y b T (@) - 'FEJS(‘”R)][ oy " ox j

| I'.*(o

3mecy o) ( R) u ( R ) ONpeNENsroTes Kax (4).

[Tocne aroro peuienue ypaBHeHus (5) ¢ yuétom (6) uiercs B BHIE:
7. — Uj (y) el(kx—a)t),

J

_ i (kx-cot)
G =V;(y) e . )

]

(6)

riae o-kpyrosas ugactora, ¥ = 27v , V —uacrora xone6annit; =21/ ¥ -muua Bonusl, c—hasosas
ckopocts BoiH, W = OC,

[Moxcrasum (7) B (5), Torna Moay4YuM CIEAYIONIHMEe OOBIKHOBEHHBIC MU (EpPEeHIIMANbHBIC YPaBHCHHS
BUJIA:

d?U, LV
szvzj_(l‘lj Vv, +sz)|kd_yj+(pa’2_|-1jk2)ui =0,

L — d (L, v, +L, )|kdU L4 (pa® —L, K*NV. =0
RV > o . =0.
i dy ] ] y p J J (8)

Cucremy ypaBHeHwii (2.8) nepemnuiieM B BUJE:
2

., dv. du.
(L v+ sz)'kd_yjz"'(sz —L;k*)U; + Ly V'zj:

d2
[pa) — Lk + Ly dyz}uj.

du, d?v,
(L; v;+L,)ik—— dy L=+(pa® — L, KV, +L;, —5 dyz =

[pa) +L,—— ay? —L,k }VJ o
9

rac
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L = o (a)R)—iFEjS(a;R)}

Eo;
2(1+v )

L, =

[1 T () iFEjS(a’R)]

. ®;(y) -
HOCHC BBCACHUA BCIIOMOT'aTCIIBHON q)yHK]_H/H/I OTHOILILICHUSIMH.

. d d’
UJ:[(L1j Vit bk }cp V= [pa) Lljk2+L2jd—y2}Dj

(10)
noryguM u3 (8) nuddepeHansHoe ypaBHEHHE YeTBEPTOTO MOPSIKA:
d‘®, d’®
&y +L;—— " +L6J® =0
) (3—Vj)a)2 , (3—Vj)a)2k2 *
Ly, = —2K* +———-— Le; =K"= 5 + 5
2c: I, 2ciIl chF
rie sit , Sl pivsi
COpj:'\/Ej/(pj(l_Vj)) COSJ \/G /pj
a; -a; jjy - jjy
D;(y)=Ae" +Be +Cie" +De |
2 2
C C
2 2 . 2 2
(ZJ- :k (1—?), Sj :k (1—2—)
0pj 0S]
,B.,C., D,
3mecy ' 17 1 ) - gHTErpanpHBIC IOCTOSIHHEIE.
Ecnu  MHOrocioiHOe IMIMHIPUYECKOE TEJI0 COCTOMT U3 OPTOTPOMHON OO0OJOYKH, TOrna
muddepeHIMaIbHbIe ypaBHEHHE B IEPEMENICHHUSIX IPUHUMAET CIIeTYFOIINN BUI:
d2 62u + D1212 aZU D1122 + D1212 aZV +
Dy 0z* Dy, 09° D oz0p | —q
=—q,,
d*| Dy g W _ pyd* 2%
Dllll az Dllll atz
D, o*v + Dy, 2 8_2\/+ Diiy, + Doy, d*u +
& Dy, 09" Dy, 02° Diiy 0z0¢ g
2 M2y
d " Djpro OW pod’ a_zv
2
Diyy; 09 Dy, O
D2222 ﬂ_'_ D2222 W4+ K(d2 aAW D1122 + 2D1212 2 azzw > D1122 64\2/) +
_& Dy 09 Dy Diin 0z°0¢ Dy O —_q
d* +Dnzzda pod o*w i
Dllll az Dllll atz
2
D, = D1111h K= 1:82 O
3nech

puc 2.1),

—IIOBEPXHOCTHBIE CHJIBI, d~ R—CpC):[HI/Iﬁ panuyc 000JI0YKH (CM.

TOJIIMHA 000J7104KH. i1 OPTOTPONMHOro MaTepuaia 3aBUCUMOCTHU (2.2) coiepikaT 4eThIpe

HE3aBUCHUMBIC MHTCTPATIbHBIC COOTHOIICHMS
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B[ f]= By _[Rékl)l )cos wprdr — |'[Rék1’1 )sinwgrdr | f,
1- V11kV22k 0

E .
Bzmk[f]=_¢ 1- J.Rékz)2 COSa)RTdr—IJ.Rg‘Z)2 r)sinw,rdr | f,
1 V11kV22k

EoiVaok .

_ (k) (k)

BllZZk[f]_l—V » 1- IREM )cos g dz — IJ-REll r)sinwerdr | f,
11kV22k |

B, 1201 [ f]=,uom _[Rﬂlzk r)cosw,rdzr - IR/AZK (7)sinw,rdr | f.
0

e 022K _ \rHoBeHHBIH MOYNb YIPYTOCTH IIPH PACTSKEHHH B HAMPABICHHH OCHOBBI (OCh 40);

ra
E 3 3 v
011K _ MrHOBeHHBIH MOIYIh YIPYrOCTH MO OCH z; Ho12¢ _ yrioennbiit MOAyTb  caBura, 1k —
koad¢uiment IlyaccoHa, xapaKTepU3yIOIIUN COKPYIICHWE B HampaBieHUM ocu X. s HM30TpOImHOMN
000JI0UKH:
1— [f]’
vo

1122k[f]_ OkV0k [f] 1212k[f] E—[ ]
Vo 2(1+vy)

3akiao4enue. B pesynpraTe NpoBeIEHHOINO MATEMaTHYECKOTO MOJEINPOBAaHUS U aHAJIN3A MPOLIECCOB
pacmipocTpaHeHUs] BOJH B MHOTOCIOHHBIX BS3KOYNPYIMX IIMJIMHIPUYECKUX Tejax OBbUIM IOJTy4eHb
CIIEIYIOILUE OCHOBHBIE PE3YJIbTaThl U BEIBOJBIL:

IlocTtpoena cuctemMa WHTETpO-TUPPEPECHINATLHBIX YPaBHEHH, ONKMCHIBAOMIAs JIHHAMHYECKOE
COCTOSIHE MHOTOCJIOMHBIX IMIMHIPUYIECKUX Tel. Bsskoynpyrue cBoiicTBa Mareprana ObUIH MPEACTABICHBI
C MCTIONIb30BaHueEM snpa Pixanunsina—KonTtyHoBa.

C 1enpio ynpoIeHHsT MHTETPATBHBIX YWICHOB M OOJIETUeHHS PEUICHHUs 3a/la4d YCIENTHO NMPUMEHEH
METOJ «3aMOPaKMBAHH». JTO MO3BOJIMIO CBECTH BOJHOBBIC YPaBHEHHS K cucTeMe An((epeHIHanbHbIX
YpaBHEHHH C KOMIUIEKCHBIMH OCTOSIHHBIMH K03 priienramu.

Hnst ciydass TUIOCKOTO  1e(OPMHPOBAHHOTO COCTOSHUSI pEIIeHHE 3a/laud  WCKAJIOCh B BHJIE
rapMOHUYECKUX BOJH. [IyTéM BBeIEHHsI BCIIOMOTATENLHBIX (PYHKIUH MCXOJHAs CHCTeMa Oblia CBEJCHA K
muddepeHInanT HOMY YpaBHEHHIO 4eTBEPTOro mopsaka. JlaHHBI monxox ciayXuT (yHIaMEHTaIbHON
OCHOBO¥ [Tl IOCTPOCHUS UICTIEPCUOHHBIX YPaBHEHUH 1 orpesieNieHus (a30BbIX CKOPOCTEH BOJIH.

[Mony4yeHusle pe3ynbTaThl OBUTM 000OIIEHBI HE TOJBKO JJISI W30TPOINHBIX Cpel, HO W IS
LWINHIPUYECKUX O000JI0YEeK, M3rOTOBJICHHBIX W3 OPTOTPOIHBIX MAaTEepHaloB, NPU 3TOM OBUIM YUYTEHBI
B3aMMOCBSI3H MEXJTy HE3aBUCUMBIMH MOJYJSIMH YIPYrOCTH M MOXYJSMH CIBHra BJOJIb Pa3IUYHBIX
KOOPJHMHATHBIX HAIIPABICHUM.

Bllllk [ f ] 2222k [ f ] =
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	Нигматова Лолахон Хамидовна,
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	Аннотация. В статье рассматривается трансформация лингвистических методов под влиянием генеративного искусственного интеллекта. Анализируются изменения в корпусной лингвистике, семантическом моделировании, контрастивных исследованиях и лингводидактике...
	Введение. Современный этап развития науки характеризуется активной интеграцией технологий искусственного интеллекта в гуманитарные дисциплины. В современной лингвистике наблюдается существенное изменение исследовательской парадигмы, связанное с перехо...
	1. Переход от описательного к когнитивному подходу
	2. Корпусная революция в лингвистике
	Одним из наиболее значимых этапов трансформации является внедрение корпусных методов. Корпусная лингвистика позволяет анализировать большие массивы текстов, обеспечивая объективность и репрезентативность данных [ 5.]
	3. Интеграция количественных методов анализа
	5. Цифровизация и автоматизация анализа
	Развитие цифровых технологий привело к автоматизации обработки языковых данных

	1. Традиционные лингвистические методы и их ограничения
	При семантическом анализе генеративные модели позволяют:
	В лингводидактике в образовательной сфере генеративный ИИ:

	Заключение.
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	ТЕОРЕТИКО-МЕТОДОЛОГИЧЕСКИЕ ПОДХОДЫ К ИЗУЧЕНИЮ ЭМОЦИОНАЛЬНЫХ КОНЦЕПТОВ В ЛИТЕРАТУРЕ:
	(НА МАТЕРИАЛЕ АНГЛИЙСКИХ И НЕМЕЦКИХ ФРАЗЕОЛОГИЗМОВ)
	Тагаева Cайёра Улашевна, доцент Самаркандского государственного
	университета имени Шарофа Рашидова Уразкулова Азиза Анкаевна, старший преподаватель Самаркандского государственного
	университета имени Шарофа Рашидова
	Аннотация. Статья посвящена изучению теоретико-методологических подходов к исследованию эмоциональных концептов в художественной литературе. Основное внимание уделяется когнитивному, лингвокультурологическому и дискурсивному подходам. В качестве матер...
	ADABIYOTDA EMOTSIONAL KONSEPTLARNI O‘RGANISHNING NAZARIY-METODOLOGIK YONDASHUVLARI: (INGLIZ VA NEMIS FRAZEOLOGIZMLARI MISOLIDA)
	Annotatsiya. Mazkur maqola badiiy adabiyotda emotsional konseptlarni tadqiq etishning nazariy-metodologik yondashuvlarini o‘rganishga bag‘ishlangan. Asosiy e’tibor kognitiv, lingvokulturologik va diskursiv yondashuvlarga qaratilgan. Tadqiqot materiali...
	Kalit so‘zlar: emotsional konseptlar, frazeologizmlar, kognitiv lingvistika, lingvokulturologiya, diskurs, badiiy matn, ingliz tili, nemis tili.
	Введение. Эмоции занимают центральное место в художественном тексте, обеспечивая психологическую глубину персонажей и эмоциональную динамику сюжета. Эмоциональные концепты – это когнитивные структуры, фиксирующие субъективные переживания и культурно о...
	Анализ литературных источников.
	Когнитивный подход. Когнитивная лингвистика рассматривает эмоции как концептуальные структуры, состоящие из ядра (базового эмоционального состояния) и периферии (метафорических и культурно обусловленных ассоциаций). Согласно Лакоффу и Кёвечешу, фразео...
	Лингвокультурологический подход. Эмоции рассматриваются как элементы национального культурного кода. Фразеологизмы отражают историко-культурные особенности, бытовые реалии и символику.
	Дискурсивный подход. Дискурс-анализ рассматривает эмоции не только как когнитивные структуры, но и как элементы текста, влияющие на нарратив, тональность и характеристику персонажей. Фразеологизмы усиливают экспрессивность и эмоциональную нагрузку.

	Эмоциональные концепты через фразеологизмы. Страх.
	Гнев: Английский язык: to blow one’s top, to be hot under the collar.
	Радость: Английский язык: to be on cloud nine, to walk on air.
	Удивление: Английский язык: to be taken aback, eyes pop out.
	Грусть: Английский язык: to feel blue, down in the dumps.

	Комплексное исследование эмоциональных концептов предполагает:
	Выводы. Исследование эмоциональных концептов на материале фразеологии английского и немецкого языков демонстрирует как универсальные механизмы метафоризации эмоций, так и значительные культурные различия в их концептуализации. Анализ показывает, что ф...
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	INGLIZ-O‘ZBEK TARJIMUSHUNOSLIKDA PRAGMATIK JIHATLARNI HISOBGA  OLISH VA TILGA OID IJTIMOIY-MADANIY OMILLAR (OLIVER TVIST ASARI MISOLIDA)
	Annotatsiya. Mazkur maqolada ingliz-o‘zbek tarjimashunosligida pragmatik jihatlar hamda tilga oid ijtimoiy-madaniy omillarning ahamiyati tahlil qilinadi. Tadqiqot obyekti sifatida Charles Dickensning “Oliver Twist” asari tanlangan bo‘lib, undagi pragm...
	ПРАГМАТИЧЕСКИЕ И СОЦИАЛЬНО-КУЛЬТУРНЫЕ ФАКТОРЫ В АНГЛО-УЗБЕКСКОМ ПЕРЕВОДЕ (НА МАТЕРИАЛЕ ПРОИЗВЕДЕНИЯ «ОЛИВЕР ТВИСТ»)
	Аннотация. В данной статье проводится комплексный анализ значения прагматических аспектов, а также социальных и культурных факторов в англо-узбекском переводоведении. В качестве объекта исследования выбран роман Чарльза Диккенса «Оливер Твист», на мат...
	Keywords: translation science, pragmatics, sociocultural factors, realities, adaptation, equivalence, linguistics, context.
	Tadqiqot metodologiyasi. Mazkur tadqiqot ingliz-o‘zbek tarjimashunosligida pragmatik jihatlar hamda ijtimoiy-madaniy omillarni aniqlash va tahlil qilishga qaratilgan bo‘lib, unda kompleks yondashuv asosida bir necha ilmiy metodlardan foydalanildi. Tad...
	ADABIYOTLAR:
	Annotatsiya. Mazkur maqolada o‘zbek va ingliz tillari frazeologiyasida “yosh” (age) konseptining lingvokulturologik va kognitiv jihatdan qiyosiy tahlili amalga oshiriladi. Tadqiqotda yoshga oid maqollar va idiomalar asosida yoshlik va keksalik bosqich...
	Kalit so‘zlar: yosh konsepti, lingvokulturologiya, kognitiv tilshunoslik, frazeologiya, maqollar, konnotatsiya, qiyosiy tahlil, madaniyat, keksalik, yoshlik.
	Abstract. This article presents a comparative linguocultural and cognitive analysis of the concept of “age” in Uzbek and English phraseology. The study examines proverbs and idiomatic expressions related to youth and old age, revealing their connotati...
	Keywords: concept of age, linguocultural studies, cognitive linguistics, phraseology, proverbs, connotation, comparative analysis, culture, old age, youth.

	Literature Review. Animal metaphors are an essential part of human language, allowing speakers to describe personality traits, social behaviors, and moral qualities by drawing comparisons with animals. Research in this field highlights both universal ...
	Methodology. This study employs a comparative and qualitative research approach to analyze animal metaphors in Uzbek and English languages. The research is based on data collected from various sources, including Uzbek and English dictionaries, proverb...
	Results. The analysis revealed both significant similarities and notable differences between Uzbek and English animal metaphors. Out of the 100 expressions analyzed, approximately 40% showed conceptual similarity, meaning that the same animals were as...

	Conclusion. Animal metaphors are a significant linguistic and cultural phenomenon, reflecting how humans conceptualize personality traits, social behavior, and moral values through comparisons with animals. The comparative analysis of Uzbek and Englis...
	Abstract. This study examines the linguistic mechanisms through which the concept of peace is discursively constructed in institutional political speech. Drawing on Conceptual Metaphor Theory (CMT), the research analyzes a 2026 New York Police Departm...
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	Xulosa. Nemis va o‘zbek tillarida fe’lli so‘z birikmalarining qiyosiy tahlili ushbu birliklarning har ikki til sintaktik tizimida markaziy o‘rin egallashini ko‘rsatadi. Fe’lning valentlik xususiyatlari, argument tuzilmasi hamda boshqaruv mexanizmlari ...
	Karimjonova Shahloxon Ravshanjonovna,
	Farg‘ona davlat universiteti
	Ingliz tili amaliy kursi kafedrasi dotsenti,
	filologiya fanlari doktori (DSc)
	shahloxonkarimjonova@gmail.com
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	UO‘K 81
	BADIIY MATNDA MILLIY KONSEPTLARNI TAHLIL QILISH METODLARI
	Jumanova Orzigul Sa’dulla qizi,
	Qarshi davlat texnika universiteti
	Xorijiy tillar fakulteti assistenti
	jumanovaorzigul@gmail.com
	Kognitiv lingvistika doirasida konsept inson ongidagi bilimlarning strukturaviy modeli sifatida talqin qilinadi. U orqali inson atrof-muhit haqidagi ma’lumotlarni tartiblaydi, umumlashtiradi va sharhlaydi. Konseptlar tilning semantik poydevorini tashk...
	ADABIYOTLAR:
	Siyosiy va ijtimoiy atamalar sohasiga oid neologizmlar:
	Atrof-muhit va ekologiya sohasiga oid neologizmlar:
	Fransuz va o‘zbek tillarida neologizmlar shakllanishining turli modellariga xos qonuniyatlar (analitik va sintetik yondashuv) tizimli ravishda qiyoslab, mushtarak va differensial tomonlari ko‘rsatildi. Neologizmlarning psixolingvistik ta’siri “yangili...
	10. https://qomus.info/oz/encyclopedia/n/neologizmlar/
	Annotatsiya. Mazkur maqolada o‘zbek xalq og‘zaki ijodi namunalarida “kasallik” va “salomatlik” konseptlarining lingvokulturologik talqini yoritiladi. Tadqiqotda olqish va qarg‘ishlar, maqol-matallar, qo‘shiqlar hamda qadimiy yozma manbalar asosida maz...

	Kirish. O‘zbek xalq og‘zaki ijodi milliy tafakkur, ma’naviy qadriyat va ijtimoiy tajribaning badiiy ifodasi sifatida asrlar davomida shakllanib, avloddan-avlodga o‘tib kelayotgan bebaho merosdir. Unda xalqning dunyoqarashi, tabiat va jamiyat haqidagi ...
	O‘ZBEK VA INGLIZ AFSONALARINING QIYOSIY-TIPOLOGIK TAHLILI: XRONOTOP, POETIKA VA OBRAZLAR TIZIMI
	Annotatsiya. Maqolada o‘zbek va ingliz afsonalarining qiyosiy-tipologik tahlili amalga oshiriladi. Ularning janr tabiati, xronotopi, kompozitsion tuzilishi va obrazlar tizimining xususiyatlari ko‘rib chiqiladi. Intertipologik o‘xshashliklar va milliy ...
	COMPARATIVE-TYPOLOGICAL ANALYSIS OF UZBEK AND ENGLISH LEGENDS: CHRONOTOPE, POETICS, AND THE SYSTEM OF IMAGES
	Abstract. The article presents a comparative typological analysis of Uzbek and English legends. It examines the features of their genre nature, chronotope, compositional structure, and system of images. Intertypological similarities and nationally spe...


	1. Ўлим ва у билан боғлиқ бўлган барча нарсалар: e.g. “to breath one’s last (one’s last breath)”, “to depart this life”, “to pay one’s debt to nature”, “to go to one’s last home”, “to go the way of all flesh”, “to kick the bucket”, “to hop the twig”, ...
	The next day, his parents were flown to New Mexico by special Army plane, and they stayed at their son’s bedside, until he breathed his last. (R.Lapp. “Atoms and People”).
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	1. Tilshunoslik 6-son.docx
	Annotatsiya. Ushbu maqolada o'zbek tilidagi sinonim va antonimlarning epidigmatik tabaqalanishi masalalari ko'rib chiqiladi. Epidigmatika — so'zning ko'p ma'noliligi asosida hosil bo'ladigan semantik munosabatlar tizimidir. Maqolada sintagmatika, para...
	Kirish. Til tizimi doimiy ravishda rivojlanib boruvchi murakkab semantik hodisalar majmuasidir. So‘zlarning ma’no munosabatlari esa tilshunoslikning eng muhim tadqiqot obyektlaridan biri hisoblanadi. Ayniqsa, sinonim va antonim birliklarning o‘zaro al...
	Sinonimiyaning epidigmatik asoslari.
	1. Sinonimiyaning ta'rifi va turlari
	2. Sinonimlarning epidigmatik zanjiri.
	3. Semantik dominanta va epidigmatika

	Antonimiyaning epidigmatik asoslari.
	1. Antonimiyaning ta'rifi va turlari.
	2. Antonimlarning epidigmatik tabaqalanishi.
	3. Epidigmatik antonimiyaning darajalanishi.

	Sinonim va antonimlarning o'zaro epidigmatik munosabati.
	1. Sinonim-antonimik paradigmalar
	2. Epidigmatik konversiya hodisasi
	3. Sinonim qatorning ichida antonimlik

	Leksik-semantik maydonlarda epidigmatika.
	1. Harakat bildiruvchi fe'llarda

	Epidigmatik tabaqalanishning uslubiy jihati.
	1. Badiiy uslubda
	2. Ilmiy va rasmiy uslubda

	Epidigmatik tabaqalanishning tarixiy-qiyosiy jihati.
	1. Qadimgi o'zbek tilida
	2. Zamonaviy o‘zbek tiliga o‘tish jarayoni

	Xulosa. O'zbek tilidagi sinonim va antonimlarning epidigmatik tabaqalanishi — bu keng ko'lamdagi leksik-semantik hodisa bo'lib, u quyidagi asosiy qonuniyatlarni o'z ichiga oladi:
	ADABIYOTLAR:
	PREDIKAT-ARGUMENT MODELI VA UNING NAZARIY AHAMIYATI
	Ko‘p predikatli qurilma va hodisalar zanjiri. Ko‘p gaplarda bitta emas, balki bir nechta predikat mavjud bo‘ladi. Bunday holatda hodisalar o‘zaro vaqt, sabab, maqsad jihatdan bog‘lanadi. Bunday konstruksiyalar tilshunoslikda ko‘pincha murakkab hodisa ...
	Predikat–argument modeli va semantik rollar nazariyasi. Predikat–argument modeli semantik rollar nazariyasi bilan bevosita bog‘liq. Predikat hodisani ifodalasa, semantik rollar ushbu hodisadagi ishtirokchilarning funksional munosabatlarini aniqlaydi. ...
	1) rollar soni cheklanganmi yoki cheksizmi?
	2) rollar universalmi yoki tilga xosmi?
	3) rollar qat’iy kategoriyalarmi yoki gradual xususiyatga egami?
	ADABIYOTLAR:
	1. Tesniere, L. Elements de syntaxe structurale. Paris: Klincksieck, 1959. – pp. 102–110
	2. Abuzalova, M. Hozirgi o‘zbek tilida sintaktik munosabatlar va argument tuzilmasi. Toshkent, 2018. – 45–52-betlar
	3. Jurafsky, D., Martin, J. H. Speech and Language Processing. 3rd ed. Draft, 2023. – Chapter 20: Semantic Role Labeling (pp. 3–15 online draft)
	4.  Davidson, D. “The Logical Form of Action Sentences.” In: Essays on Actions and Events. Oxford: Clarendon Press, 1980. – pp. 105–122
	5. Jackendoff, R. Semantic Structures. MIT Press, 1990. – pp. 43–60
	6. Palmer, M., Gildea, D., Kingsbury, P. “The Proposition Bank: An Annotated Corpus of Semantic Roles.” Computational Linguistics, 2005. – Vol. 31(1), pp. 71–106
	7. Levin, B., Rappaport Hovav, M. Argument Realization. Cambridge University Press, 2005. – pp. 1–25.

	Annotatsiya.  Mazkur maqolada iboralar (frazeologik birliklar) semantikasi va ularning til tizimidagi o‘rni masalalari tahlil qilinadi. Unda iboralarning ma’no yaxlitligi, ko‘chma ma’no asosida shakllanishi, semantik xususiyatlari hamda nutqdagi funks...
	Аннотация. В данной статье рассматриваются вопросы семантики фразеологических единиц и их роли в языковой системе. Анализируются целостность значения, переносное значение и семантические особенности фразеологизмов, а также их функциональные возможност...
	Abstract. This article examines the semantics of phraseological units and their role in the language system. It analyzes the integrity of meaning, figurative usage, and semantic features of idioms, as well as their functional potential in speech. The ...
	Mavzuga oid adabiyotlar tahlili. Frazeologiya nazariyasining shakllanishi asosan rus va Yevropa tilshunosligi doirasida yuzaga kelgan. Xususan, V.V. Vinogradov frazeologik birliklarni semantik jihatdan tasniflashning ilmiy asoslarini ishlab chiqib, ul...
	Iboralar semantikasi va uning o‘ziga xosligi.
	Semantik yaxlitlik. Iboralarda asosiy xususiyatlardan biri — semantik integrallikdir. Bu holatda ibora umumiy ma’nosi uning tarkibidagi komponentlar ma’nosidan mustaqil ravishda shakllanadi.
	Ko‘chma ma’no va metaforiklik. Iboralar ko‘pincha metafora va metonimiya asosida shakllanadi. Bu jarayon tilning semantik rivojlanishida muhim rol o‘ynaydi.
	Polisemiya va omonimiya. Ba’zi iboralar bir nechta ma’noga ega bo‘lishi mumkin. Bu esa ularning nutqdagi qo‘llanish doirasini kengaytiradi.
	Sinonimik va antonimik munosabatlar. Frazeologik birliklar o‘zaro semantik munosabatlarga kirishadi:

	Iboralarning til tizimidagi o‘rni. Til tizimi ierarxik tuzilishga ega bo‘lib, unda fonetik, leksik va grammatik qatlamlar mavjud. Iboralar leksik-semantik qatlamning tarkibiy qismi hisoblanadi.
	Leksik boylikni oshirish. Iboralar til lug‘atini boyitadi va yangi semantik birliklarni yaratadi.
	Kommunikativ samaradorlik. Iboralar qisqa shaklda murakkab fikrni ifodalash imkonini beradi. Bu esa nutqni ixcham va ta’sirchan qiladi.
	Kognitiv funksiyasi. Iboralar orqali inson dunyoni idrok etish va uni til orqali ifodalash jarayoni amalga oshadi.
	Madaniy axborotni uzatish. Frazeologik birliklar xalqning tarixiy tajribasi, urf-odatlari va mentalitetini o‘zida mujassamlashtiradi [Shukurov, 1999].

	Iboralarning funksional xususiyatlari. Iboralar nutqda turli funksiyalarni bajaradi:
	Lingvodidaktik aspektlar. Iboralarni o‘qitish jarayoni murakkab bo‘lib, u maxsus metodik yondashuvni talab qiladi. Chunki iboralar ko‘pincha bevosita tarjima qilinmaydi.
	ADABIYOTLAR:
	12. Mahmudov N. Til va nutq. – Toshkent: Ma’naviyat, 2010. – 180 b.

	ADABIYOTLAR:
	АВТОМАТИЧЕСКАЯ СТИЛИСТИЧЕСКАЯ РАЗМЕТКА ХУДОЖЕСТВЕННОГО ТЕКСТА: ВОЗМОЖНОСТИ И ОГРАНИЧЕНИЯ
	(НА МАТЕРИАЛЕ РОМАНА И. С. ТУРГЕНЕВА «ОТЦЫ И ДЕТИ»)
	Введение. В традиционном литературоведении художественная система романа И. С. Тургенева «Отцы и дети» неизменно характеризуется как полемическая. Это определение подразумевает, что идеологический разрыв между «старым» и «новым» поколениями не огранич...
	Обзор литературы. Данная работа представляет собой попытку методологического моста между классическим изучением поэтики Тургенева и современной цифровой лингвистикой. Мы берём за отправную точку концепции Г. А. Бялого и В. М. Марковича об эстетической...
	Результаты исследования. Автоматическая разметка подтвердила глубокий стилистический разрыв между героями:
	Обсуждение. В ходе обсуждения результатов становится очевидным, что речевой портрет Базарова, сформированный в эпическом пространстве романа, является программно минималистичным. С помощью методов цифровой филологии нам удалось зафиксировать, как ниги...
	Заключение. Подводя итоги проведенного исследования, можно утверждать, что лингвистический антагонизм в романе И. С. Тургенева «Отцы и дети» не просто сопутствует сюжетному конфликту, но является его первичным базисом. Нам удалось доказать, что непрео...
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	URGANCH SHAHRINING IQTISODIY RIVOJLANISHI (1991–2023): BOZOR TRANSFORMATSIYASI VA HUDUDIY O‘SISH OMILLARI
	Allaberganova Ro‘zigul Kadirovna,
	Urganch davlat pedagogika instituti mustaqil tadqiqotchisi
	Annotatsiya. Ushbu maqolada Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanish jarayonlari, xususan bozor iqtisodiyotiga o‘tish bosqichlari, iqtisodiy transformatsiya omillari hamda davlat siyosatining hududiy rivojlanishga ta’siri kompleks...
	ЭКОНОМИЧЕСКОЕ РАЗВИТИЕ ГОРОДА УРГЕНЧА (1991–2023): РЫНОЧНАЯ ТРАНСФОРМАЦИЯ И ФАКТОРЫ ТЕРРИТОРИАЛЬНОГО РОСТА
	Аннотация. В статье рассматриваются процессы экономического развития города Ургенч в 1991–2023 гг., включая этапы перехода к рыночной экономике, факторы экономической трансформации и влияние государственной политики на региональное развитие. Особое вн...
	ECONOMIC DEVELOPMENT OF URGENCH CITY (1991–2023): MARKET TRANSFORMATION AND FACTORS OF TERRITORIAL GROWTH
	Abstract. This article analyzes the economic development of Urgench city in 1991–2023, focusing on the transition to a market economy, key transformation factors, and the impact of state policy on regional growth. The study examines privatization proc...

	Kirish. O‘zbekiston Respublikasining mustaqillikka erishishi mamlakat iqtisodiy tizimida tub burilish yasab, markazlashgan rejalashtirilgan iqtisodiyotdan bozor iqtisodiyotiga o‘tish jarayonini boshlab berdi. Ushbu jarayon nafaqat milliy miqyosda, bal...
	Materiallar va metodlar. Mazkur tadqiqotda Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanish jarayonlari tizimli va kompleks yondashuv asosida o‘rganildi. Tadqiqot metodologiyasi zamonaviy iqtisodiy nazariyalar, hududiy rivojlanish konseps...
	Tadqiqot materiallari. Tadqiqotda quyidagi turdagi manbalardan foydalanildi:

	Natijalar. Tadqiqot natijalari Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanishi bosqichma-bosqich transformatsion xarakterga ega bo‘lganligini ko‘rsatdi. Olingan ma’lumotlar shuni tasdiqlaydiki, shahar iqtisodiyoti markazlashgan rejalash...
	Muhokama. Tadqiqot natijalari Urganch shahrining iqtisodiy rivojlanishi transformatsion iqtisodiyotga xos bosqichlarni izchil aks ettirganligini ko‘rsatadi. Xususan, 1990-yillarda kuzatilgan iqtisodiy pasayish va moslashuv muammolari post-sotsialistik...
	Xulosa. Mazkur tadqiqot natijalari Urganch shahrining 1991-2023-yillardagi iqtisodiy rivojlanishi transformatsion iqtisodiyotga xos bosqichma-bosqich evolyutsion xarakterga ega ekanligini ko‘rsatdi. Mustaqillikning dastlabki yillarida iqtisodiy tizimn...
	ADABIYOTLAR:
	Adabiyotlar tahlili. Maqolada mavzuning o‘rganilish darajasi tizimli ravishda uchta asosiy guruhga bo‘lingan holda tahlil qilingan:
	Tadqiqot metodlari.  Muallif maqolada quyidagi ilmiy metodlardan foydalangan:
	Xulosa. Sovet hokimiyati yillarida O‘zbekistondagi diniy vaziyat va islom muassasalari faoliyatini tahlil qilish shuni ko‘rsatadiki, davlatning dinga nisbatan yuritgan siyosati bir tekisda kechmagan, balki o‘zgaruvchan va “to‘lqinsimon” xarakterga ega...
	Введение. Профессионально-техническое образование занимает особое место в истории советской системы подготовки кадров. В условиях ускоренной индустриализации и коллективизации 1930–1950-х годов перед государством встала острая задача подготовки квалиф...
	Предпосылки создания системы профессионального образования в Бухарской области (1920-е–1938 гг.). Территория современной Бухарской области до 1920 года входила в состав Бухарского эмирата - государственного образования с многовековой традицией цеховог...
	Развитие ПТО в 1970-е годы: качественный рост и расширение сети. Семидесятые годы стали периодом наиболее динамичного развития системы профессионально-технического образования в Бухарской области. Постановление Совета Министров СССР 1969 года о дальне...
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	Kirish. Bugungi globallashuv va o‘zaro bog‘liqlik kuchayib borayotgan davrda davlatlar o‘rtasidagi hamkorlikni yangi bosqichga olib chiqish xalqaro munosabatlarning ustuvor yo‘nalishlaridan biriga aylanmoqda. Ayniqsa, Qozog‘iston, O‘zbekiston, Qirg‘iz...
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