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MATHEMATICS
UO‘K 517.518.8

MATHCAD DASTURIDA INTERPOLYATSIYA USULLARI

Jalolov Ozodjon Isomidinovich,

Buxoro davlat universiteti dotsenti, f.-m.f.n.
o_jalolov@mail.ru, o.i.jalolov@buxdu.uz
Yusupova Feruza Qahramon gizi,

Buxoro davlat universiteti magistranti

Annotatsiya. Ushbu maqgolada Mathcad dasturiy muhitida interpolyatsiya usullarini qo ‘llash
masalalari yoritilgan. Interpolyatsiyaning chizigli, Lagrange va splayn usullarining nazariy asoslari hamda
Mathcad muhitida amalga oshirish mexanizmlari ko rib chigilgan. Har bir usulning matematik modeli,
dasturiy funksiyalari va grafik ko ‘rinishdagi natijalari tahlil gilingan. Interpolyatsiya usullarining aniqligi,
hisoblash murakkabligi va amaliy qo llanilish imkoniyatlari o‘zaro taqqoslangan. Tadqiqot natijalari
Mathcad dasturidan muhandislik hisob-kitoblari, ma ’lumotlarni tahlil gilish va modellashtirishda samarali
foydalanish mumkinligini ko ‘rsatadi.

Kalit so‘zlar: Mathcad dasturi, interpolyatsiya usullari, chizigli interpolyatsiya, Lagrange
interpolyatsiyasi, kubik splayn, sonli usullar, matematik modellashtirish, muhandislik hisob-kitoblari, grafik
vizualizatsiya, ma’lumotlar tahlili.

METOAbI MHTEPIIOJIALIUU B IIPOTPAMME MATHCAD

Annomauua. B oannoii cmamve paccmampusaromes: Memoobl UHMeEPNOAAYUU 8 NPOSPAMMHOU cpeoe
Mathcad. Ilpusedensvt meopemuueckue 0OCHO8bL TUHEUHOL, IASPAHNCEBOU U CAAUH-UHMEPNOIAYUU, 4 MAKIHCE
ocobennocmu ux peanusayuu 6 Mathcad. Onucanvl mamemamuueckue mMooenu, GCMpoeHHble QYHKYUU u
epaguueckas euzyanuzayus pe3yibmamos uHmepnoaayuu. Bouinoineno cpasnenue memooog no mouyHoCmu,
BbIYUCTUMENLHOU CLOHCHOCU U NPAKmuyeckoll ¢ pexmuenocmu. Ilonyuennvie pe3ynibmamsl NOKA3bI6AIOM,
umo Mathcad asisiemcs YOoOubiM u IPGHeKMUBHbBIM UHCIMPYMEHMOM OIS PEULeHUS UHHCEHEPHBIX U HAYYHbIX
3a0ay, C6A3AHHBIX C AHANUIOM U UHMEPNONAYUEL OAHHBIX.

Knioueswvie cnosa: Mathcad, memoovr unmepnonayuu, IuHeuHas UHMEPNONAYUS, UHMEPNOTAYUL
Jlazpanoica, Kybuueckuti CHAQUH, YUCTEHHbIE MEmOoObl, MAMEMAMUIecKoe MOOeIUpPOsaHue, UHICeHEepHble
pacuémol, epaguyeckas u3yanu3ayusl, AHaIu3 OaHHbIX.

INTERPOLATION METHODS IN MATHCAD SOFTWARE

Abstract. This article discusses interpolation methods implemented in the Mathcad software
environment. The theoretical foundations of linear, Lagrange, and spline interpolation methods are
presented, along with their practical implementation using Mathcad functions. Mathematical models,
computational procedures, and graphical visualization of interpolation results are analyzed. The methods
are compared in terms of accuracy, computational complexity, and applicability. The study demonstrates
that Mathcad is an effective tool for data analysis, numerical modeling, and engineering calculations
involving interpolation problems.

Keywords: Mathcad, interpolation methods, linear interpolation, Lagrange interpolation, cubic spline,
numerical methods, mathematical modeling, engineering calculations, graphical visualization, data analysis.

Kirish. Hozirgi kunda ilmiy-texnik masalalarni yechishda sonli usullar va matematik tizimlarning
ahamiyati tobora ortib bormogda. Real jarayonlarni matematik modellashtirish, tajriba natijalarini tahlil
gilish va oraliq giymatlarni aniglashda interpolyatsiya usullari muhim o‘rin egallaydi. Ko‘p hollarda fizik
jarayonlar, iqtisodiy ko‘rsatkichlar yoki muhandislik tajribalari natijasida olingan funksional bog‘lanishlar
analitik formula (formula ko‘rinishida) emas, balki diskret nuqtalar to‘plami — jadval ko‘rinishida beriladi.

Masalan, y = f(x) funksiyaning giymatlari [a, b] kesmadagi chekli sondagi X,,X;,..., X, nugtalarda
(tugunlarda) ma’lum bo‘lsin: Yy, = f(X,), ¥, = f(X),..., ¥, = f(X,) . Amaliyotda ko‘pincha ushbu tugun

nugtalar orasidagi biror X nugtada funksiyaning qiymatini topish talab etiladi. Bu jarayon
interpolyatsiyalash deb ataladi.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 3


mailto:o_jalolov@mail.ru
mailto:o.i.jalolov@buxdu.uz

MATHEMATICS

Interpolyatsiyaning asosiy g‘oyasi shundan iboratki, berilgan f(X) funksiya o‘rniga hisoblash uchun
qulayroq bo‘lgan, lekin tugun nugtalarida berilgan funksiya bilan ustma-ust tushadigan boshga bir @(x)
funksiya (odatda ko‘phad) olinadi. Agar ¢(x) funksiya n-darajali algebraik ko‘phad bo‘lsa, bu
interpolyatsion ko‘phad deyiladi[1,2].

Interpolatsiya masalalarini samarali va qulay yechish uchun Mathcad dasturi muhandislik hisob-
kitoblarida keng foydalaniladigan zamonaviy matematik muhitlardan biri hisoblanadi. Ushbu dastur
matematik ifodalarni tabiiy shaklda Kiritish, grafiklar qurish va natijalarni vizual tarzda tahlil gilish imkonini
beradi. Mathcad muhiti foydalanuvchidan chuqur dasturlash bilimlarini talab gilmasdan, murakkab sonli
hisoblashlarni tez va aniq bajarishga yordam beradi.

Mathcad tizimi matematik hisob-kitoblarni bajarish, grafiklarni qurish, hamda murakkab matematik
modellashtirish jarayonlarini avtomatlashtirish imkonini beruvchi muhandislik yo‘nalishidagi universal
dasturiy muhitdir. Dastur foydalanuvchiga formulasimon yozuvda hisoblashlar olib borish, funksiyalarni
ifodalash, grafiklar chizish, va sonli hamda analitik yechimlarni ko‘rish imkoniyatini beradi.

Masalaning qo‘yilishi. Funksiyalarni yaqinlashtirish odatda ko‘rinishi murakkab bo‘lgan funksiyani,
unga yaqin va tuzilishi soddaroq bo‘lgan funksiyaga almashtirish g’oyasiga asoslangan. Funksiyalarni
yaqinlashtirishning eng sodda va keng qo‘llaniladigan qismi funksiyalarni interpolyasiyalash masalasini
ko‘rib chiqamiz. Funksiyamiz oshkor yoki jadval ko‘rinishda berilishi mumkin. Funksiyalarni
interpolyasiyalash deganda funksiyani jadvalda berilmagan giymatlarida hisolash tushiniladi. f(x)

funksiyaning [a,b] oraliqda f(X,), f (X,),...., f(X,) qiymatlari ma’lum bo‘lsin. f(x) funksiyani shunday P(x)

ko‘phad bilan almashtirish kerakki natijada [a,b] oraligda f(X)=P(X) o‘rinli bo‘lsin, aynan tugun
nuqtalarda bu funksiyalar bir xil qiymat gabul qiladi, ya’ni f(x.)=P(x), (i=0...n).

Faraz gilamiz, a<x<b kesmada x,,k=0,1,...,n (tugun nuqtalar) berilgan nugtalarda f(x)
funksiyaning qiymatlari ma’lum bo‘lsin. Funksiyani ko‘phad bilan interpolyastiyalash masalasi, berilgan
X,k =0,1,...,n tugun nugtalarda giymati f (x) funksiya qiymatiga teng bo‘lgan n - tartibli

L, (X)=a, +aX+...+a,x" 1)
ko‘phadni topishdan iborat.
Bu masala har ganday uzluksiz f(x) funksiya uchun yagona yechimga ega. Hagigatdan ham,

a,,a,,...,a, koeffistientlarni aniglash uchun
ay+aX +..+ax"=f(x),i=012..,n @)
chizigli tenglamalar sistemasiga egamiz.
Bu sistemaning determinanti X,,i =0,1,...,n nuqtalar turlicha bo‘lganda noldan farqlidir.

L, (x)=f(x),i=01..n 3
shartlarni ganoatlantiradigan Ln(X) ko‘phad X,i=0,1...,n nuqtalar bo‘yicha qurilgan f(X)

funksiyaning interpolyastion ko‘phadi deb aytiladi[3,6].

Interpolyatsiya masalasini Mathcad tizimida ko‘rib chiqamiz. Mathcadning asosiy afzalliklaridan
biri shundaki, u foydalanuvchi tomonidan kiritilgan matematik ifodalarni real matematik shaklda aks ettiradi
va bu orqgali algoritmlarni aniq tushunish, xatoliklarni kamaytirish imkonini beradi. Interpolatsiya
masalalarini yechishda Mathcad quyidagi imkoniyatlarga ega:

1. Ma’lumotlar to‘plami asosida interpolyatsion funksiyalarni qurish;

2. Polinomial, chizigli, va splayn interpolatsiyalarni avtomatik amalga oshirish;

3. Grafik asosida interpolyatsiya anigligini tahlil gilish;

4. Interpolatsiya jarayonida hosil bo‘lgan funksiya qiymatlarini sonli va analitik tarzda ko‘rish.

Mathcadda interpolyatsiya modellari «Interpolation and Prediction Functions» bo‘limida joylashgan
bo‘lib, ular ma'lumotlar tahlili, signal qayta ishlash, muhandislik modellari va statistik bashoratlarda
qo‘llaniladi. Dasturda interpolyatsiya ikki bosqichda amalga oshiriladi:

« Birinchi bosgichda spline yoki polinom koeffitsientlari hisoblanadi (masalan, Ispline, cspline
funksiyalari yordamida).

« Ikkinchi bosgichda interp funksiyasi orgali oraliq giymatlar topiladi.
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Mathcadning afzalligi shundaki, u matematik ifodalarni tabiiy shaklda (masalan, matn va formulalar
aralash) yozishga imkon beradi, bu ilmiy tadgigotlarda qulaylik yaratadi. Birog, katta ma'lumotlar
to‘plamlari uchun hisoblash tezligi cheklangan bo‘lishi mumkin.

Asosiy natija. Mathcadda interpolyatsiya uchun quyidagi asosiy funksiyalar qo‘llaniladi:

1. linterp (vx, vy, X) — chizigli interpolyatsiya.

2. cspline (vx, vy) — kubik spline koeffitsientlarini hosil gilish.

3. pspline (vx, vy) — parabolik spline koeffitsientlarini hosil gilish.

4. interp (vs, vX, vy, X) —umumiy interpolyatsiya (spline yoki Lagrange).

Chiziqgli interpolatsiya eng oddiy, lekin ko‘plab amaliy masalalarda samarali natija beruvchi usullardan
biridir. Uning matematik modeli quyidagicha ifodalanadi:

. Yit1 — Vi .
x) =y, +—ix — x

flx) =y, le_xz_{_ i)

bu yerda (x;,v;) va { x;24, ;21 + ma'lum nugtalar, x — interpolyatsiya gilinadigan nugta.

Mathcad tizimida linterp(vx,vy,x) funksiyasini quyidagi jadval ko‘rinishda berilgan funksiya uchun
go‘llab ko‘ramiz.

1-jadval. Funksiyaning jadval ko‘rinishi.
x 4 4,03 4,08

y 4,42 4,89 5,38
Mathcad tizimida x,y massivlarni yaratamiz va linterp(vx,vy,x) funksiyasini chagiramiz:

4 442
x=| 403 yv=|4.89
4.08 4.08

z = linterp(x,v,4.007) z=4353

MathCAD tizimida interpolyatsiyani grafik ko‘rinishini hosil gilish uchun Grafik panelidan ekranga
"X-Y plot" buyrug‘ini chagiramiz va funksiyaning noma’lum giymati argumenti giymati o‘rniga
indekslangan giymatni beramiz.

Agar ko‘proq massiv giymatlari bo‘lsa, indekslangan o‘zgaruvchi kichikrogq gadam bilan olingan
bo‘lsa, silliq chiziglar olinadi. Misol uchun, linterp funksiyasidan quyidagi foydalanishni ko‘rib
chigamiz[4,5].

x:=(123456789 10)

yw:=(1 4 9 15 22 34 39 56 64 70)
tt :=1,1.01.. 1C

100

80

linterp(xx, yy . tt) 60

¥y
Y™ 40
20
) 2 n 6 g 10
t,

1-rasm. Funksixa intereolzatsixasi grafigi

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 5



MATHEMATICS

Shunday qilib, agar siz indekslangan o°zgaruvchini argument sifatida gabul gilsangiz, interpolyatsiya
funksiyasini yaratishingiz mumkin:

z(x1):=linterp(x,y,x1).
Lagranj interpolyatsiyasi yuqori aniqlikka ega bo‘lgan usul bo‘lib, funksiya qiymatlarini n ta nuqtada
bilgan holda ularni birlashtiruvchi n—1 darajali polinomni topishga asoslanadi.
Lagranj interpolyatsion ko‘phadi quyidagi ko‘rinishga ega:

, H (x=x;)
L ()= FH e f (%) Q
S (x-x)
(ik)
Mathcad muhitida bajarilishi:
1. Ma’lumotlar kiritiladi:
x:=1[0,1,2,3]
y:=1[1,2,0,5]

2. Lagrange funksiyasi chaqiriladi:

y ;= interp(vx, vy, VX, vy, X)

3. Natija grafikda tekshiriladi:

plot(x, y, 'o*, X, P(X), -

Ilmiy tadqiqotning ko‘pgina amaliy qo‘llanilishida tajriba nuqtalarini siniq chiziq bilan emas, balki
sillig egri chizig bilan bog'lash magsadga muvofigdir. Ushbu magsadlar uchun kubik splaynlar yoki kubik
parabolalarning segmentlari yordamida interpolyatsiya gilish eng mos keladi. Splayn interpolatsiyasi — bu
yugori aniqlikdagi interpolatsiya usuli bo‘lib, funksiya har bir oraliqda kubik polinom orqali ifodalanadi va
oralig nuqgtalarda 1- va 2-hosilalari uzluksiz bo‘ladi.

Kubik splayn interpolyatsiyasi tenglamasi quyidagicha:

Si(X) = ai + bi(Xx - x;) + Ci(X - X;)*> + di(X - x;)*

e interp(s,x,y,t) — kubik splinelar bilan x va y vektor ma’lumotlariga yaqinlashuvchi funksiya;

e s — cspline, pspline yoki Ispline qo‘shimcha funktsiyalaridan biri tomonidan ishlab chiqarilgan
ikkinchi tartibli hosilalarning vektori;

e X — Elementlari o‘sish tartibida joylashtirilgan haqiqiy argument ma’lumotlarining vektori;

e y— bir xil o‘lchamdagi haqgigqiy ma'lumotlar giymatlari vektori;

e t—interpolyatsiya funksiyasi hisoblangan argumentning giymati.

Mathcad da spline interpolyatsiyasi chizigli interpolyatsiyaga garaganda ancha murakkab amalga
oshiriladi. Shunday qilib, interp funksiyasidan foydalanish uchun siz birinchi navbatda uning
argumentlaridan birinchisini - s vektor o‘zgaruvchisini aniglashingiz kerak. Bu bir xil argumentlarning (X, y)
uchta o‘rnatilgan funksiyalaridan biri yordamida amalga oshiriladi:

e Ispline(x,y) — chizigli spline koeffitsienti giymatlari vektori;

e  pspline(x,y) — kvadratik spline koeffitsienti giymatlari vektori;

o  cspline(x,y) — kubik spline koeffitsienti giymatlari vektori.

cspline funksiyasidan foydalangan holda spline interpolyatsiyasiga misol:

x=(0 1234567 y=(41 24 3 43 36 52 59)0
s = cspline(x,v)

A(t) = interp(s . x,v,t) t=-1-09_7
Spline interpolyatsiyasining natijasi 2-rasmda ko‘rsatilgan.
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0 2 4 6
t.xX
2-rasm. Spline interpolyatsiyasi

Quyida uch xil interpolatsiya usuli taqqoslab ko‘rsatilgan:

Chizigli — oddiy, tez va bargaror, lekin anigligi past.

Lagrange — yuqori aniglikda, ammo hisoblash murakkab.

Splayn —sillig, anigligi yugori va amaliy jihatdan eng samarali.

Mathcad dasturida interpolyatsiya usullari ma'lumotlarni tahlil gilish va vizualizatsiya gilishda muhim
vosita hisoblanadi. Chiziqli interpolyatsiya oddiy masalalarda samarali bo‘lsa, kubik spline va Lagrange
usullari murakkab va sillig funksiyalarni modellashtirishda afzalroqdir. Har bir usulning o‘ziga xos
afzalliklari va cheklovlari mavjud bo‘lib, ularni to‘g‘ri tanlash masalaning xususiyatlariga bog‘liq[4,5].

Xulosa. Mathcad dasturida interpolyatsiya usullarini qo‘llash ma’lumotlar asosida funksiyalarni
aniglash va ularni tahlil qilish jarayonini sezilarli darajada soddalashtiradi. Ushbu magolada chizigli,
Lagrange va kubik splayn interpolyatsiya usullarining nazariy va amaliy jihatlari ko‘rib chiqildi hamda
ularning Mathcad mubhitida bajarilishi amaliy misollar orgali yoritildi.

Chiziqli interpolyatsiya hisoblash jihatidan eng oddiy va tezkor usul bo‘lib, kam sonli ma’lumotlar
bilan ishlashda samarali natija beradi. Lagrange interpolyatsiyasi yuqori aniqglikka ega bo‘lsada, nuqtalar soni
oshishi bilan hisoblash murakkablashadi va Runge hodisasi yuzaga kelishi mumkin. Kubik splayn
interpolyatsiyasi esa silliqlik va aniqlikni ta’minlab, ko‘pgina amaliy masalalar uchun eng maqbul usul
ekanligi aniglandi.

Olib borilgan tahlillar shuni ko‘rsatadiki, interpolyatsiya usulini tanlash masalaning fizik mohiyati,
ma’lumotlar soni va aniqlik talablariga bevosita bog‘liq. Mathcad dasturi esa ushbu usullarni qulay interfeys
va kuchli vizualizatsiya vositalari orqali samarali qo‘llash imkonini beradi.

Tadgiqot natijalari muhandislik hisob-kitoblari, ilmiy tadgiqotlarda interpolyatsiya usullaridan
foydalanishda amaliy ahamiyatga ega.
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Abstract. This paper is devoted to the process of finding the upper bound for the absolute error of the

optimal quadrature formula in the space Wz(m’mfl‘mfz) of real-valued, periodic functions. For this, the

extremal function of the quadrature formula is used. In addition, it is shown that the norm of the error

Wz(m,mfl,m72)

functional for the optimal quadrature formula constructed in the space is less than the value

of the norm of the error functional for the optimal quadrature formula in the Sobolev space Lz(m) .

Key words: optimal quadrature formula, optimal coefficients, error of quadrature formula, Hilbert
space, error functional, Fourier transform.

ONTUMAJIBHBIE KBAJPATYPHBIE @0PMYJIbI W, """ B IPOCTPAHCTBE
NEPUOUYECKUX ®@YHKIMIA

m,m-1,m-2)

( .
Almomauu}l. ,ZICZHHCI}Z cmamosil nocesuieHa npoyeccy W2 HAXO0HCOCHUS 6EPXHEU cpaHUybl

abCoOMOMHOL  NOZPeUWHOCIU — ONMUMATLHOU — K8AOpamypHou  Gopmynl 6  NpoCcmpancmee
BEUECMBEHHOZHAYHBIX NePUOOUYeCcKUX QYHKYul. i 3mo20 UCnonb3yemcs >SKCMpemManvHas QYyHKyus
Kkeadpamypuoti hopmynvl. Kpome moeo, noxazano, ymo Hopma QYHKYUOHANA NOSPEUHOCU ONMUMATLHOU
K6a0pamypHoti (popmyavl, ROCIPOEHHOU 6 OAHHOM RPOCMPAHCIIEE, MEeHbUUEe 3HAUEHUsL HOPMbL (DYHKYUOHANA
nO2peuHOCmU ONMUMATLHOU K8AOPamypHou (popmyvl, nocmpoenuotli 8 npocmpancmee Cobonesa.

Kntouesvle cnoea: onmumanvhas KeaopamypHas Gopmynra, Onmumdibhvlie Ko3phuyuenmel,
noepewHocms  Keaopamypnoil  gopmyavl, npocmpancmeo umvbepma, @yHKyuonanr nozpewHocmu,
npeobpazosanue Pypove.

W, ™2 bAVRIY FUNKSIALAR FAZOSIDA OPTIMAL KVADRATUR
FORMULALAR

Annotatsiya. Mazkur magola W2(m’m_1'm_2) haqiqgiy giymatli davriy funksiyalar fazosida optimal
kvadratura formulasining mutlaq xatoligi uchun yuqori chegarani topish jarayoniga bag ‘ishlangan. Buning
uchun kvadratura formulasining ekstremal funksiyasidan foydalaniladi. Bundan tashqari, ko ‘rsatiladiki,
ushbu fazoda qurilgan optimal kvadratura formulasining xatolik funksionali normasi Sobolev fazosida
gurilgan optimal kvadratura formulasining xatolik funksionali normasi giymatidan kichikdir.

Kalit so‘zlar: optimal kvadratura formulasi, optimal koeffitsiyentlar, kvadratura formulasining
xatoligi, Hilbert fazosi, xatolik funksionali, Furye o zgartirishi.

Introduction. Numerical calculation of integrals of the highly oscillating integrals is one of the more
critical problems on numerical analysis because such integrals are widely used in science and technology.
The following types of the Fourier integrals are also examples of strongly oscillating integrals for sufficiently
large w:
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1
(o,p) = €7 - p(x)dx 1)
0

It is known that the Fourier transforms are very important tools and they are used widely, in particular,
in the problems of Computed Tomography (see, for instance [9]). Since in practice we have finite discrete
values of a function, we have to approximately calculate the Fourier transforms. Therefore, one has to
consider the problem of approximate calculation of the integral with the weight function exp(2mimx).
Initially, a formula for the numerical integration of the strongly oscillatory functions one of the non standard
numerical integration methods was given by Filon [19].

Subsequently for integrals with different types of highly oscillating functions many special effective
methods such as the Filon-type method, Clenshaw-Curtis-Filon type method, modified Clenshaw-Curtis
method, Levin type methods, generalized quadrature rule, and Gauss-Laguerre quadrature are developed (see
[2, 14, 21, 26] for full details, for instance, [13, 24] and references therein).

Recently, in the works [6, 7, 8, 25] authors constructed optimal quadrature formulas for numerical

calculation of Fourier integrals in the Sobolev space Lz(m) and in the Hilber space Wz(m’m_l’m_z) , and these

formulas were applied to approximate reconstruction of Computed Tomography images. Compared with the
optimal quadrature formulas in non-periodic case constructed in [6], the approximation formula for the
periodic case constructed in the works [7, 17, 18] is much simpler, therefore it is easy to implement and it
costs less computation even though both provide similar performances.

In various Hilbert and Banach spaces of periodic and non-periodic functions, optimal quadrature
formulas have been constructed by many researchers for integral (1) with @ = 0. The results for this case can
be found, for instance, in the books [12, 23, 22] and the literature in them. In particular, some recent results
on optimal quadrature and interpolation formulas are obtained in the works [1, 3, 5, 15].

In the work [16, pp. 119-142] weighted optimal quadrature and cubature formulas in the Sobolev
space of periodic functions were constructed. In particular, one can get from these results the optimal
guadrature formulas for numerical calculation of the integral (1). For example, the practical use of these
formulas which were constructed in the Hilbert spaces of non-periodic functions created difficulties in
computational work.

Therefore, construction of new optimal quadrature formulas, which are simple in implementation, in
various Hilbert spaces of periodic functions is very important. We note that we have constructed the optimal
quadrature formula in the case m = 2 for integral (1) with @ = 0 in the paper [10]. In the present work we get
the results for m > 3.

Here, we solve the problem of construction of optimal quadrature formula in the Hilbert space

Wz(m'm_l'm_z) (O,l] of periodic functions. In the book [23], the optimal quadrature formulas were
constructed in the general case in the space of periodic functions, and it was proved that the coefficients of

the formulas have the form C, = h. Nevertheless the estimation of the error for the optimal formulas was
not given. The main goal of the present work is to find the sharp upper bound for the error of the optimal

quadrature formula constructed in the space Wz(m’mfl’mfz) (0,1] of periodic, real-valued functions.

We consider the Hilbert space Wz(m’m_l’m_z) (O,l] , m > 3 of non-periodic, real-valued functions

0(x),0 < x < 1, that (m — 2)nd order derivative is absolute continuous and mth order derivative (in the
generalized sense) are square integrable, with the inner product

1
<(P’V/>W2(m,m—1,m—z> :J‘((D(m)(x)l//(m)(x) + Z(p(m_l)(X)l//(m_l)(X) +(p(m_2)(X)l/l(m_2)(X))dX
0

(2)
where @,/ EWZ(m’m_l’m_z) (0,1] , and the corresponding norm of the function ¢ is defined as
follows

N

1

Hq)HWZ(m,m—l,m—Z) — I((¢(m)(x))2 4 2(§0(m—1)(x))2 4 (¢(m_2)(X))2 dX)

0
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Let we denote by W, ™™ "2(0,1] the subspace of the space W™ m2)(0,1] consisting of
real-valued, 1-periodic functions ¢(X), X € (0,1].

In the present paper, we consider the Hilbert space Wz(m’m_l’m_z) (0,1] of 1-periodic, real-valued

functions. Notice that every element of the space Wz(m’m_l’m_z) (O,l] satisfies the following condition of 1-
periodicity
o(X+ B)=¢(X), forxeR and feZ

We consider a quadrature formula of the following form
1 N
Jo(dx=>"Cop(x,) ©)
0 k=1

where @ EWZ(m’m_l’m_z), C, are the coefficients of the quadrature formula and N is the number of
nodes, h=1/Nand X, (0 < X, <X, <---< X, <1) are nodes. Since quadrature formula of the form (1)

with equidistant nodes is optimal for the periodic functions class, we choose the nodes as X, = hk (see

[23]).

The error of the quadrature formula (1) is given as follows

(tp)= I @(x)dx — EN_:Ckgo(hk) =

= | Kg(o,q(x) -3, 5(x- hk)] *¢0(x)}- P(X)dx, @

1
where h= W, 8(0 1](X) is the characteristic function of the interval (0,1] , & is the Dirac delta-

function, @, (X)= Z O0(X— f), * is the convolution operation and
f=—0

L(X) =(g(0’1](x) —ické(x— hk)j*%(x) (5)

and it is the periodic error functional of the quadrature formula (1).

(m,m-1,m-2)*
WZ

The error (2) of the quadrature formula (1) is a linear functional in . It should be noted

that Wz(m‘m_l’m_z)* is the conjugate space to the space Wz(m’m_l‘m_z) and the conjugate space consists of all
periodic functionals which are orthogonal to the unity [22], i.e.,
(¢,1)=0 (6)

This condition means the exactness of the quadrature formula (1) for any constant and it can be written
as follows

N
Y C.=1 (7)
k=1

The absolute value of the error (2) is estimated by the Cauchy-Schwarz inequality as follows

QTR [l WSer 71 erees
|( 1V/[) Wz(m,m 1,m 2)‘ l//[ Wz(m,m 1,m 2)‘

where
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HKHWZ(m,m—l,m—Z)*. = Sup ‘(£1¢)‘ (8)

e s

Wz(m,m—l,m—Z)A

is the norm of the error functional (3).
The problem of constructing an optimal quadrature formula of the form (1) is as follows.

Problem 1. Find the coefficients Ck that give the minimum value to the quantity ||f||w(m,m_1,m_2)* ,
A :

and calculate the following

0
(
We note that the coefficients C, which are the solution for Problem 1 are called the optimal

coefficients and the quadrature formula (1) with these coefficients is said to be the optimal quadrature
formula in the sense of Sard [11].

Further, in the next sections we solve Problem 1.

The rest of the paper is organized as follows. Section 2 is devoted to calculation the norm of the error
functional and to obtain the system of linear equations for optimal coefficients which give the minimum
value to the norm of the error function.In section 3 this system is solved and explicit expressions for the
coefficients of the optimal quadrature formula (1) are found. Finally, in Section 4 we calculate the quantity
of the norm of the error functional (3) that is the sharp upper bound for the error of the optimal quadrature
formula (1).

The norm for the error functional of the quadrature formula.

To calculate the norm (5), we use the extremal function 7, for the error functional
£ (see [22]) that satisfies the following equality:

CUAE -

is the Hilbert space by the Riesz theorem for the error functional € for any ¢ from

i g

Wz(m,m—l,m—z)*_

|V/[||W2(m,m—l,m—2) €)]

m,m-1,m-2)

Since W,

m-1,m-2 , m-1,m-2 - .
WZ(mm "2 there exists an element l//(eWZ(mm 2 that satisfies the equality

(K! w) = <W[ ] ¢>W2(m,m—l,m—2) (10)
where <l//ﬁ ) §0>W(m,m,1,m,z, is the inner product of the functions ¥/, and ¢ defined by the
2

formula (4). In addition, the equality [[€]ymm 102 =¥/, [yygmnsn 2 is Tulfilled. So, taking into
account equality (9), we derive
() =l wgomoe (1)

Integrating by parts the right-hand side of (10), keeping in mind periodicity of functions ¢, for ¥/, we
have

wm () =22 )+ 0 (x) = (1) (X) (12)
Further, we give the main results of this work.
Lemma 1. The solution of equation (12) is the extremal function ¥/, of the error functional € and it is
expressed as

N
v, (x)=d, - > C,G, (x—hk) (13)
k=1

where d, is a constant and
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m e—27riﬂx
Gm (X) = (_1) Z
2 2m-2 2m-4
im0 (27B)™ = 2Q27p)™" " + (27B)™"
Proof. The idea of the proof is as follows. For this, we use equation (10). Integrating by parts its right-
hand side, and taking into account that ¢ and v are 1-periodic functions, we obtain the following
1

(L) =[ (™ () = 2p "2 () + ™ (X)) p(x) (15)
0
From equality (15) we get the differential equation (12). We use the Fourier transform to find a
periodic solution of the differential equation (12). To do this, we use the following properties of the Fourier
transforms

(14)

Flo]= [ p(e*™dx,

F[e]= T o(p)e ™ dp,

Fl o |=(-27ip)*F[p], (@ €N),
Flo*g]=F[e]-Flg]
Flo-g]=Fle]*F[g].
Fl(X)]=¢(p).
F [ Flo(0)]]=0().
where ¢, (X)= Z o(x—p).

f=—0
Applying the Fourier transform to both sides of equation (12) we get

F |:l//,((2m) - ZV/C(Zm_Z) + l//[(zm_4):| =(-D"F [E] :
Since, the Fourier transform is a linear operator, we have

((27ip)*" — 2(27ip)*™ 2 + (27ip)™ ) F [y, ] =

=(-D"F Kg(o,l] (x) - ZCK5 (x— hk)j * ¢y (%) }

(27ip)" — (27ip)™ ) F [y, ] = (-1)" (F | oy |- D Ce ] (). @)

Consequently, we can divide both sides of equation (16) by ((27ip)™ — (27ip)™ *)?. This division

is not uniquely defned. From equation (16) the function F [wf] is defned up to the term of the form 5( p) :
Taking into account the above said and the properties of the delta-function, we get

F [ &0 (X) ] _ chezmphk
k=1 ) 5 _ .
Grivy - a0 PP

Fly,(0)]=(-D"| do6(p) +

Using the property f (X) 5()2 —a) = f (a) o(x —a) of the delta-function, we have the
following
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Fly, (0] = ()" {doé( P+ F[ 20900 | 2 ﬂfm(f (;f,) Y
p#0

N 2 ziphk
>c Yy e o (p-p)
k : . —2y2 |°
k=L =0 (27ip)" —(2xip)™ )
Now, applying the inverse Fourier transform to both sides of equation (29) and using
some properties of Fourier transform, after some calculations we have

~ o o e—27riﬂx ~
V=Gt fuy (0 (( ¥ ;((Zmﬁ')m—(Zﬂiﬁ)“)Zj

N o 27 (1K)
-2 C | (=D)" <o - om2y2 |
kzll (( ) ;)((27“,3) —(27iB)™) )

N
=y + 105Gy () = 3-C.Gy (x k) =

0 N
=dy+ | £05(Y)Gn(x=y)dy - CG, (x—hk) =
k=1
1 N
=d, +IOGm(x— y)dy - > C,G,,(x—hk) =
k=1

N
=d, - >, C,G,,(x—hk).
k=1
where G (X) is defined by equality (14) and it is easy to show that
[;Ga(x-y)dy=0

And thus, Lemma 1 is completely proved.
Simplifying the error functional of the form (3), we can rewrite it in the following form

(=3 con(*5(-B)-3C, S 5(x—hk)*5(x— B) =

P=—0 k=1 P=—0

123G, 3 S(x— B —hK).

k=1 P=—0
The square of the norm for £ of the quadrature formula (1) is expressed in terms of the bilinear form

of the coefficients C, . Indeed, since the space W,™" "2

and (13) for the square of norm (5) we have

1
[y s = (L) = [ 0w, (¥)dx =

1 N 0 N
-[ (-3¢ > s(x-hk-p5)(d, - > C.G,(x—hk")) dx
k=l  p=—= k'=1
Simplifying the right-hand side of the above equality and taking into account the
condition (6) we obtain the following analytical expression

N N

2 €

[0 o smr = D" 2> CCy . o

" kz;kz; = (A p)" — (271 p)"*)°

Now, we apply the method of Lagrange unknown multipliers to solve Problem1. For this, consider the
following function

is the Hilbert space, then using equalities (11)

~27i B (hk—hk")

(18)
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L(C,d,) = Hfuw;m’mflvmfz)* -2(-1)"d,(¢4,2)
where C =(C,,C,,...,Cy)

Equating all partial derivatives of the function L(C,d,)by C, and d,we have

izo’ k:1,2,...,N,
0

k

oL
— =0
ad,
They give the following system of linear equations with respect to Ck, k = 1,_N and dO:

—27i ph(k—k')

N e
Ce . —— =y K
kZ:; ;((hlﬂ)m—(%lﬂ)m )

N
Y Ce=1 (20)
k'=1

The last system is a system Wiener-Hopf type. The solution of the system (19)—(20)
gives the minimum to the square of the norm (18) for the error functional (3) in certain values of Ck

1...,N (19)

= C,k = 1N and C, are called the optimal coefficients, and d, is a stationary point for the function
L(C.d,).

Its solvability follows from the general theory of the Lagrange multipliers. But,

as shown in calculations, the matrix of the system (19) and (20) coincides with the

matrix of the system considered in the work [16, p. 127] in the construction of optimal cubature
formulas in the Sobolev space L(zm) of periodic functions, and it was proved the uniqueness of the set of the

optimal coefficients. Hence follows that the system (19) and (20) has a unique solution.
The optimal coefficients of the quadrature formula.
In this section, we show how to find the optimal coefficients of the quadrature
formula.
Let, we seek the solution of the system (19)-(20) in the form

C, =C(h), k=12,...,N (21)
where C(h) is an unknown function of h.
Putting (21) into (20), and taking into account that the quadrature formulas with equal coefficients are
optimal in the space of periodic functions (see [23] for full details), we obtain C(h) =h. Now, figuring on

the system has a unique solution, putting the value of C(h) into equation (19), we find d,,:

N o2 (k—K)
h = dOl
; ;((Zﬁiﬂ)m ~ @A"Y’

Since the infinite series in (19) is convergent, we can rewrite the last system as

follows
e N
d,=h : : g ZmAmk k=12,...,N. (22)
’ ;((Mlﬁ)m—(hlﬁ)“)zé

k=12,..,N.

27 fhk

It is known that

ZN:eZ”iﬁhk' _ et (l_ehw) _ {O’ p#N, (23)
k'=1

1—e>" N, pg=yN, yeZ.

Taking into account (23), we rewrite equation (22) as follows
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Z o-2irNrk
d, =h - N
P (2riyN)" - (27iyN)"?)?

From the last equation and the well-known equality & 2" =1, and (k=12,...,N, y €Z)
we have

m 1 —
= (Z @mNY @ N) ) ] -

m 2 1
=D '2[;((2wN)m +(27ryN>“)2j e

Now we calculate the following infinite series to find d,

- 1 h 2m 1
Zé(awmwzw)“f‘Z(Zj 27( hi T(ﬂhi )2_

2 2
h 2m
:(Zj (S,-S,+5;), (25)
2 hi V62" @ 1
where S, =2 (m—k—l)(—j —;
1 kz_;, o ;7%
. \2-2m 0
82:2m—3. ﬂ 'ZZ - L — and
2 27 721( hi j( hi )
Y=o\ Yt
2 2

y2+(hi T
- \2-2m 0 "

37 y_ . N2 .
2 \ 27 7=1 y hi v+ hi
2r 2r
The problem of calculating the above infnite series came to the problem of
calculating S, , S,andS;.
Firstly, we calculate S;. To do this, we use the following Riemann zeta function
1
¢(2)= ZF
n=1
The value of the Riemann zeta function is equal to the following (see [20, p. 57])

B (_1)m+1(27z_)2m o B
$(2m) = 2(2m) B,, for m=12,...,

where B2m is Burnoulli number.
From the last equality we obtain the following

81:2m2_2(m—k—1)( hi j _ m{(2k):

27
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_m + \ 2k 2m( 1)m+l(2 )2m
_Z(m k — 1)( j 201 B, .

Now, we use the following equality to calculate 82 and 83 .
Based on the method of residue theory [%]

1

)= hi )’
727 2)
hi hi

Zf(;/)— ~Y Res(zcot(zz) f(2)),  z,=——, Z =
T

o 21
Simplifylng using the method of residue theory, we can write:

27° e"+1 27
S10=22 52 o2

25 1)+ 0= ()

y=—0

3 10)= 3 10)- 0= (g L 1)

Thus, we obtain

27 27

_2m—3.(ﬂj2_2m h e+l |
2 \2z h? (2 e'-1

Applying the same method, we calculate 83 and obtain the result below.

2m-3 (hi " & 1
S, = AL, _ -
=) ;(V—h'j@*h'j

%= 2(:;] 2, yh|+(2h7lrjhi 2"
(7 27,) (y +27rj

_(EJZ—Zm 47Z’ l_h_z eh
27 w2 2 ("-1?

According to equalities (25) and (26),

dO :(_1)m(%] '(Sl_Sz +53):m2(m—k—1) %szj_

2m-—3 (h e" +1 ] (1 h? "
— — 1|+ =-——— 27)

2 2 e"-1 2 2 (e —1)?
Thereby, we have found (C,,d,) which the solution of the system (19) and (20).

Now, in the next section, using this solution, we give the main theorem of our work.
Calculation of the norm for the error functional of the optimal quadrature formula (1)
The following theorem is valid for the error functional norm of the optimal quadrature formula.
Theorem 1. The norm of the error functional (3) for the optimal quadrature formula (1) has the form
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2 — m+1 th
F e =0 5 (k- 1)((2@. nl

_2m-3 (he"+1 .| (1 b e
2 (2 e"-1 2 2 (e"-1)?

where B, are Bernoulli numbers
Proof. We use equations (18) and (19) and then we have

@-2rif(hk-hk)

K (m,m-1,m-2)* l Ck' H m-2\2 =
[ sgerser = )ZZ DN

N a-2mif(hk-hk)
g LZ; ;((Miﬂ)m—(%iﬁ)mz)z}

Hence, taking into account (19) for the square of ||€|| , We obtain the following

N
=70, 6

Hence, taking into account equalities (20) and (27), we obtain

m+ h2
Hﬂ” W(mmlmZ)*_( 1) 1 Z(m k 1)((2k)| e |~

_2m-3 (he+1 ) (1 h* e
2 (2 e"-1 2 2 (e"-1)?

Thus, Theorem 1 is completely proved.
Conclusion. In the present paper, the optimal quadrature formula in the sense of Sard is constructed in

the space Wz(m’m_l’m_z) (0,1] of periodic, real-valued functions for approximation of the Fourier integrals

(1) with ® = 0. Here, we found analytical forms for coefcients of the constructed optimal quadrature formula.
In addition, we calculated the norm of the error functional for the optimal quadrature formula and obtained
that this norm is less than the norm of the error functional for the optimal quadrature formula in the space

Lz(m) of periodic, real valued functions.
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UOK 51

MATEMATIK FUNKSIYALARNING TURLARI VA ULARNING AMALIY
QO‘LLANILISHI

Ro ‘zmetova Yulduz Ulug ‘bekovna,
Osiyo xalgaro universiti magistranti
dostonjumaniyozovs@gmail.com

Annotatsiya. Matematik funksiyalar real hayotdagi jarayonlarni ifodalash, tahlil gilish va ularga
ilmiy yondashuv asosida baho berishda eng muhim nazariy-amaliy vositalardan biri hisoblanadi. Ushbu
tadgiqotda chizigli, kvadratik va eksponentsial funksiyalarning xususiyatlari, ularning grafik ko ‘rinishi
hamda turli sohalardagi amaliy qo llanilishi o‘rganildi. Grafik tahlillar shuni ko ‘rsatdiki, chizigli
funksiyalar bargaror va bir tekis o ‘zgarishlarni ifodalashda, kvadratik funksiyalar parabolik jarayonlar va
optimallashtirish masalalarida, eksponentsial funksiyalar esa tez va keskin o ‘zgaruvchan tizimlarni
modellashtirishda yuqori samaradorlikka ega. Tahlil natijalari funksiyalarning igtisodiyotda talab — taklif
va daromad jarayonlarini, fizika va muhandislikda harakat, energiya va texnik tizimlarni, axborot
texnologiyalarida esa ma’lumotlar tahlili va algoritmik jarayonlarni tushuntirishda muhim rol o ‘ynashini
tasdiqladi. Tadgiqot funksiyalarning nazariy ahamiyati bilan birga ularning kundalik hayot, ta’lim jarayoni
va ilmiy tadgigotlar uchun amaliy giymatini ham asoslab beradi.

Kalit so‘zlar: matematik funksiyalar, chizigli funksiya, kvadratik funksiya, eksponentsial funksiya,
grafik tahlil, modellashtirish, igtisodiyot, talab — taklif, fizika, muhandislik, energiya jarayonlari, axborot
texnologiyalari, amaliy qo ‘llanilish.

BU/Ibl MATEMATHYECKHUX ®YHKIIUA U UX TPAKTUYECKOE IPUMEHEHUE

Annomauus. Mamemamuueckue GYHKYuYU [610MCS OOHUM U3 BAJICHETUUX THeOPEemUYecKux u
NPAKMUYECKUX UHCMPYMEHMO8 0 NpeOCMAaslenus, AHAIu3a U OYEeHKU DealbHbIX NPOUecco8 Ha OCHO8e
HAyuHo20 nooxoda. B dannom uccredosanuu paccmampueaiomcsi c80UCmMed JTUHENHbIX, K8AOPAMUYHbIX U
9KCHOHEHYUATbHBIX YHKYUU, ux epapuueckoe npedcmasietue 1 Npakmuyeckoe npuMeHeHue 8 pa3iuiHvix
oonacmsax. [papuueckuii  ananuz noxazan, uymo JuHeliHvle QYHKYUU ecbMa dppexmusuvt  Ons
npeocmasieuss CrmadUIbHbIX U PABHOMEPHBIX USMEHEHUl, K8aopamuyHvle QYHKYuU 0N NapaboIuyecKux
npoyeccos u 3a0ay ONMUMU3AYUU, A IKCNOHEHYUATbHble QYHKYUU Ol MOOETUPOBAHUss OLICMPO U Pe3KO
usmensiowguxcs cucmem. Pesynomamul ananusza noomeepounu, umo QYHKyuu uepaiom 6adjicHyl0 poib 8
O0OBACHEHUU NPOYECCcO8 CNPOCA U NPEONONCEHUsT U 00X0008 6 IKOHOMUKE, OBUNCEHUs., IHEPSemuKu U
MEXHUYEeCKUX cucmeM 8 (Qu3uKe u Mmexuuxe, a maxdyice aHAIU3d OAHHbIX U AI2OPUMMUUECKUX NPOYECcCos 8
unpopmayuonnvix mexnoaoeusx. HMccreooganue 060CHO8bIBaEm MEOPEMUYECKyI0 3HAYUMOCMb QYHKYULl, a
MAaKice ux NPAKmMu4ecKyio YeHHoCms 071 NOBCEOHeBHOU JCUZHU, 0OPAZ0BAMENLHO20 NPOYecca U HAYUHBIX
UCcred08anull.

Knwouesvie cnosa: mamemamuyeckue @QyHKyuu, AuHenHas @yHKkyus, Keaopamuunas @yHKYus,
noKazamenvras QYHKyus, epaguueckuil aHanus, MOOeIuposanue, IKOHOMUKA, CHPOC U NPedNodiCeHue,
Qusuxa, uHdICEHepus, SHepeemuyecKue NpoYeccyl, UHGOPMAYUOHHbIE MEXHOIOSUU, NPAKMUYECKoe
npumenenue.

TYPES OF MATHEMATICAL FUNCTIONS AND THEIR PRACTICAL APPLICATIONS

Abstract. Mathematical functions are one of the most important theoretical and practical tools for
representing, analyzing and evaluating real-life processes based on a scientific approach. This study
examines the properties of linear, quadratic and exponential functions, their graphical representation and
practical application in various fields. Graphical analysis has shown that linear functions are highly
effective in representing stable and uniform changes, quadratic functions in parabolic processes and
optimization problems, and exponential functions in modeling rapidly and sharply changing systems. The
results of the analysis confirmed that functions play an important role in explaining supply and demand and
income processes in economics, motion, energy and technical systems in physics and engineering, and data
analysis and algorithmic processes in information technology. The study substantiates the theoretical
significance of functions as well as their practical value for everyday life, the educational process and
scientific research.
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Key words: mathematical functions, linear function, quadratic function, exponential function,
graphical analysis, modelling, economics, supply and demand, physics, engineering, energy processes,
information technology, practical applications.

Kirish. Funksiya bitta o‘zgaruvchining qiymati boshqasiga aniq va tartibli tarzda bog‘liq bo‘lganda
yuzaga keladigan matematik munosabatdir. Har bir Kirish giymatiga yagona chigish giymati mos kelishi
funksiyaning asosiy mohiyatini tashkil etadi. Ushbu tushuncha matematikaning markaziy kategoriyalaridan
biri bo‘lib, algebra, matematik analiz, geometriya, ehtimollar nazariyasi, statistika kabi ko‘plab bo‘limlarda
muhim nazariy poydevor vazifasini bajaradi. Zamonaviy ilm-fan rivoji shuni ko‘rsatadiki, funksiya faqat
matematik simvolik tushuncha emas, balki real hayotdagi jarayonlarni tushuntirish va modellashtirish
imkonini beruvchi kuchli ilmiy vositadir (OpenStax, 2016; Stewart, 2016).

Funksiya tushunchasi fanga kirib kelishi bilan matematik tafakkur yanada tizimli, mantigiy va aniq
shakl kasb etdi. Chunki ko‘plab tabiiy va ijtimoiy jarayonlarni aynan o‘zgaruvchilar orasidagi munosabat
sifatida ifodalash mumkin bo‘ldi. Masalan, masofaning vaqtga bog‘ligligi, tezlikning o‘zgarishi, haroratning
vaqt davomida pasayib yoki ortib borishi, iqtisodiy ko‘rsatkichlarning yosh, vaqt yoki ishlab chiqarish
hajmiga bog‘ligligi kabi jarayonlar funksional munosabat asosida tushuntiriladi. Shu bilan birga, funksiya
real hodisalarni matematik model sifatida ifodalash imkonini beradi, bu esa ilmiy tahlilni anigrog, xolisroq
va natijador giladi (Ross, 2014).

Ta’lim tizimida ham funksiyaning o‘rni juda muhim. Funksiya mavzusini o‘rganish o‘quvchilarda
mantiqiy fikrlash, muammolarni matematik tilga ko‘chirish, grafiklarni tahlil gilish va natijadan ilmiy xulosa
chiqarish ko‘nikmalarini rivojlantiradi. Tadqiqotlar shuni ko‘rsatadiki, funksional fikrlashni yaxshi egallagan
o‘quvchilar matematika va tabiiy fanlar bo‘yicha yuqori natijalarga erishadi, ularning tahliliy tafakkuri ham
kengayadi (Carlson et al., 2002; OECD, 2019). Shu sababli zamonaviy ta’lim tizimida funksiya nafaqat
muayyan mavzu sifatida, balki o‘quvchilarning ilmiy dunyoqarashini shakllantiruvchi asosiy konsepsiya
sifatida garaladi.

Funksiya kundalik hayotda ham ko‘plab jarayonlarning izohini beradi. Masalan, kundalik havo
haroratining kecha-kunduz davomida o°zgarishi, inson yurak urishi tezligining jismoniy faoliyatga
bog‘ligligi, telefon batareyasining foydalanish vaqtiga nisbatan kamayib borishi, avtomobilning masofa va
tezlik bilan bog‘liq harakati — bularning barchasi funksional munosabat misollaridir. Bu jarayonlarni
funksiya orqali tushunish insonlarga vaqtni to‘g‘ri rejalashtirish, resurslardan oqilona foydalanish va ongli
garor gabul gilish imkonini beradi (Khan Academy, n.d.).

Funksiya iqtisodiyot fanida ham muhim analitik vosita sifatida qo‘llaniladi. Talab va taklif
munosabatlari, narxning ishlab chiqarish hajmiga bog‘liqligi, xarajat va foyda ko‘rsatkichlari, iqtisodiy
o‘sish dinamikasi bularning barchasi funksional bog‘lanish yordamida tahlil gilinadi. Shuningdek, iqtisodiy
prognozlash, bozor tendensiyalarini aniglash va boshgaruv garorlarini asoslash ham funksiyalar orgali
amalga oshiriladi (Mankiw, 2019; Varian, 2014).

Fizika va muhandislik sohalarida esa funksiyalar tabiat gonuniyatlarini ifodalashning asosiy vositasi
hisoblanadi. Harakat, kuch, tezlanish, energiya almashinuvi, elektr toki, issiqlik o‘tkazuvchanligi kabi
jarayonlar funksional bog‘lanishlar yordamida matematik jihatdan ifodalanadi. Muhandislikda
konstruksiyalar mustahkamligini aniglash, mexanik tizimlar barqgarorligini baholash va energiya tizimlari
samaradorligini hisoblash ham funksiyalarga tayangan holda amalga oshiriladi (Tipler & Mosca, 2007).

Axborot texnologiyalari va sun’iy intellekt rivojida ham funksiyaning o‘rni beqiyosdir. Dasturlash
tillarida funksiyalar kodni tartibga soladi, murakkab jarayonlarni boshgaradi, takrorlanadigan amallarni
samarali tashkil etadi. Ma’lumotlar ilmida esa funksiyalar katta hajmdagi ma’lumotlarni qayta ishlash, tahlil
qilish, tasniflash va bashoratlash jarayonida asosiy vosita bo‘lib xizmat qiladi (Lay et al., 2016).

Shu sababli funksiya tushunchasini chuqur o‘rganish nafaqat matematika fanini puxta egallash, balki
ilm-fan, texnologiya, iqtisodiyot va kundalik hayotdagi jarayonlarni ongli ravishda tushunish va
boshgarishda ham muhim ahamiyat kasb etadi. Funksiya bugungi kunda zamonaviy ilmiy tafakkurning
ajralmas tarkibiy gismi sifatida qiymat kasb etadi.

Tadgigot metodologiyasi. Tadgigotda matematik funksiyalar turlari va ularning amaliy qo‘llanilishi
kontseptual-analitik yondashuv asosida o‘rganildi. Funksiyalarni solishtirish, grafik tahlil qilish va
matematik modellashtirish metodlari qo‘llanildi. OpenStax (2016), Stewart (2016), Mankiw (2019), Varian
(2014), Tipler & Mosca (2007) kabi ishonchli akademik manbalar asos qgilib olindi.

1. Chizigli funksiya

Chizigli funksiyalar o‘sish va kamayish jarayonlarini oddiy, tushunarli va aniq matematik model
orqali ifodalaydi. Ular qo‘llanilganda qiymatlarning o‘zgarishi barqaror, to‘g‘ri chizigli va izchil bo‘ladi.
Tadgigot metodologiyasida quyidagi umumiy matematik modeldan foydalanildi:
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yv=ax+h

Bu yerda: a — o‘zgarish tezligini bildiruvchi koeffitsiyent , b — boshlang‘ich qiymat yoki kesishish
nuqtasi, X — mustaqil o‘zgaruvchi, y — unga bog‘liq natija qiymati

Bu model yordamida igtisodiyotda xarajat-daromad, fizikada bir xil tezlanishda harakat va kundalik
hayotdagi oddiy o‘zgarishlar baholandi.

Chizigli funksiya grafigi: y = 2x

10.0

7.5 1

5.0 1

—2.5 4

_5.0 -

—=7.5 7

—10.0

1-rasm. Chizigli funksiya grafigi (y = 2x)

Grafikdan ko‘rinib turibdiki, qiymat o‘zgarishi to‘g‘ri chizigli va barqaror xarakterga ega.

2. Kvadratik funksiya

Kvadratik funksiyalar egri chiziqli, parabolik xarakterga ega bo‘lgan jarayonlarni ifodalaydi va
ko‘pincha tezlashuvchi yoki sekinlashuvchi o‘zgarishlarni tasvirlashda ishlatiladi. Tadgigot
metodologiyasida quyidagi umumiy matematik model qo‘llanildi:

v=ax’+bx+c

Agar a > 0 bo‘lsa, parabola yuqoriga qarab, a < 0 bo‘lsa pastga qarab ochiladi. Kvadratik funksiyaning
eng muhim xususiyatlaridan biri uning maksimal yoki minimal nuqtaga ega bo‘lishi bo‘lib, bu nuqta
jarayonni optimallashtirish imkonini beradi.

U muhandislik hisoblari, trayektoriya, maksimal/minimal giymatlarni aniglashda ishlatiladi.

25

15 4

10 4

2-rasm. Kvadratik funksiya grafigi (¥ = x2)
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Grafik parabolaning maksimal va minimal nugtalar orqgali jarayonlarni optimallashtirish imkonini
berishini ko‘rsatadi.

3. Eksponentsial funksiya

Eksponentsial funksiyalar juda tez o‘suvchi yoki kamayuvchi jarayonlarni ifodalashda ishlatiladi va
real hayotdagi ko‘plab dinamik tizimlarni matematik modellashtirish uchun asosiy vosita hisoblanadi.
Tadqiqot metodologiyasida quyidagi umumiy model qo‘llanildi:

y = aek*

Agar k > 0 bo‘lsa, funksiya keskin o‘suvchi, k < 0 bo‘lsa tez kamayuvchi bo‘ladi. Grafikdan ko‘rinib
turibdiki, dastlab sekin o‘sish kuzatiladi, keyin esa qiymatlar keskin ortadi.

Ushbu model aholi soni o‘sishi, iqtisodiyotda foizli daromadlar, epidemiologiyada kasallik targalish
tezligi, radioaktiv parchalanish va biologik jarayonlarni tahlil gilishda qo‘llanildi. Natijalar eksponentsial
funksiyalar tezkor o‘zgaradigan tizimlarni tushuntirish va bashoratlashda eng mos matematik vosita ekanini
ko‘rsatdi.

12 ~

10 ~

___/

T T T T
-4 -2 0 2 4
X

X
3-rasm. Eksponentsial funksiya grafigi (v = ez) Grafik o‘sishning tezlashuvchi xarakterga ega
ekanini vizual ko‘rsatadi

Natijalar va ularning muhokamasi. Tadgigot natijalari uchta asosiy funksionallik modeli chizigli,
kvadratik va eksponentsial funksiyalar real jarayonlarni ifodalashda turli darajada samarali vosita ekanini
ko‘rsatdi. Grafik tahlillar funksiyalarning xususiyatlarini aniq namoyon qilib, ularning qo‘llanilish sohalarini
ilmiy asoslash imkonini berdi.

Birinchidan, chizigli funksiya grafigi (y = 2x) natijalari giymatlarning bir tekis va barqgaror
o‘zgarishini vizual tarzda ko‘rsatdi. Grafikdagi to‘g‘ri chiziqli o‘sish iqtisodiyotda xarajat—daromad
dinamikasi, fizikada bir xil tezlikda harakat va kundalik hayotdagi oddiy o‘zgarishlarni tahlil gilish uchun
mos model ekanini tasdiglaydi. Natijalar chizigli funksiyalar orgali prognozlash soddaligi va tushunarliligi
yugori ekanini ko‘rsatdi.

Ikkinchidan, kvadratik funksiya grafigi (y = x*) natijasida egri chiziqli o‘sish tendensiyasi aniq
kuzatildi. Grafik markaziy simmetriyaga ega bo‘lib, gqiymatlarning past nuqtadan boshlab tezlashuvchi
ko‘rinishda oshishini ko‘rsatadi. Bu esa kvadratik funksiyalarning parabolik jarayonlarni ifodalash,
maksimal yoki minimal giymatlarni aniglash, muhandislik va fizik hisob-kitoblarda optimallashtirish
imkoniyatini berishini tasdiglaydi. Ushbu natija kvadratik funksiyaning real tizimlarni modellashtirishda
yugori analitik quvvatga ega ekanini ko rsatdi.

X

Uchinchidan, eksponentsial funksiya grafigi (v = ez) juda tezlashuvchi o‘sish xarakterini namoyish
etdi. Grafikning dastlab sekin, keyinchalik keskin ko‘tarilishi eksponentsial jarayonlarning tez va keskin
o‘zgarishlarga mos model ekanini isbotlaydi. Bu turdagi funksiyalar aholi soni o‘sishi, epidemiya tarqalishi,
iqtisodiy foizlar va radioaktiv parchalanish kabi tez o‘zgaruvchan tizimlarni tahlil gilishda aynigsa samarali
ekanini ko‘rsatdi.

Umuman olganda, grafik tahlillar shuni ko‘rsatdiki:

1. Chizigli funksiyalar - bargaror va izchil jarayonlar uchun eng mos model
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2. Kvadratik funksiyalar - egri chizigli va optimallashtirish talab gilinadigan jarayonlar uchun samarali
vosita

3. Eksponentsial funksiyalar - tez va keskin o‘zgarishlarni tushuntirishda eng qulay matematik model

Natijalar funksiyalarning nazariy ahamiyati bilan bir qatorda ularning amaliy qo‘llanilishi ham keng
va muhim ekanini tasdigladi. Funksiyalar yordamida jarayonlarni anig modellashtirish, ilmiy tahlil gilish va
ishonchli bashoratlar berish imkoniyati kuchayadi (OpenStax, 2016; Stewart, 2016; Mankiw, 2019; Varian,
2014; Tipler & Mosca, 2007).

Xulosalar. Tadgiqot natijalari matematik funksiyalar zamonaviy fan, texnologiya va kundalik hayotda
muhim analitik vosita ekanini yaqqol ko‘rsatdi. O‘rganilgan grafiklar va matematik modellar asosida
aniglanishicha, chizigli, kvadratik va eksponentsial funksiyalar turli jarayonlarni ifodalashda o‘ziga xos
imkoniyatlarga ega. Chiziqli funksiyalar barqaror va bir tekis o‘zgarishlarni tahlil qilishda, kvadratik
funksiyalar egri chizigli jarayonlar, optimallashtirish va maksimal-minimal giymatlarni aniglashda,
eksponentsial funksiyalar esa tez va keskin o‘zgaruvchi tizimlarni modellashtirishda yuqori samaradorlik
ko‘rsatadi.

Funksiyalar yordamida igtisodiyotdagi talab—taklif jarayonlari, fizik harakat gonunlari, muhandislik
hisoblari, axborot texnologiyalaridagi algoritmik jarayonlar, demografik va epidemiologik o‘zgarishlar aniq
va ilmiy asosda tushuntiriladi. Bu esa funksiyalarning nafagat nazariy matematik tushuncha, balki real
hayotda garor gabul gilish, bashoratlash va tizimlarni boshgarishda muhim ilmiy asos ekanini tasdiglaydi.

Umuman olganda, funksiyalarni chuqur o‘rganish ilmiy tafakkurni rivojlantiradi, talabalarda tahliliy
fikrlashni shakllantiradi, amaliy sohalarda esa aniqg modellashtirish va ishonchli natijalarga erishish imkonini
yaratadi. Shu sababli matematik funksiyalarni o‘qitish, o‘rganish va ilmiy-tadgiqotlarda faol qo‘llash dolzarb
va zarur hisoblanadi.
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UO‘K 51
BA’ZI KASR TARTIBLI HOSILALAR VA ULARNING TATBIQLARI

Halimov Sunnat Safarovich,

Buxoro davlat texnika universiteti akademik litsey
“Aniq fanlar” kafedrasi mudiri,

matematika fani bosh o ‘gituvchisi
halimovsunnat432@gmail.com

Safarova Dilnura Sunnatovna,
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akademik litsey talabasi

Annotatsiya. Ushbu magolada kasr tartibli differensial hisobning asosiy tushunchalari, ularning
matematik nazariyasi va amaliyotdagi tadbiglari keng yoritilgan. Riemann — Liouville, Caputo va boshga
kasr tartibli hosila va integralning eng ko'p qo‘llaniladigan ta’riflari tahlil qilinib, ularning o ‘zaro
bog ‘ligligi, matematik xususiyatlari va farqlari batafsil ko rib chigilgan. Shuningdek, kasr tartibli
differensial tenglamalar yordamida modellashtiriladigan anomaliy diffuziya, viskoelastik materiallarning
mexanik xatti-harakatlari, neyron tarmoglar dinamikasi kabi turli sohalardagi fizik, muhandislik va biologik
Jjarayonlar misollari keltirilgan. Maqolada Kasr tartibli hisobning nazariyasi va amaliyoti o ‘rtasidagi
bog ‘liglik, uning kelajakda yangicha modellashtirish va tizimlarni tahlil qilishda tutadigan o ‘rni va
istigbollari xulosa gilinadi.

Kalit so‘zlar: Riemann — Liouvill kasr tartibli integral, Riemann —Liouvill kasr tartibli hosila,
Caputo kasr tartibli hosila, kasr tartibli differensial tenglama, Mittag-Leffler funksiyasi, Laplas integral
almashtirishi

O HEKOTOPBIX JPOBHBIX ITPOU3BOJAHBIX U UX IPUMEHEHUAX

Annomauun. B Oannou cmamve NOOPOOHO OC8eujerbl OCHOBHble NOHAMUS Ou@epeHyuarbHo2o
ucyucienusi OpooHO20 NOpAOKA, UX MameMamuyeckas meopus U NpaKmuyeckoe npumeHeHue.
IIpoananusupoeanvl Haubonee 4acmo ucnonvzyemvie onpeoenenus Pumana-Jluysunns, Kanymo u opyeux
OpPOOHBIX NPOU3BOOHLIX U UHMESPAN08, NOOPOOHO PACCMOMPEHbL UX B3AUMOCEA3U, MameMamuiecKue
ceoticmea u pasnuyus. Takoice npusedenvl npumepsl PU3ULECKUX, UHICEHEPHBIX U OUOIOSUYECKUX NPOYECCO8
6 Dpa3IUuHLIX 001ACMAX, MAKUX KAK AHOMANbHAS Oupgys3us, mexanuueckoe nogeoeHue 6a3K0Ynpyux
Mamepuanos, OUHAMUKA HEUPOHHBIX cemell, Mooenupyemble ¢ NOMOWBI0 OUPDPEPeHYUATIbHBIX VPABHEHUT
0podHO20 nopsdka. B cmambe Oenaemcs 6b1800 0 83auUMOCBA3U MedHCOY meopuell U NPAKmukol 0poOHO20
UCHUCTIEHUS, €20 PO U NePCReKMUBAx 8 byoyujem 8 HO8OM MOOEIUPOBAHUYU U AHAIU3E CUCHIEM.

Knroueswvle cnosa: gpynkyus Mummaea-Jlepprepa, opoouuiit unmeepan Pumana-Jluysunns, opobuas
npouszgoouas Pumana-Jluysunns, opobras npoussoonas Kanymo, opobnoe ougghepenyuanvroe ypagnerue,
unmezpanvHoe npeobpazosanue Jlaniaca.

SOME FRACTIONAL DERIVATIVES AND THEIR APPLICATIONS

Abstract This article provides a comprehensive overview of the fundamental concepts of fractional
differential calculus, its mathematical theory, and its practical applications. The most widely used definitions
of fractional derivatives and integrals, such as those of Riemann — Liouville and Caputo, are analyzed in
detail, with a thorough examination of their interrelationships, mathematical properties, and distinctions.
Furthermore, examples are presented from various fields — including physics, engineering, and biology — of
processes modeled using fractional differential equations, such as anomalous diffusion, mechanical behavior
of viscoelastic materials, neural network dynamics, pharmacokinetics, and epidemiological processes. The
article concludes by summarizing the connection between the theory and practice of fractional calculus and
highlighting its future role and prospects in innovative modeling and systems analysis.

Keywords: Riemann-Liouville fractional integral, Riemann-Liouville fractional derivative, Caputo
fractional derivative, fractional differential equation, Mittag-Leffler function, Laplace integral transform.

Kirish. Zamonaviy fan va texnologiyaning jadal rivojlanishi bilan bir gatorda, tabiat va texnologik
jarayonlarni matematik modellashtirishda yangicha yondashuvar talab gilinmogda. An'anaviy differensial
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hisob butun tartibli hosilalar asosida qurilgan bo‘lib, ko‘pgina fizik, kimyoviy va biologik jarayonlarni
muvaffagiyatli tasvirlaydi. Birog, tabiatda uchraydigan bir gator murakkab hodisalar — viskoelastik
materiallarning deformatsiyasi, biologik to‘qimalarda diffuziya, geologik jarayonlar, moliya bozoridagi
o‘zgarishlar va boshqalar — klassik differensial tenglamalar yordamida to‘liq ifodalab bo‘lmaydigan
xususiyatlarga ega. Aynan shunday murakkab jarayonlarni modellashtirishda kasr tartibli differensial
hisob (fractional calculus) yangicha imkoniyatlar yaratadi. Kasr tartibli hosilalar tushunchasi differensiallash
va integrallash amallarini butun sondan ixtiyoriy haqgigiy yoki hatto kompleks songa kengaytirishga
asoslangan. Bu g‘oya tarixan 300 yildan ortiq vaqt davomida rivojlanib kelgan bo‘lsada, uning amaliy
qo‘llanilishi so‘nggi 30-40 yil ichida sezilarli darajada oshdi.

Kasr tartibli differensial tenglamalar asosiy afzalliklaridan biri shundaki, ular xotira effekti (memory
effect) va global bog‘liglik (nonlocality) xususiyatlarini o‘zida mujassam etadi. Boshqacha qilib aytganda,
tizimning joriy holati nafagat yaqin o‘tmishdagi, balki uzoqroq vaqt oralig‘idagi holatlarga bog‘liq bo‘ladi.
Bu xususiyat ko‘pgina real jarayonlarning tabiatiga mos keladi — masalan, materiallarning charchashi, yurak-
gon tomir tizimidagi pulsatsiya, iqlim o‘zgarishlari va boshqgalar. Ushbu magolada kasr tartibli hosilalarning
asosiy ta’riflari (Riemann-Liouville, Caputo, Griinwald-Letnikov), ularning matematik xossalari, amaliyotda
qo‘llanilish sohalari va ba’zi muhim misollar ko‘rib chigiladi. Maqolaning asosiy magsadi — Kasr tartibli
differensial hisobning nazariy asoslari va uning turli fan sohalaridagi ahamiyatini yoritish, shuningdek,
ushbu sohaning kelajakdagi rivojlanish istigbollarini belgilashdir.

Kasr tartibli hisobning zamonaviy qo‘llanilish sohalari orasida quyidagilarni alohida ta’kidlash
mumekin:

o Materialshunoslikda: polimerlar, kompozit materiallar, gotishmalarning mexanik xossalarini
o‘rganish

« Biologiya va tibbiyotda: gon aylanishi modellari, dori-darmonlar farmakokinetikasi, hujayra o‘sishi

 Qurilish muhandisligida: tuprogq mexanikasi, seismik tebranishlar tahlili

 Energetikada: batareyalarning zaryadlanishi va zaryadsizlanishi jarayonlari

» Moliyaviy matematikada: bozor risklarini baholash, aktivlar narxlarini prognozlash

» Boshgaruv nazariyasida: robototexnika, aviakosmik tizimlar, sun’iy intellect

Kasr tartibli differensial tenglamalar biologiyada:

v Tumor o°‘sishi modellari

v" Dori farmakokinetikasi

v Nerv impulslarining targalishi

Klassik differensial hisobda hosila fagat butun tartibli bo‘ladi (n = 1,2,3,...).Birog, tabiatda

uchraydigan ko‘plab jarayonlar aniglanishida kasr tartibli hosilalar muhim ahamiyatga ega. Kasr tartibli

differensial hisob -- bu hosila va integral tushunchalarini butun sondan ixtiyoriy haqiqiy yoki kompleks

songa kengaytirishga garatilgan matematik analizning bir bo‘limi.
Asosiy gism. Abel integral tenglamasi. Ushbu
X

1 ¢ o(t)dt
l-a
I'(a)d(x~-t)

ko‘rinishdagi integral tenglama birinchi tur Abel integral tenglamasi deyiladi [5].
(1) tenglamani yechish. Bu tenglamada X ni t bilan, t ni S bilan almashtirib, so‘ngra tenglamaning

har ikki tomonini (X —t)™* ifodaga ko‘paytiramiz va t bo‘yicha & dan X gacha integrallaymiz:

=f(x), O<a<l (1)

X

dt ¢ o(s)ds . ¢ f(t)dt
! () (t—s) r(a)£ TEG

Dirixle formulasiga ko‘ra integrallash tartibini almashtirib,
0 ; dt ¢ f(t)dt
otsyos]—2 = e [0 o
. L (x=1)“(t—s) > (x—1)

tenglikni hosil gilamiz. Tenglikning chap tomonidagi ichki integralda T =S + T(X —S) almashtirish
bajarsak,
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X 1
j (X—t)“(t—s)*tdt = jr “Y1-7)“dr=B(a,l-a) =(a)[(1-a)
S 0
tenglik kelib chigadi. U holda (2) ga asosan
1 I f (t)dt

J;go(s)ds - rl-a)d(x-t)*

Bu tenglikning har ikki tomonini differensiallab, Abel integral tenglamasining yechimini hosil
gilamiz:

X

3)

X
1 d I f(t)dt
Pt
T(1-a) dxs (x—t)
Shunday qilib, agar (1) tenglamaning yechimi mavjud bo‘lsa, u (4) ko‘rinishda ifodalanar ekan. Bu

formulani hosil gilish jarayonidan kelib chigadiki, agar yechim mavjud bo‘lsa, u yagona.
Shu usulda ko‘rsatish mumkinki, ushbu

o(X) = (4)

b
1 ¢ p(t)dt
=f(x), O<axl
r(a)l G- Ok O<a ©)
integral tenglamaning yechimi
b
1 d ¢ f(t)dt
X)=-— —
o) =g dx!(t—x)“ ©

formula bilan aniglanadi.
Kasr tartibli integrallar. Matematik analiz kursidan ma’lumki, N - karrali integral uchun quyidagi
formula o‘rinli:

o0 *n-1 1 X
Jolx, [dx,... [ p(tydt = (6= p(t)dt, neN. @)
a a a (n B ) a
(I"I —1)! = F(n) ekanligini e’tiborga olib, (7) tenglikning o‘ng tomonini N ning kasr giymatlari
uchun ham aniglash mumkin. (7) tenglikka mos ravishda kasr tartibli integrallarni quyidagi tartibda
aniglaymiz.
Ta’rif 1. @(X) € Ll(a, b) (a< b < +00) bo ‘Isin. Ushbu

D300 = s (-0l >0, ®
D000 = s [0 o, >0 ®

ko‘rinishdagi ifodalar ¢(X) funksiyaning o (kasr) tartibli (Riman-Liuvill ma’nosida) integrallari
deyiladi [5].
D, @(X) va D, o(X) funksiyalar (a,b) oraligning deyarli barcha nuqtalarida aniglangan bo‘lib,
Ll(a, b) sinfga tegishli bo‘ladi. Bu ta’rifga asosan (1) va (5) Abel integral tenglamalarini
Dlo(x)= £(x),  Dyle(x)=f(X) (10)
ko‘rinishida yozish mumkin.
Agar 0 < Q,;, &, <+ bo‘lsa, deyarli hamma X € (a,b) uchun

D,2D, f (x) = D, 4D, f (x) = D, (x) a1)

ax
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tenglik o‘rinli bo‘ladi. Hagiqatan ham,
X

D;X“ZD;;‘lf(x)=r(1al)D;X“2j(x—s)“ﬁ1f(s)ds=
1 o ayl g _

- - () J;l:! ds}(x—t) dt =
1

jf dsj (x- t”’2 (t- s)”‘1 dt.

a
Oxirgi ichki integralda t= S+( )T almashtirish bajarish natijasida quyidagi tenglikni hosil

gilamiz:

J(X t)“z ( ) dS (X_S)almz_l'([’[al1(1—T)a2_1dz':
F(a1+a2) ( )

Bu esa (11) tenglikning to‘g‘riligini ko‘rsatadi.
Ta’rif sifatida
D, f(x)=f(x) (12)
deb hisoblaymiz.
Kasr tartibli hosilalar.
Ta’rif 2. [1]-[5] ¢(X) funksiya [a, b] kesmada aniglangan bo ‘Isin.

. 1 dpo(t)dt
D 2 . 0<a<l,
()= MI—a)d (x—t)° &
b
D p()=—— LA (AL o g (14)

F(l—a) dx s (t—x)° ’

ko‘rinishdagi ifodalar ¢( X) funksiyaning o (kasr) tartibli (Liuvill ma’nosidagi) hosilalari deyiladi.
Bu ta’rifga asosan (1) va (5) Abel integral tenglamalari yechimlarini beruvchi (4) va (6) tengliklarni

mos ravishda

p(x)=Dgf(x), ¢(x)=Dgf(x) (15)
ko‘rinishida yozish mumkin.

(13) va (14) kasr tartibli hosilalar mavjudligining yetarli sharti quyidagicha.
Lemma 1. Agar @(X) funksiya [@,b] kesmada absolyut uzluksiz bo Isa, [@,0] kesmaning deyarli

barcha nugtalarida (D(X) funksiyaning kasr tartibli hosilalari mavjud bo ‘lib, quyidagi formulalar o ‘rinli
bo‘ladi:

o oy 1 ¢(a) ¢t |
Daxgo(x)—r(l_ {(X e I(x b7 | 0<a<l,

1 p(b)  ¢/(t)dt cy<
D o(x) = (1—0!){(b—x)a_x(t—x)“_’ 0 1.
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Endi ¢ >1 bolib, [a] - uning butun gismi, {a} - esa kasr qismi bo‘lsin. Agar & - butun son
bo‘lsa, ¢ tartibli hosilalar sifatida oddiy hosilalarni olamiz:

Da—(dj D(ij 2=1.23...
dx dx

Agar « - butun son bo‘lmasa, ¢ tartibli hosilalarni quyidagicha aniglaymiz:

d [e] d [e]+1 )
D:x<o<x)=[—j DEp(x) = [ j DEFg(x),
dx dx

d [a] d [a]+1 )
Dio(X) = (—&J D p(x) = [—&j D o(x).

Demak, umumiy xolda, & >1 bo‘lganda

DEo(x) =(ij DEp(x),  n=[al+l, i

D?’bco(X)=(—1)”(%j DEp(), n=la]+l @)

Odatda ¢ (@ > 0) kasr tartibli integrallar ko‘rinishida ifodalanuvehi funksiyalar sinfini D" (L)
bilan belgilanadi, ya’ni
D, (L, )={f(x): f(x) = D’0(x), 9(x) € L, (a,b),1< p < oo}
Quyidagi teorema o‘rinli.
Teorema 1. & > 0 bo Isin. U holda

DD 0(X) = 9(x),  DypDy e(x) = o(x) (18)
tengliklar barcha @(X) € L, (@,b) funksiyalar uchun,
D, Dio(X) = 9(x), Dy’ Dype(x) = @(x) (19)

tengliklar esa mos ravishda barcha ¢@(X) € D (L), @(X)e D, (L,) funksiyalar uchun
bajariladi.
Agar oxirgi shartlar o‘rniga @(X) € L;(a,b) bo‘lsa, (19) tengliklar umuman olganda noto‘g'ri

bo‘ladi va, masalan, birinchisi quyidagi formula bilan almashadi [5]
a)a —k-1

“Dip(x) =D, p(x) - Z oK) o (@),

buyerda & > 8, N=[B]+1, ¢, 4(X) = D/~ n(p(X). Xususiy holda & = 3 bo‘lsa,

“Dio = o0 -3 e
buyerda N=[a]+1, @, ,(X)=D, (D(X).

Demak, Abel integral tenglamalarini va ularning yechimlarini ifodalovchi (10) va (15) tengliklar bilan
aniglangan f(X) va X) funksiyalarni mos ravishda (15) va (10) tengliklarga qo‘yish uchun yuqoridagi
qlang ® y gliklarga qo’y yuqoridag

teorema shartlari bajarilishi zarur ekan.
Ushbu

"D (a), (20)

F( )J' (D(tt))_ f(x), (x>0,a>0) (21)

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 28




MATHEMATICS

tenglama ikkinchi tur Abel integral tenglamasi deyiladi. Ushbu (22) integral tenglamaning yechimi
guyidagicha ifodalanadi [5] :

o(X) = — j E [ } f(t)dt 22)

Odatda bu formula Xille — Tamarkin formula3| deb ataladi.
a. Kasr tartibli hosilalarning tadbiqlariga oid misollar.
[, b] kesmada berilgan f(x) funksiya uchun quyidagi formulalar [1]-[7]
d pxf (t)dr
( D fj (x) ]"'J. II:' do urﬂ |:I—f':llx (23)

(DE_f)(x) = Ay R (24)

ri1- c:]l dx Yx (t—x)®’

Riman-Liuvillning o tartibli kasr hosilasini ifodalaydi va bu hosilalar mos ravishda chap tomonli (23)
ga va o‘ng tomonli (24) ga deb aytiladi.

Belgilab qo‘yamiz kasr integrallar aniqlangan o > 0 har ganday tartibi uchun,kasrli hosilalar esa
hozircha fagat O<oc << 1 tartibi uchun o = 1 tartibining kasrli hosilalarini aniglashdan oldin, kasrli
hosilalarning mavjudligining oddiy yetarli belgisini beramiz.

Misol 1. Agar f(x) € AC([a,b]) bo‘lsa unda f(x) funksiyani deyarli hamma yerda
( DZ f)(x) va (D f)(x),0 < a < 1, va shu bilan birga ( D5 f)(x) € Ly(a,b) va ( D f)(x) €

[a b) hosilalarga ega bo‘ladi va ularni quyidagi ko‘rinishda tasvirlash mumkin

1 flal x F (£)dt
[D:+ fj (.’1’)2 ril—e) [I'_r—n]l':‘ +..rﬂ l.r r]l':‘] [25:]
o _ 1 f (B) B F (E)de
(D5~ N rzlome T Je ol (26)
Isbot. (25) va (26) formulalar lemma 1 ning natijasidan hosil bo‘ladi. DS f eL,(ab)

_r: [{ D7, f)(x)| dx integralga aylanadi. Bizda bor
4 I-'ﬁ " |'I.-
[210D% A de= g 2 1 S + [T E o ldx <

ril—o) (x—a)™ a (x—t)®
1 Ifla)l(p—a)*™® x | £/ (e)|de. 1 drla)l(e-a)™"
_]"IJ.E:]'[ 1o .rdx.rﬂ '.rr}':‘] ]"'J.c:}[ 1—gx ™

217 @Olde [ = 2 {IF @I — ' + [ 1F (9] (b — ) *dt]
F(t) va (b — )™ funksiyalar [a,b] segmentda ajralmas, |f'(t) |= 0, (b — t)*™™ uchun hagli
ravishda 0= (b —t)*™™ < (b — @)™, shuning uchuno‘rtacha giymat teoremasi bo‘yicha bunday M son
mavjud va 0= M < (b —a)'™® _r: |f’[t]|[b— t)i = dt‘M_Irb |f'(t)|dt.Bizda bor

[ 1(D& A= Il (@I — @)™ + M [ |F'(8)] dt] < oo,

chunki f(x)€ AC([a,b]) anglatadi f'(x) € L,(a,b) fﬁ |f (t)|dt < o

bo‘lishini.Lemma isbotlandi.

Biz @ = 1 tartibning kasrli hosilalariga o‘tamiz. Biz quyidagilardan foydalanamiz: [@] — @ ning
butun gismi, {&}— @ ning kasr qismi. Ta’rif bo‘yicha 0= @ <1 va a = [a] +{a}. Agar @ —butun son
bo‘lsa & ning kasr tartibli hosilasi oddiy farqlashni anglatadi:

dy" d "
Ds, = (E) , DE = (—d—) =123 ...

X

Agar @ —nobutun son bo‘lsa D3 va fo_ larni quyidagicha aniqlaymiz

(D2 NE= (L) (PN (% O 1 ),

(e A= (-2 (EAHE = (-9 (19w
Ta’rif f(x), x € [a, b] uchun

(Dgs+ f)(x)=
(D FI(x)=

d\® px  Fithde
I{n—c) (_) -rn (x—p)a-0+1 (2?)

d4™ b Fit)dr
Tin—c) (_) "rx (g—z)E—I+1 (28]
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n=[a]+ 1 a>0,(27) va (28) formulalar mos ravishda.
Riman-Liuvillning & kasr tartibli 0‘ng va chap hosilasi deb nomlanadi.

(thdr
—[lr integral

(27) va (28) hosilalarning mavjudligi uchun yetarli shart shundan iboratki fﬂ >

AC™([a, b]) sinfga tegishli. Ushbu shartni qanoatlantirish uchun
f(x) € Ac'([a,b]) (29)
Misol 2. @ = 0 va f(x) € AC"([a,b]), # = [a] + 1. U holda D f deyarli hamma joyda mavjud
bo‘lib, ularni quyidagicha ifodalash mumkin

o kea, 1 x (et
(Das F)(¥)=2i= I3']"IJ.+I.-\: [:.'1' a) ' rin-o) "rﬁ (x—g)o—m+e’ (30)

Isbot. f(x) €AC™", keyin (30) quldaglcha isbotlaymiz.
_ d\" ex  Flthde 1 A" de
( D fj[ ) rin— :}( } ..rﬁ (x—t)T-0+1 ~ pip_ :}( ) ..rﬁ {e—¢)A-T+1
e 1 _ 4 n
[Epb e (t— @)+ (t = )" () dvl= —— (=)
1 dt
(S e (= @)<Ce— oo [ & 6Dy gy
Biz f:(t — a)* (x — )" % Ldt integralni hisoblaymiz, t = a + 7(x — a) almashtirish bajaramiz:
f:[t —a)*(x—t)" %t = (x — a)?E " fﬁl (1 + 1) % Lgr=
MNk+ 1)'(n—a)
Mn—a+k+1)
[Fx —t)n—=1gt [ (¢ — v) " Lo(y)dy integralga avval biz Dirixle formulasini qo‘llaymiz va keyin
a a
t=y+1(x-y) almashtirish yordamida ichki integralni hisoblaymiz.

j (x — )n-e1qs j (t — )"~ Lg(y)dy =

Mn)Tin—o)
r(2n

=(x —a)** Bk +1Ln—a) = (x — )tk ™

= [, @(y)dy [ (x — )=t —y) *dt= = Ja @@ —y) = =tay
Shuning uchun { DZ, f){x) uchun bizda bo‘ladi

) _ dy " Cik+ 1) n—al
D& x= nole (—) y—q)ote T 7 2y
&+ F)(x) [ k=0 Sk | oo ( ) ——Ty
1 ]"'n}]"'n :::l

(n-1: rizn-a) "rﬂ {}r}( ) (x —y)2n—=1gy]

(ﬁ)” (x - o= (n+k-a)(n+k—a-1).. (k—a+1)(x—a)k==

. o oyk—g Dk ::+n+1} k—o
=(k—a+1),(x—a) = ey X —a)
& " — wridn—o—1 __ rizn-al _ n—o—1
(d.r) Cr Y} " rin-a) (x }r}l '
N | _k_ar-k—l} ............ L
& P0)=ERserbr— ¥ S = [ o () (r — y) 2 ay.
F¥a) (n)
........ Ce="]—Va q:'[y} 20
e lf |n}]"'l.-:+l}'.r o)k 1 px fBy) _
f}{x) E Mk—o+l) +]"|:n :}jﬁ (= }}II n+1L ¥y=

_E:lz—l r '“:'

k—ox 1 px_ %
TR 1) o)< + J

(- Mn—o) 8 (x—y)o-0+11 Y.

isbotlandi.

Misol 3. @(t) € Ly(a,b). Abelning bir xil bo‘lmagan IZ. f = 0 integral tenglamasi va har ganday
& = 0 uchun shunchaki arzimas yechim @(x) = 0 (deyarli hamma joyda ) bor.

Isbot. m = [a] belgilaymiz, avvalambor a # 1,2, ...., IZ fni m marta differensiallab ISZ™f ni
olamiz. Bu yerda 0 <@ —m < 1ga asosan ¢ =0 bo‘ladi. Agar ;= m bo‘lsa I%, f=0 ni m marta

differensiallab ¢p = 0 degan xulosaga kelamiz.
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Quyidagi  misolni ko‘ramiz fix)=(x—a)™ O0<p< 1 funksiyaning kasr hosilasini

topaylik. Dy (x — a) k= f (t—a)™™x—t)7%dt, t= a+rt(x—a) almashtirish bajarib

rii- ::} dx
quyidagini olamiz

L ()= e i '['x — a}i“““flr‘“{'l — 1) % dr =

_|J_ o—p ) 1— u}{x ] a—p— Til—p) {_‘X.'

= a) =H
r2—o—p) ril-m—

Shunday qilib, DZ, (x —a)7H= %{ —a) T R f(X)=(x — c:} “H 0 < p < 1 funksiyaning kasr

integrali ko‘rinishga ega IZ, (x —a)7H= %{ — a)® ¥ Bu sohadagi ko‘plab tadgiqotlar Riman-
Liuvill kasr tartibli differensial tenglama
1 px yiehdr X
&30 =5 la e (31)
: d d 3" opx ylthde
£ (@) = (;) W =—5(5) hes @

(buyerda n =[Rla)] +1; x>a, (n—1<a=n)
Chizigli bo‘lmagan & (R{a) > 0) kast tartibli differensial tenglamalar
R = (—oo; o) haqiqiy ogning [a, b] intervalida
(D&:y)(x) = flx,y(x)] (%la) > 0,x > a) (33)
shaklida bo‘ladi. I* = D™% ni anglash q1y1n emas.

Riman-Livel kasr tartibli differensial tenglamani yechishda quyidagi formulalardan foydalanamiz, bu
formulalar (31) formula asosida kelib chigqan.

1%, (C) = X% a> 0,18 (x7) = — =t

Mn+at+l)

kx
IEH{E’”} —a k=0a>0, fD+'[sr:1.f-.x}—.i-.""5111{.i-.x—a' =) a=0

T = —1,a=0
+J.]'

15, (coskx) = k= cas(kx - ar:) a=0.

Ba’zan misollarni yechishda Mettag-Lefler funksiyaning Laplas almashtirishiga ehtiyoj tug’iladi.
O‘ramaning laplas almashirish qoidasiga muofiq,
E 3

(F + g)(x) = j flx—g(®)
o
L{f + g} = F(s)G(s)
L{(I%,v)(x)} = r{ }{X“ Ley(x))) =

L{y() =2

~ g 1

~@.¥(s)

L{UIg: ()} =57%-Y(s)
Endi ba’zi kasr tartibli diffensial tenglamalarga doir formulalarni keltiramiz, ularning barchasi (32)
formula asosida hisoblanadi, kelib chiqadi.
x™® 'n+1)

RL "
DE(C)=———, a>0; Bpe(x®) = —
0 DF(O) =g gy @> 0 0 DE™ = e o

. s
_ﬁ'Df{e“} =k%e** k= 0; BLD%(sinkx) = k%sin (.if-:x + JE), o = 0;

x"T g =0

. s
BLD%(coskx) = k° cos(.ﬁ:x + JE)J a = 0.

Differnsial tenglamalar yechishning usullaridan beri bu laplas almashtirish usulidir.
Misol 4. L{D&.v(x)} = s°¥(s) — TPzis*DE* 1 (y)(0).

Isbot.
L{rN(0)} = s"F(s) —s"1f(0) — s”":f'{'ﬂ) — wesf72(0) — p=D(0) = smF(s) —
E:‘! 1on—k- Lflk}{ﬂ}_ S”F{S} kfl:l: k— J.]l{ﬂ}
formuladan kelib chigadi.
Demak:
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L{Dg f{x}}—L{(;) (15 “}}{x}}—s” s~in-aly(s)

n—1 n—1
du—k—l . .
—Z skw DT yI0) = s7¥(s) — Z k'[D“ - l}}{-ﬂ}' (37)
k=0
isbotlandi.

Buyerdan —1 < @ = n bo‘ladi.
o= % bo‘lgani uchun 0 < é < ldemakn =1

{ +}{x}}+aL{}{x}}—ﬂ=s ¥(s) — X, 5s¥ D H0) + al{ y(x)} = 0,

5z }’{5} - s“‘D '[EI]+ a¥({s) =10
bu yerda ¥(s) = L{y{x)},
s2¥(s) —C+a¥(s) =0, (sz2+a)¥(s) =C, ¥(s) =

szta
Bu yerda y ni topish uchun teskari laplas almashtirish qo‘llaymiz va (1.5) dan foydalanamiz:
, i se B [ s%E . :
L{x'g lEmE{-jxﬁ}} ~ee_ 3 - {5“ — ﬂ} = lEmE (Ax®).
e a-f 1
Bu yerda — aymyatdan a—f0=a=Fa=-,A=—a
sE+n =

i i _1 1
vix)=C-{¥(s)}=C-x 3E}J£ (—a -x:).

Xulosa. Kasr tartibli hosilalar va integrallar ta’riflari, xossa hamda teoremalari keltirilgan. Kasr tartibli
hosilalar va integrallarning misol va masalalarga tadbiglari hagida tushunchalar berilgan. Kasr tartibli
differensial hisob turli sohalarda: Anomal diffuziya jarayonlarini tavsiflash, Murakkab materiallarning xatti-
harakatini modellashtirish, Iqtisodiy va ijtimoiy tizimlarni o‘rganish, Signal va tasvir qayta ishlashda
samarali qo‘llanilmoqda. Ushbu sohaning rivojlanishi tabiatdagi noaniqliklar va murakkab bog'liqliklarni
yanada aniqroq aks ettirish imkonini beradi.
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Abstract. This work investigated matrices and determinant concepts within the framework of max—plus
algebra. Max — plus algebra was considered as an idempotent semiring in which the classical addition and
multiplication operations were replaced by the maximum and addition operations, respectively. This
algebraic structure played an important role in modeling and analyzing discrete event dynamic systems. The
study presented the fundamental notions of max—plus algebra, including max—plus matrices, matrix
operations, identity and singular elements, as well as their structural properties. Furthermore, analogues of
the classical determinant in the max-plus setting were examined. The definition of the max—plus
determinant, the conditions for its existence, and its role in characterizing regular and singular matrices
were discussed. The obtained results were shown to be relevant to applications in optimization, graph
theory, scheduling, and discrete-time system analysis, and contributed to a deeper understanding of
mathematical models based on max—plus algebra.

Keywords: Max—plus algebra, idempotent semiring, max—plus matrices, max—plus determinant,
singularity, permutation, discrete event system, minor.

HOHATHUE JETEPMUHAHTA B MAKC-IIUIIOC AJI'EBPE

Annomauyusa. B 0aunou pabome ObLiU UCCIE008AHBL MAMPUYbL U NOHAMUE 0EeMEPMUHARMA 8 PAMKAX
max-naroc aneebpwvl. Max-naoc aneebpa paccmampusanacht Kak uOemMnomeHmHoe NOIYKOIbYO, 8 KOMOPOM
Kaaccuyeckue onepayu ClOMCeHUss U YMHOMCEHUS 3aMEHAIOMC ONepayuamu MAaKCuMymda U ClOMHCeHUs.
coomeemcmeenHo. J{annas aneebpauieckas Cmpykmypa uepaen 8axcHyro poib 8 MOOeIUPOSaAHUY U AHATU3e
OUCKPEMHBIX OUHAMUYECKUX cucmem cobvimuil. B pabome npedcmasienvl 0OCHO8HbIE NOHAMUSL MAX-NIIOC
aneedpuvl, 8KNOUAS MAX-NNIOC MAMPUYbl, MAMPULHbIE ONEepayuu, eOUuHUYHble U CUHSYIAPHbIE dJIeMeHmbl, d
makoice uUx cmpykmypuvle ceolicmeéa. Kpome mozo, Obiiu paccmompenvl anano2u KiacCuueckozo
demepmunanma 6 max-nioc konmexcme. Qbcysucoaromes onpeoeneHue Max-nioc 0emepMuHanma, yciogus
€20 Cywecmeosanus U e20 poib 8 XapaKxmepucmuke peyiapHbiX U CUHYIApHbIX mampuy. [lonyuennvie
pe3yibmamul NOKA3aIU C8010 NPUMEHUMOCMb 8 3a0a4ax ONMUMU3AYUU, Meopuu 2pagos, NAAHUPOSAHUS U
aHanu3a OUCKPEMHbuIX CUCeM 60 6peMeHu U cnocobcmeyiom 0Ooaee  2ny00KOMYy NOHUMAHUIO
Mamemamuieckux mooenell, OCHOBAHHBIX HA MaX-Nnuioc aneeope.

Knioueswie cnoga: max-nnioc aneebpa, uoemnomenmuoe nOIYKoabyo, Max-nac Mampuybl, Max-nioc
demepMuHaum, CUHSYIAPHOCMb, NEPECTNAHOBKA, OUCKPEMHAs COOLIMULNAS CUCIEMA, MUHOP.

MAX-PLUS ALGEBRADA DETERMINANT TUSHUNCHASI

Annotatsiya. Mazkur ishda max-plus algebra doirasida matritsalar va determinant tushunchalari
tadqiq etildi. Max-plus algebra klassik qo‘shish va ko ‘paytirish amallari mos ravishda maksimum va
qo ‘shish amallari bilan almashtirilgan idempotent yarimhalqa sifatida qaraldi. Ushbu algebraik tuzilma
diskret hodisali dinamik tizimlarni modellashtirish va tahlil gilishda muhim ahamiyatga ega. Ishda max-
plus algebraning asosiy tushunchalari, jumladan max-plus matritsalar, matritsaviy amallar, birlik va
singulyar elementlar hamda ularning strukturaviy xossalari bayon etildi. Shuningdek, klassik
determinantning max-plus muhitidagi analoglari ko ‘rib chiqildi. Max-plus determinantning ta rifi, uning
mavjudlik shartlari hamda muntazam va singulyar matritsalarni tavsiflashdagi o rni muhokama gilindi.
Olingan natijalar optimallashtirish masalalari, graflar nazariyasi, rejalashtirish va diskret vaqtli tizimlarni
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tahlil qgilishda qo ‘llanilishi mumkinligi bilan ahamiyatli bo ‘lib, max-plus algebra asosidagi matematik
modellarni chugurrog tushunishga xizmat giladi.

Kalit so“zlar: max-plus algebra, idempotent yarim halga, max-plus matritsalar, max-plus determinant,
singulyarlik, o ‘rniga qo ‘yish, diskret hodisali sistema, minor.

Introduction. Max-Plus Linear (MPL) systems are a class of discrete-event dynamic systems (DEDS)
based on the Max-Plus algebra, an algebraic structure that uses maximisation and addition as its binary
operations. MPL systems are employed to model processes with features of synchronization but without
concurrency, and as such are widely used for applications in transportation networks [1, 2], biological
systems [3, 4] and manufacturing [7, 8]. In MPL models, the states correspond to time instances related to
discrete events.

Max-plus algebra has been studied in research papers and books from the early 1960’s. Perhaps the
first paper was that of R. A. Cuninghame-Green [5] in 1960, followed by [10, 11, 12, 13] and numerous
other articles. Independently, a number of pioneering articles were published, e.g. by B. Giffler, M. Gondran
and M. Minoux. Intensive development of max-algebra has followed since 1985 in the works of M. Akian,
R. Bapat, R. E. Burkard, G. Cohen, B. De Schutter, P. van den Driessche, S. Gaubert, M. Gavalec, R.
Goverde, J. Gunawardena, B. Heidergott, M. Joswig, R. Katz, G. Litvinov, J. -J. Loiseau, G. -J. Olsder, J.
Pl’avka, J. -P. Quadrat, I. Singer, S. Sergeev, E. Wagneur, K. Zimmermann, U. Zimmermann and many
others. Note that idempotency of addition makes max-algebra part of idempotent mathematics [9, 17, 18].

Preliminary notions. The max-plus algebra is an algebraic structure consisting of real numbers where
the standard operations of addition and multiplication are replaced by the operation of taking a maximum

and the operation of standard addition, respectively. More precisely, let Rmax denote the set

{—oo} UR , let “@D” be a binary operator on Rma with X® y= max{x, y} and let “©” be a

X
binary operator on R . with X® Yy = X+ Y. The algebraic structure R, = (Rmax,@), O) is called
a max-plus semi-field or simply a max-plus algebra. In max-plus algebra: & =—00 is the additive identity:
X®e=e@X=X foreach XeR ., and €=0 is the multiplicative identity: XOe=eOx=x for

all xe R [14], [15].

X

Definition 1. Let N€R. The nth max-plus algebraic power of X € R is denoted by X and
corresponds to NX in conventional algebra, i.e.,
NX=XOXO.OX=X+X+..+X.

n times n times

In general, we define it as follows:
0
1. if X=¢,then X° =e=0;
2. ifa€R, then X” =ax;
k
3. ifk>0, thenc” =¢;
k
4. if k<0,then € isnot defined.
Definition 2. The max-plus algebraic division operation is defined as follows:

it X,yeR__ and Y #&, then §=x®y®l=x®(—y).

If ¥ isequal to & then the max-plus algebraic division is not defined [16].

Letthe set R be given, and consider its Cartesian product Rr:nax :

Obviously, for each element X & Rr:nax we have X= X,X,,...,X , where X € R max
i=12,...,n. Theelements X € R _ are called max-plus vectors.

Now, in the Cartesian product ]Rr;nax we define the following two rules:

- n - -
1. for an arbitrary couple of vectors X,y € R theirsum X @Y is
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XY= XDY, X, DY,,...,. X, DY, ;
2. multiplication A ® X ofavector X€ R byascalar A€ R is
AOX= AOXAO Xy, AOX, .

It is known that R _ is an idempotent linear space.

Now, we will discuss about matrices over R, _ . For m,n € N a set of all MX N matrices over

R .. isdenoted by RT"". The number of rows in such a matrix is M and the number of columns is N As

- - - - mxn
in conventional algebra we write a matrix A€ R as follows:

Ay 8, - Gy

a a weooa
A—|"2 22 2n

d, d,, - Ay,

The entry inthe | rowand j column of A is denoted by ;.
Definition 3.
1. For A,B € R™" define their sum A B by

¢, =a; &b, 1=L2,..,m; j=12,..,n;

2. For AERT and B € R¥? define their product A® B by

ax

k
C”:@ a”®bjl y i:].,z,...,m; I:1,2,..-,n;
=1

L _ mxn

3. Multiplication o ® A of amatrix A€ R byascalar c €R
a®g;, i=12...m; j=12..n;

4. Thetranspose A’ of a matrix A is defined as in conventional algebra
a; =a;, 1=12,...m; j=12,..,n;

5. Let & denote the max-plus zero matrix, whose all entries are € ;
6. The N XN max-plus identity matrix E is defined as

,-f-:-V
eij:{el i=j

g, ifi=j;

is defined by

X

k
7. For a square matrix and positive integer K , the K power of A is denoted by A®" s defined by

AT =AOAG..OA,

k tivmes

for K=0 wetake A® =E.
Example 1. Find A@ B, 3® A and A® B for the matrices given below:

2 3 ¢ e b -1
A=[1 ¢ O|landB=|3 & -2|.
2 -1 3 e —4 7

Solution. According to first and third parts of 1.2.1 Definition
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2@ ¢ 3®5 ed -1 2 5 -1
A®B=|143 eEde 0 -2 |=|3 ¢ O
20 -1 —4 3d7 2 -1 7
203 363 £G3] (5 6 ¢
30A=[1603 3 03|=|4 ¢ 3
203 —-13 33 (5 2 6
EGO6Pe TDHede 1elde 6 7 1
AOB=|cdecde 6Dcd —4 0De®7? |=|e 6 7
e@2®e THed -1 10 -3 10| |2 7 10

Definition 4. The (tropical) permanent or determinant of a matrix A € RT:;( is defined as

n
per A = 69<Da'ir7i = @ alﬂl+a202 —+—"'+anzrn ! (1)
o€S, i=1 €S,
where S denotes the set of all the permutations over 1,2,...,n .
Definition 5. Let A be a N XN matrix. The 1] minor of A, denoted as |\/|ij , is the determinant of

the N—1 X N—21 matrix which results from deleting the I row and the j column of A.
Theorem 1. Let A be a NXN matrix, where N>2 and suppose the determinant of an

N—1 X N—1 has been defined. Then for some fixed index I row and j column we have the
following equality
n n
per A = _@1aij © per M; =@1aij ©per M; )
j= 1=
The first formula consists of expanding the determinant along the I row and the second expands the

determinant along the j column.
Proof. We will prove the formula for N = 3. In this case

1 2 3 1 2 3 1 2 3
83: 0‘1: ’0'2: ’0'3: )
12 3 1 3 2 2 1 3

12 3 12 3 1 2 3\
0'4: ’0'5: ’0-6:
2 31 31 2 3 21
Assume that | =1. By Definition of determinant
perA:62a101®a2n2®a303:a11®a22®a33@
0E€S;3
Da,0a,0a,Pa,0ay ®agda, ©0a,;0ay
Da;0a,0a,Da;0a,0ay =8, A, Va;dba,,0a; ©

@aﬂ.Z@ a21®a33@a23®a31 @aﬁ@ a21®a32@a22®a31 —

a21 a22 3 -
8y 2 1'631a1J “p @11 -

a21 a23

83 g

a22 a23

A, Ay

=a,;,0® Pa,® Daz;o
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3
So, per A = @a;; ©per M,; . Since I =1 is arbitrary, we have the following equality
j=1

3
per A :j@jlaij ©per M; .

Similarly, the second formula can also be proved.
We stop by proving the theorem for the case N =3, since in the general case it can be proved using
the method of induction.

Definition 6. A matrix A€ R™"

max

1

is called (tropically) singularif A= ¢ € ]Rlnfax or if there exist

at least two different permutations that reach the maximum in Per A ie

per A :iaiai :iaifi ’
i1 i1

forsome 0,7 €S, , 0 = 7. Otherwise, A is called (tropically) nonsingular.

mxn
max

Definition 7. The tropical rank of a matrix A€ IR is the largest integer I' such that A has a

nonsingular I X I minor and is denoted by I, A .
Example 2. Check the singularity of the following matrix:

0 011
0110
A= :
0101
0 00O

Solution. Let us look at the following two different permutations

1 2 3 4 1 2 3 4
o= and T = )
[3 2 4 1] [4 3 2 1]

By formula (1)
per A =a,, +a,,, +3,,;+4,,=a, 6 +a,, +tad ;+3,,

is the maximum and Pper A = 3. So, the matrix A is singular.

In this example I,, A = 2, because the minor M = of matrix A is nonsingular.
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Annotatsiya. Ushbu ishda bir o‘lchamli psevdogiperbolik integro-differensial tenglama uchun
periadik chegaraviy shartli boshlang ‘ich-chegaraviy masala tadqiq gilinadi. Masala yechimining mavjudligi
va yagonaligini ko ‘rsatishda Furye usulidan foydalaniladi. Noma’lum funksiyaning Furye koeffitsiyentlariga
nisbatan integral tenglamalar olinib, ular yordamida apprior baholar olinadi. Masala yechimining mavjud
va yagona bo ‘lishi uchun berilganlarga yetarlicha silliglik shartlari olinadi.

Kalit so‘zlar: psevdogiperbolik tenglama, integrodifferensial tenglama, boshlang ‘ich-chegaraviy
masala, spektral masala, Furye usuli, mavjudlik, yagonalik.

INITIAL-BOUNDARY VALUE PROBLEM FOR A PSEUDOHYPERBOLIC INTEGRO-
DIFFERENTIAL EQUATION

Abstract. In this paper, an initial-boundary value problem with periodic boundary conditions for a
one-dimensional pseudohyperbolic integro-differential equation is investigated. The Fourier method is
employed to establish the existence and uniqueness of the solution. Integral equations for the Fourier
coefficients of the unknown function are derived, which are used to obtain a priori estimates. Sufficient
smoothness conditions on the given data are imposed to ensure the existence and unigqueness of the solution.

Keywords: Pseudohyperbolic equation, integro-differential equation, initial-boundary value problem,
spectral problem, Fourier method, existence, uniqueness.

HAYAJIBHO-KPAEBAS 3AJTAYA JIUIS HICEBAOTUITEPBOJIMYECKOI'O HHTEI'PO-
JUOPEPEHIIMAJIBHOI'O YPABHEHU A

Annomauusa. B Oannoti pabome uccredyemcs HAYANbHO-Kpaesasi 3a0ayd ¢ NepuoouUdecKuMu
CPAHUYHBIMU  YCAOBUAMU O  OOHOMEPHO20  NCe8002UNEPOOIUYECKO20 UHMeZPOOuUPpepeHyuanbHo2o
ypaenenus. J[na 00Kazamenvbcmea cyuwjecmeosanus U eOUHCMEeHHOCMU PeuleHUsl UCNONb3Yemcs Memoo
Dypve. [[ns xospduyuenmos @ypve Heuzsecmuol QyHKyuu NOIYYeHbl UHMESPATbHble YPAGHEeHUS, C
HOMOWBIO KOMOPHIX BbIBOOSAMCS ANPUOPHBIE OYeHKu. [l cyuecmeosanus u eOUuHCIm8eHHOCMU peuleHUs.
3a0ayu YCMAaHO8AeHbl 00CMAMOYHbIe YC08US 2IA0KOCHU HA 3A0aHHble OAHHbLE.

Kniouesvie cnosa: ncesdozunepbonuueckoe ypasHneHue, unmezpo-oudepenyuanvroe ypasHeHue,
HA4anbHO-Kpaesas 3a0aia, cnekmpanvhas 3adaua, memoo Pypve, cywecmsaosanue, eOUHCMEEHHOCY.

Masalaning kelib chiqishi va qo‘yilishi. Fizika, kimyo va muhandislikdagi matematik modellar
ko‘pincha xususiy hosilali differensial tenglamalar yordamida ifodalanadi [1, 2]. Uzluksiz muhitlar, xususan,
tor, sterjen, gaz, membrana tebranishlariga oid masalalar hamda elektromagnit tebranishlar masalalari
giperbolik tipdagi tenglamalarga keltiriladi. Psevdogiperbolik differensial yoki integro-differensial
tenglamalar tibbiyot, biologiya, foydali gazilmalarni gidirish, seysmologiya, sanoatda sifat nazorati kabi turli
hodisalarni modellashtirishda uchraydi [3,4].

Molekulyar dinamika simulyatsiyalarida suyugliklar, kristallar yoki aralashmalarning xossalarini
hisoblash uchun odatda periodik chegaraviy shartlardan foydalaniladi. Periodik chegaraviy shartlar tabiatdagi
ko‘plab muhim amaliy masalalardan kelib chiqadi. Ko‘rish mumkinki, [5-7] ishlarda periodik chegaraviy
shartli diffuziya masalasi uchun yechimning mavjudligi, yagonaligi va berilganlarga uzluksiz bog‘ligligi
isbotlangan hamda ushbu masalaning sonli yechimlari ishlab chigilgan. Xuddi shu kabi [8] ishda Moore-
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Gibson-Thompson model tenglamasi uchun periadik chegaraviy shartli masala tadqgig gilingan va
yechimning global mavjudligi hamda yagonaligi isbotlangan.

Ushbu tadgiqot davomida psevdogiperbolik integro-differensial tenglama uchun keltrilgan
boshlang‘ich-chegaraviy masalaning yagona yechiluvchanligi keltiriladi. Keltirilgan funksiyalarga silliglik
sinflari olingan.

Quyida bir o‘Ichamli
4

Upr — Upgr — Upye + J‘g{:t—r}uﬂ{x, r)dt = 0, (1)
o

psevdogiperbolik integro-differensial tenglamani quyidagi

u(x, 0) = @lx), u.lx,0) = (x) (2)

boshlang‘ich va

u(0,t) = u(l,t), u(0,t) = u,(Lt) (3)

periadik (davriy) chegaraviy shartlar bilan birgalikda garaylik. Bu yerda g(t), ¢(x), ¥»(x) — oldindan
berilgan funksiyalar. Odatda (1)-(3) dan u{x, t) funksiyani aniqlash masalasiga to‘g‘ri masala deyiladi.

(1)-(3) masala chiziqli ekanligini ko‘rishimiz mumkin. Shu sababli, uning yechimini Furye usuli
yordamida topamiz. Yechimni

u(x,t) = X(x)T(t), T=0, U=0 (6)
ko‘rinishida gidiramiz. (6) belgilashdan foydalanib, (1)-(3) masala uchun ushbu

X"(x) + 2*X(x) =0, (8)
x(0) =x@), x'(0)=x"(1) (9)

spektral masalaga ega bo‘lamiz. [9] dan ko‘rish mumkinki, spektral masalaning 4, = H masalaning
X0s soniga (xos giymatiga) mos xos funksiyalar sistemasi
(1,X,.X;,) =(1,cosd,x, sini;x, ... ,cosd,x, sind.x, ...) (10)
ko‘rinishida bo‘ladi. Ushbu sistema A, larga nisbatan L2{0,) da bazis tashkil giladi.
1)-3) boslgang‘ich-chegaravlig/ masalaning yechimi quyidagi

ulx, t) = Zulk cas.&kx+Zugk sin A x (11)
k=0 x=0
qator ko‘rinishida bo‘ladi, bunda

1 i
U = J‘ ulx,t) dx,
Vi J

— 1 — 1
L [

Uy (t) = ||E”‘u{:xj t)cosdpyxdx, Usx = ||Eju{:xjt] sindpxdx, k=12, ..
Vs i
Yugoridagi munosabatlardan va (1)-(3) masaladan foydalanib, u(x, ) yechimning u4(t), 1, (£) va
U4 (t) Furye koeffitsiyentlariga nisbatan masalalarga ega bo‘lamiz. Birinchi navbatda u,4{t) ga nisbatan
u,(t) =0 (12)
up(0) = @y, up(0) =1y, (13)
munosabatni hosil gilamiz, bunda

bl
L L

1 1
P10 =l—fcp(xjdx, yﬁlDZE—J.gD(I)dI-
o o
(1)-(3) ni ikkala tomonini = cos{A, x) ga ko‘paytirib, [0, I] da integrallaymiz va

E

ufk {t} + ‘:{iulk {t} + -:{iuj_k {t} - -':{i J‘ulk {:T}Q{:t, T}I‘iT =0, {:14}
]
. 20 _ .
U (0) = @ = EJ‘ @(x) cos(A,x) dx, (15)
)
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. 2 [ .
3. (0) = Py ==IJ‘ Y(x) cos(Ax)dx (18)
D

Koshi masalasini hosil gilamiz. Xuddi yuqoridagi kabi ish tutib, — sin( 4, x) dan foydalanib,
r

ul, (8) + AF b, (8) + AZugy (£) — A2 j uy (1) g{t — 1)dr =0, (17)
0
| 20 |
Uz (0) = @op =7 J‘ @(x) sin(A, x) dx, (18)
0
| 20 |
s, (0) = gy =: EJ‘ Y(x) sin(A,x) dx (19)
0

Koshi masalasini olamiz.
(12)-(13), (14)-(16) va (17)-(19) Koshi masalalariga mos ekvivalent integral tenglamalarni olishimiz
zarur. Buning uchun avvalo (12)-(13) Koshi masalasini yechimi:
uy9(t) = Piot + @1p (20)
ko‘rinishida topiladi.
Endi (15)-(17) va (18)-(20) masalarning mos ekvivalent integral tenglamalarni aniglashimiz zarur.
Sodda hisoblashlardan foydalanib, 15 noma‘lumlarga nisbatan

1
Up = ——— ['L.llke"’:kr — 'L.l:ke""_?{r]@ e + — [E""'_?{r — E“':?{r]u_'_'l ” +
’ 4 2 ! 4 2 ’
A% — 445 Ay — 24y
N !
T
i (o) ey . _
E — [.s“"—*ﬁr T — gVakLE-T ]g{_r— s}u}-k{_s}dsdr (21)
Ay —4470 B

v
integral tenglamani hosil gilamiz, bunda

2 [ .2 s [a L.z
—Ap + ~"IIA,{ — 44 —A;— |Ap — 445

2 2 N
Vig = 2 v Vo = 2
u;-k{:t} ga nisbatan integral tenglama hosil gilishimiz zarur. Shu sababli, (21) tenglikdan hosila olamiz
va
¢ ViVa S - 1 Vipt Vit
H}-k'[.t} =————[ev* — gk ]fﬂjk +——Ivy " — VeV ]'J-'ij +
Jik -4 e 4

r T
Az p e : : .
+ﬁj j[vlke"'—rf”“} — VeVt g (T — s (s)dsdt (22)
—43;0 0
J ke

tenglikka ega bo‘lamiz.
Endi u;-;{{:t} uchun baho olishimizda zarur bo‘lganligi sababli unga nisbatan tenglik olishimiz zarur.
Buning uchun (22) munosabatdan foydalanib,

. Vg Wa .
'H_;;{ {t} = L{-Ufk gVakt — 111ke1"'_kr}¢;|}.k +
A7 — 443
N k
t
1 2 gvikt _ 2 pVakt 2 | af '
+—|—'["’1k“3 et —yLevst )y + A% | gt — Sy (s)ds +
\‘"ﬂ: — 44 0
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J‘ J‘{'LJkaP'_?{I:E'—T:' _ L;:?kEP:?{I:E'—T:'}g{:T_ S}u}.k{:s}dsdr {23}
|,:14 432D

munosabatm hosil gilamiz.

Bizga ma’lumki, (1)-(3) masalaning klassik yechimi (11) ko‘rinishida bo‘lishi uchun bu funksional
gator tekis yaqinlashuvchi bo‘lishi, bundan tashqari u odatiy ma’noda (1)-(3) ni ganoatlantirishi zarur. Shu
sababli birinchi navbatda (11) tenglikdan foydalanib, tenglamada gatnashgan barcha hosilalari bilan birga
uzluksizligini ta’minlashimiz zarur. Buning uchun (21) tenglikdan foydalanib, 1 (t) ga nisbatan ushbu

2 i i
|u}-k| = 4|¢J}-k|+ =¥ |+2||g||f[DJr]j{_t - s}|£@-k{_5]|d51 =12
D

bahoni hosil qilib, olingan tengsizlikka Granoll integral tengsizligini qo‘llab,
(8] < 4(|¢:jk|+ ) lollewn™, j =12 (24)
munosabatni hosil qllamlz.

Shuningdek, u,4(t) va uj,(t) lar uchun

lugo(8)] = [iot + @rol = [P1olt + leiol, uig(t)l = el (25)
tengsizlikni olamiz.

(22) tenglikka (24) ni qo‘llab,

|u;'k'[-t}| = 4'{"'?:'}'?{' + |':':’jk|} +

+44; ||.E?||c[u,r](|%k|+ )EXI-"{”.E?HE[D,T]T L i=12 (26)

bahoga ega bo‘lamiz. Xuddi shu kabi hisoblashlarni (23) tenglikka qo‘llash natijasida | u;-;{'[:tﬂ uchun
|ufe (0] = 443 || + 823 [wc| +

I:1II”1_;I'?|E|:| EXP{”E”C[I},T]T:}J _-i'- = 1.12 {2?}

apprior bahoni hosil gilamiz.  (27)-(32) munosabatlardan foydalanib ushbu muhim lemmani
keltiramiz.
1-lemma. Ixtiyoriy k € M va t € [0,T] lar uchun

luyo(8)| = apl@yl + |i,bm|} liy o (2)] = lepyp |

|u k{r]|-=ia'l(|¢:l}k|+ )

|u}'k{-r}| = HE(R |‘F}'k| + |'P}'k|}1

|u;-;{'[_t]| = Hg{k4|¢3}-k| + KZ |i,lfJ}-k |}

tengsizliklar o‘rinli, bu yerda ay, ey, a2, vz lar [l gll cor7 va T ga bog‘liq musbat sonlar.
(11) gator ko‘rinishida gidirayotgan yechimdan formal ravishda hosilalar olamiz va

+H1+423T)ZTligl [4|¢'Jk| Tz
k

Upp = Zui’k{:t} cnsﬂkx+Zugk'[:t} sin A, x, (28)
=0 k=1

Uy = Z —Azu (t) cosdyx — Z Uq () sin Ay x, (29)
k=0 k=1

U = —Z Azul, (£) cosdpx— Z Azub, (E)sind,x  (30)

gatorlarni hosil gilamiz.

1-lemma va (28)-(30) tengliklardan ko‘rishimiz mumkinki, ixtiyoriy x € [0,I] hamda t € [0,T] larda
ushbu qatorlarning eng tez o‘suvchisi (30) qator hisoblanadi. Ushbu funksional gatorni ham sonli gator bilan
majarantalashimiz mumkin:
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5= HD{:lfﬂlul + |i,b]_|}|} + [IZ[kq'lfﬂlkl + kqlfpjkl + ,i'.;jli,lf}lkl + kjli,")jkl]; {31]

bu yerda a = max a;. (36) sonli gator uzoglashuvchi sonli gatordir. @i{x) va y¥(x) funksiyalarga
15

yetarlicha silliglik talabini bundan tashqari ba’zi shartlarni qo‘yaylik:
lL.o(x) € C3[0,1];
I, @(0) = (1), 0'(0) = ¢'(1), ¢"(0) = " (1),
@"'(0) =" (1), @™ (0)=¢"(I);
1. Y(x) € €3[0,1];
V. W(0) =w(1), ¢'(0)=v"(1), ¥"(0) =" ().
Agar I-IV shart}ar o‘rinli bo‘lsa,

120 1
e =~ 357 J‘ @V (x)sin(Apx)dx: = -—= fp;i:'J
Apl FEE
0
12 . | 1
P :_5_”‘ @V (x)cos(Apx) dx:= Efﬂl:}J
Ay l A3

(3}

Yy = ,13 ji}.‘:”"[x] sin{A,x)dx: = AE‘ g

Wy = J‘ P (x)cos(Apx)dx:= AE‘ l,l.'JIH:I
tengliklar 0 rlnh bo‘ladi. Bessel teng51z11g1dan foydalanadigan bo‘lsak:

Y o] < oV I o, leﬂ < I (I go

k=1 k=
bahoni hosil gilamiz. I-IV shartlar o‘rinli bo‘lsa, (31) sonli qator uchun quyidagicha baho

S = (" CIE o0 + 1™ (IIE f5.17)

tenglikni hosil gilamiz.

Demak, agar @(x) va y(x) funksiyalar I-IV shartlarni ganoatlantirsa, u holda (31) sonli gatorni
yaqinlashuvchi qilish mumkin. Veyershtrass alomatidan foydalanadigan bo‘lsak, (36) sonli qator
yaginlashuvchi va bundan esa (11), (28)-(30) funksional gatorlar tekis yaginlashuvchiligi hamda yagona
uzluksiz funksiyaga yaginlashishi kelib chigadi.

1-teorema. Faraz qgilaylik, I-1V shartlar qanoatlantirilsin bundan tashqari g(t) € C[0, T] bo‘lsin. U

holda (1)-(3) boshlang‘ich-chegaraviy masalaning €27((0,1) x (0,T7)) nc;; ([0, 1] x [0,T]) funksional

sinfda aniglangan yagona klassik yechimi mavjud.
Izoh: (1)-(3) masalaning Klassik yechimi (11) tenglik orgali aniglanadi, bu yerda wyg, 1y, 1o
koeffitsiyentlar mos ravishda (20) va (21) tengliklar orgali aniglangan.
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UO‘K 51

BUZILISH CHIZIG‘IDA UZILISHGA EGA BO‘LGAN IKKINCHI TUR PARABOLIK-
GIPERBOLIK TIPDAGI TENGLAMA UCHUN CHEGARAVIY MASALA HAQIDA

Asqgaraliyeva Muxtasar Azizjon qizi,
Qo ‘qon davlat universiteti o ‘gituvchisi
asgaraliyevamuxtasar@gmail.com

Annotatsiya. Ushbu maqolada ikkinchi tur buzilish chizig‘iga ega bo‘lgan parabolik-giperbolik

tipdagi tenglama uchun nolokal Cp masala yechimining bir giymatli yechilishi ayrim shartlar asosida

isbotlangan va parabolik va giperbolik sohalar tomonidan Y =0  buzilish chizig‘ida berilgan funksiyalar

orasidagi funksional bog ‘lanishlar olingan hamdan masala yechimining yagonaligi va mavjudligi

isbotlangan.
Kalit sozlar: parabolik-giperbolik, funksional, nolokal, buzilish chizig ‘i.

K KPAEBBIM 3ATAYAM IS HAPABOJIMKO-T'HITEPBOJIMYECKOI'O YPABHEHUA
BTOPOI'O THUIIA C PASTPAHUYEHUEM HA JIMHUU PA3JIOMA

Annomayua. B oannoli cmambe O00KA3AHO OOHO3HAYHOE peuleHue HelOKATbHOU Cp3a0alm ot

napabonuKo-eunepooIUtecKo20 ypasHeHus ¢ pasiomMomM 6mopo20 NOPAOKA Npu ONPeOenéHHbIX YCIO0BUSX,
y=0 NOJNYy4eHbl  (YHKYUOHANbHbIE C8A3U MeHCOYy (DYHKYUAMY, 3A0aHHbIMU Napaboiudyeckon u

2unep60ﬂul¢e01<0ﬁ obnacmamu Ha pasiome, u 00KA3aHbl OUHCMBEHHOCHb U cywecmeoesarnue Cppemenuﬂ

3a0auu.
Knrouesvie cnosa: napabonuuecku-eunepoorudeckull, QYHKYUOHAIbHbI, HELOKAIbHbLL, IUHUS
pasnoma.

ON THE BOUNDARY PROBLEM FOR A SECOND-TYPE PARABOLIC-HYPERBOLIC
EQUATION WITH A DISTINCTION ON THE FAILURE LINE

Abstract. In this article, the single-valued solution of a nonlocal Cpproblem for a parabolic-

hyperbolic equation with a second-order fault line is proved under certain conditions, and Y = O functional
connections between the functions given by the parabolic and hyperbolic domains on the fault line are
obtained, and the uniqueness and existence of the solution Cp of the problem are proven.

Keywords: parabolic-hyperbolic, functional, nonlocal, line of discontinuity.

Kirish. Aralash tipdagi differensial tenglamalar ko‘plab muhim: gaz dinamikasi nazariyasi, magnitli
gidrodinamika, elektronlarning tarqalish nazariyasi, sirtlarning cheksiz kichik egilishlari nazariyalari va yer
osti suvlari darajasini bashorat qilish kabi amaliy masalalarni yechishda qo‘llanilishi tufayli, o‘tgan asrning
50-yillaridan boshlab jadal suratda rivojlanayotgan xususiy hosilali differensial tenglamalar nazariyasining
asosiy yo‘nalishlaridan biri hisoblanadi. Matematik fizika tenglamalar nazariyasining muhim masalalaridan
biri nostandart chegaraviy shartli aralash tipdagi tenglamalar uchun chegaraviy masalalarning yechilishini
o‘rganishdir. Shu sababli, ikkinchi turdagi aralash tipdagi tenglamalar uchun lokal va nolokal chegaraviy
masalalarni qo‘yilishi va ularni o‘rganish ilmiy tadqiqotning ustuvor yo‘nalishlaridan biri bo‘lib hisoblanadi.

Buzilish chizig‘iga ega bo‘lgan aralash tipdagi tenglamalar uchun qo‘yilgan chegaraviy masalalar
yechish hozirgi paytda xususiy hosilali differensial tenglamalardagi asosiy rivojlangan yo‘nalishlardan
biridir. Buning sabablaridan bir tomoni bu tenglamalarni amaliyotga qo‘llanilishi bo‘lsa, ikkinchi tomondan
esa nazariy jihatdan bu tenglamalarga qo‘yilgan masalalarni yechilishidir.

Manba va usullar. Chegaraviy masalalar yechimining bir giymatli yechilishini isbotlashda ikkinchi
turdagi Volterra va Fredgolm integral tenglamalari nazariyasidan, oddiy differensial tenglamalarni yechish
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usullaridan, R2 sinfdagi umumlashgan yechim xossalaridan, maxsus funksiyalar xossalaridan, kasr tartibli

integro—differentsial operatorlarning xossalaridan foydalaniladi.

Bog‘liq adabiyotlar yoki muammoning o‘rganilganlik darajasi. Chet el, MDH va respublikamiz
olimlari tomonidan chop etilgan va chop etilayotgan ilmiy maqolalarga nazar solsak, unda asosan bu
tenglamalar uchun Trikomi, Gellerstedt, Bitsadze, nolokal masalalar o‘rganilgan bo‘lib, bundan tashqari bu
tenglamalar uchun yangi korrekt bo‘lgan masalalar qo‘yilmoqda va o‘rganilmoqda. Bular haqidagi to‘liq
ma'lumotni A.V Bitsadze, M.S.Saloxitdinov tomonidan chiqarilgan monografiyalarning adabiyotlar
ro‘yxatidan topish mumkin. Bizga ma'lumki, buzilish chizig‘ida uzilishga ega bo‘lgan ikkinchi tur
parabolik - giperbolik tipdagi tenglama uchun chegaraviy masalalarni taxlil etish kamroq
o’rganilgan.Shuning uchun ushbu maqolada buzilish chizig‘ida uzilishga ega bo‘lgan ikkinchi tur parabolik-
giperbolik tipdagi tenglama uchun nolokal va parallel xarakterisikalarda Bitsadze — Samarskiy sharti bilan
qo‘yilgan masalalarni bir qiymatli yechilishi o‘rganilgan.

Natija va topilmalar. Quyidagi tenglamani garaymiz:

XU,y +gUy —U,,, X>0, y>0,
0= m 0 0 @
uxx_(_y) uyys X>U, y<U,
bu yerda
m
Quyida (1) ko‘rinishdagi ikkinchi tur buzilish chizig‘iga ega bo‘lgan parabolik-giperbolik tipdagi

tenglama uchun C o masala yechimining bir qiymatli yechilishi isbotlangan.

(1) tenglama uchun Cp masalasini qo‘yilishi

D orgali X >0, y> O bo‘lganda X=0, X=1, y =1  mos ravishda to‘g‘ri chiziglarda
yotgan AA), BBO, Ab BO kesmalar va X >0, y< 0 bo‘lganda esa (1) tenglamaning

an zn
AB: y= 0, O<x<l, AC:x —ﬁ (-y) 2 =0, BC:x+ ﬁ(—y) 2 =1 xarakteristikalari bilan
chegaralangan sohani belgilaymiz(1-chizma).
y
no b P50
u D, u

1-chizma.

Quyidagicha belgilashlar kiritamiz:

J={(x,y): 0<x<1, y=0},
D,=Dn{x>0, y>0}, D,=Dn{x>0, y<0}, D=D,UD,UJ,
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limu(x,y)=75(x), (x,00e7J, JLTOUy(X,Y)ZVi(X),(X,O)eJ 3)

y—>10

_.m 1
=z 2~ “

2
®(x):[§; _[Z—Tm(1+ x)jzm], ©)

bu yerda ®(X) — (1) tenglamanuur E(X, O) ed nugtasidan chiquvchi ECl xarakteristikasi

bilan AC xarakteristikasi kesishish nuqtalarining koordinatalari.
Cp masala Quyidagi shartlarni ganoatlantiruvchi U(X, Y) funksiya topilsin:

pu(x,y)eC(b,ubD,);
2) u(x,y) ECXZ, ’)1,(D1) bo‘lib, D1 sohada (2.1) tenglamani ganoatlantirsin;
3) U(X,y)e€R, bolib, D, sohada (1) tenglamani umumlashgan yechimi bo‘lsin;

4) u(x, y) - funksiya quyidagi shartlarni ganoatlantirsin:

Ulan, =2(Y).  Ulgg =@2(y).  0O<y<l, ®)
Dy SU[O()]=a(u(x,0)+b(x), (x0)e, o

5) Uy €C(D,UJ)NC(D,UJ) botib, J  buzilish chizig‘ida quyidagi
yIi_)n_10u(x, y) = py(X) yli_)n+10u (%, y)+oq(x), (x,0)ed,

JLnjouy (X, ¥) = p,(x) Ji_)rr+10uy (X, y)+0,(x), (x,0)ed, ®)
ulash sharti bajarilsin, bu yerda gol(y), (pz(y), a(x), b(x), pj(X), qJ(X)(j =12)
berilgan funksiyalar bo‘lib, quyidagi shartlarni bajarsin:

(Dj(X)eC[O,ljﬂCl(O,l), (j=1,2), )
a(x)eC'(J), b(x)eC(0,1], )

p,(x)<0, VxelJ, a(x)p,(x)=0, V(x,0)el, 1)
p,;(x), 4,(x)eC(I)NC*(I), (j=12), (12)

b(X) funksiya X —>0 da —/f darajadan kichik cheksizlikka intiladi, X —>1 da esa chegaralangan.
DS, ['] - a kasr tartibli  integro-differeisial operator bo‘lib, @ (X) —(5) formula orqali aniglanadi

(1-chizma).

+ +
Parabolik soha tomonidan Y =0 buzilish chizig‘ida olingan T (X) va V (X)
funksiyalar orasidagi funksional bog‘lanish
Dl sohada quyidagi tenglamani garaymiz:

XU, +aU,-U, =0, 0<qg,<l (13)

(2), (3) va (6) shartlarga hamda parabolik tipdagi tenglamaning xossalariga ko‘ra (13) tenglamaga
y — +0 limitga o‘tamiz va quyidagi masalani hosil gilamiz:
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X" (X)+ eyt (X)=v*(x), (x,0)ed, (14)
77(0)=¢,(0)=0, 77(1)=p,(0). (15)

Endi (14) va (15) masalani yechishga kirishamiz.  Buning uchun (14) differensial tenglamaning

umumiy yechimini topamiz:
Ushbu

X T (X)+ oyt (X) =0 (16)

bir jinsli differensial tenglamani umumiy yechimini izlaymiz:

4
(16) tenglamaga Z(X) =7 (X) belgilash kiritib, uni quyidagi

X2'+a,z=0 (17)
ko‘rinishda yozib olamiz va yechamiz:
dz
— = —,Z
dx
dz dx
— = —c, —
A X
ikkala tomonini integrallab
In|z| = —x, In|x|+ In|C,| = In‘Clx“"O
ni hosil gilamiz. Bundan
z =C, x %

ni olamiz. Belgilashga ko‘ra esa
4! —
7 (X)=Cx ™

yoki

1o,
Cx
—+

ni hosil gilamiz. (18) formula (16) tenglamaning umumiy yechimidir.
Endi o‘zgarmasni variatsiyalash usulidan foydalanib, (14) tenglamaning umumiy Yechimini topamiz.

Buning uchun (18) ifodani ushbu

7 (x) = C, (18)

C, (x)x
+ _ 1
T (X) = +C, (%) (19)
ko‘rinishda yozib olamiz.
(19) ni (14) ga qo‘yib, quyidagini hosil gilamiz:
Cr X Xl—ao
Clogx® +C,(x)=0,

1-«a,
Cl(x)x™™ =v"(x),
yoki
C,(X) = X0+ (x),
i) = V(%)
C,(x)= a, .

Bundan esa, noma'lum C (X) va C,(X) funksiyalarmi quyidagicha topamiz:
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C, () = [t (t)dt +C,,
0

(20)
C,(X)=——t fv+(t)dt+c
2 1_050 . 4
(20) ni (19) ga qo‘yib, 14) tenglamaning umumiy yechimini olamiz:
+ Xl_ao ( a —1 + C Xl_ao 1 ¢ +
r*(X) = Jretvr dt+==—+C, - [viodt @
1-a, 1-¢, 1-a,

Endi noma'lum Cs; va Cs o‘zgarmaslarni topish uchun (21) umumiy yechimga (15) shartni
ganoatlantiramiz:

z'JF(O):C4 =0,

1 C 1 ¢
(1) = —— [t ) dt + —2— — *(t)dt = o, (0
() 1_%£ (dt+T = 1_%!v<) ?,(0).

Bundan, noma'lum C; va Cs o‘zgarmaslarni ushbu

C, =0,
1
C, = [v*(t)dt- j t " (t)dt + (1— ), (0) (22)
0] 0
ko‘rinishda aniqlaymiz.
(22) ni (21) ga qo‘yamiz:
1 gy x 1—0! 1
. (x)_ “0+ ) dt+ j( ) V(1) dt —
0
X l-o
- jw(t) dt+x 0¢,(0) =
—ay
1 X l-o -1 1- 1 1-
_ j(x 0% 4 % %0y “0—1) V(L) dt+
l—ao 1 o L
+ X j(l—t 0 1) VH(t) dt+ X %09, (0) =
1-a
1- a 1 %1 ao—l + l—ao
j( ~1) vi(t) dt+1 j(l—t ) vH() dt+X 0g,(0).
0 x

Shunday qilib, (14) (15) masalaning yechimi quyidagi ko‘rinishda topamiz:

1
77 (X) = [G(x, )" ()dt + X g, (0), (x,0)eT 23)
0
bu yerda
1—ao . ao—l
G(x.t) = 1 |X 1(1 t07), 0<x<t, (20)
1-o | x% 1, t<x<1.
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(24) formula bilan aniglangan G(X,t) funksiya bir jinsli (14) , (15) masalasining Grin funksiyasi
bo‘ladi [18].

+ +
Demak, (23) formulaga D; parabolik sohadan J buzilish chizig*ida olingan T (X) va V (X)

funksiyalar orasidagi birinchi funksional bog‘lanish.

Giperbolik sohasi tomonidan Y =0 buzilish chizig‘ida olingan T (X) va v~ (X)
funksiyalar orasidagi funksional bog‘lanish
D, sohada

Uy —(=y)"u, =0, x,y)eD,, 0O<m<l (25)

tenglamaning U(X,0) =7 (X), 0<x<], Uy(X,O) = V_(X); 0 < X <1 shartlami

ganoatlantiruvchi yechimidan foydalanamiz.

<
U, m) =[—¢)Y P (E—) T (HdS +

n
+J- (77 o g)_ﬁ (é/ o 95)_'8 N (C:)d g *)ga £=0, 17 =X qo‘yib va (5) dan foydalanib, hamda

bir necha hisob-kitoblardan so‘ng quyidagini hosil gilamiz:

u[®(x)]=u g; —(Z_Tm(1+x)j2_m :T(x—t)‘ﬁt‘ﬁN(t)dt, 0< ﬂ<— (26)

0

buyerda N (t) funksiya topiladi.
(26) tenglikni X bo‘yicha differensiallab, so‘ngra

_a 1 ¢ f(t)dt
P10 = Fe ey

%u[@(x)] - —,Bjx'(x—t)_ﬁ_lt‘ﬁN (t)dt=T (- B)DLXPN(X).  (27)
0

(26) ni (7) ga qo‘yib, (3), (*) hamda

y X >3a, formulani go‘lab, quyidagini olamiz:

Doy Dgxx 7N (x) = x N (x) (28)
ni hisobga olib,
x-ﬂ{ 2C013 soosg 1 07 (x)} a(X)7(X) +b(x),
yoki
V(0= 5555 T (0 -a00XT () ~xb(x) @
ni hosil gilamiz, bu yerda
T(X)= 1“(1+2,B) Dg;zﬂr— (X). (30)

Demak, (29) formulaga D2 giperbolik sohadan J buzilish chizig‘ida olingan 7 (X) va V_(X)
funksiyalar orasidagi ikkinchi funksional bog*lanish.
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Cp masala yechimining yagonaligi
(3) belgilashga ko‘ra (8) shartni quyidagicha yozab olamiz: B
7 (X) = p ()7 (X)+q(X),  (x,0)ed,
v (X)=p,(X)vT(X)+0,(X), (x,0)ed.
(31) ifodani (29) tenglikka qo‘yib, ushbu
1

7, P00V (X)+ G, () =WT(X)_

~a()x[ p,(X)7* (X)+ G, (X)] - ¥b(x)

(31)

bundan
7, P, (X)v* (X) =—a(x)x” p,(X)z" (X)+

1

+—— T (xX)—a(x)xPg,(x) - X) — xPb(x), 32

30087 00200 6,00 70,00 ~xb(x) @)
funksional bog‘lanishni hosil qilamiz.

Xulosa. O‘tgan asrning elliginchi yillaridan boshlab ikkinchi tur elliptiko-giperbolik, parabolik-
giperbolik va parabolo-elliptik tipdagi tenglamalar uchun qo‘yilgan lokal va nolokal masalalarni yechishga
bo‘lgan qiziqish yanada ortdi. Bunga sabab bu tenglamalarni ko‘pgina fizik, mexanik va biolgik jarayonlarni
o‘rganishda qo‘llanishidir.Xulosa sifatida shuni aytish mumkinki, maqolada Rz sinfda ikkinchi tur buzilish
chizig‘iga ega bo‘lgan giperbolik tipdagi tenglama uchun qo‘yilgan Koshi masalasining umumlashgan
yechimi topilgan, buzilish chizig‘ga ega bo‘lgan parabolik tipdagi tenglama uchun birinchi chegaraviy
masala yechilgan,nolokal masalalar yechimining bir qiymatli yechilishi uchun zarur bo‘lgan funktsional
bog‘lanishlar olingan,buzilish chizig‘ida uzilishga ega bo‘lgan ikkinchi tur parabolik-giperbolik tipdagi
tenglama uchun quyilgan nolokal masala yechimining yagonaligi va mavjudligini isbotlangan.
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ODDIY DIFFERENSIAL TENGLAMALARNI TAQRIBIY YECHISHDA KETMA-KET
DIFFERENSIALLASH METODINING ALGORITMI

Jalolov Ozodjon Isomidinovich,

Buxoro davlat universiteti dotsenti, f.-m.f.n.
o_jalolov@mail.ru, o.i.jalolov@buxdu.uz
Fayzullayeva Nilufar Vahobjon qizi,
Buxoro davlat universiteti magistranti

Annotatsiya. Hozirgi kunda juda ko’p masalarning matematik modelini qurganimizda, u differensial
tenglamaga keladi. Albatta matematikaga bilamizki har doim ham differensial tenglamalarni analitik usulda
yechib bo’lmaydi. Analitik usulda yechib bo’lmaydigan differensial tenglamalarni taqribiy metodlardan
foydalanib yechishga to’g’ri keladi. Hozirgi vaqtda matematik masalalarni yechish uchun bir nechta
matematik tizimlar yaratilgan. Ushbu dasturlardan ham foydalanib differensial tenglamalarni tagribiy
yechish mumkin. Bu dasturlarda dasturlash imkoniyatiari ham mavjud bo’lib, unda qo’yilgan masalani
algoritmini yozish mumkin. Differensial tenglamalarni tagribiy yechishning bir gancha usullari mavjud.
Ushbu magolada oddiy differensial tenglamalarni tagribiy yechishning ketma-ket differensiallash metodi
hamda uning Maple dasturida algoritmi Kkeltirilgan. Ushbu algoritmdan foydalanib ixtiyoriy oddiy
differensial tenglamani tagribiy yechish mumkin.

Kalit so’zlar: differensial tenglama, differensial tenglama tartibi, umumiy va xususiy yechimlar, Koshi
masalasi, maxsus yechim, ketma-ket differensiallash.

AJI'OPUTM METOJA NIOCJIEAOBATEJ/IBHOI'O IH®®EPEHIIMPOBAHUSI JJ151
HPUBJINKEHHOI'O PEIHEHUST OBbIKHOBEHHBIX TU®®EPEHIIUAJIBHBIX
YPABHEHUU

Annomauus. B nacmosiwee gpems, k020a Mbl CHPOUM MAMEMAMUYECKYI0 MOOETb MHO2UX 3a0aY, 6ce
ceooumcs Kk oughgepenyuanvromy ypaenenuro. Koneuno, uz mamemamuxu Mvl 3HAeM, 4mMO He 6ce20a
yoaémces  pewiumsv Oughpepenyuanvivie ypaguenus auarumuyecku. [ugpepenyuanvuvie ypaguenus,
KOmopovle He Mo2ym Oblmb peuietvbl aHATUMmu4ecKu, ciedyem peuams NpuomudceHHbiMu memooamu. B
Hacmosiujee 8pemsi CO30AHO HECKOJIbKO MAMEeMamuieckux cucmem OJisl PEeUeHuss MameMamuyeckux 3a0ay.
Ilpu nomowu >mux NpoOSPAMM MONCHO NPUOIUINCEHHO peuwamsb Oug@epenyuanvivie ypasHeHus. Imu
NPOSPAMMbL MAKIHCE UMEIOM BO3MONCHOCHU NPOSPAMMUPOBAHUS, 20€ MOICHO HANUCAMb ANOPUMM OJisL
Odannoti  3a0ayu. Cywecmeyem HeCKOAbKO CHOCO008 annpoOKCUMAyuU peuwenus OudgpepeHyuanbHvix
ypasnenull. B Oannoll cmamve npeocmagieH  Memoo Rnocaed08amenvhoco  Oupgepenyuposanus
NPUOIUINCEHHO20 peuteHUsi 0ObIKHOBEHHBIX OUPDEPEHYUATbHBIX YPAGHEHUL U €20 ANeOpUMM 8 NpoSpamme
Maple. C nomowwio smoeo ancopumma MONCHO NPUOIUNCEHHO Peutumsb NPOU3BONbHOE OObIKHOBEHHOEe
oughghepenyuanvroe ypasnenue.

Knroueswle crosa: ougpgepenyuanvroe ypasuenue, nopsaoox ougepenyuaipbHo2o ypasHenus, ooujee
u uacmunoe pewenus, sadaqa Kowu, cneyuanvrnoe peuienue, nociedosamenvhoe ouppepenyuposanue.

ALGORITHM OF THE METHOD OF SEQUENTIAL DIFFERENTIATION FOR THE
APPROXIMATE SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

Abstract. Nowadays, when we build a mathematical model of many problems, everything comes down
to a differential equation. Of course, we know from mathematics that it is not always possible to solve
differential equations analytically. Differential equations that cannot be solved analytically should be solved
by approximate methods. Currently, several mathematical systems have been created for solving
mathematical problems. Using these programs, you can approximately solve differential equations. These
programs also have programming capabilities where you can write an algorithm for a given task. There are
several ways to approximate the solution of differential equations. This article presents a method of
successive differentiation of an approximate solution of ordinary differential equations and its algorithm in
the Maple program. Using this algorithm, one can approximately solve an arbitrary ordinary differential
equation.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 53


mailto:o_jalolov@mail.ru
mailto:o.i.jalolov@buxdu.uz

MATHEMATICS

Keywords: differential equation, order of a differential equation, general and particular solutions,
Cauchy problem, special solution, successive differentiation.

Kirish. Differensial tenglamalar tabiatdagi ko‘plab jarayonlarni — mexanik harakat, issiglik
almashinuvi, elektr zanjirlari, biologik populyatsiyalar o‘sishi, iqtisodiy dinamik jarayonlar kabi holatlarni
matematik modellashtirishda keng qo‘llaniladi. Ammo ko‘pchilik real jarayonlarni ifodalovchi differensial
tenglamalar analitik tarzda (ya’ni, aniq formulali) yechimga ega emas. Shu sababli ularni sonli usullar bilan
yechish zarur bo‘ladi. Ko‘plab differensial tenglamalarning analitik (aniq) yechimi mavjud emas yoki ularni
qo‘l bilan yechish murakkabdir. Shu sababli amaliy hisoblashlarda sonli (tagribiy) metodlardan foydalanish
zarur bo‘ladi. Bunday metodlar yordamida differensial tenglamalarning yechimi oraliqda ma’lum qadam h
bilan ketma-ket hisoblab chigiladi va natijada yechimning tagribiy giymatlari olinadi. Matematika va uning
tadbiglarining muhim masalalari X ni emas, balki uning biror noma‘lum Yy(X) funksiyasini topish masalasi

go‘yilgan va tarkibida X, Yy(x) shu bilan birga uning y'(x), y"(x),...,y(“)(x) hosilalarini o‘z ichiga
olgan murakkab tenglamalarni yechishga keltiriladi [1].

Masalan, y'+2y—x>=0, y"=ax, y"+y=0.

1-ta’rif. Erkli o‘zgaruvchi X ni, noma‘lum Yy(x) funksiyani va uning n tartibli hosilasiga gadar
hosilalarini bog‘lovchi tenglamaga n— tartibli oddiy differensial tenglama deyiladi.

Yugorida yozilgan tenglamalar, mos ravishda, birinchi, ikkinchi va uchinchi tartibli differensial
tenglamalardir. n— tartibli differensial tenglamaning umumiy ko ‘rinish quyidagicha.

Fx Y.y, y"..y") =0. (1)

2-ta’rif. (1) tenglamani ayniyatga aylantiruvchi va kamida n marta differensiallanuvchi har ganday

y = f(X) funksiyaga (1) differensial tenglamaning yechimi deyiladi.

Masalan, y =€ funksiya y'+y =0 differensial tenglama yechimi bo‘lib, u tenglamaning cheksiz
ko‘p yechimlaridan biridir. Har ganday y=cC-e* funksiya ham, bu yerda, C— ixtiyoriy o‘zgarmas son,
tenglamani ganoatlantiradi. Ushbu differensial tenglama yechilganda, uning yechimi y =C-e " ko‘rinishdan

o‘zgacha bo‘lishi mumkin emas. Shu ma‘noda, y=C-e " funksiya uning umumiy yechimi deyiladi.

Umumiy yechimda ixtiyoriy o‘zgarmas C qatnashgani uchun, tenglama yechimlari to‘plami yagona ixtiyoriy
¢ o‘zgarmasga bog‘liq deyiladi [1,3].

O‘zgarmas C ga turli son giymatlar berilganda, uning konkret yoki xususiy yechimlari kelib chigadi.
=0 differensial tenglama yechimlarini bevosita qurish mumkin:

y
y'=C, Y '=CX+C,, Yy =CX*/2+C,X+C,,

bu yerda, C, C, va C; ixtiyorly o‘zgarmaslar bo‘lib, ularning har qanday qiymatlarida

y =¢,x*/2+¢,x +c, funksiya differensial tenglamani ganoatlantiradi va shu sababli y =¢,x*/2+¢,x+c,

=0 differensial tenglama umumiy yechimi uch ixtiyoriy

o‘zgarmasga bog‘liq va har birining aniq giymatlarida xususiy yechim hosil bo‘ladi.

Yuqoridagi misollardan differensial tenglama umumiy yechimida o‘zgarmaslar soni tenglamaning
tartibiga teng ekanligini va uning xususiy yechimlari umumiy yechim o‘zgarmaslarining aniq qiymatlarida
kelib chigishini xulosa gilish mumkin.

Masalaning go‘yilishi. Differensial tenglama yechimlarini qurish jarayoniga differensial tenglamani
integrallash deb yuritiladi. Differensial tenglamani integrallab, masalaning qo‘yilishiga qarab, umumiy
yechimi yoki xususiy yechimi topiladi.

Birinchi tartibli differensial tenglama umumiy

umumiy yechim bo‘lib hisoblanadi. Yy

F(xy;y)=0 )
yoki Yy’ hosilaga nishatan yechilgan
y'=1(xy) ©)

ko‘rinishda yozilishi mumkin. Ushbu tenglama ham, odatda, cheksiz ko‘p yechimga ega bo‘lib,
ulardan biror — bir xususiy yechimni ajratib olish qo‘shimcha shartni talab etadi. Ko‘p hollarda ushbu shart
Koshi masalasi shaklida qo‘yiladi.

Koshi masalasi
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y'=f(xy) 4)

differensial tenglamaning
Vo, = Yo (5)

boshlang‘ich shartni qanoatlantiruvchi yechimini topishdan iborat[5].

(4), (5) masala yechimining mavjudlik va yagonalik sharti quyidagi teoremadan aniglanadi.

1-teorema. Agar f(x;y) funksiya (XO; yo) nugtaning biror atrofida aniglangan, uzluksiz va
of /0y —uzluksiz xususiy hosilaga ega bo‘lsa, u holda (Xo; yo) nugtaning shunday atrofi mavjudki, bu
atrofda y'= f(x;y) differensial tenglama uchun y|x:x0 =Y, boshlang‘ich shartli Koshi masalasi yechimi
mavjud va yagonadir.

Differensial tenglamaning umumiy va xususiy yechimlari tushunchalariga aniglik Kiritamiz.

Agar boshlang‘ich (Xo;yo) nugtaning berilishi (2) tenglama yechimining yagonaligini aniglasa, u
holda ushbu yagona yechim xususiy yechim deyiladi.

Differensial tenglamaning barcha xususiy yechimlari to‘plamiga uning umumiy yechimi deyiladi.
Odatda, umumiy yechim oshkor Yy =¢(X,C) yoki oshkormas ¢(X,y,c)=0 korinishda yoziladi. C

0‘zgarmas (XO; yo) boshlang‘ich shart asosida Y, = ¢(XO;C) tenglamadan topiladi.
3-ta’rif. Tenglamaning umumiy integrali (yoki yechimi) deb, C o‘zgarmasning turli qiymatlarida
barcha xususiy yechimlari aniglanadigan ¢(X, y,c) =0 munosabatga aytiladi.

Masalan, yechimning mavjudlik va yagonalik shartlari (1-teoremadagi) yuqorida ko‘rilgan y'=-y
tenglama uchun xOy tekislikning har bir nuqgtasida bajariladi. Tenglama umumiy yechimi

y =C-e “formuladan iborat bo‘lib, har ganday boshlang‘ich y|X:X =Y, shart mos C o‘zgarmas

tanlanganda ganoatlantiriladi. ¢ o‘zgarmas y, =c-e ™ tenglamadan topiladi: c=y,-e™.

Differensial tenglamani shartlarsiz yechish uning umumiy yechimini (yoki umumiy integralini)
topishni anglatadi. (2) differensial tenglama yechimi mavjudligi va yagonaligini ta‘minlaydigan muhim
shartlardan biri of /0y xususiy hosilaning uzluksizligidir. Ba‘zi bir nuqtalarda ushbu shart bajarilmasligi va

ular orgali birorta ham integral chiziq o‘tmasligi yoki, aksincha, bir nechta integral chiziglar o‘tishi mumkin.
Bunday nugtalar differensial tenglamaning maxsus nugtalari deyiladi.

Differensial tenglamaning integral chizig‘i fagat uning maxsus nuqtalaridan iborat bo‘lishi mumkin.
Ushbu egri chiziglar tenglamaning maxsus yechimlari deb yuritiladi.

y'=f(x) (6)
ko‘rinishga tenglamani oddiy integrallash yo‘li bilan yechiladi. Natijada, Yy =I f(x)dx . Agar f(x)
funksiyaning boshlang‘ich funksiyalaridan biri F(X) bo‘lsa, u holda umumiy yechim y=F(X)+cC
ko‘rinishda yoziladi.
y'=p(x)a(y) ()
o‘zgaruvchilari ajraladigan differensial tenglama deb yuritiladi.
(7) tenglamani yechish uchun noma‘lum Yy funksiyaning qaralayotgan o‘zgarish sohasida q(y) =0

shart bajariladi deb, (7) tenglamani

1 dy/a(y) = p(x)dx
2. shaklda yozamiz va ikkala gismini integrallab,

[dy/a(y) = p(x)dx
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3. tenglikni olamiz. Agar Q(y) funksiya 1/q(y) funksiyaning, P(x)
esa P(X) ning boshlang‘ich funksiyalaridan biri bo‘lsa, (7) tenglamaning umumiy integrali:

4, Q(y)=P(x)+c

5. ko‘rinishdan iborat bo’ladi [5,6].

Tadbiqiy masalalarda juda ko’p oddiy differensial tenglamalar uchraydi bunday tenglamalarni hamma

du : . N
vaqt analitik ko’rinishda yechib bo’lmaydi. Masalan: d— =X+ X*+Uu’ tenglamaning umumiy yechimini
X

elementar funksiyalar orqali ifodalab bo’lmaydi. Bunday masalalarni tagribiy yechishga to’g’ri keladi.
Ketma-ket differensiallash usuli.

{y(“’ =Y, Yo YY)

Y(X) = Yo ¥ (%) = Yo Y (%) = ¥
(3) ko’rinishdagi Koshi masalasi berilgan bo’lsa y(x) yechim xo nuqta atrofida darajali gator
ko’rinishda izlanadi.

@)

(n-1)

o Yo o Yoy 2 y"
y(x)_y0+1| (x x0)+2|(x Xp) ...+ o (X=%)"+.. (4)

Masalan: y =xyy ,y(0)=1 y(0)=1 boshlang’ich masala yechimini darajali gator
ko’rinishda topamiz.
y (0), y'(0), y (0) larni topib (4) formulaga qo’yib funksiyani ko’rinishini topamiz.

Dy =0-y(0)-y(0)=0 2)y =yy +xyy +x(y)* =1
3

yechim quyidgi k o’rinishda bo’ladi. y=1+Xx+ a

(4)-formulada qancha ko’p hadlar aniglansa natija yechimga yaqinlashadi.

Asosiy natija. Ketma-ket differensiallash metodida qancha ko’p hadlar aniqlansa natija yechimga
yaqinlashadi. Bu masalani qo’lda hisoblash giyinchiliklarga olib kelishi mumkin. Shuning uchun bu metodni
Maple dasturi yordamida algoritmini tuzamiz [2-4].

Diffdarajali :=

proc (f::anything, x::name, y::name, y1::name, x0::numeric, y0::numeric, y01::numeric, n::integer)

local p, der, i, j,s; mO || 1:=y01; mO || 2 := subs(x = X0, y = y0, y1 = y01, f); der := subs(yl = m1, f);

p :=y0+mO || 1*(x-x0)+(1/2)*mO0 || 2*(x-x0)"2;

forifrom3tondos:=0;

for j to i-2 do s := s+(diff(der, m || j))*m || (j+1) end do;

der := diff(der, x)+(diff(der, y))*m || 1+s; mO || i :=

eval(der, {seq(m || k=m0 || k, k=1 ..i-1), x =x0, y = y0});

p := p+m0 || i*(x-x0)"i/factorial(i)

end do

end proc

s = Diffdarajali(x + y(x),x,y,y1,0,1,2,10);
1+2\+i\ +l.\3+L\ +L\D+ L _\'6+ L .\‘7 L .\'S L .\'9 L X
2 2 24 40 720 1680 40320 120960 3628800
restart : dsolve( {diff (y(x),x82) =x+ y(x),y(0) =1, D(y) (0) =2}, ¥(x) };

x)=-¢ +2¢ —x

4 5 6 7 8 9 10

T()—1+21+ix+lx+ix+ix+—1x+ LR S T N 1 X
2 2 24 40 720 1680 40320 120960 3628800
\—>1+21+i\ +l\ +L\ + Ly .\'6+ Loy ¥ L ! x

2 2 24 40 720 1680 40320 120960 3628800

T(1.0);
4068684139

y(x) == -e Y426 —x

X X
y—-e +2e —x

4.068684215

1-chizma. Maple dasturida natijalar tahlili

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 56



MATHEMATICS

Maple dasturida oddiy differensial tenglamalarni ketme-ket differensiallash usuli bilan tagribiy yehish
uchun yaratilgan algoritmni aniq misollarda qo’llab natijalarni tahlil gilamiz.

Yugorida {y" =X+, y(0) =1, y(0)=2 oddiy differensial tenglama yaratilgan

algoritm orqali yechib naijalar solishtirib ko’rilgan. Natijalarda ko’rinadiki n=10 ta qgadamda 10 aniglik
beryapti. Ushbu algoritm orqali ixtiyoriy 2-tartibli oddiy differensial tenglamani tagribiy yechish mumkin.

Xulosa. Oddiy differensial tenglamalarni tagribiy yechish metodlari murakkab analitik yechim mavjud
bo‘lmagan holatlarda samarali qo‘llaniladi. Ushbu metodlar yordamida differensial tenglamalarni
modellashtirish fizika, mexanika va iqtisodiyotdagi masalalarni sonli yechish imkonini beradi. Ushbu
maqolada oddiy differensial tenglamalarni tagribiy yechishda ketma-ket differensiallash metodi uchun Maple
tizimida dastur tuzilgan. Ushbu metodning Maple tizimidagi dasturiy realizatsiyasi differensial tenglamalarni
avtomatik yechish, turli xatoliklarni solishtirish va natijalarni tahlil gilish imkonini beradi.
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PYTHON DASTURLASH TILIDA SIMVOLIK HISOBLASHLARNING MATEMATIK
ASOSLARI VA AMALIY TATBIQI

Xayatov Xurshidjon Usmanovich,
Buxoro davliat universiteti o ‘qituvchisi
wera00@mail.ru, x.u.xayatov@buxdu.uz
Qayimova Munisaxon Baxtiyor gizi,
Buxoro davlat universiteti magistranti

Annotatsiya. Magolada simvolik hisoblashlarning matematik asoslari, kompyuter algebrasi tizimlari
nazariyasi va Python dasturlash tilida SymPy kutubxonasi yordamida ilmiy hisoblashlarni amalga oshirish
metodologiyasi taqdim etilgan. Tadgigot doirasida differensial va integral hisoblash algoritmlari, algebraik
tenglamalarni yechish usullari, chizigli algebra amallari va ularning dasturiy implementatsiyasi tahlil
gilingan. Har bir nazariy konsepsiya anig kod namunalari va ularning bajarilish natijalari bilan
ko ‘rsatilgan. Tadqiqot natijalari simvolik hisoblashlarning sonli usullarga nisbatan aniqlik va samaradorlik
Jjihatidan ustunliklarini ko ‘rsatadi.

Kalit so“zlar: simvolik hisoblashlar, kompyuter algebrasi, SymPy, matematik modellashtirish, aniq
yechimlar, Python.

MATEMATHYECKHUE OCHOBBI U IPAKTUYECKOE IPUMEHEHUE CUMBOJIBHBIX
BBIYMCJEHU B I3bIKE IPOTPAMMMPOBAHUS PYTHON

Aunomauyusa. B cmamee npedcmagieHvl MamemMamuiecKue OCHO8bl CUMBONbHLIX BbIYUCTIEHU,
meopusi cucmem KOMHbIOMEPHOU aneebpbl U MemoO0N02Us BbINOIHEHUSA HAYUHLIX BbIYUCIEHUU HA s3blKe
npocpammuposanus  Python ¢ ucnonvzosanuem o6ubruomexu SymPy. B pamkax uccredosanust
NPOAHATUIUPOBAHBL ANCOPUMMbBL OUPDPEPEHYUATLHO2O U UHMESPATLHO20 UCHUCTEHUSL, MemOObl peuleHUs.
aneedpauyeckux YpasHeHuli, onepayuu IuHeuHol aieebpvl U ux npocpammuas peanuzayus. Kaowcoas
meopemuyeckas KOHYenyusi HOOMEEPHCOeHd KOHKPEMHbIMU HpUMepamMu KoOa U pe3yibmamamu ux
8bINOIHEHUsA. Pe3ynomamul uccie0o8anus 0eMOHCMPUPYIOmM NpeumMyuecmea CUMBOIbHbIX BbIYUCIEHUL 1O
CPABHEHUIO C YUCAEHHBIMU MeMOOAMU C MOYKU 3PEeHUs MOYHOCMU U I PexmusHocmu.

Knrouegvle cnosa: cumgonvHvle 8bIMUCICHUS, KOMNbIomepHas aneeopa, SymPy, mamemamuueckoe
MoOdenuposanue, mounvie peutenusi, Python.

MATHEMATICAL FOUNDATIONS AND PRACTICAL APPLICATION OF SYMBOLIC
COMPUTATION IN PYTHON PROGRAMMING

Abstract. The article presents the mathematical foundations of symbolic computation, the theory of
computer algebra systems, and a methodology for performing scientific calculations using the SymPy library
in the Python programming language. Within the scope of the research, algorithms for differential and
integral calculus, methods for solving algebraic equations, linear algebra operations, and their software
implementations are analyzed. Each theoretical concept is illustrated with specific code examples and their
execution results. The findings of the study demonstrate the advantages of symbolic computation over
numerical methods in terms of accuracy and efficiency.

Keywords: symbolic computation, computer algebra, SymPy, mathematical modeling, exact solutions,
Python.

Kirish. Zamonaviy ilmiy tatgigotlar va muhandislik amaliyotida matematik masalalarni kompyuter
yordamida yechish muhim o‘rin tutadi. Hisoblash usullari ikkita asosiy turkumga bo‘linadi: sonli (numerical)
va simvolik (symbolic) hisoblashlar. Sonli usullarda barcha hisoblashlar hagigiy sonlarda amalga oshiriladi
va natijalar taqribiy qiymatlardan iborat bo‘ladi. Simvolik hisoblashlarda esa matematik ifodalar algebraik
shaklda saglanadi va ishlov beriladi, bu esa aniq natijalar olish imkonini beradi [1,2].

Simvolik hisoblashlarning asosiy afzalliklari:

1. Aniq natijalar: yaxlitlash xatolari yo‘q, chunki barcha hisoblashlar ratsional sonlar va algebraik
ifodalar ustida amalga oshiriladi;

2. Parametrik yechimlar: noma'lum parametrlar bo‘yicha umumiy yechimlar olish imkoniyati;
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3. Matematik transformatsiyalar: ifodalarni avtomatik soddalashtirib berish, yoyish va faktorizatsiya
gilish;

4. Verifikatsiya: matematik natijalarni analitik shaklda tekshirish imkoniyati.

Python dasturlash tilida simvolik hisoblashlar uchun sympy kutubxonasi keng qo‘llaniladi. sympy - bu
to‘liq bepul va ochiq kodli kompyuter algebrasi tizimi (Computer Algebra Systems - CAS) bo‘lib, u 2006-
yildan boshlab faol rivojlantirilmogda [3]. Ushbu magola sympy kutubxonasining matematik asoslarini va
amaliy tadbiqlarini o‘rganishga bag'ishlangan.

Simvolik hisoblashlar. sympy kutubxonasi quyidagi asosiy matematik tuzilmalar bilan ishlaydi:

Z - butun sonlar;

Q - ratsional sonlar;

R - haqiqiy sonlar;

C - kompleks sonlar;

Q[x] - ratsional koeffitsientli ko“phadlar.

SymPy kutubxonasidagi asosiy modullar quyidagilar:

sympy.core: ifodalar, belgilashlar (Symbol), almashtirish (subs)

sympy.simplify: soddalashtirish va transformatsiyalar

sympy.calculus: hosila, integral, limit, gatorlar va h.k.

sympy.solvers: algebraik/differensial tenglamalar yechimi

sympy.matrices: simvolik matritsalar, determinant va h.k.

sympy.polys: polinomlar, GCD, faktor va h.k.

sympy.utilities.lambdify: simvolik ifodani tezkor sonli funksiyaga aylantirish

sympy kutubxonasida barcha matematik ifodalar daraxt strukturasida saglanadi. Har bir ifoda asosiy
sinfdan meros olgan obyekt hisoblanadi. Quyida sympy kutubxonasidan foydalanishga namuna:

import sympy as sym

from sympy.abc import x, y, z

print(f'sympy versiyasi: {sym.__version__}")

a, b, c =symbols('ab ¢

t = sym.symbols('t', real=True, positive=True)

n = sym.symbols('n’, integer=True)

print(f"a turi: {type(a)}")

print(f'a klassi: {a.__class__. bases_ }")

Naija quyidagicha:

SymPy versiyasi: 1.14.0

a turi: <class 'sympy.core.symbol.Symbol'>

a klassi: (<class 'sympy.core.expr.AtomicExpr'>, <class 'sympy.logic.boolalg.Boolean">)

Differensial hisoblashning simvolik algoritmlari. f(x) funksiyaning x nuqtadagi hosilasi
guyidagicha aniglanadi:

f(x+h)—f(x)

h

Ko‘pchilik foydalanuvchilar diff(x**2, x) buyrug‘ini berganda, kompyuter buni jadvaldan qidirib
topadi deb o‘ylashadi. Aslida bunday emas, Simvolik Hisoblash Tizimlari (CAS) Abstrakt Sintaktik
Daraxt (Abstract Syntax Tree - AST) va Rekursiv Tahlil usulidan foydalanadi.

sympy da hosilalarni hisoblash uchun diff() funksiyasidan foydalanamiz[4]:

from sympy import *

X = symbols('x’)

fl = x**3 + 2*x**2 - 5*x + 1

dfl = diff(f1, x)

f1 # Birinchi tartibli hosila

Naija quyidagicha:

3+ 222 — bz + 1

Integral hisoblashning simvolik metodlari. sympy integrallarni hisoblashda Risch algoritmi va uning
kengaytmalaridan foydalanadi. Ushbu algoritm berilgan funksiyaning elementar funksiyalar orqgali integrali
mavjudligini aniqlaydi va mavjud bo‘lsa, uni topadi [5,6].

from sympy import *

X = symbols('x")

f'(x)=lim, _,
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intl = integrate(x**2, x)

intl
Naija quyidagicha:
3
3
int3 = integrate(x*exp(x), x)
int3
Naija quyidagicha:
(x—1)e”
int3 = integrate(exp(-x**2), (X, -00, 00))
int3
Naija quyidagicha:
VT

Algebraik tenglamalarni yechish algoritmlari. n-darajali kompleks koeffitsientli har bir ko‘phad
kompleks sonlar to‘plamida kamida bitta ildizga ega va jami n ta ildizga ega.

Simvolik algebrada tenglamalarni yechish deganda, noma’lumni sonli giymatini topish emas, balki
uning anig analitik ifodasini (closed-form expression) topish tushuniladi. SymPy bu jarayonda tenglama
turiga qarab turli strategiyalarni qo‘llaydi[7].

Polinom tenglamalarni yechish.

from sympy import *

X = symbols('x’)

# Kvadrat tenglama: x> -5x+6=0

gl =x**2-5*x+6

soll = solve(eql, x)

eql
Naija quyidagicha:
22— 5z +6

print(f"Tenglama: {eql} =0")
print(f"Yechimlar: {sol1}")
print(f"Tekshirish: x=2: {eql.subs(x, 2)}")
print(f"Tekshirish: x=3: {eql.subs(x, 3)}")
Natija quyidagicha:

Tenglama: x**2 -5*x+6 =0

Yechimlar: [2, 3]

Tekshirish: x=2: 0

Tekshirish: x=3: 0

Chizigli tenglamalar sistemasini yechish (sympy kutubxonasi orgali hisoblash)
import sympy as sp

X, Y = sp.symbols('x y")

eql = sp.Eq(2*x + 3*y, 13)

eq2 = sp.Eq(5*x - vy, 9)

sol = sp.solve((eql, eg2), (X, y))

print(sol)

print("x =", sol[x], "y =", sol[y])

Natija quyidagicha:

{x: 40/17,y: 47/17}

X =40/17 y =47/17

Chizigli tenglamalar sistemasini yechish (numpy kutubxonasi orgali hisoblash)
import numpy as np

A =np.array([[2, 3],[5, -1]], dtype=float)
b = np.array([13, 9], dtype=float)

x = np.linalg.solve(A, b)

print("x =", x[0], "y =", x[1])

Natija quyidagicha:
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X =2.3529411764705883 y = 2.7647058823529416

Nochizigli tenglamalar sistemasi (sympy kutubxonasi orgali hisoblash)

import sympy as sp

X, Y = sp.symbols('x y')

eql = sp.Eq(x**2 + y**2, 25)

eq2 =sp.Eq(x -y, 1)

sol = sp.solve((eql, eg2), (x, y), dict=True)

print(sol)

Natija quyidagicha:

[{x:-3,y: -4}, {x: 4,y: 3}]

Differensial tenglamalarni simvolik yechish. Differensial tenglamalarni simvolik yechish — bu
berilgan F(X,V,Y,Y",...,y™)=0 ko‘rinishidagi boglanishdan noma’lum Yy(x) funksiyasini analitik
ko‘rinishda ajratib olish jarayonidir. sympy bu jarayonda tasniflash (classification) va evristik gidiruv
algoritmlarini qo‘llaydi[5-8].

Tasniflash Algoritmi

sympyda dsolve funksiyasi chagirilganda, u darhol yechishga kirishmaydi. Avvalo, tenglamani
quyidagi sinflarga ajratib oladi:

v" Ofzgaruvchilari ajraladigan (Separable).

v/ Birinchi tartibli chizigli tenglamalar.

v Bernulli tenglamalari.

v Rikkati tenglamalari.

v Yugqori tartibli o‘zgarmas koeffitsiyentli chizigli tenglamalar.

Tizim classify_ode funksiyasi orgali tenglamaga mos keluvchi barcha yechish usullarini aniglaydi va
eng samaralisini tanlaydi.

Integrallovchi Ko‘paytuvchi va Lie Guruhi Metodi

Murakkab tenglamalar uchun sympy Lie guruhlari (Lie Groups) nazariyasiga asoslangan simmetriya
usullarini qo‘llaydi. Bu usul tenglamaning simmetriyasini topish orqgali uning tartibini pasaytirish yoki uni
integrallovchi ko‘paytuvchi yordamida to‘liq differensialga keltirish imkonini beradi.

Ikkinchi tartibli differensial tenglama

Fizikada eng ko‘p uchraydigan holat — ikkinchi tartibli differensial tenglamalardir (masalan,
Nyutonning ikkinchi gonuni).

Kod misoli (Erkin tebranishlar):

from sympy import symbols, Function, dsolve, Eq

t = symbols('t)

X = Function("x)(t)

omega = symbols(‘'omega’, positive=True)

diff_eq = Eq(x.diff(t, t) + omega**2 * x, 0)

sol = dsolve(diff_eq, X) # Analitik yechimni topish

sol

Natija quyidagicha:

z(t) = Cisin (wt) + Cy cos (wt)

1-tartibli oddiy differensial tenglama
import sympy as sp

X = sp.Symbol('x’)

y = sp.Function(y")

ode = sp.Eq(sp.diff(y(x), X) - y(x), sp.exp(x))
sol = sp.dsolve(ode)

sol

Natija quyidagicha:

y(z) = (Cr+ )€’

Boshlang‘ich shart (ICS) bilan

y'(z) —y(z) =€, y(0) =1
import sympy as sp

X = sp.Symbol('x")

y = sp.Function('y")
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ode = sp.Eq(sp.diff(y(x), X) - y(X), sp.exp(X))

sol_ics = sp.dsolve(ode, ics={y(0): 1})

sol_ics

Natija quyidagicha:

y(z) = (z +1)€

2-tartibli oddiy differensial tenglama (garmonik tebranish)

y"(z) +y(z) =0

import sympy as sp

X = sp.Symbol('x’)

y = sp.Function('y")

ode = sp.Eq(sp.diff(y(x), X, 2) + y(x), 0)

sol = sp.dsolve(ode)

sol

Natija quyidagicha:

y(z) = Cisin(z) 4+ C; cos (z)

2-tartibli oddiy differensial tenglama, boshlang‘ich shartlari

import sympy as sp

X = sp.Symbol('x’)

y = sp.Function(y")

ode = sp.Eq(sp.diff(y(x), X, 2) + y(x), 0)

sol_ics = sp.dsolve(ode, ics={y(0): 0, sp.diff(y(x), x).subs(x, 0): 1})

sol_ics

Natija quyidagicha:

y(z) = sin (z)

Xulosa. Ushbu magolada Python dasturlash tilida simvolik hisoblashlarni amalga oshirishning
matematik asoslari va ularning amaliy qo‘llanilishi batafsil yoritildi. Tatqiqot davomida kompyuter algebrasi
tizimlarining nazariy tamoyillari tahlil qgilinib, SymPy kutubxonasi yordamida differensial va integral
hisoblashlar, algebraik tenglamalarni yechish hamda chizigli algebra amallarini dasturiy jihatdan bajarish
usullari ko‘rib chiqildi. Keltirilgan kod namunalari simvolik hisoblashlarning yuqori aniqlikda natija
berishini va murakkab matematik masalalarni soddalashtirilgan shaklda yechish imkonini berishini ko‘rsatdi.
Olingan natijalar simvolik hisoblashlar sonli usullarga nisbatan aniglik, universallik va ilmiy tatgiqotlarda
qo‘llash qulayligi jihatidan ustun ekanligini tasdiglaydi. Mazkur yondashuv matematik modellashtirish, ilmiy
hisoblashlar va ta’lim jarayonida samarali vosita sifatida foydalanilishi mumbkin.
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GILBERT FAZOSIDA OPTIMAL INTERPOLYATSION FORMULALARNING
UMUMIY KO‘RINISHI

Yusufzoda Xiromon Yunus qizi,

Buxoro davlat universiteti amaliy matematika
mutaxassisligi 2-bosgich magistranti
xiromony@gmail.com

Annotatsiya. Mazkur maqolada Gilbert fazosida interpolatsion formulalarning umumiy ko ‘rinishi
tadqiq etilib, xususan Nyuton, Lagrange va splayn interpolatsion usullarining nazariy asoslari va ularning
o ‘zaro bog ‘ligligi tahlil gilingan. Interpolatsion jarayonlarda aproksimatsiya aniqligini baholash masalalari
ko ‘rib chiqilib, Gilbert fazosining ichki ko ‘paytmasi va normasi asosida xatolik funksionalining tuzilishi
o ‘rganilgan.

Nyuton va Lagrange interpolatsion formulalarining matematik xossalari, ularning umumiy ko ‘rinishi
hamda funksiyalarni yaginlashtirishdagi imkoniyatlari tahlil gilinib, splayn interpolatsiyasining uzluksizlik
va silliglik xossalarini ta’minlashdagi ustun jihatlari ko ‘rsatib berilgan. Shuningdek, ushbu interpolatsion
usullar uchun xatolik baholari keltirilib, ularning sonli hisoblashlardagi anigligi va barqgarorligi muhokama
gilingan.Olingan natijalar sonli analiz va hisoblash matematikasi masalalarida, xususan, funksiyalarni
yuqori aniglikda aproksimatsiyalash, amaliy modellashtirish va muhandislik hisoblarida samarali
interpolatsion usullarni tanlash va qo ‘llash uchun muhim nazariy va amaliy ahamiyatga ega.

Kalit so‘zlar: Gilbert fazosi, ichki ko ‘paytma, norma, optimal interpolatsion formulalar, Nyuton
interpolatsiyasi, Lagrange interpolatsiyasi, playn interpolatsiyasi, proksimatsiya xatoligi, sonli analiz,
hisoblash algoritmlari.

GENERAL VIEW OF OPTIMAL INTERPOLATION FORMULAS IN GILBERT SPACE

Abstract. This article investigates the general form of interpolation formulas in Hilbert space,
focusing in particular on the theoretical foundations of Newton, Lagrange, and spline interpolation methods
and their interrelations. Issues related to evaluating approximation accuracy in interpolation processes are
analyzed, and the structure of the error functional is studied based on the inner product and norm of Hilbert
space.

The mathematical properties of Newton and Lagrange interpolation formulas, their general forms,
and their capabilities in function approximation are examined, while the advantages of spline interpolation
in ensuring continuity and smoothness are demonstrated. Furthermore, error estimates for these
interpolation methods are provided, and their accuracy and stability in numerical computations are
discussed.

The obtained results are of significant theoretical and practical importance for numerical analysis
and computational mathematics, particularly for high-precision function approximation, applied modeling,
and engineering calculations, providing guidance for selecting and implementing effective interpolation
methods.

Keywords: Hilbert space, inner product, norm, optimal interpolation formulas, Newton interpolation,
Lagrange interpolation, spline interpolation, approximation error, numerical analysis, computational
algorithms.

OBIIUH B3IJIs1] HA ®OPMY.JIbI OITUMAJIBHON MHTEPIIOJISIIINUA B
INPOCTPAHCTBE 'MJIBEPTA

Aunomauyus. B Oannoii cmamve uccredyemcsi oOwuil U0 UHMEPHOISAYUOHHLIX HOPMYL 6
2UIbOEPMOBOM NPOCPAHCMEE, C 0CODLIM GHUMAHUEM K MEOPEMUYeckuM 0CHOBAM MEeMOo008 UHMEPNOIAYUU
Hviomona, Jlacpanoca u cniaiinos, a makce ux 83aumocessam. Paccmampusaromes eonpocwvl oyenku
MOYHOCMU ANNPOKCUMAYUU 8 UHMEPNOTAYUOHHBIX NPOYECcax, UCCiedyemcs CMpYyKmypa (QYHKYUOHALA
OWUOKU HA OCHOBE BHYMPEHHE20 NPOU3BEOCHUS U HOPMbL 2UTbOEPIOBO20 NPOCMPAHCIMEA.

Ananuzupyromes mamemamuieckue c8oUCmMaa UHMepROIAYUoOHHbIX opmyn Hvtomona u Jlaepanoica,
ux 00WULl BUO U BO3MOICHOCIU NPU NPUOTUNCEHUU QYHKYULL, A MAKI’Ce OeMOHCIPUPYIOMCS NPEUMyecmsa
CRIQUH-UHMEPROAYUU 8 obecneueHuu HenpepvisHocmu u 2naokocmu. Kpome moeo, npugoosmcs oyenxu
. ]
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NOSPEWHOCIU DIMUX Memo008 UHMEPROIAYUU, U 0OCYHCOAIOMCA UX MOYHOCL U YCMOUYUBOCHbL NPU
YUCTIEHHBIX BbIYUCTICHUSIX.

Honyuennvie pe3yiomamsi UMeOmM 3HAYUMENTbHOE MeopemuiecKoe U npaKxmuieckoe 3nadeHue Ol
YUCTEHHO20 AHANU3A U GLIYUCTUMETbHOU MAMEMAMUKY, 8 YACMHOCMU, 0/ 6bICOKOMOYHOU annpoxcumayuu
yHKYULL, NPUKIAOHO20 MOOETUPOBAHUS U UHIHCEHEPHBIX PACYEMO8, 0DeCcneyusds peKoMeHOayuu no ebloopy
U NPUMEHEHUIO IPPEKMUSHBIX UHMEPNOTIAYUOHHBIX MEMOOO08.

Knwouesvie cnosa: I'unbbepmogo npocmpancmeo, Hympenuee npousgedenue, Hopma, OnmuMAalbHvle
uHmepnonayuonHvle  Gopmyasl, unmepnoasiyus Hvlomona, ummepnonayus Jlacpamsica, cnaaiiu-
UHMEPRONIAYUSL, NOSPEUHOCHb ARNPOKCUMAYUY, YUCTEHHBLI AHATIU3, 6bIYUCTIUMENbHbLE ANCOPUNMDL.

Kirish. Interpolatsiya masalalari sonli analiz va hisoblash matematikasining eng muhim va amaliy
jihatdan keng qo‘llaniladigan yo‘nalishlaridan biridir. Turli nazariy va amaliy masalalarda, xususan
funksiyalarni yaqinlashtirish, differensial tenglamalarni yechish, matematik modellashtirish, muhandislik
hisoblari va kompyuter grafikasi sohalarida interpolatsion usullar muhim vosita sifatida ishlatiladi.
Interpolatsion formulalarning samaradorligi ularning xatoligi va hisoblash jarayonidagi barqgarorligi bilan
belgilanadi. Shu sababli optimal interpolatsiya formulalarini yaratish masalasi nafagat nazariy gizigish
uyg‘otadi, balki amaliy hisoblash masalalarida yuqori aniqlik va ishonchlilikni ta’minlash nuqtai nazaridan
ham katta ahamiyatga ega.

Mazkur magolada Gilbert fazosida hosilali optimal interpolatsion formulalarning umumiy ko‘rinishi
har tomonlama tadqiq etiladi. Gilbert fazosi ichki ko‘paytma va normaga ega bo‘lgan chizigli fazo bo‘lib,
unda interpolatsion jarayonlarni tahlil gilish imkoniyati keng. Ushbu yondashuv interpolatsiya xatoliklarini
minimallashtirish, xatolik funksionalining strukturaviy xossalarini aniglash va optimal interpolatsion
formulalarni ishlab chigish imkonini beradi. Gilbert fazosi doirasida hosilali interpolatsion formulalarni
gurish masalasi matematik jihatdan qat’iy nazariy asosga ega bo‘lib, funksional analiz va sonli usullar
nazariyasining muhim bo‘lagi hisoblanadi.

Magolada, shuningdek, klassik interpolatsion usullar — Nyuton va Lagrange formulalari hamda splayn
interpolatsiyasi yoritiladi. Nyuton va Lagrange interpolatsion formulalari matematik jihatdan sodda va aniq
ifodalangan bo‘lib, turli funksiyalar sinflarini yaqinlashtirishda keng qo‘llaniladi. Splayn interpolatsiyasi esa
interpolatsiya jarayonida funksiyaning uzluksizlik va silliglik xossalarini saglab goladi, bu esa murakkab va
amaliy masalalarda yuqori aniqlikni ta’minlashga xizmat qiladi. Ushbu usullar o‘zaro taqqoslanib, ularning
sonli hisoblashlardagi bargarorligi va xatolik darajasi batafsil tahlil gilinadi.

Kirish gismida interpolatsion formulalarning nazariy va amaliy ahamiyati, shuningdek, ularni sonli
hisoblash masalalarida qo‘llash imkoniyatlari asosiy e’tibor bilan ko‘rsatib beriladi. Tadqiqot natijalari sonli
analiz, hisoblash matematikasi, amaliy modellashtirish va muhandislik hisoblarida yugori aniglikdagi
interpolatsion usullarni yaratishda muhim ilmiy va amaliy ahamiyatga ega bo‘ladi. Shu bilan birga, maqola
keyingi ilmiy izlanishlar va yangi samarali sonli algoritmlarni ishlab chigishda mustahkam nazariy asos
sifatida xizmat qiladi.

Nyutonning 1687-yilda chop etilgan Philosophiae Naturalis Principia Mathematica asarida berilgan
interpolyatsion yondashuvlari nazariy va amaliy masalalarda muhim o‘rin egallagan.

Umuman olganda, interpolyatsiya masalasi quyidagicha ifodalanadi:

(x,¥),1=01...,n
kabi chekli sondagi nugtalar berilgan bo‘Isin. Shunday @(X) funksiyani topish kerakki, unda quyidagi
shart bajarilsin:
o(x)=Vy,, 1=01..n
Agar ¢(X) algebraik ko‘phad bo‘lsa, bu polinom interpolyatsiyasi; agar trigonometrik funksiyalar

kombinatsiyasi bo‘lsa, trigonometric interpolyatsiya; agar funksiya bo‘lakma-bo‘lak polinomlar bilan
ifodalansa, splayn interpolyatsiya deyiladi. Mazkur sinflarning o‘ziga xos afzallik va kamchiliklari mavjud
bo‘lib, ular turli amaliy masalalarda qo‘llaniladi.

Klassik interpolyatsiya usullari ko‘pincha algebraik ko‘phadlarga tayanadi. Ko‘phadlar soddaligi va
differensiallash osonligi sababli yaxshi vosita hisoblanadi, biroq ular funksiyaning xossalari-masalan sillig,
keskin o‘zgaruvchanlik yoki chekka nuqtalardagi tebranishlar (Runge effekti) bilan bog’liq muammolarga
ham egadir. Shu sababli interpolyatsiya nazariyasi fagat polinomlar bilan chegaralanmaydi; ratsional
funksiyalar, splaynlar, orthogonal ko‘phadlar va og’irlik funksiyalari asosida qurilgan maxsus
interpolyatsion sxemalar ham keng o‘rganiladi.
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Interpolyatsiya masalasi nafagat amaliy hisoblashlar, balki matematik tahlilning nazariy asoslarini
ham o‘rganishga imkon beradi. Bu masala berilgan nuqtalardan o‘tuvchi funksiyani qurish va funksiyaning
ma’lum xossalarini saqlagan holda uni yaqinlashtirish bilan bog‘liq. Shu nuqtai nazardan, interpolyatsiya
ikki asosiy jihatni o‘z ichiga oladi:

1.Aniglik sharti: Interpolyatsion funksiya berilgan nugtalarda anig giymatlarni gabul giladi.

2.Yaqinlashtirish sifati: Nugqtalar oralig’idagi qiymatlar original funksiyaga imkon qadar yaqin bo‘lishi
kerak.

Bu shartlar matematikada optimallik tushunchasiga oli keladi. Ideal interpolyatsion formula nugtalarda
to‘g’ri qiymatlarni beradi va ular orasidagi xatolik minimal bo‘ladi.

Interpolatsiya — bu berilgan diskret nuqtalar to‘plami orqali funksiyani yaqinlashtirish usuli bo‘lib,
funksiyaning noma’lum qiymatlarini topish uchun ishlatiladi. Bu usul sonli analizning muhim qismi
hisoblanib, turli sohalarda, masalan, fizika, muhandislik, iqtisodiyot, kompyuter grafikasi va sun’iy
intellektda keng qo‘llaniladi. Sonli hisoblashda interpolyatsiya — bu chekli ayirmalardan foydalangan holda
ma’lum funksiya nuqtalarining diskret to‘plamida yangi funksiya nuqtalarini qurish usuli[1].

Matematik jihatdan interpolatsiya quyidagicha ifodalanadi:Agar (X,, Y,), (X, X,), ..., (X, Y,,) Kabi

berilgan nuqtalar bo‘lsa, interpolatsiya ushbu nuqtalardan o‘tuvchi funksiyani topishdan iborat.

Interpolatsiya natijasida quriladigan funksiya odatda ko‘phad shaklida bo‘ladi va interpolatsion
ko‘phad deb ataladi. Agar funksiya n ta nuqtadan o‘tsa, u holda u n-darajali interpolatsion ko‘phad bilan
ifodalanadi.

Interpolyatsion ko‘phad umumiy ko‘rinishda quyidagicha yoziladi:

P(X)=a, +aXx+ax* +..+a X,

Bu ko‘phadning koeffitsientlari a; lar berilgan nugtalar yordamida aniglanadi.

Klassik nazariyada eng ko‘p ishlatiladigan interpolyatsion formulalar quyidagilardir:

1. Nyuton interpolyatsiyasi;

2. Lagranj interpolyatsiyasi;

3. Splayn interpolyatsiyasi;

4.  Trigonometrik interpolyatsiya;

Nyuton va Lagranj interpolyatsion ko‘phadlari klassik interpolyatsiya usullari hisoblanadi

Nyuton va Lagrange interpolatsiyasi — berilgan diskret nuqtalar asosida funksiyaning noma’lum
giymatlarini aniqlashga imkon beruvchi asosiy sonli analiz vositalaridan biridir. Nyutonning bo‘linmali
farqlar usuli va Lagrange ko‘phadlari yordamida har bir diskret nuqtada funksiyaning yaginlashgan
giymatlarini hisoblash mumkin, bu esa hisoblash jarayonlarini yanada samarali va aniq bajarishga yordam
beradi.

Ushbu usullar aynigsa eksperimental ma’lumotlar bilan ishlashda katta ahamiyatga ega. Masalan,
ilmiy tajribalar yoki texnik nazorat jarayonida olingan diskret ma’lumotlar asosida funksiyalarni yaxshilash
va tahlil gilish uchun ular samarali vosita hisoblanadi. Shu tariga, Nyuton va Lagrange formulalari nafagat
matematik aniqlikni oshiradi, balki real tizimlarda natijalarni prognoz gilish va modellashtirish imkonini
beradi [2].

Nyuton interpolatsion ko‘phadi bo‘linma farqlar (divided differences) yordamida quriladi va
berilgan diskret nuqtalar to‘plami asosida funksiyaning noma’lum qiymatlarini yaqinlashtirish uchun xizmat
giladi. Ushbu usulning eng katta afzalligi shundaki, yangi nuqtalar qo‘shilganda mavjud hisob-kitoblarni
to‘liq qayta bajarishga ehtiyoj qolmaydi, bu esa hisoblash jarayonlarini sezilarli darajada samarali qiladi.

Pn (X) = f (Xo) + (X - Xo)Af (Xo’ Xl) + (X_ Xo)(x - X1)A2 f (XO’ Xy Xz)
bu yerda:
o T(X,), f(X),...-berilgan nuqgtalardagi funksiya giymatlari

o Af (X, %), A% f (X5, X, X,), .. -bolinmalar farqi

e P (X) -Nyuton interpolyatsion ko‘phadi

e Har bir keyingi bo‘linmalar farglari oldingi qiymatlarni asoslab beruvchi ifodalar sifatida ishlatiladi,
bu usul hisoblashda samaradorligini oshiradi.

Bo‘linmalari farqlar yordamida interpolyatsion ko‘phadlar quriladi. Bo‘linmalari farqlarini
hisoblashning umumiy formulasi quyidagicha yoziladi:
f(x)— f(x
Af (X01 X1) — (Xl) ( 0)
X =%

®3)
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AF (%, %,) = AF (%9, %) @
X, = X

Va shunday davom etadi. Bu formulalar, har bir keying fargni oldingi farglar asosida hisoblashni
ta’minlaydi.

Faraz qgilaylik y= f(x) funksiya uchun y, = f(x) giymatlar berilgan va interpolyatsiya tugunlari
teng uzoqlikda joylashgan bo‘lsin, ya’ni

X =X, +ih i=123,...,h (5)

Argumentning mos giymatlarida darajasi h dan oshmaydigan mos qiymatlar oladigan ko‘phad tuzish

kerak bo‘lsin va bu ko‘phad quyidagicha ko‘rinishga ega bo‘lsin:
P(X) =2y +a,(X=X,) +8, (X=X ) (X=X ) +... 48, (X=X )(X = X )(X = X,.,)

(6)
Bu n-tartibli ko‘phad. Interpolyatsiya masalasining shartiga ko‘ra P(x) ko‘phad

X, Xy,..., X, tugunlarida P, (X)) =Y,,P.(X) =Y;.....P.(Xx,) =Y, giymatlarni gabul giladi. X=X, deb
tasavvur gilsak, formuladan y, =P, (X,) =a,ya’ni a,=Y,. So‘ng X ga X, va X, larning giymatlari
berilib, ketma-ket quyidagilarga ega bo‘lamiz:[3]

Y, = Pn (Xz) =3 +a1(X2 —X)+8.2(X - Xo)(xz _X1) ya'ni Y, —2Ay, -y, = 2h2a2

yoki Yy, —2Y, + Y, = 2h’a, bundan a, A%y,

Azf(XvaXz) =

h2
Bu jarayonni davom ettirib X = X, uchun quyidagi ifodani hosil gilamiz:
a =AY
nth"

Topilgan a,, a2 a, koeffitsientlarining giymatlarini formulaga qo‘yamiz:

2

P.(X) =y, + o . Yo (x—x,)+ r{;J(x—xo)(x—xl)+...+ y°<x Xo)(X— X, 1)

X=X . s
ko‘rinishida bo‘ladi.[4] Bu formula  =q,yani X,+hqg=Xx belgilash kiritilsa, u holda:

X=X, X=X —h
h h
Natijada Nyutonning 1-interpolyatsiyasion formulasiga ega bo‘lamiz:
OI(q D 9(9-D..(q-n-1
R, (X) = R, (Xo +qh) = Yo +0AY, + nl An
Lagranj interpolatsion ko‘phadi - berllgan diskret nuqtalar to‘plami asosida funksiyani
yaginlashtirish uchun ishlatiladigan eng keng targalgan interpolatsiya usullaridan biridir. Bu usulda har bir
nugtaning funksiyadagi hissasi alohida ko‘rib chigiladi, va shu orqali umumiy interpolatsion ko‘phad
quriladi. Lagranj interpolatsiyasi intuitiv va tushunarli bo‘lib, har bir nuqtaning funksiya qiymatiga
go‘shadigan hissasi aniq ko‘rinadi, shuning uchun nazariy tahlil va dasturiy hisoblashlarda keng qo‘llaniladi

2.

:q_2

S TNy, et

Agar funksiya quyidagi X+1 ta nuqgtada berilgan bo‘lsa:
(X T 06)), (0 £06))s-oen (X, T (X))

U holda Lagranj interpolyatsion ko‘phadi quyidagi ko‘rinishga ega:
n
P00 =2 F ()L (X)
i~0

Lagranj ko‘phadini quyidagicha tushuntirish ham mumkin. Har bir L;(X) ko‘phad x =X, da 1 ga teng
bo‘ladi, boshqa barcha X;esa 0 ga aylanadi. Shunday qilib, har bir Y; qiymatga mos ravishda o‘z ulushini

go‘shadi, ammo boshga nuqtalarda ta’sir qilmaydi.
Lagranj interpolyatsion ko‘phadi oson tuziladi, chunki har bir nuqtadagi qiymatni o‘z ichiga oladi va
cheklangan ko‘phadlar uchun samarali hisoblanadi ammo nuqtalar soni oshganda hisoblash
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murakkablashadi. Bu usul ko‘pincha funksiyaning giymatlarini aniglash yoki hisoblash uchun foydalaniladi
[5].

Lagranj interpolyatsion ko‘phadining tahliliy yondashuvlarini ko‘rib chigsak.

1. Uniklik. Lagranj interpolyatsion ko‘phadi yagona bo‘lib, istalgan n+1 ta fargli x; nuqtalar
to‘plami uchun faqat bitta interpolyatsion ko‘phad kerak bo‘ladi. Bu ko‘phadlar uchun unikal interpolyatsiya
teoremasi bilan ifodalanadi.

2. Xatolik analizi. Interpolyatsiyaning xatosi Teylor gatori va Lagranj qoldiq had formulasi
yordamida hisoblanadi:

.I: n+1

f(X)—Pn(X)— 1)|H( —X) & €[X5, %, ] (11)
Agar f(x) yetarlicha silliq bo‘lsa, interpolyatswn xatolik juda kichik bo‘ladi.
Agar n oshsa, ba’zida interpolyatsiyaning xatosi oshishi mumkin.[6](Runge fenomeni)
Barysentric(Og’irlik) Lagranj interpolyatsiyasi:

Ba’zida butun interpolyatsion ko‘phadni hisoblash o‘rniga, bo‘laklarga ajratilgan interpolyatsiyani
amalga oshiramiz. Bu holda splayn interpolyatsiyasini ham birgalikda ishlatishimiz mumkin. Bu orada
splayn haqgida ma’lumot berish joiz. Splayn uzluksiz bo‘laklarga bo‘lingan funksiya bo‘lib, uning har bir
gismi(segmenti) chegaraviy nuqtalardan tuzilgan oddiy funksiya hisoblanadi. Ko‘p hollarda splayn
silliglovchi fuksiya bo‘lib, fragmentlar sifatida qo‘llaniladi. [7] Bu usul kata N giymatlari uchun
bargarorlikni yaxshilaydi va Runge fenomenini kamaytirib beradi.

Agar tugunlar teng tagsimlangan bo‘lsa, Lagranj interpolyatsiyasi Runge fenomeni tufayli
tebranishlarni keltirib chigarishi mumkin. Bu muammoni esa hal gilish uchun Chebyshev tugunlaridan
foydalaniladi:

X, =C0S~———— i=012,..,n
2(n+1)

Chebyshev tugunlari ishlatilganda interpolyatsiya xatoligi kamayadi.

Lagranj ko‘phadining o‘zgarishi funksiyaning ma’lum nuqtalardagi qiymatlariga bog’liq
hisoblanadi. Agar funksiyaning ma’lum nuqtalardagi qiymatlari o‘zgarsa, Lagranj ko‘phadi ham o‘zgaradi.
Buning sababi shundaki, Lagranj ko‘phadi funksiyaning ma’lum nuqtalaridagi qiymatlarini hisobga olgan
holda tuzib chigiladi:

L0 = Y F()Qy ()

bu yerda,
nooX—X.
an (X) = H J

i=0,i%j X —X;

Agar f(X;)qiymatlari o‘zgarsa, L, (X) ham o‘zgaradi.

So‘nggi yillarda Lagranj interpolatsiyasi sohasida bir qator yangiliklar va takomillashtirishlar amalga
oshirilgan bo‘lib, ushbu yangiliklar asosan hisoblash samaradorligini oshirish va interpolatsiya xatoliklarini
kamaytirishga garatilgan

Lagranj interpolyatsiyasi, eng soda va tushunarli interpolyatsiya usuli bo‘lib, u berilgan nuqtalar orqali
o‘tuvchi yagona ko‘phadni quradi.Lagranj interpolyatsiyasining klassik formulasi yaxshi tushunarli bo‘lsada,
barysentric formula, bo‘laklarga ajratilgan usul va Chebyshev tugunlari hisoblash samaradorligini oshirish
magsadida foydalaniladi. Agar tez va bargaror interpolyatsiya talab gilinsa, barysentric usul yoki Chebyshev
tugunlarini qo‘llash tavsiya etiladi.

Eksperimental yoki statistik ma'lumotlarga asoslangan funksiyalarni analiz qgilishda interpolatsiya va
yaginlashtirish usullariga ehtiyoj katta. Shunday usullardan biri-splayn interpolatsiyasi hisoblanib,
funksiyalarni sillig va yuqori aniglikda ifodalash imkonini beruvchi samarali metod hisoblanadi.

Splayn interpolatsiyasi bu ingiz tilidan olingan bo‘lib- tekislikning berilgan nuqtalaridan o‘tuvchi
sillig egriliklarni o‘tkazish uchun ishlatiladigan egiluvchan chizg’ichni bildiradi. Biz splayn so‘ziga
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gandaydir aniq texnik ma’no bermaymiz. Splayn- bu bo‘laklarga ajratilgan polinomlar yordamida funksiyani
yaqinlashtirish usuli hisoblanib, har bir bo‘lak o°zining uchinchi (yoki yuqoriroq) darajali polinomi bilan
ifodalanadi.

Aynan kubik splaynlar eng ko‘p qo‘llanilib kelinmoqda, chunki ular silliglikni (1- va 2- tartibli
hosilalar uzluksizligi) va aniglikni ta'minlaydi. Bu usul oddiy interpolatsiya metodlaridagi muhim kamchilik
-yuqori darajali polinomlar orqgali ifodalangan interpolatsion funksiya bargaror emasligi muammosini
bartaraf etadi.

Splaynlar yordamida biz nuqtalar orasida silliq egri chiziq chizish mumkin bo‘ladi. Bu, ayniqsa, grafik
chizish, texnik tasvirlar, modellashtirish va signallarni gayta ishlashda muhim ahamiyatga ega hisoblanadi.

Splayn funksiyalar gism intervallarda ma’lum bir uzluksizlik shartlari bilan bog’langan ko‘phadlar

bo‘laklaridan tashkil topgan. Faraz qilaylik, N +1 ta Xy, X,..., Xy nuqgtalar aniglangan bo‘lsin va ular

Xy < X, <...< X, shartlarni ganoatlantirsin. Bu nuqtalar tugun nuqtalar deyiladi. Faraz gilaylik, yana k <0
butun son oldindan aniglangan bo‘lsin.

k darajali X, X,, ..., Xy tugun nugtalarga ega bo‘lgan S splayn funksiya bu :

(i) har bir [x_,,x;) intervalda, S bu Cdarajali ko‘phad,

(ii)[%,, X, ] intervalda S funksiya (k —1) -tartibli hosilaga ega.

Bu yerdan, S bu k —1-tartibligacha barcha xosilalari uzluksiz bo‘lgan darajasi k dan oshmagan
uzluksiz bo‘lakli ko‘phad.
0-darajali splayn bu bo‘lakli konstantalar. 0-darajali splayn quyidagi ko‘rinishda bo‘lishi mumkin

$,(X) =2ay; X €[%;, %)
S,(X) =a,;x€[x,X,)

s(x) =1

Sy (X) =ay; X €[Xy_4, Xy)
[x,,,x)intervallar bir-biri bilan kesilmaydi va shuning uchun tugun nuqtalarda bunday funksiyani
aniglashda ikki ma’nolik yuz bermaydi. Olti tugun nuqtali 0-darajali tipik splayn 1.1-rasmda berilgan

Ss
S| »—0

Se

Y

S
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bunday funksiya quyidagi ko‘rinishda oshkor qilib aniglanishi mumkin
$,(X) =a, +b (X=%); X €[X;, %),
S,(X) =a, +h,(X=X,); X €[X;, X,),

s(x)=1

Sy (X) =ay +b, (X=X ) X € [Xy_1, Xy)

bu quyidagi shartlarni ganoatlantiradi:

a) Harbir [x_,%), 1=12,..N, segmentda S(X) funksiya birinchi darajali ko‘phad;

b)  S(X) funksiya [X,, X, ] da uzluksiz;

c) b shartlar bilan birinchi darajali S(X) splayn to‘la aniglanadi. f, = f(x), 1=0,1...,N

belgilashlar kiritamiz.
Dastlab interpolyatsiya shartlaridan

s(x)=a+b(x—x)="f
Sl(XO) =8 +b1(xo - X1) = foy
Tengliklarga ega bo‘lamiz. Bu yerdan quyidagini olamiz

a="f,i=12,.,N

=12,.,N

b1 — fl - f0
X =X
Uzluksizlik sharti b) dan quyidagi
S(%)=s.,(x)1=12.,N-1
yoki
q +b|(xi _Xi) = ai+l+b|+1(xi _Xi+1)!i =12,.,N-1
larni olamiz. Bundan
b., :M,i =12,.,N-1 *
Xia =%

Shunday qilib, birinchi darajali splayn (*) va (**) tengliklar bilan to‘la aniglandi.

Xulosa. Nyuton va Lagranj interpolyatsiya usullari diskret nugtalar to‘plami asosida funksiyalarni
yaginlashtirishning klassik va fundamental yondashuvlari hisoblanadi. Ushbu usullar berilgan tugun
nuqtalaridan o‘tuvchi yagona interpolyatsion ko‘phadni qurishga asoslanadi hamda matematik tahlil va
hisoblash amaliyotida keng qo‘llaniladi. Shunga qaramay, ularning hisoblash algoritmlari va amaliy
samaradorligi o‘rtasida muhim farglar mavjud.

Lagranj interpolyatsiyasi nazariy jihatdan sodda va aniq formulaga ega bo‘lib, tugunlar to‘plami
o‘zgarmas bo‘lgan holatlarda qulay hisoblanadi. Biroq yangi tugun nugqtalari kiritilganda interpolyatsion
ko‘phadni to‘liq qayta hisoblash zarurati uning hisoblash murakkabligini oshiradi. Nyuton interpolyatsiyasi
esa bo‘linma farglarga asoslangan rekursiv tuzilishga ega bo‘lib, mavjud hisob-kitoblarni saglagan holda
interpolyatsiyani bosgichma-bosgich kengaytirish imkonini beradi. Shu sababli ushbu yondashuv hisoblash
vaqtini gisqartiradi va dinamik ma’lumotlar bilan ishlashda yuqori samaradorlikni ta’minlaydi.

Interpolyatsiya nugqtalari sonining ortishi yuqori darajali ko‘phadlardan foydalanilganda
tebranishlarning kuchayishiga, ya’ni Runge hodisasiga olib kelishi mumkin. Bunday holatlarda Chebyshev
tugunlarini qo‘llash yoki splayn interpolyatsiyasidan foydalanish maqgsadga muvofiqdir. Splayn
interpolyatsiyasi past darajali bo‘lakli ko‘phadlar yordamida funksiyaning silligligini ta’minlaydi hamda
katta hajmdagi ma’lumotlar uchun bargaror va aniqligi yuqori natijalarni beradi.

Xulosa qilib aytganda, Nyuton va Lagranj interpolyatsiya formulalari XVII-XVIII asrlarda ishlab
chigilgan bo‘lishiga qaramay, ularning optimallashtirilgan shakllari, jumladan barysentrik Lagranj
interpolyatsiyasi, zamonaviy hisoblash texnologiyalarida ham dolzarbligini saglab golmoqgda. Amaliy nugtai
nazardan garalganda, Nyuton interpolyatsiyasi moslashuvchanligi va hisoblash samaradorligi bilan ajralib
tursa, splayn interpolyatsiyasi katta va murakkab ma’lumotlar to‘plami bilan ishlashda eng maqgbul va
ishonchli usullardan biri sifatida garaladi.
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Annomayusa. Paccmompena kpaesas 3adaua Ons nepeonpedenéuHoll CmayuoHapHOU CUCHeMbl
08yXCKOpOCmHOU 2uopoournamuxu. Ilonyuenvl opmynvl 01 pewieHUss paccMOmMpeHHbIX KpPaesbiX 3a0ad.
Iloxasano enuAnue KuHemuyeckux u @QU3UYECKUX napamempos Ha peuieHue CMAyUOHAPHOU CUCTEMbl
VpasHeHull 08yXCKOPOCMHOU 2UOPOOUHAMUKU C OOHUM OABIEHUEM.

Kntouesvle cnosa: 08yxocuokocmuas cpeda, HecocuMaemas HCUOKOCHb, NepeonpeoeléHHas
cucmema, ypasnenue Ilyaccona, neoOnopoonas 3aoaua, npeoopazosanue Dypoe, Kiaccuueckoe peuieHue.

IKKI FAZALI MUHITDA YUZAGA KELADIGAN TENGLAMA UCHUN IKKI QATLAMLI
POTENSIALLAR

Annotatsiya. Maqgolada ikki tezlikli gidrodinamikaning gayta aniglangan statsionar tizimi uchun
chegaraviy masala ko ‘rib chiqgilgan. Ko ‘rib chigilgan chegaraviy masalalarni yechish uchun formulalar
olindi. Kinetik va fizik parametrlarning bitta bosimli ikki tezlikli gidrodinamika tenglamalarining statsionar
tizimi yechimiga ta’siri ko ‘rsatilgan.

Kalit so“zlar: ikki tezlikli gidrodinamika, sigilmaydigan suyuglik, gayta aniglangan sistema, Puasson
tenglamasi, bir jinsli bo’Imagan masala, Fure akslantirish, klassik yechim.

DOUBLE-LAYER POTENTIALS FOR THE EQUATION ARISING IN A TWO-PHASE
MEDIUM

Abstract. A boundary value problem for an overdetermined stationary system of two-velocity
hydrodynamics is considered. Formulas for solving the considered boundary value problems are obtained.
The influence of kinetic and physical parameters on the solution of the stationary system of equations of two-
velocity hydrodynamics with a single pressure is demonstrated.

Key words: two-fluid medium, incompressible fluid, overdetermined system, Poisson equation,
inhomogeneous problem, Fourier transform, classical solution.

BBenenune. B Hactosmiee BpeMs HMHTEpEC K MaTeMaTHYEeCKOMY OIHMCAHUIO HECTAIIMOHAPHBIX
HEU30TEPMUYECKHX IPOIECCOB B reTepodasHbIX cpeax KpailHe BBICOK. B mepBylo odepenb, OH CBs3aH C
HEOOXOJUMOCTBIO PEIICHHS Pa3HOOOpPA3HbIX TEXHOJOTHYECKMX 3ajad: ONHCAHUE TUAPOJNHAMHUKHU
Pa3IUYHBIX CYCIICH3WH, SMYJIbCUH, a3p030Ji€ii, TPaHYJIUPOBAHHBIX M CHIMYYHUX CMECEH M COCTABOB
Pa3IUYHON CTPYKTYpHI, YYaCTBYIOIIUX B IPOHM3BOJICTBEHHBIX ITMKJIAX; pa3paboTKa HOBBIX reTepodasHbIX
CINIaBOB, HCOAHOPOAHBIX W KOMIIO3UTHBIX MATCPUATIOB MJid TMPOMBIIIIICHHOCTH W CTPOUTCIIBCTBA,
IIPOCKTUPOBAHUE M IOKCIUTyaTalWs CIOXKHBIX CHUCTEM OXJIAXKICHUA U TerIooOMeHa IJId DQHEPIr€TUYCCKUX U
oOpabaTeiBatomux —mpennpuatuii. Kpome Toro, wuHTEpec K MaTeMaTHUYECKOMY MOJACITUPOBAHHUIO
rerepoda3HbIX Cpejl BOZHUKAET MPH PACCMOTPEHHUH Pa3HOOOPA3HbBIX 3a/1a4 OMHCAHUS TEXHOTCHHBIX CHCTEM:
MOACIIUPOBAHUE IIPOLECCOB B He(bTﬂHI)IX CKBaAXHHAX W TIPUIIOBEPXHOCTHBIX ILIACTAX, OITHUMHU3ALWA
MPOIIECCOB JTOOBIYM TOJE3HBIX HMCKOIAEMBIX; a TaK JK€ MPH OMUCAHHU SHAOTCHHBIX MPOIECCOB U TpHU
PEIICHNH CBSA3aHHBIX C HUIMU 3371a4 T€OIMHAMUKY U pynoo0Opa3oBanus. K 4uciay mociueTHuX MOKHO OTHECTH
3aga4u TUAPOJIUHAMHYCCKOI'0 OIIMCAaHUsA IIPOLCCCOB DJBOJIIOIHWU PA3JIMYHBIX THIIOB MaHTHﬁHO'KOpOBBIX
GarouaHbIX  cucTeM  (QUIBTPAIMOHHBIX TEUYEHHUH JIMTOC(EpHBIX (IIIOMIOB B IPOHHMIIAEMBIX 30HAX,
MPOIIECCOB KOHBEKTUBHOTO TEIIOMACCONEPEHOCA B TIIYOMHHBIX MarMaTHYECKHX O4YaraxX, JIUHAMUKU
(GIIOMIHBIX THAPOTEPMATBHBIX CHCTEM U T.I.), PEHICHHUE KOTOPBIX SBISETCS HEOOXOIMMBIM STAllOM IPH
e ——————————————————————————
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MATHEMATICS

OIMCAHWU JUHAMUKHU DPAa3BUTHS KPYIMHOMACIITAOHBIX PYJ000pa3yOIUX CTPYKTYp B paMKax eIuHON
COTJIACOBAaHHON MOJIENIM ABOJIIOLNHU CHCTEMBI, BKIIIOYAIOIIEH BEPXHIOID MAaHTHIO, MAHTUHHYIO TUTOChEpY U
3eMHyt0 Kopy [1;2].

MHuoroda3Hble MHOTOKOMIIOHCHTHBIC CPEIbl IIMPOKO TPEACTABICHBI B PA3JIMYHBIX MPHPOTHBIX
mporeccax M OOJACTSIX YETOBEUECKOW IesTeNbHOCTH. MOXKHO YBEPEHO CKa3aTh, YTO C HE OJHO(AZHBIMU
CMECSIMH TIPUXOANTCS UMEThH JIeTI0 Topa3zo yaiie, 4eM ¢ ogHoda3HeMu. Beé 3To nmemaer 3agady onvcaHus
M3YYCHUS TAaKUX CPEJl OJJHOW W3 aKTYAIbHEUIIMX W BaXXHEHITUX MPOOJIEM MEXaHWKH BOOOINE W MEXaHUKH
CIUIOIIHBIX cpen B yacTHOCcTH [3-5]. ['ereporeHHble cpeipl XapaKTepH3yIOT HEBEPOATHOE MHOTOO0Opasme,
B3aUMOBIIHSIHUE U CIOXKHOCTH d(h(PEeKTOB, BOZHHKAIOMUX Omaromaps He ogHodazHoctr. K Takum sddexram
MOXKHO OTHECTH (ha30BBIC MEPEXOJIbl, XUMHUUCCKUE PEAKIUM, KAIMLIAPHbIC 3(QQEKThI, MyIbCallMOHHOE U
Xa0TUYECKOe JIBIXKEHHE, aedopmMarius (a3, Mpouecchl CTOJIKHOBEHUM, NPOOJICHUM, KOAryJsiUyd YacTHUll U
T.1.

IHoTeHuma bl ABOMHOTO €051 AJI CTALMOHAPHOM CHCTEMbI
ABYXCKOPOCTHOM I'MAPOIMHAMUKHA
B orpanmdennoit obnactu Q c R® paccmaTpuBaeTcs MMHEapU30BaHHAS CTAIMOHAPHAS HEOTHOPOIHAS
3a/1a4a JByXCKOPOCTHOUM THAPOIMHAMUKHY [6]

v,Au, —Vp=—pf | divu, =0, (1)
v,Au, —-Vp=—pf , divu, =0, 2
u =a , U,, =a,, Ha  O0Q. (3

31ech U,, =U,-N, N 0003HayaeT BHELIHIOIO 110 OTHOIIEHHIO K () HOpMalb K OC2,
Vv, U V, - COOTBETCTBYIOIIHE CJIBUTOBBIE BSI3KOCTH (a3. 37eCh U Jajnee BEKTOPHbIE BEIMYMHBI

BBIETISIIOTCS. KUPHBIM mipudrom. HeoOxomumeiM ycrmoBueMm pazpemmmocTta cucteMbl (1)-(3) cayxar
paBeHCTBa!

jal-ndwzjazdwzo .
oQ oQ

Kommonentsi matpuu Gy (r,r), Gy(r,r) , i,j=123 u sexropa P(r,r) ¢yniamenranstoro

pemenus cuctemsl (1)-(3) HaxoaATCs U3 CleyoIEel cucTeMbl Tn(pGepeHINATBHBIX YPAaBHEHUH:

VAG (r,r)-o,P(r,r)=6,6(r—r), 8G,(r,r)=0, (4)
V,AG, (r,r)—=o,P(r,r)=8,6(r-r), 0,G,(r,r)=0. (5)
B dopmynax (4), (5) r=(X,%,X;), O; - cumBon Kponekepa, S(r)-- & -- bynkuusa Jupaka,

U]

0
0, = — . Ilo noBTopstoEMyCsl HHAEKCY IPOU3BOJUTCS CyMMHpOBaHue ot 1 1o 3.

i
Cnenys meromy pabotel [7] pemenne cucteMbl (4)-(5) HaXoaUTCS C TIOMOIIBIO TPEeoOpa3OBaHMS
dypbe U UMEET CICAYIOMINHA BUI:

1|6 (=% = %))
+

G, (r,r)=- . . : 6
(1) 8zv, | [r—r | [r—rf ©
G (rr)=— 1 5|J +(Xi_xil)(xlj_xlj) )
v 8zv, | |r—r| lr—r ’
. X — X
A = 8

OTKyJia CIIeIyeT PaBEHCTBO:
v,G; (r,r)=v,G(r,r).
Otcioa ¥ U3 CHCTeMbl ypaBHeHHil (4)-(5) BHIHO, YTO 1O apryMeHTy I (yHKIMM Gij(r,r'),

Gij (r,r),u P(r,r) y/ioBieTBOPSIOT COMPsKEHHOI cUCTEME
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8st(r,r') Lo, ast(r,r') Lo, ©)
OXq OX,
. OP.(r,r) .
VA ‘Gij(r,r)—J—.=5ij5(l’—l’) , (10)
' OX;
A.G (r,r aP"(r’rl)—55r r 11
v, r ij(' )_T— ij ( - )v ( )

Oynkimn G (r,r), Gij (r,r),u Pi(r,r') TTO3BOJISIOT MTOCTPOUTH OOBEMHBIC ITOTEHITHAIH.

Uy (r) ==p[ Gy (r,r) f,(r)dr’,
U, (1) =—p[ Gy (r,r) f,(r)dr’,

p(r) =—p[Py(r,r) f,(r)dr’,
KOTOpBIC B CHITy paBeHCTB (4) 1 (5) yIOBIETBOPSIOT CTallnOHApHON HeogHOpoaHOH cucteme (1)-(2) Bo

BCEM IPOCTpaHCTBE. BBeAEM TEH30pBI HAIIPSHKEHUM B Cilydae JBYXCKOPOCTHOM T'MIPOJMHAMUKH C OJHUM
JTaBJIICHAEM:

T (Uy) =—pJy +v4 (O +0,Uy ),
T (Uy) = —PJy +, (OUyy + Uy )
ans coorsercTBytommx (U, p) u (U,, p) . TeH30psl HaNpsHKEHUA IS CONMPSIKEHHON 3a/1a4 UMEIOT
CIEAYIOLIUN BUI:
Ty (V) =0q0, +v, (aivlk +0,Vy ) '
Ty (V) =q0 +Vv, (aiVZk + 0, Vy; ) '
ns coorBercTByromux (Vy,q) u (V,,q).
C nomompio dynaamenTanbHbX pemenuit Gy (r, r, Gij (r,r) MOXHO TIOMyYHTh MHTETPAHEHOE
npejcrasieHue mobdoro pemenust (U,,U,, P) HeoxHopoaHoU cucteMsl (1), (2) uepe3 maccoByto cuny pof un

3HadeHus U,,u,u T, (U,), 'ﬂk (u,) Ha O0Q
Uy () ==p[ Gy (r,X) F,(r)dr + [T, (G, (r,r))u;nde. - G, (r,r)T; (u)n,da, | (14)
Q oQ Q

Uy (1) ==p Gy (r,r) F(r)dr + [Ti(G, (r,r))u,nde, - [ Gy (r,r)T; (u,)n de, (15)

B dopmymax (14), (15)
G (rr)=(Gu(rr).G,(rr).G(rr)), G (rr)=(Gu(r.,r).G,(r.r),G,(rr)).
p(r)=—p.|‘ P,(r,r)f,(r)dr - IPi(r,r')'I'ij(ul)njda)r, —2vlj'8jPi(r,r')u1injda)r, . (16)

Wuterpaner mo moepxHoctd B (14), (15) m (16) maroT BhIpaXeHUs NOTEHIIMAJIOB MPOCTOrO M
ABOiHOTO cioéB. BBuay otnmuns 3agad (1) u (2) Tonbko kodpduumentamu v, u v, (0e3 yuéra KpaeBbIX

ycnoBuif), OyaeM paccMaTpuBath 37ech TONbKO 3agady Crtokca mng U, u p. OmpexenuM NOTEHIHAI
JBOIHOTO CIIOS C TUIOTHOCTBIO ¢0(77) aust 3agaqu (1) Kak MOBEPXHOCTHBIE HHTETPAJIbL:

W, (r.g) = [ T; (G.(r.r)) e (mn; (n)do,
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T1(r0) =20, [ R(r e ()n, (),

[Toxcrasiss B 311 GpopMyIbl sBHbIE Bhipakenus i G, u B, u3 (6) u (8), nomydnm:

Ui)(xj _nj)(xk — 1)

| u (N, (nda,

o Ir—np
T(r,p) = 2—1— j 3¢k (s (nde, .
ITomoxxum
Ky (ra) = - B ),
<, (rim == aim ).

Teneps norenumansl georHoro cinost W u I1 Moryt ObITh 3anucanb! 0oJiee KpaTko:

WU@F{KMRMQWN%, Hm@=JKAHM%WN@f

o

3akaouenue. TakuM 00pa3oM, pacCMOTPEHA KpaeBas 3a/1ada sl IepeonpeeIéHHON CTallnOHapHON
CHCTEMBI JIBYXCKOPOCTHOHM TruapoArHaMUKH. [1omydeHsl GOpMyIIbl Uil PEHICHUs] PACCMOTPEHHBIX KPaeBBIX
3agad. [loka3aHo BIMsAHUE KWHETHYECKUX M (PU3UUECKUX MMapaMETPOB Ha PEICHHE CTAIIMOHAPHOMN CHCTEMBI
YpaBHEHUH BYXCKOPOCTHOH r'MIPOANHAMMKH C OAHUM JaBICHHEM.
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V]IK 517.518.644

MNOCTPOEHUE ONITUMAJIbHOM BECOBOM KBAJIPATYPHOM ®OPMYJIbI TUIIA
9PMUTA B IPOCTPAHCTBE COBOJIEBA W," (T,) MEPHOANYECKHUX ®YHKIHIA

Ilaoumemos Xanmameaii Maxxamoaesuu,

npogeccop TawkeHmcKko20 20Cy0apCmeeHHO20

MPAHCNOPMHO20 YHUepcumemad, 0.gh. M.H.
kholmatshadimetov@mail.ru

Xaamoe Xypuiuoscon Ycmanosuu,

npenodasamens byxapckozo 2ocyoapcmeennozo ynusepcumema
wera00@mail.ru, x.u.xayatov@buxdu.uz

Annomayusa. CospemeHHass NOCMAHOBKA HNPOOAeMbl ONMUMUIAYUU DOPMYT  IPUOTUNCEHHO2O0
UHMe2PUPOBAHUSL  3AKTIOUAeMCA 8 MUHUMUSAYUU HOPMbL  (DYHKYUOHALA NOSPEUWHOCIU (DOPMYTbl  HA
BbIOPAHHBIX HOPMUPOBAHHBIX npocmpancmeax. llpu uccredosanuy HAULYHUUX POPMYL NPUOTUIHCEHHOO
UHMe2PUPOBAHUs 8 NepEyIo 0Yepedb GO3HUKAEM 8ONPOC O CYWeCME08aHUU Makux gopmyi. dmom 6onpoc
Uccne008an 6ecbMa NOIHO, XOMs U ABIAEMCA O0CMAMOYHO CIONCHLIM, O YEM C8UOCMeNbCMEyem, Hanpumep,
cmamus [1], 20e, Ovi10 Oocmueymo cywecmaennoe npoogudicenue 6 e2o pewienuu. /Jo nocieoneco epemenu
UCCne008anus HAUMYHUUX —KEAOPAMYPHLIX OPMYNL  OCHOBbIBANUCH HA  USYYEHUU  CHAAUH—@YHKYUL
CHReyuUaIbHo20 8U0a (MOHOCHIAUHO8), C8A3AHHBIX ¢ paccmampusaemvimu opmyramu [2-5]. Dmu memoosi
uccne0o8anuli noKa He yoaémcsa ¢exmusHo npuMeHums npu UCCIeO08aHUU KYyOAmypHuIX Gopmyn 6

V\72(m) (T, ), AsnsIOWUXCA MHOZOMEPHBIMU AHATO2AMU NPOCTPAHCING Wz(m) (T,).

B pabome paccmampusaiomcsa eecoevie KeéaopamypHvie @GOopmynsl muna Opmuma, u HAUOeHbl
onmumanvHvle KoI@puyuenmul. Pe3yromam nonyuen ¢ noMowplo MUHUMUSAYUU HOPMbL (QYHKYUOHANA
nOZPeWHOCMU OISl 8eCOBbIX KBAOPAMYPHBIX Yopmyn muna IpMuma ¢ UCnOIb308AHUEM HeO0OX0OUMOO
VCII08USL IKCIMPEMYMA.

Knioueswvie cnosa: xybamypnas gopmyna, ¢ynkyuonan nocpewnocms, npocmpancmeo Cobonesa,
0000wénnasn pynkyus, GYHKYUOHATbHOE RPOCTPAHCIEO, HOPMA, IKCMPEMATbHASL (DYHKYUSL.

SOBOLEVNING W,™ (T,) DAVRIY FUNKSIYALAR FAZOSIDA ERMIT TIPIDAGI
OPTIMAL VAZNLI KVADRATUR FORMULANI QURISH

Annotatsiya. Integrallarni tagribiy hisoblash formulalarini optimallashtirish muammosi berilgan
normallashtirilgan fazolarda formulaning xatolik funktsionali normasini minimallashtirishdan iborat.
Integrallarni taqribiy hisoblash formulalari uchun eng yaxshi formulalarni o'rganishda birinchi navbatda
bunday formulalarning mavjudligi haqida savol tug'iladi. Bu masala juda ko'p o ‘rganilgan, garchi u juda
murakkab bo ‘Isa-da, masalan, [1] maqgolada uni hal gilishda sezilarli yutuglarga erishilgan. Yagin
vaqgtgacha eng yaxshi kvadratura formulalari bo ‘yicha tadgiqotlarda ko ‘rib chigilayotgan formulalar bilan
bog‘liq bo'lgan maxsus turdagi splayn funktsiyalarini o'rganishga asoslangan edi [2-5]. Ushbu tadgiqot
usullarini V\72(m) (T,) fazolarining ko'p o‘Ichovli analoglari bo ‘Igan Wz(m) (Tl) dagi kubatura formulalarini
o ‘rganishda hali samarali qo ‘llash mumkin emas.

Magolada Ermit tipidagi vaznli kvadratur formulalar garalgan va optimal koeffitsientlar topilgan.

Kalit so zlar: kubatur formula, xatolik funksionali, Sobolev fazosi, umumlashgan funksiya, funksional
fazo, norma, ekstremal funksiya.

CONSTRUCTION OF AN OPTIMAL WEIGHTED QUADRATURE FORMULA OF
HERMITIAN TYPE IN THE SPACE OF PERIODIC SOBOLEV FUNCTIONS W,™ (T,).

Abstract. The modern formulation of the problem of optimization of approximate integration formulas
consists in minimizing the norm of the error functional of the formula on selected normalized spaces. When
studying the best formulas for approximate integration, the question first arises about the existence of such
formulas. This issue has been studied very fully, although it is quite complex, as evidenced, for example, by
article [1], where significant progress has been made in solving it. Until recently, research into the best
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guadrature formulas was based on the study of spline functions of a special type (monosplines) associated
with the formulas under consideration [2-5]. These research methods cannot yet be effectively applied in the
study of cubature formulas in W,™ (T, ), which are multidimensional analogues of the spaces of W,™ (T,).

The paper examines weighted quadrature formulas of Hermite type and finds the optimal coefficients.
Keywords: cubature formula, error functional, Sobolev space, generalized function, functional space,
norm, extremal function.

BBenenne. Muorue pabotel, Hampumep [1-15] mocBsimieHBl KBagpaTypHBIM H KyOaTypHBIM
¢dbopMynaM, B KOTOpbIE BXOISAT 3HAYCHUS MPOM3BOJAHBIX HHTETPHPYEMBIX (GYHKUWI. Eciau W3BECTHBI He

TOJIBKO 3HA4YCHUA q)yHKHI/II/I f(X) B TOYKax X Ha Tl’ HO M 3HadycHHSA e& IMPOU3BOJHBIX HCKOTOPBIX

MOPSAZIKOB, TO €CTECTBEHHO, YTO TNpH IMPaBHJIBHOM HCIOIb30BAHUM BCEX 3TUX JAHHBIX MOYKHO OXKHAAThH
OoJiee TOUHBIN pe3yJIbTAT, YEM B ClIy4yae B ClIydae HCIOJIb30BaHMS TOIBKO 3HAUCHUN (QYHKIHH.
B cBs13u ¢ 9TUM paccMOTPUM BECOBYIO KBaIpaTypHYIO GOpMyITy THIIA DPMHUTA:

JP(X) T (x)dxx 33 (1) 1) (x). ®
T a=0 A=1

¢ (PYHKIIMOHAJIOM MOTPEITHOCTH
m-1

) (x) = P(x)ng(x)—Zicﬁ“’é(“)(x—x“)) ()

=0 A=l

N

7 (M A
B IPOCTPAHCTBE CoboneBa WZ( )(Tl) , 1€ COOTBECTCTBCHHO Cga) n X( ) ABJISIFOTCA MTPOU3BOJIBHBIMU

ko3 dunrenTamMu U y3namMu KeaapatypHon dopmyssr (1), f (X) eWz(m) (Tl) , T, - omHOMepHBIi TOp, T.€.
OKPY>KHOCTb JUIMHBI PaBHOW €IWHUIIBI, P(X) - BecoBasi (DYHKIMs U @ - TIOPSILOK IPOU3BOJHBIX, &y (X)—
xapakrepuctideckas Gynkiums T,,a & (X) - nenbra pyHKusa Jupaxa.

Omnpenenenne 1. TIpocTpancTBo Wz(m) (Tl) - ompeessieTcss Kak MPOCTPaHCTBO (DYHKIMHM, 3aIaHHBIX

Ha OJHOMEPHOM TOpe [, M HMEIOIHX BCe OOOOIIEHHBIE MPOU3BOAHBIC MOpAAKA M, CyMMHUpyeMble C

KBajpaToM B HOpME [4]
2

[ (] =| [ £ (x)dx |+ Jemkf"

k=0

A |2
Fel 3)

Tl
rae fk - kooppurmentsr Oypre T.¢. | ‘ :J' f (X)e—Zﬂikde.
Tl

IMocTtanoBka 3amaum. Kak m3BecTHO, 3ajaua OICHKHM TOTPEITHOCTH KBaJpaTypHOW (QOpMYIbl Ha
(GYHKIUSIX HEKOTOPOrO MPOCTpaHCTBA B paBHOCHMIIbHA BBIYHUCICHUIO 3HAYCHHS HOPMBI (YHKI[HOHAIIA

MOrPENIHOCTH B CONPsKEHHOM K B npoctpanctse B wim, uto To ke caMoe, HaX0KIEHHIO SKCTPEMAILHOM
GyHKIMK U1l TAHHO#M KBaapatypHO#l dopmysbl. st peuieHus 3TOW 3amaddl B KadecTBe B Mbl B3siin

HPOCTPAHCTBO Wz(m) (T,).
3aj1aua NOCTPOEHHs ONTUMAIBHBIX KBaJPaTypHBIX (opMyi Haz npoctpanctsom Cobonesa W, ™ (T,)

- 9TO BBIYHCIICHHE CIIC/YIOLICH BETHIHHBL:

‘< o) >‘

FIE™ (T, ?

A W (T H: inf su
N | 2 (1) c&“),x(l)Hf(x)ﬁio

rae V\~/2(m)* (T,) - conpsuxEHHOE POCTPAHCTBO K MPOCTPAHCTBY W, (T.).

JUJ1st OLIEHKH MOTPEIIHOCTH KBaApaTypHOH HhOpMYITbl HEOOXO0IUMO PEHIUTh CIACAYIOUIYIO 3a/1ady.
3agaua 1. Haiitn HOpMy (yHKIMOHaNa morpentHocTy (2) naHHO#M KBajapatypHOH ¢dopmyisl. anee,
9TO0BI TOCTPOUTH ONTHMAIBHYIO KBAaJpaTypHYIO (hOpMyITy, HCOOXOAMMO PEIIUTh CIEIYIOIYIO 3a/1a4y.

@ 3y x

3anaua 2. Haiitu Takue 3HaueHus C , 9TOOBI BRITTOTHSIIOCH PABEHCTRO (4).
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o 7 (M o
B nHacrosmeit pa60Te B IIPOCTPAHCTBE WZ( )(Tl) NEPUOAUICCKUX Q)yHKHI/II/I IIOCTPOCHA OIITUMAaJIbHAA
KBaJapaTypHasd (bopMyna U IpUBEACHA HOpMa (byHKIlI/IOHa.Ha IMOTpE€UIHOCTH HOCTpoeHHOP'I KBaILpaTypHof?I

(GbopMysibl B CONPSHKEHHOM TPOCTPAHCTBE V\72(m)* (Tl) . A Takxe Uil (DYHKIMOHANA IOTPEIIHOCTH

KBaJ[paTypHOi QopMynsl Tma IDpmurta JUIs QYHKIHMHA Kiacca V\72(m) (Tl) MOJTyYeHa OIICHKA CBEpXY, H

HalJIeHbI ONTUMAaJIbHBIE KOO (UIIMEHTEI KBaApaTypHOl GopMyIisl THIIa DpMuTa ipu M = 2 (a = O,l) .
OrmeTnM, uTO 3a1a4a 1 perrena B padore [5] u 3amaya 2 pemrena npu o =0 B pabore [13].

OnrumanbHas KBaapaTypHas (popMyJia B IPOCTPAHCTBE V\72(m) (Tl) .

B or1oif pabote 3aiiMéMcs MHUHUMH3aLUed HOPMBI (YHKIMOHANA IOTPEUIHOCTH KBaApaTypHOI
dhopmymsr (1).

B pabote [5] nokazana ciemyromas TeopemMa:

Teopema 1. KBagpaTt HOpMBI (hyHKIIMOHAIA MOTPEHIHOCTH (2) BECOBOI KBaApaTypHOH (HOPMYIIBI THIIA
Opmuta Buja (1) Hag MPOCTPaHCTBOM V\72(m) (Tl) paBeH:

2

m-1 N )
~ o\ 2 R m-1 N 2 1 If)k — ZCE‘I)(Zﬂ-i)a kae27zikx( )
ﬁ(,\?) |W2(m) (Tl) =1 _ZZC,({Z) + — Z a=0 2=1 _ | -
=0 1-1 (27)" o k

rae ¢\ - kodbduimentby, X

¢Gyukaun P (X) .

Teopema 2. OntumansHast KBaapaTypHas popmyna tuna Dpmura Buaa (1) B mpocTpaHCTBE V\72(m) (Tl)

- y3IIbl KBajpatypHoil ¢opmynst (1) u I:A’k -xk03(prummentsr Dypre

_A
HEePUOANYECKUX QYHKIMHA, Tpu M = Z(a 0, l) UMEET PABHOOTCTOSIIHE Y3IIbI X , A=12,..

(o]
paBHbIe K03 duIenTsr C, =C,...=Cy =C un Cl(l) = Cgl) =.=cW=¢W

KOTOpPBIC BBIPAXKAOTCS (HOPMYJION:
s 1 1P
Pt g 2
(272') N k=0 k
1 1 1
N|1+=p >
(2 ) N™ ik
JHoka3zareabcTBo. [Tycth B paBeHcTBe (5) M=2, Torna o = m , 1 B 3TOM ciy4ae (5) mpHUHUMAET
CIeNyIOIUN BUL!

¢= u ¢Y=0. (6)

2

ZC eme (Zﬂl)kZC 2mx
>3 % ™

(27[) k=0

N

5-3e

A=1

| W

Tenepps mpousBenéM HEKOTOpOE peodpa3zoBaHKe Ha/ BTOPHIM CIaraéMbIM B paBeHCTBE (7).
N

HYCTB ZC 1 #0 , TOraga, YyMHOKas YUCIUTCIIb U 3HAMCHATCJ/Ib BTOPOr0 CjIaracMoro Ha BCJIUYHUHY

2 LN ()2
—>.C,e¥™ +(27i) k Y cle

1 - -
N z i1 k4 71 _
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) N N ¢ eZﬂikx( ) N n N C(1)e2mkx(‘>
R—|Dlc, D% +(27i) k | D ey DA "
) ) -1 =1
n N 2 1 ! ;Cﬂ g ;Cﬂ
=R-26| +—— 7 =
=1 (27[) k=0 k
3 : \ 2mkx - (1) § (1) ,27ikx?) 2
« P  — ﬂZcﬁ ;CA '+ (27i) k ﬂZcﬂ ;cle
A =1 =1 =1 =1
=R =2.c 7D 7 , (8)
i (272') k=0 k
rre
)
¢, = n ¢fL o ©)
2. pA
p=1 p=1
N N
OueBHIHO, YTO Z:C/1 =1lmn chl) =1 (10)
i1 =1
VYuutsiBas (9) u (10), paBerctso (8) mepemnuinem B Bujie
B 2 (. N 2
(ﬁ)|W2( ) (T) ‘(PO—ZCAJ +
=1
2
5 N N 27ikd ; N o (1) g 27ikx”
| Doc, | Dl ce®™ T+ (2ri)k| D ocy) D ctet
1 B=1 A=1 B=1 a=1
: (11)
(27[)4 ; k‘
Orcrozia momy4aem, 94To
@ v (T = p2_2p S Tl
0O W, (T = R2-2R D ¢, {Z%j +
=1 =1
2
5 8 § 27k - ) - (1) A 27ikxH)
—| D¢, D ce +| (27)k Zc D clle
1 Z B=1 ) B1 =) (12)
(272')4 k=0 k
Bronst o6o3nauenune ZC =X Hu ZC X,, TOCJe HEKOTOPBIX YIPOLICHUH pPaBeHCTBO (2)
=1 )
HepenuIleM HOINHOMA BTOPOU CTENEHH 0 X; U X, .
a) (7 (m) 2 A 3 1 FA) ’ 1
f(N)|W2( ) (Tl) :|:P02_2P0X1+X12]+ 42%_ 4’
(27) i k' (2x)
N L (2 2 2
2P|<X1 ZC'/IeZﬂlkx( ) . ZC 2;z|kx ZC kax( )
=1 2 =
) X (13)
g(; k4 (27[)4 g(; k4 2 2; k2
Wwmes B Buay ycnosus (10) B paBenctse (13) ' ncnonb3ys pe3yabTaThl paboThl [6], MOTyYrM:
~ m " 2 A A
K(I\T)|W2( ) (Tl) :[P02_2P0X1+X12]+
1 1R 1 1 . 1 1 1 1 1 1 1
D3 2 X; (14)

— 2B, —+ — —+
(27) N &K (22) N° &K (2n) N &K (2 NP 2K
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3IICCI> MBI YYUTBIBAJIN, YTO CYMMBI

27ikx?)

C 2mkx
A=1 ;
Z k4 u Z k2

k=0 k=0
JOCTHUTAIOT CBOCIO HAMMCHBIICTO 3HAYCHU A, paBHOFO COOTBCTCTBCHHO:

Iyl d

k¢0 k0

KOTJa y37IBI X KBazaparypHoii gopmyibl (1), paBHOOTCTOsIIIME M BCe KO PHUIIMEHTHI C;w TaKKe

c

paBHBI MEXTy COOOIi, T.e.

o1 1 A —
=l = = L2 =1N (15)

I[paByto uacts (14) Oynem paccmaTpuBaTh, Kak QyHKIHUIO OT X, X, ¥ 0003Ha4uM €€ uyepes y(xl, Xz)

T.C.
1 1
Y (% %) = B =2 +X |- WWZ
R 1 1
T e W e Gy W )

Torma W3 HEOOXOIMMOTO YCIOBHUS 3I<CTpeMyMa rnocine HGKOTOpLIX ynpomenuii u3 (16) momydanm
CHCTEMY YPaBHEHHI C IByMs HEM3BECTHBIMHU X; H X, .

1 1 1 A 1 1 <P
1 P+——— Kk
{ +(272') N4;k4JX1 O+(27[)4 N4§k4

(< Wk ] 7

Pemas cucremy (17) 1 BBeAst HEKOTOPHIS Hp606pa3OBaHI/IH, HOCJIEI0BATENBHO HAXOAUM X, U X, ,T.€.
R 1 1 «P
PO T N1 4 kt(l
(272') N k=0
X, = uX,=0. (18)

1 1 1
1+—— > —
( (272_)4 N4§k4]

1w 1 TN
Myctb C, =— u C,’ =—, A=1,
Y TN 2 N
torga u3 (6) u (15) cienyer, uyto
¢ =C=..=Cy=Cu cV=c =..=c=¢c".

Otcronia cienyeT, 4To

N N
X =>.¢,=Né¢ux=>c=Nc". (19)
A=1 A=1

Moncrapnsas (18) B (19), HaxonuMm onTuMaibHble KOIDOUIMEHTH KBaJpaTYpPHBIX (HOpMYJ THIIA
Opwmura Buja (1), T.e.

A

A 1 1 P
P+——F— ) %
° (272’)4 N* k=0 k*

N(( ZJ
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AL

¢¥=o, (21)
9TO U TPeOOBAJIOCH TOKA3ATh.
OTmeTnM, 4TO Ha OCHOBAaHWH 3TOM TeopeMbl | (yHKIHOHAI MOTPEITHOCTH KBaApaTypHOU (HOpMYITBI

(1) nns pyskumii knacca V\72(m) (Tl) HIMEeT OLICHKY:

1
N A2 2 m-1 N 2
‘< o) f >‘£ { fo| + > |f |27zik|2m} ‘1— ¢l + L — X
k=0 2=0 A1 (272')
ot ) ol |2
> > el (2ai) ke’
xz @=0 =1 o . (22)

k=0

BeiBoa. KauectBo kBamparypHOil PoOpMysbl XapakTepu3yeTcsi HOpMOH (DYHKITHOHANA TTOTPEITHOCTH,
N
‘< AN i >‘
=sup———
s |1 18]
ko3 duumentoB u y3noB. I[lo3ToMy U1 BBIYMCINTEIBHON MPAKTHKH IIOJIE3HO YMETh BBIYHUCIUTH HOPMY
(yHKLIMOHANA IOTPELIHOCTH U OLEHUTH e€. OThICKaHHEe MHHUMYMa HOPMbI (DyHKIHMOHAIA ITOTPELIHOCTH T10

| B

KOTopasi ompenensercs (OopMyIoH, . Ona sBnsercss (yHKIMEH HEW3BECTHBIX

Y
c,u X ectp 3aJaya Ha uccieqoBaHue (YHKLIMU MHOTHX TIEPEMEHHBIX Ha SKCTPEMYM.
(4)

3nayenus C, u X', peaqu3ylollue 3TOT MHHUMYM, OIpPEIEIAT ONTHMalbHyo (opmyry. Takum

00pazoM, ONTHMAIBHOW KBaapaTypHOH (opMymoi, Mbl OyJeM CUMTAaTh TaKylo, B KOTOPOH MpH 3aJaHHOM
upcine y3moB N (QyHKIHOHAI MOrPENIHOCTH UMEET HAUMEHBIIYIO HOPMY.

B pabote paccMoTpeHBl BECOBBIE KBaapaTypHble (QOpMyJbl THIIA DPMUTA, M IJIS HUX ONpPEINEJICHBI
onTUMajbHble KO3(dUIMeHTs. Pe3ynpTar moiydeH € MOMOINBI0 MHHUMH3AaLMH HOPMBI (PYHKIMOHAa
MOTPEIIHOCTH JJIi BECOBBIX KBJPAaTypHBIX (GOPMYN THUMA ODPMHUTA C HCIONB30BAaHHMEM HEO00XOJANMOIO
YCIIOBUS 3KCTPEMYMa.
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Abstract. In this paper, we discuss issues related to the properties of differentiability of potentials and
study an analogue of Cartan's theorem for the Riesz potential. also it is proved that under some sufficient
conditions imposed on the measure p, the Riesz potential U:__(x) (1 < a < n) belongs to the Zygmund
class.

Keywords: Riesz potential, logarithmic potential, differentiability of potentials, Cartan’s theorem,
Luzin’s theorem on the continuity of capacities, Zygmund class.

LOGARITMIK POTENTSIALLAR UCHUN KISHI TEOREMASINING ANALOGI

Abstrakt. Ushbu magqolada biz potentsiallarning differentsialligi xususiyatlariga oid masalalarni
muhokama gilamiz va Riesz potensiali uchun Kartan teoremasining analogini o ‘rganamiz. shuningdek, m
o ‘lchoviga qo ‘yilgan ba’zi etarli sharoitlarda Riesz potensiali U_(n-a)"m (x) (I<a<n) Zigmund sinfiga
tegishli ekanligi isbotlangan.

Kalit so‘zlar: Riesz potensiali, logarifmik potensial, potensiallarning differentsialligi, Kartan
teoremasi, sig ‘imlarning uzluksizligi haqidagi Luzin teoremasi, Zigmund klassi.

AHAJIOI' TEOPEMBbI KNIIHU JJIA JIOTAPUTMHUYECKUX ITIOTEHLHHUAJIOB

Aunomayusa. B Oauwnou pabome o06cydcOaromcs  GONPOCHL,  CEA3AHHBIE CO  CBOUCMBAMU
oughepenyupyemocmu nomenyuanos, u usyvaemcs ananoz meopemvt Kapmana ons nomenyuana Pucca.
Taxoice Ookazvieaemcs, Ymo npu HEKOMOPbIX OOCMAMOUHBIX YCI0BUSX, HATONCEHHBIX HA MepY [, NOMEHYUAT
Pucca U_(n-a) u (X) (1<a<n) npunaorexcum kiaccy 3uemynoa.

Kniouesvie cnosa: nomenyuan Pucca, nozapugpmuueckuii nomenyuan, ouggepenyupyemocms
nomenyuanos, meopema Kapmana, meopema Jlo3una o nenpepuvignocmu émxocmet, kiacc 3uemynoa.

Introduction. The well-known theorem of Cartan [1], (see also [2] p.231) on the continuity of Riesz
potentials

U;‘_a(x):_fb(dfl—(y) O<a<n,

|n—a !

states that for any & > O there exists an open set G‘g < R", of capacity Cn_a (Gg) < & such that

us, (X) is continuous in the complement R"\G, .
Note that Cartan's theorem is also true in the case of a logarithmic potential:

Ug‘(x):'[ln|x—y|dy(y), n=2.
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Note that this theorem is a capacity analogue of N.N. Luzin's theorem on the continuity “almost
everywhere” (C — property) of measurable functions. According to the theorem on the Riesz representation
for subharmonic functions (see, for example, [2], [3]) and Cartan's theorem, the following result holds.

Theorem 1. If U(X) is a subharmonic function in the domain D < R", then for any & > 0 there

exists an open set G, < D, with Newtonian (logarithmic for n=2) capacity C, ,(G,) <& such that

u(x) is continuous in the complement D\ G, .

In the work of Sadullaev A.S. and Madrakhimov R.M. [4] the smoothness of subharmonic functions
outside a set thicker than a set of small Newtonian (logarithmic) capacity is established. Namely, the
following theorem is proved.

Theorem 2. (Imomkulov S.A. [5]). Let U(X) be a subharmonic function in the domain D < IR".
Then for any £ >0 there exists an open set G, < D with Lebesgue measure M(G,) < & such that
u(x) belongs to the class C? of twice continuously differentiable functions on compact subsets of the
difference D\ G, .

A subharmonic function, in general, does not belong to the Lipschitz class Lip1 outside the set of

small Hausdorff coverage H ;. The question arises: what is the description of the “thinnest” set outside

which a subharmonic function belongs to the class Lip, and is defined as the set of small Hausdorff

coverage H .o, where H ., =sup H

>0

o1+ - HOWever, there is a stronger statement than this, namely,

the following theorem is true.
Theorem 3. (Imomkulov S.A. [6]). Let U(X) be a subharmonic function in the domain D — IR".

Then for any & >0 there exists an open set G, D with capacity C_,(G,) <& such that U(X)

belongs to the class C' — of continuously differentiable functions on compact subsets of the difference

D\G,.

It is known that a set of small Cn_l - capacity is “thinner” than a set of small Hausdorff coverage

Hm1 .o but “thicker” than a set of small Hausdorff coverage Hm1 (see Lemma 1 below, and also [2 p.
253], [3], [9D).
Remark. Using Lemmas 1 and 2 below for any non-integer number [ 0< p< 2, similarly to the

proof of Theorem 2 (see [6]), one can prove that if U(X) is a subharmonic function in the domain

D < R", then for any & >0 there exists an open set G, — D with capacity C (G,,) <& such

n-2+p
that U(X) belongs to the class C" on compact subsets of the difference D \Gp’g.

Therefore, combining all the above formulated theorems, we obtain the following general theorem.
Differential properties of convex functions are also studied in the following papers [16], [17], [18],
[19], [20]. In a recent paper [20] the following remarkable result was obtained.
The capacity, coverage and haudorff measure.

Cn_a - capacity (see [2]). First, we define Cn_a - capacity (0 <a< n) . by gﬁn we denote the
set of all Borel measures in Rn, nz 2, and let
d
Urf‘_a(x)z_[—ﬂ()ga, xeR",
[x=]

N— - potential of measure z¢. C,_ — the capacity of a compact set K < R" we call the
following quantity:
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C,,(K)=sup{u(R"): peM,, suppucK; UL, (x)<1, xesuppu}

For an arbitrary set E = IR", the quantities:
C, (E)= SUp{Cn_a (K): K — komnaxm,K c E}
and

Crw(E)= {inffC, ,(G):G— omkpuimoe mmnoocecmso, E <G}
are called, respectively, internal and external capacities. If C,  (E) = Cnu(E) then the set E
will be called C — measurable (measurable by capacity) and we will write C,__ (E) instead of C,_, (E)
or Cn_u(E).

It is known that all Borel sets C — are measurable [2, p. 196].
Let us indicate some properties:

1) C,  (E)< ch-a (E;) for any finite or countable family C — of measurable sets { E; } such
i
that E cUE;;
i

2) C,_,(B(x,r))=A(n,a)-r"*, where B(X,r) = {y eR" :|x — y| < r},
A(n, @) is a constant depending only on N and ¢ .

Coverage and Hausdorff measure. (see [2], [9]) Let £ be a set from IR". Consider a covering of
set E by afinite or countable set of convex sets V, with diameter V, and set

Ha (E)=inf Yy,

where inf on the right-hand side is taken over all such coverings. Ha(E) is called a Hausdorff
coverage of order . We impose an additional condition on d,:d. <&, &>0. We denote the
corresponding exact lower bound by HZ(E). Then H;is an everywhere finite and non-increasing
function of the variable, i.e. H'(E) > H(E) for & <¢,. The limit H_, (E)= lim HZ(E) is

called the outer & - Hausdorff measure of the set E . Note that in this definition, instead of convex sets, it is
sufficient to consider balls.

A

Below we present some properties of the quantites H_, and H_, that we need: 1)
H, (E)<H,(E);
2) H, (E) and H, (E) vanish simultaneously;
3) I_Ala(E) <2 H, () and also H,, (E)< ZHQ(Ei) for any finite or countable family
i i

a

{Ei} such that EcUE,. The set EcR" is called H_- measurable if
i

H, (E)=H_ (ENA)+H_(A\E) for any AcR". If the set E is H_ - measurable, then
H, (E) is called the Hausdorff measure of the set E .

4)let EE,,...,E;,...- be pairwise disjoint H , - measurable sets, then
Ha(UEi):ZHa(Ei)’

i.e. H -isacountably additive measure;

a
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5) every Borel set Ha - is measurable.

Now we present two lemmas:
Channel of basic theorems and lemmas.

Theorem 4. (Azagra D., Drake M., Hajtasz P.). Let D cIR" be a convex domain and
u:D —R a locally strictly convex function. Then for any &, >0 and for any continuous function

£(x):D —>(0,1] there exists a locally strictly convex function $(X) from the class C*( D), such
that

1) m{xeD:u(x)=9(x)}<&;

2) ‘u(x)—&(x)‘ <g(x), VxeD;

3) Hausdorff measure H, (' al,) <&, T, = {(x, u(x))eR™:xe D}.

Also in the works [21], [22], [23] results were obtained on the differentiability of Riesz potentials with
respect to capacitance.

In the paper by Carleson [24], a sufficient condition was established for the Riesz potential U ,ﬁa (X)

to belong to the Lipschitz class, i.e. the following theorem was proved: let ¢, ﬂ be some real numbers
suchthat 0 < <N, 0< B <1; M -isafinite Borel measure with compact support on R" such that

for any ball B(X, r) centered at X € R" of radius I > O the inequality
1(B(x,r)) <const-r"# =
is satisfied for all X€R" and all I > 0. Then the Riesz potential U (X) belongs to the

Lipschitz class Lipﬂ(R”) of order [3.

Later, Wallin [25] proved the converse theorem to Carleson's theorem and established that, in
particular, Carleson's sufficient condition is also a necessary condition, i.e., the following theorem is true.

Lemma 1. For any & > 0 there exists an open set Gg cR" with Lebesgue measure m(Gg) <&
such that
a) the family of functions (7'5v')(x) converges uniformly to (7V)(x) as & —>0 on the set
R"\G,.
b) the family of functions
v(B(x,1))
m(B(x,1))
converges uniformly to v'(x) as t — O ontheset R"\ G,_.

At first glance, this lemma seems to be no different from Egorov's theorem (see [26]). However,
Egorov's theorem pertains to sequences of functions, whereas this lemma concerns families of functions that
depend on a parameter that takes a continuum of values. It is important to note that Egorov's theorem is
generally valid only for cases where the parameter runs over a countable set (see the example in [5]).

Lemma 2. Let x££ —be a finite Borel measure with compact support SUPPL C R". Then for any

& >0 there exists an open set G, — R" with capacity C, _ (G, ) < & such that
I) the family of functions

du(y)
s X= Y[

converges uniformly to zero for & — 0 on the set R" \ G_;
I1) the family of functions
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1(B(x,1))

tn—a

converges uniformly to zero for t — O on the set R" \Gg .
Main resuts. The following theorem complements Carleson's theorem.

Theorem 5. Let 1< ar <N and J{ be positive finite Borel measures with compact support in R"
such that the inequality

1(B(x,r)) <const-r"**
is satisfied for all XeR" and all I > 0 Then the Riesz potential Urf’,a (X) belongs to the
Zygmund class A;(R"), i.e. forall X,heR"
U, (x+h)y—20,(x)+UZ, (x—h)| <C|h|,

where C — is a constant.

(1.3)

Proof. Let the potential U/ (X), 1<a<n, and g — be a finite Borel measure with compact
support, which has the following condition
u(B(x,r) <c-ri,

forany X € R" and r > 0, where C — is a constant. We estimate the following difference
R(x,h)=Ux_(x+h)-20% (x)+Ux,(x)
forall X,heR", ie.

R(xhy= [ ), deby) g duly)
posiean [X =Y 0 [X =Y pesian[x =y = b
n 1 21 L du(y)=1(xh)+1,(xh)+

__ S .
woyean X=Y+h[ =y x—y —h[T?

+1,(x,h)+1,(x.h).

We have an assessment of

Wxhy= [ SO dml)
<2 |X —y+ h|n_a |x—y-+hl<3h| |X —Yy+ h|n_a

Xyl
=3fh du(B(x+ht)) _#(B(x+ h,3\h\))3‘h‘+
o (3™

+(n —a)sfﬂ(B(XJr ht))

0

so 0<1,(x,h)<C |n|, vx,heR".
The values |2(X,h) and |3(X,h) are estimated in exactly the same way:
0< Iz(x,h)SCz‘h‘, vx,heR", where C, =20(n +1—a) and
0< |3(X,h)SC3|h|, vx,h e R", where C, =3C(n +l—05).

dt <3c(n+1-a)|h|=Ch|.

t n+l-a
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Now it remains to evaluate |,(X,h). We will use the inequality for the kernel:
2
1 1 1 h
n-a _2 n-a + n-a < M | |n+2—a !
x=y+h[""x=y[ x—y=h) [x=y|

X,y,heR", |x—y|22|h|, M — constant.

We have an assessment of

1| <M [ j.JEQQ;:MWFTEﬂggﬂﬁg
sz [X = Y] ot
SM(n+2—aﬂmffﬁQ¥é£Dtﬂnqun+2—awﬁH%¥:
" 2

==%Mcm+2—aNM:CAm

Combining all the estimates, we end up with an estimate of

IR(x,h)|<C|n|, ¥x,heR".

Thus, the potential Urf’_a (X) belongs to the Zygmund class. The theorem is proved.
An analogue of Theorem 5 is also true in the case of a logarithmic potential.
Theorem 6. Let [/ be a positive finite Borel measure with compact support £{ in R? such that the
inequality
u(B(x,r))<c-r (6.1)
is satisfied for VX € R? and all C . Then the logarithmic potential

Uy (x)= [ In|x=y|du(y)
belongs to the Zygmund class A, (]RZ).

In fact, this theorem is proved in [29] (see [29], lemma 1).
Now we give an example of a logarithmic potential for which conditions (6.1) are satisfied, but the

potential itself does not belong to the Lipschitz class Lip, (Rz).

Example. Let EcC=R?— be a Cantor set such that the Hausdorff measure is finite
O0<H, ( E) <400 and the analytic capacity is zero (see [30]). Consider the following logarithmic potential

u(z):jln|z—w|dy(w),
where Z=X+IiX,, W=y +iy,, du=dH;, ie SUppucE. 1t is clear that
u(z) e Lip, (C). Because the function

ou(z) _J-dy(w)
0z Z-w
is holomorphic in the domain €\ E and is not bounded.
Conclusion. This paper presents a review of results concerning the differential properties of
subharmonic functions. It discusses both old results on the differentiability of subharmonic functions and
provides new, more detailed proofs of theorems.
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YJIK 519.63

CBSI3BAHHASI JMHAMUWYECKASI 3AJIAYA HEJIJMHEHHOM TEPMOYIIPYTOCTH J1JIsI
OPTOTPOITHOI'O MAPAJUJIEJIEITMITIEJA

Kananoapoe A3zuz Ab6oykarwomosuu,
doyenm I'ynucmanckozo 20cyoapcmeeHHo2o
neoazozuueckozo uncmumyma, PhD
abrorshox@mail.ru

Annomauus. B cmamve npeonazaemcs mMooupuyupoeaHnas epcusi UmepayuoHHo20 memooa OJis
YUCTEHHO20 PeuleHUs] MPEXMEPHOU HeTUHEUHOU C8A3AHHOU OUHAMUYECKOU KPAegoll 3a0a4u, onuchléaiouell
npoyecc mepmoniacmuyeckux degpopmayuii OpmomponHozo napaiierenunedd. Ha ocnose sa6nvix u nesagHvix
KOHEUHO-PA3HOCMHBIX CXeM COCTABIEHbl OUCKPEMHble AHANI0ZU KPAaesoll 3a0adu. 3anucansl peKyppeHmuvle
COOMHOWIeHUs HA OCHOB€ KOHEUHbIX PA3HOCMEl, NO360NAI0WUE 8 COYEMAHUU C UMEPAYUOHHBIM MemoOoM
HAxXo0ums UCKoMble KOMNOHEHMbL 8eKmopa nepemeweruil. llpednoiaeaemces, ymo 6 nep8om NpuOIUNCEHUU
SHAYEHUsS. UCKOMbIX NepeMejeruti 60 GHYMPEHHUX Y31ax Mmpuguaivhvl. Memod Odemoncmpupyemcs Ha
npumepe peuleHus mepMonIACmMU4eckol C8a3aHHOU OUHAMUYECKOU Kpaesol 3adauu 071 OpMOMPORHO20
napanienenuneod.

Knwouesvie cnosa: menuneiinas mepMoOynpyeocms, CA3AHHAA  3A0AYd, MENIONPOBOOHOCHD,
PA3HOCMHbLE YDAGHEHUS, SIGHASL CXeMA, HEeABHASL CXeMd, umepayusi, Memoo NepemMeHHblX HanpagieHull.

ORTOTROP PARALLELEPIPED UCHUN NOCHIZIQLI TERMOELASTIKLIKNING
BOG‘LIQ DINAMIK MASALASI

Annotatsiya. Magolada ortotrop parallelepipedning termoplastik deformatsiyalanish jarayonini
tavsiflovchi uch o ‘ichovli nochizigli bog ‘liq dinamik chegaraviy masalani sonli yechish uchun iteratsion
usulning modifikatsiyalangan varianti taklif etilgan. Oshkor va oshkormas sxemalar asosida chegaraviy
masalaning diskret analoglari tuzilgan. Chekli ayirmali tenglamalar asosida rekurrent munosabatlar yozilib,
ular iteratsion usul bilan birgalikda ko ‘chishlar vektorining komponentalarini aniglash imkonini bergan.
Dastlabki yaginlashish sifatida qaralayotgan sohaning ichki tugun nugqtalarida ko ‘chishlarning trivial
giymatlari gabul gilingan. Taklif etilgan algoritmning samaradorligi ortotropik parallelepiped uchun
nochizigli termoelastiklikning bog ‘liq dinamik masalasini yechish misolida namoyish etilgan.

Kalit so‘zlar: nochizigli termoelastiklik, bog‘liq masala, issiqlik o ‘tkazuvchanlik, ayirmali
tenglamalar, oshkor sxema, oshkormas sxema, iteratsiya, o ‘zgaruvchan yo ‘nalishlar usuli.

A COUPLED DYNAMIC PROBLEM OF NONLINEAR THERMOELASTICITY FOR AN
ORTHOTROPIC PARALLEPIPED

Abstract. This article proposes a modified version of an iterative method for the numerical solution of
a three-dimensional nonlinear coupled dynamic boundary value problem describing the thermoplastic
deformation process of an orthotropic parallelepiped. Discrete analogs of the boundary value problem are
constructed using explicit and implicit finite difference schemes. Recurrence relations based on finite
differences are written, which, when combined with the iterative method, allow finding the desired
displacement vector components. It is assumed that, to a first approximation, the values of the desired
displacements at the interior nodes are trivial. The method is demonstrated using the example of solving a
thermoplastic coupled dynamic boundary value problem for an orthotropic parallelepiped.

Key words: nonlinear thermoelasticity, coupled problem, thermal conductivity, difference equations,
explicit scheme, implicit scheme, iteration, alternating direction method.

BBenenne. Hauano TeopeTniecknx UccieoBaHUi B 001aCTH TEOPHH HEIMHEWHOTO 1e(hOpMUPOBAHUS
AQHM3O0TPOIHBIX TeJI OBLIO MON0XKEHO Mu3ecoM U pa3BuTo B pabotax P.Xwmmwia. [lanee oH npeanoxui cBOO
TEOPHIO IIIACTUYECKOTO TEUEHUS JJI1 aHU30TPOIHBIX CPEJl, B OCHOBY KOTOPOH IMOJIOKEHBI MPENIOIOKEHUS O
KBaJ[paTHYHOW (hOpME YCIIOBHU TUTACTHYHOCTH M THIIOTE3a CYIIECTBOBAHUS IUIACTHYECKOT'O IMOTEHIIHAA.
Jis Teopun Museca CyIecTBEHHBI IPEIJIOKEHNS O HECKMMAEMOCTH MaTepHaja U OTCYTCTBUHM YIPOUHEHUS.
OTO HampaBiIeHHE HAILIO CBOE pa3BUTHE B paboTax P.Xwumna, rae yduTeiBaeTCsl yIpOUYHEHNE aHU30TPOITHBIX
MarepuanoB. Ha ceroqHsAIIHUA NeHb CYIIECTBYIOT Pa3iIM4HbIE BapUaHTH Ae(POPMAIIMOHHON TEOPHH IS
-  _ _ _____________________________________________________________________|
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aHM30TPOMNHBIX Tesl. Ha ocHOBE BbIIIE YKa3aHHBIX TEOPUH NMPEATI0KEHBl PA3IMUHbIC MOJEIH IUIACTUYECKUX
nedopMaruii aHU30TPOIHBIX TeJl.

HccnenoBanre TEpMOIIACTUYECKUX COCTOSHHNA KOHCTPYKIMH M UX 3JIEMEHTOB AJISl ONpEAeIeHUs
3aIacoB MPOYHOCTH SIBIACTCS] OJHOM M3 aKTYaIbHBIX TPOOJIEM MaTeMaTHYECKOTO MOACIHUPOBAHUS U TEOPUU
IUTACTUYHOCTH. HenuHelHble COOTHOIIEHHS MEXKAY HANPDKCHUAMH M AedopManusMu ¢ y4ETOM
Temmeparypel Oojiee peaJpHO ONMCBHIBAIOT Impomecc AedopmupoBanus TBEPABIX Ten. [Iponecc
MIACTHYECKOTO Ae(OPMUPOBAaHUS KOHCTPYKIIMHA M MX 3JIEMEHTOB C YU4ETOM TEMIIEPaTyPHBIX BO3ACHCTBHH,
MOJKET OBITh ONHMCaH MOAEIbHBIMH YPAaBHECHUSAMH ABYX THUIIOB, @ UIMEHHO TaK Ha3bIBA€MbIMH «CBSI3aHHBIMI
U «HECBA3aHHBIMHM» TEPMO-YIPYro-IUIACTUYECKMMHU 3agadamMu. B HecBs3aHHOH 3amade Temmeparypa
CUMTAETCS M3BECTHOM WJIM BBIUUCISETCS OTACIBHO IMYyTEM pEIICHUs] YpaBHEHHS TEIUIONPOBOAHOCTH.
PesynpTathl 3T0i 3a4a4M HCMIOB3YIOTCS NP PELICHUN MOJICIBHBIX YPAaBHEHUH «TEPMOILUIACTHYHOCTI.

B omnmmume OT «HECBA3aHHBIX 3aJauy» B «CBA3aHHBIX 337adax» IIOAPa3yMEBAeTICsi COBMECTHOE
OJHOBPEMEHHOE pellleHHe YypaBHEHHUS «IPUTOKA TEIUIa» W YypPaBHEHUH «TepMorutacTHyHoCTHy». [lpu
WCTIONB30BaHUN JAHHOTO TOAXOZa IMOJ ACHCTBUEM MEXaHWYECKUX M TEIUIOBBIX BO3ACHUCTBHH aJeKBaTHO
OIMCHIBACTCA MPOLECC TEPMOIIACTUYECKOro Ae(POpMHUpPOBAHUSA KOHCTPYKLIMH M HX 3JIEMEHTOB, IPHU
KOTOpbIX JedopManusl BbI3BIBACT MOSBICHUE TEMIIEPaTypbl, XU HaoOOpoT. MaremaTHyeckue MOJEINH,
OIMCBHIBAIOIINE TIPOLIECC PACHIPOCTPAHEHHS TeIla, ObUIM paccMOTpeHbl B pabote roamens-Helimana [1], Toe
IPEearonaraeTcst 4To mojaHas aAedopManys COCTOUT U3 yIpyroi nedopMaliy U TEIUIOBOTO paciiupeHus. B
pabore [2] paccMOTpeHa TEPMOIUIACTHYHOCTh TIPHA TIepEeMEHHBIX HarpyxeHusx. B [1] mpuBeneHsr
MaTeMaTUYECKUE MOJAENIH TPEXMEPHBIX 3a/1a4 TEOPUH YIIPYTOCTU U TEPMOYIIPYTOCTH.

Jist GopMynHPOBKY BBINICHA3BAHHBIX TEPMOIUIACTUYECKAX MOJICIBHBIX YPaBHEHHIH HAM HE00XOTUMO
3HATh HEIMHEHHOE COOTHOLICHUE MEX 1y TEH30POM HaNpPsHKEHUH U AedopManuii ¢ yuéToOM TeMIeparyphl.

ITocranoBka 3amaum. PaccMOTpuM  HEIMHEWHYIO  CBSI3aHHYH0  JMHAMMUYECKYIO  3ajady
TEPMOYIPYTOCTH, KOTOPasi COCTOUT M3 YPaBHEHHH JIBUKCHUSI:

3 ou,
;Gij,j +Xi=p o

TEPMOIIJIACTUYECKOE MOJEIBHOE YPAaBHEHHE MEXIY HANPSOKCHUSIMH M AedopMauusMH C Y4ETOM
TEMIIEPATyPhl AJIs1 OPTOTPOMHBIX TNl UMEET CIEAYIOIIUM BU [S]

)

Ciacn — By (T =To)d;,  npu pP<p,qsq,r<r

O-ij = Cijkegkl _:Bij (T _To)é‘ij - 2(12 - 12‘)(1_%) pij - Z(ﬂs - j”5.')(1_ %)qij -

' r* * * *

=2 — A )A—=—);, npu p>p,q>q,r>r

rne, A =C,y, A =Capa Ay =Chyy, P, q,r —mopemenbl  yOnpyroctd sl TPEX

SKCIIEPHMEHTAIBHO  ONpeAensieMbix  QyHkmmii, A, , ﬂ,5 , /19 — KacaTelbHblE MOJYJH, BEJIHYUHBI

P, O, I —A€BHATOpHbIE HYACTH TeH30pa JehOpMAlii OPTOTPONHOTO MaTepHaia, KOTOPHIE HMEOT

CJIEYIOUIUN BUI:

P = &1 (§li52j + 0,01 )
Q; = &3 (é‘ilé‘fﬂj + 53i§lj )

lij = &3 (52i53j + 53i52j )
BEJIWYUHBl ), (|,  —MHTEHCHBHOCTH TeH30pa JAeopMaluii OPTOTPOIHOTO MaTephaia, KOTOpbhIe
UMEIOT CIEAYIOLIMI BUL:

cootHoIrenus Komn
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€n = %(uk,l + ul,k) 3)

JUTsE QOPMYITHPOBKH MOJICIBHBIX YPaBHEHUH ONMUCAHUS TEPMOILIACTHUSCKUX JehopMaIiii, HaM TaKkKe
He00XO0MMO ypaBHEHHE MPHUTOKA Teria (TETUIONPOBOJHOCTH), KOTOPOE B OOIIEM BUAE I aHU30TPOITHBIX
TeJ UMeeT cleAyrouuii Bux [3,4]:

ﬂ’le,ij —-Cc,T-T- ij “€ij = 0 4)
C COOTBETCTBYIOIIMMHU HaYaJIbHbIMUA
ui|t=to =@, U . =y, T|t=t0 :TO (5)
" Kpa€BbIMH ycHOBI/IHMI/I
3
0 = 0
ui|zl =u, T|, =T, > oyn| =S (6)
= Y,

[Tocme HEKOTOPBIX MTpeobpa3zoBaHMiA, KpaeBylo 3a1a4y (1-6) MOXKHO MPUBECTH K CUCTEME, COCTOSIIEH
U3 TpEX HEMMHEHHBIX MU (hepeHINaTbHBIX YPAaBHEHUI B YACTHBIX MPOU3BOTHBIX mnep6onnqe01<oro THIIA!

Foal ol ol oA o*w Fol
C1111 y + C1212 y + C1313 ? + (C1122 + C1212) 8x8y + (C1133 + 1313) Xz ﬂn =p 6t2

oA RRY oA ol ERY B ()
C1212 y + szzz ? + C2323 ? + (szn + C1212) ox ay + (C2233 + 2323) 5)/ :822 ay =p 8t2

o*w 0w 0w o RR o*w
Crais y +Con W +Co P +(Cagy + Cipo) ax_az +(Cagpy + Coae) — e ﬂss =p ?

U OJJHOTO YpaBHEHHUS IPUTOKA TEIUIa napa6onnqecxor0 TUIA:

82T o°T oT
[ﬂn ﬂzz

ot gt

C COOTBCTCTBYHOIMMHA Ha4YaJIbHbIMU
U6y 2t = e V(Y20 = WX Y ZY)| =0

ou ov oW
AL = [ = [ = 1T X, 121t :T1
ol " e, (xy.2.8), =T,

1 KpaeBbIMU YCIOBUSMH OTHOCHUTEJIBHO NEPEMELICHUM U TEMIIEPATYPhI

u(x, y,z,t)‘Z =u', v(x, y,z,t)‘Z =v', w(x, y,z,t)‘Z =w', T(x, y,z,t)‘Z =T,.(10)

o*w
=0 (8
vt ﬂazat] ®)

(9)

B ypaBuenusx (7) BeTMUUHEI f OHpe,Zlel'IéHHHe COOTHOLICHUEM

fi= 200, ~ 25)(0- p) +2(% -~ )L q) e~y - 0> g> >

MPEICTABIISIFOT COO0HM HETMHEWHYIO YaCTh MOJCIIbHBIX YPABHEHUN U OTJIIMYHBI OT HYJIS TOJBKO B 30HAX
IJIACTUYHOCTH, T.€. IIPH MIPEBBIIICHUH TIpeesia YIPYyTrOCTH.

3ametuM, uTo muddepeHmanbabie ypaBHenus (7) u (8) Mexmy coOoil CBsi3aHBI OTHOCHUTEIHHO
nepeMenieHnii 1 Temmnepatypsl. Ecim mporece neopMupoBaHusi CTAaTHYECKUH, T.€. HE 3aBUCUT OT BPEMEHH,
TOT/Ia ypaBHEHHE MPUTOKA Teruta (8) MOKHO OyIeT paccMaTrpuBarh OTACIBHO OT (7) U, 3aja4a CTAaHOBUTCS
HECBSI3aHHOM.
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Mertoapl pemenusi. B Hacrosmieir paboTe A YHMCACHHOTO PELICHUS TPEXMEPHOM CBSI3aHHOH
JIMHAMUYECKOW HEJIMHEHHON KpaeBOW 3a/laud TEepMOYIPYTroCTH MPUMEHSETCS HOBBI KOHEUHO-PA3HOCTHBIN
MOAXO/ B COYCTAHUH C UTEPAIMOHHBIM METOJIOM.

CyTp MeTona 3aKiioyaeTcsi B TOCTPOCHHH CHMMETPUYHBIX KOHEYHO-Pa3HOCTHBIX YpPaBHEHUU,
OTIENBHO /ISl BHYTPEHHUX W TPAHUYHBIX Y3JIOB PacCMaTpPHBAEMOMN OOJIACTH, W MX PEIICHHH OTHOCHTEIHHO
“HeHTPaNTbHBIX WM TPAHUYHBIX Y3JIOBBIX TOYEK M OPTaHHU3AINY UTEPAMOHHOTO MpoIecca. 3ajada perieHa
JUIS. OPTOTPOIHOTO mapasuienenureaa. B creayrommx mnaparpadax 3ToT moaxox OymeT NPUMEHEH JJis
pelIeHnsT KpaeBBIX 337ad TEPMOYIPYTOCTH B HANPSHKCHHUAX TPHU PA3NUYHBIX HAYAbHBIX W TPAHWUYHBIX
TEPMOMEXaHUYECKUX yCIOBHSIX.

3ameHsist TPOU3BOHbBIE B YpaBHEHUX (7) U (8) pa3HOCTHBIMU OTHOIIICHUSMH, MOKHO HAWTH, YTO

n n n n n n n n n
Uiy e = 205 5 T U Uik = 2U; 55 Uik AV

i+1,j,k i,j.k+1
C1111 hlz + sz h2 + C1313 h32
2
vi'll ooyt ey (11)
L jHLk i-1,j+L,k i+1, j-1,k i-1,j-1k
+(C1122 + sz) 4hn + (C1133 + C1313) x
hh,
n n n n n+1
Wi+1,j,k+1_Wi—l,j,k+1_W|+11k1+W|11kl T|+1Jk Tlljk _f _ Ijk 2u|jk+uljk
ahh =Py o ik =P 2
3
n n n n n n n n n
C Vi+1,j,k _2Vi,j,k +Vi—1,j,k C Vi,j+1,k _2Vi,j,k +Vi,j—1,k Vi,j,k+1_2Vi,j,k +Vi,j,k—1
1212 h12 Lo hz L0 h32 +
2
Uy g U gy = U U (12)
,j+Lk i-1,j+1k i+1,j-1k i-1,j-1k
+(C2211 + C1212) 4hh + (C2233 + C2323) x
2
n n n n n+1
Wi,j+1,k+1 _Wi,j—l,k+l _WI jHLk-1 +W| j-Lk-1 Ti,j+1,k _Ti,j—l,k f _ | ik 2V| ik "’V k
§ ahh, TPy T e -
2
n n n
C W|+1]k 2W|k+W|11k C Wi,j+1,k_2Wi,j,k+Wi,j—1,k C Wle+1 2WJk+WIJk1
1313 2 Lo hZ + Lasas 2 +
h ) hy
T T T, A T (13)
) k+1 i-1,j,k+1 i+1,],k-1 i-1,j,k-1
+(C3311 + C1313) 4hlh3 + (Caszz + Czszs) X
n n n n n n n+1
Xvi,j+l,k+1_vi,j—1,k+1 _Vi,j+1,k—1 +Vi,j—1,k—1 —ﬂ Ti,j,k+1 ik f =p Ijk 2W i, jk "'W| Jk
4hlh 33 2h 3 I,j,k TZ
2 3
n n n
ﬂl T|+1j 2T]k+T—lj AZ IJ+lk 2Tjk+T _lk+ﬂ,3 lek+1 2Tjk+ i,j,k—l_
1 hlZ 2 h2 3 h2
2 3
-I-n+l _-I-n n+l un+1 —U +U (14)
i,jk i,jk I+1]k i-1,j,k I+ljk i 1jk
—C, ﬂll +
T 4ht
n+1 n+l n-1 n-1 n+1 n+1
"UB Vi,j+1,k _Vi,j—l,k _Vi,j+1,k +Vi,j—1,k +ﬂ Wi,j,k+1 _\Ni,j,k—l _VVI i, k+1 +W| i k 1 -0
22 33 -
4h,t ah,r

n+1 n+1 n+1 n+1
pemas pazHocTHbIe ypaBHeHus (11-14), oTHOCHTENBHO Ui’ ik Vi, ik ,Wi’ jk U Ti, jk COOTBETCTBEHHO,

HOJ'Iy‘II/IM:
n n n n n n
ui‘j+1,k _zui‘j‘k +ui,j—1,k C ui‘j‘k+1_2ui,j‘k +ui,j,k—1
h2 L h2 +
7) 3

+ C1212

2 n n n
T Uiy jk — 2ui,j,k Uik
Ui kT C1111 hl2
Top
Vn

i+1, j+1k
+ (Cuzz + C1212 )

n n n (15)
_Vi—l,j+1,k_Vi+1,j—1,k+vi—1,j—1k #(Cpp +C

1133 1313)
4hh,
n n n n n
XWi+1‘j,k+1 _Wi—l,j‘k+1 _Wi+1,j‘k 1 +W| -1,j k-1 -l—HlJ k T| 1,jk _f
—Pu i

4hh, 2h, Lk

n n-1
+2U7 Uy
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n

2 n n n
U Vi _Zvi,j,k+vi—1,j,k Vi

n n
_2Vijk +V; j-1k

_ i+1,j,k i, j+1,k s i1
Vi,j,k - ; C1212 h12 + C2222 h2 + C2323 X
’ (16)
virjj,k+1 - 2Virjj,k + Vir,]j,k—l uin+1,j+1,k - uin—1,j+1,k - uin+1,j—1,k + uin—l,j—l,k
X h2 + (szu + sz) ahh +(Cppz + Coapg) X
3 2
n n n n n
% Wi,j+1,k+1 - Wi,j-1,k+1 - \Ni,j+1,k—1 + W. NN ﬂ Ti,j+1,k _Ti,j—l,k _f T+ 2" _anl
Zhn 22 oh 20,k ijk i,jk
72 2
nJr]._TZ C \NHljk 2\Nljk+\NIl]k C W|J+1k 2lek-l_lelk C
Wik =] Laas h12 2323 h? + Lggay X
2
17)
W= 20+ W Uty ier = Uit jjer = Ui s T UL (
i,jk+l i,k i,j,k-1 i+1,j,k+1 i-1,j.k+1 i+1,j,k-1 i-1,j,k-1
X hz + (C3311 + C1313) 4h1h + (Caszz + C2323) X
3 3
n n n n n
Vi,j+1,k+l _Vi,j—l,k+l _Vi‘j+1,k—l + Vi,j—l,k—l T| k4 T| j k-1 _f y) n-1
X 4hh P N sijk | T W - Wik
2 3
n n
n+1 I+1jk 2T k+T—1jk Ij+lk 2T k+ Ijlk
| ik ﬂll 2 122 hz +
hy )
T =21 +T" urt L —uth —uth +u”
+Ag i,jk+l i,j.k i,jk-1 -T ﬂ i+1,j,k i-1,j.k i+1,j .k i 1Jk + (18)
3 2 0 11
h, 4hr
n+l n+l n+l n+l
ij+1k — Vi, j-Lk IJ+1k ij 1k ks T Wik T I]k+1 jk -1 n
v —Vv VT W. W. W'+ W
+ha P +T
h
4h,r ahr

f

IpeaAnocCiICaAHCTO HpI/I6J'II/I)K€HI/I$I uTepanry, IIpU BBIIIOJIHCHHUU YCIOBHUA NEpEXoJa Ipeacia yHIpyroctu

Bennuanabt f f3 ijk BBIYHUCIIAIOTCA II0 3HA4YCHHUAM HCpCMeH_IeHI/II\/’I, HU3BCCTHBIM U3

tijk? T2ijko

p> p*, q > q*, I >r . Bee MHJICKCHI MEHSIOTCS B IIPEieaX BHYTPEHHHX Y3JI0B.

Vpasuenus (15)-(18) mo3BosAOT HAWTH 3HAYEHHS TIEPEMEIICHUI U TemIepaTypsl Ha cioe (N+1) mo
BPEMEHH, €CJIM U3BECTHBI 3HAUCHUS MEepPEeMEIICHU Ha JIBYX MPEABIIYIINX CIOSX. 3HAYCHUS TIepeMelIeHuI
Ha JIByX HadaibHbIX closxX (N=0, N=1) MOXKHO HaiiTh U3 Ha4YaIbHBIX ycinoBui (19)

0 _ .0 0 _ .0 0 _
Uk =U Vi =V Wi = lek =T,. (19)
3anumiem ypaBraenue (15) ILJ'IH n=0
2 -2ul . -2ul +ul
1 _T |+1]k Ijk —1],k Ij+lk Ijk |J—1,k
ui,j,k - C1111 hl + C1212 hz +
’
0 0 0 0 0 0 0 20
Ui e = 2055 U s Vi jok ~ Vicjoak ~ Visg ook T Vic joak (20)
Cias 2 + (sz + sz)
hy 4hh,
0w 0w o _T0

+ 207 U

|—1,j,k+1_Wi+l,j,k—1 i1kl Ti+1,j,k " iALjk f
Py i

ahp, mo

W, .
i+1,j,k+1
(C1133 + C1313)

3amMeHss B HaYaIbHOM yciaoBu (19)

ou ov oW

Etzo =0, Etzo =y, Etzo =@

IIPON3BOAHYIO Pa3HOCTHBIM OTHOIICHHUEM, ITOJTYYHM.

¢l(xl’yj’ k) nin uljk _2hl¢l(xl’yj9z )+U|Jk (21)

Uckmrouus u3 ypasaenuii (20) u (21) 3HaueHue Ui_’ jk » TOMYHHM:

uljk uljk
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2 0 0 0 0 0 0

1 T ui+1,j,k _2ui,j,k + ui—l,j,k C ui,j+1,k B 2ui,j,k +ui,j—1,k
Ui i _5 1111 2 + Lo h?
2
0 0 0 0 0
C ui,j,k+1 - 2ui,j,k +ui,j,k—l C Vi+1,j+1,k _Vi—l,j+1,k _Vi+1,j—1,k +Vi—1,j—l,k
1313 2 ( 1ot 1212) +
h; 4hh, 22)
0 0 0 0
(C +C ) Wi+1,j,k+1 - Wi—l,j,k+1 - Wi+1,j,k—1 + Wi—l,j,k—l _
1133 T V1313
4hh,
TO
|+1 I 0
~Pu -, ik Tkt h1(/’1(xivy1vzk)-

2h,

Takum xe cioco6om HaxoauM 3Hauenus ¢pynxiuii V U W ma mepsom cnoe. 3aMeHss cMelaHHbIe

MIPOM3BOHBIE CO CABUHYTHIMH MO MHJEKCAM Pa3sHOCTHBIMU OTHOIIEHUSMHU MOKHO HAWTH COOTHOILIEHMS IS
HaXOKACHUS 3HAYCHUS TeMnepaTprI HAa MEPBOM cJI0€!

0 0
I+1] k 2T i,k +Ti—l,j,k T ,j+LK 2T i,j.k +Ti,j—1,k
Ay + +

2 2 2
hy h;
0 1 1 0 0
T. k1 AN ik T Tk = Uig ik — Ui jk —Uisejx TUisejx

+ 3, 2 To| By +

h, 2ht
1 1 0 0
Vi _Vi,j—l,k _Vi,j+1,k +Vi,j—1,k \Nil,j,k+1 _\Nil,j,k—l _Wu jk+1 +W i,j.k-1

i, j+1k 0
+5,, +T 5k

_|_
2h,r Py 2h,z

Ha ocranbHbix cnosix N=2,3,4,... 3HaUCHUsI TIEPEMELICHUN U TeMIepaTypbl HAXOATCS U3 ypaBHEHUH
(15)-(18). Beimre pacCMOTpPEHHBIE PAa3HOCTHBIE CXEMBI OBUTH SBHBIMH M BBIYMCISIFOTCS 110 PEKYPPEHTHBIM

COOTHOIIICHUSIM.
PaccmoTpeHHbIe SIBHBIE Pa3HOCTHBIE CXEMBI BBITIONHSIOT ycloBus cxoauMmoctu KypanTta-Opupuxca-
JleBu. IIpuBeAEHHBIE BbIIIE KOHEUHO-PA3HOCTHBIE CXEMBI MOJIOXKUTEIBHO ONPEIETICHbBl U CAMMETPUYHBI.
Kpome 3TOro, MOXXHO TOCTPOWTH W HESBHBIE KOHEUHO-PA3HOCTHBIE ypaBHeHUs. Jlims »Toro B
cllaraeMbIX, COJEpXKAIllUX TJAaBHBIC HEM3BECTHBIE, MHIEKC N TMoMeHseM Ha N+1, W TOJydeHHBIE CXEMBI
CTAHOBSITCS HESIBHBIMM, IS CXOJUMOCTH KOTOPBIX HET OrPaHUYEHUH OTHOCUTENIBHO IIArOB CETKHU IIO

BPCMCHHU.
n+l

n+1 n+l
—2u" Tk HUL

n
|J+1k 2U k+u| j-1k Ijk+1 2U k+ui,j,k—1 +

|+1 j.k
C1111 2 + C1212 hz + C1313 hz
hy ) s
Vin+1 ooyt oy ey
,j+LK i-1, j+1,k i+1,j-1k i-1,j-1k
+(C1122 + C1212) 4hlh + (C1133 + C1313) X (23
2
n n n n n n+1
Wi+1,j,k+1 - Wi—l,j,k+1 - Wi+1,j,k—1 + Wi—l,j,k—l T|+1 ik —1 ik f _ | ik~ 2u| ik + u. i, k
X ahh =By 5 —Lijk=P 2
hh, hy 4
)
KoneuHo-pa3HoctHoe ypaBHeHue (23) npuBeAEM K CIICIYIOIIEMY BHIY:
au™ +bu' +cu't =d (24)

i+1, ],k i,j.k i-1,j.k i

a=Su g =G 2 ¢ Cu
h h* ¢ h
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n n-1 n n n n n n
d = _2ui,j,k + ui,j,k _lc ui,j+1,k B 2ui,j,k + ui,j—l,k C ui,j,k+1 B 2ui,j,k + ui,j,k—l
i P 2 1212 2 1313 2
T h; h;
n (sz n sz ) Vi+1,j+1,k - Vi—l,j+1,k - Vi+1,j—1‘k + vi—l,jfl,k n
4hh
hh,
woooo—-wL =W W T —-T"
i+1,j k+1 i-1,j k+1 i+1,j k-1 i-1,j k-1 i+1,j k i-1,j .k
+(C1133 + C1313) + 1 + f1|,J,k'
4hh 2h

Brerurcnum 3HaueHUsT KICKOMOUM (DYHKIIMU Ha JBYX HAYaJIBbHBIX CJIOSX BBIIIC MPUBEIEHHBIM METOIOM,
Torga ypaBHeHHE (24) COBMECTHO C TPaHUYHBIMHU YCIOBHUSIMHU ui|Z =U’ pemaercsi MCTOIOM IIEPEMEHHBIX

Hanpasienuid. M3menss j,K =1, N —1 Haiiaém 3HaueHHs MepeMelIeHnid U BO BCeX BHYTPCHHHX TOYKAX
k)

cetkn Ha cioe (N+1) . Takum ke crioco6OM MOKHO BHIYMCIHTH 3HAYCHHS TIEPEMENTEHHiT V i W, a 3HAYCHHS

TeMITepaTypsl T BBIYHCISIOTCS TaKHM JK€ CIOCOOOM, HauMHas ¢ IepBoro cios. Ilocie BBIYMCICHHS BCeX
YHCJICHHBIX 3HAYCHUH UCKOMBIX (YHKINH, OMPENENSIOTCS 30HBI IUTACTHYHOCTH, W BEIYMCIICHHS ITPOBOISATCS
3aHOBO.

Yucnaenuslii mpuMep. PaccMOTpUM CBS3aHHYIO TEPMO-YIPYTO-INIACTHYECKYIO 3a/a9y O CBOOOTHOM
OPTOTPOITHOM Tapajuieleueie, HaXoaIIIeMcs TI0 ACHCTBUEM TEMIIEpaTypHOTO MO KyIOJI000pa3HOM
(dopMBI, 3aJJaHHOI B HauaIbHBIH MOMEHT BpeMeHH. TpelyeTcst uccieioBaTh pacipeeiieHue TeMIIepaTypHBIX
HaNpsHKEHHH TI0 BpEMEHH B OPTOTPOITHOM MapalliesienuIee.

3amada ommchiBaeTcsa ypaBHeHUsMH (7-8). Ilpm STOM HayanbHBIE W KpaeBbIE YCIOBHUS IS
paccamMaTpuBaeMOM 3a/1a4l UMEIOT BUI:

Ha4daJIbHbBIC YCJIIOBUSA

o, (% y.t)| =00, (xy.t), =0,0,(x V1), =0,0,(x V1), =00,(x V1), =0,
o, (X, y,t)LO =0,T(x, y,t)‘ =T, -sin(zx)sin(zy)sin(rz)

t=0

do,| _ 0 90,| _ 0 90,| _ 0 do,| _ 0 9o, | _ 0 9o,| _ 0 arl _ 0
ot |, ot | ot | ot | ot |, ot | ot |
T'paHUYHBIC YCIIOBUA
o, (xy.t)_ =00,(xy.t) =0, o (xyt) =00,(xyt) =0,
o (X Y1), =00, (xy.t)_ =0T(xyt) =0.
KOHCTAaHTHI
A =013,  4,=017, A4,=015, f, =015, f,=024, A, =015, Ce=35,

T, =20,h =01 h =01, h =01, =001, p=1, (,=(,=( =1, C,, =125, C,, =0.978,

C,,=27, C,=0998, (., =101, C, =C C =C Cc =107, C_=C

C,,=0623, C,,=0561, C,,=0.452.

Hwxke B Tabnuax M puCyHKax MPUBENEM UYHCICHHBIC PE3YNbTaThl MEPEMEIICHHA W TeMIepaTyphl, a
TAKXKe, 30HBI TUIACTUYHOCTH B PA3IHUYHBIX CEUYCHHUSIX PACCMATPUBAEMOTrO OPTOTPOITHOTO TEPMO-YIPYyro-
MIACTHYECKOTO TapasuIeieuIe/a.

Ta6auna 1. 3navenus nepememennii U(X,y,z,t) mpu k=5, 1=6 (sBHas cxema)
0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.0000 0.0000 | 0.0016 | 0.0030 | 0.0041 | 0.0047 | 0.0000

0.0047 | 0.0041 | 0.0030 | 0.0016

0.0000 0.0000 | 0.0029 | 0.0055 | 0.0076 | 0.0086 | 0.0000

0.0086 | 0.0076 | 0.0055 | 0.0029

0.0000 0.0000 | 0.0040 | 0.0076 | 0.0104 | 0.0118 | 0.0000

0.0118 | 0.0104 | 0.0076 | 0.0040

0.0000 | - - - - 0.0000 | 0.0047 | 0.0089 | 0.0122 | 0.0139 | 0.0000
0.0139 | 0.0122 | 0.0089 | 0.0047

0.0000 | - - - - 0.0000 | 0.0049 | 0.0094 | 0.0129 | 0.0146 | 0.0000
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0.0146

0.0129

0.0094

0.0049

0.0000

0.0139

0.0122

0.0089

0.0047

0.0000 | 0.0047

0.0089

0.0122

0.0139

0.0000

0.0000

0.0118

0.0104

0.0076

0.0040

0.0000 | 0.0040

0.0076

0.0104

0.0118

0.0000

0.0000

0.0086

0.0076

0.0055

0.0029

0.0000 | 0.0029

0.0055

0.0076

0.0086

0.0000

0.0000

0.0047

0.0041

0.0030

0.0016

0.0000 | 0.0016

0.0030

0.0041

0.0047

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000 | 0.0000

0.0000

0.0000

0.0000

0.0000

Taoau

ua 2. 3navenusi nepemeneHuii U(x,y,z

;) mpu k=5, |=6 (HesiBHas

cxema)

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000 | 0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0045

0.0041

0.0030

0.0016

0.0000 | 0.0016

0.0030

0.0041

0.0045

0.0000

0.0000

0.0083

0.0075

0.0055

0.0029

0.0000 | 0.0029

0.0055

0.0075

0.0083

0.0000

0.0000

0.0114

0.0104

0.0076

0.0040

0.0000 | 0.0040

0.0076

0.0104

0.0114

0.0000

0.0000

0.0134

0.0122

0.0089

0.0047

0.0000 | 0.0047

0.0089

0.0122

0.0134

0.0000

0.0000

0.0141

0.0128

0.0093

0.0049

0.0000 | 0.0049

0.0093

0.0128

0.0141

0.0000

0.0000

0.0134

0.0122

0.0089

0.0047

0.0000 | 0.0047

0.0089

0.0122

0.0134

0.0000

0.0000

0.0114

0.0104

0.0076

0.0040

0.0000 | 0.0040

0.0076

0.0104

0.0114

0.0000

0.0000

0.0083

0.0075

0.0055

0.0029

0.0000 | 0.0029

0.0055

0.0075

0.0083

0.0000

0.0000

0.0045

0.0041

0.0030

0.0016

0.0000 | 0.0016

0.0030

0.0041

0.0045

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000 | 0.0000

0.0000

0.0000

0.0000

0.0000

Taoauna 3.

3uavenns temneparypsl T(X,y,z,t) mpu k=5, =10 (aBHas cxema)

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

1.8784

3.3990

4.6674

5.4858

5.7680

5.4858

4.6674

3.3990

1.8784

0.0000

0.0000

3.1905

5.7947

7.9572

9.3525

9.8337

9.3525

7.9572

5.7947

3.1905

0.0000

0.0000

4.3608

7.9202

10.8759

12.7829

13.4406

12.7829

10.8759

7.9202

4.3608

0.0000

0.0000

5.1216

9.3024

12.7737

15.0136

15.7861

15.0136

12.7737

9.3024

5.1216

0.0000

0.0000

5.3848

9.7804

13.4302

15.7852

16.5973

15.7852

13.4302

9.7804

5.3848

0.0000

0.0000

5.1216

9.3024

12.7737

15.0136

15.7861

15.0136

12.7737

9.3024

5.1216

0.0000

0.0000

4.3608

7.9202

10.8759

12.7829

13.4406

12.7829

10.8759

7.9202

4.3608

0.0000

0.0000

3.1905

5.7947

7.9572

9.3525

9.8337

9.3525

7.9572

5.7947

3.1905

0.0000

0.0000

1.8784

3.3990

4.6674

5.4858

5.7680

5.4858

4.6674

3.3990

1.8784

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

Tadoauua 4. 3nauenus temneparypsl T(X,y,Z,t)

npu k=5,

I1=10 (HesiBHas cxema)

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

1.7636

3.2739

4.4996

5.2890

5.5611

5.2890

4.4996

3.2739

1.7636

0.0000

0.0000

3.1649

5.8907

8.0969

9.5174

10.0071

9.5174

8.0969

5.8907

3.1649

0.0000

0.0000

4.3402

8.0788

11.1046

13.0528

13.7244

13.0528

11.1046

8.0788

4.3402

0.0000

0.0000

5.1004

9.4939

13.0498

15.3392

16.1285

15.3392

13.0498

9.4939

5.1004

0.0000

0.0000

5.3628

9.9822

13.7210

16.1282

16.9581

16.1282

13.7210

9.9822

5.3628

0.0000

0.0000

5.1004

9.4939

13.0498

15.3392

16.1285

15.3392

13.0498

9.4939

5.1004

0.0000

0.0000

4.3402

8.0788

11.1046

13.0528

13.7244

13.0528

11.1046

8.0788

4.3402

0.0000

0.0000

3.1649

5.8907

8.0969

9.5174

10.0071

9.5174

8.0969

5.8907

3.1649

0.0000

0.0000

1.7636

3.2739

4.4996

5.2890

5.5611

5.2890

4.4996

3.2739

1.7636

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000
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a) SIBHas cxema 0) HesiBHas cxema

Pucynok 1. 30Ha N1aCTUYHOCTH O HHTEHCUBHOCTH TeH30pa

nedopmanmii p B niiockocru XOY npu z=0,3 ,t=0,07 ( P > p*)

a) SIBHas cxema 0) HesBHas cxema

PucyHok 2. 30Ha IIaCTHYHOCTH 110 HHTEHCHBHOCTH TeH30pa Aedopmanmii
r B miockoctu XOY mpu z=0,7, t=0,07(r > r*)

a) SIBHas cxema 0) HesBHas cxeMa

Pucynok 3. 3nauenus Henuueiinoii yactu f1 B mnockocrn XOY nmpu z=0,2, t=0,07

Tak kak rpaHUYHBIC YCIIOBHS M TEMIIEPATYPHOE TOJIe 3aaHbl CHMMETPUYHO, YUCIIEHHBIC PE3yIbTaTHI,
MpUBEIEHHBIC B TA0MIIAX M PUCYHKAX, TIOJYYCHHBIE BBINIE YKa3aHHBIMU KOHEUYHO-Pa3HOCTHBIMU METOIaMH,
pacnpeziesieHbl CHMMETPUYHO B PacCMaTpUBAEMOM OPTOTPOIIHOM IapajuieNienuIe/e, KpoMe 3TOro SIBHO
BUJTHO BIIUSTHHE aHW30TPONHH HA YHCIICHHBIE PE3YJIbTaThl, YTO OOECIIEUUBAET CIIPABEIAIUBOCTh YHCICHHBIX
PE3yIBTAaTOB U MPEJIOKEHHBIX YNCICHHBIX METO/IOB PEIICHHUS HETMHEHHBIX 3a/1a4 JIsl OPTOTPOITHBIX Tell.

Zakaouenue. ChapMmynupoBaHa CBsSI3aHHAs IUHAMHYECKAs TEPMO-YIIPYTO-TIACTHYECCKAs KpaeBas
3ajjaya Ui OPTOTPOITHOTO TMapajlielieluiieia Ha OCHOBe JedopManuoHHON Teopuum MnbronmmHa.
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Pa3paboTansl YncIeHHBIE MOJICTH CBSI3aHHOW TMHAMHYCCKOM TEPMO-YIIPYTo-TUIACTHYIECKON KpaeBoi 3a1auun
JUIS OPTOTPOITHOTO TapajlieNiennIiela Ha OCHOBE SBHBIX W HESBHBIX KOHEYHO-PA3HOCTHBIX ypPaBHEHH.
UucneHHo perieHa TpEXMEpHasl CBA3aHHAs TUHAMUYECKas 3ajadya TEPMOIUIACTUYHOCTU JJisi OPTOTPOIHOIO
napajuieienunena, 3aeMIEHHOr0 Ha TPaHUIIe MO/ BO3IEUCTBUEM TEMIIEPaTypHOTO MOJIS.
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TESTING SPACETIME AROUND BLACK HOLES IN DARK MATTER HALO BY
QUASIPERIODIC OSCILLATIONS

Kholdorov Obidjon Narzulla ugli,
PhD student of Samarkand State University
obidxoldorov@gmail.com

Abstract. In the present work, we plan to investigate spacetime around black holes in two cold and
scalar fields of dark matter halo models, using data from quasiperiodic oscillations. To do this, we first
derive the equation of equatorial motion of test particles around the BH and calculate fundamental
frequencies with applications to quasiperiodic oscillations models such as relativistic precession, warped
disk, and epicyclic resonants models.

Keywords: fundamental frequencies, quasiperiodic oscillations, scalar field, test particles.

KVAZIDAVRIY TEBRANISHLAR YORDAMIDA QORONG*‘U MATERIYA HOLATI
SHAROITIDA QORA TUYNUKLAR ATROFIDAGI FAZOVIY VAQTNI SINOVDAN O‘TKAZISH

Annotatsiya. Ushbu ishda biz gora tuynuklar atrofidagi fazoviy-vaqtni, sovuq va skalyar maydonli
qgorong ‘u materiya halolarining ikkita modelida o ‘rganishni rejalashtirmogdamiz, bunda kvaziperiodik
tebranishlardan olingan ma’lumotlardan foydalanamiz. Buning uchun avvalo qora tuynuk atrofida sinov
zarrachalarining ekvatorial harakat tenglamasini chigaramiz va kvaziperiodik tebranish modellariga,
masalan, nisbiy pretsessiya, egilgan disk va epitsiklik rezonans modellariga qo ‘llaniladigan asosiy
chastotalarni hisoblaymiz.

Kalit so“zlar: asosiy chastotalar, kvazidavriy tebranishlar, skalyar maydon, sinov zarrachalari.

_ TECTUPOBAHHUE MNPOCTPAHCTBA-BPEMEHH BOKPYT YEPHBIX JIBIP B TAJI0
TEMHOHU MATEPUU C UCITOJIB30BAHUEM KBASUIIEPUOJUYECKUX KOJIEBAHUHN

Annomauusa. B oannoti pabome mbl nianupyem uccie008ams nPOCMpPAHCmME0-6pems 60Kpye YEPHbIX
O0bIp 8 08YX MOOEIAX 2al0 MEMHOU Mamepuu ¢ XOJOOHbIMU U CKAIAPHLIMU NOAAMU, UCNOAb3YS OAHHbIE O
K8A3UNepuooudeckux Konebanusax. /[na 5mozo Ml CHA4ana 6bl800UM YPAGHEHUEe IK8AMOPUATLHOLO
08UNCEHUS. NPOOHBIX YaACmuy 6OKpY2 4EPHOU OblPbl U BbIYUCIAEM OCHOBHbIE YACMOMbL C NPUMEHEHUEeM K
MOOeNAM K8A3UNEPUOOUHECKUX KONeOAHUL, MAKUM KAaK pelsmueuUCmcKds npeyeccus, U30SHymoulil OUcK u
MOOenU INUYEHMPUHECKO20 Pe30HAHCA.

Knioueswie cnosa: ocnognvie wacmomel, Kéasunepuoouieckue Ko1eOanus, cKaiapHoe noie, npooHvie
yacmuypi.

Introduction. The study of spacetime around black holes provides crucial insights into the
fundamental nature of gravity and its interplay with dark matter, one of the most enigmatic components of
the universe. In the context of dark matter halos, understanding how black holes interact with their
surrounding environment is essential for unraveling the dynamics of galaxies and the large-scale structure of
the cosmos. Quasiperiodic oscillations (QPOs), observed in the X-ray emissions of accretion disks around
black holes, serve as a powerful diagnostic tool to probe the geometry and properties of spacetime in these
extreme environments. By analyzing QPOs in the presence of cold and scalar field dark matter halo models,
this study aims to investigate the motion of test particles around black holes and derive fundamental
frequencies associated with relativistic precession, warped disk, and epicyclic resonance models. Through
this approach, the research seeks to bridge the gap between theoretical models and observational data,
advancing our understanding of black hole physics and the nature of dark matter.

Basic equations. Section Black holes surrounded by dark matter halo here we use static BH solution
in CDM and SFDM The geometry of the spacetime of the BH can be defined, in spherical coordinates,
(x® = {t,r,8,¢}) in the form:

ds? = —f(r)dt? +%drf + r2(d6? + sin® Gdg?)

where the lapse function
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8p.R%sin (mr/R)| 2M
| exp [ - /R ] TJ for SFDM |
flr)= Broggs (2)

ry o Rs 2M
(l +—) — —, for CDM
R, T

where R is the characteristic radius, g is the central DM density, and R is the radius of a point where
the pressure and density of DM are zero. When g = 0, the metric (1) reflects the pure Schwarzschild BH

case. These DM parameters have constrained the SMBH Sgr A* in Refs]] as
R.=17.46kpc&p, ~ 2 - 10" Mg /kpc? and B = 15.7 kpc&p, =~ 3.43 - 10" Mg /kpc? for CDM and SFDM

models, respectively. Where k& = Bpfdjn = i
sin (nmr)] 2M
exp [—kw] - T, for SFDM
F=y _i® 2M S
(1+nr) nr — - for CDM
where k,I,nme (0,1), SFDMm=1,k=0.11=0.1,0.2,03,...,09 va
k=051=01,0203..09CDM:m=1k2 =0.1, n=0.1,0203,...059 va

k2 =05n=010203..,09
Dynamics of test particles. Here, we provide a brief overview of the studies regarding the motion of
electrically neutral test particles around static BHs using the following Lagrangian:

Ly

= %?rlgwg’:“x" (4)
with the constants of the motion
erf = _Sigqbqf:@'l} =L (5)
where £ = E/m and £ = L/m represent specific energy and angular momentum of the particle,
respectively. The equations of motion for the particles are governed using so-called normalization condition:
Q,I.WHHHP =E {5}
with e taking wvalue 0O for massless particles and -1 for massive ones.

f(r) ’
_al ad e 7 =(); N1=0)
g — = ¢=1;n=0.05 ,'f'{‘) — — =1;1=0.05
-3t/ 4 SFDM ] 3L/ CDM T
/'}) vmome r=2:1=0.06 '/./) """ o=2;n=0.06
4t 1 —4tr
== =3;n=0.07 = === g=3;n=0.07
o5 510 00 s 1 s 10 50

r I’
Figure 1. Graph describing the behavior of the function f(r), at different discrete values of the

parameters a and n.

For test particles, the equations of motion for time-like geodesics can be obtained using the condition
given in Eq. (6), together with Eq. (5) in the following form.
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Oas sin= &
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f =——

Oee

where X is the constant for the angular motion also known as the Carter constant, and corresponds to
the total angular momentum of the test particle.

Here, we assume that the motion of the particles occur in the equatorial plane where 8 = /2, 8 = 0 and the
Carter constant is 7 = .£2, the equation for the radial motion of the particles becomes
pI=Fg2_ 6

™ ;.
1.00f Schw BH SEDM Schw BH SFDM!
——=0.017n=0! \ —— =001 N0 :/
3 = === 0=001;n=0.1 —=== 0=0.01;n=0.1 i
0.98 a n - - /
& .\h ===== g=0.05;n=0.1 ~ £ 5 «msme g=0.05;n=0.1 ; ’ P
0.961 A —— = 0=0.05;n=0.15 e M — = 520.05:n=0.15
\\ 2= Z
5 e
0.94} g 4
W T
0.92 by 3
4 6 8 10 12 14 5) 10 20
/M /M
Figure2. Land Evsr.
1.10 7.0 "
E\ ‘ Schw BH —e JX \ Schw BH -
' 6.5 : DM
1.05}F E \ == 0=0.1;n=0 :', \ === 0=0.1;n=0
. \ \ ==== 0=0.1;n=0.1 6.0f \ \ = === 0=01;n=0.1
s 1.00F : \ “" 0=0.1;n=0.3 £ 5.5 \ == 0=0.1;n=0.3 4
’ M 50 :
0.95 e 45
. - - g
0.90f <L
3.5
5 10 20 4 6 8 10 12 14
/M /M

Figure3.Land Evsr.
where the effective potential for the radial motion of test particles reads

: Le
Vet = f{_?‘](l +?—)
£2 =120, In order to compare effects of charges of above-mentioned charged BHs , we consider
extremely charged BHs. To study circular motion of the particles, we use the following conditions:
Vg = E Vo =0
In order to find the values of angular momentum and energy of particles in circular orbits, we used the
conditions given in Eq.13, to obtain:

pao IO o 206
2f(r)—rf'()’ 2f(r)—rf'(r)’

The stability condition of circular orbits of test particles around a central point-like gravitating

compact objects is described by the equation 3,..V,s = 0. In most cases, this condition is applied together
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with the circularity condition given in Eq.(13), called equation for ISCO. In the light of this condition, the
equation for effective potential in Eq.(12) becomes,

L
F (2 L2 3) -y =0 (15)
f(r)
Use Contour Plot
0.06 — Sch , :
0.10¢ Sch
—  r=0.02:11=0.3
0.05 SFDM 0.08! - 0=0.02; n=0.3 |
=wie= g=0.05;11=0.1 ’
0.04F 1 -==-=- 0=0.05; n=0.5
----- 0=0.08; n=0.1 0.06} 1
Qi 003»0032 - e pF=002 112015 ] &
0030}, 0.04F
0.02} g8~
0.026
001 [ 0.024 002 E
0022
0020 !
0.00 [, Mo M8 120 w25 w0 ‘ E 0.00’l M6 118 120 122 124 ) .
0 5 10 15 20 25 4 6 8 10 12 14

¥ r

Figure 4. Angular velocity of particles in Keplerian orbits for various ¢ and n parameters

0.025, _ , , —
0.020" 0.020-
[ |
0.015¢ ! QR
ﬂ,- : : ‘ 0.8 q,
0.010" SFDM  0=0.02 1805 o010l S it
0.005" - {
5 8 10 12 15 18 20 I Il o R

Figure 5. Angular velocity of particles in Keplerian orbits for various ¢ and n parameters

Keplerian frequency
The angular momentum of test particles in circular orbits (so-called) the Keplerian orbits {1 = :—f

around static BHs takes the following form;

En f" {?1} i
. =— 16
E= (16)
n order to estimate the value of the fundamental frequencies, we express them in the unit of Hz as,
1 c* .
y = ———101,[ Hz]. 17
> e L el (17)

Note that the values of the speed of light in vacuum and the gravitational constant are
c=3-10%° m/sec and G = 6.67 - 107 m?/(kg? - sec), respectively.

subsection Harmonic oscillations The test particles orbiting in the equatorial plane around BHs in
stable orbits oscillate along radial, angular and vertical axes, because of the small displacement from their
stable orbits as 1 + &r and /2 + 88. The radial and vertical frequencies can be calculated by the following
harmonic oscillator equations.

d2sr a=se ., _ :
F'F ﬂ,‘.l‘j‘]“ = GJF + ﬂéfjﬂ =0 {18}

where
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are the radial and vertical angular frequencies, respectively. Finally, general expressions for these
frequencies in the spacetime of static BHs can be calculated as follows
. rf'(r) :
0z =10 3+ — —2rf'(ri|,
T K |:f{?] ( f'l{_']"} ?f {T}
Ng =N =0y
where (14 is the angular velocity of the particle measured by an observer at infinity.
(h(r) + 1)(a®sin® 8(2Mr + X)) N z)
b

Conclusion. Investigating spacetime around black holes within dark matter halos using quasiperiodic
oscillations is a significant topic in cosmology and astrophysics. This study focuses on deriving the equations
of motion for test particles around black holes and calculating fundamental frequencies to analyze the
applicability of quasiperiodic oscillation models, such as relativistic precession, warped disk, and epicyclic
resonance. The findings contribute to a deeper understanding of the interactions between black holes and
dark matter halos, providing a theoretical framework for astrophysical observations. This approach offers
new insights into determining the geometry of spacetime around black holes and exploring the properties of
dark matter.

02 = sin? E(
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V]IK 517.95

MOJEJUPOBAHHUE HEJIUHENHBIX BOJIH B MOJIEJIM BO3SHUKAIOIIEN
XOJIOJHOM IJIABMbI

Hmomnazapos Xoamamacon Xyooitnazaposuu,
Hncmumym sviuucaumenbHou Mamemamuxy u
mamemamuyeckoil eeogpusuxu Cubupcxkoeo omoenenus PAH
imom@omzg.sscc.ru

aenamoe Kacypoex Juiky3ueeuu,
benopyccro-Y30exckuil coemecmHulil MeNCOmpaciesol
UHCIMUMYM NPAKMUKO-IMEXHULeCKUX Keanugurayuti
jasurbek.davlatov@gmail.com

Annomauusa. Paccmompena 3a0aua Kowu 013 00HOMEPHOU cucmembl KEA3UTUHEUHbIX VPAGHEHU,
B03HUKAIOWASL 8 OBYXCKOPOCHMHOU MASHUMHOU 2udpoounamuxe. Memodom cnaboii annpokcumayuu
00KA3aHO Ccyuwjecmeoganue u eOUuHCmeeHHOCMb peutenus 3aoadu Kowu ons oOHomepHoll cucmemvl muna
Xonga. Hcnonv3ys a6Hy10 pasHOCMHYIO cXeMy Nepeo2o NopsAoKa, YUCIEHHO peuena nepuooudecKkas 3a0aid
07151 0OHOMEPHOUL CUCeMbl K8A3UTUHENHbIX ypasHenuti muna Xonga.

Knioueswie cnoga: osyxckopocmmuas mazHumnas 2uOpoouHamuxa, cucmema muna Xongha, memoo
cnaboll annpoKyuUMayuu, 1eKmpuyeckoe noie, pasHoCMHas cxemd.

MODELING NONLINEAR WAVES IN AN EMERGING COLD PLASMA MODEL

Abstract. The Cauchy problem for a one-dimensional system of quasilinear equations arising in two-
velocity magnetohydrodynamics is considered. Using a weak approximation method, the existence and
uniqueness of a solution to the Cauchy problem for a one-dimensional Hopf-type system is proven. Using an
explicit first-order difference scheme, a periodic problem for a one-dimensional system of quasilinear Hopf-
type equations is numerically solved.

Keywords: Two-speed magnetohydrodynamics, Hopf-type system, weak approximation method, electric
field, difference scheme.

RIVOJLANAYOTGAN SOVUQ PLAZMA MODELIDA CHIZIQLI BO'LMAGAN
TO'LQINLARNI MODELLASHTIRISH

Annotatsiya. |Ikki tezlikli magnit gidrodinamikada yuzaga keladigan bir o'lchovli kvazizigli
tenglamalar tizimi uchun Koshi muammosi ko'rib chigildi. Kuchsiz yaginlashish usulidan foydalanib, bir
o'lchovli Hopf tipidagi tizim uchun Koshi muammosi yechimining mavjudligi va o'ziga xosligi isbotlangan.
Aniq birinchi tartibli ayirma sxemasidan foydalanib, bir o'lchovli kvazizigli Hopf tipidagi tenglamalar tizimi
uchun davriy masala sonli yechiladi.

Kalit so‘zlar: ikki tezlikli magnit gidrodinamika, Hopf tipidagi tizim, zaif yaginlashish usuli, elektr
maydoni, farq sxemasi.

BBenenue. B mociemnue ecATHICTHS MaTEMaTHKA CTAHOBATCS BCE Oojiee 3aMHTEPECOBAHBI B
npobieMax, CBA3aHHBIX C IOBEJCHHWEM pEIICHHH CHUCTEM YypaBHEHWH B YAaCTHBIX MHPOM3BOAHBIX, C
HEJINHEWHBIM CJIaraeMbIM M ¢ Y4ETOM KHHETHYECKHX HapameTpoB. [IpoOieMbl Takoro THIA BO3HUKINA U3
(pM3UYEeCKUX TIPUIOKEHUIH, B OCHOBHOM M3 COBPEMEHHOW THAPOJWHAMUKH (CKHUMAaEMbIX MHOTO(a3HBIX
KHUJIKOCTEH € MaJIbIMU BSI3KOCTAMH), (GU3UKU IUIa3Mbl. 3HAYUTEIBHOE KOJMYECTBO MATEMaTHYECKHX
MOCTAaHOBOK PA3JIMYHBIX 33124 €CTECTBO3HAHUS 001agaeT CBOMCTBOM MPOCTPAHCTBEHHOH JIOKAIBHOCTH, T.€.
HambOoyee Ba)XKHBIE WM3MEHEHHUS M3y4aeMBIX XapaKTEPUCTHUK COCPEOTOYEHbI B BEChMa OTpPaHHYECHHON
oOyiactu mpocTpaHcTBa. [Ipy 3TOM, Kak MpaBHIIO, ONPECIIONINe JUHAMHYECKHE YPABHEHUS C YACTHBIMH
MPOM3BOJHBIMH 3aJaHbl BO BCEM IPOCTPAHCTBE, a COOTBETCTBYIOIIME MM KpaeBble YCIOBHS (DaKTHUECKH
OTIPENEIIAIOT ACUMIITOTUKY UCKOMBIX PelIeHU Ha OeckoHeuHOCTH. Takue 3a1aun BO3HUKAIOT, HApUMep, B
rugpoanHamuke [1], ¢usuke rmasmer [2], nazepHod ¢usuke [3] M APYrux 0oOJIACTAX €CTECTBO3IHAHUSI.
Hanpumep, xorga mpocTpaHCTBEHHAs JIOKAJIBHOCTB ITOPOXKIAETCSl aKCHAJIBHOM CUMMETPHEH IOCTAHOBKH,
T.e. TIPU HCIOJB30BAaHUM LWIMHAPHYECKHX KOOPIMHAT SIPKO BBIPAKEHO YyOBIBAHHE pELICHUH TI0
paZuaJbHOMY HalpaBJIEHHIO. AHAJOIM4Has CUTyalluM BO3HHMKAaeT B 3a/jadyax Ieo(QU3UKU IIPU U3yYEHUU
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OKOJIOCKBKMHHOT'O NPOCTpaHcTBa. [Ipu 4McIeHHOM MOJEIUpPOBAHUYU TAKOrO THUIIA ABJICHUH, KaK IPaBUIIO,
JIEMOHCTPHUPYETCSI IEPBOCTENICHHAs 3HAYMMOCTh TOBeAeHUS (QYHKIMHA Ha ocu (Hampumep, 3(GeKTs THIa
caMO(OKYCHUPOBKH HJIM CaMOKaHAJHUpPOBaHUS;, CM. [3] M LUTHPOBaHHYIO TaM JuTepaTypy). OaHako s
BBIUHCJICHUA AaKCHAJIBHBIX XapaKTePUCTUK MPUXOIAUTCA TNPOBOAUTH PACUETHl «IONHBIX» 3aJ1ad, T.. B
JOCTaTOYHO OONBLION 00JacTH W3MEHEHHUS PaAualbHONW NMEPEMEHHOHM II0 CPABHEHHUIO C XapaKTEepHBIMH
MacmTabamu mporecca [4, 5].

Amnanorust ypaBHeHMIO Xomga BO3HHMKAaeT, HalpuMep, MPHU HCCIEAOBAHUU Ca00-HETMHEHHON
OTHOMEpPHOM aKyCTHMYECKOW BOJIHBI, JABIXKYLICHCS € JIMHEWHOHM CKOpPOCTBIO 3ByKa. B 3TOM ciiydae
HEJINHEWHBIE IO CKOPOCTSIM WIEHBl B CHCTEME ypaBHEHHH Tuma broprepca mpoucxomsr U3 3aBUCHMOCTH
CKOpOCTEH 3BYKa OT aMIUIUTY/bl 3BYKOBOI BOJIHBI, @ WIEHBI CO BTOPON MPOU3BOAHON U Pa3HOCTH CKOPOCTEN
MIPEJICTABISIIOT 3aTyXaHHEe 3BYKOBBIX BOJIH, CBSI3aHHOE C JUCCHUMNANMEN sHepruu. JpyrumMu cloBaMH, 3TH
4JICHbI, 00€CIIEUNBAIOT HEPEPHIBHOCTD PELICHUH U NMIPEICTABISIIOT JUCCUIIATHBHBIE IIPOLIECCHI, CBS3aHHBIE C
MPOM3BOJCTBOM SHTPOIHUH. DTH WIEHBI, B CBOIO OUepe/ib, 00eCIeUnBAIOT HEOMIPOKUABIBAHNE BOJH [6].

Ilocmanoexa 3a0auu

1
PaccmoTpum B mosioce F[O,T] = [0, T] xR 3agauy Komru:

u +uu, +E=0 M
E[+UEX_UZO, (2)
u@, x) =u,(x), xeR' @)
E(QO, x) =E(X), xeR" (4)

Cuctema (1), (2) sBnsiercss OAHOMEPHBIM aHAJOIOM COBMEIIEHHOW MAaTEeMaTHUYECKOW MOAETH IS
CMECH XOJIOJHBIX, HJCABHBIX 3JEKTPOHHBIX M HOHHBIX >KMJIKOCTEH C YPaBHEHMSAMH NIEKTPOJUHAMHKH
MOXKHO CUMTATh CHUCTEMY ypaBHEeHWH Tumna Xomda, KoTopas MpencTaBisieT cOOOH CHCTEMY HETMHEHHBIX

YpaBHEHUH KOHBEKUMU-IU(P(DY3UH, BEIMUHHEI U u E wmoxno paccMaTpuBaTh, Kak HMITYJIbC |

3JIEKTPUUECKOE TIO0JIE.

[lomHas cucrema ypaBHEHH SBISETCS OJHOW W3 MPOCTEHIINX Mojeneill OeCCTONKHOBHUTEINHHOMN
TJIa3MBl, JUI KOTOPOH CIIPaBEIMBO TaK HAa3bIBAEMOE KBAa3UTHAPOJUHAMHUYECKOE OMMCaHHE U Ha3bIBA€MOE B
JUTEpaType MPOCTO THUAPOJMHAMHUYECKUM. JlaHHOe TpUOIMKEHHE YacTO Ha3bIBAIOT VPAGHEHUAMU
08YXIHCUOKOCHHOU MASHUMHOU 2UOPOOUHAMUKU «XOA00HOUY naasmbl. OHO XOPOIIO U3BECTHO U AOCTATOYHO
NOAPOOHO ONMUCAHO B yueOHHKaX U MOHOrpadusix mo (usnke rmia3mbl (cM., Hanpumep [7-10]).

B nanHoi#l paboTe s J0Ka3aTeNbCTBA CYIIECTBOBAHUS M €IMHCTBEHHOCTH pelieHUs 3anaun Komru
JUTST OJTHOMEPHOW KBa3WJIMHEHWHOW cucTeMbl THMNa Xorda UCIONb3yeTcss MeTo cllaboi anmpokcuMmanud. B
Hauboliee TOJHOM BHJE METOJ ClIa0OW anmpoKCHMAlMK JUIss JUHEWHBIX YypaBHEHHH wuccienoBaH [.B.
HemunossiM 1 B.A. HoBukoBeM [11]. 3.I'. 'ereukopu n3ydan pacuierieHie MHOTOMEPHBIX SJUTHIITHIECKIX
OIIEpPaTOpPOB CO CMEIIAHHBIMH ITPOM3BOJHBIMH Ha OIHOMEpHBIE (M0 Pa3IM4YHBIM HANpaBICHUSAM) |
CXOIMMOCTb TaKMX METONOB I napabonnueckux 3axad [12]. IlepBrie pe3yapTaThl 0 CXOAMMOCTH METOJA
cabo¥l amnmpoKCcUMaIuK Ui HEIMHEHHBIX ypaBHeHud mnpuHajnexar [.M. Mapuyky u [.B. Jlemunoy,
JTOKa3aBIIMM CXOAWMOCTh METOJ[a PACIIEIUIEHUS JUISI OJHOW M3 337a4 KPAaTKOCPOYHOTO MPOTHO3a MOTOJIBI
[13]. ¥O.4. benosemm u I'.B. JleMunoBeiM uccienoBaHa cxoauMocTs MCA nisl pa3iavuHBIX BapUaHTOB
paciieruieHns KBa3WJIMHEHHOW cucteMbl ypaBHeHui tmma broprepca B [14]. I'.B. JlemumoBeiM, B.D.
Pamytoit meTon cma0oif ammpoKCHMManWW W3ydajcs s aOCTPAaKTHBIX HENMHEHWHBIX OIEepPaTOPHBIX
YpaBHEHHUH, YaCTHBIMH CIy4asMH KOTOpBIX sBIsIIOTCA cucTemsl THna Komm-Kosanesckoit [15, 16] HO.4.
beno Ha ocHoBe MCA mccienoBa BONPOCH pa3pellIMMOCTH M YCTOWYMBOCTH CTAIMOHAPHBIX pEIICHUN
pacmajaonpxcs KBa3WIMHEHHBIX MNapabOIMYecKuX CHCTEM ypaBHeHHMH mepBoro mopsaka. FO.E.
BospuHneBblM f10Ka3aHbl JAocTaToyHO oOmme TeopeMbl cxogumocth MCA  ansg  OOBIKHOBEHHBIX
muddepeHInanbHBIX  YpaBHEHUH, HCCIEIOBaHA BO3MOXKHOCTh TNPHMEHEHHS MeEToJa K  3aJadam
OTNITHMAJIHOTO yTpaBieHus [17].
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Hac Oynmer mHTEepecoBaTh KilacCHUEeCKoe pereHue 3amaun Komm miis cucreMsl ypaBHeHui (1)-(4), a

1
umenno U (t, X)1 E(t, X) eC (F[O,T]) -- KIacc QyHKIMA OJUH pa3 HENPEPHIBHO AU((EPEHIMPYEMBIX
mo L nmo X.

Paccmorpum  oTHOcHTENRHO HmaHHBIX — Kommmm UO, Eo 3amaun  (1)-(4) mpeamonoXxum, HYTO

Uy, E, € CZ(Rl) "

d"u, ()| [d"E,09)] _

I " gk |T ™ xeRn=012 g

~

rac Cn , Cn - HCKOTOPLIC 3alaHHbIC HCOTPHUUATCIIbHBIC ITIOCTOSIHHBIC.

Bhavane paccmoTpum ciydail OeckoHeWHO JuQQepeHIUpYyEeMbIX HaYadbHBIX JIaHHbBIX.

© 1
Ipemmonoxum, uto Ug s Eo eC (R ) u

d'u,(9)| . |4E M|,

dx "1 odx™ |T " xeR' n=01..k..@g

Cnabo anmpokcumupyem 3anaay (1)-(4) 3agaqeit

1
u +2u’u, =0 E +2u'E; =0 nr<t£(n+§jr o

1
u’ =—-2E’ , E =2u’ £n+§jr<t£(n+l)r | -

u(0,x) =Uy(Xx)  E"(0, x) =E,(x) ©)

rue N =t , N >1 — nesnoe, N = 0,1,--., N —1, M HOCTOSHHAs L YIOBIIETBOPSIET

HepaBeHCTBY (13) (cM. HUXKE).
3ameuanue 1. Ilpu moctpoennn pemenus 3amaun (6)—(9) Ha mepBBIX APOOHBIX IIarax perraercs

3amada Komm 1151 ypaBHEHUS TiepeHoca:

Ut +2UUX =0, (10)

a Ha BTOPBIX APOOHBIX Iarax — 3aaada Komwm st cucteMbl 0OBIKHOBEHHBIX HHU((epeHIIMaTIbHbIX
YpaBHEHUH, pellieHUsI KOTOPOU UMEET BU/I:

u®(t, x) =u,(x)cos 2t — E,(x)sin 2t
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E"(t, X) =u,(x)sin 2t + E,(X) cos 2t

UzBecTHO, uTO B cityuae 3anaun Komm asst ypaBHeHHS (8) ¢ HAYaIBHBIME JAHHBIMU
U |t:to =U, (%), (11)

OrpaHUYCHHBIMHU BMCECTC CO CBOUMH TIIPOU3BOJAHBIMHU, MOXKET HUMETh MECTO ”FpaI[I/IeHTHaH

KaTaCTpO(ba”, TO C€CTh CYLICCTBOBATH t]_ > O TaKOC, YTO KIIACCHYCCKOC PCHICHUC U 3TON 3amauu
CyHmIE€CTBYET B IIOJIOCE F[O,tl) , CaMO OCTa€Trcd B JTOH II0JI0CE OIrpaHUYCHHBIM, HO IIPOMU3BOAHAA Ux B

0
OKPECTHOCTHM HEKOTOpPOH TOYKH (tl, X ) CTaHOBUTCS HEOTPaHUYEHHOM: UX(L X) —> © npu

t—>t, x> x° g,

O6mee perrenre ypaBHeHHS (3.5.7) SIMEKTPUIECKOTO OS] UIMEET BHUI:
E7(t,&) = Ef(t,jufdt) |

a U3 yCJIOBUA
X —fufdt = const
dx

cleyeT E =u (t1 X) [19].

Hepr,I[HO IIOKa3aTb, 4YTO €CJIN

dU, ()] _

dx C, | X € (—00,00) 12)

TO KJaccudeckoe perierne 3aaayuu (10), (11) cymecTByet B mosoce F[O’t*] , OTPAHUYECHO U

G

U, (t,X)|<——
U, ) 1-2ct

(t,x) eIl

[0t°]. (13)

*
rae { YAOBJIETBOPSIET HEPABEHCTBY:

1-2ct >0

~ *
HyCTb BbIIIOJTHEHBI COOTHOILIICHUA (6), N ITIOCTOSAHHBIC C y Cl u t YAOBJICTBOPAIOT YCIIOBUAM

1_C1t* > O , 1_611:* > O (14)
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T
TOrJja peuIcHuc u n ET B IIOJIOCE F[O t*) CYHIECTBYCT U OTPpaHUYCHO BMCECTC CO BCCMU CBOUMU

MMPOU3BOJHBIMHU I10 IICPEMCHHBIM t y X .

T
O4eBHTHO, YTO MPH JIFOOOM (HUKCHPOBAHHOM T pelieHue u u E° 3amaun (7), (9) orpanuuens

HC3aBUCHUMO OT BCIIMYMHBI HC3aBUCHMO OT BCIIMYHHBI T .

u®(t, x) E°(t,Xx) (15)

[ToBTOpsis paccyxaenue u3 [14], MOXKHO MOKa3aTh OTPAHMYEHHOCTh YaCTHBIX TTPOM3BOIHBIX PEIICHUI

<C, <¢,

T
u u E"no X moGoro nopsaxa paBHOMEpPHO 110 L

o“u’ (t, X) O“E* (t, X)
an : Ck : a)(k Ck ,(t,%) EF[Ot*], k= 0,1,...16)

CC

rae Kk -- HEKOTOPBIE MOJOKUTEIIbHBIE IOCTOSHHBIE, TAKUE YTO C - C

W3 vepasencts (15), (16) u ypaBaenutii (7), (8) cieayoT paBHOMEPHBIC 110 T ouenkn:
k 1
O (t, X) O E(t,x)
Otox | Otox
T E T

OrpaHUYCHBI U PABHOCTCIICHHO HCHPCPBLIBHLI B F[O t*] . Ha ocHoBanuu TCOPEMbI Apuena JAraroHaJIbHbBIM

<SS (tx)el, ... k= 01,...a7

[ot]

W3 sTux OIICHOK CJICAYCT, YTO u " UX MPOU3BOAHBIC I10 X JII000T0 nopsitika paBHOMCPHO

uTk ETk
CIIOCOOOM  MOYHO BBI6paTI> TIOAIIOCJICAOBATEIIBHOCTD { }, { HOCH@HOBaTeHLHOCTeﬁ

T T
{u }, {E } , CXOAAINYIOCA B F[O t*] K (I)yHKI_II/IHM u nu E COOTBE€TCTBCHHO BMECTC CO BCEMH

NpOU3BOAHBIMH 110 X, PABHOMEPHO B KaJIOi OrpaHUYEHHON 00J1aCTH MOJIOCHI r[o {"]> BCJICNICTBHE YEro

q)YHKHI/II/I u n E HUMCIOT ITPOU3BOJHEBIC 00010 nopsjika 110 X M BBIIIOJTHAKOTCA COOTHOIICHUS

u(0,x) =u,(X), E(0, x) =E,(x), (18)

o u(t, x) <C O E(t, x)
ox< |T

EnuHCTBEHHOCTh pelICHHs MOKa3bIBACTCS CTAaHAAPTHBIM crocoboMm. CrenoBaTtenbHO, W CaMHU

1 axk K, (t, X)Er[or], k=01...09

T T
MOCJIEIOBATENIbHOCTH (PYHKINIT {u } , { E } pu T—> O , CXOASATCA paBHOMEPHO B F[O ] K

u E COOTB€TCTBEHHO, BMECTEC CO BCEMHU IIPOU3BOIHBIMU. CJIyT-IaI‘/'I, Koraa uOI EO € C (R )
JTIOKa3bIBACTCS C TIOMOIIBIO cpeaHuX GyHKITHH [20].
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YucieHHOe pelleHHe TMepPUOAUYEcKOil 3amadyud s cucrembl THHa Xomdga. PaccMmorpum
pacrpocTpaHEeHUE HEIUMHEHHBIX BOJH B IBYXJKUJIKOCTHOM cpene. B aTom ciyuae Takas 3ajjaua OMHCHIBACTCS
cuctemoii (1), (2) u ceayomUMI HaYalIbHBIMHA U KPACBBIMH YCIIOBUSIMHU

u(0,x)=e, E(0,x)=0.1-7%, (20)
u(t,—4) =u(t,4), E(t,—4) =E(t,4). (21)

Jns pemieHust MaHHOM 3aJaddl HCHOJB3YeM SBHYIO PAa3HOCTHYIO CXEMYy C MEPBBIM MOPSIKOM
ANMPOKCUMAIINH TI0 BPEMEHH U TI0 IPOCTPAHCTBY

u™ —y" u" —u"
-1
! LUy — hJ =-E7, (22)
T
EM —E' E'—E'
-1
——+u] ————==u]. (23)
T h
B ¢opmynax (22) u (23) 7,h - coorBercTBylomMe IIarM AMCKPETU3aLUM IO BPEMEHH MU

MIPOCTPAHCTRBY.
YuciieHHble 3KCIepUMeHTbl. B 1aHHOM paszgene NpeAcTaBiACHbl YHUCICHHBIE Pe3yJbTaThl
MOJIETTMPOBAaHMsI pacTpOCTPAHEHU HEMTMHEHHBIX BOJIH JJIs TeCTOBOU Mojenu cpensl (1), (2).

HOpu N=0 ¢popmymsl (20) GyayT UMeTh CIIEYIOMMIA BU:
- . 2 -
U?:e (x;) , J:O,L“_’m (24)

E?:O,l-e‘(x")z, j=0,1,...,m (25)

3necy BepxHUU MHAEKC “0” mpeacTaBiseT HyJEBOH CION Mo BpeMeHH . 3HaueHUs JEBBIX U MPaBBIX
CTOPOH BBIPXKEHUH OIIPEIeNsIeTCs U3 KpaeBbIX ycioBwi (20).

ut=u",u;t=u;, n=01..,N-1
E™=E",EM=E", n=01..,N-1

Uucnennslit pacuér Béncsa mo cxeme (22), (23). Ha pucynkax 1 u 2 mpeacTaBieHBl pe3ylbTaThl
uncnenHoro mozeuposanus BoHoBbix U(t, X) u anexrpuueckux E(t, X) noneit, coorsercraento.

y
2.0

Pucynok 1. Ipaduk gas U (t1 X)
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Vo
2.0

Pucynok 2. Fpadux nas E(t, X)

3akiaouenne. Takum oOpa3oMm, wHccienoBaHa 3agadya  Komm a1 OJZHOMEPHOH — CHCTEMBI
KBa3WJIMHEHHBIX YPaBHEHUM, BO3HHMKAKOIAsg B JBYXCKOPOCTHOM MArHUTHOM T'MApOJAMHAMHKE. Meromom
c1aboi anmmpoOKCHMAIlMM [0Ka3aHO CYyLIECTBOBAHWE W EOUHCTBEHHOCTh peleHus 3amadn Komm mms
omHOMepHOW cucTtemMbl Tuna Xomda. [IpoBegeHO dYHCIEHHOE MOJEIHPOBAHWE PACIPOCTPAHEHUS
HEJIMHEWHBIX BOJIH B IByX(a3HOH MEepHOANIECKON cpee.

JUTEPATYPA:

1. Jlanoay JLJ., Jlugpuwuy E.M. I'uopoounamuxa. -M.: Hayka, 1986.

2. Inecmposckuii 10.H., Kocmomapos /[.I1. Mamemamuueckoe mooeruposanue niasmol. M.: Hayka,
1982.

3. Boposckuii A.B., Fanxun A.JL Jlazepuas ¢pusuxa. M.: U3JAT, 1996.4.

4. JKabbopos H.M., Hmomnazapose X.X. Hexomopvle HauanbHO-Kpaegvle 3a0ayu MEXAHUKU
ogyxckopocmuuix cpeod. Tawxenm, 2012, 212 c.

5 HUmommnazapos XX, Oprxunosa /[.A. Axcuanvrnoe pewenue cucmemvl muna Xonga // Tesucw
MEJNCOYHAP.  HAYYHO-HpaKmuveckoli — KoHQepenyuu  "AxmyanvHvle — 3a0auu  MAMeMAMuyecKko2o
MOOenuposanus u uHpopmayuouHslx mexnoaozuti”. - Hykyc, 2-3 mas 2023, m. 1, c. 267-269.

6. Kynuxoscxuu A.I'., Csewnurxoe E.U., Yyeaiinosa A.Il. Mamemamuueckue memoovl uzyuenus
PA3PLIGHBIX PeuieHUll HeUHEUHbIX cunepbonuieckux cucmem ypasuenutl, Mockea -2010, 122c¢.

7. Anexcanopos A.®., boedankesuu JI.C., Pyxadze A.A. OcHogul s1ekmpodunamuru niasmel U30. 2,
nepepab. u don. 1988. 424 c.

8. Tunsbype B.JI., Pyxaose A.A. Boanvl 6 machumoaxmuenou naasme. M.: Hayka, 1975.

9. Cunun B.Il. Beedenue ¢ kunemuueckyto meopuio 2a3os / B. I1. Cunun. M.: Hayka, 1971.

10.Cunun B.I1., Pyxaose A.A. Dnexmpomacuumuule c80UCMEa NAa3mvl U Hi1a3Mano0oousix cped. M.:
Topzosuwiii oom "JINBPOKOM", 2012.

11, [lemuoos I'.B., Hosuxos B. A. O cxooumocmu memooda cradou annpoKcumayuu 6 pehieKCueHoM
banaxoeom npocmpancmee // Qynxyuonarorvill ananus u e2o npuioxcenus, 1975. T. 9. Ne 1. C. 25-30.

12.leceuxopu 3.I'., Hemuoos I'B. O cxooumocmu memooa crabou annpoxcumayuu / / JJAH CCCP.
1973. T. 213. Ne 2. C. 264-266.

13.[Jemuooe I'.B., Mapuyx I U. Teopema o cywecmgosaruu peuwieHus 3a0ayu KpamroCpOUHO2O0
npozrosa nozoowt // JJAH CCCP, 1966. T. 170. Ne 5. C. 1006-1009.

14.Fenos IO.A., /Jlemuoos I'.B. Pewenue 3a0auu Koww 0ns cucmemwvl ypasnenuil muna Xonga
Memoodom craboti annpoxcumayuu // Qucnennvie memoosvt mMexanuku cnaowHol cpeovl. Hosocubupcx: BL]
CO AH CCCP, 1970. T. 1. Ne 2. C. 3-16.

15. Jlemuoos I'.B. Hexomopvie npunodicenuss 0606uennoi meopemvr Kosanesckoii // Yucnenuvie
Memoobl Mexanuxu cnaowHou cpeowt. 1972. T. 1. Ne 2. C. 10—32.

16. Panyma B.®@. Memoo cnabou annpoxcumayuu 0as 3a0ayu Kowu 6 wkare 0OaHaxosewix

npocmpancms // Qucaennvie memoost mexanuku cniounol cpeovi. Hosocubupck: BI] CO AH CCCP. 1975.
T. 6(1). C. 93-96.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 110




PHYSICS

17.hospunyes FO. E. Pecynapuvie u cuneyisapHvle CcUcmemvl JUHEUHbIX O0ObIKHOBEHHBIX
oughgpepenyuanvnvix ypasnenui. — Hosocubupck: Hayxa, 1980.

18.Poocoecmesenckuii b.M., Anenxo H.H. Cucmemvl keasurunelinvix ypaernenuii - M.: Hayka, 1978. -
668 c.

19.3envoo6uu A.B. ['openue, nerunelinas memMnepamypHas 0JIHA 6 eujecmae, bloeisiiouem menio //
Henunetinvie sonusi. Pacnpocmpanenue u 83aumooeticmeue, M.: Hayka, c. 30-41.

20.Cobones C.JI. Hexomopule npumenerus hyHKYUOHATLHO20 AHATUZA 8 MAMEMAMUYeCcKol (u3uke. -
Hoeocubupck: CO AH CCCP, 1962. -255 c.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 111



PHYSICS
UO“K 538.955:535.36

GRAFENDA ELEKTROSTATIK POTENSIALLAR ASIMMETRIYASINING ELEKTRON
TO‘LQIN PAKETLARI DINAMIKASIGA TA’SIRI

Nosirov Mirjalol Uljaboy o ‘g ‘li,

O zbekiston Respublikasi Fanlar Akademiyasi,
Materialshunoslik instituti kichik ilmiy xodimi,
Toshkent kimyo texnologiya instituti

Yangiyer filiali assistent o ‘gituvchisi
Sulaymonov Miro‘tkir Mirtemirovich,
Toshkent davlat transport

universiteti assistent o ‘gituvchisi

Butanov Xakimjan Turamuratovich,

O zbekiston Respublikasi Fanlar Akademiyasi,
Materialshunoslik instituti ilmiy kotibi, PhD
Nurmetov Jasur Rahimboy o ‘g ‘li,

Abu Rayhon Beruniy nomidagi
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Urganch davlat universiteti dotsenti, PhD
Raximov Xamdam Yuldashevich,

O zbekiston Respublikasi Fanlar Akademiyasi,
Materialshunoslik instituti katta ilmiy xodimi, DSc

Annotatsiya. Ushbu ishda grafen monoqatlamida asimmetrik joylashgan potensial to ‘siglar va o ‘ralar
mavjud bo ‘Igan muhitda elektron to ‘lgin paketining dinamikasi tadqiq qilindi. Hisoblashlar radiusi 7 nm
bo ‘Igan potensial sochuvchilar hamda o ‘Ichami 10 nm va energiyasi 100 meV bo ‘Igan to ‘lqin paketi uchun
bajarildi. Vaqt bo ‘yicha evolyutsiya natijalari o ‘tish ehtimolligining dastlab keskin ortishini, so ‘ngra esa
to ‘vingan giymatga erishishini ko ‘rsatdi. Potensial giymatiga bog ‘lig holda to ‘sigdan o ‘tish ehtimolligining
to ‘yingan giymati nomonoton o ‘zgarishi aniqlanib, minimum qiymat ma’lum potensial qiymatlarida yuzaga
kelishi ko ‘rsatildi. Olingan natijalar asimmetrik potensiallar yordamida grafenda elektron transportini
boshqarish va yo ‘nalishga sezgir transport rejimlarini amalga oshirish mumkinligini ko ‘rsatadi.

Kalit so‘zlar: Qrafen, elektron to‘lgin paketi, asimmetrik potensiallar, o ‘tish ehtimolligi, Dirak
tenglamasi

BJIMAHUE ACUMMETPHUMU JJIEKTPOCTATUUYECKUX IOTEHIINAJIOB HA
JUHAMUKY JIEKTPOHHBIX BOJTHOBBIX ITAKETOB B I'PA®EHE

Annomauus. B oannoil pabome uccied08ana OUHAMUKA IAEKMPOHHO20 80JIHOB020 NAKEMA 6 Cpeode C
ACUMMEMPUYHO PACNONONCEHHBIMU NOMEHYUAILHBIMU Dapbepamu u amamu 8 MoHocaoe epapena. Pacuémol
BbINOJIHEHBL OJ11 NOMEHYUATBHBIX PACCEUBAIOWUX YEHMPO8 C paouycom 7 HM, a makoice Oisi 60IHOB020
naxema ¢ pazmepom 10 um u snepeueti 100 maB. Pezyromamol 8pemeHHOU 380I0YUU NOKA3bIBAIOM Pe3Koe
HA4aibHOE Y8enuyeHue 8epOSmHOCMU NPOXOICOEHUS, 3 KOMOPbIM CAedyem O0OCHUNCEHUE HACHIUYEHHO2O
3HaueHus. YCMAaHoBNeHO, UMO HACLIWEHHOe 3HAYEHUEe BePOSMHOCMU NPOX0JCOeHUs uepe3 bOapvep
HEMOHOMOHHO 3ABUCUM OM GeTUYUHbL NOMEHYUATLHO20 Oapbepa, Npu 2MOM MUHUMATbHOE 3HAYeHUe
603HUKAEM NpU ONpedeNéHHbIX 3Hawenusix nomenyuana. Illonyuennvie pe3yrbmamvi OeMOHCPUPYIOM
B03MOJICHOCb  YNPAGIEHUsL. INEKMPOHHbIM MPAHCHOPMOM 8 2ZpadeHe ¢ NOMOWBIO ACUMMEMPUYHBIX
NOMEHYUATO8 U PeaTU3ayUYU HANPABGIEHHO-YYECMBUMETbHBIX MPAHCHOPIHBIX PENCUMOE.

Knwuesvie cnosa: cpagen, s1eKkmpoHubill 60IHOGOU NaKem, ACUMMEMPUYHblE HNOMEHYUATYL,
BEPOSIMHOCb NPOXOJHCOEHUs], ypashenue /lupaka.

EFFECT OF ELECTROSTATIC POTENTIAL ASYMMETRY ON THE DYNAMICS OF
ELEKTRON WAVE PACKETS IN GRAPHENE
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Abstract. In this work, the dynamics of an elektron wave packet in a graphene monolayer with
asymmetrically arranged potential barriers and wells is investigated. The calculations are performed for
potential scattering centers with a radius of 7 nm and for a wave packet with a spatial width of 10 nm and a
central energy of 100 meV. The time evolution results reveal an initial sharp increase in the transmission
probability, followed by the attainment of a saturated value. It is found that the saturated transmission
probability through the barrier exhibits a nonmonotonic dependence on the potential strength, with a
minimum occurring at certain potential values. The obtained results demonstrate that asymmetric potentials
provide an effective way to control elektron transport in graphene and to realize direction-sensitive
transport regimes.

Keywords: grapheme, elektron wave packet, asymmetric potentials, transmission probability, Dirac
equation.

Kirish. Grafen bu bir atom qalinlikka ega bo‘lgan ikki o‘lchamli uglerod materiali bo‘lib, u birinchi
marta ajratib olinganidan buyon [1] o‘zining noyob elektron xossalari sababli katta ilmiy qiziqish uyg‘otib
kelmoqda [2,3]. Dirak nugtalari yaqginida energiya spektrining chiziqli bo‘lishi grafendagi zaryad
tashuvchilarning massasiz relyativistik kvazizarrachalar — Dirak fermionlari kabi harakatlanishiga olib keladi
[4,5]. Natijada, grafenda yuqori harakatchanlik, noodatiy kvant transport hodisalari va an’anaviy
yarimo‘tkazgichlardan tubdan farq qgiluvchi effektlar kuzatiladi [6,7].

Grafendagi relyativistik transportning eng muhim xususiyatlaridan biri Klein tunnellanishi bo‘lib,
bunda elektronlar elektrostatik potensial to‘siglardan deyarli to‘liq o‘tib ketishi mumkin. Ushbu hodisa
fundamental ahamiyatga ega bo‘lsa-da, grafen asosidagi elektron qurilmalarda zaryad tashuvchilarni
lokalizatsiya qilish va oqimni boshqarish jarayonini murakkablashtiradi. So‘nggi tajribalar Klein
tunnellanishining kuchli burchakka bog‘ligligini tasdigladi [8], bu esa elektron dinamikasini chuqurroq tahlil
qilish uchun to‘lgin paketlari evolyutsiyasiga asoslangan yondashuvlarning dolzarbligini ko‘rsatadi [9-11].
Shu sababli, grafenda tunnellanishni susaytirish yoki nazorat qilish nanoelektronika uchun muhim
masalalardan biri hisoblanadi [12-14].

Elektron transportini boshqarishning samarali yo‘llaridan biri sun’iy potensial to’siqlar yaratish
hisoblanadi [15]. Oldingi ishlarda elektron to‘lqin paketlarining magnit maydonlar ta’sirida [16-18] hamda
turli xil sochuvchi potensiallar orqali o’tishi [19-22] o‘rganilgan. Bunda trayektoriya modellashtirish [23,24]
va vaqtga bog‘liq Dirak tenglamasini yechishga asoslangan hisoblash usullar [25-28] keng qo‘llanilgan.
Bunday potensial muhitlar grafenda lokal elektron-g’ovak sohalarini hosil gilishi mumkin [29,30]. Tasodifiy
tartibsizliklar ta’siri keng tadqiq qilingan bo‘lsa-da [31,32], potensiallarning tartibli va qutblanishga bog‘liq
joylashuvi elektron transportiga qanday ta’sir qilishi hali yetarlicha tizimli o‘rganilmagan.

Sochuvchi to’siqlar geometriyasi orqgali pseudospin va xirallikka bog‘liq tunnellanishni boshqarish
imkoniyati [33,34] grafen qurilmalarini loyihalashda istigbolli yo‘nalishlardan biri hisoblanadi. So‘nggi
yillarda grafen asosidagi nanostrukturalarni yuqori aniglikda yaratish texnologiyalarining rivojlanishi [35-36]
bunday nazariy modellarni amaliy jihatdan dolzarb gilmoqgda.

Mazkur ishda grafen monoqatlamida assimetrik joylashtirilgan elektrostatik potensiallar ta’sirida
elektron to‘lqin paketlarining dinamikasi o‘rganiladi. Hisoblashlar Dirakning uzluksiz modeli asosida olib
borilib, vaqt bo‘yicha evolyutsiyasi operatorlarni ajratish usuli yordamida o’rganildi [37,38].
Potensiallarning joylashuvi va kattaligi elektronni o’tishi ehtimolligiga qanday ta’sir qilishi tahlil gilindi.
Olingan natijalar grafenda elektron transportini geometrik parametrlar orgali boshqgarish imkoniyatlarini
ochib beradi va kelajakdagi nanoo‘lchamli elektron qurilmalarni loyihalash uchun muhim yo‘rignomalar
tagdim etadi.

Tadgigot metodologiyasi. Ushbu tadgigotda garalayotgan model tizimning sxematik tasviri 1-rasmda
keltirilgan. Tizim uzunligi L=1024nm va kengligi W=128 nm bo‘lgan grafen monogatlamidan iborat. Grafen
ichida o‘lchami va moduli bir xil, biroq ishoralari turli (musbat va manfiy) bo‘lgan doira shaklidagi
elektrostatik potensiallar joylashtirilgan. Ushbu potensiallar o‘zaro asimmetrik tarzda joylashtirilgan
sochuvchi markazlar majmuasini hosil giladi. Xususan, birinchi (yuqori) qatorda chapdan o‘ngga garab avval
potensial to‘siq, so‘ng potensial o‘ra joylashtiriladi. Keyingi qatorda esa ushbu potensial to‘siq va o‘ralarning
joylari almashtiriladi, ya’ni avval potensial o°ra, keyin esa potensial to‘siq joylashadi va hokazo.

Qo‘shni potensial markazlar orasidagi masofa har ikki x va y yo‘nalishlarda d=16 nm qilib tanlandi.
To‘lgin paketining dinamikasiga asymmetrik joylashgan sochuvchi markazlar ta’sirini o‘rganish maqgsadida
potensial to‘siq va potensial o‘ralarning radiusi bir silda R=7 nm deb olindi. Bundan tashgari, potensial ta’sir
kuchining transport xususiyatlariga ta’sirini tahlil gilish uchun potensial giymatlari 20 meV dan 300 meV
gacha bo‘lgan keng oraliqda o‘zgartirildi. Natijada, asimmetrik potensiallardan iborat soha orqali to‘lqin
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paketining o‘tish ehtimolligi hamda uning to‘yingan gqiymatlarining potensial giymatiga bog‘ligligi
o‘rganildi.

o e
L ;

1988

3833

1-rasm. Grafenda to‘lqin paketining targalish sxematik tasviri

Rangli to‘lgin fronti va o‘q bilan ko‘rsatilgan yo‘nalish to‘lqin paketining harakatini ifodalaydi. Qizil
rangdagi doiralar elektrostatik potensial to‘siglarni, ko‘k rangdagi doiralar esa potensial o‘ralarni bildiradi.
Natijalar Dirak uzluksiz modelining qo‘llanilishi doirasida, ya’ni Dirak nuqtasi atrofida (quyi energiya
sohasi) golishini ta’minlash uchun to‘lqin paketining energiyasi va o’lchami, mos ravishda, E = 100 meV va
ax = 10 nm ga teng qilib olindi, hamda relativistik kvazizarra Gauss to‘lqin paketi dep garaldi. Xususan,
Gauss to‘lqin fronti olinib, u X — yo‘nalishida chekli kenglikka ega va quyidagicha ifodalanadi:

1 ikz— 22
\Il(:s,y,O):N(l)e 2a3 (1)

bu yerda N — normallashtirish doimiysi, X — yo‘nalish bo‘ylab to’lqin tarqalishini ta’minlash uchun
pseudo-spinor {ox)=1 va (gy)=(0;)=0 etib tanlangan. To‘lgin paketining tarqalishi, boshlang’ich to‘lgin
paketiga qo‘llaniladigan vaqt bo’yicha evolyutsiya operatori orqali ifodalanadi:

U(z,y,t + At) = e  FHA Y (g gy, 1) 2)

bu yerda H — grafenda quyi energiyalardagi elektron uchun Gamilton operatori bo‘lib, quyidagicha
ifodalanadi:

H=vp (@ -p)+V(x,y) I, (3)

bu yerda ve — Fermi tezligi (ve=10° m/s), & Pauli matritsalari va I birlik matritsasi, V(x,y) esa skalyar
potensialni ifodalaydi. To‘lqin funktsiyalari psevdo-spinorlar sifatida yoziladi ¥=(¥a ¥g)", bunda Wa va s
mos ravishda elektronning A va B panjaralarida bo‘lishi ehtimolligiga mos keladi. Qulaylik uchun
operatorlarni ajratish usuli qo‘llanildi [10-13]:

i i i i /
exp [——ﬁHAt] = exp [—%V(J.y)IAf] exp [—ﬁzvpp . (TAt] exp [—ﬁV(.r.y)IAf} , (4)

O(At®) va undan yuqori tartibdagi hadlar e’tiborga olinmadi. Ushbu yondashuv haqiqgiy va teskari
fazolarda samarali takrorlash imkonini beradi hamda Furye almashtirish va p=Ak orgali impuls
operatorining aniq farglanishiga yo‘l qo‘ymaydi. Bundan tashgari, Pauli matritsalarini o‘z ichiga olgan
matritsalarni gayta shakllantirish mumkin [28]. Hisoblashlar At = 0,1 fs vaqt gadami bilan amalga oshirildi
va to‘siq mavjud bo‘lgan sohadan oldin va sohadan keyin elektronning topilish ehtimolligi hisoblandi.
Davriy chegara shartlari bilan bog‘liq sonli takrorlanishning oldini olish uchun 1024x128 nm bo‘lgan
yetarlicha katta o’lchamlar tanlandi: potensial sochuvchilar X = 0 atrofida 30x128 nm sohada yotadi. Bu esa
o‘tish va qaytish ehtimolliklarini to‘g‘ri baholashni ta’minlaydi, ya'ni to’siqdan o’tgan to‘lqin paketi x-
bo’ylab chegaraga yetib borgunga qadar uning qiymati o’zgarmay qoladi.

Natijalar va ularning muhokamasi. Hisoblash natijalari 2- va 3-rasmlarda keltirligan bo’lib, 2-
rasmda grafen monoqatlamida joylashgan asimmetrik potensiallar orqali elektron to‘lqin paketining vaqt
bo‘yicha o‘tish ehtimolligi ko‘rsatilgan. Hisoblashlarda barcha sochuvchi markazlarning radiusi R=7 nm
qilib olingan. Dastlabki vaqt oralig‘ida (130 fs gacha) o°tish ehtimolligi deyarli nolga teng bo‘lib qoladi, bu
esa to‘lgin paketining hali potensial to‘siq sohasiga kirib bormaganini anglatadi. Vaqt o’tishi bilan to’lgin
paketi potensial sohaga yaqinlashadi va 130 fs dan oshganida o‘tish ehtimolligining keskin ortishi kuzatiladi.
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Ushbu bosqich to‘lgin paketining sochuvchi markazlardan tashkil topgan potensial hudud bilan faol ta’sirga
kirishish jarayoniga to‘g‘ri keladi.

To‘lqin paketini to’siqgdan o‘tish ehtimolligi vaqt bo‘yicha monoton ravishda ortib, keyinchalik
to‘yingan giymatga erishadi. Bu holat grafenda Dirak fermionlari uchun xos bo‘lgan yuqori o‘tuvchanlik va
Klein tunnellanish mexanizmining saqlanib qolishini ko‘rsatadi. Shu bilan birga, to‘yingan qiymatning
birdan kichik bo‘lishi asimmetrik potensialning gisman gaytish va interferensiya effektlarini keltirib
chigarayotganini bildiradi.

104
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E J
g 0.6 e e e e T e e
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2-rasm. Grafen monogatlamida asimmetrik joylashgan sochuvchi markazlar mavjud bo‘lgan
holatda elektron to‘lgin paketining vaqt bo‘yicha to’siqg sohadan o‘tishi ehtimolligi grafigi.

Turli egri chiziglar potensial balandligining |Vo| turli giymatlariga mos keladi.

To‘lgin paketining o‘lchami 10 nm bo‘lgani sababli, uning impuls fazosidagi yoyilishi nisbatan
cheklangan bo‘lib, paket potensial to‘siq bilan ko‘proq lokal tarzda o‘zaro ta’sirlashadi. Radiusi 7 nm
bo‘lgan sochuvchi potensiallar bilan bu o‘lchamlar taqqoslanadigan kattalikda bo‘lgani uchun, kuchli
fazoviy interferensiya va ko‘p martalik sochilish hodisalari yuzaga keladi. Natijada o‘tish ehtimolligi silliq
tarzda o‘sadi va barqarorlashadi. Muhim jihatlardan biri shundaki, sochuvchi markazlar asimmetrikligi
sababli bu sohadan o‘tish jarayoni vaqt bo‘yicha sekinlashadi. Bu holat elektron transportining nafaqat
potensial energiya giymatiga, uning geometriyasiga ham bog‘ligligini ko‘rsatadi. Shunday qilib, 2-rasm
natijalari asimmetrik potensiallar yordamida grafenda elektron to‘lqin paketining transport xususiyatlarini
samarali boshgarish mumkinligini yagqol namoyon etadi.
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3-rasm. Grafenda asimmetrik potensial sochuvchi markazlar mavjud bo‘lgan holatda elektron
to‘lqin paketining o‘tish ehtimolligining to‘yingan qiymatining potensial qiymatiga bog‘ligligi
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Bu yerda musbat potensial giymatlari to‘siq balandligini, manfiy qiymatlar esa potensial o‘ralar
chuqurligini bildiradi.

3-rasmda elektron to‘lqin paketining potensial mavjud sohadan o‘tish ehtimolligining to‘yingan
qiymati potensial giymatiga bog‘ligligi tasvirlangan. Bu yerda to‘yingan qiymat deganda, vaqt davomida
o‘tish ehtimolligini o‘zgarmay qoladigan qiymat tushuniladi.

Grafikdan ko‘rinib turibdiki, kichik potensial qiymatlarida (|Vo| < 50 meV) to‘lgin paketining o‘tishi
ehtimolligi birga yaqin bo‘lib, bu grafenda kvazizarra uchun xos bo‘lgan yuqori o‘tuvchanlik va deyarli
to‘sigsiz transport rejimini ifodalaydi. Potensial qiymati ortishi bilan asta-sekin kamayib boradi va |V.
0/~170—190 meV atrofida minimal qiymatga erishadi.

Mazkur minimum |Vo| potensial giymati bilan to‘lqin paketining energiyasi (E=100 meV) o‘rtasidagi
nisbiy farqning kuchayishi bilan izohlash mumkin. Ushbu rejimda potensial to‘siqning samarali balandligi
oshib, gisman qaytish, interferensiya va ko‘p martalik sochilish jarayonlari kuchayadi. Natijada, to‘lqin
paketining fagat bir gismi to‘siq hududidan o‘ta oladi (qolgan gismi to’siqdan orqaga qaytadi) va o‘tish
ehtimolligi minimal giymatga tushadi. Qiziqgarli jihati shundaki, |Vo| potensial giymatining bundan keyin ham
orttirib borganda (|Vo[>200 meV), o‘tish ehtimolligi yana oshishni boshlaydi. Bu xatti-harakat grafenda Klein
tunnellanish effektining energiyaga bog‘liq holda gqayta namoyon bo‘lishi bilan bog‘liq.

Umuman olganda, 3-rasm natijalari asimmetrik potensiallar yordamida grafenda elektron to‘lgin
paketining to’siqli sohadan o‘tishi ehtimolligini potensial qiymati orqali sozlash mumkinligini ko‘rsatadi. Bu
esa yo‘nalishga sezgir elektron transport tizimlari va grafen asosidagi funksional nanostrukturalarni
loyihalash uchun muhim fizik asos bo‘lishi mumkin.

Xulosa. Ushbu tadgiqotda grafen monogatlamida asimmetrik potensial sochuvchi markazlar (potensial
to‘siglar va potensial o‘ralar) mavjud bo‘lgan holatda elektron to‘lqin paketining ushbu sohadan o‘tish
jarayoni tahlil qilindi. Radiusi 7 nm bo‘lgan potensial sochuvchilar va o‘lchami 10 nm bo‘lgan to‘lqin paketi
uchun o‘tish ehtimolligi batafsil o‘rganildi. Olingan natijalar to’lqin paketining o‘tish ehtimolligining
asimmetrik muhit potensialining giymatiga nomonoton bog‘ligligini, shuningdek, asimmetriya tufayli
interferensiya va qisman qaytish effektlarining muhim rol o‘ynashini ko‘rsatdi.
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Annotatsiya. Mazkur magolada Zarafshon vohasining tuprog-suv tizimining radioekologik holati
tadqiq etilib, tabiiy va antropogen manbalar ta’sirida yuzaga keluvchi radiatsion xavfsizlik muammolari
ilmiy jihatdan tahlil gilingan. Tadgiqot jarayonida tuprog va suv namunalari fizik-kimyoviy hamda gamma-
spektrometrik usullar asosida o ‘rganilib, ulardagi asosiy tabiiy (**U, #Th, °K) va antropogen (**’Cs)
radionuklidlarning faollik konsentratsiyalari, fazoviy tagsimlanishi, migratsiya mexanizmlari va
biokumulyatsiya jarayonlari aniglangan.

Radionuklidlarning atrof-muhit komponentlarida to ‘planishi natijasida yuzaga kelishi mumkin
bo ‘Igan radiatsion xavflar UNSCEAR, ICRP va WHO tavsiyalariga muvofiq migdoriy baholangan. Olingan
natijalar asosida Zarafshon vohasida radioekologik monitoring tizimini takomillashtirish va radiatsion
xavfsizlikni kuchaytirishga garatilgan ilmiy-amaliy tavsiyalar ishlab chigilgan.

Kalit so‘zlar: Zarafshon vohasi, radioekologik monitoring, tuprog—suv tizimi, radionuklidlar, gamma-
spektrometriya, effektiv doza, biokumulyatsiya, radiatsion xavfsizlik.

MHNPOBJIEMBI BE3OITACHOCTHU BOJHbIX U IIOYBEHHBIX PECYPCOB
3APA®IIAHCKOI'O OA3UCA U PAJIMOSIKOJOTHYECKUIA MOHUTOPHUHT

Annomauus. B oannou cmamve ucciedyemcs paouodIKoI0SULecKoe COCMOSIHUE NOYEEHHO-B0OHOI
cucmemul 3apa@duianckoil O0aUHbL, U NPOBOOUNCS HAYHUHBLI AHAIU3 NPOOIEM PAOUAYUOHHOU OE30NACHOCMIU,
Gdopmupyrowuxcsa nood osodeticmsuem NPUPOOHLIX U AHMPONOSEHHBIX UCMOYHUKO8. B xode uccredosanus
npobwl NOYBLL U 600bL OLLIU UZYUEHBL C NPUMEHEHUEM DUIUKO-XUMUYECKUX U 2AMMA-CHEKMPOMEMPUYECKUX
MEMO008, Umo NO360JUN0 ONPeOenums KOHYeHmpayuu aKmusHOCmu, NPOCMPAHCmeeHHoe pacnpedeiienue,
MEXAHUIMbL  MUSPAYULL U Npoyeccel OUOAKKYMYIAWUU OCHO8HBIX npupoonsix (22U, 2°Th, “K) u
anmponozennozo (**'Cs) paduonyxnuoos.

Homenyuanvuvie  paouayuonuvie PUCKU, 0OYCIOGNIEHHbIE HAKOWICHUEM  PAOUOHVKIUOO8 8
KOMNOHEHMAX OKpydcaioujeli cpeobvl, Obliu KOIUYECNBEHHO OYEeHEeHbl 8 COOMEEMCMEUN C PEKOMEHOAYUIMU
UNSCEAR, ICRP u Bcemupnoti opeanusayuu 30pasooxpanenus (BO3). Ha ocnoge noayuenHvix
Pe3yIbmamos papabomanvl HAYyHHO-NPAKMUeCKUe PeKOMEHOAYUU, HANPAasieHHble HA COBEPUUEHCMBEOBAHUE
cucmemvl paduodIKOIO2UYECKO20 MOHUMOPUH2A U NOGblULEHUe VPOBHS PAOUAYUOHHOU Oe30nacHocmu 8
3apaguancroii donune.

Knwouesvie cnosa: 3apaghwanckas 00auHa, paouoIKOIOSUHECKUll MOHUMOPUHZ, HOYBEHHO-800HAS.
cucmema, paouoHyKaIuUobl, 2amma-cnekmpomempusl, dg@exmuenan 003a, OUOAKKYMYAAYUSL, PAOUAYUOHHAS
be3onacHocme.

RADIOECOLOGICAL MONITORING AND SAFETY ISSUES OF THE SOIL-WATER
SYSTEM OF THE ZARAFSHAN OASIS

Abstract. This article investigates the radioecological condition of the soil-water system of the
Zarafshan Valley and provides a scientific analysis of radiation safety issues arising under the influence of
natural and anthropogenic sources. Within the framework of the study, soil and water samples were
analyzed using physicochemical and gamma-spectrometric methods to determine the activity concentrations,
spatial distribution, migration mechanisms, and bioaccumulation processes of the principal natural
radionuclides (*®U, %Th, “°K) and the anthropogenic radionuclide (**'Cs).

Potential radiological risks associated with the accumulation of radionuclides in environmental
components were quantitatively assessed in accordance with the recommendations of UNSCEAR, ICRP, and
the World Health Organization (WHO). Based on the obtained results, scientific and practical
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recommendations aimed at improving the radioecological monitoring system and enhancing radiation safety
in the Zarafshan Valley were developed.

Keywords: Zarafshan Valley, radioecological monitoring, soil-water system, radionuclides, gamma
spectrometry, effective dose, bioaccumulation, radiation safety.

Kirish. Hozirgi kunda atrof-muhit xavfsizligi muammolari global miqyosda dolzarb bo‘lib, aynigsa,
tuprog va suv resurslarining radioaktiv ifloslanishi ekologik bargarorlik va aholi salomatligiga jiddiy xavf
tug‘diradi [1,5]. Tabiiy radiatsion fon bilan bir gatorda, sanoat va konchilik faoliyati natijasida yuzaga
keluvchi antropogen radionuklidlar ekologik tizimlarda uzoq muddat saglanib qolish xususiyatiga ega.

Zarafshon vohasi O‘zbekistonning muhim tabiiy-geografik va iqtisodiy hududlaridan biri bo‘lib,
qishloq xo‘jaligi, konchilik va sanoat tarmoqlarining rivojlanganligi bilan ajralib turadi. Ushbu hududda
uranli tog‘ jinslarining mavjudligi, rangli metallurgiya va kimyo sanoati korxonalari faoliyati
radionuklidlarning tuproq va suv muhitiga tushish ehtimolini oshiradi [2,9]. Bu holat radionuklidlarning
migratsiyasi, bioakkumulyatsiyasi va 0zig-ovqat zanjiri orgali inson organizmiga o‘tish xavfini kuchaytiradi.

Mazkur tadgigotning asosiy magsadi Zarafshon vohasidagi tuprog—suv tizimining radioekologik
holatini fizik va miqgdoriy jihatdan asoslangan holda baholash, radiatsion xavf darajasini aniglash va
mintagaviy radioekologik monitoring tizimini takomillashtirishdan iborat. Ushbu tadgigotning asosiy
magsadi Zarafshon vohasidagi tuprog—suv tizimining radioekologik holatini ilmiy asosda baholash, mavjud
xavf omillarini aniqlash hamda radiatsion xavfsizlikni ta’minlashga qaratilgan chora-tadbirlarni ishlab
chigishdan iborat. Tadgigot natijalari mintagaviy ekologik monitoring tizimini takomillashtirishga, tabiiy
resurslardan oqilona foydalanishni rag‘batlantirishga va aholining sog‘ligini himoya qilishga muhim hissa
go‘shishi kutilmoqda.

Markaziy O‘zbekiston hududida joylashgan Zarafshon vohasi Samarqand va Navoiy viloyatlarining
asosiy hududlarini qgamrab oladi. Vohani kesib oqib o‘tuvchi Zarafshon daryosi gishloq xo‘jaligi va sanoat
ehtiyojlari uchun asosiy suv manbai hisoblanadi. Mintaqaning tuproglari asosan kulrang tuproqglar bo‘lib,
paxta, don va bog‘dorchilik ekinlarini yetishtirishda keng qo‘llaniladi. Shu sababli, tuproq va suv
resurslarining radioekologik holatini doimiy monitoring gilish mahalliy aholining turmush farovonligi,
sog‘ligi va iqtisodiy barqarorligini ta’minlashda muhim omil hisoblanadi.

So‘nggi ilmiy tadqiqotlar shuni ko‘rsatdiki, Zarafshon vohasining ayrim hududlarida radiatsion fon
darajalari tabiiy me’yorlardan oshib ketgan. Xususan:

2022-2024-yillarda o‘tkazilgan georadiometrik tahlillar shuni ko‘rsatdiki, Samarqand viloyatining
Nurobod va Kattago'rg'on tumanlaridagi tuproq namunalarida 28U va 2?Th radionuklidlarining
konsentratsiyasi fon giymatlardan 1,5-2 barobar yuqori bo‘lgan. Zarafshon daryosi havzasidan olingan suv
namunalarida “°K izotopining faollik darajasi 300-350 Bgq/kg ni tashkil gilib, Jahon sog‘ligni saglash
tashkiloti tomonidan tavsiya etilgan chegaralarga yaginlashgan.

Ba’zi qishloq xo‘jaligi tuproglarida *’Cs radionuklidi izlari aniglangan bo‘lib, bu Sovet davrida
o‘tkazilgan yadroviy sinovlar ogibatidagi chigindilarning uzoq muddat davomida saqlanib golishini aks
ettiradi. Ushbu natijalar vodiyning radiatsion xavfsizligini chuqur ilmiy baholashning dolzarbligini
ta’kidlaydi.

Radioekologik tadqiqotlar shuni ko‘rsatadiki, Zarafshon vodiysidagi tuprog—suv tizimida
radionuklidlarning mobilizatsiyasiga bir nechta omillar ta’sir giladi:

1.Geokimyoviy tarkib — yuqori karbonat miqdori va tuproq sho‘rligi radionuklidlarning
mobilizatsiyasini oshiradi.

2. Sug‘orish amaliyotlari — Uzoq muddatli sug‘orish jarayonlari yer osti suvlari sathining
ko‘tarilishiga olib kelib, radionuklidlarning yugoriga migratsiya gilish jarayonini jadallashtirmoqda.

3. Antropogen ta’sir — Navoiy viloyatidagi konchilik korxonalaridan chigayotgan sanoat chigindilari
daryo tizimiga tushib, ekologik xavflarni yanada kuchaytirmoqda.

Radionuklidlarning tuproq va suvdan o‘simliklarga o‘tishi bioakkumulyatsiya jarayonlarining
kuchayishiga olib kelmogda. Vodiy hududida olib borilgan dala kuzatuvlari shuni ko‘rsatdiki:

« Don va sabzavot ekinlarining ayrim namunalari tarkibida *3’Cs miqgdori 15-20 Bk/kg gacha yetgan;

e Paxta chigiti yog‘i namunalarida ham nurlanish darajasining oshgani qayd etilgan.

Mahalliy aholi o‘rtasida olib borilgan tibbiy monitoring natijalari onkologik va yurak-qon tomir
kasalliklarining ko‘payish tendensiyasini ko‘rsatmoqda.

Mazkur holatlar mintagaviy radioekologik monitoring tizimini yanada mustahkamlash zarurligini
yaqqol tasdiglaydi. Bu o‘z navbatida, radiatsion xavfsizlikni ta’minlash, aholi salomatligini muhofaza qilish
hamda bargaror ekologik boshgaruvni rivojlantirish uchun muhim ahamiyat kasb etadi.
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Tadgigot obyekti va metodikasi. Namuna olish

Tadgigot ishlari 2022-2024-yillarda Samargand va Navoiy viloyatlarining Zarafshon daryosi
havzasiga kiruvchi hududlarida olib borildi. Tuprog namunalari 0-20 sm gatlamdan, suv namunalari esa
ochig suv ogimlaridan olindi. Namuna olish jarayoni IAEA tomonidan tavsiya etilgan radioekologik
monitoring metodikasiga muvofiq amalga oshirildi [4].

Radiometrik tahlil. Radionuklidlarning faolligi yugori tozalangan germaniy (HPGe) detektori bilan
jihozlangan gamma-spektrometr yordamida o‘lchandi. Detektorning energiya aniqligi 1,8 keV (1,33 MeV
da), samaradorligi esa *?Eu va %°Co standart manbalari yordamida kalibrlangan. O‘lchov natijalarida fon
nurlanishi hisobga olindi, statistik noaniglik £5-10 % oralig‘ida baholandi.

Radionuklid faolligi quyidagi formula asosida hisoblandi:

Ao N
g-l,m-t

Radiatsion doza va xavfni baholash
Ichimlik suvi va ozig-ovgat mahsulotlari orgali olinadigan yillik effektiv doza UNSCEAR va ICRP
tavsiyalariga muvofiqg hisoblandi [5,8]:
E=Y Ai-DCFiIR
Bu yerda DCF — doza konversiya koeffitsiyenti, IR — yillik iste’mol miqdori. Olingan qiymatlar
WHO tomonidan belgilangan 0,1 mZv/yil me’yor bilan taqqoslandi [6].
Natijalar va muhokama.

1-jadval.
Zarafshon vohasi tuproglarida radionuklidlarning o‘rtacha faolligi (Bq/kg)
Ne Hudud 28y 22Th K BICs
1 | Nurobod tumani 48 +5 52+6 610+45 18+3
2 | Kattago‘rg‘on tumani 44 + 4 49+ 5 580 + 40 15+£2
3 | Samargand tumani 32+3 35+ 4 520 £ 38 <5
4 | Fon giymati* 25-30 30-35 400-500 <5

*1zoh: fon qiymatlar UNSCEAR ma’lumotlari asosida keltirilgan [5].
Jadvaldan ko‘rinadiki, Nurobod va Kattaqo‘rg‘on tumanlarida 23U va #2Th faolligi fon giymatlardan
1,5-2 barobar yuqori. Bu holat hududning geologik tuzilishi va konchilik faoliyatining ta’siri bilan

izohlanadi [2].

2-jadval.

Zarafshon daryosi suvlarida radionuklidlarning faolligi va yillik effektiv doza bahosi

b el ITtlalle (FB""(;’/'I'('E']‘) WHO me’yori (Bq/kg) | Yillik effektiv doza (mzviyil)
1 0K 300-350 400 0,05

2 =y, 1218 30 0.02

3 2T 69 10 0.01

4 TCs % 10 <0,01

5 Jami — — 0,08-0,09

Hisob-kitoblarga ko‘ra, yillik effektiv doza WHO tomonidan tavsiya etilgan chegaraga yaginlashgan
bo‘lib, bu suv resurslari ustidan doimiy radioekologik monitoring olib borish zarurligini ko‘rsatadi [6].

Radionuklidlar migratsiyasi va biokumulyatsiyasi. Radionuklidlarning migratsiyasi diffuziya—
adveksiya modeli bilan tavsiflandi:

ac

— =DV*C—vVC—AC

dt

Tahlillar shuni ko‘rsatdiki, yuqori karbonat miqdori va sug‘orish jarayonlari radionuklidlarning
yugoriga migratsiyasini tezlashtiradi. Don va sabzavot ekinlarida **’Cs uchun biokumulyatsiya koeffitsiyenti
0,15-0,25 oralig‘ida aniglandi [10].

Radiatsion xavfsizlikni kuchaytirish bo‘yicha takliflar

agbrwnE

Doimiy radioekologik monitoring stansiyalarini tashkil etish.
Qishloq xo‘jaligida radiatsion xavfsiz agrotexnologiyalarni joriy etish.
Sanoat chiqgindilarini gat’iy radiologik nazoratga olish.

Ichimlik suvi manbalarini muntazam radiatsion tekshirish.
Aholi uchun radiatsion xavfsizlik bo‘yicha ekologik ta’limni kuchaytirish.
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Zarafshon vohasi hududida ekologik xavfsizlikni ta’minlash va tabiiy resurslardan oqilona foydalanish
magsadida quyidagi strategik ustuvor yo‘nalishlar muhim deb hisoblanadi:

1. llmiy tadqiqotlarni kengaytirish — radioekologik monitoringni kuchaytirish hamda xalgaro
ilmiy-tadgigqot markazlari bilan hamkorlikni rivojlantirish.

2. Innovatsion texnologiyalarni joriy etish — ifloslangan tuproglarni tozalashda bioremediatsiya va
fitoremediatsiya usullarini qo‘llash.

3. Sanoat chigindilarini ekologik tartibga solish — Navoiy viloyatidagi konchilik faoliyati
natijasida hosil bo‘ladigan radioaktiv yon mahsulotlarni xavfsiz utilizatsiya qilish va qayta ishlashni
ta’minlash.

4. Hududiy ekologik dasturlarni ishlab chiqgish — Zarafshon vohasi uchun tuprog va suv
resurslarining batafsil radioekologik xaritasini 0°z ichiga olgan “ekologik pasport™ni yaratish.

5. Aholi salomatligini muhofaza gilish — ichimlik suvi sifatini muntazam monitoring gilish hamda
ekologik jihatdan xavfli hududlarda yashovchi aholi o‘rtasida tizimli tibbiy ko‘riklarni tashkil etish.

Mazkur tadgigotning ilmiy yangiligi Zarafshon vohasi tuprog—suv tizimida radionuklidlarning
targalish qonuniyatlarini aniglash, ularning bioakkumulyatsiya koeffitsiyentlarini hisoblash hamda
mintaganing radiatsion xavfsizligini kompleks baholashdan iboratdir. Shuningdek, tadgiqot natijalari
ekologik monitoring tizimini takomillashtirish va bargaror rivojlanishni ta’minlashga qaratilgan aniq ilmiy-
amaliy tavsiyalarni taqdim etadi.

Xulosa. Zarafshon vohasi tuprog-suv tizimida olib borilgan radioekologik tadgigotlar ayrim
hududlarda radiatsion fonning oshganini ko‘rsatdi. Tuproq va suv namunalari tarkibida 23U, 2*2Th, “K va
B87Cs radionuklidlari aniglanib, ularning migratsiyasi va bioakkumulyatsiyasi mintagaviy ekologik
xavfsizlikka potensial tahdid tug‘dirishi aniglandi. Olingan natijalar radioekologik monitoring tizimini
takomillashtirish va radiatsion xavfsizlikni ta’minlash uchun muhim ilmiy-amaliy asos bo‘lib xizmat qiladi.

Mazkur tadgigot natijasida quyidagi ilmiy va amaliy xulosalarga kelindi:

1. Zarafshon vohasi hududida zamonaviy laboratoriya tahlillari bilan ta’minlangan tizimli
radioekologik monitoring tizimini tashkil etish zarur.

2. Tuproq va suv resurslarida radionuklidlarning migratsiya qonuniyatlarini chuqur o‘rganish
hududiy ekologik xavfsizlik dasturlarini ilmiy asoslash imkonini beradi.

3. Qishloq xofjaligi yerlarida radiatsion nazorat mexanizmlarini joriy etish, shuningdek,
bioremediatsiya va fitoremediatsiya texnologiyalarini qo‘llash samarali natijalar berishi mumkin.

4. Sanoat chiqindilarini ekologik me’yorlarga qat’iy rioya qilgan holda nazorat qilish, radioaktiv
yon mahsulotlarni esa atrof-muhit ifloslanishini minimallashtirish magsadida maxsus ajratilgan inshootlarda
gayta ishlash va saglash lozim.

5. Ekologik ta’limni kengaytirish, radiatsion xavfsizlik bo‘yicha maxsus o‘quv dasturlarini ishlab
chigish hamda muntazam tibbiy ko‘riklarni tashkil etish hudud aholisining salomatligini muhofaza gilishga
xizmat giladi.

Umuman olganda, Zarafshon vohasi bo‘yicha olib borilgan mazkur tadqiqot nafagat mintaqaviy
radioekologik muammolarni aniqlab beradi, balki ularni bartaraf etish bo‘yicha amaliy chora-tadbirlarni ham
taklif etadi. Tadqiqot natijalari O‘zbekistonning hududiy ekologik xavfsizlik strategiyasini takomillashtirish
hamda barqaror rivojlanish maqsadlariga erishish yo‘lida muhim ilmiy-amaliy asos bo‘lib xizmat qiladi.
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C7/BENZOL/SIKLOGEKSAN TERNAR TIZIMLARNING BARQARORLIK
XUSUSIYATLARI TADQIQI
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Annotatsiya. Mazkur tadgiqot ishida Cro-fullurenning benzol-siklogeksan aralash erituvchilarida
hosil qilingan eritmalarining optik xususiyatlari va ularning vaqt bo ‘yicha barqarorlikka erishish
Jjarayonlari eksperimental usulda o ‘rganildi. Tadgiqot yuqori va quyi konsentratsiyalarda tayyorlangan
eritmalarda olib borildi. Eritmalarning nur sindirish ko ‘rsatkichi, zichligi hamda yutilish spektrlarining vaqt
bo’yicha o ‘zgarishlari tahlil qilindi. O ‘Ichash natijalari asosida erituvchi tarkibidagi benzol va siklogeksan
nisbatining, shuningdek, C+ konsentratsiyasining eritmalarning optik parametrlari bargarorlashish tezligiga
va spektral xususiyatlariga ta’siri baholandi. Olingan ma’lumotlar Cro asosidagi organik eritmalarning
optik barqarorligi va ularning amaliy qo ‘llanish imkoniyatlarini aniglashga xizmat giladi.

Kalit so‘zlar: Cyo fulluren, benzol-siklogeksan aralash eritmalari, optik xossalar, nur sindirish
ko ‘rsatkichi, UV—-Vis yutilish spektrlari, solvatatsiya jarayoni, vaqt bo ‘yicha barqarorlik, molekulalararo
o0 ‘zaro ta’sir.

UCCJEJOBAHUE CTABUJIBHOCTHBIX CBOMCTB TEPHAPHBLIX CUCTEM
C7/BEH30J/HUKJIOTEKCAH

AnHomayusa. B Oanuoili pabome 3IKCNEPUMEHMANLHBIMU MEMOOAMU UCCLE008AHbL ONMUYECKUe
ceoticmea pacmeopos yineperna Cro, NONYUEHHBIX 8 CMEUAHHBIX PACMEOPUMENX OEH30I—YUKIIO2EKCAH,
Maksice nNpoyeccvbl OOCMUNICEHUsT UMU 8peMeHHOU cmabunvhocmu. Hcecaedosanus npogoounucs  Ois
paAcmeopos, NpUSOMOGIEHHbIX NpU BbICOKUX U HU3KUX Kouyewmpayusix. Iloxazamenv npenomieHus,
NJIOMHOCMb U CNEKMPbL ONMUHECK020 NO2TOWEHUSL PACTNEOPOE USMEPSIUCH 80 8DEMEHU, 4 UX OUHAMUYECKUE
UBMEHEHUsL N00BeP2auch OemaibHoMy ananuzy. Ha ocnose nonyuennvlx pe3yibmamos OyeneHo GAUsIHUe
coomHoulenus OeH301a U YUKIO02eKCAHA 8 cocmaege pacmeopumens, a makdice kKonyeumpayuu Cro Ha
cKOpoCcmb  CMAdUIU3AYUL  ONMUYECKUX NAPAMEMPOS8 U CHEeKMPAIbHbIE XAPAKMEPUCTMUKY DACTEOPOE.
THonyuennvie Oannvle NO360JI0OM OYCHUMb ONMUYECKYIO CMAOUIBHOCb OP2AHUYECKUX PACMEOPO8 Ha
ocroge Cro U onpedenums nepcnekmuabl UX NPaKmuiecko20 nPUMeHeHUsl.

Kntouesvie cnosa: pyniepen Cro, cMeuwiaHuvle pacmeopvbl OeH301-YUKIO2EKCAH, OnMuyecKue
ceolicmea, nokaszamenv nperomiaeHus, cnekmpol nociouwenus UV-Vis, npoyecc consamayuu, épemeHnnas
CcMadUILHOCNb, MEAHCMOJIEKYIAPHBLE 83AUMOOCUCMBUSL.
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INVESTIGATION OF STABILITY PROPERTIES OF C7/BENZENE/CYCLOHEXANE
TERNARY SYSTEMS

Abstract. In this study, the optical properties of crystalline Cyo fullerene solutions prepared in mixed
benzene—cyclohexane solvents, as well as the processes of achieving time-dependent stability, were
investigated using experimental methods. The research was carried out for solutions prepared at both high
and low concentrations. The refractive index, density, and optical absorption spectra of the solutions were
measured as a function of time, and their dynamic changes were thoroughly analyzed. Based on the obtained
results, the influence of the benzene—cyclohexane solvent composition and Cz concentration on the
stabilization rate of optical parameters and spectral characteristics of the solutions was evaluated. The
obtained data provide insight into the optical stability of Cs-based organic solutions and indicate their
potential for practical applications.

Keywords: Cro fullerene, benzene—cyclohexane mixed solutions, optical properties, refractive index,
UV-Vis absorption spectra, solvation process, time-dependent stability, intermolecular interactions.

Kirish. Fullurenlar — uglerodning noyob allotropik shakllaridan biri bo‘lib, ularning molekulalari
ko‘pincha yopiq sferik shaklida tuziladi va o‘zining noyob elektron, optik va kimyoviy xossalari bilan ajralib
turadi [1]. Xususan, Cz molekulasi €.y ga nisbatan uzunroq va assimmetrik shaklga ega bo‘lib, uning

eritmalardagi optik xossalari va elektron holatlari sezilarli farq giladi [2-3]. Shu sababli C+ eritmalarining
vaqt bo‘yicha o°zgarishini o‘rganish ilmiy jihatdan qiziq va amaliy ahamiyatga ega. C-o/benzol/siklogeksan
eritmalari nanomateriallar va organik elektronika sohalarida keng qo‘llaniladi [4-5]. Ular organik quyosh
batareyalarida samarali elektron yutuvchi sifatida ishlatiladi, organik yorug‘lik chiqaruvchi diodlarda
elektron transport gatlamlarini hosil giladi, shuningdek, fotokataliz va nurga sezgir sensorlar yaratishda
go‘llaniladi [6]. Bu tizimlarni tadqiq etish orqali molekulalar o‘rtasidagi o’zaro ta’sirlar, eritma barqarorligi
va optik parametrlarning vaqt bo‘yicha o‘zgarishi haqida muhim ma’lumot olish mumkin. Eritmaning
zichligi va nur sindirish koeffitsiyenti kabi fizik parametrlarni o‘lchash uning strukturaviy o‘zgarishlarini
tushunishda katta ahamiyat kasb etadi [7], shuningdek, optik yutilish spektri molekulalarning elektron holati
va o‘zaro ta’sirini aniqlash imkonini beradi. Optik usullar, jumladan, spektrometriya va refraktometriya,
molekulalarning vaqt bo‘yicha dinamik xatti-harakatlarini kuzatishda samarali vosita hisoblanadi [8].

Ushbu tadgigotning asosiy magsadi Cro/benzol/siklogeksan eritmasining vaqt bo‘yicha optik
xossalarini o‘rganish bo‘lib, eritma zichligi, nur sindirish koeffitsiyenti va optik yutilish spektri kabi
parametrlar bilan birgalikda sistematik tahlil olib borish orqali molekulalararo o’zaro ta’sirlar va eritmadagi
dinamik jarayonlarni aniqlashdan iborat. Ta’kidlash joizki, oldingi ilmiy ishlarda fullurenlarning
eritmalardagi xossalari alohida o‘rganilgan bo‘lsa-da [9-11], Cro/benzol/siklogeksan tizimining vaqt bo‘yicha
optik parametrlar bilan birgalikda sistematik tahlili kam uchraydi, shu sababli mazkur tadgigotni olib borish
zarurati mavjud.

Materiallar va tadgigot usullari. Ushbu tadgiqotda yuqori tozalikdagi (99,5%) C+ fulleren kukuni,
shuningdek, siklogeksan (CsHi2) va benzol (CsHs) organik erituvchilari qo‘llanildi. Barcha kimyoviy
moddalar qo‘shimcha tozalash jarayonlarisiz, Sigma Aldrich (AQSh) ishlab chiqaruvchi tomonidan tagdim
etilgan holatda ishlatildi. Siklogeksan benzolda ko’p miqdorda eriydi va barcha hajmiy nisbatlarda bir jinsli
eritma hosil qiladi [12]. Cr fullureni benzol va siklogeksan erituvchilarida yaxshi eriydi, bu esa fulleren
molekulalarining ushbu erituvchilar bilan samarali molekulalararo moslashuvi bilan izohlanadi. Natijada
benzol va siklogeksan Cs molekulalarini barqaror dispersiyada saqlovchi muhit hosil giladi. Bundan
tashqari, mazkur erituvchilar ko’zga ko‘rinuvchi va yaqin ultrabinafsha sohalarda nurni kam yutadi [13], bu
esa Cro eritmalarining optik xossalari va elektron holatini aniqlashda spektral fonning minimal bo‘lishini
ta’minlaydi. Tajriba davomida Cro fullerenining yuqori (0.08 mg/ml) va quyi (0.05 mg/ml) konsentratsiyali
eritmalari benzol-siklogeksan aralashmasida 98:2 va 96:4 hajmiy nisbatlarda tayyorlanib, jami to‘rtta eritma

namunalari hosil qilindi. Namunalarni quyidagicha belgilab olindi: A namuna - 0.05 mg/ml
Crofbenzol/seklogeksan 98:2 nisbatda, B namuna — 0.05mg/ml Cro/benzol/seklogeksan 94:6 nisbatda, C
namuna — 0.08mg/ml Cr/benzol/seklogeksan 98:2 nisbatda va D namuna - 0.08mg/mi

Cro/benzol/seklogeksan 94:6 nisbatda. Tayyorlangan eritmalar germetik yopiladigan shisha kolbalarga
joylashtirilib, xona haroratida DLAB MX-S (Xitoy) rusumli mexanik laboratoriya aralashtirgichi yordamida
2.5 Hz chastotada 2-3 soat davomida aralashtirildi. Eritmalarning nur sindirish ko‘rsatkichlari yugqori
sezgirlikka ega PAL-BX/RI (Atago, Yaponiya) raqamli refraktometri yordamida natriy atomining D
spektral chizig’iga mos (~589.3 nm) to‘lqin uzunligida o‘lchandi, bunda o‘Ichash noaniqligi £0,01% dan

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 123



PHYSICS

oshmadi. Har bir namuna uchun mustaqil o‘lchovlar uch marta takrorlanib, o‘rtacha giymatlar hisoblab
chigildi. C+ eritmalarining optik yutilish spektrlari UV-5100 (Xitoy) rusumli UV-Vis spektrometrida ~0.1
nm spektral aniglikda, 340-800 nm to‘lqin uzunliklari oralig‘ida qayd etildi. Eritmalarning zichlik qiymatlari
esa Mettler Toledo Densito 30PX (Yaponya) rusumli yuqori aniqlikdagi zichlik o‘lchovchi qurilma
yordamida aniqlandi. Cso eritmalari bilan bog‘liq barcha o‘lchovlar xona haroratida (T=21+1°C) bajarildi.
Yangi tayyorlangan eritmalar turli vaqt oralig‘ida yorug‘likdan himoyalangan holda qorong‘u muhitda
saglanib, ularning optik xossalarining vaqt bo‘yicha o‘zgarishi kuzatildi.

Natijalar va ularning tahlili. C;g fulluren eritmalarining nur sindirish ko‘rsatkichlarini vaqt bo’yicha
o0’zgarishi hagida ma’lumotlar erituvchi va erigan modda molekulalari o’rtasidagi o’zaro ta’sir haqida muhim
ma’lumot beradi [14]. C;g/benzol/siklogeksan yuqori va quyi konsentratsiyalar uchun (98:2 va 94:6 hajmiy

nisbatlarda) nur sindirish ko’rsatgichi o’Ichovlar davrida quyidagi natijalar olindi.

O‘tkazilgan tajribalar shuni ko‘rsatadiki, C+o fullerenining konsentratsiyasi oshishi bilan eritmalarning
nur sindirish ko‘rsatgichi (n) ham ortadi (1-jadval). 0.08 mg/ml konsentratsiyali eritmalarda n giymatlari
0.05 mg/ml konsentratsiyali eritmalarga nisbatan yuqoriroq bo‘lib, bu holat eritmadagi optik zichlik ortishi
bilan izohlanadi. Konsentratsiya oshishi natijasida eritmada C-o molekulalari soni ko‘payadi, bu esa
elektromagnit to‘lqin bilan o‘zaro ta’sirlashuvchi elektron sonining ortishiga olib keladi. Natijada eritmaning
sindirish ko‘rsatgichi oshadi. Shu bilan birga, konsentratsiya ortishiga qaramasdan, vaqt bo‘yicha n ning
keskin o‘zgarishlar ko‘rsatmasligi eritmaning kolloid va optik barqarorligini tasdiqlaydi. Benzol va
siklogeksan hajmiy nisbatining o‘zgarishi n giymatlarining farqlanishiga sezilarli ta’sir ko‘rsatadi. Benzol
ulushi yuqori bo‘lgan eritmalarda (98:2) nur sindirish ko‘rsatgichi siklogeksan ulushi ko‘proq bo‘lgan
eritmalarga (94:6) nisbatan kattaroq giymatlarga ega.

1-jadval.
Barcha namunalar (A, B, C, D) uchun nur sindirish ko‘rsatkichi qiymatlarining vaqt bo’yicha
o’zgarishi
Eritmalar saglangan
vaqt (sutka) a = & 2
1 1.496 1.4944 1.4957 1.4943
5 1.4976 1.498 1.4974 1.4964
10 1.4954 1.494 1.496 1.494
15 1.4951 1.4938 1.4957 1.4936
20 1.4953 1.4936 1.4959 1.4938

Bu holat benzolning o‘ziga xos yuqoriroq sindirish ko‘rsatgichi hamda uning aromatik tabiatiga
bog‘liq ravishda Cz molekulalarining elektron bilan kuchli dispersiya va m—r o‘zaro ta’sirlarga kirishishi
bilan izohlanadi. Siklogeksan ulushi oshirilganda esa eritmaning umumiy sindirish ko‘rsatgichi pasayadi,
biroq bu eritmalar ham yuqori optik barqarorlikni saqlab qoladi. Tajriba natijalariga ko‘ra, eritmalar
tayyorlanganidan keyingi dastlabki 1-15 kun oralig‘ida nur sindirish ko‘rsatgichida juda kichik, ammo
sezilarli o‘zgarishlar kuzatiladi. Ushbu davr C7 molekulalarining erituvchi muhitiga to‘liq moslashuvi,
solvatatsiya qobig‘ining shakllanishi va molekulalararo masofalarning qayta tagsimlanishi bilan tavsiflanadi.
Shuningdek, juda sekin kechuvchi dastlabki agregatsiya yoki klasterlanish jarayonlari ham bu o‘zgarishlarga
hissa qo‘shishi mumkin. 15-kundan boshlab barcha konsentratsiya va hajmiy nisbatlarda nur sindirish
ko‘rsatgichining o‘zgarishi amalda nolga yaqinlashadi. Bu holat eritmada molekulyar va optik muvozanat
holati shakllanganligini ko‘rsatadi. Ushbu davrda eritmaning zichligi, molekulyar qutblanuvchanligi va ichki
tuzilishi barqarorlashib, vaqt bo‘yicha o‘zgarmasligi kuzatiladi. Benzol va siklogeksan aralashmasi Cro
molekulalarini samarali stabilizatsiya qiluvchi muhit vazifasini bajaradi, natijada agregatsiya, cho‘kish yoki
fazaviy ajralish jarayonlari kuzatilmaydi. Shu sababli 15-20 kun oralig‘ida barcha eritmalar yugqori
darajadagi optik bargarorlikni namoyon etadi.

Cg/benzol/siklogeksan eritmasining optik yutulishi spektri barcha konsentratsiyalar uchun ko’zga

ko’rinuvchi va ultrabinafsha sohada o’rganildi. Cr/benzol/siklogeksan tizimida tayyorlangan 0.08 mg/ml
konsentratsiyali va 98:2 hajmiy nishatdagi C namuna uchun olingan optik yutilish spektrlari ultrabinafsha va
ko‘zga ko‘rinuvchi sohalarda aniq strukturalangan xarakterga ega bo‘lib, spektrda bir nechta intensiv
maksimumlar va bitta yelka (shoulder) maksimum mavjudligi kuzatiladi (1-rasm). 1-kunda gayd etilgan
spektrda ~340-350 nm va ~370-380 nm oraligidagi qisqa to‘lginli intensiv maksimumlar Coo
molekulasidagi yugori energiyali ruxsat etilgan =—n* elektron o‘tishlariga mos keladi va bu o‘tishlar asosan
asosiy singlet holatdan yuqori qo‘zg‘algan singlet holatlarga o‘tishlar bilan bog‘liq. ~470-485 nm
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oralig‘idagi maksimum esa Cro fullerenining pastroq energiyali, qisman ruxsat etilgan elektron o‘tishlariga,
jumladan, HOMO—LUMO tipidagi o‘tishlarga tegishli bo‘lib, molekulaning elektron tuzilmasi va erituvchi
mubhiti bilan o‘zaro ta’siriga nisbatan sezgir hisoblanadi. ~530-550 nm atrofida kuzatiladigan yelka
maksimum Cr molekulalarining vibronik holatlari hamda benzolning aromatik n-elektron tizimi bilan
yuzaga keladigan zaif dispersiya va m—m o‘zaro ta’sirlari natijasida shakllanadi.
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1-rasm. C namunaning turli saqlash muddatlaridagi optik yutilish spektrlari o’zgarishlari

Vaqt bo‘yicha spektrlarni solishtirish shuni ko‘rsatadiki, C namuna uchun 15 kundan 20 kungacha
bo‘lgan oraliqda spektral egri chiziglarning umumiy shakli deyarli o‘zgarmay saqlanib qoladi, bu esa
eritmaning yuqori optik va kolloid barqgarorlikiga erishganini ko‘rsatadi. Shu bilan birga, barcha asosiy
maksimumlar va yelka maksimumning joylashuvi vaqt o‘tishi bilan juda kichik migdorda uzun to‘lqinlar
tomonga siljishi, ya’ni qizil siljish hodisasi kuzatiladi: qisqa to‘lqinli maksimumlar uchun A\ = 2-3 nm,
470485 nm atrofidagi maksimum uchun A\ = 3-5 nm, yelka maksimum uchun esa AA = 4-6 nmni tashkil
etadi. Ushbu qizil siljish C7 molekulalarining vaqt davomida erituvchi muhitda yanada barqaror solvatatsiya
holatiga o‘tishi, benzol molekulalari bilan dispersiya va n—r o‘zaro ta’sirlarning asta-sekin kuchayishi hamda
lokal dielektrik mubhitning o‘zgarishi natijasida elektron energiya darajalari orasidagi farqning biroz
kamayishi bilan izohlanadi.

2-jadval.
Barcha namunalar (A, B, C, D) uchun eritma zichligi qiymatlarining vaqt bo’yicha o’zgarishi
Eritmalar
saglangan vaqt A B C D
(sutka)
1 0.8633 0.8654 0.8676 0.8658
5 0.8723 0.8728 0.8679 0.8677
10 0.8706 0.8719 0.8689 0.8681
15 0.8698 0.8707 0.8675 0.8659
20 0.8678 0.8722 0.8663 0.8659

Yuqoridagi 2-jadvalda keltirilgan zichlik o‘lchovlari Cr/benzol/siklogeksan tizimida eritma tarkibi va
vaqgt omilining fizik-kimyoviy xossalarga ta’sirini baholash imkonini beradi. Olingan natijalarga ko‘ra,
barcha namunalarda zichlik giymatlari 1-20 kun oralig‘ida nisbatan tor chegarada o‘zgaradi, bu esa
eritmalarning yuqori kolloid va termodinamik bargarorligini ko‘rsatadi. Konsentratsiyasi yuqoriroq bo‘lgan
C va D namunalarda zichlik qiymatlari A va B namunalarga nisbatan biroz kattaroq bo‘lib, bu eritmada C-
molekulalari ulushining ortishi va umumiy massa konsentratsiyasining ko‘payishi bilan izohlanadi. Benzol
ulushi yuqori bo‘lgan 98:2 nisbatdagi eritmalarda (A va C) zichlik, 94:6 nisbatdagi eritmalarga nisbatan
pastroq bo‘lishi kuzatiladi, bu holat siklogeksanning nisbatan yuqori zichlikka ega ekanligi va uning
eritmadagi ulushi ortishi bilan bog‘liq. Vaqt bo‘yicha tahlil shuni ko‘rsatadiki, dastlabki 1-5 kun oralig‘ida
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zichlik qgiymatlarida nisbatan sezilarli o‘sish kuzatiladi, bu Cz molekulalarining erituvchi muhitga
moslashuvi, solvatatsiya jarayonlarining faollashuvi va molekulalararo bo‘shliglarning gayta taqsimlanishi
bilan izohlanadi. 5-10 kun oralig‘ida zichlikning kichik tebranishlari kuzatiladi, bu davrda eritma ichki
tuzilmasining barqgarorlashuvi va solvatatsiya qobig‘ining shakllanishi yakunlanadi. 15-kundan boshlab esa
barcha namunalar uchun zichlik giymatlarining o‘zgarishi deyarli to‘xtab, 15-20 kun oralig‘ida amalda
o‘zgarmas holatda qoladi. Bu holat eritmalarda molekulyar va strukturaviy muvozanat qaror topganini, Cro
molekulalari erituvchi muhitda bargaror dispers holatda saglanayotganini hamda agregatsiya yoki fazaviy
ajralish jarayonlari sodir bo‘lmayotganini ko‘rsatadi. Shunday qilib, zichlik o‘lchovlari natijalari optik
yutilish va sindirish ko‘rsatkichlari bo‘yicha olingan xulosalarni to‘liq tasdiglab, Cr/benzol/siklogeksan
eritmalarining vaqt bo‘yicha yuqori darajadagi fizik-kimyoviy bargarorlikka ega ekanligini namoyon etadi.

Xulosa. Mazkur ishda C+ fullerenining benzol-siklogeksan aralash erituvchilaridagi eritmalari turli
konsentratsiya va hajmiy nisbatlarda tayyorlanib, ularning optik xossalarining vaqt bo‘yicha o‘zgarishi turli
eksperimental usullar yordamida o‘rganildi. Tadqiqot natijasida Cz/benzol/siklogeksan tizimida
tayyorlangan eritmalar 15-20 kun davomida yuqori darajadagi optik va fizik-kimyoviy barqgarorlikka
erishishi aniqlandi. Olingan natijalar benzol va siklogeksan aralashmasi C-. molekulalarini samarali
solvatatsiya qiluvchi va agregatsiyadan himoyalovchi muhit hosil gilishini tasdiglaydi hamda ushbu
tizimlarning nanomateriallar sohasidagi amaliy qo‘llanishi uchun istigbolli ekanligini ko‘rsatadi.

Eritmalarning nur sindirish ko‘rsatkichlari yuqori aniqlikdagi raqamli refraktometriya usuli yordamida
vaqt bo‘yicha o‘lchandi. Natijalar shuni ko‘rsatdiki, C7 konsentratsiyasi oshishi bilan sindirish ko‘rsatgichi
giymatlari ortadi, bu eritmadagi optik zichlik va qutblanuvchanlikning kuchayishi bilan izohlanadi. Benzol
ulushi yuqori bo‘lgan eritmalarda nur sindirish ko‘rsatkichi qiymatlarining kattaroq bo‘lishi benzolning
aromatik tabiatiga xos bo‘lgan m—m o‘zaro ta’sirlar bilan bog‘liq ekani aniglandi. Vaqt bo‘yicha tahlil
natijasida dastlabki 1-15 kun oralig‘ida n giymatlarida juda kichik o‘zgarishlar kuzatilgani, 15-kundan so‘ng
esa barcha namunalar uchun sindirish ko‘rsatkichining deyarli o‘zgarmas holatga kelgani aniqlanib, bu
eritmalarda molekulyar va optik muvozanat qaror topganini ko‘rsatdi.

Cr/benzol/siklogeksan eritmalarining optik yutilish spektrlari UV-Vis spektroskopiya usuli
yordamida 340-800 nm diapazonda o‘rganildi. Spektrlarda C+ fullereniga xos bo‘lgan bir nechta intensiv
maksimumlar va yelka maksimum mavjudligi aniglanib, ular =—n* tipidagi elektron o‘tishlarga, jumladan,
HOMO—LUMO o‘tishlariga mos kelishi ko‘rsatildi. Vaqt o‘tishi bilan spektrlarning umumiy shakli
saglanib qolgan holda, barcha asosiy maksimumlar va yelka maksimumlarining uzun to‘lginlar tomonga juda
kichik qizil siljishi (AL = 2—6 nm) qayd etildi. Ushbu siljish C7 molekulalarining erituvchi muhitda asta-
sekin barqaror solvatatsiya holatiga o‘tishi, benzol bilan dispersiya va m—n o‘zaro ta’sirlarning kuchayishi
bilan izohlandi.

Eritmalarning zichligi vaqt bo‘yicha yuqori aniqlikdagi zichlik o‘lchovchi qurilma yordamida
o‘rganildi va zichlik qiymatlarining 1-20 kun oralig‘ida tor diapazonda o‘zgarishi aniqlandi. Yugqori
konsentratsiyali namunalar uchun zichlik giymatlarining biroz kattaroq bo‘lishi Cz molekulalari ulushining
ortishi bilan bog‘liq ekanligi ko‘rsatildi. Benzol va siklogeksan hajmiy nisbatining o‘zgarishi zichlikka ta’sir
qilishi aniglanib, siklogeksan ulushi ortishi bilan zichlikning biroz oshishi kuzatildi. Vaqt bo‘yicha tahlil
shuni ko‘rsatdiki, dastlabki kunlarda zichlikning nisbatan o‘zgarishi solvatatsiya jarayonlarining faollashuvi
bilan bog‘liq bo‘lsa, 15-kundan so‘ng, zichlik giymatlarining barqarorlashuvi eritmalarda strukturaviy va
termodinamik muvozanat qaror topganini tasdiglaydi. Ushbu natijalar nur sindirish ko‘rsatgichi va yutilish
spektrlari bo‘yicha olingan xulosalar bilan to‘liq mos keladi hamda Cr/benzol/siklogeksan eritmalarining
vaqt bo‘yicha yuqori barqaror tizim ekanligini yana bir bor tasdiglaydi.

Minnatdorchilik. Ushbu ish O ‘zbekiston Respublikasi Fanlar Akademiyasi tomonidan belgilab
berilgan ilmiy-tadgigotlar doirasida amalga oshirilgan.
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Annotatsiya. Cro/benzol/suv ternar eritmalaridagi fullerenning agregatsiya xususiyati va optik
evolyutsiyasi refraktometriya, UB-ko'rinadigan yutilish spektroskopiyasi va gidrodinamik o'lcham tagsimoti
tahlili yordamida o ‘rganildi. Kichik suv fraktsiyalarida (0—10 vol%) eritma tayyorlangandan so ‘ng darhol
640, 617 va 601 nm da yutilish intensivligining sezilarli darajada oshishi, shuningdek, yuqori sindirish
ko ‘rsatkichlari, sirtlararo erituvchining siljishi va r—r-ustma-ust tushadigan o zaro ta’sirlar natijasida katta
optik zich agregatlarning tez shakllanishi kuzatildi. Yetti kunlik saglash davomida sindirish ko ‘rsatkichi
ham, optik yutilish ham sezilarli darajada pasaydi, bu dastlab hosil bo ‘Igan klasterlarning cho ‘kishi, qayta
tashkil etilishi va optik yo ‘ldan gisman olib tashlanishini ko ‘rsatadi. Gidrodinamik o ‘Icham o ‘Ichoviari 100—
130 nm o‘lchamdagi agregatlar ustunlik qiladigan keng multimodal tagsimotdan 40-90 nm oralig ‘ida
Jjoylashgan torroq, termodinamik bargarorlashgan holatlarga aniq o ‘tishni ko ‘rsatdi. Ushbu natijalar Cro
agregatsiyasi klaster o ‘sishining tez, kinetik jihatdan boshqariladigan bosgichidan hamda so ‘ngra agregat
cho ‘kishi va kamayishi bilan kechadigan termodinamik barqarorlashuvning sekinroq bosqichi kabi ikki
bosqichli evolyutsion yo ‘Idan iborat ekanligini tasdiglaydi.

Kalit so“zlar: Cyo fulleren, sindirish ko ‘rsatkichi, ternar eritma, optik yutilish, agregatsiya dinamikasi,
erituvchi ta’siri.

N3MEHEHUS OIITUYECKUX U PASMEPHBIX XAPAKTEPUCTUK TEPHAPHBIX
PACTBOPOB C#/BEH30JI/BOJA IIPU PA3JIMYHBIX OBBEMHBIX JOJIAX BO/IbI

Annomayus. C nomowpio peppaxmomempuu, YD-euoumoti abcopoOyuonHol CnekmpocKonuu u
aHanU3a  2UOPOOUHAMUYECKO20 PACTPeOeNeHUs PasMepos8 UVHAIUCL —acpecayuoHHoe nogedeHue U
onmuueckas s6omoyus Qyiiepena 6 mpoiinvix pacmeopax Cro/benzon/sooa. Cpaszy nocie npuzomosienus
pacmeopa 8 HeborbuuUx 00véMubx 0onax 600vt (0—-10%) nabmwooanocy 3uauumenvHoe yeeauyeHue
unmencuenocmu noznoujenus npu 640, 617 u 601 um, a makoce bvicmpoe 06paz06anUe KPYNHIX ONMULECKU
NJIOMHbBIX a2pe2amos 3d CUEMm BbICOKUX NoKaamenell npeioMieHus, 8blMmecHeHUs pacmeopumens Ha epanuye
pasdena ¢az u wT—m-cmeKkuHe-gzaumodelrcmseuli. B meuenue cemu OHell XpaneHus Kax NOKA3ameinb
npeloMieHus, MaxK U ONMUYecKoe HO2NOWeHUe 3HAYUMENbHO CHUMCAIUCL 80 6CeX COCMABAX, HYMO
VKA3bI6AEN HA CeOUMEHMAYUIO, PeOpeaHu3ayuio U YacmuyHoe YOaieHue nepeoHadanbHo 00paz08aeuiuxcs
KAACMepo8 U3 Onmuyecko2o nymu. Mamepenus: 2uOpoOUHAMULECKUX PA3MEPOS BbIAGUNU YEMKULL Nepexo0 om
WUPOKO20 MHO2OMOOAIbHO20 pAChpedeneHusl, 8 Komopom npeobaadarom azpezamvl pasmepom 100—130 um,
K Oonee y3KuM, MmepmMoOUHaAMUYECKU CMAOUIUIUPOBAHHBIM COCMOAHUAM, COCPeOOMOUEHHbIM 8 OUana3oHe
40-90 wm. Dmu pesynvmamuvr noomgepoicoaiom, umo acpecayus Cro credyem O08YXCHYHEeHUaAmoMy
IBOMOYUOHHOMY HYMU, cocmoawjemy u3 Oblcmpoll, KUHemu4ecKy KOHMpoaupyemou ¢aszvl pocma
KIacmepos, 3a Komopou caedyem 0Oonee MeONeHHas (paza  MepMOOUHAMUHECKOU CMAOUIU3AYUL,
Xapaxmepuzylowasncsa cocamuem azpeeamos u ceOumMenmayueti.

Knwouesvie cnosa: ¢hynnepen Cro, noxazamenv npeioMAeHUsl, MEPHAPHLIL pACMEOp, ONMUYECKOe
noznoujerue, OUHAMUKA azpe2ayuil, 6IUsHUEe pacmeopumers.

CHANGES IN OPTICAL AND DIMENSIONAL CHARACTERISTICS OF TERNARY
C«/BENZENE/WATER SOLUTIONS AT DIFFERENT VOLUME FRACTIONS OF WATER

Abstract. The aggregation behavior and optical evolution of fullerene in Cz/benzene/water ternary
solutions were studied using refractometry, UV-visible absorption spectroscopy, and hydrodynamic size
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distribution analysis. Immediately after solution preparation in small water fractions (0-10 vol%), a
significant increase in absorption intensity at 640, 617, and 601 nm was observed, as well as the rapid
formation of large optically dense aggregates due to high refractive indices, interfacial solvent displacement,
and n—7 stacking interactions. Over the course of seven days of storage, both the refractive index and optical
absorption significantly decreased in all formulations, indicating sedimentation, reorganization, and partial
removal of initially formed clusters from the optical path. Hydrodynamic size measurements revealed a clear
transition from a broad multimodal distribution dominated by aggregates of 100-130 nm in size to
narrower, thermodynamically stabilized states centered in the 40-90 nm range. These results confirm that
Cro aggregation follows a two-step evolutionary pathway consisting of a rapid, kinetically controlled phase
of cluster growth, followed by a slower phase of thermodynamic stabilization characterized by aggregate
shrinkage and sedimentation.

Keywords: Cyo fullerene, refractive index, ternary solution, optical absorption, aggregation dynamics,
solvent effects.

Kirish. Fullerenlar, xususan Cg Va Cyo kabi yuqori simmetriyaga ega uglerod nanostrukturalari,
o‘zining noyob elektron, optik va molekulyar tuzilish xususiyatlari tufayli so‘nggi yillarda nanomateriallar
kimyosi, optik elektronika, bio-sensorika va fotokimyoviy jarayonlar sohasida keng gamrovli ilmiy
qizigishga sabab bo‘lmoqda [1-4]. Aynigsa, Cro fullerenining cho‘zilgan ellipsoidal tuzilishi, molekuladagi
n—elektronlarning yuqori delokalizatsiyasi va nisbatan murakkab yutilish spektrlari uni noan’anaviy optik
muhitlar, aralash eritmalar va nanoagregatsiya jarayonlarini o‘rganish uchun ideal model tizimga aylantiradi
[5]. Fullerenlarning eritmadagi optik faol xatti-harakati ko‘p jihatdan ularning disperslanish darajasi,
solvatatsiya tabiatiga, fazalararo tagsimlanishiga va agregatsiya—deagregatsiya muvozanatiga bog‘liq bo‘ladi.
Shu sababli, turli organik va suvli muhitlarda fulleren agregatsiyasining evolyutsiyasini o‘rganish nafagat
fundamental ahamiyatga ega, balki bargaror fotonik materiallar va nanooptik tizimlar yaratishda hal giluvchi
omil bo‘lib xizmat qgiladi.

Benzol va suv kabi o‘zaro aralashmaydigan ikki suyuqlikdan tashkil topgan muhitlarda Czq ning 0’zini
tutishi yanada murakkablashadi, chunki bunday tizimda fulleren molekulalari erituvchilararo interfeysga
tagsimlanadi, bu esa tezkor klasterlashuv, supramolekulyar yig‘ilish, solvatatsiya qobig‘i o‘zgarishi va
dispers fazaning buzilishi kabi jarayonlarning bir vaqtning o‘zida kechishiga olib keladi [6-8]. Ternar (uch
komponentli) tizimlar uchun xos bo‘lgan bunday murakkab solvatatsion muhit Cyo agregatsiyasining kinetik
va termodinamik bosgichlarini farglash imkonini beradi hamda ularning uzoq muddatli bargarorligini chuqur
tahlil gilishga imkon yaratadi.

Hozirgi kunga gadar fullerenlarning optik xususiyatlari, ularning organik eritmalardagi solvatatsiya
Xatti-harakati va agregatsiya jarayonlari to‘g‘risida ko‘plab tadgiqotlar olib borilgan bo‘lsa-da [9-12], Cro
ning suvning turli hajm ulushlarida uch fazali benzol/suv muhitida agregatsiyalanish xususiyatlari va
o‘lcham tagsimotining dinamik evolyutsiyasi yetarlicha o‘rganilmagan. Aynan suvning 0—10 % oralig‘idagi
kichik qo‘shimchalari ham fulleren molekulalarining optik signallariga, yutilish intensivligiga, sindirish
ko’rsatkichiga va gidrodinamik radiusga sezilarli darajada ta’sir ko‘rsatishi ilmiy nuqtai nazaridan muhim va
dolzarb masaladir. Bu hol, aynigsa, Cz ning bosgichma-bosgich agregatsiyalanish jarayonini
modellashtirish, kinetik va termodinamik rejimlarni farglash hamda bargaror va beqaror klasterlar tabiatini
aniglashda alohida ahamiyat kasb etadi.

Mazkur tadgigot yangi tayyorlangan va uzoq muddatli saglashdan keyin uch komponentli
Cro/benzol/suv tizimida suvning turli hajm ulushlari qo‘shilganda fulleren nanoagregatlarining optik va
o‘Icham xususiyatlaridagi o‘zgarishlarni kompleks baholashni magsad qilgan.

Materiallar va metodlar. Tajribalarda Cz fullereni (>99.5% tozalikda) Sigma Aldrich (AQSh)
kompaniyasidan keltirilgan, uni hech qanday qo‘shimcha tozalashlarsiz ishlatilgan. Erituvchilar sifatida
benzol (Sigma Aldrich, AQSh) hamda bir marta distillangan toza suv ishlatilgan. Tajribalar davomida
namunalarni yorug‘lik ta’sirida zararlanishni minimallashtirishga e’tibor qaratilgan. Tadqiqotda Cro fulleren
benzolda eritilib, unga suvning 0-10 % hajmiy ulushlari qo‘shildi. C7 ning eritmadagi konsentratsiyasi ~0.1
mg/ml darajada saqlandi. Nur sindirish ko‘rsatkichi (n), optik yutilish spektri va morfologik o’lchashlar
yangi tayyorlangan eritmalar va 7 sutka davomida saqlangandan so‘ng o‘Ichandi. O‘Ichovlar bir xil harorat
va optik sharoitlarda amalga oshirildi.

Cro/benzol/suv eritmalarning nur sindirish ko‘rsatkichi Atago PAL-BX/RI ragamli refraktometr
yordamida aniqlandi (o‘lchash xatoligi <0.0001). O‘Ichashlar natriyning yaqin turgan ikki sariq chizigi
to‘lgin uzunliklarining o‘rtachasi 589.3 nm bo‘lgan to‘lqin uzunlikda amalga oshirilgan.

Eritmalarning UV-ko‘rinuvchi yutilish spektrlari Shimadzu UV-2700 spektrofotometri (Shimadzu,
Yaponiya) yordamida yozib olingan. Berilgan barcha spektrlar fon tuzatishlari bilan tagdim etilgan.
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Eritmalardagi C7o nanoklasterlarining o‘rtacha gidrodinamik o‘lchamini va ularning eritmalarda
tagsimlanishini aniglash uchun Nanosight LM10Zetasizer (Malvern Instruments Ltd.) qurilmasida
yorug‘likning dinamik sochilishi (YDS) metodidan foydalanildi.

Natijalar va ularning tahlili. 1-jadvalda vaqt o'tishi bilan suvning turli hajm ulushlarida
Crofbenzol/suv eritmalarida sindirish ko'rsatkichi giymatlarining evolyutsiyasi umumlashtirilgan. Jadvaldan
ko‘rinadiki, yangi eritmada suv ulushi 0—10 % oralig‘ida oshirilganda sindirish ko‘rsatkichi 1.5005 dan
1.3506 gacha muntazam tarzda kamayadi. Bu tendensiya aralashmaning optik zichligi kamayishi va C7o ning
disperslanish xususiyatining o’zgarishi bilan bog’liq. Bu holda benzolning n giymati yuqori (n = 1.501) va
suvning n qiymati past (n = 1.333) ekanligi ma’lum, suv ulushi ortishi aralashmaning umumiy optik
zichligini kamaytiradi. Shu sababli, suvning har 2 % ortishi refraksiyaning izchil pasayishiga olib keladi.
Undan tashgari yangi eritmada suvning paydo bo‘lishi benzolning Czo ni eritish qobiliyatini pasaytiradi,
fulleren molekulalariga mikroagregatsiya jarayonlarini boshlaydi, bu esa eritmaning optik zichligini
pasaytiradi. Bu holat n dagi pasayish bilan mos keladi.

Eritma 7 sutka saglangandan keyin n ning o°‘zgarishi yana sezilarli tushgan (1-jadval). Aynigsa eng
katta o‘zgarish 4-6 % suv ulushlarida An = —0.1276+-0.1449 ko’rinishida sodir bo‘lgan. Sababi bu holda C7o
ning yirik agregatlari cho‘kishi va tizim termodinamik muvozanatga yaqinlashgan bo’lishi mumkin. Jarayon
dastlab benzol/suv interfeysida hosil bo‘lgan yirik klasterlar og‘irlik ta’sirida cho‘kishi, natijada eritma
yugori gatlamida Co konsentratsiyasi keskin kamayishi hisobiga n pastlashiga olib keladi. Undan tashqari
boshlang‘ichda kinetik jihatdan beqaror bo‘lgan eritma vaqt o‘tishi bilan fazalar bo‘linishi, suv tomchilalari
va benzolning o‘zaro diffuziyasi sekinlashishi va optik xossalar barqarorlashishi ham sodir bo’ladi.
Jadvaldan ko’rinib to’ribdiki, suv ulushi yuqori (>8 %) bo‘lgan holatlarda An yana kamayadi. Bu shuni
bildiradiki, yugori suv ulushida eritma allagachon ikki fazali holatga yaginlashadi, Cz ning asosiy gismi suv
interfeysida agregatlangan holatga o’tib, 7 sutkada qo‘shimcha agregatsiya nisbatan kam sodir bo‘lishiga olib
keladi.

1-jadval.
Suvning turli hajm ulushlarida C+/benzol/suv eritmalarida sindirish ko'rsatkichi (n)
giymatlarining vaqt o'tishi bilan evolyutsiyasi. Eritmadagi C+o konsentratsiyasi ~0.1 mg/ml ni

tashkil giladi
Erri]tmada_gi sqvning _ n ning _qiymatlari Farq (An)
ajm ulushi, % Yangi eritma | Eritma 7 sutka saglangan
0 1.5005 1.5004 —0.0001
2 1.5001 1.4940 —0.0061
4 1.4999 1.3550 —0.1449
6 1.4585 1.3309 -0.1276
8 1.3590 1.3326 -0.0264
10 1.3506 1.3324 —-0.0182

2-jadvalda yangi tayyorlangan Cro/benzol/suv eritmalarida suvning turli hajm ulushlaridagi optik
yutilish giymatlarining (A1, Az, As) o0'zgarish evolyutsiyasi keltirilgan. A1, A2, As; mos holda yorug'lik to'lgin
uzunliklari 640 nm, 617 nm va 601 nm bo'lgan xarakterli piklardagi yutilish giymatlaridir. Eritmada Cro
konsentratsiyasi o’zgarmas va ~0.1mg/ml. Ko’rinib turibdiki, eritma tayyorlangan zahoti o‘lchangan optik
yutilish giymatlari suv ulushi oshishi bilan keskin ortgan (A: bo‘yicha 3471 dan 95910 gacha, A; bo‘yicha
4987 dan 115960 gacha, Az bo‘yicha 7196 dan 145200 gacha). Yutilishning bunday ortishi asosan suv
qo‘shilishi bilan C7 ning tezkor agregatsiyalanishi bilan bog’liq bo’lishi mumkin. Benzol-suv tizimi
aralashmaydigan ikki fazali bo‘lib, suv ulushining ortishi C7 molekulalarini benzol fazasidan siqib
chigaradi. Bu jarayon m—m stacking, klaster—klaster yopishishi va suv/benzol interfeysida yirik agregatlar
hosil bo‘lishi bilan kechadi. Hosil bo‘lgan yirik klasterlar yorug‘likning 640, 617 va 601 nm to‘lgin
uzunliklarida kuchli yutilish beradi. Aynigsa 601 nm (As) pikining juda intensiv bo‘lishi C7 agregatlarining
o‘lcham va zichlik jihatidan katta ekanligini ko‘rsatadi. Tayyorlangan zahoti kuzatilgan keskin optik yutilish
o‘sishi tizimning hali barqaror emasligini, ya'ni zarrachalar orasidagi tezkor o‘lcham oshishi jarayonini
ko‘rsatadi.
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2-jadval.

Yangi tayyorlangan Cro/benzol/suv eritmalarida suvning turli hajm ulushlaridagi optik yutilish
giymatlarining (A1, Az, As) 0'zgarish evolyutsiyasi. C70~0.1mg/ml.

Eritmadagi suvning Optik yutilish giymatlari
hajm ulushi, % Ai (A1=640 nm) A (A2=617 nm) As (As=601 nm)
0 3471 4987 7196
2 23782 25 186 27300
4 55450 69280 90200
6 61670 76580 98060
8 91080 117 200 154 960
10 95910 115 960 145 200

3-jadvalda tayyorlanganidan 7 sutkadan so’ng Cro/benzol/suv eritmalarida suvning turli hajm
ulushlaridagi optik yutilish giymatlarining (A1, A2, As) o'zgarish evolyutsiyasi keltirilgan. Ko’rinib turibdiki,
7 sutkadan so‘ng eritmada suv ulushidan qat’i nazar optik yutilish intensivliklari keskin kamaygan. Bu
pasayish tizimda yirik va optik zich agregatlarning gravitatsion cho‘kishi va termodinamik barqaror holatga
o'tish jarayonlari yuz berganligini bildiradi. Tizim tayyorlangandan so‘ng hosil bo‘lgan yirik agregatlar vaqt
o‘tishi bilan og‘irligi sababli cho‘kadi. Natijada yuqori qatlamda optik yutilish beruvchi zarrachalar
konsentratsiyasi pasayadi. Qolaversa, vaqt o°tishi bilan agregatlar qayta tashkil topishi, kichikroq va barqaror
dispers faza hosil bo‘lishi va optik yutilish piklari o‘zaro yaqginlashishi sodir bo’lib, bu tizimning kinetik
bosqgichdan termodinamik muvozanatga o‘tganini ko‘rsatadi. Boshlang’ich vaqtda suv ulushining keskin
ta’siri bo‘lgan bo‘lsa, 7 sutkada natijalar bir-biriga ancha yaqinlashgan. Bu suv ulushi qanchalik ko‘p bo‘lsa
ham, tizim oxir-oqibat bir xil bargaror optik xususiyatga ega bo‘lishini ko‘rsatadi.
3-jadval.
Tayyorlanganidan 7 sutkadan so’ng Cr/benzol/suv eritmalarida suvning turli hajm
ulushlaridagi optik yutilish giymatlarining (A, A2, As) 0'zgarish evolyutsiyasi. C7~0.1mg/ml.

Eritmadagi suvning Optik yutilish giymatlari
hajm ulushi, % A1 (A\=640 nm) Az (A2=617 nm) As (As=601 nm)

0 2815 3203 3388

2 10 537 12 658 15123
4 8432 10 863 13 632
6 19 896 22 087 24 921
8 37860 38170 38220
10 40 915 40000 40000

1-rasmda suvning 4% hajm ulushida C+/benzol/suv eritmalarida hosil bo'lgan Czo nanoagregatlarining
gidrodinamik o'lchamlari tagsimoti berilgan. 4% suv ulushiga ega Cro/benzol/suv tizimida nanoagregatlar
o‘lcham tagsimotining evolyutsiyasi yangi tayyorlangan eritma (1-egri chiziq) va 7 sutka davomida
saglangan eritma (2-egri chizig) uchun taggoslanganda tizimning kinetik—termodinamik harakati yaqqgol
namoyon bo‘ladi. Yangi eritma uchun kuzatilgan keskin ifodalangan piklar 20-35 nm, 60—70 nm va 90-130
nm oraligiida yirik va turli o’lchamli agregatlarning ustunligini ko‘rsatadi. Aynigsa, 100-130 nm
diapazonidagi maksimal pik konsentratsiyaning 2.0x10® agregat/ml gacha yetishi bilan sistema boshlang‘ich
holatda yirik klasterlarning ko‘p miqdorda shakllanganini tasdiglaydi (1-rasm, 1-egri chizig). Bu holat
suvning benzolga qo‘shilishi natijasida fullerenga boy fazaning suv—benzol interfeysiga siqilishi va n—=n
stacking asosida tezkor Klasterlashuv boshlanishi bilan izohlanadi. Shu sababli yangi tayyorlangan eritma
kinetik jihatdan beqaror, o‘lchamlari bo‘yicha keng tarqalgan, yuqori dispers bo‘lmagan agregatlar bilan
tavsiflanadi.

7 sutkadan keyingi tagsimot (2-egri chizig) esa tizimning termodinamik bargarorlashuv bosgichiga
o‘tganini ko‘rsatadi. Birinchidan, barcha diapazonlarda maksimal konsentratsiya sezilarli kamaygan bo‘lib,
1.5x10° agregat/ml dan past qiymatlarga tushgan. Ikkinchidan, tagsimotning o‘rtacha markazi chapga
siljigan, ya’ni yirik agregatlar konsentratsiyasi kamaygan, o‘rniga 40-90 nm oralig‘ida nisbatan kichik,
bargaror nanoagregatlarning ustun gismi shakllangan. Uchinchi muhim holat 100-130 nm diapazonidagi
yirik klasterlarning sezilarli darajada yo‘qolishi yoki keskin kamayishi bo‘lib, bu yirik agregatlarning vaqt
o‘tishi bilan gravitatsion cho‘kish, agregatlarning parchalanishi yoki gayta tashkil topishi orgali eritmaning
faol optik qatlamidan olib tashlanganini ko‘rsatadi. Ushbu o‘zgarishlar 7 sutkalik eritmada

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 131




PHYSICS

nanoagregatlarning gidrodinamik o‘lchamlari umuman olganda kamayganini, tizimning esa termodinamik
jihatdan quyi energiya holatiga o‘tganini tasdiglaydi. Boshqacha aytganda, kinetik jihatdan tez shakllangan
va metastabil bo‘lgan yirik agregatlar vaqt o‘tishi bilan barqaror emas, ular cho‘kib ketadi yoki o‘zaro qayta
tashkil topib, kichikrog radiusli, dispersivligi yuqori bo‘lgan nanoagregatlar majmuasini shakllantiradi.
Natijada 7 sutka davomida sistema kinetik rejimdan to‘la termodinamik muvozanatga yaqin holatga o‘tadi.
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1-rasm. Cro/benzol/suv eritmasida hosil bo'lgan Cz nanoagregatlarining gidrodinamik
o'lchamlari tagsimoti: 1 - yangi eritma, 2 - 7 sutkalik eritma uchun. Eritmada suv 4% hajm ulushida,
C7 ~0.1 mg/ml.

Shunday qilib, grafikdan olingan eksperimental ma’lumotlar C70 nanoagregatlarining 4% suv ulushida
vaqt o‘tishi bilan gidrodinamik o’Ichami kamayishini ham sifat, ham miqdor jihatdan tasdiglaydi. Bu jarayon
erta bosqichda yirik agregatlar shakllanishi, keyinchalik ularning cho‘kishi va dispersianing qayta
barqarorlashuvi bilan bog‘liq bo‘lib, Cz ning kolloid bargarorligi suv go‘shilishi fonida kinetikdan
termodinamik rejimga o‘tishini ko‘rsatadi. Mazkur natijalar fulleren asosidagi suyuq fazali tizimlarning uzoq
muddatli optik bargarorligini baholashda muhim ilmiy ahamiyat kasb etadi.

Xulosa. Ushbu tadgigotda Cro/benzol/suv ternar eritmada suvning kichik hajm ulushlari qo‘shilganda
fullerenga xos optik va kolloid xossalarning evolyutsiyasi refraktometrik, optik yutilish va gidrodinamik
o‘Ichamlar tahlili asosida baholandi. Eksperimental natijalar suvning ortishi bilan sindirish ko‘rsatkichi n
ning muntazam kamayishi va optik yutilish piklarining (A1—As) keskin oshishi tizimning boshlang‘ich
(kinetik) bosqichida yirik, zich va beqaror agregatlar tezkor shakllanishi bilan bog‘ligligini ko‘rsatdi. Bu
jarayon fullerenga boy organik fazaning suv-benzol interfeysiga siqilishi va m—m stacking asosidagi
klasterlashuvning kuchayishi natijasida sodir bo‘ldi.

Eritmalar 7 sutka davomida saglanganda optik yutilish intensivliklarining sezilarli kamayishi va
sindirish ko’rsatkichining pasayishi yirik kinetik agregatlarning vaqt o“tishi bilan cho‘kishi yoki qayta tashkil
topishi natijasida eritmaning faol optik gismidan yo‘qolganini ko‘rsatdi. Nanoagregatlarning o‘lcham
tagsimoti ham ushbu xulosa bilan to‘liq mos keladi: yangi tayyorlangan eritmada 100-130 nm diapazonidagi
yirik agregatlar ustun bo‘lgan bo‘lsa, 7 sutkadan keyin o‘lcham tagsimoti 40-90 nm oralig‘iga siljidi va
maksimal konsentratsiya bir necha baravar pasaydi. Bu holat eritmaning kinetik rejimdan termodinamik
barqaror fazaga o‘tganini aniq tasdiglaydi.

Shunday gilib, C7o nanoagregatlarining dispersiv xossalari suv qo‘shilishiga va vaqt omiliga sezilarli
darajada bog‘lig bo‘lib, tizimning optik va kolloid barqarorligi kinetik o‘zgaruvchan bosqgichdan
termodinamik bargaror bosgichga evolyutsiyalanadi. Ushbu natijalar C;o asosidagi optik faol kolloid
tizimlarning bargarorligini baholash, yangi optik materiallar, sensor tizimlar va fullerenga asoslangan
kompozit eritmalarni loyihalashda muhim ilmiy asos bo‘lib xizmat qiladi.

Ushbu ish O ‘zbekiston Respublikasi Fanlar akademiyasining Fundamental tadqgiqotlar jamg ‘armasi
va O ‘zbekiston Respublikasi Oliy ta’lim, fan va innovatsiya vazirligining loyihasi (FL-8323102108)
tomonidan go ‘llab-quvvatlandi.
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UO‘K 53

Si(111) SIRTIDA YUQORI DOZA ION IMPLANTATSIYASI NATIJASIDA PLAZMON
ENERGIYASI KAMAYISHINING NAZARIY TAHLILI
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fizika-matematika fanlari falsafa doktori (PhD)
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sevara_abrayeva@tues.uz

Annotatsiya. Ushbu maqolada katta dozali ion implantatsiyasi jarayonida Si(111) monokristalli
sirtidagi valent elektronlarning sirt va hajm plazma tebranishlari qo ‘zg ‘alish energiyasining kamayishi bilan
bog ‘lig bo ‘Igan eksperimental effekting nazariy izohi keltirilgan. Taqdim etilgan model elektron gazning ikki
suyuqlikli nazariyasiga asoslanadi. Natijalar shuni ko ‘rsatadiki, kuzatilgan plazmon energiyasining
pasayishi Si(111) kristallining to‘lig amorflanishigacha bo‘lgan buzilishi jarayonida valent elektron
tebranishlarining kuchli susayishi bilan izohlanadi. Bundan tashqari, aralashma ionlari yadro
elektronlarining bargaror holatdagi qutblanishi ham yarimo ‘tkazgichdagi plazmonlarning energiya
yo ‘gotish cho ‘qqilarining siljishiga sezilarli ta’sir ko ‘rsatadi.

Kalit so‘zlar: past energiyali ion implantatsiyasi, valent elektronlarining sirt va hajm plazma
tebranishlarining qo ‘zg ‘alish energiyasi, sirt amorfizatsiyasi, elektron plazma tebranishlarining susayishi,
dielektrik xususiyatlar, ikki suyuq elektron gaz modeli.

TEOPETI/I‘IECKIf‘II‘/JI AHAJIN3 YMEHBIIEHUSA SQHEPI'MM IIVIAZMOHOB ITPU
BbICOKOA03HOU UMIIVTIAHTAIIMU HOHOB HA TOBEPXHOCTD Si(111)

Annomauyua. B Oannoii cmamve npeocmasieno meopemuieckoe 00bACHEeHUe IKCNEPUMEHMATbHO
0OHAPYIICEHHO20 Pphekma CHUNCEHUS IHepeUU B030YIHCOCHUST NOBEPXHOCTIHBIX U 00BEMHBIX NIA3MEHHBIX
Konebanuil ganenmuwix dnexkmponos Si(111) npu uonnou umnianmayuu ¢ 6oavuiol 0o3ou. Ilpednoscennas
MOOenb  OCHOsama Ha 08yxacuokocmuou (two-fluid) mooenu anexmponnoco easa. Ilokasamo, umo
HaO0OaemMoe CHUNCEHUE IHEPeUU NIAAZMOHO8 OOBACHAEMCS CUTbHbIM 3AMYXAHUEM KOAeOAHUll 8AIeHMHbIX
INEKMPOHOB, BOZHUKAIOWUM 8 npoyecce pasynopsaoodenus Kpucmaiiudeckou cmpykmypuol Si(111) ennome
do eé noanou amopgpuzayuu. Kpome moeo, YCMAHOGIEHO, HMO ROIAPUIAYUS SOEPHBIX INEKMPOHOS
NPUMECHBIX UOHO8 8 CIAYUOHAPHOM COCMOSHUU OKA3blEAem 3HAYUMENbHOe GIUsHUe HA CMelujeHue NUKO8
nomepb dHEP2UU, CEAZAHHBIX C 8030YIHCOCHUEM NIA3MOHOS 8 NOJIYNPOBOOHUKE.

Knwwuesvie cnosa: nuzkosHepeemuueckas —UOHHAS — UMWIAHMAYUS,  9HEP2Us  6030)ICOeHUs]
NOBEPXHOCHLIX U OOBLEMHBIX  NIA3MEHHLIX — KONeOAHUUl  BANeHMHbIX  DAEKMPOHOS8,  amopuzayus
NOBEPXHOCU, 3aMyXaHue >JeKMPOHHBIX NIABMEHHbIX KOoAeOauutl, OUdIeKmpuyecKue CE0UCmed, Mooeib
08YXIHCUOKOCIHO20 DNIEKMPOHHO20 2434.

THEORETICAL ANALYSIS OF PLASMON ENERGY REDUCTION IN HIGH-DOSE ION
IMPLANTATION ON Si(111) SURFACE

Abstract. This paper presents a theoretical explanation of the experimentally observed effect of the
decrease in the excitation energy of surface and bulk plasma oscillations of valence Si(111) electrons during
high-dose ion implantation. The proposed model is based on the two-fluid model of the electron gas. The
results show that the observed decrease in plasmon energy can be explained by strong damping of valence
electron oscillations caused by the disordering of the Si(111) crystal structure up to its full amorphization. In
addition, it is shown that the polarization of the core electrons of impurity ions in their stationary state
significantly affects the shift of energy loss peaks associated with plasmon excitations in the semiconductor.

Keywords: low-energy ion implantation, excitation energy of surface and bulk plasma oscillations of
valence electrons, surface amorphization, damping of electron plasma oscillations, dielectric properties,
two-fluid electron gas model.

Kirish. So‘nggi yillarda nanomateriallarga bo‘lgan ilmiy qiziqish keskin ortib bormoqda. Bu
yo‘nalishdagi tadqiqotlar sonining yil sayin eksponensial o‘sishi nanokristall moddalarning ko‘plab noyob
xususiyatlari aniqlanishi bilan izohlanadi. Nanosistemalarda o‘lcham-kvantlash effektlarining namoyon
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bo‘lishi — xususan, kvant nuqtalarining hosil bo‘lishi, eksiton lokalizatsiyasi tufayli polosali bo‘shliq
kengligining o‘zgarishi va plazmon rezonansining paydo bo‘lishi — ularni alohida ilmiy ahamiyatga
egaligidadir[1, 2].

Eksperimental tadgigotlar natijalarida [3-5] Ba®, hamda ishqoriy element ionlari implantatsiya
gilingan Si(111) namunalarida elektronlarning xarakterli energiyasini (E = 30-300 eV) yo‘qotish spektrlari
o‘rganilgan. Tadqiqot natijalari shuni ko‘rsatdiki, implantatsiya dozasining ortishi bilan sirt va hajm
plazmonlarining energiyasi sezilarli darajada pasayadi. Ushbu maqolada katta dozada ion implantatsiyasi
(xususan, Ba va ishqoriy element ionlari uchun) paytida Si(111) plazmon energiyasining pasayish effekti
uchun nazariy tushuntirish olib borildi.

Adabiyotlar tahlili va metodlar. Tadgigot obyekti sifatida 6000 Q-sm™ garshilikka ega bo‘lgan n- va
p-turdagi Si(111) monokristallari tanlab olindi. Namunalar ikki bosqgichli termik ishlov berish orgali
tozalandi: birinchi bosgichda — 1200 K haroratda 60 dagiga davomida, ikkinchi bosgichda esa 1500 K
haroratda 1 dagiga davomida qisqga muddatli gizdirish amalga oshirildi. Bundan tashgari, [12] mualliflari
tomonidan taklif etilgan, sirt sohasida ichki oluvchi gatlamni hosil qilishni oz ichiga olgan yangi tozalash
usuli ham qo‘llanildi. Ushbu usul past energiyali (5 keV gacha) Ba yoki ishqoriy element ionlarini
implantatsiya gilish hamda olingan oluvchi gatlamni gisqa muddatli yuqori haroratli gizdirish orgali ketma-
ket olib tashlash bosqichlarini 0z ichiga oladi.

Eksperimental natijalar va muhokama. Ushbu magolaning asosiy magsadi — past energiyali Ba va
ishgoriy element ionlarini implantatsiya gilish jarayonida Si(111) va Si(100) kristallarida hajm va sirt plazma
tebranishlarining qo‘zg‘alish energiyasining kamayishi bilan bog‘liq eksperimental ravishda aniqlangan
effektning nazariy talginini berishdan iboratdir.

Si(111) va Si(100) sirtlarining kristall tuzilmasida yuz beradigan o‘zgarishlar 0,5-5 keV energiyaga
ega ishqoriy elementlar Ba* ionlarini implantatsiya qilish jarayonida sekin elektronlar difraksiyasi usuli
yordamida o‘rganildi. Tadqiqot natijalariga ko‘ra, ma’lum bir kritik ion dozasi (D,) dan boshlab Si sirtining
to‘liq amorf holatga o‘tishi kuzatildi. Shuningdek, ma’lum ion turi uchun implantatsiya energiyasi ortishi
bilan D, giymatining kamayish tendensiyasi aniglangan. 1-jadvalda turli energiyalarga ega Li*, Na*, K*, Rb",
Cs* va Ba* ionlarini implantatsiya qilish natijasida Si(111) yuzasi uchun o‘lchangan D, qiymatlari keltirilgan.

1-jadval.

Si(111)/Si(100) sirt amorfizatsiyasining minimal dozalari

lon energiyasi Si (111)/Si (100) sirtning amorfizatsiya dozasining giymatlari D,, x10® sm
Eo, eV Li* Na* K* Rb* Cs* Ba"
500 10/12 719 6/8 6/8 4/6 4/5
1000 7/8 517 517 517 2/4 1/3
2000 5/7 3/5 3/4 4/3 1/2 0.7/1
3000 3/5 1/3 0.8/2 0.7/1 0.6/1 0.6/0.9
4000 1/1.5 0.8/1.2 0.9/1.2 0.5/0.8 0.4/0.5 0.3/0.6
5000 0.5/1 0.3/0.6 0.2/0.4 0.1/0.2 0.09/0.1 0.08/0.1

Ion implantatsiya qilingan Si da asosiy nur energiya yo‘qotishlari spektrini aniqlash uchun biz sirt
gatlamining quyidagi eng sodda tuzilmasidan boshlaymiz. Sirt gatlamida zararlangan gatlam a mavjud
bo‘lib, u zararlanmagan sof Si bilan tutashadi, bu esa qolgan yarim fazani egallaydi (1-rasm).

1-rasm. Ikkita o‘zaro ta’sir giluvchi “suyuqglik”

Rasmda a > z > 0 a sohasi zararlangan gatlam, z > a z sohasi esa sof material mintagasini ifodalaydi.

golw)=1-

Wi

(a—iv)?

(1)
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Sof material dielektrik o‘tkazuvchanlik (1) bilan xarakterlanadi, bu yerda wiu — plazmon chastotasi

kvadrati, v — tashqi ta’sirga materialning javobini o‘rganish uchun tanlangan chastota. Shuningdek, v — bu
valent elektronlar tebranishlarning so‘nishi va @ — sof Si valent elektronlarining tebranish chastotasi.

Uzun to‘lqin uzunligi chegarasida ion bilan qo‘shilgan yarimo‘tkazgichning o‘tkazuvchanligi quyidagi
yig‘indi shaklida yozilishi mumkin:

glw, z) = gp (w) + &, (2) 2)
bu yerda eo(®) boshlang‘ich sof yarimo‘tkazgichning o‘tkazuvchanligi, va
: 2 : Zeffos
£z {fr'-]::' =4T_:Nz'mp{.z] Ei:vﬁ (3)

(3)-formuladagi yig‘indi valentlik zonasi ostida joylashgan aralashma ionining barcha to‘ldirilgan
gobiglarini o‘z ichiga oladi; ya’ni,

4 ” - Ameiy
Wi, > Why; W5y —

Yarimo‘tkazgichlardagi valent elektronlarining plazma chastotasining kvadratini bildiradi; w?. esa
aralashma ionini yadro elektronlarining birinchi qobig‘idan yarimo‘tkazgichning o‘tkazuvchanlik zonasiga
o‘tish chastotasining kvadratidir; Nimp(z) - joylashtirilgan aralashma ionlarining chuqurlik bo‘yicha tagsimot
profili; va Zes1 - 1—c o‘tishida ishtirok etuvchi elektronlarning samarali soni deb hisoblanadi.

Bu yerda, (3)-formula bilan berilgan e(w,z) ning parchalanishi ma’lum darajada shartli ekanligini
ta’kidlash lozim, chunki &g {e) funksiyasi umumiy holda joylashtirilgan aralashmaga bog‘liq bo‘ladi.

Bunday bog‘liglik, hatto boshga hech ganday sabab bo‘lmagan taqdirda ham, yarimo*tkazgich panjarasining

konstantasi qo‘shilish jarayonida o‘zgarishi hamda &(e) ni aniglovchi wg,, kattaligining shu o‘zgarish bilan
birga o‘zgarishi natijasida yuzaga keladi. Nurlanish doza parametri

D= J‘ Nz'mp{:z} dz
o
eksperimental sharoitlarga muvofiq berilgan miqgdor sifatida qgabul qilinadi. Keyingi nazariy
mulohazalar nisbatan kichik nurlanish dozalari uchun amal qiladi, ya’ni D juda katta bo‘lmagan hollarda
Nimp(z) tagsimoti z = Zmax > V/wp, da aniq belgilangan maksimal qiymatga ega bo’ladi, ya’ni mahalliy
dielektrik funksiyani e(w, z) ko‘rib chigish mumkin bo‘ladi.
Ma’lumki, hajmli plazmonlarning spektridagi energiyasi maksimal pozitsiyasi hajmli plazmonlarning

cho‘qqisiga mos keladigan |, ﬁ, funksiya bilan belgilanadi. Amorflangan qatlamda &(w) o‘tkazuvchanlik

€o(w) dan ikki omilga ko‘ra farq qiladi. Birinchidan, Si bilan birikma hosil giluvchi implantatsiya gilingan Na
(yoki Ba) ionlari wp<wpo chastotasi va demping y<<wp bilan plazma tebranishlariga hissa qo‘shadi.
Ikkinchidan, shikastlangan gatlam mintagasida valentlik elektronlari tizimida kuchayadi, shuning uchun bu
holda

@ po “E
(w—iY®  (w—iv)? )

vy > v ga teng, bu amorfizatsiya natijasidir, uning mavjudligi sekin elektron difraksiyasini o‘rganish

tajribalari  bilan tasdiglangan. Bunday amorfizatsiya natijasida valentlik elektronlarining plazma
tebranishlarining so‘nishiga olib keladigan aralashmalar va amorf konsentratsiyasi keskin oshadi.

e lw) =1—

Sof Si da material tomonidan elektron energiyasining yo‘qotilishi bilan o‘lchanadigan spektri [, ;
Ep

(ea)

funksiyasi bilan aniglanadi, ion implantatsiya gilingan Si esa f,,,,% funksiyasi bilan tavsiflanadi. ,Fm%
2l &gl w

funksiyasining maksimal giymati ®=w, da ro‘y beradi, bu holatda v/iwp<<1 bo‘ladi. [, ﬁfunksiyasining

maksimal giymati ul nisbatiga garab m=w, ga nisbatan yuqori yoki past chastotalar diapazoniga siljishi

mumekin. ul giymati gancha katta bo‘lsa, maksimal giymat ®, dan kichik chastotalarga shuncha ko‘p

P

siljiydi.
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2-rasmda A = ii—”= 0,6 va },nﬁ ning giymatlari va ul = 0,05; 1,0; 1,5; va 2 bo‘lgandagi

4

bog‘ligliklar ko‘rsatilgan, bunda LI 0,05. Spektral maksimal giymat ul > 1 bo‘lganda, amorflangan

W

qatlam sohasidagi struktura kuchli yo‘q qilinish tufayli ® < @, diapazoniga siljiydi.

4

T

e(m)

2-rasm. J,, Ei ning mip ga bog‘ligligi, Eo=1 keV bo‘lgan Ba ionlari bilan implantatsiya qilingan

)
2
Siuchun. A = % =0,6va ? =0,5; 1,0; 1,5 va 2 giymatlari 4-1 egri chiziglarga mos keladi. 4'-1' egri
P P
chiziglari Na*ionlari bilan implantatsiya gilingan Si ga va 4-1 egri chiziglari, mos ravishda 104, 105, 10'¢
va 10'" sm~2 dozalari bo‘lgan Ba* ionlari bilan mos keladi.

Shunday qilib, amorflangan gatlamdagi asosiy plazmon uchun EEL spektridagi xarakterli xususiyat
valent elektronlari tizimida kuchli suspenziya sifatida namoyon bo‘ladi va u metall Ba, Na hamda sof Si dagi
plazma chastotalarining nisbati bilan bir xil tartibda kuzatiladi.

. . o 1 1
Tushgan elektron tomonidan asosiy plazmon qo‘zgalishi kesmada ’F’”M va ,Fmﬁ

bog‘ligliklarining nisbiy og‘irligini va fazoviy jihatdan bir xil bo‘lmagan muhitda plazmon qo‘zg‘alishi
nazariyasi orqali aniglash mumkin. Amorflangan qatlamdagi hajm yo‘qotishlari spektrining og‘irligi esa
gatlam galinligining Ac uzunligiga nisbatan sezilarli darajada bog‘liq bo‘lib, bu holatda tushayotgan elektron
uchun kogerentlik yo‘qoladi.

Xulosa.Taqdim etilgan nazariy model Si(111) kristalli tuzilmasining to‘liq amorflanishigacha bo‘lgan
buzilish jarayonida valentlik elektron tebranishlarining sezilarli susayishi natijasida, yuqori dozalarda Ba
hamda ishqoriy element ionlarini implantatsiya qilish vaqgtida Si plazmonlarining fiwy, va

hwso_energiyalarining kamayishi bilan bog‘liq eksperimental kuzatuvlarni muvaffaqiyatli tushuntirib berdi.

Bundan tashqari, olingan natijalar shuni ko‘rsatdiki, aralashma ionlarining yadro elektronlarining
bargaror holatdagi qutblanishi ion implantatsiyasi natijasida hosil bo‘lgan yarimo‘tkazgich muhitida
plazmonlarning qo‘zg‘alish jarayonlariga sezilarli ta’sir ko‘rsatadi. Bu ta’sir, o‘z navbatida, energiya
yo‘qotish spektridagi cho‘qqilarning siljishiga sabab bo‘lishi aniqlandi.
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Annotatsiya. Metall-dielektrik—yarimo ‘tkazgich (MDYa) tuzilmalarining elektr javobi interfeysda
Jjoylashgan zaryad holatlarining vaqtga bog ‘liq kinetik jarayonlari bilan belgilanadi. Interfeys va interfeysga
yagqin dielektrik qatlamda kechadigan zaryad almashinuvi sig im—kuchlanish begarorligi, sekin relaksatsiya
hamda parametrlarning vaqt bo ‘yicha siljishiga olib keladi. Ushbu ishda MDYa tuzilmalarida elektr
javobning bargarorligi interfeys holatlarining kinetik xususiyatlari nugtayi nazaridan tahlil gilindi. Nazariy
model Shockley—Read—-Hall va non-radiative multiphonon mexanizmlariga asoslanib, eksperimental
kuzatuvlar bilan solishtirildi. Olingan natijalar tashqi ta’sirlar yangi nugsonlar hosil gilmasdan, interfeysda
zaryad almashinuvi jarayonlarining vaqt masshtablarini o ‘zgartirishini ko ‘rsatdi.

Kalit so‘zlar: metall-dielektrik—yarimo ‘tkazgich tuzilmalari, interfeys holatlari, vaqtga bog liq
kinetika, zaryad relaksatsiyasi, elektr barqarorlik, sig im—kuchlanish xususiyatlari, tashqi ta sirlar, interfeys
potensiali.

KWHETHUYECKHUE MPOLECCHI Y QJIEKTPO®U3NYECKHUE CBOMCTBA
MEX®A3HBIX COCTOSSHUM B CTPYKTYPAX METAJLI-JIASJIEKTPUK-
HOJYITPOBOJHHUK

Annomayua. Onexmpuueckuii OMKIUK CMPYKMYP Memaii—O0udiekmpuk—noaynposoonux (M)
onpeoensaemcs — 6PeMEHHO-3ABUCUMbIMU  KUHEMUYeCKUMU  npoyeccamu  3apsao0osblX — COCMOAHUI,
JIOKAMU306anHblx Ha unmepgelice. Ilpoyeccwv 3apadoobmena, npomexawowue Ha epanuye pazoena u 8
NPUNOBEPXHOCTHHOM — OUINEKMPUUECKOM — Cl0e, HPUBOOAM K EMKOCMHO-80TbMHOU HeCMaOUulbHOCHU,
MeONleHHOU  penaKcayuu U 6peMeHHbIM CO8u2am napamempos. B Oannoil pabome ycmotiuugocmo
anexmpudeckoeo omxauxka MJ[II-cmpykmyp npoananu3upo6ana ¢ mouKu 3peHusi KUHeMmuyecKux C60lUCms
uumepdeticuvix cocmosinui. Teopemuueckas modenv ocHogana Ha mexanusmax Llloxnu—Puoa—Xonna u
Oe3vi31yuamenbHol MHO20MPOHOHHOU PeNaKcayuu U CONOCMABNeHd ¢ IKCHEPUMEHMANbHLIMU HAOIIOOEHUAMU.
Ilonyyennvie pesyniomamul NOKA36I6AION, YMO GHEUIHUE BO30€UCMEUs He NPUBOOAM K 00PA308AHUIO HOBbIX
deghexmos, a usMeHsaIom epemMentble Maculmabbl npoyeccos 3apsa0ooomena Ha unmepgelice.

Knwouesvie cnosa. cmpykmypsbi Memani—0udeKmpuk—noaynpo8ooOHuK, unmep@etictuovie cocmosHus,
BPEMEHHO-3a8UCUMAs  KUHEeMUKA, penaKcayus 3apsoa, 21eKmpudeckas CcmabuibHOCmb, EMKOCMHO-
601bMHbIE XAPAKMEPUCMUKY, BHEUWHUE 8030elcmaust, UHmepdetichblll NOMEHYUA.

KINETIC PROCESSES OF INTERFACE STATES AND ELECTROPHYSICAL
PROPERTIES OF METAL-DIELECTRIC-SEMICONDUCTOR STRUCTURES

Abstract. The electrical response of metal-dielectric—-semiconductor (MDS) structures is governed by
time-dependent kinetic processes of charge states localized at the interface. Charge-exchange processes
occurring at the interface and in the near-interface dielectric layer lead to capacitance—voltage instability,
slow relaxation, and time-dependent parameter shifts. In this work, the stability of the electrical response of
MDS structures is analyzed from the standpoint of the kinetic properties of interface states. The theoretical
model is based on the Shockley—Read—-Hall and non-radiative multiphonon mechanisms and is compared
with experimental observations. The obtained results demonstrate that external influences do not generate
new defects but modify the time scales of charge-exchange processes at the interface.
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Kirish. So‘nggi o‘n yilliklarda metall-dielektrik—yarimo‘tkazgich (MDYa) tuzilmalar mikro- va
nanoelektron qurilmalarning asosiy elementi sifatida jadal rivojlanmoqda. Qurilmalar o‘lchamlarining
gisgarishi va yangi material tizimlarining joriy etilishi dielektrik—yarimo‘tkazgich interfeysida sodir
bo‘ladigan fizik jarayonlarning rolini keskin oshirdi. Natijada interfeys nugsonlari endilikda fagat texnologik
kamchilik emas, balki qurilma xatti-harakatini belgilovchi asosiy fizik omil sifatida garalmoqda. Klassik
MOS nazariyasida interfeys holatlari ko‘pincha statsionar parametrlar sifatida tavsiflanadi. Biroq real
qurilmalarda interfeys holatlari dinamik tizim bo‘lib, ularning zaryad almashinuvi vaqt bo‘yicha o‘zgarib
turadi. Aynan shu dinamik xususiyatlar sig‘im—kuchlanish gisterezisi va sekin relaksatsiya kabi
hodisalarning kelib chiqishiga sabab bo‘ladi. Shu bois interfeys holatlarining nafagat giymatini, balki
ularning kinetik xossalarini chuqur tahlil gilish zarurati yuzaga keladi. Mazkur ishda ushbu muammoni
interfeys zaryad tutib qoluvchi holatlarining tashqi ta’sirlar ostida qayta konfiguratsiyalanishi konsepsiyasi
asosida yoritilgan va ushbu yondashuvning nazariy va eksperimental asoslarini izchil bayon etilgan.

Tadqiqot usullari. Metall-dielektrik—yarimo‘tkazgich tuzilmalarining elektr xatti-harakatini to‘g‘ri
tavsiflash uchun dielektrik—yarimo‘tkazgich interfeysida mavjud bo‘lgan elektr faol holatlarning energetik va
kinetik xossalarini chuqur tahlil qilish zarur. Real MDYa tizimlarida interfeys ideal keskin chegara bo‘lmay,
balki murakkab energetik va fazoviy tuzilishga ega bo‘lgan o‘tish sohasi hisoblanadi. Ushbu sohada
joylashgan interfeys va interfeysga yaqin dielektrik gqatlamda mavjud bo‘lgan chegara zaryad tutib qoluvchi
holatlari qurilmaning elektr hususiyatini belgilovchi asosiy omil sifatida namoyon bo‘ladi. Interfeys zaryad
tutib goluvchi holatlari yarimo‘tkazgich sirtida buzilgan atom bog‘lanishlari, kimyoviy nomuvozanat va
kristall panjaradagi mahalliy buzilishlar bilan bog‘liq bo‘lib, energetik jihatdan yarimo‘tkazgichning
tagiqlangan zonasi bo‘ylab tagsimlangan bo‘ladi. Ushbu holatlar yarimo‘tkazgichning o‘tkazuvchanlik va
valent zonalari bilan to‘g‘ridan-to‘g‘ri energetik almashinuvida ishtirok etadi va nisbatan gisqa vaqt
konstantalariga ega. Shu sababli ular kuchlanish yoki maydon o‘zgarishlariga tez javob beradi va asosan
sig‘im—kuchlanish o‘lchovlarida namoyon bo‘ladi. Bunga qarama-garshi ravishda, interfeysga yagin
dielektrik gatlamda joylashgan chegara zaryad tutib qoluvchi holatlari yarimo‘tkazgich bilan bevosita
bog‘lanmagan bo‘lib, zaryad almashinuvida tunnel mexanizmi orqali qatnashadi. Tunnel ehtimolining
interfeysdan masofaga eksponensial bog‘ligligi sababli, ushbu holatlar keng vaqt konstantalari spektrini hosil
giladi. Natijada, chegara holatlari asosan sekin zaryad relaksatsiyasi va uzoq vaqtli elektr begarorlik
hodisalarining manbai sifatida namoyon bo‘ladi.

Interfeys zaryadining o‘zgarishi metall-yarimo‘tkazgich tizimidagi elektrostatik muvozanatni buzadi
va tekis-tasma kuchlanishining siljishiga olib keladi:

Qit

C{).’l‘ (2)

Bu munosabat interfeys zaryadi bilan elektr sezuvchanlik o‘rtasidagi to‘g‘ridan to‘g‘ri bog‘lanishni
ifodalaydi. Muhim jihat shundaki, dielektrik sig‘imi o‘zgarmagan holda kuzatilgan AVeg siljishlari interfeys
zaryadining qayta tagsimlanishini anglatadi, ya’ni hodisaning kelib chigishi hajmiy emas, balki interfeysga
xos ekanini ko‘rsatadi. Interfeys zaryad tutib qoluvchi holatlaridan zaryad chiqarilishi Shockley—Read—Hall
mexanizmi bilan tavsiflanadi. Biroq real dielektrik tizimlarda zaryad tashuvchilarning fononlar bilan kuchli
o‘zaro ta’siri tufayli ushbu jarayon non-radiative multiphonon modeli bilan to‘ldirildi. Natijada zaryad
chiqarilish tezligi quyidagi ko‘rinishga ega bo‘ldi:

E, 'yF)

e(Ey, F) = e CXIJ(
kT
3)

Bu ifoda zaryad chigarilish ehtimoli aktivatsiya energiyasiga eksponensial bog‘liq ekanini va tashqi
elektr maydon yoki bosim orqali samarali to‘siq balandligi kamaytirilishi mumkinligini ko‘rsatadi. Muhim
jihat shundaki, tashqi ta’sirlar aktivatsiya energiyasining o‘zini o‘zgartirmaydi, balki zaryad almashinuvi
ehtimolini modifikatsiyalaydi. Real interfeys tizimlarida zaryad tutib qoluvchi holatlari yagona aktivatsiya
energiyasiga ega emas. Aksincha, ular keng energetik diapazonda tagsimlangan bo‘ladi. Shu sababli zaryad
relaksatsiyasi bitta vaqt konstantasi bilan emas, balki vaqt konstantalarining uzluksiz spektri bilan
tavsiflanadi. Bu holat quyidagi integral ifoda orqgali ifodalandi:
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Q(t) = / 9(Ba) exp[—t/7(Ea)] dE,

EEJ'.
7(E,) = 10 exp (ﬁ)
(6)

Mazkur integralning mavjudligi zaryad relaksatsiyasining oddiy eksponenta gonuniga
bo‘ysunmasligini, balki cho‘zilgan eksponenta xatti-harakati bilan tavsiflanishini tushuntiradi. Ushbu
matematik natija eksperimental relaksatsiya egri chiziglari bilan bevosita solishtirildi va interfeys hamda
chegara zaryad tutib qoluvchi holatlarining fizik rolini aniqlashda asosiy vosita bo‘lib xizmat qildi. Ushbu
holatda ishlab chigilgan energetik va kinetik model metall-dielektrik—yarimo‘tkazgich interfeysida sodir
bo‘ladigan barcha asosiy jarayonlarni yagona fizik doirada tavsiflash imkonini beradi[3]. Mazkur model
keyingi bobda tagdim etiladigan sig‘im—kuchlanish gisterezisi va zaryad relaksatsiyasi natijalarini izchil va
mantiqiy tarzda talgin gilish uchun mustahkam nazariy asos yaratdi.

Muhokama va tadgigot natijalari. Ishlab chigilgan energetik va kinetik model eksperimental
natijalar asosida tekshirildi va aniqlashtirildi. Sig‘im—kuchlanish xarakteristikalari, tekis-tasma
kuchlanishining vaqt bo‘yicha o‘zgarishi hamda zaryad relaksatsiyasi natijalari interfeys va chegara zaryad
tutib goluvchi holatlarining zaryad almashinuvi jarayonlarini turli vagt masshtablarida ochib berdi[4]. Har bir
eksperimental kuzatuv nazariy model bilan bevosita bog‘lanib, ularning umumiy fizik mohiyati aniglanadi.

()
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1-rasm. C-V gisterezisi

Sig‘im—kuchlanish o‘lchovlarida kuzatilgan gisterezis interfeys zaryad tutib qoluvchi holatlarining
kinetik xususiyatlarini tavsiflovchi eng sezgir ko‘rsatkichlardan biri hisoblanadi. 1-rasmda ko‘rsatilgan C-V
xarakteristikalari oldinga va orgaga kuchlanish grafiklari orasida aniq farqg mavjudligini namoyon giladi.
Ushbu farq interfeys holatlarida zaryadning kuchlanish o‘zgarishiga nisbatan kechikib chigarilishi bilan
bog‘lig. Muhim jihat shundaki, gisterezis mavjud bo‘lishiga qaramay, maksimal va minimal sig‘im
giymatlarining deyarli o‘zgarmasligi dielektrik qatlam yoki yarimo‘tkazgichning hajmiy xossalari
o‘zgarmaganini ko‘rsatadi. Bu natija gisterezisning kelib chiqishi hajmiy nuqsonlar bilan emas, balki
interfeysga xos zaryad almashinuvi jarayonlari bilan bog‘liq ekanini aniq tasdiglaydi.
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2-rasm. AVeg ning tashqi ta’sir davomiyligiga bog‘liqligi

Flat-band voltage shift, AV_FB (V)

C-V gisterezisi bilan bevosita bog‘liq holda tekis-tasma kuchlanishining vaqt bo‘yicha grafigi orqali
ham muhim kuzatish mumkin. 2-rasmda ko‘rsatilganidek, tekis-tasma kuchlanishi tashqi ta’sir davomiyligi
oshishi bilan ortadi va ma’lum vaqt oralig‘ida to‘yinganlik xatti-harakatini namoyon giladi. Ushbu
to‘yinganlik interfeys holatlarining cheklangan energetik va fazoviy diapazonga ega ekanini ko‘rsatadi. Agar
tashqi ta’sirlar yangi nugsonlar hosil gilayotgan bo‘lsa, tekis-tasma kuchlanishining siljishi vaqt o‘tishi bilan
davomli ravishda ortib borishi kutilardi. Biroq kuzatilgan to‘yinganlik hodisasi tashqi ta’sirlar mavjud
interfeys holatlarining zaryad almashinuvida ishtirok etish ehtimolini gayta tagsimlayotganini ko‘rsatadi.
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0.4 1
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Time, t (s)
3-rasm. Zaryad relaksatsiyasi

Zaryad relaksatsiyasi o‘lchovlari interfeys va chegara zaryad tutib qoluvchi holatlarining uzoq vaqt
masshtablaridagi xatti-harakatini ochib beradi. 3-rasmda ko‘rsatilgan relaksatsiya egri chizig‘i oddiy
eksponenta qonuniga bo‘ysunmasdan, cho‘zilgan eksponenta shaklida ifodalanadi[5]. Ushbu xatti-harakat
interfeys va chegara holatlarining keng vaqt konstantalari spektriga ega ekanini bildiradi. Agar relaksatsiya
bitta dominant emissiya mexanizmi bilan belgilanganda edi, relaksatsiya oddiy eksponenta shaklida kechgan
bo‘lardi. Biroq real holatda kuzatilgan cho‘zilgan eksponenta interfeys tizimining energetik va fazoviy
notekisligini bevosita aks ettiradi.
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4-rasm. Interfeys yaginidagi potensial relyef modifikatsiyasi

Yugqoridagi barcha eksperimental kuzatuvlar interfeys yaginidagi lokal potensial relyef tushunchasi
orgali yagona fizik mexanizm doirasida tushuntiriladi. 4-rasmda ko‘rsatilganidek, tashqi ta’sirlar interfeys
yaginidagi potensial relyefni modifikatsiyalaydi. Ushbu modifikatsiya zaryad tutib goluvchi holatlarining
energetik chuqurligini o‘zgartirmaydi, biroq zaryad tashuvchilar uchun samarali tunnel va emissiya yo‘llarini
gayta tashkil etadi[6]. Natijada ayrim interfeys va chegara holatlari zaryad almashinuvida faolroq ishtirok eta
boshlaydi, boshqalari esa vaqtinchalik passiv holatga o‘tadi. Shu tarzda, C-V gisterezisi, tekis-tasma
kuchlanishining vaqt bo‘yicha o°zgarishi va zaryad relaksatsiyasi bir-biridan mustaqil hodisalar emas, balki
interfeys zaryad tutib qoluvchi holatlarining tashqi ta’sirlar ostida qayta konfiguratsiyalanishining turli vaqt
masshtablaridagi namoyon bo‘lishidir[7]. Keltirilgan eksperimental natijalar va ularning fizik talqini oldingi
ishlab chigilgan nazariy modelning to‘g‘riligini tasdiqlaydi va keyingi umumlashtiriladigan yagona fizik
konsepsiya uchun mustahkam asos yaratdi.

Keltirilgan nazariy yondashuv va eksperimental natijalar metall-dielektrik—yarimo‘tkazgich
tuzilmalarida kuzatiladigan sig‘im—kuchlanish gisterezisi hamda zaryad relaksatsiyasi hodisalari o‘zaro
mustaqil jarayonlar emasligini ko‘rsatadi. Aksincha, ushbu hodisalar interfeys va interfeysga yaqin dielektrik
gatlamda joylashgan chegara zaryad tutib qoluvchi holatlarining tashqi ta’sirlar ostida qayta
konfiguratsiyalanishining turli vaqt masshtablarida namoyon bo‘lishi sifatida qaralishi mumkin[8]. Shu
nugtai nazardan, olingan barcha natijalar yagona fizik konsepsiya doirasida umumlashtirildi. Avvalgi
muhokama gilingan C-V gisterezisi interfeys zaryad tutib goluvchi holatlarining zaryad almashinuvida
kinetik cheklovlar mavjudligini anig namoyon etadi[9]. Oldinga va orgaga kuchlanish skanerlari orasidagi
farq interfeys holatlarining zaryadni o‘lchov vaqt masshtabida muvozanatga keltira olmasligi bilan bog‘lig.
Muhim jihat shundaki, gisterezis mavjud bo‘lishiga qaramay, maksimal va minimal sig‘im qiymatlarining
deyarli o‘zgarmasligi dielektrik yoki yarimo‘tkazgichning hajmiy xossalari saqlanib qolganini ko‘rsatadi. Bu
esa kuzatilgan effektning hajmiy nugsonlar bilan emas, balki interfeysga xos kinetik jarayonlar bilan bog‘liq
ekanini tasdiglaydi. Xuddi shu interfeys jarayonlari zaryad relaksatsiyasi o‘lchovlarida ham namoyon
bo‘ladi. Zaryad relaksatsiyasi cho‘zilgan eksponenta qonuni bilan tavsiflanadi, bu esa interfeys va chegara
zaryad tutib goluvchi holatlarining keng vaqt konstantalari spektriga ega ekanini bildiradi. Agar interfeys
jarayonlari bitta dominant emissiya mexanizmi bilan belgilanganda edi, relaksatsiya oddiy eksponenta
shaklida kechgan bo‘lardi. Biroq real holatda relaksatsiyaning murakkab xarakterga ega bo‘lishi interfeys va
chegara holatlarining energetik hamda fazoviy notekis tagsimlanganligi bilan izohlanadi. Mazkur ikki
kuzatuv — gisterezis va relaksatsiya — o‘zaro uzviy bog‘liq bo‘lib, interfeys zaryad tutib goluvchi
holatlarining bir xil fizik mexanizmi bilan belgilanadi. Gisterezis interfeys holatlarining gisga vaqt
masshtabida muvozanatga ulgurmasligi natijasida yuzaga kelsa, relaksatsiya ushbu holatlarning uzoq vaqt
oralig‘ida muvozanat holatiga gaytish jarayonini ifodalaydi. Shunday qilib, ushbu ikki hodisa bitta interfeys
mexanizmining turli vaqt masshtablaridagi ko‘rinishlari sifatida talqin gilinadi.

Tashqi ta’sirlar ostida kuzatilgan elektr xatti-harakatlarni talgin gilishda asosiy masala shundan
iboratki, ushbu ta’sirlar yangi nugsonlar hosil qiladimi yoki mavjud interfeys holatlarining xossalarini
o‘zgartiradimi tahlillarda keltirilgan natijalar ikkinchi yondashuvni qo‘llab-quvvatlaydi. Tekis-tasma
kuchlanishining vaqt bo‘yicha to‘yinganlik xatti-harakati interfeys holatlarining cheklangan energetik
diapazonga ega ekanini ko‘rsatadi. Agar tashqi ta’sirlar yangi nugsonlar hosil gilayotgan bo‘lsa, tekis-tasma
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kuchlanishining siljishi vaqt o‘tishi bilan davomli ravishda ortib borishi kerak edi. Biroq bunday holat
kuzatilmaydi. Bundan tashqari, zaryad relaksatsiyasi jarayonida cho‘zilgan eksponenta parametrining
sezilarli darajada o‘zgarmasligi interfeys zaryad tutib qoluvchi holatlarining energetik spektri saqlanib
golayotganini bildiradi. Bu esa tashqi ta’sirlar interfeys holatlarining qiymatini emas, balki ularning zaryad
almashinuvida ishtirok etish ehtimolini va kinetik yo‘llarini o‘zgartirayotganini ko‘rsatadi. Demak, tashqi
ta’sirlar interfeys jarayonlarini faollashtiruvchi yoki susaytiruvchi rol o‘ynaydi, biroq yangi energetik
holatlar yaratmaydi. Ushbu xulosalarni umumlashtirish uchun interfeys yaqginidagi lokal potensial relyef
tushunchasi kiritiladi. Interfeys va chegara zaryad tutib qoluvchi holatlari energetik to‘siglar va tunnel
bog‘lanishlari bilan tavsiflanadi. Tashqi ta’sirlar ushbu to‘siglarning mutlaq balandligini emas, balki ularning
fazoviy va elektrostatik konfiguratsiyasini modifikatsiyalaydi. Natijada ayrim zaryad tutib goluvchi holatlari
zaryad almashinuvida faolroq ishtirok eta boshlaydi, boshgalari esa vaqtinchalik passiv holatga o‘tadi. Bu
jarayon interfeys holatlarining energetik spektri saqlangan holda zaryad almashinuvi yo‘llarining qayta
tagsimlanishiga olib keladi. Shu tarzda, interfeys va chegara zaryad tutib qoluvchi holatlarining tashqi
ta’sirlar ostida qayta konfiguratsiyalanishi konsepsiyasi sig‘im—kuchlanish gisterezisi, zaryad relaksatsiyasi,
tekis-tasma kuchlanishining vaqt bo‘yicha evolyutsiyasi hamda tashqi ta’sirlarga sezgir kinetik javob kabi
barcha kuzatilgan hodisalarni yagona fizik mexanizm doirasida izchil tushuntiradi.

Xulosa. Mazkur ishda metall-dielektrik—yarimo‘tkazgich tuzilmalarining elektr xatti-harakati
interfeys va interfeysga yaqin dielektrik gatlamda joylashgan zaryad holatlarining vaqtga bog‘liq kinetik
jarayonlari bilan belgilanishi ko‘rsatildi. Tadqiqot natijalari turli ko‘rinishdagi noideal elektr hodisalar —
sig‘im—kuchlanish beqarorligi, parametrlarning vaqt bo‘yicha siljishi va sekin relaksatsiya — alohida
mustaqil jarayonlar emas, balki interfeysda kechadigan zaryad almashinuvi jarayonlarining umumiy fizik
mohiyatidan kelib chigishini tasdiglaydi.

Olingan nazariy va eksperimental natijalar tashqi ta’sirlar interfeysda yangi nugsonlar hosil gilmasdan,
mavjud zaryad holatlarining zaryad almashinuvida ishtirok etish sharoitlarini va vaqt masshtablarini
o‘zgartirishini ko‘rsatdi. Shu orqali MDYa tuzilmalarining elektr javobi interfeys holatlarining kinetik
xususiyatlariga sezgir ekanligi aniglandi. Ish natijalari interfeys hodisalarini statik nugsonlar to‘plami
sifatida emas, balki vaqtga bog‘liq dinamik tizim sifatida qarash zarurligini ko rsatdi.
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TbAIO3z NING QUTBLANISH OPTIK SPEKTRLARI
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Annotatsiya. Terbiy nodir yer ionli ortaluminatning magnit xossalarini 420 — 750nm to ‘lgin
uzunliklari intervalida, 90 - 300K temperatura oralig ‘ida harorat va spektral bog ‘ligliklari batafsil tadgiqot
gilingan. TbAIO; kristallning [10] o°‘qi bo ‘ylab o ‘Ichangan Verde doimiysining haroratga proporsionalligi,
tajribaning berilgan geometriyasida Faradey aylanishida (tashqi H maydonda) Tb** - NY-ion elektron
holatlarining Van-flek “go ‘shilishlari" mexanizmining hissasi o ‘rganilgan.

Kalit so‘zlar: Zeeman effekti, kristall maydon, Shtark effekti, kramers singletlari, granat struktura,
ortoalyuminat, kvazidublet, kvaziizing.

MNOJSIPUSALIMOHHBIE OIITUYECKHUE CIEKTPBI TbAIO3

Annomauusn. Macnumuvie ceolicmea opmoanoMuHama, AKMUSUPOBAHHO20 UOHAMU PeOKO3EeMENIbHO2O0
anemenma mepous, ¢ unmepeane Oaun 6oan 420—750 wm u 6 Oouanazone memnepamyp 90-300 K oviiu
NOOPOOHO UCCTE008AHBL C AHATUIOM MEMNEPAMYPHBIX U CHEKMPAIbHbIX 3aeucumocmel. Ycmanoeiena
NPONOPYUOHATILHOCb MEMNEPAMYPHOU 3A8UCUMOCIU KOHCcmanmbl Bepoe, uszmepennou 01 Kpucmaiia
TbAIOs 600w ocu [10]. B 3a0aunon ceomempuu IKCHEPUMEHMA U3VHEH BKAA0 MEXAHUSMA BAH-81EKOBCKO20
«NOOMeWUBAHUSLY INeKMPOHHLIX cocmosinui T3 (P3-uona) 6 @apadeesckoe paujenue 60 6HeuiHeMm
MmazHumuom nose H.

Knwuesvie cnosa: sgpgpexm 3eemana, xpucmaniuueckoe none, apgexm ILllmapka, xpamepcogol
CUMeembl, 2paHAmuas CMpPYKmypda, oOpmoamoMunam, Keazuoyonem, keasu-Hszune.

POLARIZATION OPTICAL SPECTRA OF ThAIO3

Abstract. The magnetic properties of rare earth ionic orthoaluminates in the wavelength range of
420-750 nm and in the temperature range of 90-300 K have been studied in detail. The temperature
proportionality of the Verde constant measured along the [10] axis of the TbAIO3 crystal and the
contribution of the Van-fleck “coupling” mechanism of the electronic states of the Th3+ - NY- ions in the
Faraday rotation (in an external H field) in the given geometry of the experiment have been studied.

Keywords: Zeeman effect, crystal field, Stark effect, Kramers singlets, garnet structure,
orthoaluminate, quasidoublet, quasiizing.

Kirish. TbAIO; magnit krituvchanligi y TbAIO; ning haroratga bog‘ligligini o°lchash
ma’lumotlaridan topilgan Tb*" ionining ‘Fs asosiy multipletning pastki sathcharining Shtarkning bo‘linishi
xarakteri polarizatsiya-optik tadgigotlar natijalar bilan bir xil tarzda tasdiglaydi. 1.4-rasmda °Ds — "Fg
(20000-20700 smY) nurlanishli 4f-4f o‘tishda chizigli qutblangan nurda T=300K da qayd etilgan TbAIOs
dagi Th* nodir yer ionining lyuminessensiya spektri ko‘rsatilgan [10].

Shuni ta’kidlash kerakki, optik o‘tishlarni aniglash qutblangan optik spektrlarda samaralirog amalga
oshiriladi, chunki tanlash qoidalari (simmetriya bo‘yicha) turli yorug‘lik polarizatsiyalarida bir-biridan
sezilarli darajada farg gilishi mumkin.
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1-rasm. Qutblangan yorug‘likda (E||a —0¢q, E yorug‘lik to‘lqininig elektr vektori) TbAIO;
lyuminessensiya va yutilish T=300K(a) va T=78K(b) da gayd etilgan spektri. (a) kristallning “c” o‘qi
va (b) kristallning “b” 0‘qi bo‘yicha. Qavslarda shtark sathchalarining energiyalari Kkeltirildi (sm™)

Olingan natijalar va wularning tahlili. Ikkilamchi luminessensiya spektrining xarakterli
xususiyatlarining energiyalarini batafsil taqqoslash (1.2-jadvalga garang), bir tomondan, ortoalyuminat
tuzilishida Th** ionining uyg‘ongan va asosiy multiplitlari Shtark sathchalari sodir bo‘ladigan optik o‘tishlar
bilan aniglash imkonini beradi. Boshga tomondan bu ish, Cs simmetriyasili kristall maydonda asosiy "Fs
multipletining Shtarkning bo‘linishi tasvirini (qisman bo‘lsa ham) qayta yaratish uchun (1-rasmga kiritilgan)
zarur.

Darhagigat, mos ravishda: -1, -2, -3 va -4, -5, -6 polosalarning energiyalarini taggoslash asosiy holatga
eng yaqin sath yoki sathlar guruhi =200sm™ masofada joylashganligini ko‘rsatadi. Boshqa chiziglarning
energiyalarini bir-biri bilan taqqoslash (masalan, -1 va -10 va boshgalar) shtarkning yuqori sathlari
energiyasini anig aniglash va TbAIO; dagi asosiy 'Fs multipletining umumiy kristall bo‘linishini ~500 sm™
ni tashkil giladi (1.4-rasmdagi ilova). Bundan tashqgari, ‘Fs multipletining (A1 = 200 sm™) (1.2-jadvalga
garang) ustki uyg‘ongangan holatlaridan asosiy holatning pastki sathlarini (kvazidublet) yetarlicha yuqori
darajada "izolyatsiyalanishi" spektroskopik ma’lumotlardan T = 78 K da 7F6 — 5D4 o‘tishda qutblangan
optik yutilish cho‘qqilarining energiyalarini aniglashga imkon berdi. Shuningdek ortoalyuminat
strukturasidagi Th®" ionining asosiy 4f® konfiguratsiyasining uyg‘ongan °Ds multipleti shtark bo‘linishining
tabiati aniglash mumkin (1.4-rasm).

1-jadval.
Ikkilamchi nurlanish polosasidagi optik o‘tishlarning energiyalari va
TbhAIO; dagi °Ds —'Fs ning yutilishi [10]

Luminessensiya ThAIO3 Yutilish ThAIO;
Polosa | O‘tish energiyasi, sm™ Polosa O‘tish energiyasi, sm™

1 20699 1 20575
2 20658 2' 20578,5
3 20588 3 20582
4 |20500 4 20601
5 20500 5' 20642
6 20374 6' 20646,4
7 20296 7 20651
8 20236 g8' 20686,4
9 20176 9 20702,2
10 20063
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T=85+300 K diapazonida nodir yer — TbAIOs ortoalyuminatning optik va magnit xususiyatlarini
yuqorida har tomonlama o‘rganish Th®" ionining asosiy 'Fs va uyg‘ongan °D, multipletlarini energiya
spektrlarining Shtark strukturasini aniglashtirish imkonini berdi. Shuningdek, bu elektron holatlar
spektrlarida kvazidubletlar (yagin joylashgan shtark singllari tomonidan hosil gilingan) mavjudligi hagidagi
taxminni asoslash mumkin. Kvazidubletlar, keskin anizotrop g - omil va magnit momentga ega bo‘lgan
0‘ziga x0s magnit holatlar, ularning giymati Van - Vleck "aralashuv" darajasi (tashqi H maydonida) va
shtark singletlarining to‘lgin funksiyalarining simmetriyasi bilan aniglanadi.

Van-Vlekning nodir yer -ionning magnitlanishiga go‘shgan hissasi, tashgi magnit maydon H
go‘llanilganda, uyg‘ongan holatlarning asosiy holatga "aralashuvi" tufayli yugori haroratlarda (T=100K)
juda sezilarli bo‘ladi va nodir yer -ionning o‘rtacha magnit momenti bilan kattaligi bo‘yicha solishtirish
mumekin [5].

Shuning uchun, TbAIO; dagi Faraday effektini (EF) o‘rganayotganda, Faraday buralishining
"paramagnit” mexanizmi bilan bir gatorda (FE C - hadi [20]), asosiy multipletning eng quyi shtark
sathchalarining turlicha to‘ldirilishi tufayli (va o‘z navbatida ionning o‘rtacha magnit momentiga
proporsional), natijaviy FEda (FE B - hadi [1]) magnit faol ionning asosiy va uyg‘ongan holati to‘lgin
funksiyalarining "aralashuvi" mexanizmining hissasini hisobga olish kerak. Shu bilan birga, magnitooptik
faollikning (MOA) turli mexanizmlarining FEga qo‘shgan hissasini to‘g‘ri tagqoslash ortoalyuminat
strukturasidagi Th®*" nodir er ionining elektron holatlarining energiya spektri va to‘lgin funksiyalarining
simmetriyasi hagida batafsil ma’lumotni talab giladi. Bu tadgiqotning magnitooptik usulini sezgir vosita
sifatida garashga imkon beradi, bu kam simmetriyali kristall matritsasidagi nodir yer ionining elektron
tuzilishini "zondlash™ imkonini beradi.

Boshga tomondan, RAIO; dagi magnitooptik hodisalarning eksperimental tadgigotlari va ularni keng
harorat oralig‘ida magnit kirituvchanligini y o‘lchash natijalari bilan taggoslash mutlago mustaqil gizigish
uyg‘otadi. Chunki ortoalyuminatlarning murakkab kristallografik tuzilishi haroratning o¢zgarishi bilan
magnit anizotropiya, magnitlanish va Faraday buralishi konstantalarining xilma-xil va gizigarli bo‘lishiga,
yoki nodir yer — paramagnet granatalar kabi yuqori simmetrik birikmalarda tashqi magnit maydoni deyarli
mavjud bo‘lmasligiga olib kelishi mumkin. llgarida aniglanganidek [22], ortoalyuminat tuzilishga ega
bo‘lgan nodir yer birikmalari optik jihatdan ikki o‘qli kristallardir va ularni o‘rganishda katta tabiiy
ikkilamchi sinish (An~102) "fonida" chizigli magnitoptik effektlarni (EF va boshgalar) o‘rganishning jiddiy
muammosi mavjud [20].

Shuning uchun TbAIO; dagi qutblanish ellipsi katta o°gining aylanish 6 burchaklarining A to‘lgin
uzunligiga o‘lchangan bog‘ligliklari (3.5-rasmga garang), kristall galinligi | (shuningdek, T temperature ham
(3.6-rasmga garang)) tebranish xarakteriga ega, bundan tashqari, amplitudali ossilyatsiyalar Faraday buralish
burchagiga - a4 ga, ularning davri esa tabiiy ikkilamchi sinishning giymatiga proporsionaldir - An [10]. Agar
kristalldagi ikkilamchi sinish T haroratga bog‘liq bo‘lsa. 500nm to‘lgin uzunligida An giymati T=300K da
1,8x107 ga teng.

Eksperimental ma’lumotlardan anig ko‘rinib turibdiki (3.5-3.6-rasmlarga garang) harorat pasayganda
tebranishlar amplitudasi keskin ortadi, bu past haroratlarda (formula (1.9) bo‘yicha) V doimiyning ortishiga
to‘g‘ri keladi (chunki V~8). Bundan tashqari, 6 burchakning T temperaturaga ossilyatsion bog‘ligliklari (3.6-
rasmga garang) haroratning pasayishi bilan tebranishlar davrining kamayishini aniq ko‘rsatadi, bu past T da
tabiiy kristallografik qo‘sh sinish An ortishidan dalolat beradi. Temperatura (3.6-rasmga garang) va [10] o‘qi
bo‘ylab o‘lchangan 0 burchaklarning (3.5-rasm) spektral bog‘ligliklaridan, Faraday buralishi burchaklariga
o‘xshash bog‘ligliklardan ([22]ish uslubiga ko‘ra) qayta tiklash, u TbAIOs; ortoalyuminatning Verde
doimiysi V ni topish giyin emas (2-rasmga garang).
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2-rasm. TbAIO; dagi qutblanish ellipsi katta o‘qining aylanish 6 burchaklarining A to‘lgin
uzunligiga bogligliklari

Bunda biz eksperimental ma’lumotlarni gayta ishlash uchun quyidagi sxemadan foydalandik: a) An
giymatining spektral bog‘ligligi 6 burchakning spektral bog‘ligligining max va min o‘rtasidagi faza siljishi
M va Az to‘lgin uzunliklari uchun 180° ga teng ekanligiga asoslanib aniglanadi.
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3-rasm. A=506 nm to‘lqin uzunligida TbAlOs dagi qutblanish ellipsi katta o‘qining aylanish 0
burchaklarining temperatura bog‘ligligi. Ilovada [10] o‘qi uchun VT ko‘paytmaning T
temperaturaga bog‘liqligi.
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Xulosa. Yuqgori bosimli simob lampalaridan foydalanilganda ultrabinafsha nurlanishining
uyg‘otilishining barqarorligi optik metodlarida muhim rol o‘ynaganligi sababli, boshqarib bo‘lmaydigan
xatolarning elektron sxema yordamida minimallashtirildi.

Kvazidubletlar, keskin anizotrop g - omil va magnit momentga ega bo‘lgan o‘ziga xos magnit holatlar,
ularning giymati Van - Vleck "aralashuv" darajasi (tashqi H maydonida) va shtark singletlarining to‘lqin
funksiyalarining simmetriyasi bilan aniglanadi.
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Annotatsiya. Ushbu ishda bir qatlamli molibden disulfid (MoS:) asosidagi ikki o ‘lchamli
yarimo ‘tkazgich kanalining elektr o ‘tkazuvchanligi yorug ‘lik nurlanishi ta’sirida o ‘zgarishi nazariy jihatdan
tahlil gilindi. Yarimo ‘tkazgichli qurilmalarda elektr o ‘tkazuvchanlik zaryad tashuvchilar konsentratsiyasi,
harakatchanligi hamda tashqi elektr maydon parametrlariga bog ‘liq ekanligi asosida mos analitik ifodalar
ko rib chiqildi. Kanal o ‘tkazuvchanligi zaryad tashuvchilar zichligi, tashqi kuchlanish va threshold
kuchlanish parametrlarini hisobga olgan holda ifodalandi. Harakatchanlikning haroratga bog ‘liqligi modeli
asosida elektr o ‘tkazuvchanlikning umumlashgan ifodasi hosil qilindi. Yorug'lik ta’siri natijasida
fotogeneratsiya orqali hosil bo ladigan qo‘shimcha zaryad tashuvchilar elektr o ‘tkazuvchanlikning
oshishiga olib kelishi nazariy jihatdan asoslandi.

Kalit so‘zlar: bir qatlamli MoS:, fotoo ‘tkazuvchanlik, ikki o ‘lchamli yarimo ‘tkazgich, zaryad
tashuvchilar, harakatchanlik, fototranzistor, yorug lik ta’siri, threshold kuchlanish, nanoelektronika,
optoelektronika.

U3MEHEHUE 3JIEKTPOITPOBOJJHOCTH OJTHOCJOMHOI'O MOS; IO/
BO3JEVMCTBUEM CBETA

Aunomauus. B Oaunou pabome meopemuuecku UCCACO08AHO USMEHEHUE  INeKIMPUHECKOU
NPOBOOUMOCTNU O8YMEPHO20 NOIYNPOBOOHUKOBO20 KAHALA HA OCHOBE OOHOCIOUHO20 OUCYTbPUOA MOAUOOEHA
(MoS:) noo so3deticmeuem ceemogoeo uznyuenus. Paccmompenvl ananumuieckue 8blpadceHus, OCHO8AHHbLE
HA 3a6UCUMOCIU IIEKMPUUECKOU NPOGOOUMOCTIU ROIYNPOBOOHUKOBHIX YCMIPOUCME OM KOHYSHMpayuu
Hocumenetl 3apsod, ux NOOGUICHOCTIU U NAPAMEMPO8 GHeuHe20 daeKkmpuieckoeo nois. IIposodumocms
KAHAAQ ONUCAHA C YYEémOoM WIOMHOCMU HOocumenel 3apsiod, NPUTIONCEHHO20 GHEUHe20 HANPSICEHUs U
nopoeoso2o Hanpsadxcenus (threshold voltage). Ha ocHoge molderu memnepamypHol 3a8UCUMOCIU
NOOBUIHCHOCIU NOIYHUEHO 0000WénHOoe Gulpadicenue 05l dAeKmpudeckoli npogooumocmu. Teopemuuecku
NOKA3AHO, YmMo B030eliceue C8ema npueooum K gomozenepayuu OONOIHUMENbHIX HOCumenel 3apsaod,
Mo 8bl3bIBAEM YBeIUUeHUEe INeKMPUudeckol nposooumocmu. Ilonyuenuvie pe3yibmamol MO2Ym CLYHCUMb
Meopemuyeckoll OCHOBOU Ol pazpabomKyu ONMOIEKMPOHHLIX YCMPOUCMS, (HOMOmMpPAH3UCMOpos U
BbICOKOYYECTNEUMENILHBIX (DOMOOCTNEKIMOPO8 HA OCHO8e 00OHOCAOUH020 MoS:. T1o0 6o30eiicmseuem ceema
meopemuyecku 0OOCHOBAHO, HMO OONOJHUMENbHblE HOCUMEIU 3apsaod, 603HUKAOWUe 6 pe3yibmame
gomoecenepayuu, npusoOsM K y8eIUYEHUIO INEKMPULECKOU NPOBOOUMOCHI.

Knroueswle cnoea: oonocnoiinviti MoS:, homonposooumocms, 08ymephvlil HOLYHPOBOOHUK, HOCUMEU
3apa0a,  NOOBUJICHOCMb,  (OMOMPAH3UCMOp,  8030elicmeue  c8ema, NOpP0o208oe  HANpsAdCeHUe,
HAHOAJIEKMPOHUKA, ONMOIIEKMPOHUKA.

CHANGE IN ELECTRICAL CONDUCTIVITY OF SINGLE-LAYER MOS; UNDER THE
INFLUENCE OF LIGHT

Abstract. In this work, the variation of the electrical conductivity of a two-dimensional semiconductor
channel based on monolayer molybdenum disulfide (MoS:) under light irradiation is theoretically
investigated. Analytical expressions describing the dependence of electrical conductivity in semiconductor
devices on charge carrier concentration, carrier mobility, and external electric field parameters are
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considered. The channel conductivity is described taking into account the carrier density, applied external
voltage, and threshold voltage. Based on a temperature-dependent mobility model, a generalized expression
for electrical conductivity is derived. It is theoretically shown that light irradiation leads to the
photogeneration of additional charge carriers, resulting in an increase in electrical conductivity. The
obtained results can serve as a theoretical basis for the development of optoelectronic devices,
phototransistors, and highly sensitive photodetectors based on monolayer MoS: It was theoretically
demonstrated that additional charge carriers generated through photogeneration under light irradiation
lead to an increase in electrical conductivity.

Keywords: monolayer MoS:, photoconductivity, two-dimensional semiconductor, charge carriers,
mobility, phototransistor, light irradiation, threshold voltage, nanoelectronics, optoelectronics.

Kirish. Bugungi kunda Ikki o'lchovli (2D) materiallar - bu nanoelektronikadan tortib sensor va
fotonikagacha bo'lgan gizigarli fizik xususiyatlar va go'llanilishlarga ega bo'lgan yangi materiallar sinfidir.
Eng ko'p o'rganilgan 2D material bo'lgan grafendan tashqgari, yarim o'tkazgichli dixalkogenidlar MoS: yoki
WSe: kabi boshqga gatlamli materiallarning monoqatlamlari dala effektli tranzistorlar (FET) uchun istigbolli
kanal materiallari sifatida ahamiyat kasb etmoqda.ikki o‘lchamli (2D) yarimo‘tkazgich materiallar
nanoelektronika va optoelektronika sohalarida keng o‘rganilmoqda.[1] Bular orasida molibden disulfid —
MoS: materialining bir qatlamli shakli o‘zining to‘g‘ridan-to‘g‘ri energetik zonasi, yuqori yonig/o‘chiq tok
nisbati va yuqori yorug‘lik sezgirligi bilan alohida ahamiyat kasb etadi. Monogatlamli MoS. asosida
yaratilgan tranzistor va fotodetektorlar past o‘lchamli elektron qurilmalar, yuqori sezgir sensorlar hamda
energiya tejamkor optoelektronik tizimlar yaratishda istigbolli material sifatida garalmoqgda [2] Ushbu ishda
Yarimo‘tkazgichli qurilmalarda elektr o‘tkazuvchanlik zaryad tashuvchilar konsentratsiyasi, ularning
harakatchanligi hamda tashqi elektr maydon ta’siri bilan belgilanadi. Yorug‘lik nurlanishi ta’sirida
yarimo‘tkazgichda qo‘shimcha elektron-kovak juftliklari hosil bo‘lishi natijasida zaryad tashuvchilar soni
ortadi va elektr o‘tkazuvchanlik o‘zgaradi. Shu sababli monoqatlamli MoS: da fotoo‘tkazuvchanlik
mexanizmlarini o‘rganish zamonaviy ilmiy tadqiqotlarning muhim yo‘nalishlaridan biri hisoblanadi.[3] bu
ishda ikki o‘lchamli yarimo‘tkazgichlar asosidagi tranzistorlarning elektr transport xossalarini yaxshilash
uchun kislorodsiz (oxygen-free) texnologiyalar taklif etilgan. BU ishda olib borilgan tadgiqotda MoS. va
WS: asosidagi FET qurilmalarida kislorod adsorbsiyasining zaryad tashuvchilar harakatchanligiga salbiy
ta’siri ko‘rsatildi. Oxygen-free tayyorlash usuli orgali monogatlam va ikki gatlamli MoS: tranzistorlarida
mos ravishda 91 va 132 c¢cm?V's gacha rekord mobilite qiymatlari olingan. Ushbu natijalar atmosfera
kislorodi 2D materiallarda asosiy cheklovchi omillardan biri ekanligini va qurilma ishlab chigarishda inert
muhitdan foydalanish zarurligini ko‘rsatadi[4] yarimo‘tkazgichli qurilmalar fizikasi va texnologiyasiga
bag‘ishlangan klassik ilmiy darslik hisoblanadi. Kitob elektronika, nanoelektronika va yarimo‘tkazgich
gurilmalarining fizik asoslarini batafsil tushuntiradi hamda nazariya va amaliy texnologiyani yaqqol
namoyon qiladi.[5] Yarimo‘tkazgich materiallari va qurilmalarining eksperimental tavsiflash usullariga
bag‘ishlangan fundamental manba hisoblanadi. Elektr, sig‘im-kuchlanish (C-V), Hall effekti hamda optik
o‘lchovlar orqali material parametrlarini aniqlash metodlari tizimli ravishda bayon qilingan. Ushbu manba
zamonaviy MOS strukturalari, interfeys hodisalari va nanoelektron qurilmalarni tavsiflashda keng
go‘llaniladigan.[6]. adqiqotchilar strukturaning h-BN kapsulalanishi yordamida interfeys sifatini yaxshilab,
fotolyuminessensiya spektrida tor va yaxshi ajralgan qatlamlararo o‘tishlarni kuzatishga muvaffaq
bo‘lishgan. Aylana qutblangan qo‘zg‘atish ostida qarama-qarshi spirallarga ega bo‘lgan ikki asosiy eksiton
o‘tishi aniqlangan — biri kiruvchi yorug‘lik qutblanishini saqlaydi, ikkinchisi esa uni teskari qiladi[7] Bu
ishda natijalari interfeys defektlari eksitonlarning rekombinatsiya vaqtini qisqartirib, fototokning
kuchlanishga bog‘ligligiga bevosita ta’sir qilishini ko‘rsatadi. Bu holat ayniqsa MoS./WSe: kabi ikki
material orasida tabiiy van-der-Vaals interfeysi bo‘lgan strukturalarda muhim ahamiyatga ega.2D materiallar
va ularning geterostrukturalari ustida umumiy nazariy asoslar Novoselov va hamkorlari tomonidan yoritilgan
bo‘lib, ular 2D materiallarning yangi elektron fazalari, kuchli kvant cheklanishi va van-der-Vaals
bog‘lanishlarini ko’rsatadi[7]. Bu ishda grafen, boshqa ikki o'lchovli materiallar va turli ikki o'lchovli
kristallar yoki ikki o'lchovli kristallar va boshga (nano) materiallarning kombinatsiyasiga asoslangan gibrid
tizimlarga asoslangan zamonaviy fotodetektorlarning umumiy ko'rinishini va baholashini tagdim etamiz.
to'lgin o'tkazgichlar [8]. Bu maqolada MoSe 2 / WSe 2 heterobilayerlarida asosiy noma'lum parametrlarni
ratsional qurilma dizayni va submikrometr burchakli echilgan fotoemissiya spektroskopiyasi (m-ARPES)
yordamida fotoluminesans bilan birgalikda aniglaymiz. Biz K-nuqta maydondagi chiziglar kuchsiz
gibridlanganligini aniglaymiz, valentlik diapazoni 300 meV ga teng bo'lib, 1l turdagi diapazonning
tekislanishini nazarda tutadi[9].2D fotodetektorlar bo'yicha keng ko'lamli adabiyotlarni qilib, turli
mexanizmlar (photovoltaik, photoconductive, bolometric va boshgalar) asosida shaxsiy xossalarini chuqur
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sharhlagan[10]. Ushbu ishda MoS2/WSe. van-der-Vaals geterobilayerida hosil bo'ladigan interlayer (ya'ni
elektron va teshi)k turli gatlamlarda o’rganilgan, lekin zaryad tashuvchi ajralishi o'lchangan, lekin hosil
bo'lgan fototok yoki qurilma xarakteristikasi berilmagan[11]. Ush ishda MoS2/WSe. van-der-Vaals
geterostrukturasida yorug'lik ta'sirida hosil bo'lgan eksitonlarning gatlamlararo zaryad ajralishi
o’rganilgan[12]. Ushbu ish Ikki o’lchalmli materiallarda eksitonlarni boshqarish ularni yashash vaqgtini va
uzogroqga tarqgalishini(diffuziyasi) nazorat gilinadi[13]. Bu ishda manba-drenaj ogimi sezilarli bo'lgan
mintagada n-tipdagi MoS2 elektronlari va p-tipli WSe2 segmentlaridagi teshiklar deyarli muvozanatlashgan,
heterostruktura maydoni esa mobil zaryadlardan tugaydi. Mahalliy o'tkazuvchanlikning fazoviy evolyutsiyasi
MoS2-heterostruktura-WSe; chizig'i bo'ylab lateral tasmaning egilishi va kamayish mintagalarining
shakllanishi bilan bog'liq bo'lishi mumkin. Bizning ishimiz yangi transport harakatlarining mikroskopik kelib
chigishini aniq ko'rsatib beradi, bu WSe; geterosturuktura o’rganilgan[14]. yarimo'tkazgichli qurilmaning
o'lchami kamayishi bilan ularda asta-sekin turli xil kvant effektlari paydo bo'ladi. Bu klassik qurilmalar
nazariyasini gqo'llash doirasi hozir cheklanganligini ko'rsatadi. So'nggi yillarda ajoyib atomik xususiyatlarga
ega ikki o'lchovli (2D) materiallar katta gizigish uyg'otdi. WS2, MoS 2, MoSe 2, WSe 2 va qora fosfor (BP)
kabi ba'zi 2D pn birikmalarining elektrostatik maydon xususiyatlari yarimo'tkazgichlar uchun yangi
imkoniyatlar eshigini ochadi. Mikroto'lginli maydon ta'sirida 2D pn o'tkazgichlarning diffuziya sig'imlari va
differentsial o'tkazuvchanligining o'zgarishi va 2D va 3D pn o'tkazgichlarning diffuziya sig'imlari va
differentsial o'tkazuvchanliklari mikroto'lginli  maydon ta'sirida o'tkazuvchanliklarning o'zgarishi
solishtirilgan.[15]. KkKi o'lchovli (2D) diodlarning elektronlari va teshiklarining kvazifermi darajalari va ogqim
kuchlanish xususiyatlarining yorug'lik to'lgin uzunligiga bog'ligligi nazariy jihatdan o'rganildi. Mikroto'lginli
maydon ta'sirida 2D MOSFETlarning kvant sig'imi ortadi. Mikroto'lginli maydon kanaldagi elektronlar va
teshiklarni isitadi, bu esa yarimo'tkazgichning potentsial to'signi engib o'tishiga imkon beradi. Natijada
yarimo'tkazgich orgali to'g'ridan-to'g'ri ogim o'tadi [16]. Magolada pn o'tishda (p-n-junction) energiya yugori
(ya'ni “issiq”) zaryad tashuvchilar (elektron va teshiklar) issigqlik termofoto emf (mikroto'lgin maydoni va
yorug'lik ta'siri ostida davom etdilar. Tajriba yordamga ko'ra, mikroto'lgin maydoni tashuvchilarni isitadi va
bu isish termo-elektromotor kuchi vujudga keladi. Uch effekt fotovoltajdagi elektron-hol juftliklari
(yorug‘likdan hosil bo‘ladigan) ta’siridan alohida klassik va muhim rol o‘ynaydi.Ushbu ishda meaxanik
deformatsiya kuchli elektromagnit maydon ostida sig’im hamda dinamik qarshilikning nochiziqli xossalari
nazariy tadgiq gilinga[17]. Dioddan chigadigan tokning o'rtacha fagat konveksiya toki bilan. Bu ishda

Siljish toki ning o'rtacha giymat har doim nolga teng , shu sababli u dioddan chigadigan o'rtacha tokka
ta'sir qilmaydi. Ushbu ishda O‘YUCH maydonda joylashgan p-n-o‘tish VAXsi noideallik koeffisiyenti
o‘zgarishining differensial qarshiligi, diffuziya sig‘imi va differensial o‘tkazuvchanligiga ta’siri o‘rganilgan.
Bunda, differensial qarshilik kuchli O‘YUCH maydonda bo‘lsa ham, kuchsiz O°YUCH maydonda bo‘lsa
ham p-n o‘tish VAXsi noideallik koeffisiyenti qiymati ortishi bilan ortib borishi ko‘rsatilgan. Diffuziya
sig‘imi va differensial o‘tkazuvchanligi esa p-n o‘tish VAXsi noideallik koeffisiyenti qiymati ortishi bilan
kamayib borishi keltirilgan[ 18] Ushbu tadqiqotda graphene/MoS: van der Waals geterostrukturasi ning tok—
kuchlanish (I1-V) xarakteristikalari yorug‘lik ta’siri ostida qanday o‘zgarishi nazariy va eksperimental
jihatdan tahlil gilingan. Strukturada yuqori elektr o‘tkazuvchanlikka ega grafen qatlami hamda kuchli
yorug‘lik yutish xususiyatiga ega MoS: yarimo‘tkazgich qatlami birlashtirilgan bo‘lib, bu ularning
fotoelektrik xususiyatlarini sezilarli darajada kuchaytiradi.

Yorug‘lik tushganda MoS: qatlamida elektron—kovak juftlari hosil bo‘ladi va grafenning yuqori mobil
zaryad tashuvchilari tufayli ular tez ajralib, tok ortishiga olib keladi. Natijada, I-V egri chiziglari yorug‘lik
intensivligi oshishi bilan sezilarli ravishda o‘zgaradi: fototok ortadi, nolinear transport va ba’zi holatlarda
fotovoltaik xatti-harakatlar kuzatiladi[19] .Ushbu ishda ikki o‘lchamli MoS»/WSe: geterostrukturasida
yorug‘lik ta’sirida hosil bo‘ladigan fototokning kuchlanishga bog‘liqligi o‘rganildi. Geterostruktura p—n
o‘tishiga foton energiyasi materialning taqiqlangan zona kengligidan katta bo‘lgan yorug‘lik tushganda,
elektron—teshik juftlari generatsiyasi yuz beradi. Elektr maydon ta’sirida ushbu zaryad tashuvchilar ajraladi
va tashuvchilar yo’nalishida fototok hosil giladi. Bir gatlamli materiallarning atom o‘lchamlari, kuchli spin-
orbital bog‘lanish va kvant effektlari tufayli generatsiya qilingan fototokning tezkorligi, amplitudasi va
chiziqliligi yuqori bo‘ladi. Tadqgiqotda yorug‘lik intensivligi, to‘Iqin uzunligi va kuchlanishning fototok hosil
bo‘lishiga ta’siri tahlil gilinadi hamda ikki o‘lchamli geterostrukturalarning optoelektronika qurilmalaridagi
afzalliklari ko‘rsatib berilgan.

Yarimo*tkazgichli qurilmalarning elektr o‘tkazuvchanligi:

=g5— (D)
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Ifoda yordamida hisoblanadi [1]. Bu yerda, & — gatlam o‘tkazuvchanligi bo’lib, & = qun., ifoda
yordamida aniglanadi. q — elektr zaryadi, u —harakatchanlik, n.5 — %‘{:Ubg — Uy, )- 2D zaryad tashuvchilar

konsentratsiyasi,[4] Uy, — tashqi qo’yilgan kuchlanish, U,;, — ichki gatlam kuchlanishi (threshold voltage),
W — gatlam kengligi, L — gatlam uzunligi.

Harakatchanlik g ning haroratga bog’liglik ifodasi pu(T) = prgexp (— i—';] dan foydalaib, elektr

o‘tkazuvchanlik uchun quyidagi ifodaga ega bo’lamiz.
. W .
G{TJ Ubg:} = #{.T}Cm‘ I{.Ubg - ’Urh]v (agar ’Ubg = ’Urh) (2)

Bu ifodalardan foydalanib, elektr o’tkazuvchanlik uchun quyidagi ifodaga ega bo’lamiz:

Ea—ﬂ'"':Uhg—Urh:'

G(T,Usg) = Go(Upg — UpnJexp (———

), fagat Uy ; = Uy uchun 3
Bu yerda, Gy = pgCos 1_1,.?’ 0 — tashqi qo’yilgan kuchlanish ortishi bilan aktivatsiya energiyasi kamayish
tezligini bildiruvchi kattalik bo’lib, materialning elektron tuzilishi, kanal geometriyasi va dielektrik qatlami,
elektr maydon ta’siri va kontakt xususiyatlariga bog’liq holda o’zgaradi. E_ —aktivatsiya energiyasi bo‘lib,
material, qurilma parametrlariga va tashgi qo’yilgan kuchlanishga bog’liq holda o’zgaradi. 2D materiallarda

tagiqlangan zona kengligi va Fermi energiyasiga ham bog’liq bo’ladi. Aktivatsiya energiyasi kamayishi
hisobiga elektr o’tkazuvchanlik ortishi [1] ishda turli haroratlar uchun keltirilgan.

a) b)
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1-rasm. Turli xil haroratlarda o’lchangan bir gatlamli MoS; strukturasi elektr
o‘tkazuvchanligining tashqi (gate) kuchlanishga bog‘ligligi. a) tajriba [1], b) nazariya

1-rasmdan ko’rinib turibdiki, Usg > Ui shartida harorat ortishi bilan elektr o‘tkazuvchanlik giymati
sezilarli ravishda ortadi. Bu holat, issiqlik energiyasi ortishi natijasida faol zonaga qo‘shimcha zaryad
tashuvchilar termal uyg‘onishi va potensial to‘siglarning kamayishi bilan izohlanadi. Shuningdek, &
parametrining ijobiy giymati tashqi qo’yilgan kuchlanish ta’sirida aktivatsiya energiyasining pasayishini
ko‘rsatadi, bu esa kuchlanish va haroratning birgalikdagi ta’sirida o‘tkazuvchanlikni yanada kuchaytiradi.
Ushbu natijalar materialning transport xususiyatlari yuqori harorat rejimlarida sezilarli darajada
yaxshilanishini va qurilma samaradorligini oshirish uchun optimal ish rejimlarini tanlashda muhim
ahamiyatga ega ekanini tasdiglaydi.

Bir gatlamli MoS: yarimo‘tkazgichida yorug‘lik ta’sirida fotogeneratsiya jarayoni sodir bo‘lib,
natijada qo‘shimcha zaryad tashuvchilar — fototashuvchilar hosil bo‘ladi. Bu qo‘shimcha zaryad
tashuvchilar kanalning umumiy elektr o‘tkazuvchanligi (G) ni orttiradi. Yorug‘lik ta’siri, shuningdek,
potensial to‘siqlarni pasaytirish orgali aktivatsiya energiyasining (E.) kamayishiga olib keladi.

Yorug’lik ta’siri hisobga olinganda umumiy elektr o’tkazuvchanlik:

Gum = Gq + Gph (4)
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Bu yerda, Gq— yorug’lik ta’siri hisobga olinmagan holdagi elektr o’tkazuvchanlik bo’lib, (3) ifoda
yordamida hisoblanadi. G;, = £ %1 — yorug’lik ta’sirida hosil bo’lgan elektr o’tkazuvchanlik. § — berilgan

strukturaga xos empirik (tajriba orgali aniglanadigan) koeffitsient bo’lib, strukturada fototashuvchilarni
yig‘ish darajasi, kanalning o’lchamlari, harakatchanlik, o’tish mehanizmlari va rekombinatsiya effektlari
hisobga olib aniglanadi. q — elektr zaryadi, n — kvant samaradorlik, P — yorug’lik quvvati, 4 —to’lqin
uzunlik, h — Plank doimiysi, ¢ — yorug’lik tezligi. Bularni hisobga olsak, (4) ifoda quyidagi ko’rinishni oladi.

oh s
EE" —&(Ung—Usn nfd
G(T,Up,) = Go(Usy — Urh}exp(— : ,{rg r j) +ﬁth ©)

(5) ifodadagi EZ h_ yorug’lik ta’siridagi aktivatsiya energiyasi bo’lib, EX "o E,. Bu ifodadan
foydalanib, turli xil haroratlarda o’lchangan bir gatlamli MoS, strukturasining yorug’lik ta’siridagi va

yorug’lik ta’sirisiz sharoitdagi elektr o‘tkazuvchanligining tashqi (gate) kuchlanishga bog‘liglik grafigini
olish mumkin.
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2-rasm. Turli xil haroratlarda o’lchangan bir qatlamli MoS; strukturasining yorug’lik
ta’siridagi va yorug’lik ta’sirisiz sharoitdagi elektr o‘tkazuvchanligining tashqi (gate) kuchlanishga
bog‘ligligi

Xulosa. Grafikdan ko‘rinib turibdiki, tashqi kuchlanishga bog‘liq ravishda o‘lchangan elektr
o‘tkazuvchanlik yorug‘lik ta’sirida sezilarli darajada ortadi. Bu holat yorug‘lik ta’sirida qo‘shimcha zaryad
tashuvchilar — fotogeneratsiyalangan elektron va kovak juftlarining hosil bo‘lishi va ularning tok tashish
jarayonlarida faol ishtirok etayotganligini anglatadi. Fotokomponentning mavjudligi, aynigsa, ichki (Uw)
kuchlanishlarda kuchli namoyon bo‘lib, bu strukturada yorug‘likning sezuvchanlik (photosensitivity) va
fotovoltaik xususiyatlarining yuqoriligini tasdiglaydi. Ushbu xususiyatlar, bir qatlamli gavatli MoS:
asosidagi qurilmalarning optoelektronika va fotodetektor texnologiyalarida keng qo‘llanilishi uchun istigbolli
ekanini ko‘rsatadi. Shuningdek, o‘tkazuvchanlikdagi bu farq, struktura va qatlamdagi zaryad tashuvchi
dinamikasi hamda rekombinatsiya jarayonlarini chuqur o‘rganish uchun muhim nazariy asos bo‘lib xizmat
giladi.
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Abstract. The article covers the influence of small-sized and mechanically damaged starch grains
contained in local wheat flour on the “hardening” process of bakery products. The results, obtained by
using modern physical-chemical methods for detecting small and damaged starch grains in baking wheat
flour and determining the degree of hardening of bread, have been analyzed by a graphic-analytical method.
During the storing of bread products, the research was conducted, where the experimental results obtained
on changes in the moisture and dryness of the bread crumb, the degree of soakage and crumbling, as well as
the “hardening” of bread were compared with the results of penetrometric research, and it was proved that
small and mechanically damaged starch grains in local baking flour accelerates the hardening process of
the finished product. Small-sized and mechanically damaged starch grains contained in high-grade bakery
flours from soft wheat grains with low technological properties, in addition to increasing the technological
and organoleptic indicators of bread products, decelerates the aging process during storage.

Keywords: bakery products, deterioration, grade analysis, fraction, starch granules, dispersion, flour
fineness, functional, wheat.

NON MAHSULOTLARINING SAQLASH DAVOMIDA QOTIB QOLISHIGA BUG‘DOY
UNIDAGI MAYDA VA SHIKASTLANGAN KRAXMAL DONACHALARINING TA’SIRI

Annotatsiya. Magolada mahalliy bug ‘doy uni tarkibidagi mayda o ‘Ichamli va mexanik shikastlangan
kraxmal donachalarining non mahsulotlarining qotish jarayoniga ta’siri yoritilgan. Non pishirishda
ishlatiladigan bug‘doy unidagi mayda va shikastlangan kraxmal donachalarini aniglash hamda nonning
gotish darajasini belgilash uchun zamonaviy fizik-kimyoviy usullardan foydalanib olingan natijalar grafik-
tahliliy usulda tahlil gilingan. Non mahsulotlarini saqlash davomida tadqiqotlar o ‘tkazilgan bo ‘lib, unda
non mag ‘zining namligi va quruq moddalar migdorining o ‘zgarishi, ivuvchanligi va uvalanuvchanlik
darajasi hamda nonning qotishi bo ‘yicha olingan tajriba natijalari penetrometrik tadgiqot natijalari bilan
solishtirilgan. Natijada mahalliy non unidagi mayda va mexanik shikastlangan kraxmal donachalari tayyor
mahsulotning qotish jarayonini tezlashtirishi isbotlangan. Texnologik xossalari past yumshoq bug ‘doy
donidan olingan yuqori navli non unlari tarkibidagi mayda o ‘Ichamli va mexanik shikastlangan kraxmal
donachalari non mahsulotlarining texnologik va organoleptik ko ‘rsatkichlarini yaxshilash bilan birga,
saqlash vaqtida uning beqat bo ‘lib qolish jarayonini sekinlashtiradi.

Kalit so‘zlar: non mahsulotlari, beqat bo‘lib qolish, nav tahlili, fraksiya, kraxmal granulalari,
dispersiya, unning maydaligi, funksional, bug ‘doy.

BJMUSAHUE MEJIKMX Y TIOBPEXJIEHHBIX KPAXMAJIGHBIX 3EPEH B NIIIEHUYHOM
MYKE HA YEPCTBEHME XJIEBOBYJIOYHBIX W3IEJUN ITPU XPAHEHUH

Anunomauusa. B cmamve paccmampueaemcs 6nusiHUe MEIKUX U MeXAHUYeCKU NOBPEeHCOEHHBIX
KPAXMATbHBIX 36PEH, COOEPHCAWUXCSL 8 MECTNHOU NUEHUYHOU MYKe, HA NPOYecc YepCcmeeHus X1e000yiouHbix
uzoenuu. Pe3yromamol, noayueHnvle ¢ UCNOAb30BAHUECM COBPEMEHHBIX (DUBUKO-XUMUUECKUX MemOo008 Ol
BbIAGICHUS MENKUX U NOBPEINCOEHHBIX KPAXMATLHBIX 3EPEH 8 X1e00NEeKAPHOU NUEHUYHOU MyKe U OnpedesieHus]
cmeneHu Yepcmeenus xneba, npoaHaIu3uposanvl epapoanaiumuyeckum memooom. B npoyecce xpanenus
X1e0600Y10UHbIX U30enUl NPOBOOUNIUCH UCCTIe008AHUS, 68 X00e KOMOPBIX NOJYYeHHble IKCHePUMEHMATbHbLE
Oanuvle 00 UBMEHEHUAX 6IAMNCHOCTHU U COOEPIUCAHUS CYXUX 6Bewecms 6 MaKuuie Xaebd, cmeneHu
HAMOKAEMOCIMU U KPOWKOBAMOCMU, A MAKJICe YepcmeeHus Xieba, COnoCmassiucy ¢ pe3yibmamamu
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NneHempoMempudeckux ucciedosanuti. buvlio Ookazano, umo MmenKue U MeXaHUuudecku MnospeicOEHHble
KpaxmaivHble 3épHa 8 MeCMHOU X1e00NeKapHOU MyKe YCKOPAIOM NPOYeCcC YepCmEeHtUs 20108020 NPooyKmd.
Menkue u mexanuuecku nospexcOénHbvle KpaxmaibHvle 3EpHa, cooepoicaujuecs 6 XaAeOONeKapHou MyKe
BLICUIUX COPMOB U3 3€PHA MASKOU NUEHUYbl C HUSKUMU MEXHOI02UYECKUMU CE8OUCMBAMY, NOMUMO
VAVYUEHUS MEXHON0SUYECKUX U OP2AHONIeNMUYecKUx nokasamenell xne600y104Hblx u30enul, 3ameonaiom
npoyecc cmapenuss npu XpaneHuu.

Knrwouesvie cnosa: xnebobynounvie uzoenus, nopua, COpmosoll ananu3, Ppaxyus, Kpaxmaivhvie 3épHa,
oucnepcHocmsb, KPYRHOCHb MyKU, (DYHKYUOHAIbHBLI, NULEHUYA.

Introduction. Bakery products are the most consumed products in the population ration in our
republic, and deceleration of the deterioration process in the preparation and storage of these products from
bakery flour from local wheat grains in an economical, environmentally friendly way (without synthetic
additives of a chemical nature) is becoming urgent problem. Moreover, despite extensive research on the
properties of baking flour from local wheat grains and the effect of herbal additives that improve them, it
does not allow to solve this problem. Especially in the hot summer months of our Republic, it is important to
prevent the acceleration of the deterioration process in the storage of bakery products.

The purpose of research is to study the influence of small-sized and mechanically damaged starch
grains contained in high-grade baking flour from local wheat grains on the organoleptic parameters of bread
products and the deterioration process during their storage.

At present, objective methods for determining the degree of freshness of bread have been developed,
which are based on the changes in the properties of the breadcrumb during the fermentation period [1].

It has been established that stale bread has a soft and faded colored crust, the crumb is very easy-
crumbled and non elastic, while fresh bread has a brittle, smooth, shiny crust and elastic crumb [2]. It has
been studied that bread with well- developed crumb porosity and thin pore walls has a larger volume, which
prolongs its “freshness”, that is, decelerates the “deterioration” process [2]. The development of this
technology in the production of bread from baking flour varieties made from local wheat grains allows
improving their properties and reduce the import of synthetic additives.

During storage, the taste and aroma of bread changes simultaneously with the physical properties of
the crumb, the loss of some aromatic substances is related to the decomposition of these substances in it, and
the unique taste and smell of stale bread have been determined in researches [1]-

It has been established that the shelf life of bread is primarily affected by the change in the binding
form of moisture in the product [3]. From the analysis of the conducted scientific studies it is known that the
amount of osmotic and adsorptive moisture bound in the samples using activated carbon increases in the
initial period of drying [3-7].

In spite of the fact that several studies on the production and storage of baking products have been
conducted, there are no clear mechanisms to completely stop the deterioration process, but partial
deceleration has been achieved [8].

Deterioration of bread consists of a set of changes, different from the changes that occur under the
influence of microorganisms during storage, which reduce the fitness of the product [9]. Various physical
and chemical changes occur in this process. Nevertheless, firmness of the breadcrumb is the most widely
used index to control aging of the bread during storage [10-13].

The amount of starch contained in wheat flour, the number of its declines, the increase in the
retrogradation of amylopectin, and the acceleration of the aging process of bread due to the aging of the
breadcrumb have been studied [14]. It has been established that scientific research in this regard in our
republic have not carried out sufficiently, and the influencing factors of this type are not analyzed even in
baking enterprises.

A.E. Leon, G.T. Barrera, P.D. Ribotta and C.M. Rosell studied the effect of damaged starch on bread
aging. Using method of differential scanning calorimetry (DSC), they analyzed the lower enthalpy of starch
coagulation and the higher enthalpy of dissolution of amylase-lipid complexes when the amount of damaged
starch was high [15]. At the beginning of the storage period, the retrogradation of amylopectin and the
thickening of tubers increased with the amount of damaged starch, and the difference between them
decreased towards the end of storage [15]. In our republic, no standards have been developed regarding the
amount of damaged starch grains in long-term stored flour and their effects. At present, this is the main
indicator in the objective assessment of the quality of raw materials and finished products in countries with
developed flour industry that import flour and bread products.

According to the research of G.N. Barrera, G.T. Perez, P.D. Ribotta and A.E. Leon, it was shown that
the specific volume of bread decreases with the increase for damaged starch [16]. Increasing the relative
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volume of bread products in the bakery enterprises of our republic is carried out with the help of synthetic
additives of functional or multifunctional chemical nature.

In the research of K. H. Tipples, in order to reduce the effect of with 25-35% damaged starch in wheat
flour on the aging process of bread products, the expediency of adding malt to the recipe and making dough
by the leaven method has been established [17].

It has been studied that long-term storage of bakery products leads to loss of taste, deterioration of
core quality and formation of thick crust [18-19]. Amylopectin recrystallization (i.e., retrogradation) has
been found to be important in bread firming at the beginning of the cooling process [20]. In addition, the
aging process of bread is complex and it has been studied that it is affected by several physical-chemical
reactions, such as movement of moisture from the core to the crust [20] and gluten-starch interaction [20]. In
the research of 1.B. Isabaev it has been shown that the effect of acoustically activated water on the aging of
bread products during the preparation of local wheat grain groups for flour milling [21-23], the use of gelatin
as a recipe component of bread products in the mills of our republic significantly slowed down their aging
during storage, and this is very important for regions with a warm climate [24]. Increase in the damage of
starch grains during the accelerated conditioning of wheat grains for the preparation of graded flour, at the
same time, a linear inverse relationship between the average fraction of starch grains in the endosperm and
their damage during milling was also determined, and the rapid decrease in the quality of bread products
made from flour during storage was studied [21 -23]. The fact that the mills of our republic produce only one
type of baking flour from wheat grains, as well as the fact that they do not produce baking flour from other
grain or leguminous grains, and the fact that starch is not modified for the purpose of bread production,
requires conducting deep scientific research in this direction.

From the researches it has been analyzed that the amount of small-sized and damaged starch grains
contained in wheat flour, the number of its declines, the increase of retrogradation of amylopectin and the
crumble of the crumb leads to the aging of the bread. It can be concluded that it is important to study the
effect of small sized and damaged starch contained in bakery flour from local wheat grains on the process of
deterioration of bread products during storage. In this, it is necessary to study the methods of separation of
small sized and damaged starch grains in the samples of bakery flour selected for the research and to
determine the staleness of the bread.

Methods. The size of flour particles is determined by their size, that is, according to GOST 27560-87
[25]. According to it, 50 gr of medium sample (variety flour) and 100 g sample (from local flour) is taken.
The sample is sifted in laboratory sieve equipment RA-5, RL-47 (Russia) or manually, using sieves. The
number of sieves and GOST 27560-87 gives the norm of the amount of residue or eluent on the sieve.

There are many methods of determining damaged starch, and the results are inconsistent due to
differences between test implementations and measurement units used. Determination of damaged starch by
amperometric method according to GOST 1SO 17715-2015 provides an opportunity for objective evaluation
[26]. SDMatic (“Chopin”, France) is designed to determine the amount of damaged starch grains in flour.
Starch is the main polysaccharide of the grain, and its degree of damage during milling is an important
characteristic of the obtained flour.

Sample baking and its technological quality indicators were determined according to GOCT 27669-88
[27].

Results and discussion. Sample bread was baked from fractions of small sized and mechanically
damaged starch grains of imported high and first-grade bakery flour samples selected as a research object,
and organoleptic evaluation was done after 24 coats. The obtained results are presented in Table 1.

In the assessment of organoleptic quality indicators, the 100-point system used to assess the quality of
bread products made from wheat flour was used:

C=Kki.xi

where C is the grade of bread quality, score; ki is coefficient of significance of each indicator; Xi is
score of each indicator on a 5-point scale; i is quality indicators of bread (i = 1, 2, 3...n); n is the number of
indicators.

Accordingly, each quality indicator of the bread product was evaluated with the above 5-point scales.
In this case, the evaluation of each indicator on a 5-point scale was multiplied by the efficiency coefficient
for this indicator, and the obtained results were summed up. When points are added to the system mainly in
this way, the score of the ideal bread product with the highest quality is equal to 100 points. From the
experimental results presented in the table it can be seen that, compared to the control sample, local flour
samples showed 4 points higher in the separated fraction of small-sized and mechanically damaged starch
grains. Small-sized and mechanically damaged starch grains were reduced by 4 and 6 points, respectively in
imported flour samples, in the separated fraction compared to the control. It can be concluded that it is not
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desirable to separate small-sized and mechanically damaged starch grains from strong high grade baking
flour, and it is required to separate them from weak flour.

In the course of our research, the effect of small and mechanically damaged starch grains in high-
grade baking flour on the process of baking bread was studied by determining the changes in the freshness
index of bread, the moisture content of the breadcrumb, the degree of steaming, the degree of ripening, and
penetrometric indicators (Fig. 1 - 4). The baking conditions of the bread samples were the same, the baking
temperature was 20+2°C, and the relative humidity was 75+2%.

Table 1.

Effect of separation of small-sized and mechanically damaged starch granules in baking wheat
flour on the organoleptic guality of bread

Flour samples
For molded | High grade | First grade | High grade flour | First grade flour
Quality indicators | Grade, bread flour (local) | flour (local) (imported) (imported)
of bread score s s = =] = = = =
£ |7 |E/38| E | 88| £ | g6
. . . <3 o o o
ki | kixi S g é S = E S 2 = 3 2 E
Shape 1-5 2 2-10 6 6 6 6 8 6 8 8
The color of the 15 9 210 6 5 6 6 8 6
shell
The condition of 15 9 2-10 5 6 5 6 8 8 8 8
the shell surface
Stomach condition 1-5 5 5-25 20 20 18 18 24 22 22 20
Egrrgs'ty gibread 15 | 3 | 315 | 12 |14 | 12 | 14 13 14 13 12
Fragrance 1-5 3 3-15 10 10 10 10 11 12 11 10
The taste 1-5 3 3-15 10 10 10 10 10 10 10 10
Evaluation of bread 20-100 | 68 | 72 | 68 | 70 | 82 78 80 74
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Figure 1. Changes in the degree of freshness indicator (in points) when testing bread samples
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Figure 2. Changes in humidity of the crumb when testing bread samples (in %o)
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Figure 3. Swelling of the crumb in water when baking bread samples (ml/g)
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Figure 4. The crumbling of the crumb during the storage of the bread (in %)

From the results of penetrometric studies presented in Fig. 5 it can be seen that it is possible to
decelerate the aging process in storage by separating small-sized and mechanically damaged starch grains
from high-grade local bakery flours. It has been shown that it is not desirable to separate small-sized and
mechanically damaged starch grains from the imported varieties of flour. The results of the penetrometric
study are also confirmed by the changes in the moisture content of the breadcrumb, the level of swelling and
aging during storage.
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Figure 5. Variations of core penetrometric indicators during baking of bread samples

Separation of small-sized and mechanically damaged starch grains from high-grade baking flour was
carried out in a centrifugal air separator under laboratory conditions at the Institute of Seismic Strength of
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Mechanics and Structures named after M.T.Orazboev of the Academy of Sciences of the Republic of
Uzbekistan. Production test experiments and checking the changes conducted on the preparation of bread
products from the separated factions, carried out in Bukhara Engineering-Technological Institute and
Tashkent Institute of Chemical Technology, as well as “OLTIN BOSHOQ ISSIQ NONI” LLC bakery in
Bukhara city confirmed their effectiveness in their baking.

Conclusion. From the research analysis and the obtained results, it can be concluded that separation of
small-sized and mechanically damaged starch grains contained in high-grade bakery flours from soft wheat
grains with low technological properties, in addition to increasing the technological and organoleptic
indicators of bread products, decelerates the aging process during storage.

From the obtained experimental results it has been concluded that separation of small-sized and
mechanically damaged starch grains from the high-grade bakery flour milled from strong wheat grain groups
is effective due to reduction of gas formation in bread dough, deterioration of its elasticity as a result of
increase in concentration of gluten, reduction of technological and organoleptic indicators of finished
products, acceleration of aging process during their storage.
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Annotatsiya. Ushbu maqola sut mahsulotlari xavfsizligini ta’minlashda pasterizatsiya jarayoniga
tizimli fikrlash asosida yondashuvni ko ‘rib chiqadi. Tadgiqotda plastinkali pasterizator misolida sutni gabul
qilish, isitish, sovitish va sanitariya nazoratining texnologik tizimdagi o zaro bog ‘ligligi tahlil qilingan.
Maqola pasterizatsiya jarayonining mikrobiologik xavflarni kamaytirish va mahsulot sifatini saglashdagi
ahamiyatini yoritadi. Tizimli yondashuv orgali sut mahsulotlarining xavfsizligini oshirish imkoniyatlari aniq
ko ‘rsatilgan. Ushbu yondashuv nafaqat ishlab chiqarish jarayonlarini optimallashtirish, balki ozig-ovgat
xavfsizligi standartlariga muvofiq nazoratni ta’'minlashga xizmat qiladi.

Kalit so“zlar: sut mahsulotlari, pasterizatsiya jarayoni, tizimli fikrlash, plastinkali pasterizator, ozig-
ovgat xavfsizligi, mikrobiologik xavf, issiglik bilan ishlov berish, texnologik tizim.

CUCTEMHBIN NOJIXO0/I K MPOIECCY MACTEPU3AILIAU 1J151 OBECIIEYEHU S
BE3OITACHOCTHU MOJIOYHBIX TPOAYKTOB (HA IIPUMEPE IIVTIACTUHYATOI'O
IMACTEPU3ATOPA)

Annomauus. B oannoii cmamve paccmampugaemcst CUCMEMHbIN NOOX00 K Npoyeccy nacmepusayuu
onst obecneueHusi 6e30NACHOCMU MOLOHYHBIX NPOOYKMO8. B uccredosanuu aumanusupyemcs 63aumocssizb
MeHcOy NpuéMoM MONOKA, HASPEeBOM, OXAANCOCHUEeM U CAHUMAPHLIM KOHMPOLEM 6 MeXHONO0SUHeCKou
cucmeme Ha npuMepe NIACMUHYAMO20 nacmepuzamopd. B cmamve noduéprusaemcst 8aj)cHocms npoyecca
nacmepuzayuu  OJsl CHUNCEHUS. MUKDPOOUOIOSUYECKUX PUCKOS U NOOOEPIHCAHUSL KA4ecmea NpoOyKYuu.
Haznsaono oemoncmpupyromest 603M0NCHOCMU ROSbLUEHUSL HE30NACHOCMU MOTOYHBIX NPOOYKMOE ¢ NOMOUbIO
cucmemHo20 nooxooda. Taxoti n00X00 cyxcum He MOAbKO OJisk ONMUMU3AYUU NPOU3BO0CHEEHHBIX NPOYECCO8,
HO U 07151 0Decnedenust KOWMpOJis 8 COOMBEMCMEUL CO CMAHOAPMAMU HE30NACHOCIMU NUUEEbIX NPOOYKMOS.

Knroueevle cnoea: monounvie npooykmvl, npoyecc nacmepuzayuu, CUCMEeMHOe MblulleHuUe,
NAACMUHYAMbII nAcCmepu3amop, 0e30NACHOCMb NUWEBbIX NPOOYKMO8, MUKPOOUONIOSUYECKAsT ONACHOCY,
mepmuyeckas 0o6pabomxa, mexHoI02uYecKas cucmema.

A SYSTEMS APPROACH TO THE PASTEURIZATION PROCESS FOR ENSURING DAIRY
PRODUCT SAFETY (USING THE EXAMPLE OF APLATE PASTEURIZER)

Abstract. This article examines a systems approach to the pasteurization process for ensuring the
safety of dairy products. The study analyzes the interrelationships between milk reception, heating, cooling,
and sanitation control within the technological system, using a plate pasteurizer as a case study. The article
emphasizes the importance of the pasteurization process in reducing microbiological risks and maintaining
product quality. It clearly demonstrates the potential for improving dairy product safety through a systems
approach. This approach serves not only to optimize production processes but also to ensure control in
accordance with food safety standards.

Keywords: dairy products, pasteurization process, systems approach, plate pasteurizer, food safety,
microbiological hazard, heat treatment, technological system.
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BIOLOGY

Kirish. Hozirgi vaqtda ozig-ovgat sanoati, xususan sut mahsulotlari ishlab chigarishda xavfsizlik va
sifat ko‘rsatkichlarini ta’minlash nafagat texnologik ehtiyoj, balki davlat standartlari va xalgaro sanitariya
normalarining (HACCP, 1SO) gat’iy talabidir.[1] Sut mahsulotlari mikrobiologik jihatdan tez buziluvchan
bo‘lib, ularning xavfsizligini ta’minlashda pasterizatsiya jarayoni eng muhim bosgich (kritik nugta)
hisoblanadi.[2] Birog, an’anaviy yondashuvlarda pasterizatsiya ko‘pincha fagat bitta qurilma yoki alohida
termodinamik jarayon sifatida ko‘riladi. Bu esa tizim ichidagi murakkab ichki bog‘ligliklarni, issiglik
almashinish plastinkalaridagi gidrodinamik o‘zgarishlarni va ularning mahsulot sifatiga ko‘rsatadigan o‘zaro
ta’sirini to‘liq tushunishga to‘sqinlik giladi.[3] Har ganday murakkab texnologik jarayonni tahlil gilishda
“Tizimli fikrlash” tamoyili asosiy o‘rin tutadi. Plastinkali pasterizatorni shunchaki issiglik almashtirgich
emas, balki ko‘p pog‘onali iyerarxik tizim sifatida garash lozim. Bu yondashuv jarayonni quyidagi iyerarxiya
bo‘yicha tahlil gilish imkonini beradi:

Mikro-daraja: Sut molekulalari va mikroorganizmlarning issiqlik ta’sirida o‘zgarishi.

Mezo-daraja: Plastinka sirtidagi chegara gatlamida issiglik va massa almashinuvi.

Makro-daraja: Pasterizatsiya qurilmasining yaxlit apparat sifatida ishlashi.

Mega-daraja: Pasterizatorning butun ishlab chigarish liniyasi va korxona xavfsizlik tizimi (HACCP)
bilan bog‘liqligi.[4]

1.2. Plastinkali pasterizatorning murakkabligi

Plastinkali pasterizatorlar yuqori samaradorlikka ega bo‘lishiga qaramay, ularning ichki kanallarida sut
ogimi murakkab trayektoriya bo‘ylab harakatlanadi. Tizimli tahlil yordamida har bir plastinka orasidagi
masofa, oqimning turbulentligi va harorat gradientini modellashtirish orqali “past pasterizatsiya”
(bakteriyalar qolib ketishi) yoki “haddan tashqari qizib ketish” (ogsil denaturatsiyasi) kabi xatolar oldini
olinadi.[5]

Magolaning magsadi. Ushbu tadgigotning magsadi — plastinkali pasterizator jarayonini tizimli tahlil
qilish orqali, sut mahsulotlari xavfsizligini ta’minlashning yuqori darajadagi matematik va algoritmik
modelini ishlab chigishdir. Bu model orgali ishlab chigarishdagi inson omilini kamaytirish va avtomatik
boshgaruv tizimlarining anigligini oshirish ko‘zda tutilgan.

Tadgigot obyektlari va usullari.

Tadgigot obyekti.

Tadgiqotning asosiy obyekti sifatida plastinkali pasterizatsiyalash qurilmasi va unda kechadigan
issiqlik almashinuvi jarayonlari olingan. Tizimli yondashuvga ko‘ra, obyekt ochiq termodinamik tizim
sifatida qaraladi, ya’ni u tashqi muhit bilan energiya (bug®, issiq suv) va modda (sut oqimi) almashadi. [4]

Tizimning tarkibiy gismlari.

Issiglik almashinish plastinkalari paketi; Sutni ushlab turuvchi (holding) seksiyasi; Nasos va sarfni
boshgarish tizimi; Issiglik tashuvchi (agent) konturi. [3]

Tadgigot natijalari va ularni muhokama qilish.

Tizimli yondashuvda pasterizatsiya quyidagi elementlar majmuasi sifatida garaladi:

o Kirish ogimlari: xom sut, issiq suv yoki bug‘, sovituvchi suv

e Jarayon: isitish, ushlab turish, sovitish

o Nazorat parametrlari: harorat, vaqt, bosim, ogim tezligi

« Chiqgish ogimlari: pasterizatsiyalangan sut, kondensat, chigindi issiglik. [1]

Bunda biror parametrdagi og‘ish (masalan, harorat pasayishi) butun tizim samaradorligiga va mahsulot
xavfsizligiga salbiy ta’sir ko‘rsatadi.
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1-rasm. Tvorog ishlab chiqarishning texnologik liniyasi va jarayonlararo bog‘lanish sxemasi

1. Sutni gabul gilish idishi
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Qurug komponentlar dozatori
Markazdan qochirma nasos
Plastinkali pasterizator
Issiglik almashinuv bloki
Ivish (fermentatsiya) idishi
Psess-modul (zardob ajratish qurulmasi)
Sovutish
Qadoglash

Plastinkali pasterizatorning ishlash prinsipi. Plastinkali pasterizator yupga metall plastinkalar
to‘plamidan iborat bo‘lib, ularning orasidan sut va issiqlik tashuvchi muhit (issig suv yoki bug‘) garama-
garshi yo‘nalishda ogadi. Bu issiglik almashinuvining yuqori samaradorligini ta’minlaydi. Xom sut dastlab
filtrdan o‘tkazilib, mexanik aralashmalardan tozalanadi. Nasos yordamida plastinkali pasterizatorga uzatiladi.
Oldindan isitish zonasida sut chigayotgan issiq sut hisobiga qgizdiriladi (issiglikni gayta tiklash). Asosiy
isitish zonasida belgilangan pasterizatsiya haroratiga yetkaziladi. Ushlab turish trubkasida zarur vaqt
davomida ushlab turiladi. Sovitish zonasida sut +4...+6 °C gacha sovitiladi. Plastinkali pasterizator yugori
issiqlik uzatish koeffitsientiga ega bo‘lib, ixcham konstruksiyasi tufayli ishlab chiqarish maydonidan
samarali foydalanish imkonini beradi. Ushbu uskuna energiya tejamkorligi bilan ajralib turadi hamda
konstruktiv tuzilishi va sillig yuzalari sababli sanitariya-gigiyena talablariga to‘liq javob beradi.
Pasterizatsiya jarayonida xavfsizlik tizimli yondashuv asosida ta’minlanadi, bunda harorat avtomatik
datchiklar yordamida nazorat qgilinadi, sut ogimi va bosimi doimiy kuzatiladi, pasterizatsiya yetarli
bo‘lmagan holatlarda sut qayta aylantiriladi hamda CIP tizimi orgali uskunalar yuvilib dezinfeksiya gilinadi.
Sutni ~ayta ishlash jarayonida separatsiya va pasterizatsiya bosqichlarining o‘zaro bog‘ligligi mahsulot
sifatigi bevosita ta’sir ko‘rsatadi. Ushbu jarayonlarning texnologik jihatlari va ularning samaradorligi
avvalgl tadgiqotlarda batafsil o‘rganilgan. [6]

Plastinkali pasterizatorning boshqaruv tizimi va jarayonlar bog‘lanishining funksional modeli va
simulyatsiya modelini MATLAB dasturida ko‘rib chiqamiz.
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2-rasm. Plastinkali pasterizatorning boshqaruv tizimi va jarayonlararo bog‘lanishining
funksional modeli
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4-rasm. Pasterizatsiya jarayonida haroratning vaqgt bo‘yicha o‘zgarishi

Xulosa. Ushbu maqolada sut mahsulotlari xavfsizligini ta’minlashning eng muhim bo‘g‘ini bo‘lgan
pasterizatsiya jarayoni tizimli fikrlash va iyerarxik modellashtirish asosida tahlil gilindi.

Tizimli yondashuvning ustunligi: Plastinkali pasterizatorni ko‘p pog‘onali ierarxik tizim sifatida
garash (mikro-darajadan mega-darajagacha), jarayonning ko‘rinmas kritik nuqtalarini aniqlash imkonini
beradi. Bu an’anaviy empirik usullardan farqli o‘laroq, xavfsizlikni 100% kafolatlashga xizmat qiladi.

Optimallashtirilgan parametrlar: Olingan matematik model asosida aniglandiki, plastinkalararo masofa
va ogimning turbulentlik darajasi (Re > 2500) issiglik almashinuvi samaradorligini oshiruvchi asosiy
faktorlardir. Bu esa sutning ozugaviy giymatini saglab qolgan holda patogen mikroorganizmlarni to‘liq
zararsizlantirishni ta’minlaydi. [4]

Tizimli fikrlash asosida ishlab chigilgan boshgaruv algoritmi energiya sarfini 12-15% gacha tejash
imkonini berishi hisoblab chiqildi. Shu bilan birga, haroratning qat’iy nazorati sut ogsillarining termik
parchalanishini minimal darajaga tushiradi. Pasterizatsiya jarayoniga tizimli yondashuv — nafagat texnik
qurilmani takomillashtirish, balki aholi salomatligini ta’minlaydigan yuqori sifatli va xavfsiz oziq-ovqat
mahsulotlari ishlab chigarishning zamonaviy metodologiyasidir.
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Annotatsiya. Ushbu maqolada oliy ta’lim muassasalarida qo ‘llanilayotgan turli dasturiy modullarni
yagona axborot tizimi doirasida integratsiyalash muammolari tahlil gilinadi. Amaliy yechim sifatida
universitet kutubxona boshgaruv modulini yagona tizimga integratsiyalash modeli taklif etiladi. Mazkur
modul Laravel va ReactJS texnologiyalari asosida ishlab chigilgan bo‘lib, foydalanuvchilarni
autentifikatsiyalash jarayoni Django REST Framework yordamida amalga oshiriladi. Autentifikatsiyada
JSON Web Token (JWT) texnologiyasidan foydalanish orqali modullar o ‘rtasida xavfsiz va markazlashgan
axborot almashuvi ta’'minlanadi. Taklif etilgan yondashuv tizim modullari o ‘rtasidagi integratsiyani
soddalashtirish, ma’lumotlar almashuvining tezkorligini oshirish, xavfsizlik darajasini kuchaytirish hamda
tizimni kelgusida kengaytirish imkoniyatlarini yaxshilashga xizmat giladi.

Kalit so‘zlar: axborot tizimlarini integratsiyalash, JSON Web Token (JWT), autentifikatsiya va
avtorizatsiya, Django REST Framework, Laravel va ReactJS, moduliy arxitektura, REST API, universitet
kutubxona tizimi, oliy ta’lim axborot tizimlari.

APXUTEKTYPHBIE U ®YHKIHNOHAJIBHBIE PEINEHUS BUBJIMOTEYHOI'O
MOAYJA B UHTETPAIMU YHUBEPCUTETCKUX HHO®OPMALIMOHHBIX CUCTEM

Annomauusa. B oannou cmamve ananu3upyomcs npooiemvl UuHmMezpayuu pasiudHbiX npOSPAMMHBIX
MOOynel, UCNONb3YEMbIX 8 BbICUUX VHeOHbIX 308e0eHUSX, 8 eOUHVIO UHDOPMAYUOHHYIO cucmemy. B
Kauecmee NPAKMUYecKo20 peuleHuss Nnpeoidazaemcs MooOelb UHmezpayuu  MOOVIs — YHPAGIeHUs
VHUBEPCUMEMCKOU ODUOIUOMEKOU 6 eOunylo cucmemy. Imom Mo0yib paspaboman Ha OCHOBE MEXHON02UlL
Laravel u React)S, a npoyecc aymenmughuxayuu noivzogameneil OCYyWeCMeIsiemcs ¢ UCNOIb308AHUEeM
Django REST Framework. Aymenmughuxayus ucnonvzyem mexnonozuio JSON Web Token (JWT) ons
obecneuenuss  0e30NACHO20 U YECHMPATUZ0BAHHO20  0OMeHa  uHopmayuei  mexcoy  MOOYIAMU.
IIpeonooicennvlii. N0OX00 ynpowaem UHMeZPAYUIo Mencoy MOOYIAMU CUCHIEeMbl, V8eaudusaem CKOpochib
0OMeHa OaHHuIMU, NOGbIUAem 0Oe30NACHOCMb U YAyYuidem GO3MONCHOCHU PACWUPEHUS CUCTEeMbl 6
oyoywem.

Knwouesvie cnosa: unmezpayus ungopmayuonnvix cucmem, JSON Web Token (JWT),
aymenmuurayus  u aemopuzayus, Django REST Framework, Laravel u React)S, mooyivHas
apxumexmypa, REST API, cucmema ynusepcumemckou Oubauomexu, UH@GOPMAYUOHHbIE CUCTIEMbI 8bICULECO
o0bpazosanusl.

ARCHITECTURAL AND FUNCTIONAL SOLUTIONS OF THE LIBRARY MODULE IN
THE INTEGRATION OF UNIVERSITY INFORMATION SYSTEMS

Abstract. This article analyzes the problems of integrating various software modules used in higher
education institutions into a single information system. As a practical solution, a model for integrating the
university library management module into a single system is proposed. This module is developed based on
Laravel and ReactJS technologies, and the user authentication process is carried out using the Django REST
Framework. Authentication uses JSON Web Token (JWT) technology to ensure secure and centralized
information exchange between modules. The proposed approach simplifies integration between system
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modules, increases the speed of data exchange, enhances security, and improves the ability to expand the
system in the future.

Keywords: Information systems integration, JSON Web Token (JWT), authentication and
authorization, Django REST Framework, Laravel and ReactJS, modular architecture, REST API, university
library system, higher education information systems.

Kirish. O‘zbekiston Respublikasi Prezidentining 2020-yil 5-oktabrdagi PF-6079-son Farmoni bilan
tasdiglangan “Raqamli O‘zbekiston — 2030 strategiyasida mamlakatda raqamli iqtisodiyotni rivojlantirish,
shuningdek, davlat boshqgaruvi, ta’lim, sog‘ligni saqlash va qishloq xo‘jaligi sohalarida zamonaviy axborot-
kommunikatsiya texnologiyalarini keng joriy etish ustuvor vazifalar sifatida belgilangan [1]. Mazkur
strategiya doirasida oliy ta’lim tizimini raqamlashtirish, o‘quv va boshqaruv jarayonlarini avtomatlashtirish
hamda axborot tizimlarini yagona platformada integratsiyalash muhim ahamiyat kasb etmoqda.

Jahon amaliyotida universitet axborot tizimlarini integratsiyalash masalasi so‘nggi yillarda keng
o‘rganilmoqda. Biroq amalda qo‘llanilayotgan ko‘plab yechimlar yirik korporativ dasturiy ta’minot ishlab
chigaruvchilarining mahsulotlariga (SAP, Oracle, Microsoft Dynamics) asoslangan bo‘lib, ularning joriy
etilishi o°rta darajadagi universitetlar uchun moliyaviy va tashkiliy jihatdan murakkab hisoblanadi [2]. Shu
bilan birga, ochig kodli va moslashuvchan yechimlar yetarli darajada rivojlanmagan, modullararo
integratsiya mexanizmlari esa ko‘pincha fragmentar xarakterga ega.

Buxoro davlat universitetida 2021-yildan buyon UNIWORK axborot tizimi joriy etilgan bo‘lib, u
orgali ayrim boshgaruv jarayonlari avtomatlashtirilgan. Birog kutubxona modulida aniglangan funksional va
texnik cheklovlar, jumladan monolitik arxitektura, markazlashgan autentifikatsiya mexanizmining
yetishmasligi hamda modullararo ma’lumot almashinuvining murakkabligi, yanada mukammal va
integratsiyalashgan yechim ishlab chigish zaruratini yuzaga keltirdi. Shu munosabat bilan universitet axborot
tizimlarini yagona platformada boshqarishga garatilgan “Main BuxDU” axborot platformasi ishlab chigildi.

Kutubxona axborot tizimlarini avtomatlashtirish va elektron resurslarni boshgarish masalalari bir gator
ilmiy tadgiqotlarda yoritilgan. Jumladan, Parker (2007) elektron resurslarni boshgarish tizimlarining (ERMS
— Electronic Resources Management Systems) asosiy funksional talablarini belgilab, litsenziyalash,
bibliografik nazorat hamda foydalanish statistikasini monitoring gilish jarayonlarini muhim komponentlar
sifatida ajratib ko‘rsatgan [3]. Mitchell va Surratt (2005) ragamli resurslarni kataloglashtirish va tashkil etish
jarayonlarini tahlil qilib, standartlashtirilgan metadata sxemalarining elektron resurslarni samarali
boshqgarishdagi ahamiyatini asoslab bergan [4].

Bothmann va Holmberg (2010) universitet kutubxonalarida elektron resurslar boshgaruvi jarayonlarini
workflow yondashuvi asosida o‘rganib, obunalar, litsenziyalash va foydalanish statistikasi bilan bog‘liq
jarayonlarni tizimli tarzda tahlil gilganlar [5]. Birog mazkur tadgigotlarda zamonaviy mikroservislar
arxitekturasi, markazlashgan autentifikatsiya hamda universitetning boshga axborot tizimlari bilan
integratsiya masalalari yetarli darajada yoritilmagan.

So‘nggi yillarda olib borilgan empirik tadgiqotlar ham elektron resurslarni boshqarish sohasidagi
muammolarni ochib berdi. Xususan, Umap va Jani (2024) muhandislik oliy ta’lim muassasalari
kutubxonalarida elektron resurslarni boshqarish holatini o‘rganib, ko‘plab kutubxonalarda ERMS tizimlari
joriy etilmaganligi va ma’lumotlarni qo‘lda kiritish amaliyoti keng qo‘llanilayotganligini qayd etganlar [6].
Shu bilan birga, mazkur tadgigotlarda texnik integratsiya, axborot tizimlari arxitekturasi va xavfsizlik
mexanizmlariga oid masalalar chuqur tahlil gilinmagan.

Metodlar. Tadgiqgot jarayonida universitet kutubxona modulini yagona axborot tizimiga
integratsiyalash magsadida modulli va uch gavatli (three-tier) arxitektura asosida axborot tizimi ishlab
chiqildi. Tizim komponentlari o‘rtasidagi o‘zaro aloqa REST API texnologiyasi asosida tashkil etildi.
Foydalanuvchilarni autentifikatsiyalash va avtorizatsiya qilish jarayonida JWT (JSON Web Token)
mexanizmidan foydalanildi. Ma’lumotlar bazasi ER-model asosida loyihalanib, asosiy obyektlar va ularning
bog‘lanishlari aniglandi.

Tizim arxitekturasi: Tizim uch qavatli arxitektura asosida qurilgan bo‘lib, quyidagi asosiy
komponentlardan tashkil topgan:

e Frontend qgatlami (ReactJS + Redux) — foydalanuvchi interfeysini ta’minlaydi,
autentifikatsiya jarayonida yaratilgan tokenlarni saqlaydi hamda API so‘rovlari orgali backend bilan o‘zaro
alogani amalga oshiradi.

e Backend gatlami (Laravel) — tizimning asosiy biznes mantigini amalga oshiradi, jumladan
kitoblar, filiallar, BBK tasnifi va nashriyotlar bilan bog‘liq jarayonlarni boshqaradi. Backend foydalanuvchi
tokenlarini tekshirish orgali ruxsatlarni nazorat giladi.
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o Autentifikatsiya xizmati (Django REST Framework) — foydalanuvchilarni login va logout
jarayonlari orqali identifikatsiyalaydi hamda JWT formatidagi access va refresh tokenlarni yaratadi va
yangilaydi.

Frontend Qatlami\ Backend Qatlami\
£ EI‘ ‘API so'rov (Authorization: Beafer token) f|
TailwindCSS + ShadenuUl React)S + Redux ‘ ‘ | Laravel API
Y\'
Login so'rovi (username, password) JWT token (access, tefresh) (Token verifikatsiyasi CRUD operatsiyalar \Natija (ma'lumot)

]
Django Auth Service

1-rasm. Tizim arxitekturasi

Diagrammada universitet kutubxona modulining integratsiyalashgan axborot tizimi arxitekturasi aks
ettirilgan. Tizim uch gavatli (three-tier architecture) yondashuv asosida qurilgan bo‘lib, frontend, backend va
autentifikatsiya xizmatlaridan tashkil topgan.

Frontend gatlami React]JS va Redux texnologiyalari yordamida ishlab chiqilgan bo‘lib, foydalanuvchi
interfeysini ta’'minlaydi. Interfeys dizayni TailwindCSS va ShadcnUI komponentlari asosida shakllantirilgan.
Foydalanuvchi tizimga kirishda login ma’lumotlarini frontend orqali autentifikatsiya xizmatiga yuboradi.

Autentifikatsiya jarayoni Django REST Framework asosida ishlab chigilgan Django Auth Service
orgali amalga oshiriladi. Ushbu xizmat foydalanuvchini identifikatsiyalab, JWT (JSON Web Token)
formatidagi access va refresh tokenlarni yaratadi. Yaratilgan tokenlar frontend tomonidan saglanib, keyingi
API so‘rovlarida avtorizatsiya magsadida ishlatiladi.

Backend qatlami Laravel API asosida ishlab chiqgilgan bo‘lib, tizimning asosiy biznes mantiqini
amalga oshiradi. Frontend tomonidan yuborilgan API so‘rovlarda Authorization: Bearer token orqali
foydalanuvchi autentifikatsiyalanadi. Laravel backend tokenni Django Auth Service orqali tekshiradi va
token haqiqiy bo‘lgan holatda CRUD operatsiyalarini bajaradi.

Ma’lumotlar bazasi sifatida MySQL tanlangan bo‘lib, unda kutubxona resurslari, foydalanuvchilar va
tranzaksiyalar haqidagi ma’lumotlar saqlanadi. Ushbu arxitektura xavfsizlik, modullilik va kengaytirilish
imkoniyatlarini ta’minlaydi.

Token boshgaruv jarayoni: Tizimda JWT (JSON Web Token) asosidagi autentifikatsiya ishlaydi.

Foydalanuvchi Reacts \ | Django | | Laravel | | Database |

| |
i Login (username, password) _
: >

| Japi/auth/login/

|
L
J

| access token + refresh_token |
< i

| Japi/books (Authorization: Bearer access_token)

.

| lapifverify_token/
I%I

| token valid
| SELECT * FROM books |
. kitoblar ro'yxati
' _ JSON natija
Foydal/a_r\'lnuvchl React)S ‘ | Django | | Laravel | Database

Ly
A,

2-rasm. Token boshgaruv ogimi

Diagrammada JWT token asosida ishlovchi autentifikatsiya va avtorizatsiya jarayonining ketma-
ketligi tasvirlangan. Jarayon foydalanuvchining tizimga kirishidan boshlab, ma’lumotlar bazasidan natija
olishgacha bo‘lgan bosqichlarni oz ichiga oladi.

Birinchi bosqichda foydalanuvchi login (foydalanuvchi nomi va parol) ma’lumotlarini React]S
asosidagi frontend orgali Django autentifikatsiya xizmatiga yuboradi. Django Auth Service foydalanuvchi
ma’lumotlarini tekshiradi va muvaffaqiyatli autentifikatsiya holatida access va refresh tokenlarni yaratib,
frontendga gaytaradi.
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Keyingi bosqichda frontend Laravel backendga ma’lumot so‘rovini yuboradi. Ushbu so‘rov HTTP
sarlavhasida Authorization: Bearer access_token orgali amalga oshiriladi. Laravel backend
foydalanuvchining tokenini to‘g‘ridan-to‘g‘ri Django autentifikatsiya xizmati orqali tekshiradi.

Token haqiqiy deb topilganidan so‘ng, Laravel backend ma’lumotlar bazasiga murojaat qilib, tegishli
SELECT vyoki boshga CRUD operatsiyalarini bajaradi. Olingan natijalar JSON formatida frontendga
qaytariladi va foydalanuvchiga ko‘rsatiladi.

Mazkur token boshgaruv ogimi modullararo xavfsiz aloga, markazlashgan autentifikatsiya va
foydalanuvchi huguglarini anig nazorat gilish imkonini beradi.

Ma’lumotlar bazasi modeli: Kutubxona moduli uchun asosiy jadvallar quyidagicha tuziladi:

— . Kitob_turlari .
id : Nashriyotlar - Filiallar
:::vsl::TET(éfg <P J id : INTEGER «PK»
i id : INTEGER «PK>» tavsif : TEXT id : INTEGER «PK»

holati : BOOLEAN

bbk_kodi : VARCHAR(20) «UNIQUE> il 2 LG P, T
bbk_nomi : VARCHAR(255) I

holati : BOOLEAN

nomi : VARCHAR(255)

tasniflanadi nashr_giladi uri_bayicha

Kitoblar |

Lid : INTEGER «PK»

nashriyot_id : INTEGER «FK»
p chiggan_yili : INTEGER

Foydalanuvchilar bbk id : INTEGER «FK»

id : INTEGER «PK» tur_id : INTEGER «FK»

yaratilgan_vaqt: TIMESTAMP filial_id : INTEGER «FK»

N sahifalar_soni : INTEGER

ism : VARCHAR(100 i

familiya :VARC(HAR()lDU) goshilgan_vaqt : TIMESTAMP

telefon : VARCHAR(20) nomi : VARCHAR(255)

bulim : VARCHAR(255) muallif : VARCHAR(255)

isbn : VARCHAR(20)

narxi : DECIMAL(10,2)

til : VARCHAR(50)

holati : ENUM('aktiv', 'passiv')

=7

___,J‘Kitublar hagida te'lig ma'lumot -
™ va ularning holati

kitob_oladi olingan \ku‘rilgan
A - ‘ &
Kitob_olish - TS

id : INTEGER «PK» Kitob_ko'rishlar

kitob_id : INTEGER «FK» id : INTEGER «PK»

[Kitob olish va qaytarish “i___| foydalanuvchi_id : INTEGER «FK» kitob_id : INTEGER «FK»
jarayonlari olgan_vaqt : DATETIME foydalanuvchi_id : INTEGER «FKx»
gaytarish_vagqti : DATETIME gachon : TIMESTAMP

gaytargan vaqt : DATETIME

device_info : VARCHAR(255)
holati : ENUM('yangi', tamir talab’, 'Yyaroqgsiz', 'utilizatsiya') ;

3-rasm. Ma’lumotlar bazasi

Diagrammada kutubxona boshgaruv modulining ma’lumotlar bazasi modeli aks ettirilgan. Model
asosiy obyektlar - kitoblar, foydalanuvchilar, nashriyotlar, BBK tasnifi, filiallar va kitob olish jarayonlarini
gamrab oladi. Markaziy jadval sifatida Kitoblar jadvali tanlangan bo‘lib, u nashriyot, BBK kodi, kitob turi
va filiallar bilan tashqi kalitlar orqali bog‘langan.

Foydalanuvchilar va Kitoblar jadvallari o‘rtasidagi bog‘lanish Kitob_olish jadvali orgali amalga
oshirilib, kitoblarni olish va qaytarish jarayonlari gayd etiladi. Kitob_ko‘rishlar jadvali esa
foydalanuvchilarning kitoblar bilan ishlash faolligini va statistik ma’lumotlarni saqlashga xizmat qiladi.

Mazkur ma’lumotlar bazasi modeli ma’lumotlarning yaxlitligini ta’minlash, jarayonlarni nazorat qilish
hamda kutubxona faoliyatini samarali avtomatlashtirish uchun mo‘ljallangan.

Rollar: Rollar asosida vakolatlarni tagsimlash kutubxona jarayonlarini avtomatlashtirishda muhim
ahamiyat kasb etadi. Ushbu yondashuv foydalanuvchilarning tizimdagi harakatlarini nazorat qilish, axborot
xavfsizligini oshirish hamda inson omili ta’sirini kamaytirishga xizmat qiladi. Natijada kutubxona fondini
boshqarish, kitoblar harakatini monitoring gilish va statistik tahlil jarayonlari yanada shaffof va samarali
amalga oshiriladi.

Rol nomi Funksional vazifasi
Talaba va xodim | Kutubxona tizimida mavjud bo‘lgan kitoblar va resurslar haqida
roli ma’lumotlarni ko‘rish, kitoblarni olish va qaytarib berish jarayonlarini

elektron tarzda amalga oshirish.
Kitob kirituvchi | Kutubxonaga yangi kelgan kitoblarni ma’lumotlar bazasiga Kkiritish,

roli mavjud kitoblarni filiallar o‘rtasida transfer qilish jarayonlarini
boshqarish.

Kutubxona Kutubxona fondidagi barcha kitoblar sonini, gaytarilgan va gaytarilmagan

administratori roli kitoblar statistikasini fakultet, kafedra va guruh kesimida monitoring

qilish, filiallar bo‘yicha kitob fondlarini va tahliliy hisobotlarni
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shakllantirish.

Kitob beruvchi roli | Talabalar va xodimlarga kutubxonadagi kitoblarni berish hamda gaytarib
olish jarayonlarini amalga oshirish, kitoblar harakatini tizimda gayd etish.
Kutubxonachi roli | Kitoblarni skanerlash, kitob berish va gabul gilish jarayonlarini nazorat
qilish, kutubxona fondidagi mavjud kitoblar ro‘yxatini ko‘rish hamda
0‘ziga biriktirilgan fondlar bo‘yicha monitoring olib borish.

Kutubxona moduli tavsifi: Kutubxona moduli universitet axborot tizimining muhim tarkibiy gismi
bo‘lib, o‘quv va ilmiy resurslarni markazlashgan holda boshqarish, filiallararo axborot almashinuvini
ta’minlash hamda foydalanuvchilarga qulay va tezkor xizmat ko‘rsatishga mo‘ljallangan. Mazkur modul
kitoblar, elektron resurslar, foydalanuvchilar va filiallar o‘rtasidagi ma’lumotlar oqimini avtomatlashtiradi
hamda kutubxona jarayonlarida inson omilini kamaytirishga xizmat giladi. Modul quyidagi asosiy kichik
bo‘limlardan tashkil topgan:

1. BBK (Bibliografik-bibliotek klassifikatsiyasi) — Kitob va resurslarni ilmiy tasniflash uchun BBK
kodi asosida guruhlash amalga oshiriladi. Ushbu bo‘lim resurslarni fan yo‘nalishlari bo‘yicha tizimlashtirish,
gidiruv jarayonlarini soddalashtirish va kutubxona fondini mantiqgiy boshqgarish imkonini beradi.

2. Nashriyotlar — Kitob va elektron resurslarning nashriyotlari hagidagi ma’lumotlarni (nomi, turi,
faoliyati, nashrlar soni) yuritish uchun mo‘ljallangan. Ushbu bo‘lim nashriyotlar kesimida tahliliy hisobotlar
shakllantirish va resurslarning kelib chigishini monitoring gilish imkonini yaratadi.

3. Resurs turlari — Kutubxona fondidagi resurslarni bosma va elektron ko‘rinishda ajratib
ko‘rsatadi. Bu bo‘lim resurslardan foydalanish shakllarini boshgarish, elektron resurslarga masofadan kirish
imkoniyatlarini tashkil etish va statistik tahlil o‘tkazishda muhim ahamiyatga ega.

4. Kitoblar — Har bir kitob bo‘yicha muallif, nashriyot, nashr yili, narxi, nusxalar soni va joriy
holati (mavjud, berilgan, rezerv qilingan) kabi ma’lumotlarni saqlaydi. Ushbu bo‘lim kutubxona fondining
asosly ma’lumotlar bazasini tashkil etadi.

5. Kitob olish — Foydalanuvchilar tomonidan olingan kitoblar, ularning berilgan sanasi, gaytarish
muddati va joriy holati haqidagi ma’lumotlarni aks ettiradi. Bu bo‘lim orqali foydalanuvchi faoliyati nazorat
gilinadi va kechiktirilgan gaytarish holatlari aniglanadi.

6. Kitob transferi — Kutubxonaning turli filiallari o‘rtasida kitob va resurslarni ko‘chirish
jarayonlarini boshqaradi. Mazkur bo‘lim resurslardan samarali foydalanish, talab yuqori bo‘lgan kitoblarni
tezkor tagsimlash imkonini beradi.

7. Kitob QR kodi — Har bir kitob uchun avtomatik tarzda yaratiladigan QR-kodlar orgali
identifikatsiya amalga oshiriladi. QR kodi orqgali kitob berish va gabul gilish jarayonlarini tezlashtiradi, inson
xatosini kamaytiradi hamda real vaqt rejimida monitoringni ta’minlaydi.

8. Kitob filiallari — Filiallar kesimida kitoblar soni, ularning holati va harakatini aks ettiruvchi
statistik ma’lumotlarni taqdim etadi. Ushbu bo‘lim filiallararo resurslar taqsimotini tahlil qilish va boshqaruv
qarorlarini gabul gilishda muhim rol o‘ynaydi.

9. Kitob berish va gabul gilish — Kitoblarning foydalanuvchilarga berilishi va gaytarib olinishi
jarayonlarini avtomatlashtiradi. Jarayonlar QR kod yoki elektron identifikatsiya asosida amalga oshirilib,
barcha harakatlar tizimda gayd etiladi.

10. Foydalanuvchini izlash — Foydalanuvchilarni Familiya, ism, otasini ismi asosida tezkor gidirish
imkonini beradi. Ushbu bo‘lim xizmat ko‘rsatish jarayonlarini tezlashtirishga xizmat qiladi.

11. Statistika — Kutubxona faoliyatiga oid statistik va tahliliy hisobotlarni shakllantiradi. Kitoblar
aylanishi, foydalanuvchilar faolligi, filiallar kesimidagi yuklama va resurslardan foydalanish darajasi kabi
ko‘rsatkichlar asosida boshqaruv qarorlarini qabul qilish imkonini beradi.

Mazkur kutubxona moduli modulli arxitektura asosida ishlab chigilgan bo‘lib, uni universitetning
boshga axborot tizimlari bilan integratsiyalash imkonini beradi. QR-kodlar va elektron identifikatsiya
texnologiyalaridan foydalanish orqali kitoblar harakati to‘liq raqamlashtiriladi, natijada inson omili
kamayadi va jarayonlar shaffofligi ta’minlanadi.

Natija. Ishlab chigilgan Main BuxDU platformasini universitet kutubxona faoliyatiga joriy etish
natijasida kutubxona jarayonlarini boshgarish samaradorligi sezilarli darajada oshirildi. Tizim yordamida
kutubxona faoliyatining asosiy jarayonlari raqamlashtirilib, inson omiliga bog‘liq xatoliklar kamaytirildi
hamda axborot almashinuvi tezlashtirildi. Xususan, quyidagi asosiy natijalarga erishildi:

Birinchidan, kutubxona fondini shakllantirish, boshqgarish va monitoring qilish jarayonlari to‘liq
ragamlashtirildi. Kitoblarni berish va gaytarib olish jarayonlari avtomatlashtirilib, har bir operatsiya
tizimda elektron tarzda gayd etila boshlandi. Bu jarayonlar QR-kodlar va skanerlash texnologiyalari asosida
amalga oshirilgani sababli Xizmat ko‘rsatish vaqti gisqardi va jarayonlarning shaffofligi ta’minlandi.
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Ikkinchidan, filiallararo kitob transferi mexanizmi joriy etilib, turli filiallar o‘rtasida resurslarni
qayta tagsimlash imkoniyati yaratildi. Natijada talab yuqori bo‘lgan o‘quv adabiyotlaridan foydalanish
samaradorligi oshdi va fondlardan foydalanish darajasi muvozanatlashtirildi.

Uchinchidan, kutubxona fondini boshqarish bilan bog‘liq barcha ma’lumotlar markazlashgan holda
yuritila boshlandi. Har bir filial bo‘yicha mavjud Kitoblar soni, ularning joriy holati hamda harakati real vaqt
rejimida kuzatish imkoniyati yaratildi. Bu esa fondni nazorat gilish va boshqgaruv garorlarini gabul gilishda
muhim axborot manbai bo‘lib xizmat qildi.

To‘rtinchidan, tizim orqali yangi kitoblar va axborot resurslarini qo‘shish, ularni tahrirlash va
o‘chirish jarayonlari avtomatlashtirildi. BBK kodlari, nashriyotlar va axborot resurs turlari bo‘yicha
ma’lumotlarni boshqarish imkoniyati yaratilgani kutubxona fondini ilmiy va tashkiliy jihatdan tizimli
shakllantirishga yordam berdi.

Beshinchidan, foydalanuvchilar faoliyatini nazorat gilish va tahlil gilish imkoniyatlari kengaytirildi.
Xususan, kitobdan qarzdor foydalanuvchilarni aniqlash, berilgan kitoblar bo‘yicha hisobotlar yuritish va
statistik ma’lumotlarni shakllantirish imkoniyatlari yaratildi. Ushbu tahliliy ma’lumotlar kutubxona
faoliyatini rejalashtirish va takomillashtirishda muhim ahamiyat kasb etdi.

Umuman olganda, Main BuxDU platformasining joriy etilishi kutubxona jarayonlarini
avtomatlashtirish, resurslardan oqilona foydalanish va foydalanuvchilarga xizmat ko‘rsatish sifatini
oshirishga xizmat qildi.

UNIWORK va Main BuxDU platformalarining solishtirma tahlili

Quyidagi jadvalda amaliyotda qo‘llanilgan UNIWORK tizimi va taklif etilayotgan Main BuxDU

platformasi imkoniyatlari solishtirildi.

Mezon UNIWORK Main BuxDU
Arxitektura Monolitik Modulli, uch qavatli (three-tier)
Filiallararo kitob transferi Mavjud emas To‘liq qo‘llab-quvvatlanadi
Kitob berish/qaytarish (filial kesimida) | Mavjud emas Mavjud
Fond monitoringi Cheklangan Real vaqt rejimida
Hisobot va statistika Minimal Kengaytirilgan, tahliliy
Integratsiya imkoniyati Past Yugori (REST API orgali)
Xavfsizlik va autentifikatsiya Markazlashmagan | JWT asosida markazlashgan

Olingan natijalar asosida aytish mumkinki, taklif etilgan Main BuxDU platformasi universitet
kutubxonalarida elektron resurslarni boshgarish jarayonlarini ragamlashtirish bilan bir gatorda, ularni yagona
axborot tizimi doirasida integratsiyalash imkonini beradi. Bu yondashuv nafagat kutubxona xizmatlari
sifatini oshiradi, balki universitet boshqaruv jarayonlarini ragamlashtirish bo‘yicha davlat strategiyalariga
ham mos keladi.

Xulosa. Xulosa qilib aytganda, O‘zbekiston ta’lim tizimida ragamlashtirish jarayoni ‘“Raqamli
O‘zbekiston — 2030 strategiyasida belgilangan ustuvor yo‘nalishlardan biri hisoblanadi. Ushbu jarayon
doirasida oliy ta’lim muassasalarida HEMIS va UNIWORK kabi axborot tizimlari joriy etilib, ta’lim va
boshgaruv faoliyatini avtomatlashtirishga xizmat gilmoqda.

Biroq amaliyot shuni ko‘rsatadiki, mavjud tizimlarda ayrim modullar o‘zaro integratsiyalanmaganligi,
ma’lumotlar takrorlanishi va jarayonlar sinxron emasligi sababli boshqaruv samaradorligi to‘liq
ta’minlanmayapti. Ayniqgsa, Kkutubxona modulida kuzatilayotgan texnik va funksional cheklovlar bu
yo‘nalishda yanada kompleks yechimga ehtiyoj borligini ko‘rsatadi.

Shu nuqgtayi nazardan, Main BuxDU platformasining ishlab chigilishi — Buxoro davlat universitetida
axborot tizimlarini yagona muhitda integratsiyalash va kutubxona jarayonlarini to‘liq ragamlashtirish yo‘lida
muhim qadam bo‘ldi. Mazkur tizim kutubxona faoliyatini avtomatlashtirish, foydalanuvchilar uchun qulay
interfeys yaratish, ma’lumotlarni real vaqt rejimida boshqarish hamda boshgaruv qarorlarini tezkor va
ishonchli ma’lumotlar asosida gabul qilish imkonini beradi. Natijada, Main BuxDU platformasi nafaqat
kutubxona tizimini, balki universitetning boshga modullarini ham yagona ragamli makonda birlashtirish
uchun asos bo‘lib xizmat qiladi. Bu esa ta’lim jarayonining shaffofligini, samaradorligini va boshqaruv
sifatini oshirishga xizmat qgiladi hamda raqamli transformatsiya jarayonining amaliy natijasi sifatida e’tirof
etiladi.
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Annotatsiya. Ushbu maqgolada ragamli kriptografiyaning tarixiy evolyutsiyasi va zamonaviy
rivojlanish yo ‘nalishlari tahli qilinadi. Assimmetrik kriptografiyaning paydo bo ‘lishidan tortib, kvant
kompyuterlarining tahdidiga garshi kurashadigan post-kvant algoritmlargacha bo ‘Igan yo ‘I ko ‘rib chigiladi.
Magolada, shuningdek, homomorf shifrlash, nol bilish isbotlari kabi innovatsion texnologiyalar va ularning
amaliy qo ‘llanilishi, shu bilan birga kelajakdagi tendensiyalar va dolzarb muammolar hagida so ‘z boradi.
Tadgigot zamonaviy axborot xavfsizligi tizimlarini shakllantiruvchi kriptografik mexanizmlarni tizimli tahlil
gilishga garatilgan.

Kalit so‘zlar: ragamli kriptografiya, shifrlash, post-kvant kriptografiya, homomorf shifrlash, nol bilish
isboti, kalit almashish, blockchain, kvant tahdidi.

3TAIIbI COBPEMEHHOI'O PA3SBUTHSI IIU®POBO KPUNITOI PA®UU

Annomayua. B Oannoil cmamve aHANUBUPYEMCA UCMOPUHECKAs J60TIOYUS U COBDEMEHHble
Hanpaeienus pazeumus yugpoeou Kpunmoepaguu. Paccmampusaemcs nymv  om  803HUKHOBEHUs.
acumMmempuyHol Kpunmozpaguu 00 NOCMKBAHMOBbIX ANOPUMMOB, NPOMUBOOCUCHEYIOUUX  Vepo3e
K6AHMOBbIX KOMNblomepos. B cmamve maxoice obcyscoaiomes UHHOBAYUOHHbBIE MEXHONIO2UU, MaKue KaK
2omomopghroe wugdposanue, OOKA3amMeNbCMEA C HYIEBbIM PA3NAULEHUEM, U UX NPAKMUYeCKoe NPUMeHeHUe,
a maxoice 6yOywue menoeHyuu u mexywue npodnremsl. Hccredosanue HAnpasieno Ha CUCMEMAMUYecKull
ananuz Kpunmoepa@uyeckux MexaHusmos, QopMupylowux coepemMentblie CUcmemsvl UHGOPMAYUOHHOU
bezonacnocmu.

Kniouesvie cnosa: yugposas kpunmoepagpus, wu@dposanue, NOCMKEAHMOBAS KPUNMozpagus,
comomopdroe wugposanue, 00KA3AMENbCMEO C HYIEBbIM pazeiauienueM, 0OMeH Kuouamu, ONOKYelH,
K6aHMOBas yepo3d.

STAGES OF MODERN DEVELOPMENT OF DIGITAL CRYPTOGRAPHY

Abstract. This article analyzes the historical evolution and modern development directions of digital
cryptography. The path from the emergence of asymmetric cryptography to post-quantum algorithms that
combat the threat of quantum computers is considered. The article also discusses innovative technologies
such as homomorphic encryption, zero-knowledge proofs and their practical applications, as well as future
trends and current problems. The research is aimed at a systematic analysis of cryptographic mechanisms
that form modern information security systems.

Keywords: digital cryptography, encryption, post-quantum cryptography, homomorphic encryption,
zero-knowledge proof, key exchange, blockchain, quantum threat.

Kirish. Axborot texnologiyalarining jadal rivojlanishi va ragamlashtirishning keng migyosda yoyilishi
bilan ma’lumotlarning maxfiyligi va yaxlitligini ta’minlash dolzarb muammoga aylanmogda. Ragamli
kriptografiya — bu axborotni shifrlash, dekodlash va himoya gilishning matematik asoslari va protokollarini
o‘rganadigan fan bo‘lib, zamonaviy axborot-kommunikatsiya tizimlarining asosini tashkil etadi.

Magsad va vazifalar: Ushbu magolaning magsadi ragamli kriptografiyaning asosiy rivojlanish
bosgichlarini, zamonaviy holatini va kelajakdagi istigbollarini tizimli tahli gilishdan iborat. Quyidagi
vazifalar belgilangan:

»  kriptografiyaning tarixiy evolyutsiyasini asosiy bosqichlar bo‘yicha ko‘rib chiqish;

» zamonaviy kriptografik texnologiyalar va ularning amaliy qo‘llanilish sohalarini o‘rganish;

> ragamli kriptografiyani kutayotgan asosiy muammo va tahdidlarni, xususan, kvant hisoblash
tahdidini tahlil qilish;

»  kelajakdagi rivojlanish tendensiyalari va ilmiy izlanish yo‘nalishlarini aniq ko rsatish.
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Tadgigotning dolzarbligi. Internet, IOT qurilmalari, bulutli texnologiyalar va ragamli igtisodiyotning
butun dunyo bo‘ylab kirib borishi bilan bog‘liq. Shaxsiy ma’lumotlarning oqimi va turli xil hujumlar (sil-
tomil, firibgarlik, ma’lumotlarni o‘g‘irlash) xavfi ortib bormoqda. Shu sababli, an’anaviy usullarni
takomillashtirish va butunlay yangi yondashuvlarni ishlab chiqish zarurati tug‘ilgan.

Adabiyotlar tahlili va tadgiqot metodologiyasi. Ragamli kriptografiya sohasida olib borilgan ilmiy
tadqiqotlar axborot xavfsizligini ta’minlashning nazariy va amaliy jihatlarini chuqur o‘rganishga qaratilgan.
Ushbu yo‘nalishdagi dastlabki fundamental ishlar U. Diffi va M. Hellman tomonidan taklif etilgan ochiq
kalitli kriptografiya konsepsiyasi bilan bog‘liq bo‘lib, bu yondashuv kriptografiya rivojida tub burilish
yasadi. Mazkur tadgiqgotlar simmetrik kriptotizimlarning kalit almashish muammosini samarali hal etishga
xizmat qgildi. R. Rivest, A. Shamir va L. Adleman tomonidan ishlab chigilgan RSA algoritmi ochiq kalitli
kriptografiyaning amaliy qo‘llanilishiga keng yo‘l ochdi. Ushbu algoritm katta tub sonlarga asoslangan
sonlar nazariyasi muammolariga tayanib, uzoq vaqt davomida axborotni himoyalashda ishonchli vosita
sifatida qo‘llanib kelinmoqda. Shuningdek, D. ElGamal tomonidan taklif etilgan kriptotizim diskret
logarifmlash muammosiga asoslanganligi bilan ajralib turadi.

Zamonaviy tadqiqotlarda elliptik egri chiziglar kriptografiyasi (ECC) muhim o‘rin egallaydi. N.
Koblitz va V. Miller tomonidan ilgari surilgan ushbu yondashuv kamroq kalit uzunligi bilan yugori
darajadagi xavfsizlikni ta’minlashi bilan ajralib turadi. Natijada ECC mobil qurilmalar va resurslari
cheklangan tizimlarda keng qo‘llanila boshladi. So‘nggi yillarda post-kvant kriptografiya yo‘nalishida ham
jadal ilmiy izlanishlar olib borilmogda. P. Shor algoritmining kvant kompyuterlar uchun taklif etilishi klassik
kriptotizimlarning zaif tomonlarini ko‘rsatib berdi. Shu sababli, panjara (lattice) asosidagi, kodlash
nazariyasiga asoslangan va ko‘p o‘zgaruvchili polinomlarga tayangan kriptotizimlar faol tadqiq gilinmogda.
Umuman olganda, adabiyotlar tahlili shuni ko‘rsatadiki, raqamli kriptografiya doimiy ravishda rivojlanib,
yangi tahdidlarga moslashib borayotgan ilmiy soha hisoblanadi. Mazkur tadgiqotda ragamli
kriptografiyaning zamonaviy rivojlanish bosqichlarini o‘rganish uchun kompleks ilmiy metodlardan
foydalanildi. Tadqiqot metodologiyasi quyidagi asosiy yondashuvlarni o‘z ichiga oladi:

Birinchidan, nazariy tahlil metodi orgali kriptografiya sohasiga oid klassik va zamonaviy ilmiy
manbalar, monografiyalar, xalqaro standartlar va ilmiy maqolalar o‘rganildi. Ushbu metod kriptografik
algoritmlarning shakllanishi va evolyutsiyasini tahlil gilish imkonini berdi.

Ikkinchidan, taggoslash metodi yordamida simmetrik, ochiq kalitli, elliptik egri chiziglar va post-kvant
kriptotizimlarning afzallik va kamchiliklari solishtirildi. Bu yondashuv turli kriptografik usullarning
go‘llanish sohalarini aniqlashga xizmat qildi.

Uchinchidan, tizimli yondashuv asosida kriptografiyaning rivojlanish bosgichlari ketma-ketlikda
ko‘rib chigqilib, ularning o‘zaro bog‘ligligi va axborot xavfsizligiga ta’siri tahlil gilindi.

To‘rtinchidan, induktiv va deduktiv xulosa chigarish metodlari orgali alohida kriptografik algoritmlar
tahlilidan umumiy ilmiy xulosalar shakllantirildi.

Natijada qo‘llanilgan metodologiya ragamli kriptografiyaning zamonaviy holatini har tomonlama
yoritish va uning kelajakdagi rivojlanish istigbollarini asoslab berishga imkon yaratdi.

Ragamli kriptografiyaning tarixiy evolyutsiyasi.

Simmetrik kriptosistemalar davri (1970-1980-yillar): Zamonaviy ragamli kriptografiyaning asosi
1970-yillarda qo‘yilgan. Uning rivojlanishi ikkita parallel yo‘nalishda: simmetrik (yashirin kalitli) va
asimmetrik (ochiq kalitli) kriptosistemalar shakllanishida davom etdi.

Data Encryption Standard (DES, 1977): IBM tomonidan ishlab chigilgan va AQSh Milliy standartlar
byurosi tomonidan tasdiglangan birinchi sanoat standarti. U 56 bitli kalit va Feistel shifri tamoyiliga
asoslangan edi. DES o‘z davri uchun innovatsion bo‘lib, kriptografiyani ilmiy tadqiqot va standartlashtirish
obyektiga aylantirdi. Birog, kompyuter quvvatining oshishi va differensial kriptotahlil kabi hujum
usullarining paydo bo‘lishi uning zaif tomonlarini ochib berdi.

Bu davrda blokli shifrlash (ma’lumotni bloklarga ajratish) va oqimli shifrlash (bitma-bit) tamoyillari
ishlab chiqildi.

Kriptografik ingilob: Asimmetrik kriptografiya (1976-1977): 1976-yilda Whitfield Diffie va Martin
Hellman “Kriptografiyaning yangi yo‘nalishlari” maqolasida ochiq kalitli kriptografiya konseptsiyasini taklif
qilishdi. Bu kriptografiya tarixidagi eng muhim burilishlardan biri bo‘ldi.

Diffie-Hellman kalit almashish protokoli: Ikki tomon ochiq kanal orgali maxfiy kalitni xavfsiz
ravishda almashish imkoniyatiga ega bo‘ldi. Bu protokol birgalikda ishlash uchun umumiy sirni (kalitni)
yaratishga imkon beradi, ammo u 0‘z-o‘zidan ma’lumotlarni shifrlash uchun ishlatilmaydi.

RSA algoritmi (1977): Ron Rivest, Adi Shamir va Leonard Adleman tomonidan ishlab chigilgan. Bu
bir vaqtning o‘zida ham shifrlash, ham ragamli imzo uchun ishlatiladigan birinchi amaliy amalga oshirilgan
algoritm bo‘ldi. RSA ning xavfsizligi katta sonlarni tub ko‘paytuvchilarga ajratish qiyinligiga (faktorizatsiya
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muammosi) asoslanadi. Uning paydo bo‘lishi elektron tijorat, ragamli sertifikatlar va ochiq kalit
infratuzilmasi (PKI) asosini qo‘ydi.

Standartlashtirish va kengaytirish davri (1990-2000-yillar): AES (Advanced Encryption Standard,
2001): DES ning zaifligi va uning vorisi bo‘lgan 3DES ning sekinligi sababli, AQSh Milliy standartlar va
texnologiyalar instituti (NIST) yangi standart uchun tanlov e’lon qildi. Belgilar algoritmi (Rijndael) g‘olib
chiqdi va AES nomi bilan dunyo bo‘ylab standartga aylandi. U 128, 192 yoki 256 bitli kalit uzunligini
go‘llab-quvvatlaydi va hozirgacha amaliy hujumga uchramagan eng ishonchli simmetrik shifr hisoblanadi.

Hash funksiyalari: Ma’lumotlar yaxlitligini tekshirish va ragamli imzolarni qisqartirish uchun
ishlatiladigan bir tomonlama funksiyalar rivojlandi. MD5 (128 bit) va SHA-1 (160 bit) keng targaldi, ammo
keyinchalik ularning to‘qnashuvga qarshi himoyasi zaif ekanligi aniqlandi. Hozirgi kunda SHA-2 oilasi
(SHA-256, SHA-512) va yangi SHA-3 standarti ishlatilmoqgda.

PKI (Public Key Infrastructure): Ragamli sertifikatlar, sertifikat beruvchi organlar (CA) va rostlash
markazlari (RA) tizimi ishlab chiqildi. Bu HTTPS protokoli, elektron hujjat aylanmasi va davlat xizmatlari
uchun asos bo‘lib xizmat qildi.

Zamonaviy rivojlanish bosgichlari va innovatsion texnologiyalar.

Hozirgi davr kriptografiya sohasida nafagat mavjud algoritmlarni takomillashtirish, balki butunlay
yangi paradigmalar va himoya modellarini yaratish bilan tavsiflanadi.

Post-Kvant Kriptografiya (PQC): Kvant kompyuterlarining nazariy imkoniyatlari (xususan, Shor
algoritmi) RSA va ECC (Elliptik egri kriptografiyasi) kabi ko‘pgina hozirgi ochiq kalitli algoritmlarni
samarali buzishi mumkin.

Magsad: Klassik kompyuterlarda ishlaydigan, lekin kvant hujumlariga qarshi chidamli yangi
algoritmlarni ishlab chigish.

Asosiy oilalar:

1. Panjara asosidagi kriptografiya (Lattice-based): NTRU, Kyber (NIST tanlovida g‘olib).
Xavfsizligi panjara muammolarining yechish giyinligiga asoslanadi.

2. Kod asosidagi kriptografiya (Code-based): McEliece. Kodni tuzatish muammaosiga asoslangan.

3. Ko‘p o‘zgaruvchili kriptografiya (Multivariate): Ragamli imzo uchun.

4. Hash asosidagi imzolar: XMSS, SPHINCS+.

NIST standartlashtirish jarayoni: 2016-yilda boshlangan tanlovda 2022-2024 yillarda birinchi standart
algoritmlar tanlab olindi (masalan, shifrlash uchun Kyber, imzo uchun Dilithium). Bu kriptografiya
sohasidagi eng muhim va dolzarb yo‘nalishlardan biridir.

Funksional va Homomorf Shifrlash: Bu texnologiyalar ma’lumotni shifrlangan holatda saglash va
gayta ishlash imkonini beradi, bu esa maxfiylikni saqlab, bulutli xizmatlar va ma’lumotlarni boshqalar bilan
ishlashda inqgilob giladi.

To‘lig homomorf shifrlash (FHE): 2009-yilda Kreyg Gentry tomonidan amalga oshirishning nazariy
imkoni isbotlangan. Shifrlangan ma’lumot ustida har ganday hisob-kitobni (qo‘shish, ko‘paytirish) amalga
oshirish va natijani dekodlaganda, xuddi shifrlangan bo‘lmagan ma’lumot ustida shu amallarni bajargan
natija bilan bir xil bo‘lishiga imkon beradi. Hozirda samaradorlikni oshirish bo‘yicha faol ishlar olib
borilmoqda.

Qisman homomorf shifrlash: Fagat ma’lum amallarni (masalan, fagat qo‘shish yoki fagat ko‘paytirish)
qo‘llab-quvvatlaydi, lekin samaralirog (masalan, Paillier tizimi).

Zero-Knowledge Proofs (Nol Bilish Isbotlari): Bu protokol bir tomon (isbotlovchi) ikkinchi tomonga
(tekshiruvchi) ma’lum bir dalil haqgiqat ekanligini o‘zining maxfily ma’lumotlarini  oshkor
gilmasdan isbotlashi mumkin.

llovalari:

Blockchain va kriptovalyutalar: Zcash va boshqa maxfiylikka yo‘naltirilgan kriptovalyutalarda
tranzaksiya miqdori va manbasini yashirish, lekin uning to‘g‘riligini tekshirish (zk-SNARKS, zk-STARKS).

Kimlikni tekshirish: Foydalanuvchi parol yoki shaxsiy ma’lumotlarini oshkor gilmasdan, serverga
o‘zining haqiqiy ekanligini isbotlashi mumkin.

Ma’lumotlar hisobi: Boshqa tomonning ma’lumotlarini ko‘rmasdan, ma’lum shartlar bajarilganligini
isbotlash.

Kriptografiya va Blockchain: Blockchain texnologiyasi turli kriptografik konstruksiyalarga
asoslangan:

Kriptografik hash funksiyalar: Bloklar zanjirini bog‘lash va ma’lumotlarning o‘zgarishsizligini
ta’minlash.

Ragamli imzolar: Tranzaksiyalarni tasdiglash va manbasini isbotlash.
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Konsensus mexanizmlari: Proof of Work (Ish isboti) hash funksiyalarining hisoblash giyinligiga
asoslanadi.

Xavfsizlik protokollarining takomillashuvi. End-to-End shifrlash (E2EE): Signal, WhatsApp kabi
ilovalarda qo‘llaniladigan Signal protokoli — bu xabarlarni faqat jo‘natuvchi va gabul giluvchi o‘qiy oladigan
zamonaviy standart.

TLS 1.3: Veb-saytlar bilan xavfsiz aloga protokoli. Oldingi versiyalarga nisbatan sezilarli darajada
optimallashtirilgan va xavfsizrog.

Muammolar, tahdidlar va kelajak tendevsiyalari.

Asosiy muammolar:

1. Kvantga o‘tish: Mavjud kriptotizimlarni post-kvant algoritmlariga nisbatan juda uzog muddatli va
gimmat bo‘lgan migratsiya qilish.

2. Samaradorlik va ishlash: Ko‘pgina yangi algoritmlar (aynigsa, PQC va FHE) hali ham klassik
analoglariga garaganda sekinroq va resurs talab giladi.

3. Standartlashtirish va interoperabilite: Dunyo miqyosida yangi standartlarni gabul gilish va turli
tizimlarning bir-biri bilan muvofiqligini ta’minlash.

4. Dizayn va amalga oshirish xatolari: Matematik algoritmning mustahkamligi bilan birga, uning
dasturiy ta’minotda noto‘g‘ri amalga oshirilishi xavfsizlik teshiklari keltirib chigarishi mumkin.

Kelajak tendensiyalari:

1. Kriptografiya va Sun’iy Intellekt (AI): Al yordamida kriptotizimlarni tahlil gilish va yangi hujum
usullarini kashf etish. Kriptografik primitivlardan foydalangan holda Al modellarini himoya gilish va ularni
tayyor ma’lumotlarsiz o‘rgatish (FHE yordamida).

2. Biometrik kriptografiya: Biometrik nagshlar (barmoq izi, yuz) bilan kalitlarni bog‘lash va ularni
shifrlash orqali parollarni almashtirishga urinishlar.

3. Kvant tarmoglari va Kvant Kalit Tagsimoti (QKD): Kvant fizikasining qonunlariga (masalan,
noaniglik prinsipi) asoslangan, nazariy jihatdan sharthomasiz xavfsiz kalit almashish.

4. Maxfiylikni hisobga olgan holda hisoblash (Privacy-Enhancing Computation — PEC): Homomorf
shifrlash, nol bilish isbotlari va maxfiylikni himoya giluvchi boshga texnikalarni birlashtiruvchi yondashuv.
Bu ma’lumotlar jamg‘armalarini birlashtirish va ularni tahlil gilish imkonini beradi, shaxsiy ma’lumotlarni
oshkor gilmasdan.

Xulosa. Ragamli kriptografiya axborot xavfsizligining tayanch tayanch toshi bo‘lib qolmoqda, ammo
u statik emas, balki doimiy rivojlanib boruvchi dinamik fan va texnologiya sohasidir. Undan DES dan AES
ga o‘tish, asimmetrik kriptografiyaning kashf etilishi va hozirda post-kvantga o‘tish kabi muhim bosqichlar
o‘tgan.

Bugungi kunning eng muhim vazifasi — nafagat kvant kompyuterlari, balki murakkab kiberhujumlar
va ma’lumotlarni suiiste’mol qilish xavfiga qarshi turishga qodir bo‘lgan kelajakka chidamli kriptotizimlarni
yaratishdir. Bunga post-kvant algoritmlari, homomorf shifrlash va nol bilish isbotlari kabi innovatsion
yondashuvlar yordam beradi.

Kriptografiyaning kelajagi uning boshga zamonaviy texnologiyalar — kvant hisoblash, sun’iy intellekt,
keng migyosli loT tarmoglari va global ragamli infratuzilma bilan chuqur integratsiyasida yotadi. Shu bilan
birga, qonun chiqaruvchilar (GDPR, CCPA kabi) tomonidan qo‘yiladigan gat’iy talablar “dizayndan boshlab
maxfiylik” tamoyilini  kriptografik yechimlarning ajralmas gismiga aylantirmogda. Ragamli
kriptografiyaning rivojlanishi nafagat mutaxassislar, balki butun jamiyat uchun hayotiydir. U shaxsiy
ma’lumotlar himoyasini, davlat xavfsizligini, moliya tizimining barqarorligini va global ragamli makonning
ishonchliligini ta’minlaydi.
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Annotatsiya. Mazkur magolada massivlarni tartiblash masalasi va uning dasturlash jarayonidagi
ahamiyati yoritilgan. Magolada tartiblash algoritmlarining asosiy turlari, xususan pufakcha (Bubble Sort),
tanlash (Selection Sort) va ajratish (Insertion Sort) metodlari nazariy hamda amaliy jihatdan tahlil gilinadi.
Har bir algoritmning ishlash prinsipi, bosqgichlari va algoritmik tuzilmasi izchil ravishda tushuntirilgan.
Ushbu metodlarning Python dasturlash tilida amalga oshirilishiga oid sodda va tushunarli kod misollari
keltirilgan. Shuningdek, algoritmlarning vaqt murakkabligi, xotira resurslaridan foydalanish darajasi
hamda ularning samaradorligi o ‘zaro solishtirib o ‘rganiladi. Maqgolada har bir metodning afzalliklari va
kamchiliklari aniglanib, ularni turli hajmdagi ma’lumotlar bilan ishlash jarayonida gaysi sharoitlarda
qo ‘llash magsadga muvofiq ekanligi asoslab berilgan.

Kalit so*‘zlar: massiv, massivlarni tartiblash, Sort, Bubble Sort, Selection Sort, Insertion Sort, Python,
List, Array, Python dasturlash tili.

HUHTEPIIPETALIUA METOA0OB COPTUPOBKH MACCHUBOB B A3bIKE
INPOI'PAMMMPOBAHUA PYTHON

Annomauus. B dannoti cmamoe paccmampusaemes 60npocC COPMUPOSKU MACCUBOS U €€ BANCHOCb 6
npoyecce npocpammuposanus. AHAIUUPYIOMCs OCHOBHbLE MUNbL AI20PUMMOE COPMUPOSKU, 6 YACMHOCNU,
NY3bIPLKOBAS. COPMUPOBKA, COPMUPOBKA BbLOOPOM U COPMUPOBKA 6CMABKAMU, C MEOPemMU4ecKol u
npakmuueckou mouek 3penus. Ilocnedoeamenvho OOBACHAIOMCA NpUHYUn pabomel, SmManvi U
An2OPUMMUYECKAas CMPYKmMypa Kaicoo2o arzopumma. IIpueoosmes npocmole u NOHAMHbLE NPUMEPbL KOO
peanuzayuu dmux memooos na sAsvike npozpammuposanus Python. Taxoce cpaenusaromcs epemennas
CILOJICHOCMb — AN2OPUMMOS,  YPOBEHb  UCNONb308AHUS NaMaAmu U ux ¢p@ekmusnocms. B cmamve
ONpeoensioncs Npeumyuwecmea u HeOOCMAamKu Kaxicoo20 Memood, u 0OO0CHOBbLBAIOMCS YCI08US, NpU
KOMOPBIX Yenecoo0pasHo ux UCHOIb308aNMb Npu pabome ¢ OaHHbIMU PASIUYHBIX PA3MEPOS.

Knrouesvie cnosa: maccus, copmuposka maccusos, Sort, Bubble Sort, Selection Sort, Insertion Sort,
Python, List, Array, szeix npocpammuposanus Python.

INTERPRETATION OF ARRAY SORTING METHODS IN THE PYTHON
PROGRAMMING LANGUAGE

Abstract. This article examines array sorting and its importance in programming. It analyzes the main
types of sorting algorithms, including bubble sort, selection sort, and insertion sort, from theoretical and
practical perspectives. The operating principle, stages, and algorithmic structure of each algorithm are
explained step by step. Simple and clear code examples implementing these methods in Python are provided.
The algorithms' time complexity, memory usage, and efficiency are also compared. The article identifies the
advantages and disadvantages of each method and substantiates the conditions under which they are
appropriate for working with data of various sizes.

Keywords: array, array sorting, Sort, Bubble Sort, Selection Sort, Insertion Sort, Python, List, Array,
Python programming language.

Kirish. Zamonaviy axborot texnologiyalari va ragamli tizimlarning jadal rivojlanishi jarayonida katta
hajmdagi ma’lumotlarni qayta ishlash, saqlash va tahlil gilish muhim ilmiy va amaliy masalaga aylanib
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bormogda. Dasturlash sohasida ma’lumotlar bilan ishlashning eng asosiy tuzilmalaridan biri massivlar
(ro‘yxatlar) bo‘lib, ular orqali turli xil hisoblash, gidiruv va tahlil jarayonlari amalga oshiriladi. Massivlar
ustida bajariladigan eng muhim va ko‘p uchraydigan amallardan biri bu ularni tartiblash hisoblanadi.
Tartiblangan ma’lumotlar bilan ishlash dastur samaradorligini oshiradi, qidiruv algoritmlarining tezligini
ta’minlaydi hamda umumiy hisoblash jarayonlarini optimallashtirishga xizmat qiladi.

Massivlarni tartiblash muammosi algoritmlar nazariyasining fundamental masalalaridan biri bo‘lib, u
kompyuter fanlarida keng o‘rganilgan. Ushbu muammoni hal etish uchun turli xil tartiblash algoritmlari
ishlab chiqilgan bo‘lib, ularning har biri bajarilish vaqti, xotira sarfi, murakkabligi va qo‘llanish sohasiga
ko‘ra bir-biridan farq qiladi. Masalan, oddiy algoritmlar kichik hajmdagi ma’lumotlar uchun qulay bo‘lsa,
murakkab va optimallashtirilgan algoritmlar katta hajmdagi massivlar bilan ishlashda yuqori samaradorlikni
ta’minlaydi. Shu sababli, dasturchi yoki tadqiqotchi uchun tartiblash usullarining ishlash prinsiplari va ularni
to‘g‘ri tanlash mezonlarini bilish muhim ahamiyat kasb etadi.

Python dasturlash tili bugungi kunda eng ommabop va keng qo‘llanilayotgan tillardan biri hisoblanadi.
Uning sodda va tushunarli sintaksisi, yuqori darajadagi abstraksiyalari hamda boy standart kutubxonalari
algoritmlarni o‘rganish va amaliyotda sinab ko‘rish uchun qulay imkoniyatlar yaratadi. Python tilida
massivlarni tartiblash nafagat tayyor funksiyalar yordamida, balki turli algoritmlarni qo‘lda amalga oshirish
orqali ham o‘rganilishi mumkin. Bu esa dasturchining algoritmik fikrlashini rivojlantirish, vaqt va xotira
murakkabligini tahlil gilish ko‘nikmalarini shakllantirishga yordam beradi.

Ushbu magolada massivlarni tartiblashning asosiy usullari, ularning nazariy asoslari va Python
dasturlash tilidagi amaliy talginlari batafsil yoritiladi. Har bir tartiblash algoritmining ishlash mexanizmi,
afzalliklari va kamchiliklari tahlil gilinib, misollar orgali tushuntirib beriladi. Tadgigotning asosiy maqgsadi
— massivlarni tartiblash usullarini tizimli ravishda o‘rganish hamda Python dasturlash tilida ularni samarali
go‘llash imkoniyatlarini ko‘rsatib berishdan iborat. Mazkur maqola dasturlash yo‘nalishida tahsil olayotgan
talabalar, yosh tadgiqotchilar hamda algoritmik bilimlarini chuqgurlashtirishni istagan mutaxassislar uchun
foydali manba bo‘lib xizmat qilishi kutiladi.

Adabiyotlar tahlili va metodlar. Massivlarni tartiblash (sorting) algoritmlari algoritmika va
dasturlash fanining asosiy mavzularidan biri bo‘lib, ular ma’lumotlarni qayta ishlash tezligi va
samaradorligini oshirishda muhim ahamiyatga ega. Adabiyotlarda eng ko‘p uchraydigan oddiy tartiblash
usullariga Bubble Sort, Selection Sort va Insertion Sort kiradi[1-5].

Masalan, T. Cormen va boshgalarning “Introduction to Algorithms” kitobida[ 1] tartiblash algoritmlari
vaqt murakkabligi, xotira sarfi va amaliy qo‘llanilishi nuqtayi nazaridan tahlil qilingan. Shuningdek,
Sedgewick va Wayne’ning “Algorithms” kitobida ushbu algoritmlar sodda bo‘lishiga qaramasdan, o‘quv
jarayonida algoritmik tafakkurni shakllantirish uchun juda qulay ekanligi ta’kidlanadi.

e amalga oshirilishi oson,

o Kichik hajmdagi massivlar uchun samarali,

e murakkab algoritmlarni tushunishdan oldin asos bo‘lib xizmat qgiladi.

Shu sababli ushbu magolada massivlarni tartiblashning Bubble Sort, Selection Sort va Insertion Sort
usullari Python dasturlash tilida ko‘rib chiqiladi.

1. Bubble Sort (Pufakcha usuli)

Bubble sort massiv bo‘ylab yurib, yonma-yon turgan elementlarni solishtiradi. Agar ular noto‘g‘ri
tartibda bo‘lsa, joyini almashtiradi. Har bir aylanishda eng katta element oxiriga “suzib” chiqadi, shuning
uchun Bubble (pufakcha) deb ataladi.

Ishlash prinsipi:

1. 1- va 2-element solishtiriladi.

2. Agar birinchisi katta bo‘lsa, joyi almashtiriladi.

3. Keyin 2- va 3-element, 3- va 4-element ... shu tarzda oxirigacha boriladi.

4. Bu jarayon massiv to‘liq tartiblanguncha takrorlanadi.

Python kodi:

def bubble_sort(arr):

n = len(arr)
for i in range(n):
forjinrange(0,n-i-1):
if arr[j] > arr[j + 1]:
arr[j], arr[j + 1] = arr[j + 1], arr[j]
return arr

massiv =[5, 1, 4, 2, 8]

print(bubble_sort(massiv))
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2. Selection Sort (Tanlab tartiblash)

Selection Sort (tanlab tartiblash) — bu massivni tartiblashning eng sodda va tushunarli usullaridan
biridir. Algoritmning asosiy g‘oyasi shundan iboratki, har bir qadamda tartiblanmagan qismdan eng kichik
element topiladi va u massivning boshiga olib kelinadi.

Ishlash prinsipi:

1. Massivning birinchi elementidan boshlab garaladi.

2. Qolgan elementlar ichidan eng kichigi topiladi.

3. Shu eng kichik element birinchi element bilan joyi almashtiriladi.

4. Keyin ikkinchi elementdan boshlab yana shu jarayon takrorlanadi.

5. Oxirigacha davom etadi.

Python kodi:

def selection_sort(arr):

n = len(arr)
for i in range(n):
min_index =i
forjinrange(i + 1, n):
if arr[j] < arr[min_index]:

min_index = j
arr[i], arr[min_index] = arr[min_index], arr[i]
return arr

massiv = [64, 25, 12, 22, 11]

print(selection_sort(massiv))

3. Insertion Sort (Kiritib tartiblash)

Insertion sort kartalarni qo‘lda tartiblashga o‘xshaydi. Har bir yangi elementni oldingi tartiblangan
gism ichidan o‘z joyiga “kiritib” boradi.

Ishlash prinsipi:

1. Birinchi element tartiblangan deb olinadi.

2. Keyingi element olinadi.

3. Oldingi tartiblangan qism bilan solishtirib, mos joyiga qo‘yiladi.

4. Shu jarayon oxirigacha davom etadi.

Python kodi:

def insertion_sort(arr):

for i in range(Z, len(arr)):
key = arr[i]
j=i-1
while j >= 0 and arr[j] > key:
arr[j + 1] = arr[j]
j=1
arr[j + 1] = key
return arr

massiv = [12, 11, 13, 5, 6]

print(insertion_sort(massiv))

Muhokama. Ushbu tadgiqotda massivlarni tartiblashning Bubble Sort, Selection Sort va Insertion
Sort algoritmlari Python dasturlash tilida ko‘rib chiqildi hamda ularning ishlash prinsipi, vaqt murakkabligi
va amaliy samaradorligi tahlil qilindi. Natijalar shuni ko‘rsatadiki, ushbu uchala algoritm ham sodda
tuzilishga ega bo‘lib, dasturlashni endi o‘rganayotgan talabalar uchun juda qulay hisoblanadi[6].

Bubble Sort algoritmi eng tushunarli usullardan biri bo‘lsa-da, uning samaradorligi past. Har bir
elementni ketma-ket solishtirib, o‘rnini almashtirib borishi sababli vaqt murakkabligi O(n?) ga teng. Bu esa
katta hajmdagi massivlar uchun ushbu algoritmni deyarli amaliy jihatdan samarasiz giladi. Shunga garamay,
algoritmning mantigiy tuzilishi oddiy bo‘lgani uchun o‘quv jarayonida algoritmlarni tushuntirishda muhim
ahamiyatga ega[7].

Selection Sort algoritmi ham O(n?) murakkablikka ega bo‘lsa-da, Bubble Sortdan fargli ravishda
almashishlar (swap) soni kam bo‘ladi. Har bir bosqichda faqat bitta almashish bajariladi. Bu xususiyat ba’zi
holatlarda uni nisbatan samaraliroq qiladi, aynigsa ma’lumotlarni yozish amali qimmat bo‘lgan tizimlarda.
Biroq, solishtirishlar sonining ko‘pligi sababli katta massivlarda u ham sekin ishlaydi.

Insertion Sort algoritmi esa uchala algoritm ichida eng samaralisi hisoblanadi. Aynigsa, massiv gisman
tartiblangan bo‘lsa, uning ishlash tezligi juda yuqori bo‘lib, vaqt murakkabligi O(n) ga yaqginlashadi. Shu
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sababli Insertion Sort real dasturlash amaliyotida kichik hajmdagi yoki deyarli tartiblangan massivlarni gayta
ishlashda ko‘proq qo‘llaniladi. Bu xususiyat uni nafaqat o‘quv maqsadlarida, balki amaliy masalalarda ham
foydali giladi[8-9].

Taqqoslash natijalariga ko‘ra:

e Bubble Sort — eng sodda, lekin eng sekin algoritm;

o Selection Sort — almashishlar soni kam, lekin umumiy samaradorligi past;

« Insertion Sort — kichik va gisman tartiblangan massivlar uchun eng magbul tanlovdir.

Shunday qilib, ushbu algoritmlar asosan o‘quv va tushuntirish magsadlariga xizmat qiladi. Katta
hajmdagi ma’lumotlar bilan ishlashda esa Quick Sort, Merge Sort yoki Heap Sort kabi samaraliroq
algoritmlardan foydalanish magsadga muvofiq bo‘ladi. Biroq Bubble Sort, Selection Sort va Insertion Sort
algoritmlari murakkab tartiblash usullarini o‘rganishdan oldin mustahkam nazariy va amaliy asos yaratib
beradi.

Natijalar. O‘tkazilgan tajribalar va tahlillar natijasida Bubble Sort, Selection Sort va Insertion Sort
algoritmlarining ishlash samaradorligi hamda qo‘llanish sohasi aniqlab olindi. Python dasturlash tilida
yozilgan dasturlar orqali turli o‘lchamdagi massivlar ustida sinovlar o‘tkazildi va quyidagi natijalarga
erishildi.

Birinchidan, barcha algoritmlar massivni to‘g‘ri va aniq tartiblab bera olishi isbotlandi. Ya’ni,
kiritilgan tartibsiz massivlar har uchala algoritm yordamida ham o‘sish tartibida muvaffaqiyatli saralandi.

Ikkinchidan, bajarilish tezligi bo‘yicha sezilarli farqlar kuzatildi:

¢ Bubble Sort eng sekin ishlovchi algoritm bo‘lib chiqdi. Elementlar soni oshgani sari bajarilish vaqti
keskin ko‘paydi.

o Selection Sort Bubble Sortga nishatan biroz bargarorroq ishladi, ammo umumiy tezlik jihatidan katta
ustunlik bermadi.

e Insertion Sort esa kichik va gisman tartiblangan massivlarda eng tezkor algoritm ekanligi aniglandi.

Uchinchidan, almashishlar (swap) soni bo‘yicha:

¢ Bubble Sortda almashishlar soni juda ko‘p bo‘ldi.

e Selection Sortda har bir bosgichda fagat bitta almashish bajarildi, bu esa uning asosiy ustunligi
sifatida qayd etildi.

e Insertion Sortda ko‘proq siljitish amallari bajarildi, lekin umumiy ishlash samaradorligi yuqori
bo‘ldi.

To‘rtinchidan, xotira sarfi bo‘yicha uchala algoritm ham deyarli bir xil natija ko‘rsatdi. Ular in-place
ishlaydi, ya’ni qo‘shimcha xotira talab gilmaydi.

Umumiy natijalarni quyidagicha jamlash mumkin:

Algoritm Tezlik darajasi Samaradorlik sohasi
Bubble Sort Juda sekin O‘quv magsadlari uchun
Selection Sort | Sekin, bargaror | Swap kam bo‘lishi kerak bo‘lgan holatlarda
Insertion Sort | Nisbatan tez Kichik va gisman tartiblangan massivlarda

Xulosa. Ushbu maqgolada massivlarni tartiblashning Bubble Sort, Selection Sort va Insertion Sort
algoritmlari Python dasturlash tilida ko‘rib chiqildi. Har bir algoritmning ishlash prinsipi, afzallik va
kamchiliklari hamda amaliy samaradorligi tajriba asosida tahlil gilindi.

O‘rganishlar natijasida ma’lum bo‘ldiki, Bubble Sort algoritmi tuzilishi jihatidan eng sodda bo‘lsa-da,
bajarilish tezligi past bo‘lib, asosan o‘quv jarayonida tushuntirish maqsadida qo‘llaniladi. Selection Sort
algoritmi almashishlar sonining kamligi bilan ajralib turadi, biroq vagt murakkabligi yuqori bo‘lgani sababli
katta hajmdagi massivlar uchun samarali emas.

Insertion Sort algoritmi esa kichik hajmdagi va gisman tartiblangan massivlar bilan ishlashda eng
yaxshi natija ko‘rsatdi. Uning moslashuvchanligi va tezkorligi uni amaliy masalalarda ham qo‘llash imkonini
beradi.

Umuman olganda, ushbu uch algoritm murakkab tartiblash usullarini o‘rganishdan oldin muhim
nazariy va amaliy asos yaratadi. Katta hajmdagi ma’lumotlar bilan ishlashda esa Quick Sort, Merge Sort va
Heap Sort kabi samaralirog algoritmlardan foydalanish magsadga muvofigdir.

Shunday qilib, tanlangan tartiblash algoritmi masalaning hajmi va ma’lumotlarning holatiga bog‘liq
bo‘lishi kerak. To‘g‘ri algoritm tanlash dastur samaradorligini sezilarli darajada oshiradi.
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AnHomayua. B OauHOU cmambe paccmampueqaromcs HepecneKmugvl pa3zeumus U UCNOTIb3AGHUsL
KOHYEHMPUPOBAHHOU CONHeYHOU menniosoul suepeuu. Ocoboe mecmo cpedu mexnonoeuri BUD 3anumaem
KOHYEHMPUPOBAHHAS COTHEYHAs mennogas dHepeus. B omauyue om @omosnexmpuueckoli COMHEYHOU
2eHepayuy KOHYEHMPUPOBAHHAS CONHEUHAs MeNn108as 3Hepeus HNO360Jidem He MONbKO NpoU38o0Umbs
2NEKMPOIHEP2UIO, HO U HANPAMYIO 2EHEPUPOBANDL BbICOKOMEMNEPAMYPHOE Mena0 051 NPOMbIUULEHHOCTIU,
YEeHMPAaIU308aHHO20 MENI0CHAONCEHUsl, 20payec0 8000CHabICeHus U Koeenepayuu. IIpoanaruzuposano
meKyujee COCMosAHUE, MEeXHOLO0SUYeCKUe O0COOEHHOCMY, 3IKOHOMUYeCKUe U pezyisimopHble Oapvepbl
UCNONb308AHUA CONIHEYHOU MEeNnN080U dHepauu 8 Y3Dekucmaue, a makdxice HPedNONHCeHbl PedlucmuiHble
cyenapuu eé pazeumust 00 2035 200a.

Knrouegwle cnosa: conneunas mennosas dHepausl, KOHYEHMPUPOBAHHAS COTHEUHAS IHEP2USL, MeN08as
akkymynuposanus snepeuu, CSP, CST, kocenepayus, menniogvie HaKonumesnu, 3e1éHas IKOHOMUKA.

O‘ZBEKISTONDA KONSENTRLANGAN QUYOSH ISSIQLIK ENERGIYASIDAN
FOYDALANISH ISTIQBOLLARI

Annotatsiya. Ushbu maqolada konsentrlangan quyosh issiglik energiyasidan foydalanish va
rivojlantirish istigbollari ko ‘rib chigiladi. Qayta tiklanadigan energiya manbalari texnologiyalari orasida
konsentrlangan quyosh issiglik energiyasini to’plash alohida o‘rin tutadi. Fotovoltaik quyosh
generatsiyasidan farqli o ‘laroq, nafaqat elektr energiyasi ishlab chiqarish imkonini beradi, balki sanoat
ehtiyojlari, markazlashgan issiglik ta’minoti, issiq suv ta’minoti hamda kogeneratsiya uchun to‘g ridan-
to‘gri yuqori haroratli issiqlik hosil qilishga ham imkon yaratadi. O ‘zbekistonda quyosh issiqlik
energiyasidan foydalanishning hozirgi holati, texnologik xususiyatlari, iqgtisodiy va tartibga solish
sohasidagi to ‘siglar tahlil gilingan hamda 2035 yilgacha bo ‘lgan realistik rivojlanish ssenariylari taklif
etilgan.

Kalit so“zlar: quyosh issiglik energiyasi, konsentirlangan quyosh issiglik energiyasi, CSP, CST,
kogeneratsiya, issiqlik to’plovchi materiallar, energiyani issiqlik tarzida akkumulyatsiya qilish, yashil
energetika, yashil igtisodiyot.

PROSPECTS FOR THE USE OF CONCENTRATED SOLAR THERMAL ENERGY IN
UZBEKISTAN

Abstract. In this article the correctness the prospects for the development and utilization of
concentrated solar thermal energy. Among renewable energy source (RES) technologies, concentrated solar
thermal energy holds a special place. Unlike photovoltaic solar generation, concentrated solar thermal
energy enables not only electricity production but also the direct generation of high-temperature heat for
industry, district heating, hot water supply, and cogeneration. The current state, technological features,
economic and regulatory barriers to the use of solar thermal energy in Uzbekistan have been analyzed, and
realistic scenarios for its development up to 2035 are proposed.
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storage, thermal storage materials, green economy, Uzbekistan.

BBenenne u mocranoBka 3agaun. COBpeMEHHBI »SHepreTHuyeckwii mnepexon B PecmyOmuke
VY30ekncTan SBISIETCS OAHUM W3 IMPUOPUTETHBIX HAIPAaBIEHUH YCTOWYMBOTO pa3BHTHA. B cooTBeTCTBUU C
obHoBnéHHBIM OmpenensieMbiM Ha HalMoHaTbHOM ypoBHe BKiagaom (OHYB 3.0) [1], npencraBieHHbIM B
2025 rony, crtpaHa B3sia Ha ce0sl 0053aTENLCTBO COKPATUTh HHTEHCHBHOCTH BHIOPOCOB MAPHUKOBBIX ra30B
Ha equauiy BBII Ha 50% x 2035 rogy mo cpaBaenuro ¢ 2010 rogom. «Ctpaterus nepexoaa PecrnyOmuku
V30ekuctan Ha «3en€Hyro» 3KoHOMHKY g0 2030 roma» [2] mpemycMaTpuBaeT OBeICHHE MOIIHOCTEH
BO300HOBIISIEMBIX MCTOYHUKOB sHepruu (BUJ) mo 25 000 MBT, uto momkno obecrnednts okono 54% B
HaIMOHAJIBHOM SHeprodanaHce.

Oco6oe mecTo cpeau TexHonoruit BUD 3aHuMaeT konyenmpuposannas coineunas meniogas dHepeust
(Concentrated Solar Thermal — CST, wmm CSP - Concentrated Solar Power). B omimmume or
¢oTroanekTprueckoit conneuHoi renepanuu (PV), kotopas ZJoOMUHHpPYET B TEKYIIMX MPOEKTax Y30eKucTaHa,
CST mno3BojsieT HE TOJBKO HPOM3BOAMTH 3JEKTPOIHEPTHIO, HO U HANpAMYK T'€HEPHUPOBAaTh
BBICOKOTEMIIEPATypHOE TEIJIO Ul NPOMBILUICHHOCTH, LEHTPAIU30BAaHHOIO TEIUIOCHAOKEHHS, TOPSYETo
BOJIOCHAOXKEHUS M KOreHepaluu (OJHOBPEMEHHOW BhIPAOOTKH TEIUIa U 3JICKTPOIHEPTHU). DTO OCOOCHHO
aKTyaJIbHO 1151 Y30eKHCTaHa, Tl 3MMOM CYLIECTBYET 3HAYMTENBHBIA CIIPOC HA TEIUIO, A TEIUIOBBIC CETH
XapakTepU3YIOTCs BbICOKUMH noTepsmu (10 40%).

VY30ekucran o0nafaeT OJHMM W3 JIydlnuX B MHpe pecypcoB s pazButus CST. CpemneromoBoe
3HAYEHHUE NPAMOU HOpMALbHOU conneunoli paduayuu (DNI) coctasisier okoio 4,44 kBt u/m?*/cyTtku [3], a B
toro-3amangHeix perunoHax (Kamkanmapes, Camapkana, Hasou, Byxapa, Cypxanmapes) mocturaet 4,9-5,27
kBt u/mM¥cytku. bonee 300 comHe4HBIX IHEW B TOMy, OOIIMpPHBIC WYCTHIHHBIE M MAaJOHACENEHHBIE
TEPPUTOPUH CO3/IAIOT HJCATbHBIC YCIOBUS ISl pa3MmenieHus: KpymHeix CST-craHmmid.

Lear craTbM — NPOAHATU3UPOBATH TEKYLIEE COCTOSHUE, TEXHOJIOTMYECKHE OCOOEHHOCTH,
SKOHOMMYECKHE U PEryIsATOPHbIE Oaphephl HCIOJIB30BaHKS COJTHEYHOM TEIUIOBOM 3HEPIHU B Y30€KHUCTaHe, a
TaKKe MPEeIOKUTH peaTUCTHUHbIE crieHapun e€ pa3Butus 10 2035 roxa.

Teopernyeckne OCHOBHI W TeXHOJOTHYeCKHH JaHAmMA(T COJHEYHOH TeNI0BO JIHEPrum.
KonuentpuposanHas conneunas temiosas sHeprusi CST npezacraBiisieT co00il TEXHOJIOTHIO, TTO3BOJISIONIYIO
MpeoOpa3oBbIBaTh MPSIMOE COJMHEYHOE M3IYYEHHE B BBICOKOTEMIIEPATYpHOE TEIUIO Ui TOCIEAyIoIIeH
TeHEpallui 3JIEKTPOIHEPTUH, MPOU3BOJICTBA MPOMBIIIICHHOTO TEIUIA WJIM KOreHepanuu. B oTiamune ot
¢doroanekrpuueckux cucreM (PV), Hanpsmyio reHepupyronmx snekrpuyectBo, CST dokycupyer npsimoe
HopMaibHOe n3nyueHue (DNI) ¢ momorpio onTHYecKUX cucTeM Ha NpuéMHHK. B mpuéMHuKe HarpeBaeTcs
TEIUIOHOCHUTENb (CHHTETUYECKOE Macylo, PacIlIaBIEHHbIE COJIH, BO/IAa MIIM TIECOK), M MOJIyY€HHOE TETIO 3aTeM
WCTIONB3YeTCs B TPAIULMOHHBIX TEPMOANHAMUYECKUX LUKIax (maposas TypOuHa Penkuna, nukn Ctupiausara
u ap.) [4].

KpaTtkas ucropus passutusa CST B mupe. Mcroku texHomoruu yxoaat B XIX Bek: B 1866 romy
¢pannysckuii mmkeHep Orroct Mymo MOCTPOMIT MEPBYIO MapabOJIMYECKyH0 CONHEYHYHO CHCTEMY JUIs
npousBozcTBa mapa [5]. B 1913 romy B Ermnre (Meamu) ObUT NPOAEMOHCTPUPOBAH MapaOOIMIeCKUM
KOHIICHTPATOP MOIIHOCTHIO 73 KBT, HCIIONMB30BaBIIUIACS )11 HPPUTAIIMOHHOTO Hacoca [6].

CoBpemennas 3pa CST navamace B 1980-x romax. KiroueBoif BexXO#l CTall0 CTPOUTEIHCTBO B
Kamudopuun wommiekca SEGS (Solar Energy Generating Systems) B 1984-1991 romax. Orta cepus
AJIEKTPOCTAHIMI Ha MapaboNnvYecKux jkenodax odmei momHocTeio 354 MBT ocraBanace KpynHeWien B
mupe BIUIoTh 10 2014 roma [7].

OcHoBHble THObI TexHodoruii CST. Texnonormueckoe cemeiictBo CST Bximowyaer wyeThipe
OCHOBHBIE€ KOH(pUTYpaLliH, pa3Iyaromuecs Mo NpUHIKIY (GOKYCHPOBKH U TOCTUTAEMBIM ITapaMeTpaMm:

1. TlapabGonuueckWii KOHIEHTPATOpP COJHEYHOH OJHeprum: Hauboyiee 3penass M KOMMEPUYECKH
pacnpocTpanéHHas TexHoiorus. Vcmonb3yer IMHeHY0 (OKYCHPOBKY ¢ KOX(PQHIIMEHTOM KOHIIEHTPAIUU
70-80 pa3, HarpeBas TeIuIOHOCUTENb (00bIYHO Macio) g0 ~400°C. Ha 3Ty TexHOJOrHIO 1O CHX TIOp
npuxoautcst okojio 70-95% neiictByromux momtHocte CSP B mupe [8].

2. Conneunsie Oamuu (Solar Power Tower): Cuctembl ¢ TOYeHYHON (DOKYCHPOBKOH, Tae IOJE
TeJIMOCTAaTOB (3epKasl) HAallpaBJIseT Jy4d Ha [EHTPaIbHbIA MPUEMHHK, PACIIONIOKEHHBI Ha BEpIIMHE OallIHu.
Orto mo3BonseT AocTHYb KoHueHTpauuu B 300-1000 pa3 u Temmepatyp 565-1000°C, 4uro mnoBBIIIaET
3¢ }eKTUBHOCTD U JAenaeT OalIHU WACATBHBIMU AT PA0OTHI ¢ BBICOKOTEMIIEPAaTypPHBIMU TEIUIOHOCUTEISIMH
(pacmiaBieHHBIC COJM) W TEIUIOBBIMU HakomwmrtelsMu [9]. IlepBas kpymHas OEeMOHCTpamUs — IPOCKT
EURELIOS (1 MBT, Utanus, 1981). Kimtouessie nporotumnsl Solar One/Solar Two (CILIA) B 1990-x rogax

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2026/2 (131) 186



TECHNIQUE

nokazaian 3G (HEeKTUBHOCTD MCITONB30BAHUS PACIUIABICHHBIX COJIEH KaK TEIUIOHOCHTENS M aKKyMYIHPYIOMIeH
Cpepbl.

3. Jluneiinsie otpaxkatenn Ppenens (Linear Fresnel Reflector): Ynpoménnas u Oonee neménas
BepCUsl JIMHEHHON (POKYCHUPOBKH, UCTIONB3YIOIIAs ATUHHBIC PSJIbI IJIOCKUX WU CJIETKa M30THYTHIX 3epKall.
Koadpdumment xonnentparmu amke (25-100 paz), a Temmepatypsl gocturator 300-500°C. Texnomorus
mBecTHa ¢ 1960-x, HO akTHBHas KoMMepumanuianus Hadamach ¢ 2000-x romoB (HampuMep, TEXHOIOTHS
Compact Linear Fresnel Reflector) [10].

4. TIlapabommueckue Tapenku (Dish Stirling): Cucremsl ¢ mapabonmdecKoi TapenKol U IBUTATEIIEM
Crupnunara B ¢okyce. ObecrieunBaroT Beicodaimryio koHmeHTpanuio (10003000 pa3) u temmeparypsl 10
800°C, a rtakxke pexopaubiii KIIJI. OmHako wu3-3a BBICOKOW CTOMMOCTH W CJIOKHOCTH OOCITY)KUBaHUS

(Ka)KI[I)II‘/'I MOLYJb Tpe6yeT CBOCTO I[BI/IF&TGHH) HUX KOMMCPYCCKOC MPHUMCHCHUC ocTaércsa OrpaHU4CHHbIM
[11].

I'moGanenbit 6ym cTpoutensctBa CSP mpumencs va 2007-2014 roasr (Mcnanus, CLLIA), mocne dero
HACTYNWJI CIaj, BHI3BAHHBIA PE3KUM MAJCHUEM CTOMMOCTH (POTORNIEKTpUYECKUX maHenei. Bospoxaenne
nHTepeca K TexHomoruu ¢ 2020-X roIoB CBA3aHO ¢ €€ YHUKAIBHON CIIOCOOHOCTHIO K WHTETPAIMH TETIIIOBBIX
HaKONUTENeH 1 THOpUIN3aIiui, OCOOEHHO B TAKNX CTpaHax, kak Kurait m OAD.

CoBpeMeHHBbIE TEeXHOJOTMHM M HHTErpamusi ¢ TeIVIOBbIMH Hakomurteasamu. KirodeBoe
KOHKYPEHTHOE TPEUMYIIECTBO COBpeMeHHbIX CST-cTaHumMii — HHTErpauus CHCTEM TEIUIOBOIO
akkymynupoBanus sHeprun (Thermal Energy Storage, TES), koTOpble MO3BOISIOT CTIaKUBATh CYTOYHYIO
HEPaBHOMEPHOCTh TOCTYIUICHHSI COJIHEYHOW pajuallii U 00ecreyrBaTh AUCIETYEPU3YEMYI0 TEHEPAIHUIO.
Ocnoguble Tunel TES Brmouarort:

e JIByx0akoBBI€ CHCTEMbI Ha PacIIaBICHHBIX COJISIX: CTAaHAApT AJs OarieH u keixo0o0B. Mcmonbs3yercs
cMmech HuUTpatoB HaTpus U Kamus (60% NaNO;z; + 40% KNO3). Topsiumit 6ax moxeTr mocturats 565°C.
Takue cucrembl o0ecrieunBaroT 6—15 yacoB xpaneHus 1 UMeroT dpdextruBHoCcTh 95-98% [12].

e TBepooTenbHBIE HAKONMUTENW: Oonee paeméBas ajbTEpPHATHBA JUIS  CpeIHETEMIEpPaTYPHBIX
MIPUMEHEHUH, HO TpeOyIOT OONBIINX 00HEMOB.

e Hakonurenu Ha azoBom nepexoae (PCM, Phase Change Materials): nepcriekTHBHOE HaIIpaBJICHUE,
WCTIONB3YIONIee CKPBITYIO TEIUIOTY TUIABJICHUS/KPUCTAJUIN3AMH COJICH ISl BRICOKOW IJIOTHOCTH XpaHEHHS
SHEPruy, OJHAKO TEXHUYECKas peanu3auus ciaoxaee [13].

Bbnarogapss TES xoaddumment ucronb3oBanus ycranosieHHoit mornoctu (Capacity Factor) CST-
cTannuid MoxeT nocturath 40—80%, YTO NMPUHIUIHAIBLHO OTJIWYAET MX OT cojHeuHoi PV (20-35% 6e3
XpaHeHus1) U NpuoIMxKaeT K 0a30BBIM HAIPY30UHBIM PEXKUMaM.

Cpasnenue CST ¢ ¢porodnexrpuueckoii renepanueii (PV). CST u PV crnenyer paccmarpuBats He
KaK KOHKYPHPYIOIIIHE, a KaK B3aUMOJIOIIOJIHSIOINE TEXHOJIOTHH:

e PV: ornmyaercs Hu3Koi npuBe€HHOM cronMocThio nektposHeprun (LCOE ~0,03-0,05 $/kBt-u),
MPOCTOTOI MacTabMpPOBaHMs, HO NPOM3BOAUT MEPEMEHUYMBYIO MOIIHOCTbD, Ul OaJlAaHCUPOBKH KOTOPOM
TpeOyIOTCS TOPOTHE DIIEKTPOXUMHUIECKHE HaKOTMTENN (TUTHi-noHHBIE ~100-200 $/%xBT-1).

e CST: umeer Oonee Boicokuit LCOE (~0,10-0,12 $/xkBr-u), omnHako mpeyaraet KpUTHYECKHE
MIPENMYILIECTBA:

o  Koreneparus: Bo3M0OXKHOCTE OJHOBPEMEHHON BBHIPAOOTKH 3JIEKTPOIHEPTHH U ITOJIE3HOTO TEIlIa
(map 400-550°C) st TPOMBIIIUIEHHOCTH (TEKCTUIIBHOM, XUMHYECKOH, TUIIIEBOH).

o JleméBoe TemnoBoe xpaHeHue: CTOMMOCTh XpaHEHHs TEIJIOBOM HSHEPrMM Ha MOPSAKU HHUXKE
CTOMMOCTH XPaHEHHsI JJIEKTPUIeCTBa B OaTapesix.

o CucremHBIE YCIyTH: BRICOKAsI HHEPIHS BPAIIAIONINXCS Macc (TTapoBble TYpOUHBI) 0OecriednBaeT
CTaOMIBHOCTD U HaJEKHOCTh SHEPTOCHCTEMBI.

Taxum o6pazom, CST uneanbHO MOAXOAUT Uil PETMOHOB C BRICOKMM CIIPOCOM Ha TEIUIO (Hampumep,
JUIL  [IEHTPAIM30BAHHOTO TeIUlocHaOkeHWst B lleHTpanbHOl A3WM) W JUIs CO3JaHHS THOPHUIIHBIX
sHeprokominiekcoB (CSP + PV + ragz).

Poabs nudpposuzanun, UU n 61ox4veiina. CoBpemenHsIi 3tamn pazsutus CST Hepa3preIBHO CBs3aH C
nuppoBU3AIHEH:

e UckyccTBenHblii uHTE/UIeKT (UMW) U MaminMHHOe 00y4deHHe: WCIIOIB3YIOTCS IS MPEeIU3UOHHON
KaqMOpPOBKM ¥ ONTHMH3AIMKM TpPeKWHra TreiauoctaToB (touHocts a0 0,1 wMpan), NpeIUKTUBHOIO
oOciykuBanuss 00opynoBaHus (cHMkeHHe mpocToeB Ha 20—50%) u KpaTKOCPOUHOTO MPOTHO3UPOBAHUS.
Hetipocerernie momenu (LSTM) mO3BOJISIOT B peaIbHOM BPEMEHH ONITHMH3UPOBATH PAacX0]l TETNIOHOCHUTES
U IUCIETYEPU3aLUIO HAKOIUIEHHOTO TeIlIa.
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e lludposrie nBoiinuku (Digital Twins): co3manme BUPTyadbHBIX KOMHM JJICKTPOCTAHITUN IS
MOJCIIUPOBAHUS PEKUMOB PAOOTHI, KATHMOPOBKHM TIOJS W TPEIACKa3aHUS BBHIPAOOTKH 0€3 OCTaHOBKH
peanbHOro 060py10BaHusl.

o bilok4eliH: MOXET NPUMEHSTHCA IS CO3AaHUsl TPO3PAUYHBIX CHCTEM TOPTOBIHN <«3EIEHBIMIDY
cepTudUKaTaMu M TEIUIOBOW DHEPrHel Ha PETHOHATBHBIX PBIHKAX, Harmpumep, B pamkax LIIOC, ucnomb3ys
CMapT-KOHTPAKTHI AJIS1 aBTOMATH3AIIH PAaCcuETOB.

I'nob6anbHbIE JIMIEPHI U COBPEMEHHOE COCTOsIHUE PhIHKA. Ha cerogusmauii 1eHs chopMupoBaocs
HECKOJIbKO IIeHTpoB pa3Butust CST:

e UcnanusA: wWCTOpUYECKHH JNHIEp IO ycTaHOBIeHHOHW wmomHocTtH (okomo 2,3 I'Br). 3gech
pacnonoxen koMiuieke Noor Quarzazate (Mapokko) — OJIMH U3 KPYIHEUIINX B MUPE, YTO IEMOHCTPUPYET
BIIMSIHUE MUCTIAHCKUX TEXHOJIOTHH.

e Kuraii: nemonctpupyer Hambomee mnuHamMudHbIi pocT. K 2025 romy B cTpaHe HacYHTHIBAIOCH
okoJio 27 craniuii obmieit momrHOCTRIO ~1,72 BT (romoBoii poct 107%), a IpOEKTOB MapadOIUIESCKOTO
tuna npesbiaer 8§ I'Br. Kirouessie npoektsl: CGN Delingha (50 MBT, mapabona), Shouhang Dunhuang
(100 MBT, 6amas), SUPCON Delingha (50 MBrT, 6amas), Lanzhou Dacheng Dunhuang (50 MBT, Fresnel).

o baw:xknuii Bocrok u CeBepnas Appuxa (MENA): OAD (Noor Energy 1 — rubpun CSP+PV) u
Mapoxkko (Noor Ouarzazate) CTposIT KpYITHbIC THOPHIHBIC KOMIUIEKChI ¢ MHOTOYaCOBBIMY HAKOITUTEIISIMHU.

Takum obOpazom, CST sBisieTcss 3penoil W CTPATErHYeCKH BAXKHOW TEXHOJIOTHEH, (OKyCc KOTOpOi
CMECTHJICSI B CTOPOHY TEIUIOBOTO aKKyMYyJIUPOBaHUS, THOPUAM3AIMHA W IM(PPOBOTO yIpaBICHUA. OTH
CBOMCTBa N1enaloT €€ HJealTbHbBIM HHCTPYMEHTOM JUIS JAOCTIDKEHHUS IeNed YCTOWYMBOIO pa3BUTHS CTpaH
IOC u co3nanus OCHOB JUIsl pETHOHAIBHON SHEPreTHYECKON KOOTIepalty.

Tekymiee cocTosiHHe W NOTEHUMAJ MCIOJIb30BAHMS COJHEYHOH TeIJIOBOl 3Hepruu B
Y3b6exucrane

Pecypcuas 6a3a: gvidarowuiics conneynvlii nomenyuan. Y30€KucTaH o0j1alaeT OJHUM H3 Haubolee
ONaronmpHUATHBIX B MHPE PECypCOB MPSMOW CONHEYHOW paJHalii, 4YTO JAENaeT CTpaHy WAeaTbHBIM
KaHIUAATOM IS Pa3BUTHA KOHIEHTPUPOBaHHOW comHewHO# TtermioBoit snepruu (CST/CSP). CormacHo
nanHeiM  Global Solar Atlas, cpegHeronoBoe 3HaueHHe mpsMoll HopManbHOW wu3mydeHus (DNI) Ha
TEPPUTOPUH CTpaHbl coctaBisieT 4,44 kBT u/M*/cyTku (B quanazone ot 3,03 o 5,27 kBt u/mM*/cytkn) [5].
DTOT TOKa3arelb COMOCTaBHM C BEAyIIMMH MHpPOBBIMH pbhiHKamMu CSP — roro-zamamom CIIA (4,76
KBt u/M*/cyTKH) 1 10xkHBIME perroHamu Mcnanuu (5,34 kBt -4/M?/cyTkn).

[Muxosele 3Hauenuss DNI, nocturaromme 4,9-5,27 kBT 4/M?/cyTKH, GUKCHPYIOTCS B I0TO-3aIaIHBIX
pernonax (Kamxanapes, Camapkann, Hasoum, Cypxangapesi, byxapa). MMeHHO 3mech pacrosiosKeHb
oOIIMpHBIE TYCTHIHHBIE U TIONYITyCTHIHHBIE TeppuTopuu ¢ Oonee yeM 300—320 coiIHeYHBIMH THSIMU B TOAY,
4TO CO37aéT UeaNbHbIC YCIOBUS A pa3MelieHus: KpymHeix CST-crannumii. MexyHapoaHOe areHTCTBO 110
Bo300OHOBIsIeMoli 3Heprun (IRENA) monrBepkiaer 3TH OLEHKH, OTMEYas, YTO TEXHHUYECKUH MOTEHIHAI
COJTHEYHOUW SHEpPreTHKH B Y30EKHCTaHE WCUUCIACTCS THICSYaMHU TepaBaTT-4acoB, 3HAUWTENbHAs YacTh
KOTOPBIX MPHUrOJHA HMMEHHO JUIS TEXHOJIOTMH KOHIIEHTpaluu Oyiarojgaps Beicokomy DNI u Hu3koi
obnauynoctu [14].

Tekymee cocrosinue: nomuHuposanue PV u orcyrcreue kpynueix CST-npoexkros. Hecmotpst Ha
BBIIAOIIUICS pecype, K Havary 2026 roxa passutne CST B Y30eknucrane ocTaércsi Ha HA4aJIbHON CTaIWH.
Kpymnaele xommepueckue CST-ctanuum B cTpaHe OTCyTcTBYIOT. OcHOBHOW (okyc HanMoOHAIBHON
nporpaMmMel o BMD cMemén B cropoHy (oTo3IeKTpHUecKOH conmHeuHoH osHepretuku (PV) wu
BeTpodHepreTuku. [lo maHHRIM MUHHCTEPCTBA PHEPreTUKH Y30eKucTaHa, Kk koHIty 2025 roma BBEIEHO B
akcruTyatanuio okosio 5000 MBT coiHeYHBLIX M BETPOBBLIX MOIIHOCTEH, a JOJS «3EIEHOH» SHEPTHH B
obmeit reHepamuu gocturia 30% [15]. KmodeByro poiis B 3TOM pocTe CHITpalil MEXIyHapOAHBIE
nuBectopsl: Masdar, ACWA Power, TotalEnergies, Voltalia u Aksa Enerji.

B 10 e Bpems, Ha MeTKOMacIITaOHOM ypOBHE COJTHEYHAs! TEIUIOBasl SJHEPTUSA YKe MPUCYTCTBYET B
BUJIE HU3KOTEMIIEPATYPHBIX COJHEUHBIX BOJIOHArpeBarenell (IUIOCKUX WIIM BaKYyMHBIX KOJUIEKTOPOB) B
JIOMOXO3SCTBaX U Ha HeOoJbIIMX 00bekTax. [IpaBurenscTBo cybcuaupyer 30% CTOMMOCTH TaKHX CHUCTEM,
u k 2025 rony B paMKax I1eJeBO porpaMMbl ycTaHOBJIEHO Ookosio 150-200 Thicsiu equnuil (IpuMepHO 2—
2,5% nomoxo3zsiicTB). CymIecTBYIOT TaKKe TMHJIOTHBIE TIPOEKTHI TIO0 WCIOIL30BAHUIO COJHEYHBIX
KOJIJICKTOPOB JJIsl TOPSYEro BOJOCHAOXKEHHS B CEIBCKOH MECTHOCTH, TEIUTMIAaX M Ha HEOONbIINX
MPOMBIIIJICHHBIX 00beKkTaX. OIHAKO MOJHOLCHHBIC MUJIOTHBIE MPOEKTHI IO TeHEPAlH JICKTPOIHEPTUH U
BBICOKOTEMIIEPATYPHOTO Teria ¢ moMombio CST oTCYTCTBYIOT.

Hpuyunbl HegooueHéHHocTH CST. [Touemy sxe CST octaéres «B Term» PV? OcHOBHAs mpuInHa —
MPUOPUTET OBICTPOTO M SKOHOMHUYECKH 3(PPEKTHUBHOTO HapamuBaHus MourHocTer BUD. MexayHnaponnsie
HMHBECTOPHI GoKycupyroTcs Ha PV-nipoekTax morHocThio 100—500 MBT, yacTo B KOMILIEKCE C CUCTEMaMHU
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HaKOIUICHHUS SHEPTHH Ha JINTUH-UOHHBIX OaTapesx (BESS). JIns Takux MpoeKTOB XapaKTEpHBI 0ojiee HU3KAs
MpuBeneHHas CTOMMOCTD A1ekTpodHepruu (LCOE) u KOpoTKue CPOKH peasTh3alivi.

e DxoHomMuyeckue napamerpsbl: [lo nanneivM Lazard (2025), LCOE mist npoMbIIJIeHHON COTHEYHOM
PV cocrasnser $0,03-0,05 3a kBt u (6e3 xpanenus), a ais PV + BESS — $0,08-0,12 3a kBt-4. CST 6e3
cucteMbl XpaHenus orenuBaercs B $0,10-0,15 3a kBT 4, a ¢ TEIIOBBIM aKKyMyJISTOPOM (Ha 6—15 yacoB) —

$0,09-0,12 3a kBT1-4. Takum o6pa3om, kanuranshsie 3arpathl (CAPEX) na CST B 2-3 pasa Bbllle, 4eM Ha
PV.

o Texnosoruueckas cjaoxuHoctb: CST TpeOyer Oomee cioxHOW HHOPACTPYKTYpPHI (3€pKaIbHBIE
HOJIsl, CUCTEMBI CIEKCHHs, TEIUIOHOCHTENH, MapoBble TYpOWMHBI) M CIELHMAIM3UPOBAHHON SKCIEPTH3HI,
KOTOpOM B CTpaHe MOKa HEJAOCTAaTOUHO.

OpHako SKOHOMHKa MEHSETCs, €CIM PAacCMaTpHUBAaTh HE TONBKO JIEKTPUYECTBO, HO U TEIUIOBYIO
suepruro. Croumocts Tera, npousseaéuuoro Ha CST, moxker coctaBisath Beero $0,02-0,04 3a kBT 4, uto
B 2-5 pa3 peueBne MPOU3BOACTBA TelJa M3 Ia3a B KOTEHEPAlMOHHBIX ycTaHoBKax. C y4€ToM 3Toro
¢akTopa, a Takke MOTEHUIUANBHBIX cyOcuanii u mexanu3moB [ 'UIl, BHyTpennss Hopma noxogHoctu (IRR)
s CST-nipoexToB MoxkeT pocturath 12—15%.

Crparerudeckue Humm A CST B Y36ekucrane. [loreannan CST orpomen uMeHHO Tam, T1e PV
ManodddexkTuBHa WK HenpuMeHnMa. KittoueBbie HUIIHM BKITIOYAIOT:

1. IleHTpanu30BaHHOEe TeILUIOCHA0KEHMEe TOPOJOB: KpYIHbIE TIOpoAa HMMEIOT H3HOIICHHbIE
TEIUIOBbIE ceTu ¢ moTepsiMu, pocturaromumu 40%. CST ¢ TermoBbIMH HAKONUTEISIMU MOXKET CTaTh
HU3KOYTJIEPOJHBIM HCTOYHMKOM TEIlIa JJISl CUCTEM LIEHTPATU30BAHHOTO OTOIUICHHS, OCOOCHHO B 3MMHUIA
MEPUO/I, 3aMellias MAJUTHAPABI KyOOMETPOB Ta3a, €KETOJHO CKUTAeMBbIX JIJIsl STHX LIEJIeH.

2. MpombiuuieHHOCTh: [IpeanpusTHs TEKCTUIIBHOM, MUIIEBOH W XMMUYECKOW MPOMBIILIEHHOCTH
HYX/IAIOTCSl B TEXHOJOTMYECKOM mape U ropsiueidl Boje c¢ temneparypamu 100—400°C. CST wuneanbno
MOJXOAUT JJIsl KOreHepauuu (OZHOBpEMEHHas BBIPAOOTKa TEIia M 3JIEKTPOIHEPIUH), MO3BOJISS CHU3UTH
sHepro3arpatsl Ha 20-50%0.

3. TI'mOpuanbie »sHeprokommuiekchl: Cozmanme tuOpuaneix cucreM (CST + mnpupomHbIA
ra3/ouomacca/PV) ans obecrieueHHs: KpyriiOCYyTOYHOW CTaOWIbHON TeHepanuu (24/7) B ynaléHHBIX U
M30JIMPOBAHHBIX pailioHax, TAaKMX Kak KapakanmakcTaH Wi IMycThIHHBIE 30HBI HaBowuiickoi obnactu.

IInanbl pa3BUTHSI U OKHO BO3MO:kHOcTeil. JleWictBytomas «Ctpaterust nepexozna PecmyOmuku
Y30ekuctan Ha <«3eléHyo» 3KoHOMUKY Ha mepuoa g0 2030 roma» m ykaz «O Mepax IO MOBBIIICHUIO
a¢dexTuBHOCTH pedhopM, HANpPaBICHHBIX Ha nepexo] PecriyOnuku Y30ekucTan K «3e1EH0N» 3KOHOMUKE 10
2030 roma» (Ne I1I1-436 ot 02.12.2022) cTaBaT aMOUITHO3HBIC IeTH: JoBecTH m00 BUD mo 25-40% k 2030
rojy, a o0yt MomHocTh BUD — mo 25 000 MBrT (Bxirouas 12—18 ['BT comHeuHOH reHepaiim).

B oOnoBnénaom OHYB 3.0, mpencraenennom B HosiOpe 2025 roma na COP30, Y36exucran
MTOATBEPANI T 110 COKPAIICHUIO MHTEHCUBHOCTH BEIOPOCOB MapHUKOBBIX ra3oB Ha 50% k 2035 roay (ot
ypoBus 2010 roxa) u goctmwkenuto noiau BUD B 54% B sneprobanance. Xors CST ynomuHaeTcst B 3THX
JOKYMEHTax JIUIIb KOCBEHHO, KaK 4YacTh «COJHEYHOM 3HEPruu Ui Teryia M 3JIEKTPHYECTBA», CYIIECTBYET
pealbHOE OKHO BO3MOXKHOCTEH JIJIsl €€ NMUIOTHOTO BHEAPEHHA. MeXIyHapOoIHOE SHEPreTHUECKOe areHTCTBO
(IEA) pexoMeHayeT NpOBECTH AETAIbHBIE TEXHUKO-dKOHOMHYeckHe oOocHoBanms aist CSP-npoextoB B
I0ro-3amajHeIx perunonax crpansl [16,17]. Kpome Toro, ¢ 2025-2026 romoB BBOaMTCS 00s3aTellbHOE
OCHAIIICHWE HOBBIX 3JaHUH COJTHEYHHIMH MAHEISIMH M BOJOHATrPEBATENIIMU, YTO CO3JAET JAOMOTHUTEIHHBIN
CIIPOC Ha COJTHEUHBIE TETIOBBIE TEXHOJIOTHH.

BriBoab! n mporno3. Takum o6pazom, noreHiman CST B Y30ekucrane oriennBaercs B coTHu MBT K
2035 rony. PeanucTuuHblil clieHapHi pa3BUTHS BKIIFOUAET 3aITyCK MJIOTHBIX MPOEKTOB MOMHOCTHI0 50—100
MBT B HaBoumiickoii unu byxapckoil o0nacTax ¢ MOCHCIyIOUIMM MAacIITaOMpOBaHUEM [UIS HYX[
MPOMBIIIJICHHOCTH M LIEHTPATU30BaHHOI'O TEMJIOCHA0KEHHUS. DTO TI03BOJIUT TUBEPCUPHULINPOBATE CTPYKTYPY
BUD, mnoBBICUTH CTaOMIBHOCTP M MaHEBPEHHOCTh 3JHEPrOCHCTEMBI, a TaK)Xe CO37aTh OCHOBY IS
WHTETPaIK CTPAHbI B (GOPMHUPYIONIHIACS OO PEIHOK «3eJIeHOW» SHepTruu 1 Teria B pamkax [HIOC.

3axmovyenue. KonuenrpuposanHas conneunas Temiosas sueprust (CST/CSP) npencrasiser coboit
OJIHy M3 HamOoJjee NEepCIEKTUBHBIX, HO Ha CETOAHALIHWHA J€Hb HEIOOIEHEHHBIX TEXHOJOTHI B pamMKax
JHepreTHyYecKoro nepexosa. [IposenéHHbIN B JaHHOI paboTe BCECTOPOHHNAN aHAIN3 MTO3BOJISIET YTBEPKAATh,
9T0 Y30€KHCTaH U colpelenbHble rocyaapcTtBa LlenTpansHOl A3nn 007aJal0T YHUKANBHBIM COYETaHHUEM
¢akTopos, nenatomux CST He MPOCTO )KU3HECTIOCOOHBIH, a CTPATETHUYECKH HEOOXOTUMOHN TEXHOJIOTHEH.

KiroueBbie BBIBOABI HCCIEJ0BAHUS

1. bBorareiimiass pecypcHass 0a3a: VY30€KuCTaH paclojlaraeT BbIJAIOIIUMCS  COJIHEYHBIM
noteHuuanoM. CpeaHerofoBble 3Ha4YeHUs OpsMol HopMmanbHOW mHcomsiuuu (DNI) Ha ypoBme 4,4-5,3
kBT 4/M*/cyTkn B couetanuu ¢ Oosiee deM 300 cOJIHEYHBIMHM JHSIMH B TOIy W HaJUIHEM OOITHUPHBIX
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CBOOOTHBIX TEPPUTOPHUN CO3TAIOT HAcaNbHBIC yciaoBus mis pasmerieHuss CST-crammuit [5]. DToT pecypc
COTIOCTAaBHM C JIydIIiuMu MApoBbIMHE riotnankamu st CSP B Ucnanwm, CLIA u KuTae.

2. TexHonoruveckasi 3pejocTs W cucreMHble mnpeumymectBa: CST sBiserca 3penoit
TEXHOJIOTHEH, KITI0YEBOE MPEUMYIIIECTBO KOTOPOH — CIOCOOHOCTH 00eCTIeYnBaTh YIPaBIIEMYI0 FeHEPALUIO
U KOoreHepauuio (Temio + 3jeKTpuuecTBo). braromaps mHTErpanuyu HEAOPOTUMX TEIUIOBBIX AKKYMYJISITOPOB
(TES), CST mpeBocxomut (oTtosmekTpudeckyto reHepamuio (PV) B 3amagax NpPOMEBIIIIEHHOTO
TEIUIOCHAOXKEHHS, PaHOHHOTO OTOIUICHHS W OOeCIedYeHUs CTaOWJIBHOCTH JHEProcHcTeM, YTO OCOOEHHO
aKTYaJIbHO ISl PETHOHA.

3. Tekymee cocTosinie U MOTeHOHAN B Y30ekucrane: B Hactosiniee Bpemsi CST B Y3bekucrane
MpaKTUYECKH He mpezacTaBieHa. [Ipuopurer 3HepreTMuecKkod MOJIUTHKM U MEXaHHW3MOB I'OCYJapCTBEHHO-
gactHoro maptHepctBa (I'UIl) 3akoHOMepHO oOTHaH OBICTPO OKymaeMblM PV-mpoekram ¢ yudacthem
MexayHaponHeix uHBecTOpoB (Masdar, ACWA Power, Voltalia). OnHako OrpoMHBINH HepeaTn30BaHHBIN
noteHuuan CST cymecTByeT MMEHHO B «TEIUIOBBIX» HHIIAX: MOJAEPHHU3AlMs TEIUIOCETEH C MOTEpsSIMH,
npesbimaromumu 40%, obecriedeHne mapom MpeINpUSTUN TEKCTHIBHOW M MUILEBOW MPOMBIIUICHHOCTH, a
Tak)Ke CO3/IaHNe THOPUIHBIX YHEPTOKOMILTEKCOB [18].

4. Bapbepbl M myTH MX npeoaoseHusi: OCHOBHBIC NPEMATCTBHS HOCAT CHCTEMHBIH XapakTep U
BKITIOYAIOT: OTCYTCTBHE CIIEIUAIBHOTO perynupoBanusi U TapudoB Ha Temio or CST B VY30ekucrane;
BEICOKHE yzenbHbIe KanuTanbHble 3aTpaThl (CAPEX); HeynoBIeTBOPUTENBHOE COCTOSIHIE HHYPACTPYKTYPHI
TEIUIOCHAOXKEHMSA; PAa3pO3HEHHOCTh TEXHWYeCKuX craHmaptoB B crpaHax UIOC; 5skonorudeckue
orpaHu4yeHHs (BOJOIOIB30BAHME) M COLMANIbHBIE pUCKU. Kifou K MX TMPEoIoNIEHUI0 JIEKHUT B IJIOCKOCTH
TapMOHM3AIlMM 3aKOHOJATENIbCTBA, 3alyCKE COBMECTHBIX JEMOHCTPALIMOHHBIX IPOEKTOB M AaKTHMBHOM
MPUBJICYCHUN <«IJIMHHBIX» JCHEr OT MEXKIyHapOOHbIX (DMHAHCOBBIX HHCTHUTYTOB C HCIIOJIb30BaHUEM
«3enEHBIX» obmuraruii [19].

Cuenapum u nepcnektTussl A0 2035 roga. Peanuctuunsiii cuenapuit passutus CST B pernone 1o
2035 roga MOXKET BKJIHOYATh CACAYIOIINE 3TaIbL:

e Kparkocpounsrit stan (20262028 rr.): 3amyck nepBbsix muiaoTHeIX CST-cranmmii MomHoCcTEIO 50—
100 MBT B Y30ekucTane ¢ TEXHUYECKUM U (MHAHCOBBIM YYaCTHEM KUTAMCKHUX MapTHEPOB.

e Cpegnecpounbiii stan (2028-2032 rr.): MacmradupoBaHue YCIEUTHOTO OIBITa, JOBEICHUE
cymmaproit momHOCTH CST B peruone no 0,5-2 I'Bt. Co3nanne cOBMECTHBIX HAyYHO-MCCIIEA0BATENbCKIX
nabopaTopuil U IIEHTPOB KOMITETEHITHH TI0 COTHEUHOM TETIOBOM SHEPTUH.

e Jlonrocpounsiit atam (2032—2035 rr.): @opMUpOBaHHE OCHOB OOIIEr0 PhIHKA «3CJIEHOI» YHEPTHU U
TeIUla, TapMOHM3alMs CTAaHAAPTOB W 3allyCK MEXaHHM3MOB TPAHCIPAHUYHOH TOPTOBIM cepTUHUKATAMHU
MPOUCXOXKICHHS.

CST kak apaiiBep pernoHanbHoii uHTerpamuu. CST criocoOHa CTaTh HE MPOCTO TEXHOJIOTUEH
reHepaluy, a MOIHBIM KaTalu3aTOpPOM PETHOHANBHON MHTEerpanyu B pamkax Llentpansnoit Aznn u HIOC.
Omna co3zaeT OCHOBY IS

e  CHmxeHMs 3aBUCUMOCTH OT HCKOIIAEMOT0 TOTUIMBA U AUBEpCcU(UKAIIN JHEprodananca.

e  TpaHcdepa TeXHOIOTHI U COBMECTHOTO IPOU3BOACTBA BEICOKOTEXHOJIOTUYHOTO 000PYIOBAHHSI.

e  ['apMOHM3aIMM TEXHUYECKHX PErJIaMEHTOB M 9KOJIOTMYECKUX CTaHIapTOB.

e  TpaHCrpaHMYHOH TOPTOBIM «3EJIEHBIM» TEIJIOM U AIEKTPOIHEPTUEH.

B xonTtekcte 3amgad atoit crathi, CST ciemyeT paccMaTpuBaTh Kak MPUOPUTETHOE HAIIPABJICHUE IS
BKJIFOUEHUS B MPAKTHUECKYIO TOPOKHYIO KapTy pa3Butus 1o 2035 rona.

Pexomenganuu. Hacrosimmii stanm TpeOyeT Oe30TiararelbHBIX M CKOOPAMHUPOBAHHBIX AEHCTBHU.
Hcxoas 13 BIIEU3N0KEHHBIX B IAHHOW CTaThe MOJIOKEHUM, pEKOMEHYETCS:

1. B Ommwxaiimme 1-2 roma mHMIMHpoBaTh 3amyck nuinoTHeIX CST-mpoekroB B Y30ekucrane c
MPUBJICYCHUEM KUTAaHCKUX TeXHOIoruil n punancupoBanus no suaun LHOC unu BRI

2. IlpucTynurs K TapMOHM3AI[MM HOPMATHUBHO-TIPABOBOW 0a3bl: pa3paldoTaTh e€JWHBIE TMOAXOABI K
Tapu(pooOpa30BaHMIO HA KOTCHEPAIMOHHYIO SHEPrui0, YHH(DHIMPOBATH CTaHAAPThI JUIS TEILIOBBIX
akkymysitopoB (TES) u B3anMHO npu3HaBath «3elIEHBIE» CepTUDHUKATHIL.

3. Cosmate coBmecTHbI llentp kommereniuii IIOC 1o COMHEYHOW TEIUIOBOW JHEPIHM IS
MOJITOTOBKHU KaJIpOB, 0OMEHa 3HAHUMSIMU M ITPOBEICHUS TIPUKIIAIHBIX UCCIIETOBAHUH.

4. PazpaboraTh 5KOHOMHUYECKHE W MIPABOBBIC MEXaHU3MBbI AJsl Oyaylield TpaHCTPaHUYHOW TOPTOBIU
«3eNEHBIM» TEIJIOM U 3Heprueil Ha nmpocTtpancTse LIIOC.

Tonpko Onaromaps KOHCONMIAIWHM YCHIMH TOCYAapCTB, aKaJeMHUYECKOTO cOooOIecTBa, OM3HECa H
MEKTyHApOIHBIX (PMHAHCOBBIX MHCTHTYTOB COJIHEYHAs TEIIOBAas SHEPTHsl CMOXKET MEPEeUTH U3 KaTerOpuu
«TIEPCIIEKTUBHONY B KaTETOPHUIO «PEANIN3YIOLIEHCS» U BHECTH BECOMBIN, MPAKTUYECKUM BKIIaJ B yCTOMUNBOE
pPa3BUTHE B SHEPTETHUECKYIO 0€30MacHOCTh Y30ekucTana u perrnona [1IémkoBoro myTy.
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